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Abstract. Controlling the spectral norm of the Jacobian matrix, which
is related to the convolution operation, has been shown to improve gen-
eralization, training stability and robustness in CNNs. Existing methods
for computing the norm either tend to overestimate it or their perfor-
mance may deteriorate quickly with increasing the input and kernel sizes.
In this paper, we demonstrate that the tensor version of the spectral
norm of a four-dimensional convolution kernel, up to a constant factor,
serves as an upper bound for the spectral norm of the Jacobian ma-
trix associated with the convolution operation. This new upper bound
is independent of the input image resolution, differentiable and can be
efficiently calculated during training. Through experiments, we demon-
strate how this new bound can be used to improve the performance of
convolutional architectures.
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1 Introduction

Controlling spectral norm of convolutional layers’ Jacobians is a way to make
models more robust to input perturbations [2]|20122], increase generalization per-
formance [16], prevent explosion of the gradients during back propagation [28].
In addition, bounds on spectral norm have been used to construct orthogonal
convolutional layers [14}/21].

Despite the advantages offered by controlling the spectral norm, its efficient
computation for convolutional layers remains a challenging task. Finding the
spectral norm is equivalent to finding the largest singular value of a matrix and
the straightforward computation of the singular value decomposition (SVD) is
not feasible due to the size of the convolution Jacobian T'. Most of the other
existing techniques rely on the input sizes of images, which can result in a signif-
icant computational load for high-resolution images or images with more than
two spatial dimensions.

In this work, we derive a new accurate upper bound for the spectral norm of
the Jacobian ||T|2. For a kernel tensor K € RnX¢outXhxw this hound can be
computed with O(c¢;,couthw) operations, where ¢;p,, Cous are the number of input
and output channels and h,w are the filter sizes. Note that this complexity does
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not depend on the input or output image resolution. As a result, controlling the
spectral norm during training comes at almost no additional cost.

To be more precise, our bound is based on a norm denoted as || K||,, which
is induced by the kernel tensor K as a multilinear functional. Specifically, we
show that || K|, < ||T]|2 < Vhw||K|,. The tensor norm || K||, is well-known in
applied multilinear algebra and can be efficiently computed by a higher-order
generalization of a power method (HOPM) [3|. We will refer to our tensor norm
upper bound vhw| K|, as TN and will use it for several new regularization
strategies. Compared to the existing approach [20], our bound is guaranteed to
be more accurate. It is also applicable for zero-padded convolutions and can
be modified to account for strided convolutions, which are both widely used in
convolutional architectures. Moreover, it straightforwardly generalizes to convo-
lutions with more than 2 spatial dimensions, for which efficient estimation of
spectral properties is much more time-consuming.

2 Related work

The work [18] was the first to develop an algorithm for the exact computation of
singular values for the circular convolution. In this method, the authors obtain n?
matrices of the shape ¢, X ¢;, after applying the Fourier transform to a zero-
padded kernel. Then the SVD of n? matrices is computed. The complexity (see
Table |1)) grows polynomially with n and can be computationally demanding for
datasets with higher resolutions. Recently 7] extended the method of [18] for
non-circular convolutions. The authors of [19] generalized the formula proposed
in [18] to convolutions with more than two dimensions and arbitrary strides.
Several works [8,[17] adapted power iteration to approximate the spectral
norm of the convolution map. In this case, time complexity also depends on the
input size n. The authors of |1] proposed an upper bound for the singular value
of a doubly Toeplitz matrix, which can be efficiently computed, yet may be not
very accurate for all filter sizes (see [6]). Works [5,/6] introduced the so-called
Gram iteration with superlinear convergence as opposed to the power iteration.
However, it is applied to a padded kernel and, hence, 6] has a complexity similar
to |18]. Both algorithms [5./6] can also be memory consuming, for example, in the
algorithm [5] the spatial size of the kernel increases almost twice every iteration.
A differentiable upper bound independent of input size was introduced in [20)]
for the spectral norm of circular convolutions. It is computed as the minimum
spectral norm of four unfoldings of convolution kernel multiplied by a constant
factor v/hw. Besides being a computationally efficient upper bound, it also pro-
vides new insights into the spectral normalization of GANs [15] and the regu-
larization of CNNs from [30]. Using the Toeplitz matrix theory, [29] proved that
the bound also holds in the non-circular case (zero-padded convolutions). In this
paper, we provide a new upper bound that combines the benefits of [20|, while
being both theoretically more precise and demonstrating noticeably higher accu-
racy in experiments. This new bound is based on the observation that the norm
of a tensor can be bounded from above by the spectral norms of its unfoldings.
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Table 1: Comparison of existing methods for computing the spectral norm of a
convolution Jacobian. “Acc.” stands for “accuracy”, "Mem.” for memory, “Diff.” for “dif-
ferentiable”, "Ind. of n” for “independence of n”. Accuracy and speed are measured
experimentally. Our bound is differentiable, fast, accurate and independent of the in-

put size n.

Method Acc. Mem. Diff. Ind. of n Padding Complexity (O)
Power method [81(17] + + + - Zero n2coutCinhw
Sedghi et al. [18] - - - circular  n2coutCin (logn + cin)
F4 (Fantastic four) [20,29] - + + + any CoutCinhWw
LipBound [1] - + + + zero CoutCinhw
Gram iteration [6] + - + - circular  n2coutCin (logn + cin)
PowerQR |7] + + - - Zero n2coutCinhw
Tensor Norm (ours) + + + + any CoutCinhW

3 Preliminaries and notation

3.1 Background on convolutions

For simplicity, let us first consider a one-dimensional convolution of a vector
X € R™ and a kernel vector K € R™. In this paper we consider two types
of convolution — with zero and circular paddings. Thanks to the linearity of
convolution, it may be expressed as a matrix-vector product Y = T'X. In the
case of zero padding with an integer parameter p > 0, we have Y; = >, K, 1 X4
and T is a matrix with constant values along diagonals — a Toeplitz matrix. In
the case of circular padding, we have Y; = ZiKL%JﬂX(Hi) mod » and T is
a circulant, which is a special case of a Toeplitz matrix, where each column
is a cyclic permutation of a previous one. Below we give examples of T for
n=4,w=3,p=1:

K Ky, 0 0 K Ky 0 Ky
_ | KoKy Kp O ZeL0 _ | &Ko K1 Kz 0 | (circular
T= 0 Ko Ky Ko (paddmg)v T= 0 Ko Ky Ko (padding)'
0 0 Kog Ky Ky, 0 Ko K3

Let us now consider multi-channel two-dimensional convolution with stride 1
for ease of presentation. Larger stride values will be discussed separately. Let the
convolution operation be given by a kernel tensor K € ReoutX¢in Xhxw anplied to
an input X € R¢n*"*" resulting in an output Y € Rut*"*" The Jacobian of
the convolution can be represented as a matrix 1" € RCoutn®xeinn® satisfying

vee(Y) = Twec(X), (1)

where vec(X) represents reshaping into a vector with ¢;,n? entries using colex-
icographic order (column-major).

Similarly to the one-dimensional case, zero padding that preserves spatial
size leads to a matrix T that can be represented as a doubly block Toeplitz
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matrix. In more detail, each of its blocks By is a block Toeplitz matrix with
unstructured dense blocks Ty ; = K. . pthy 14w, € REuXCn,

[ By ...Bp, 0 ... 0] [ Tho - Thwy, O ... 0 7
oy D, .

_— Bop, oo o 0 B — Thoow, - - o 0
0 .'. .'. .'. .'.th 0 .'. .'. .'. .'. Tk?,T,UQ
T T A

| 0 ... 0 B_p, ... By| L 0 ... 0 Thw, ... Trol

where hi, hy and wq,ws subject to h = hy + ho + 1, w = wy + ws + 1 depend on
the padding size in height and width. Depending on the order of vectorization, T’
may be either doubly block Toeplitz (as described above) or multi-block doubly
Toeplitz. Nevertheless, singular values of the Jacobian remain the same, see,
e.g. [29, Lemma 1].

Another way to maintain the input size is by using circular padding. In this
case the layer “wraps around” and takes pixels from the opposite side of the
image when the kernel gets beyond the edges. The corresponding Jacobian is
a doubly block circulant matrix. It is a special case of a doubly block Toeplitz
matrix with the entries satisfying Cy ;1 = C,,—1) mod n, (n—k) mod n-

3.2 Matrix and tensor norms

Let us introduce several definitions from multilinear algebra. First, we define the
Frobenius inner product for the d-dimensional tensors A, B € C™ > *"d and the
Frobenius norm:

<AaB>F - Z Zi],.“idBil,.“idv HAHF =V <AaA>F

Given also vectors u; € C", we introduce the following multilinear functional:
[A5u1,ug...uq] = E Aily---":dulil Uz, - Ud;,- (2)
i1,..0d

Spectral (second) norm of a matrix A € C™*"2 can be defined using this nota-
tion [11]:

[A]l2 = sup [uf Aus| = sup |[A; u, un]. (3)
u; €EC™i: Hu1|\2:1 u; €EC™i: Hu1H2:1
i=1,2 i=1,2

It is also well-known that ||A]|2 equals to the largest singular value o1(A) and
the vectors u, us on which the equality is attained are respectively the left and
right singular vectors of A. Both the largest singular value and the respective
singular vectors can be computed using, e.g., the power method.
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Spectral norm naturally extends from matrices to tensors with more than
two dimensions [13|. For a d-dimensional tensor A € C™*"*"d it is defined as
a norm of a multilinear functional :

1Allo = sup [A; w1, w2 - ug])]. (4)
u, EC™i s |u,|l2=1
i=1,...,d
We will further mean that the supremum above is taken over complex vec-
tors u; even for real A, which may be different from supremum over real wu;,
see Appendix B for details. We use the notation || Al|s for matrices and ||A||, for
d-dimensional tensors when d > 2.
Our main result will be formulated in terms of the norm . We note that
this expression also defines the largest singular value o1(A) of a tensor A and is
associated with the best rank-1 approximation problem [13]:

inf |A—oujo---ouqlr, (5)
g€ER ., [lusll2=1
i=1,...,d
which admits the solution o = o1(A4) (o denotes tensor product). As we will
discuss in more detail later, there is an analog of the power method called HOPM
(Algorithm [1)) that can be used to solve the best rank-1 approximation problem
and calculate the spectral norm of a tensor.

3.3 Tensor unfoldings
We call a matrix

Ay inigngai) € RO ) (- maai)

an unfolding of a tensor A € R™* X7 if it is obtained by first permuting
indices of the tensor and then by reshaping the tensor into a matrix in a column-
major order. In a Python numpy-like notation it reads as:

A= A.transpose(it, ..., 0k, J1,---sJd—k)s

. . . — . . . . = J
Ay ig.inijnjar) = A.reshape(n;, ...ng,nj ...n5,_,, order="£’).

The following lemma establishes a connection between the spectral norm of
a tensor and the spectral norm of its unfoldings. We will later use this result
to prove the lower bound on ||T||2 and to demonstrate how our result relates
to [20].

Lemma 1 (Prop. 4.1, |27]). [|K|s < ||R]|l2 for any unfolding matriz R of
the tensor K.

3.4 Spectral density matrix

The approach we use to prove the main result of this paper is based on the
following techniques. Following |29, Theorem 1], for a doubly block Toeplitz
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matrix T € Reout™**cinn® with the blocks Ty, € Reout*Cin we consider a matrix-
valued generating function F': [—m, ]2 — CCout*€in such that

1 T T —i(kT T
Ty = @2 / F(r1,72)e {tnHm2) dr dry.

The generating function can be explicitly written as [29):

h2 w2
F(r,m2) = E 5 Ty et kmitir)
k}thl l:7w1

which is a generalization of [23,/24]. The function F(7y,72) is also called the
spectral density matrix. The spectral norm of F(71,72) is defined [23}29] as

[Fllz= sup  [[F(71,72)[2-

T1,T2€[—7,7]
Lemma 2 (Lemma 4, [29]). ||T|2 < ||F]2.

The set of singular values of circular convolution is obtained as o (#'(71, 72)) with
(11,72) = (—7 + 27;%, -7 + 27;]2 ), V41,72 € [n] — 1 [29]. However, by contrast to
the circular case, for the zero-padded convolution the values of 71,7, that lead

to the singular values are not known a priori.

4 Main results

The Lipschitz constant of a neural network f with respect to the Euclidean norm
for an input space X is defined as

PN 1 R Y
2 €X,x#x! ||$ €T ||2

It determines, e.g., how much the output value of the network changes relative
to input perturbations. Computation of the Lipschitz constant of the whole
network f is a challenging task [25]. However, assuming that f is a composition
of maps ¢;:

f=dro-oon,

it can be bounded from above with the product of the Lipschitz constants of
individual layers:

¢
Lip(f) < [] Lin(¢:)- (6)
i=1
Lipschitz constant of a linear layer ¢(x) = Wz +b has the explicit representation:

Lip(¢) = W2 = a1 (W).
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In the case of a convolutional layer, we have W = T from . Naive computation
of its largest singular value by computing SVD appears to be intractable, as such
a matrix does not even fit into GPU memory for practical sizes of layers and
the computational complexity grows cubically with its size. Alternative iterative
approaches, e.g., the power method that take the structure of T into account
require multiple applications of convolution, so their complexity depends on
input image shape n.

In this work, we take benefit of the matrix structure and obtain an upper
bound that is independent of n, valid for any padding and can be efficiently
computed in practice. This bound is formulated in the next theorem.

Theorem 1. Let T € Reoutn’*cin®® be the Jacobian of a convolutional layer

with stride s = 1 and zero padding with the parameter p > 0 or circular padding.
Let K € ReowtXcinXhxw po the convolution kernel. Then

1Ko < ITll2 < Vhw| K]l

Proof. Firstly, let us prove the upper bound. We can rewrite F'(m,72) as a
convolution of the kernel with vectors zy, zs:

h2 wa
_ (k141 _ .
F(TlvTQ) = E § K2,37h1+k,w1+lez( THn) = [[K’Icnu,mfcmazlvzﬂv
ktifhl lszl

2 = [e—hl(iﬁ)’e(—hl-&-l)(iﬁ) B .ehg(iﬁ)]’z2 _ [e—wl(iTz)’e(—wl-‘rl)(irg) . .ewg(irg)]

and for the matrices in square brackets the summation is done along their last
indices. For complex vectors u;, we have,

[Fllo= sup |uf Fug|= sup |[Fjur,us]l = sup |[[K;ui,ug,z1,2]| =
lluill2=1 lluill2=1 lluill2=1
i=1,2 i=1,2 i=1,2
— 2z —
= sup hw |]:K;U1,’U,2,1,2:|]‘ S sup ‘ h’UJ[[K;Ul,UQ,’U,g,lulH =
sl 2=1 Vh' Vw s 12=1
=1, i=1,...,

=vhw | K|,

Thus, || < Vhw| K-

Let us consider an unfolding R = K(; 234). Note that it is a submatrix of
a doubly Toeplitz matrix T up to a permutation of columns. In particular, we
can obtain R by choosing a block row in 7" which starts with T_;, _,, and
excluding zero entries from it, see Sec. Since the spectral norm of a matrix
upper bounds spectral norm of any of its submatrices, we have

(7)

1Ko < lI1Rll2 = [[Kq 2802 < T2,

which completes the proof.
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Remark 1. Note that the matrix F' and the vectors z1, z3 from are complex.
Therefore, all suprema in this context are taken over complex vectors u;. As a
result, we need a complex rank-1 approximation of the real kernel K to find
|K||, when applying HOPM Algorithm |1} This is because complex and real
spectral norms of a real tensor do not always coincide [9,/10]. In Appendix [Bf we
provide an example of a tensor for which vhw|| K|, with supremum taken over
real vectors does not bound from above the spectral norm of a convolution.

Remark 2. As a direct corollary of Theorem [I} the bounds are exact for h =
w = 1, meaning that ||T']|2 = || K||,-

Note that Theorem [I] also suggests that in the worst case, our TN bound
does not overestimate the exact singular value of the convolution Jacobian by
more than vhw times, i.e., Vhw|| K|y < vVhw||T||s.

Let us now discuss how our bound compares to |2029]. The work [20] pro-
posed to bound the singular value of circular convolution using the minimum of
spectral norms of four unfoldings of the kernel:

Tl < Vhwmin (|| Kz ll2, 1K (14,23 12, [ K128 |2, [ K@asall2) - (8)
Lemma [I] shows that the tensor spectral norm never exceeds the norm of any
of its unfoldings, including the ones that are not present in . Therefore, our

bound is provably more accurate than the one in [20].
Theorem [I] naturally extends to convolutions with any number of dimensions.

Theorem 2. Let us consider convolution with a kernel K € RCoutXcinXh1X...xha
d € Ny, with arbitrary padding and stride s = 1. Then

Ko < T2 < Vhi-.. hal K|lo-
Proof. The proof is provided in Appendix

The following theorem extends Theorem [If to the case of strided convolutions.

n2 .. . . .
Theorem 3. Let T, € Reeut 57 Xenn® pe the Jacobian of a convolution with the
kernel K € ReowtXcinXhxw qnd stride s. Then

h
1@l < Ttk < /[ 2] T2

where @ € ReoutXcins®x[L1X[2] g padded with zeros and reshaped kernel K

Kc7d1a7b = Qc,ds2+s(a (mod s))+b (mod s),[2],[4]"

Proof. The proof is provided in Appendix



Spectral Norm of Convolution 9

5 Computation of the spectral norm

The power method is a standard algorithm for the computation of the largest
singular value and the respective singular vector of a matrix. Works [3}/4] ex-
tended the power method from matrices to tensors of higher dimension. The
algorithm starts with either randomly initialized vectors uy, uso, ..., uq, or it can
start with a good approximation to the singular vectors. For example, in our
case, the kernel weights change slowly during training, so we may utilize vec-
tors from previous iterations. The i-th substep, i = 1,...,d of an iteration is
equivalent to the minimization of the functional from with respect to a sin-
gle w;. This leads to simple formulas with contractions, see Algorithm [T} Note
that according to Remark [T} we need to utilize complex vectors u;, which is why
we have the complex conjugate operation conj(u;). The operations in HOPM
can be reorganized to speed up computations for the certain hardware. In our
repository with code, you can find several implementations of HOPM that have
proven to be faster in practice when running on either CPU or GPU. It is also
advantageous to rerun the HOPM algorithm from the beginning several times if
no good initial guess is available. This will help ensure convergence to the global
optimum. Other initialization strategies also exist, see [4].

Algorithm 1 Higher-Order Power Method (HOPM)

Input kernel: K € ReoutX¢inXhXw. nymher of iterations: n_iters; initial unit vec-
tors: u; € Cut ug € C7, ug € Ch, uy e C¥.

Return || K|,

for 1...n_iters do

ur = [K; I, u2,us, ua], ur = conj(u1)/||u1| > O(Cout Cinhw)
us = [K;u1, I, us, ua], uz = conj(uz)/||uz|| > O(CoutCinhw)
uz = [K;u1,u2, I, ua], us = conj(us)/||us|| > O(coutCinhw)
us = [K;u1,uz,us, I, ua = conj(ua)/||ual| > O(Cout Cinhw)
end for
return |[K; u1, u2, us, u4]| > O(coutCinhw)

Note that, although the algorithm involves complex vectors, the norm || K ||,
itself is a real number. The following proposition provides explicit formulas for
the norm and its gradient, which avoid complex arithmetic calculations.

Proposition 1. Let uy, us,us, uq be the complex singular vectors corresponding
to |[K|l,. Let u; = a; + ib;, where a; and b; are the real and imaginary parts.
The gradient of the bound v hw| K|, with respect to the kernel is computed as

Vh
ViVhw|| K|, = VhwV gy real? +im? = ﬁ (realV greal + imV gim) ,

where real and im are the real and imaginary parts of [K;uq,us,us, us]. For
part € {real, im}, we can write it and its gradient in terms of predefined tensors
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Preaty Pimy € {—1,0, 1}2X2X2%2 (gee Appendix@for their explicit representation):

part = (Ppart, [K; a1, b1], [az, ba], [as, bs], [aq, ba]])

Vgpart = [Pyore; [a1,b1]7, [az, b2]7, [ag, b3]", [aa, ba] "] -

(9)

6 Experiments

The source code is available at https://github.com/GrishKate/conv_norm.

6.1 Spectral norm computation

Table [2| compares our TN bound with the closest competitor, “fantastic four”
bound [20] (F4 for short), in terms of precision. Values in each of the kernels
are sampled from N(0,1). We observe that TN bound produces close to exact
values, whereas F'4 exceeds exact spectral norm 1.7-2.6 times. Results for strided
convolutions are presented in Appendix

Table [3|shows that the T'N bound provides an accurate approximation for the
spectral norm of convolutional layers for the pre-trained ResNet18. Our bound
performs systematically better for most layers compared to the F'4 bound.

Figure [F-4] in Appendix demonstrates comparison with other existing meth-
ods in terms of precision, memory consumption and time performance. Although
methods [6}/18] obtain a tight upper bound, they require significantly more mem-
ory than the other approaches. Algorithms based on power iteration [7,/17] are
highly accurate, but their time and memory consumption grows with the input
size n. While the bounds [1,[20] are independent of n, they are noticeably less
accurate. Our T'N bound does not depend on n and therefore is both memory
efficient and fast to compute, while being more precise than [1,20].

6.2 Spectral norm regularization

Following [20], we apply the TN bound for regularization and study its effect on
image classification accuracy. We train ResNet18 on CIFAR100 and ResNet34
on ImageNet for 90 epochs. We use weight decay le-4, SGD with momentum
0.9 and initial learning rate of 0.1, which is reduced 10 times every 30 epochs.
We apply the sum of estimates of the spectral norms of all convolutional layers
of the network as a regularizer. The objective loss function becomes:

L= Lirain + 520‘2‘,

where 8 denotes the regularization coefficient, L, is cross-entropy loss, o;
denotes the bound on the largest singular value of the i*" convolutional layer
computed with different methods. During the epoch, one iteration step is suffi-
cient to update o; and the singular vectors. However, for reliability, we recompute
singular vectors every epoch from random initialization. We obtain the highest
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Table 2: Comparison of the TN bound and the F'4 bound for Gaussian kernels.
Reference values for spectral norm of zero-padded convolution ||T||2 were computed
with power method [17] for the image size 32 x 32. We used 100 iterations for all
methods, stride equals to 1.

Kernel size I ll2 4 TN | F4 TN

(Reference) (Ours)| | T]l2 IT2
64, 64, 3, 3 49.35  81.26 51.51 |1.646 1.044
128, 128, 3, 3 67.14 114.68 69.99 |1.708 1.042
256, 256, 3, 3| 95.71 164.44 96.47 |1.718 1.008
512, 512, 3, 3| 135.62  234.55 136.99|1.729 1.01
64, 64, 5, 5 81.55 175.74 88.25 |2.155 1.082
128, 128, 5, 5 113.5 250.91 119.29(2.211 1.051
256, 256, 5, 5| 160.07  354.46 165.37|2.214 1.033
512, 512, 5,5 227.1 501.8 229.66| 2.21 1.011
64,64, 7,7 112.94  293.34 127.69|2.597 1.131
128, 128, 7, 7| 158.36  415.81 170.99|2.626 1.08
256, 256, 7, 7| 222.45 587.98 235.282.643 1.058
512, 512, 7, 7| 315.25 834.35 326.2 |2.647 1.035

Table 3: Comparison of the TN bound and the F4 bound for kernels from ResNet18
pretrained on ImageNet. We use 100 iterations for all methods. For layers with h =
w = 1 both bounds give an exact value, as proved in Remark 2] The F4 bound does not
take the stride into account, which results in even looser bound for strided convolution
(see the first row, where the ratio F4/||T||2 = 3.5).

. | Il TN | F4 TN
Kernel size  Stride (Exact) ©Ows)| T TTTa
64, 3,7, 7 2 8.2 28.89 14.91 {3.526 1.819
64, 64, 3, 3 1 599 9.33 8.56 |1.558 1.43
64, 64, 3, 3 1 53 6.3 536 |1.187 1.01
64, 64, 3, 3 1 6.95 8.71 8.63 |1.253 1.242
64, 64, 3, 3 1 3.8 54 4.04 | 1.42 1.062
128, 64,3,3 2 2.8  6.01 3.16 |2.149 1.129
128,128, 3,3 1 5.69 7.21 6.67 |1.267 1.173
128,64, 1, 1 2 1.91 1.91 1.91 1.0 1.0
128,128,3,3 1 | 4.38 6.78 5.46 |1.549 1.247
128,128, 3,3 1 4.86 7.57 6.07 [1.558 1.248
256,128, 3,3 2 | 3.95 845 4.32 |2.14 1.093
256, 256,3,3 1 | 6.45 804 7.07 [1.246 1.096
256,128, 1,1 2 | 1.22 122 122 | 1.0 1.0
256, 256, 3,3 1 6.23 7.57 6.43 |1.216 1.033
256, 256,3,3 1 | 7.53 9.17 8.25 [1.218 1.095
512, 256, 3,3 2 5.53 11.0 5.99 |[1.989 1.082
512,512,3,3 1 8.38 10.45 9.54 |1.247 1.139
512,256, 1,1 2 2.05 2.05 2.05 1.0 1.0
512,512,3,3 1 | 16.26 18.37 17.95 | 1.13 1.104
512,512, 3,3 1 6.8 7.6 7.52 |1.117 1.106
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accuracy with 8 = 0.0022 for CIFAR100 and 8 = 1e-4 for ImageNet. The results
of hyperparameter tuning are presented in Table [E.2]in Appendix. We compare
the effect of regularization both with and without weight decay for CIFAR100.
Table 4] suggests that T'N reduces generalization error and gives systematically
better results than F4.

Table 4: Test accuracy with different regularizers.

Method ‘ACC. w/o wd Acc. w/ wd Method ‘ Acc@l Acc@5b
Baseline 73.10 73.84 Baseline | 73.368 91.438
F4 73.96 74.91 F4 73.388 91.300
TN (Ours) 73.96 74.99 TN (Ours)|73.510 91.420
(a) ResNet18 trained on CIFAR100. (b) ResNet34 trained on ImageNet.

Training time comparison is presented in Table[5] The wall clock time differ-
ence between training with and without the T'N regularization is almost negligi-
ble. The time performance of T'N is comparable with F4 |20]. Methods of [6,/18]
require much more memory and cause "Out of Memory” error for large input
sizes. The singular value clipping method [7] is computationally expensive and
is applied only once per 50 steps. The advantage of TN over the Gram iteration-
based approach [6] is that TN bound can be updated with one iteration of HOPM
during training, while the Gram iteration needs to start from scratch every time.
Hence, Gram iteration increases time of training multiple times, e.g., see Section
5.5 in |6], where time per epoch increased by a factor of 3. By contrast, with one
iteration per training step, T'N bound can be used as a computationally efficient
regularization with a negligible increase in time and memory.

Table 5: Average time per epoch for training ResNet18 on CIFAR100 with different
regularizers. For computing LipBound [1] we use 10 samples. We present time for
clipping once per 50 iterations with PowerQR [7].

Method ‘Baseline TN (Ours) F4 LipBound PowerQR Gram iter. Sedghi
Time (s)‘ 141.0 143.6 143.7  242.5 149.6 OOM OOM

Figure (1| (left) presents a comparison of our TN bound with F4. Throughout
training, the TN bound appears to be more precise. Regularization with the
TN bound significantly decreases the singular value of convolutions and makes
the bound more precise (middle). One may wonder how regularization affects
the Lipschitz constant of the entire network. The right figure suggests that reg-
ularization reduces the norm of composition of convolution with the subsequent
BatchNorm, meaning that the upper bound @ on the Lipschitz constant of the
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whole network declines. The same effect is observed for all layers, see Figures

.1 .2 3]

10.0

10 — Exactwfo reg 3.0
—— TN,w/o reg

== Exact,with reg

Conv+BatchNorm,
w/o reg
Conv+BatchNorm,

7.5

Value

|
i
i f ¢
—— TN, w/o reg o --= TN,with reg 25] ! with reg
5 —— F4, wjoreg 50 e e e e i [ "-'“. X
—— Exact, w/o reg f LI AR e S
2.5
0 30 60 90 0 30 60 90 0 30 60 90
Epoch Epoch Epoch

Fig. 1: The behaviour of spectral norm bounds for the third layer of ResNet-18 during
training on CIFAR100. The left figure compares tightness of TN and F'4 bounds when
training without regularization. The middle figure shows the effect of training with and
without T'N regularization. The right one demonstrates the influence of regularization
on the spectral norm of composition of convolution and the subsequent BatchNorm

layer. Similar plots for all layers are presented in Figures in Appendix.

6.3 Orthogonal regularization

The work |26] proposes to use orthogonal regularization for training CNNs. The
method utilizes convolution of the kernel with itself to estimate the divergence
of the layer’s Jacobian from orthogonal in the Frobenius norm, which leads to
the following loss function:

Loony = ||[Conv(K, K) —I||r

However, using the spectral norm of the Jacobian may seem more natural in this
case, as it is an operator norm. Let T" be the Jacobian of the circular convolution
with a kernel K. It is known that the product of two circulant matrices is also a
circulant, thus 77T is also a Jacobian of some convolution. Theorem |1| suggests
that |T7T — I||2 < VW w'||Conv(K, K, padding=-‘circular’’) — I||,. Thus, the
following regularizer penalizes the largest difference between the singular values
of the convolution and 1:

Lonorm = ||Conv(K, K, padding=‘‘circular’’) — I||,

We introduce one more regularizer based on the spectral norm of the kernel. As
is known, the squared Frobenius norm of a matrix is equal to the sum of squares
of its singular values and the ratio I‘\ljl‘\li is minimized when all the singular
values of matrix A are equal. The Frobenius norm of the kernel can be used as

approximation for the Frobenius norm of convolution Jacobian up to a constant

factor, e.g., in the case of circular padding n|| K| = ||| r. Hence, we propose
L K],
Ratio — — 17-n_____*

1K
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We train Resnet18 on CIFAR100 dataset with the same hyperparameters as
in the previous section and weight decay le-4. The regularized objective loss
function is given as follows:

L= Et'r'ain + B Z ‘Cf“egv

where L%, denotes one of the regularization losses for the i" layer described
above. The results are reported in Table [6] Our regularizers improve generaliza-

tion performance. Loporm yields the best top-1 accuracy gain of more than 2%.

Table 6: ResNet1l8 CIFAR100 accuracy and average training time per epoch with
different orthogonal regularizers.

Method | B Acc@l Acc@5 Time (s)
Baseline 0 73.84 93.16 141.0
OCNN 0.1 75.32 9345 150.1
OCNN 0.01 75.32 93.30 150.1

Ratio (Ours) 1.0 7498 93.50 147.0
Ratio (Ours) | 0.1 74.71 93.52 147.0
Ratio (Ours) | 0.01 7471 9345 147.0
2norm (Ours) | le-2 7443 9347 171.8
2norm (Ours) | 5e-3 75.99 94.08 171.8
2norm (Ours) | le-3 75.83 93.92 171.8

7 Conclusion

We propose to use the spectral norm of the kernel tensor to bound the spectral
norm of convolutional layers. Our bound noticeably improves the accuracy of
existing upper bounds that are independent of the resolution of input images. It
also provides a trade-off between accuracy and computation efficiency compared
with the other methods. We demonstrate that this bound can be used as a
regularizer for improving generalization of NNs. Furthermore, we propose two
new regularizers based on it that enforce orthogonality of convolutions.
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