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Abstract
The goal of speech enhancement algorithms is to provide an
estimate of clean speech starting from noisy observations. In
general, the estimate is obtained by minimizing a chosen dis-
tortion metric. The often-employed cost is the mean-square er-
ror (MSE), which results in a Wiener-filter solution. Since the
ground truth is not available in practice, the practical utility of
the optimal estimators is limited. Alternative, one can optimize
an unbiased estimate of the MSE. This is the key idea behind
Stein’s unbiased risk estimation (SURE) principle. Within this
framework, we derive SURE solutions for the MSE and Itakura-
Saito (IS) distortion measures. We also propose parametric ver-
sions of the corresponding SURE estimators, which give ad-
ditional flexibility in controlling the attenuation characteristics
for maximum signal-to-noise-ratio (SNR) gain. We compare
the performance of the two distortion measures in terms of at-
tenuation profiles, average segmental SNR, global SNR, and
spectrograms. We also include a comparison with the standard
power spectral subtraction technique. The results show that the
IS distortion consistently gives better performance gain in all
respects. The perceived quality of the enhanced speech is also
better in case of the IS metric.
Index Terms: Stein’s unbiased risk estimator, Mean square er-
ror, Itakura-Saito distortion.

1. Introduction
The problem of enhancing speech corrupted by noise arises in
many practical scenarios. The objective is to suppress the ef-
fect of noise and render speech more pleasing to listen to. In
general, an estimate of clean speech is obtained by minimizing
a chosen distortion metric that measures the closeness between
the clean speech and its estimate. Classical solutions for speech
enhancement are the spectral subtraction technique [1] and the
Wiener filter [2], which are based on the assumption of station-
ary signal and noise. Priors about the signal can also be incor-
porated and such approaches give rise to Bayesian estimators
[3]. These approaches, although optimal in the sense of the se-
lected distortion metric, have the limitation that the ground truth
is not available in practice. In practice, these solutions are re-
placed by approximate alternatives computed based on sample
statistics. For example, the power spectrum density of speech
that is required in a Wiener filter formulation is not known a
priori, and has to be estimated. A frequently employed estimate
is the difference between the noisy signal power spectrum esti-
mate and the noise power spectrum estimate.

In this paper, we employ the minimization of risk esti-
mates for speech enhancement. Specifically, we seek to mini-

mize unbiased risk estimates of the mean square error (MSE)
and Itakura-Saito (IS) distortion metrics [4]. A basic prop-
erty of the risk estimators is that they do not depend on the
unknown speech parameters. The risk estimate is a function
of the noisy data alone, which makes it suitable to deploy in
practical applications. This is the guiding principle behind the
SURE methodology. We develop SURE-optimal solutions for
the problem of speech enhancement with the chosen distortion
metrics. The SURE formalism helps us replace the cost func-
tions with their unbiased estimates, and results in correspond-
ing denoising functions. We also consider parametric versions
of the denoising functions, where the parameters give additional
flexibility in further optimizing the performance of the enhance-
ment algorithm.

2. Problem Formulation
Consider samples of clean speech sn distorted additively by
noise wn resulting in the measurements:

xn = sn + wn , n = 1, 2, · · ·, N. (1)

The noise is assumed to be Gaussian, but we do not constrain
it to be white. The signal sn is assumed to be deterministic.
Speech signals have a strong harmonic structure, which mani-
fests strongly in the spectral domain. The properties of speech
and noise are also distinct in the spectral domain. The standard
approach to computing the spectrum is based on the discrete
Fourier transform (DFT), but we use the discrete cosine trans-
form (DCT) in view of its real-valued nature as well as its com-
pactness of representation (decorrelation property).

The equivalent version of (1) in the DCT domain is

Xk = Sk +Wk, k = 1, 2, · · ·, N. (2)

Since the DCT is an orthonormal transform, and noise is addi-
tive Gaussian, the transformed noise also has a Gaussian distri-
bution.

The goal is to estimate Sk given Xk. Let the estimate be
denoted by Ŝk. The estimation error is ek = Sk − Ŝk. The
estimates are computed by minimizing a non-negative distor-
tion metric or risk functional: d(ek) = d(Sk, Ŝk). For ex-
ample, d(ek) = E{e2k}, where E denotes the expectation op-
erator. This cost is the mean-square error (MSE). In general,
optimization of the risk requires a priori knowledge about the
ground truth Sk or its statistics. In the SURE formalism, we
first construct an unbiased estimator of the risk and minimize
that. This approach results in an estimator of Ŝk = f(Xk),
which depends only on the noisy data Xk, and f is the denois-
ing function. We use linear denoising functions f , although,
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Figure 1: Block diagram representation for speech enhancement using risk estimation.

in principle, one may also use nonlinear functions. This proce-
dure is carried out on a frame-by-frame basis to obtain enhanced
speech. A block diagram representation of the method is shown
in Figure 1. The first block is a pre-whitener, the role of which is
to whiten colored noise (in practice, an estimate of the colored
noise spectrum is obtained from the initial silence regions). The
last block is a post-whitening filter, which is the inverse of the
pre-whitener. This formalism helps us to handle colored Gaus-
sian noises, but it suffices to formulate the developments of the
intermediate blocks only for white noise.

3. SURE
We recall the following theorem from [5] to obtain the risk es-
timates.

Theorem 1. Let Y be aN (0, σ2) real random variable and let
f : R→ R be an indefinite integral of the Lebesgue measurable
function f ′, essentially the derivative of f. Suppose also that
E{|f ′(Y )|} <∞. Then

E{Y f(Y )} = σ2E{f ′(Y )}.

The proof of the theorem is available in [5]. We state a
corollary of the above result:

Corollary 1.

E{Y nf(Y )} = σ2E{f ′(Y )Y n−1}+σ2(n−1)E{f(Y )Y n−2}.

Proof.
E{Y nf(Y )} = E{Y g(Y )},

where g(Y ) = Y n−1f(Y ). Applying Theorem 1, we get that

E{Y g(Y )} = σ2E{g′(Y )}
= σ2E

{
f ′(Y )Y n−1 + (n− 1)f(Y )Y n−2} .

The theorem and corollary stated above will be used in sub-
sequent analysis.

3.1. SURE for MSE distortion

The risk function for the square error is

d(Sk, Ŝk) = (Ŝk − Sk)2, Ŝk = f(Xk). (3)

We seek to minimize the MSE:

E{d(Sk, Ŝk)} = E{f(Xk)2+S2
k−2f(Xk)Xk+2f(Xk)Wk}.

(4)
Applying Stein’s lemma, we get

E{f(Xk)Wk} = σ2E{f ′(Xk)}. (5)

Substituting (5) in (4), we get that

E{d(Sk, Ŝk)} = E{f(Xk)2−2f(Xk)Xk+2σ2f ′(Xk)}+S2
k.

(6)
Hence, we conclude that

ε = f(Xk)
2 − 2f(Xk)Xk + 2σ2f ′(Xk)︸ ︷︷ ︸

ε̃

+S2
k, (7)

is an unbiased risk estimator for the average square error distor-
tion. This is the SURE solution for the distortion metric in (4).
Minimization of the risk estimate results in the minimization of
the square error. Although the risk estimate ε contains the sig-
nal term S2

k , it does not affect the process of minimization since
the minimization is carried out with respect to f . Hence it is
sufficient to minimize ε̃.

3.2. SURE for Itakura-Saito distortion

The Itakura-Saito (IS) metric is quite popular in the speech cod-
ing community. It is not a symmetric metric, but its popularity
is due to its perceptual relevance in matching two spectra. Here,
we consider the IS distortion between the DCT coefficients of
noise free speech and its estimate. The IS distortion is defined
as

dIS(Sk, Ŝk) =
Ŝk
Sk
− log

(
Ŝk
Sk

)
− 1. (8)

Since we consider only linear denoising functions in this paper
and the associated gain functions are constrained to be positive,
effectively, Ŝk and Sk have the same sign. Therefore, the log-
arithm in the above equation does not require a modulus on its
argument. The average risk is given by

E{dIS(Sk, Ŝk)} = E
{
Ŝk
Sk

}
−E{log(Ŝk)}+log(Sk)−1. (9)

The first term of the preceding equation after substituting Sk =
Xk −Wk is

E
{
Ŝk
Sk

}
= E

{
Ŝk
Xk

(
1− Wk

Xk

)−1}
. (10)

Assuming that
∣∣∣Wk
Xk

∣∣∣ < 1 and replacing Ŝk = f(Xk), we get

E
{
Ŝk
Sk

}
= E

{
f(Xk)

Xk

∞∑

n=0

(
Wk

Xk

)n}

=

∞∑

n=0

E{Jn(Xk)Wn
k },

where Jn(Xk) = f(Xk)/X
n+1
k . We rewrite the average risk

as

E{dIS(Sk, Ŝk)} =

∞∑

n=0

E{Jn(Xk)Wn
k } − E{log(f(Xk))}

− log(Sk)− 1. (11)
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Further simplification of the above expression in the case of a
general denoising function f is not feasible. However, for linear
denoising functions, a truncated version of the infinite series can
be used to derive the SURE-optimal solution using Corollary 1.
This aspect is addressed in the following section.

4. SURE-optimal solutions
Consider a linear denoising function of the form f(Xk) =
akXk. We derive the optimal value of the parameter ak that
minimize the SURE for MSE and IS distortion measures.

4.1. SURE-optimal solution for MSE

Substituting f(Xk) = akXk in (7), we get that

ε̃ = a2kX
2
k − 2akX

2
k + 2σ2ak. (12)

The optimal value of ak is obtained as follows:

∂ε̃

∂ak
= 0 ⇒ ak =

[
1− σ2

X2
k

]
. (13)

To avoid negative ak, the estimator is revised as follows: Ŝk =[
1 − σ2

X2
k

]

+

Xk, where [x]+ = max(0, x). Let ξk = X2
k/σ

2

denote the a posteriori or measured SNR based on the observed
data. The above estimate can be expressed in terms of the a
posteriori SNR as

Ŝk =

[
1− 1

ξk

]

+

Xk = GMS(ξk)Xk, (14)

where GMS(ξk) denotes the corresponding gain function.

4.2. SURE-optimal solution for Itakura-Saito distortion

Substituting f(Xk) = akXk in (11), we get that

E{dIS(Sk, Ŝk)} =

( ∞∑

n=0

E{akWn
k /X

n
k }
)

−E{log(akXk)} − log(Sk)− 1.

The terms in the infinite series of the above equation decay with
respect to n. Therefore, a truncated series can be used for fur-
ther calculations. Truncating the infinite series beyond n = 4
and applying Corollary 1, we get the risk estimate as

ε = ak

(
1 + 60

σ6

X6
k

+ 840
σ8

X8
k

)
− log(akXk)

︸ ︷︷ ︸
ε̃

− log Sk − 1.

The proof is lengthy and the details are omitted here. Differen-
tiating ε̃ with respect to ak and setting the derivative to zero, we
have

∂ε̃

∂ak
= 0 ⇒ ak =

[
1 + 60

σ6

X6
k

+ 840
σ8

X8
k

]−1

. (15)

The resulting estimate is Ŝk =

[
1 + 60

σ6

X6
k

+ 840
σ8

X8
k

]−1

Xk.

In terms of a posteriori SNR, the above estimate is

Ŝk =

[
1 +

60

ξ3k
+

840

ξ4k

]−1

Xk = GIS(ξk)Xk, (16)

where GIS denotes the corresponding gain function.
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Figure 2: (Color online) Gain functions associated with the
SURE-optimal solutions for MSE and IS distortions for different
values of α.

4.3. Parametric refinement

In standard spectral subtraction algorithms, there is an oversub-
traction factor that takes into account the errors in the estima-
tion of the noise power spectral density. The factor also allows
us to tradeoff residual noise levels with speech distortion. Tak-
ing this as motivation, we also propose parametric versions of
the estimators in (14) and (16), where we attach a parameter α
to control estimation errors in the a posteriori SNR ξk. These
are given as

SURE-MSE: Ŝk =

[
1− α

ξk

]

+

Xk. (17)

SURE-IS: Ŝk =

[
1 +

60α3

ξ3k
+

840α4

ξ4k

]−1

Xk. (18)

For α > 1 the noisy coefficients are attenuated severely. This
leads to significant reduction of noise but it may introduce
speech distortion. The attenuation curves for both the estima-
tors for different values of α are shown in Figure 2. The atten-
uation curves shift from left to right with increase in α for both
the estimators as shown in Figure 2. We see that for a given α,
the attenuation is more for SURE-IS estimator compared to the
SURE-MSE estimator.

5. Experimental results
We next present experimental results of speech enhancement
using risk estimation techniques. The speech files used for the
experiments are taken from the NOIZEUS and CMU–ARCTIC
database. The sampling frequency is 8 kHz. The denoising op-
eration was performed using a short-time approach, where the
frame size is 256 samples (32 milliseconds), and the overlap
between successive frames is 50%. Noisy speech was gener-
ated from noise-free speech by adding white Gaussian noise and
pink noise at a specified global SNR. The noise variance is es-
timated from the initial few frames corresponding to no speech
activity. The denoising is performed in DCT domain using the
estimators given in previous section. The enhancement perfor-
mance is measured as a function of the input global SNR. The
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Figure 3: (Color online) Spectrograms of (a) noise-free speech,
(b) noisy speech(SNR=5dB), (c) power spectral subtraction out-
put, (d) SURE-optimal solution for MSE, and (e) SURE-optimal
solution for IS distortion.

performance metrics used are: (i) the global SNR improvement,
which is the difference between the output SNR and the input
SNR, and (ii) average segmental SNR gain, that is, the differ-
ence between average input segmental SNR and average output
segmental SNR, which is a local metric. The noisy speech is
enhanced using the SURE criteria for both MSE and IS distor-
tions. The SNR gains (global as well as local) are calculated as
a function of the input SNR for different values of α, and aver-
aged over all thirty speech files in the NOIZEUS corpus. The
results of global SNR gain are shown in Figure 4. For both es-
timators, the gains increase as α increases and beyond a certain
value of α (2 in case of SURE-IS and 5 in case of SURE-MSE),
the gains decrease. The SNR gains are significantly higher for
input SNR less than 0 dB than for large values of input SNR.
The gain curves in case of average segmental SNR gain are
shown in Figure 5. It is evident that for a chosen α, the improve-
ment in average segmental SNR gain for the SURE-optimal IS
estimator is significantly better than that of the MSE estimator.

In Figure 3, we show the corresponding spectrograms. For
the purpose of comparison, we have also included the results of
the standard power spectrum subtraction technique. The power
spectrum subtraction technique contains lot of random spuri-
ous components (source of musical noise) compared with the
SURE-optimal MSE and IS estimators. The SURE-optimal IS
risk gives the best results in terms of reduction in noise, musical
noise artifacts, and faithful reproduction of the signal spectral
components.
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Figure 4: (Color online) Global SNR gain versus input SNR as
a function of α for (a) SURE-optimal MSE estimator, and (b)
SURE-optimal IS estimator.
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Figure 5: (Color online) Average segmental SNR gain versus
input SNR as a function of α for (a) SURE-optimal MSE esti-
mator, and (b) SURE-optimal IS estimator.

6. Conclusions
We formulated the problem of speech enhancement in the DCT
domain within the framework of Stein’s unbiased risk estima-
tion. We employed two different distortion metrics; one is based
on the mean-square error and the other is based on the Itakura-
Saito distortion metric. We derived the unbiased risk estimators
in each case and also optimized them assuming a linear denois-
ing function. The resulting attenuation functions depend only
on the noisy observations. We compared the two metrics in
terms of their attenuation profiles, the global SNR gain, and the
average segmental SNR gain. We found that the SURE-optimal
IS estimator outperforms the SURE-optimal MSE solution. In
terms of the time-frequency structure also, the SURE-optimal
IS is better than the MSE solution and the power spectrum sub-
traction technique.
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