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Ongoing cortical activity is shaped by the interactions between brain
regions connected on a macroscopic level. While components of the
activity reflect specific processes responding to a presented stimu-
lus, the vast majority persists as a background activity that innately
exists due to cortical loops present in the connectivity. Simulations
of the background activity, commonly known as resting state, have
been developed over recent years using sophisticated ordinary dif-
ferential equations (ODE) taking into account the macroscale orga-
nization of the cortex. However, the relationship between the rest
activity compared to task or stimulus driven activity remains unclear
although several different models have been proposed relating them.
In this study, we develop a novel method of testing the relationship
between rest and task by utilizing the framework that cortical activity
can be represented by an ODE. The methodology uses a well-tested
data driven approach known as Sparse Identification of Nonlinear
Dynamics (SINDy) to construct an ODE to represent both rest and
task functional Magnetic Response Imaging (fMRI) data separately.
Since this technique is still relatively novel in the context of neuro-
science, we validate the algorithm in its ability to identify an ODE
that correctly predicts the signal dynamics, has a structure similar to
those models currently used to recapitulate rest activity, and its abil-
ity to produce an impulse response as measured in fMRI data. Then,
we systematically test the relationship between the two ODE models
representing rest and task in order to model the task independent
network activity. The task independent component is then subse-
quently removed from the measured signal and we utilize behavioral
measures such as reaction time measured on a trial by trial basis
to test if we have successfully separated the signal, as behavioral
variables would be more correlated to the stimulus dependent activ-
ity than the raw unseparated signal. Our results show evidence that
the stimulus independent signal is equivalent to all the processes in
Rest that are not present in Task and can be estimated by subtract-
ing the Task model from the Rest model. This suggests that Task can
be approximated as a subset of Rest. We believe that our results are
pertinent to the scientific community as they represent one of the
first steps on using an ODE model to understanding the relationship
of stimulus response in the cortex and allow for better decoding in
terms of predicting the behavioral metrics.
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The baseline activity of the cortex is surprisingly non-1

stationary and complex even when the organism is not2

performing any particular task. Although this requires enor-3

mous metabolic cost, this activity known as resting state, is4

hypothesized to exist in order to maintain the neural computa-5

tional hardware rather than solving a particular problem (2).6

Resting state activity is thought to originate due to cortical7

loops that exist in the white matter macroscale network of8

the cortex which lead to oscillatory style dynamics as brain9

Fig. 1. The Neural Abstraction Pyramid representing different layers of neural activity
from neurons to the whole network. Different measurement modalities have yielded
insight to different components of the abstraction layers. In this study, we construct an
fMRI specific model without considering other layers. Legend: BNM -Brain Network
Model, NFE- Neural Field Equations, fMRI - functional Magnetic Resonance Imaging,
DCM - Dynamical Causal Modeling, T1 - Structural Image, DTI - Diffusion Tensor
Imaging, NMM -Neural Mass Models, EEG- Electroencephalogram, MEG - Magne-
toencephalography, BW - Balloon Windkessel Model, LFP - Local Field Potential, OPT-
Optogenetics Image Ref (1)

areas cyclically activate each other. The presence of resting 10

state dynamics is ubiquitous even when a subject is requested 11

to perform a particular task, and exists in addition to the 12

stimulus driven activity that is localized to brain regions re- 13

sponding to the particular behavioral assay. Thus, cortical 14

activity is hypothesized to be a combination of stimulus de- 15

pendent responses as well as the brain network background 16

activity generated by cortical loops although the exact na- 17
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ture between them remains unclear. Therefore an important18

question that remains unanswered is the exact relationship19

between them and how to separate these two distinct processes20

from measured cortical activity such as in functional Magnetic21

Resonance Imaging (fMRI) (2) (3) (4). Fortunately, models22

of cortical activity based on macroscopic networks have pro-23

gressed, to a point where we can extend them in order to24

answer questions about the relationship between rest and task25

(5).26

Current simulations of cortical activity can be understood27

by examining the abstraction layers of the neural pyramid28

as shown in Figure 1. Models at different abstraction layers29

of the nervous system are aimed at recapitulating different30

measurements that record the activity across various scales in31

the central nervous system. In Figure 1, the lower levels of the32

neural pyramid denote models of individual components of the33

nervous system such as neurons that can be fully modeled by34

differential equations. Higher layers represent the aggregate35

activity of individual lower-level elements across a structure36

e.g. a cortical column, or the macro level organization of white37

matter connections. Input from the lower levels also plays a38

role in shaping the dynamics of the subsequent levels.39

In the context of modeling fMRI, this has led to using40

models that utilize the white matter structural connectivity41

derived from Diffusion Tensor Imaging (DTI) or the shape42

of the surface derived from a T1 image as a structure to ag-43

gregate the activity of smaller neural elements (6) (7). This44

has led to Brain Network Models (BNMs) and Neural Field45

Equation (NFE) respectively, both of which have been able46

to recapitulate components of resting state activity (8) (9).47

Input from lower levels is usually represented by noise, as they48

represent unobservable variables and occur at random with49

the signal being modeled (10). This makes utilizing these pre-50

vious frameworks to separate out the stimulus dependent and51

background activity difficult, as noise sources make modeling52

task input from lower levels challenging. Rather we utilize a53

technique more similar to Dynamical Causal Modeling (DCM),54

which uses a generative framework to derive equations directly55

from the data (11). This has been further developed as the 56

Generalized Linear Model (GLM) for fMRI in order to model 57

task input and relate specific brain voxels to task onset (12). 58

However, unlike the DCM and GLM which do not produce 59

timeseries simulations of whole brain cortical activity, we uti- 60

lize the framework of ODE that are constructed to reproduce 61

the timeseries dynamics like the BNM and NFE even dur- 62

ing the task domain. Thus our approach represents a hybrid 63

between the BNM and DCM communities which constructs 64

equations from the data but still allows us to estimate the rela- 65

tionship between task and rest directly from the observational 66

data on the timeseries domain. However, since these equations 67

are estimated rather than derived, we need to make sure that 68

they still represent valid biophysical models by comparing 69

them to constructed network models. 70

We utilize the Sparse Identification of Nonlinear Dynamics 71

(SINDy), a framework of approximating the underlying ODE 72

using a Taylor Series from the observed data using regression 73

(13). Unlike previous approaches such as DCM, this regression 74

approach scales with more variables, and is therefore able to 75

solve for a more generalized connectivity matrix at higher 76

orders for the entire cortical and subcortical regions. The 77

algorithm solves for the ODE in the derivative space, by 78

fitting the measured derivative Ẋ as a linear combination 79

of functions raised to higher exponents of X representing 80

the Taylor series,
∑

ΞnX
n. Once the coefficients ΞN are 81

estimated, the estimated ODE is validated by the following 82

criteria to ensure it represents a biophysical model of the 83

network component of the fMRI equation: 84

• The predictions of the ODE match the derivative of the 85

fMRI signal, since this was what the SINDy algorithm 86

was trained to implement. 87

• The Taylor series coefficients ΞN , referred to as the Effec- 88

tive Connectivity (EC), are related to a function of the 89

SC network measured through Tractography. They rep- 90

resent a higher order polynomial relation between ROIs 91

and should relate to the SC in some form especially the 92

Fig. 2. Left: A scan of parcellated fMRI is recorded during the response to a set of stimulations (marked using blue lines) based on the working memory task. The dynamics of
the ROIs over time X, is represented by a function of the white matter structural connectivity SC and the activity of other ROIs (Network Activity) as well as a function of the
SC and the activity from external stimuli U (Stimulus Dependent Activity). Middle: The activity is separated into the Network Activity and the Stimulus Dependent Activity using
our SINDy ODE framework. Right Top: The original as well as the stimulus dependent activity (first 12 sec after task onset across all ROIs) is used to construct an Elastic Net to
predict the reaction time. The scatter plots show the fit between the predicted and measured reaction time response for each trial using a test dataset. Right Bottom: The
10-fold crossvalidation of the Elastic Net is displayed that is trained on subtasks for the separated and unseparated datasets. The separated signal is a better predictor for RT
than the unseparated signal across all subtasks.
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first order component.93

• The impulse response of the ODE yields the Hemody-94

namic Response Function (HRF). It is known that re-95

sponse to a fMRI task paradigm is characterized by this96

function, and by ensuring we match it in some form might97

allow us to model the correct dynamics during Task.98

By exploring the hyperparameterization space, a unique99

model can be identified that balances the tradeoff in all three100

of the criteria. The final identified resting state model contains101

a sigmoidal function with an argument being a product of the102

structural connectivity matrix, i.e. Ẋ = sigmoid(SC ∗ X).103

The odd coefficients representing the Taylor series expansion104

have a ≥ 0.4 correlation with the measured SC from DTI while105

the even orders have small amplitudes and no correlation with106

the SC. Moreover, the estimated equation is able to make107

predictions on the derivative timeseries that have a correlate108

≥ 0.45 with the measured signal. The resulting system also109

has impulse responses that have similar shapes to the HRF but110

also vary depending on the location of the ROI with respect111

to the network.112

After validating that the approach is able to estimate the113

underlying ODE, we train two different models using rest114

and working memory (WM) task data. Using the assumption115

that these models can linearly separate task dependent and116

independent components, different linear combinations of the117

identified rest and task system were used to model stimulus118

independent activity during the task. This was then used to119

subtract from the measured signal during the task, and the120

subsequent separated timeseries signal was correlated with121

the reaction time needed to complete each WM task. In this122

manner, we test most simple configurations that would relate123

rest and task fMRI. Our results indicate that WM processes124

are a subset of resting state processes, and subtracting the125

relative complement, i.e. rest - task model from the measured126

signal, allows the separation of processes between stimulus127

dependent and independent processes. By removing these128

signals from the measured signal we show that we can separate129

the signal and show a significant increase in the correlation130

to the reaction time collected on a per trial basis against131

the original unseparated signal. This fits the notion of an132

Active Cortex Model, where the cortex is constantly active133

even during rest. These processes most likely exist to maintain134

the neural computational substrate while only a certain subset135

of those processes are coordinated to perform a single task136

at a given time. While more future work is necessary to137

explore both the relation between rest and task as well as the138

effectiveness of the SINDy approach in modeling fMRI, this139

study currently demonstrates that we are able to estimate an140

ODE system that is both able to approximate fMRI dynamics141

as well as interpret a subset of this system that gives rise142

to a particular task. Moreover, it naturally yields a single143

model combining brain structure, dynamics, and behavior and144

therefore we believe it has a promising future in neuroscience.145

Methods146

Our methodology is organized into the following sections. In147

the first subsection, we briefly go through a background of148

ODEs used to fit fMRI data and identify constraints in the149

context of whole brain modeling. Subsequently, we illustrate150

how we set up SINDy to identify the ODE from the data as151

a regression problem with constraints. Most of the details 152

found here are not focused on the SINDy algorithm, but 153

rather on how to use it in the context of identifying ODEs 154

for fMRI data. The subsequent subsection deals with how to 155

validate our solutions in the context of fMRI research. These 156

metrics assess its predictive capability for the fMRI signal, 157

its correlation with measured structural connectivity, and its 158

ability to generate an accurate impulse response in the shape 159

of HRF. Following those, are subsections in which we establish 160

our experimental paradigm in order to assess the relationship 161

between rest and task and the metrics used to evaluate that 162

relationship using reaction time behavioral measurements. The 163

last section goes into the biological data used in this study 164

and the preprocessing choices for the fMRI and DTI data. 165

Assumptions of the underlying fMRI ODE. The general framework 166

of large-scale brain dynamics used to describe resting state 167

fMRI activity expresses the change in brain region a given by 168

the vector Ẋa as a function of the SC and the current activity 169

across all other brain regions Xb6=a, a decay to baseline −λXa, 170

as well as local activity which looks like noise at the highest 171

abstraction layer ηZ: 172

Eq1.Ẋa = −λXa + F (SC,Xb6=a) + ηZ 173

This framework has been extensively studied in BNM lit- 174

erature, by modeling F using complex functions as well as 175

using multiple variables to express the neural mass activity X 176

such as in the Wilson Cowan model, or the Jansen Rit Model 177

that uses multiple excitatory and inhibitory populations to 178

represent the dynamics of a single brain region (14) (15) (16). 179

In the SINDy framework, we are modeling X directly which is 180

related to the measurement obtained via fMRI from all regions 181

of interest, as it represents the only measurable variable that 182

we have access to in fMRI studies. From previous literature, 183

we know that the function F is usually modeled as a sigmoid 184

to simulate biologically realistic responses, as it plateaus for 185

extreme values of X while yielding a linear response that is 186

tied to the SC for small values of X (16) (17). The decay rate 187

−λ determines how fast the system decays, which can be ex- 188

perimentally approximated by observing the decay during the 189

tail end of the HRF. These will later be used as constraints in 190

the system which leads to more biologically plausible solutions. 191

Sparse Identification of Nonlinear Dynamics. To identify an under- 192

lying ODE system to model fMRI activity, we utilized the freely 193

available open-source SINDy python package (13). The algo- 194

rithm identifies a sparse ODE system by writing the derivative 195

of the state variables Ẋ as a product of a library of functions 196

Θ(X) multiplied by the coefficients Ξ plus some unstructured 197

Gaussian noise ηZ: 198

Eq2.Ẋ = f(X) = Θ(X) ∗ Ξ + ηZ 199

The data matrix X contains the activity of n different brain 200

regions over time: 201

X(t) =

x1(0), x1(1) ...x1(T )
x2(0), x2(1) ...x2(T )
... ... ...

xn(0), xn(1) ...xn(T )

 202

The derivative of this matrix Ẋ, can be estimated by nu- 203

merical differentiation techniques. The library matrix Θ(X) 204
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contains functions of X, such as the constant, polynomial, or205

trigonometric terms that is assumed as a prior in the analy-206

sis. In this case, we study using a polynomial basis, which207

allows us to express the derivative function as a Taylor series208

approximation:209

Θ(X) =
[
X(t) X(t)2 X(t)3 ...X(t)N

]
210

The polynomial expansion coefficients Ξ represent collectively211

a generalized form of network connectivity at higher orders.212

Here we refer to it as effective connectivity (EC), although this213

term has been used in slightly other contexts in the past, to214

clarify our methodology process. It represents the relationship215

between two neighboring regions as a higher-order polynomial216

and is a generalized form of the SC in higher dimensions. The217

values for X and its higher orders are computed for every218

single timepoint and can become quite large for many brain219

regions and timepoints. The EC matrix Ξ is thought to be220

sparse in nature as it combines different linear combinations221

of the library function to estimate the derivative. Therefore222

equation 1 reduces to the form of Ax = B, and can be solved223

using convex optimization tools that place penalties on the224

reconstruction as well as having sparse solutions (13). We225

expect that these coefficients are related to the measured DTI,226

as from Equation 1 and 2, we have the function f(SC,X) =227

Θ(X) ∗ Ξ. Moreover, the activity that is not related to the228

network, but a function of the local activity, is simulated as229

noise from Eq 1. The noise function namely ηZ in Eq 2.,230

is minimized by the SINDy program. To further reduce the231

effects of noise, which affects the derivative even more than232

the regular signal, we use spectral differentiation provided233

by the SINDy package. This performs a low pass filter on234

the derivative of the signal and reduces noise while providing235

more robust solutions. SINDy offers a variety of different236

optimizers to solve the optimization problem. We chose an237

L2 optimizer that has a sparsity threshold parameter that238

controls the number of terms that are included in the Taylor239

expansion.240

Obtaining Biophysically Plausible Solutions. When using SINDy,241

researchers typically select between various candidate libraries242

and constraints to enhance system identification. The poly-243

nomial library is a highly robust and offers versatile options,244

as it can represent a truncated Taylor series approximation of245

the function. However, there exists a tradeoff when including246

higher-order terms that allow for a better approximation of the247

non-linear function but can quickly lead to memory limitations.248

This is especially true for the interaction terms that increase249

exponentially with larger orders. In our implementation, we250

vary fitting the system from 1st to 7th orders. Moreover, due251

to memory issues, interaction terms are left out, which is a252

limitation of the approach. The Taylor series expansion repre-253

senting the EC can also be separately compared at each order254

with the measured SC and thus a polynomial basis makes it255

easier to compare against other measurements of the network,256

unlike other basis functions.257

The SINDy implementation also allows us to fix the dy-258

namical system’s coefficients, which improves more plausible259

solutions for the ODE. From Eq 1., we chose to fix the decay260

term −λ as a constraint which resulted in solutions that were261

highly correlated with the measured SC. The λ parameter262

was varied from -0.06 to -0.4 and at each value the system is263

evaluated using the metrics below. The corresponding λ from264

the model that maximizes the metrics is then compared with 265

the estimate of λ from the SPM HRF function which has an 266

approximate decay rate of -0.22 (18). The reason that λ is a 267

constraint rather than a solvable variable, is that there are 268

two processes that occur simultaneously from the perspective 269

of a single ROI, the decay to baseline and the local activity 270

which would resemble noise. Therefore, fixing it as the decay 271

term and minimizing it across noise allows the algorithm to 272

solve for solutions that are biophysically plausible. Results 273

without this constraint lead to more randomized connectivity 274

matrices and are shown in Supplemental Figure 8. However, 275

we can still estimate it from the data based on maximizing 276

the metrics below. 277

Metrics to evaluate identified ODE. To evaluate the identified 278

ODE, we used three main criteria in determining the plau- 279

sibility of the system. Firstly, the coefficients Ξ for each 280

polynomial order were compared to estimates of the SC to see 281

if the resulting function matches our previous understanding 282

of functions driving the network component of the underly- 283

ing brain dynamics. Secondly, we compared the predicted 284

timeseries with the measured timeseries. As the constructed 285

equation predicts the derivative Ẋ for every X using Equation 286

1 and 2, Ẋa = −λXa +
∑

ΞnX
n
b6=a, we can at every time 287

point directly compare the predictions against the measured 288

derivative over time. We tested this using a hold out test 289

dataset, where we predicted the derivative using coefficients 290

determined using 392 subjects, and compared it against the 291

measured derivative on unrelated 50 subjects. We also used 292

the first timepoint as an initial condition, and integrated over 293

the predicted derivative to directly estimate the fMRI signal 294

and compare against our measurements. Lastly, we tested 295

the impulse response of the ODE across different ROIs, and 296

compared the response against the canonical Hemodynamic 297

Response Function. To reduce dependencies on initial condi- 298

tions, 100 random points from fMRI timeseries close to zero 299

were chosen, and the average HRF trajectory was calculated 300

across all points. The input location was varied across ROI, 301

but only a single triangular input was used at singular ROI 302

for each individual simulation. 303

In addition, we computed the functional connectivity by 304

simulating the identified ODE with noise. This was primarily 305

done to compare against the results from previous BNMs, but 306

the metric was not very useful in our context in biasing the 307

SINDy model as it was not as sensitive in detecting differ- 308

ences between ODEs unlike other metrics such as comparing 309

the coefficients to the measured SC or the evaluation of the 310

system dynamics as shown and explained in more detail in 311

Supplementary Figure 9. 312

Optimization and Hyperparameters. We primarily varied three pa- 313

rameters 1) the polynomial order, 2) the decay value, and 3) 314

the sparsity of the coefficient matrix. Each model was then 315

evaluated on the above mentioned criteria of matching the 316

coefficients to SC, reproductions of the dynamics, and the 317

HRF function. The polynomial order represented how many 318

terms were included in the library to model the derivative 319

and was limited by our memory configuration to seven orders. 320

The decay value λ was varied from -0.06 to -0.4 and the range 321

includes the prior estimate of the decay exponent of -0.22. The 322

sparsity of the coefficient matrix determines how many terms 323

were included in the final model and resulted in a tradeoff 324
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explained in 5. Each instantiation of the SINDy model is in-325

fluenced by these hyperparameters as well as the data used to326

train the system. To test how much data is needed to converge327

we ran experiments to determine the length needed as shown328

in Supplementary Figure 9 which was around 100,000 time329

points.330

For the WM section, we constructed linear combinations331

of the two models, task and rest to model the stimulus-332

independent dynamics. For this, we swept the two coefficients,333

c1, c2 needed in a linear combination from the range from -3334

to 3. The linear combination of the two models was then335

subsequently used to subtract from the measured signal to336

determine the stimulus dependent dynamics.337

Separating Task. We utilized WM fMRI data from the Human338

Connectome Project, to test if the methodology could separate339

fMRI activity into task dependent and independent activity340

(HCP)(19). The original WM experiment was set up, by341

repeatedly asking the participant to perform a WM n-back342

task (either 0 or 2 back) on several different visual objects343

(Places, Faces, Body, Tools). The reaction time (RT) in ms,344

defined as how long it took to complete each task, was used as345

a ground truth measure of the trial performance. The fMRI346

signal was aligned to each stimulus onset, and the subsequent347

eleven seconds were resampled to align across all trials. The348

spatial temporal signal was compared to the singular RT for349

each trial in the following two manners, by directly correlating350

the signal at each spatial temporal location across all trials351

with the RT measure across all trials as well as by constructing352

a linear model using an Elastic Net to aggregate the spatial353

temporal information to predict the RT. The Elastic Net was354

10-fold cross-validated, by training on 80 percent and tested355

on the held-out 20 percent test data. For the unseparated356

model, the parcellated spatial temporal task signal was used,357

and for the separated model the following steps were applied.358

In our formulation, the goal was to separate the processes359

during the task fMRI into activity due to task dependent and360

independent activity. We hypothesize that the task indepen-361

dent activity can be constructed by understanding the network362

equation in relationship to the stimulus, and subsequently re-363

moved to separate the task dependent activity. To isolate the364

function Ftask 6=rest(X) might not be as simply removing our365

estimate Frest(X) from the measured data as some processes366

during rest and task might be shared. Therefore, using SINDy367

we tested a general formulation that utilized both models Frest368

and Ftask that was estimated by training on rest and task369

data respectively to estimate the Task independent dynamics.370

Therefore, we relate the RT behavioral variables to the sepa-371

rated signal, namely the measured derivative minus the task372

independent signal, using c1 and c2 as hyperparameters for373

linear combinations of the rest and task SINDy models:374

RT ∝
∫
Ẋ − (c1 ∗ Ξrest + c2 ∗ Ξtask) ∗ θ(X)375

The right side of the equation was then integrated to estimate376

the fMRI response of the separated signal. The separated377

signal then subsequently correlated with the RT at each spatial378

temporal location as well as constructing an elastic net to379

aggregate the information to to predict the RT. By varying380

the c1 and c2, we test many different relationships between381

the measured signal and the ODE models. For example, when382

c1 is 0, and c2 is 1, we test whether the residuals of fitting a383

task model using SINDy correspond to the behavioral metrics, 384

i.e RT = G(Ẋ −Ftask(X)). When c2 is 0, and c1 is 1, we test 385

if the rest corresponds to the task independent activity and by 386

subtracting it , i,e RT = G(Ẋ − Frest(X)). Finally, when we 387

have c1 = 1 and c2 = -1, we test if the task independent activity 388

is a relative complement, and can be approximated by the 389

difference namely, RT = G(Ẋ−(Frest(X)−Ftask(X))), where 390

some processes in rest are involved in computing the WM task 391

and related to the reaction time. Thus this framework, allows 392

us to test the linear relationship between the rest and task 393

model as well as the behavioral variables. Although it doesn’t 394

cover all possible combinations and is limited in testing linear 395

relationships, it allows for an initial estimation of how the 396

cortex might be organized. 397

Biological Data. All of the data used in this study is from the 398

Human Connectome Project Q1 release of 447 participants 399

(20). HCP was chosen as it contains both rest as well as task 400

datasets as well as the corresponding DTI for each subject. 401

The Desikan Killiany atlas was used as the parcellation scheme 402

which contains 68 cortical areas and 16 subcortical areas for a 403

total of 84 regions to represent the central nervous system (21). 404

All available ROIs were utilized and none were preselected. 405

The reason the DK atlas was chosen instead of an atlas that had 406

a larger number of ROIs, is that inclusion of more ROIs result 407

in a massive increase of coefficients that need to be solved for 408

and leads to memory issues in our system. In theory, however, 409

the methodology can be applied to finer parcellations and 410

probably would lead to overall improvements. The inclusion of 411

subcortical areas, even those brain regions that did not have 412

great signal, seemed to improve the accuracy for the dynamic 413

metrics in the cortex as shown in Supplemental Figure 8. 414

functional Imaging Data Processing. The volume HCP files were 415

downloaded for the WM and rest files. They were from the 416

minimal preprocessing pipeline and had been registered to 417

Montreal Neurological Institute (MNI) space (22). The files 418

were then subsequently transformed back into the native T1 419

space, using the process described by HCP frequently answered 420

questions section which was used in our previous publication 421

as well (23). In the native space the parcellations using Free 422

Surfer Library for the Desikan Killiany were aligned to the 423

functional scans and the average signal for each region was 424

extracted (24). The SINDy algorithm performed better with 425

parcellating in the volume space than in the surface space in 426

terms of fitting to the dynamics, although the coefficients esti- 427

mated using the surface timeseries were more correlated with 428

the SC. The tradeoff between these two different alignment 429

schemes across individuals is shown in Supplementary Figure 430

10. The post processing was kept to a minimum as different 431

preprocessing steps affected the identified ODE and would 432

change the coefficients as well as the determined equation. The 433

only preprocessing steps that were applied was filtering from 434

0.008 to 0.1 Hz, and normalizing (z-score) to the averaged 435

ROI timeseries. 436

The behavioral data attached to the WM task data was also 437

extracted from the behavioral tables, including the reaction 438

time, the difficulty of the task 0 vs. 2 back, the type of task 439

(face, place, body, tools), and the e-prime timings relative to 440

the fMRI scan for each of the 80 trials in each WM scan. The 441

corresponding WM fMRI files were also downloaded and pre- 442

processed as described above. In our analysis of the WM data, 443
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a single model was used to train for a WM equation. How-444

ever, the behavioral correlates were independently calculated445

between the 4 types of tasks and 2 levels of difficulty.446

Structural Diffusion Data Processing. We followed a modified ver-447

sion of the Hagmann procedure to extract structural connectiv-448

ity matrices from DTI (25). The diffusion data was downloaded449

from HCP for 442 subjects. We applied a modified form of450

the MRtrix HCP pipeline to estimate the tractography based451

on a previous publication that optimized the tractography for452

the HCP dataset (26) (27). The maximum number of track453

lengths was set to 250, and the SC matrix was estimated by454

the number of tracks between ROIs based on the DK atlas.455

The final matrix connections were not normalized by volume456

area or any other method. Rather the raw number of tracts457

between ROIs was used to correlate against the Taylor series458

coefficients for comparison.459

Validation460

To validate the candidate ODE obtained from the SINDy461

algorithm, we show that the estimated equation satisfies the462

following three criteria:463

• The ODE is able to predict the derivative of the resting464

state ROI timeseries using the Taylor series expansion465

coefficients.466

• The coefficients of the ODE roughly match those of a467

sigmoidal function based on the white matter estimates468

of Structural Connectivity. 469

• The impulse response of the ODE produces a Hemody- 470

namic Response similar to those measured in fMRI. 471

While different SINDy models are able to predict some of 472

these metrics better than others, the hyperparameter space 473

has a smaller localized set of solutions that satisfies all three 474

criteria. We select a model from this space and the correspond- 475

ing parameters are subsequently used to construct models in 476

order to separate WM fMRI data in the Results section. 477

Analysis of Dynamics. In this section, we assess how well the 478

ODE predictions align with the measured ROI fMRI time- 479

series. Since the ODE was identified by applying regression 480

on resting state data to fit the derivative, the predictions from 481

the equation should match the measured derivative of the 482

timeseries. An example of the comparison between measured 483

and predicted derivatives is shown in Figure 3A over the span 484

of a single resting state HCP scan, demonstrating that the 485

rough alignment of peaks and troughs is accurately predicted 486

by the equation. The correlation between these signals is quan- 487

tified over different time windows in Figure 3B. By integrating 488

the predicted derivative and using the first timepoint as the 489

initial condition, an estimate of the original timeseries is also 490

estimated and correlated with the measurements in Figure 3B 491

(denoted by the
∫

symbol). The correlation of the predicted 492

timeseries and its derivative with the empirical observations is 493

more similar to each other for shorter time windows. However, 494

Fig. 3. A) A sample of the timeseries derivative over 20 min compared to that predicted from the fitted equation. B) The average correlation computed over different time
intervals for both the derivative and the original signal (denoted using the integral symbol) predicted by SINDy against the respective measured signals (averaged across ROIs).
C) The correlation of the predicted derivative timeseries to the measured timeseries computed for each ROI separately and plotted across the cortex and subcortical regions. D)
The comparisons between many different varieties of predicted timeseries and the respective measured ones from the fitted equation. Rest and Task refer to the dataset types
averaged across individuals, while Ind refers to predictions to rest averaged across ROIs. The correlation between simulated FC and measured FC on far left. E) The average
FC across all HCP subjects as well as the average FC computed by simulating the fitted equation with noise.
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when computing over longer periods, these metrics diverge495

with the correlation to the predicted derivative increasing while496

the correlation to the predicted integral decreasing. Figure 3C497

illustrates the correlation to each ROI derivative computed498

separately. Most ROIs show very high correlations > 0.45,499

except for areas in the frontal and temporal lobes, as well500

as some deeper subcortical areas. In Figure 3D, we compare501

how well the dynamics are generalized across training and test502

datasets, and across individuals, and against unseen task data503

for both the derivative and the integral of the predictions. The504

results indicate that the function trained on several individuals505

generalizes to timeseries from unseen individuals. Moreover,506

the Gaussian distribution of correlations across the population507

suggests that the estimated function represents an average,508

where some individuals fit the estimated ODE better than509

others, but the majority are close to the average value. The510

predictions also illustrate that the model captures the dynam-511

ics for the rest fMRI dataset better than for the task fMRI, as512

the model was not trained on for the latter. This discrepancy513

is further explored in the WM separation section, suggesting514

that each task has is its own unique dynamical system. The515

leftmost panel in Figure 3D compares a simulated FC to the516

measured FC, by using the SINDy function and simulating517

resting state dynamics using noise integration, similar to older518

methods (8)(5). The average FC for the simulations and across519

HCP subjects is shown in Figure 3E. The correlation values520

of these FC matrices are comparable to or slightly lower than521

those reported in existing literature, which will be discussed 522

in detail in subsequent sections. Overall, the ODE obtained 523

from SINDy captures the dynamics of the resting state fMRI, 524

as the predictions from the ODE generalize fairly well over 525

time, different brain regions, and unseen timeseries. 526

Analysis of Effective Connectivity through SINDY coeffi- 527

cients. In this section, we focus on characterizing the coef- 528

ficients of the ODE by analyzing each term of the polynomial 529

expansion in relation to the white matter structural connec- 530

tivity (SC) network. Figure 4A displays the first three terms 531

of the EC, where each term of the coefficient matrix Ξ is mul- 532

tiplied by X raised to the corresponding order and summed 533

to estimate the derivative at X(t). The full seven EC terms 534

are shown in Supplementary Figure 11. The EC can be com- 535

pared individually compared to the SC ( Figure 4B) at each 536

polynomial order as shown in Figure 4C. The correlation is cal- 537

culated separately for interhemispheric and intrahemispheric 538

connections excluding the diagonal. The intrahemispheric 539

connections can be easily identified by the top left and bottom 540

right corners of the structural matrices due to this particular 541

ROI ordering that mirrors across the midline between the 542

two hemispheres. The intrahemispheric connections exhibit 543

a strong correlation with the measured SC for odd orders of 544

coefficients, such as X(t), X(t)3, X(t)5, with signs alternating 545

between consecutive odd orders. In contrast, the even orders 546

lack a discernible network structure and have much smaller 547

Fig. 4. A) The derivative is expressed using the first three estimated terms of the Taylor expansion. B) The average SC estimated from 443 subjects’ tractography using the
Desikan Killiany Atlas. C) The correlation between the interhemispheric and intrahemispheric connections of each polynomial coefficient with the SC matrix. D) An estimate of
a single function of the Taylor Series expansion by taking the SC as the argument compared to other odd sigmoidal functions. E) The correlation computed over Yeo seven
networks individually between the first order term and the averaged SC (DMN - Default Mode Network, VA -Ventral Attention, DA - Dorsal Attention, SM- Somato Motor, Con -
Control, Lim - Limbic, Vis - Visual). E) Top part: The seven Yeo cortical networks are modified to match the Desikan Killiany parcellation. Bottom part: The correlation of each of
the networks separately computed from the estimated first order and the SC matrix F) Sankey plots for the white matter SC and the coefficients from the first order Taylor
expansion.
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magnitudes than their odd counterparts ( Supplementary Fig-548

ure 11). On the other hand, interhemispheric connections549

are characterized by strong connections between contralateral550

brain regions and are represented by the antidiagonal elements551

in the coefficient matrices. Very few off-antidiagonal terms552

exist for the interhemispheric connections, and the overall553

pattern of connections is less similar to the SC compared to554

intrahemispheric connections. These differences in predicted555

vs. DTI measured SC are commented later on in the discus-556

sion. To gain some insight into what the overall odd function557

(as the even terms are small) might represent, we further re-558

duce the function to a one-dimensional simplified function559

with the SC as an argument, i.e. Ẋ = F (SC ·X). For this, we560

have extracted the magnitude of coefficients at each order to561

see how well the SC fits into each polynomial order of the EC.562

This results in a Taylor series expansion of a simplified single563

function for F with the SC in the argument. The resulting564

odd function is compared to several commonly known odd565

functions in Figure 4D and is shown to have a similar shape566

to sigmoidal functions, i.e., F (SC · X) = Sigmoid(SC · X),567

which is similar to our understanding of brain dynamics from568

previous literature and discussed later on in the discussion.569

Furthermore, to gain a better understanding of which net-570

works the ODE coefficients best represent, each of the seven571

Yeo networks was also characterized separately, as depicted in572

Figure 4E (28). As seen in the previous dynamics section, the573

coefficients representing the Limbic network, which includes574

the ROIs of the orbital frontal cortex, temporal, and frontal575

poles, are the most distinct predictions compared to the white576

matter SC network. This distinction is likely due to the poor577

fMRI signal in these regions, as mentioned earlier. The other578

two networks that are notably distinct from the SC are the579

default mode network (DMN) and the sensorimotor (SM) net-580

work, where the fitted coefficients exhibit fewer connections581

compared to the measured networks, as seen in the Sankey582

plots in Figure 4F). In addition to these analysis, we also esti- 583

mated the eigenvalues and eigenvectors using the first order 584

coefficients of Ξ in Supplementary Figure 12. These represent 585

the Jacobian of the system and show that the system is stable 586

as all real components of eigenvalues are less than zero. In 587

addition the eigenvectors with largest eigenvalues show global 588

eigenmodes while, smaller eigenvalues correspond to network 589

or opposing hemispherical processes. 590

In general, the coefficients for the other networks show 591

higher correlations with the measured SC network. Overall, 592

the analysis of the effective coefficients obtained from the 593

algorithm reveals that the intrahemispheric connections exhibit 594

a resemblance to a sigmoidal function constructed from the 595

SC. 596

Tradeoff and Hemodynamic Response Function. The previ- 597

ous sections demonstrate that the SINDy algorithm can utilize 598

Taylor Series expansion to estimate an ODE solution for fMRI. 599

The resulting solution is able to correctly predict the derivative 600

over long periods while incorporating a network resembling 601

elements of the measured white matter structural connectiv- 602

ity (SC). However, this is a simplified view as there exists 603

a range of equations that roughly resemble the dynamics of 604

resting state fMRI, and different solutions can be obtained 605

based on hyperparameterization. Figure 5A illustrates the 606

primary tradeoff between reconstructing the dynamics and 607

having more biologically plausible solutions based on the SC. 608

Points on the lower right have higher sparsity parameters that 609

is used in the L2- regression and have fewer terms than those 610

on the top left. These sparser solutions in their first order, 611

Ξ1, have higher correlation to the white matter SC, while 612

including more terms in the expansion results in a better fit 613

in the derivative space. Furthermore, the parameter λ which 614

is used as a constraint controls the rate of decay for the hemo- 615

dynamic response function (HRF), as shown in Figure 5A 616

Fig. 5. A) Pareto curve illustrating the tradeoff between having a model that captures the dynamics (y-axis) vs. the solution containing more biologically plausible SC (x-axis).
The models are varied using different sparsity thresholds as well as varying the diagonal constraint λ which controls the decay rate of the system. B) HRF function simulated
from the Thalamus across different levels of λ, where more negative values result in a faster decay rate. The canonical SPM HRF is plotted in black as well as the input injected
into the derivative space of the signal to elicit the simulated HRF response. C) The HRF function plotted different ROIs showing that there is a considerable amount of variability
depending on the location within the network. D) SC, dynamics, and FC metrics are computed across models with different numbers of Taylor expansion terms. Both FC and
SC decrease slightly when higher orders of Taylor expansion terms are included, but the dynamics improves with more coefficients included for the fitting.
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using different colors. They correspond to the resulting HRF617

trajectories generated from the ODE solutions as shown in 5B618

for a single ROI in the thalamus. The SPM HRF function619

plotted in black, decays at an approximate exponential decay620

of λ = 0.22 (18). The corresponding HRF at that constraint,621

decays however at a rate slower than λ due to the network622

connections providing input into the ROI. Depending on the623

ROI’s location and its connections, it leads to variability in624

the HRF, as demonstrated in 5C. The model that is presented625

in the majority of the study was chosen to have a decent fit626

for all three metrics. The decay rate was set to -0.21, close627

to the SPM decay rate, and the corresponding sparsity was628

chosen such that the r-squared to dynamics is over 0.1 and629

the first order correlation to the SC is over 0.4. The previous630

two sections show results for this hyperparameter coordinate631

that is also used in the subsequent sections to separate WM.632

Additionally, multiple polynomial orders were varied, as shown633

in Figure 5D, up to the maximum order of seven before en-634

countering memory limitations. The higher polynomial orders635

improved the fit to the dynamics without significantly alter-636

ing the coefficients relation to the SC. However, it should637

be noted that most of the dynamics can be captured by the638

first-order linear approximation, which is in line with earlier639

works (17) (29). It is important to exercise caution when640

applying SINDy to fMRI data, as multiple candidate models641

can be generated to represent whole brain dynamics. The final642

model was selected to optimize several metrics, including the643

prediction of timeseries, the relation of coefficients to the SC,644

and the HRF produced by the ODE.645

Results646

In the last few sections we validated our model for resting647

state fMRI, based on the trade-off on fitting three key charac-648

teristics of whole brain dynamics namely: 1) predicting the649

derivative 2) coefficient similarity to measured SC 3) similar-650

ity of impulse response to the HRF function. By balancing651

all three of these metrics, we construct an ODE that can652

plausibly estimate resting state dynamics. However, this is653

still rather quite theoretical, and in this section we show that654

by using this estimate of the resting state fMRI equation we655

can separate the signal during a known task fMRI paradigm656

into stimulus dependent and independent activity. Although657

the relationship between rest and task, has been explored by658

numerous studies, it remains nevertheless rather elusive and659

Rest and Task networks are known to be rather similar (30)660

(2). Most studies use a GLM based study to deduce which661

networks activate based on particular stimulus using statistics662

rather than a dynamics interpretation (12). Our goal here663

is to model the signal independent of the stimulus dynamics,664

which should be based on intrinsic processes based on cortical665

loops, and use it to separate the signal to task independent666

and dependent processes. Since the exact relationship between667

rest and task is not known, and some processes in rest could668

be used for task as well, we test a generalized relationship669

connecting task and rest to obtain the stimulus independent670

component and subtract from the measured signal:671

RT ∝ Ẋmeas − [c1 ∗ Ξrest + c2 ∗ Ξtask] ∗Θ(X)672

Here the coefficients represent separate rest and task models673

trained on rest and task data separately. More information674

on the task model which has the same hyperparameters as675

the rest model is given in Supplementary Figure 15. The 676

candidate separated signal is then correlated with reaction time 677

measures at each task instance and compared against original 678

unseparated signal to test whether the task independent signal 679

was modeled correctly. 680

Separating Working Memory. The following subplots in Figure 681

6A-F evaluates the equation above at c1 = 1, c2 = −1, which 682

assumes that the stimulus independent processes during are a 683

relative complement of rest minus task which yielded the best 684

results in improving the correlates compared to the unsepa- 685

rated model. Then we sweep the c1 and c2 parameters to show 686

that the only solutions to the problem are when c1 = −c2. 687

A sample of an ROI timeseries from the Caudal Middle 688

Frontal (CMF), is shown with the stimuli for each trial in Fig- 689

ure 6A with the unseparated and separated signals. For each 690

trial, the next 15 seconds from the task onset are recorded, 691

aligned and averaged as shown in Figure 6B. The separated 692

signal shows an increase in the amplitude of the derivative 693

as well as the integrated magnitude of the signal compared 694

to the original unseparated signal. These increases in the 695

separated signal correspond to increases in the correlations 696

to RT for both derivative and magnitude shown in Figure 6C 697

across the cortex. The correlation to the stimulus independent 698

component, namely the signal that was removed is given in 699

Supplemental Figure 15, and shows very little correlation to 700

RT exists in the signal removed from the dynamics. To illus- 701

trate this better we plotted the CMF region for both signals, 702

in Figure 6D to highlight how the derivative correlates to RT 703

peak first, followed by a peak in the magnitude correlation and 704

how the separation increases the correlation to both derivative 705

and magnitude compared to the unseparated signal. Moreover, 706

the regions that show high correlation in Supplemental Fig- 707

ure 13 match well with task activation maps generated from 708

GLM analysis from previous literature suggesting that they 709

are both tracking similar neural processes during task (19). 710

While the correlations of either model are not much larger 711

than 0.3, by fitting a linear regression model, the Elastic Net, 712

which averages across the spatial temporal signal using both 713

derivative and magnitude we can improve the predictions to 714

RT. This is shown in Figure 6E, for unseen test set and shows 715

a significant difference between (p<0.02) the separated and 716

unseparated signals across all subtasks. The scatter plots in 717

Figure 6F illustrates the relationship between the predicted 718

reaction time from the Elastic Net and the recorded reaction 719

time, as this is a function of all brain regions across time. 720

These are calculated using a 10-fold cross validation on an 721

unseen test dataset and are better than previous studies that 722

achieved r-squared to RT using the HCP WM dataset around 723

0.2 for 2back compared to our r-squared over 0.5 (31). The 724

2back results repeat the procedure for 0back and are shown 725

in Supplementary Figure 14. 726

In Figure 6G we compare different relationships between 727

rest and task used to model the task independent signal. We 728

try a few simple ways of modeling the task independent signal 729

by just using the Rest or Task models. These vastly under- 730

perform compared to using the relative complement model 731

(Rest- Task) and do significantly worse than doing nothing 732

in the unseparated case. Lastly, in Figure 6H we compute 733

the difference in correlation due to the model separation for 734

a generalized form using the equation above by sweeping 735

across coefficients c1 and c2 in order to separate the signal. 736
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The diagonal where c1 = −c2 yields the highest changes in737

correlation with a maximum occurring when c1 = 2. For738

all other configurations, the unseparated signal outperforms739

our candidate separated signal. Thus we conclude that up740

to a factor, by taking the relative complement from the Rest741

ODE from the Task ODE, we can model the task independent742

signal and separate the processes in Task fMRI into stimulus743

independent and stimulus dependent signals.744

Discussion745

In the previous sections, we demonstrated that by using SINDy,746

we can estimate the underlying ODE for resting state fMRI.747

This formulation helps us better understand the fMRI signal,748

which seems to be a combination of stimulus dependent and749

intrinsic network processes. Since both aspects are original750

contributions, in the discussion section, we delve into the751

resting state model and explore the connection between rest752

and task using these models. Following those sections, we753

contextualize our findings in the current research framework754

of whole brain modeling and speculate on how this approach755

could develop in the future. Finally, we examine the limitations756

of the approach and examine methods that might overcome757

these barriers to build better models in the future.758

Analysis of Resting state Model. 759

Analysis of predicted Dynamics. The temporal predictions of the 760

resting state model in our work represents a novel metric in 761

brain dynamics, and as there are only a few previous studies 762

that utilized BNM or NFE in order to predict the timeseries of 763

the fMRI spatial temporal signal over time. As a result, it is 764

hard to interpret the timeseries predictions without sufficient 765

context. However, the predictions seem remarkably accurate 766

across the entire cortex and using a single equation to represent 767

fMRI whole brain dynamics. The brain regions where the 768

algorithm performs can be also explained that these areas 769

are known to have poor signal in fMRI, namely the medial 770

orbital frontal, frontal pole, and temporal pole. The smaller 771

subcortical areas in the basal ganglia also had poor predictions 772

by the model, but on the other hand, the predictions in the 773

thalamus and the cerebellum were fairly accurate. Moreover 774

from Supplementary Figure 8, the inclusion of subcortical 775

regions in the model were key to increasing the predictability 776

of cortical areas even if some of them had poor signal quality. 777

The individual variance in these predictions indicates the 778

possibility of using multiple models to represent the population, 779

but remarkably the results do seem to generalize pretty well 780

across the population. 781

Fig. 6. A) A sample WM ROI timeseries from the CMF, with the measured derivative, the network regressed derivative and the stimulations of each WM task. B) Using the
stimulation onset to align across trials, the average derivative and magnitude are calculated along with the regressed derivative and magnitude displayed for the CMF. The
regressed signals have a larger derivative and magnitude, which translates into higher correlation to the reaction time collected at each trial shown in C) and for a single ROI at
the CMF in D). The derivative correlates also peak earlier than the magnitude correlates seen in D). An elastic net was used to take a weighted sum of the spatial temporal
information shown in C) to predict the reaction time in E). The displayed data was computed using 10 fold cross validation across all subtasks individually. In F) we show the
scatter plots for the predicted vs actual reaction time from the cross validated Elastic Nets. Plots G) and H) compare using different relationships between rest and task to infer
their relationship with the stimulus independent signal. G) is a special case of H) where we assume the stimulus independent signal is the Task model, the Rest model, or the
Rest-Task model and remove it from the measured signal. The Rest minus Task model is the only model that significantly improves the correlation to the Behavioral function.
The y-axis in this case is maximum correlation of the ROIs, specific to the 10 percent of ROIs highest correlated to the task in the unseperated framework. In H) we compare
the change in behavioral correlates by assuming a generalized expression for both rest and task models to model the task independent activity. The diagonal where c1 = -c2
yields the best fit to the data, with a peak around 2.
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There are at least two studies that have published similar782

metrics to these timeseries predictions. One is an EEG/fMRI783

paper, where the EEG signal is used as noise to simulate784

the fMRI signal using a BNM. However, this has yielded785

poor correlations at an average of around 0.2, which is much786

smaller than the model shown here with correlations above787

0.45 (23). A more recent paper uses a linear model to predict788

the fMRI signal from one ROI as a linear combination of789

other ROIs using the white matter SC, i.e. Xa = SC ∗790

Xb6=a. This has yielded very accurate predictions with a large791

correlations mean between 0.6 and 0.7(29). If we assume that792

our differential equation is in practice the sigmoid(SC ∗X)793

then the integral is equivalent to log(eSC∗X + 1) and if we794

assume the exponent is much larger than 1, then the equation795

reduces to the linear relationship which would explain both796

our results as well as in the other paper (29).797

The simulation of FC via noise integration is easier to com-798

pare with previous work as it has been extensively simulated799

and studied (8). Our results do not have the highest correla-800

tion in comparison to other methods, as some recent studies801

have correlations utilizing higher parcellations above 0.9 com-802

pared to our average correlation of about 0.7 (32). However,803

as illustrated in Supplemental Figure 9, the FC metric is the804

least specific in analyzing dynamical systems and is rather805

uninformative and we believe that the prediction of the actual806

timeseries are much more informative of the performance of807

the model.808

Analysis of Effective Connectivity. The resting state ODE identi-809

fied by the SINDy algorithm exhibits both expected properties810

and surprising differences from previous studies describing the811

underlying ODE for fMRI dynamics. Earlier studies repre-812

sented the fMRI equation as a sigmoidal function with the813

argument being a product of SC and the activity of each brain814

region. The SINDy solution affirms that the intrahemispheric815

connectivity does indeed have the prominent features of the SC816

network. The interhemispheric connections on the other hand817

are rather different than the connectivity inferred through818

white matter tractography. The interhemispheric connections819

are dominated by strong contralateral connections compared820

to those that exist the true connectome, and very few connec-821

tions between other regions across the two hemispheres. We822

believe that this is probably an artifact due to the omission823

of the cross terms in the SINDy dictionary due to memory824

limitations, where coordination could be driven using the825

contralateral region and subsequently their intra hemispheric826

connections. Another way that would lead to synchronization827

between the two hemispheres without the need for additional828

wiring is by simultaneously driving both hemispheres with829

identical sensory input. This would cause similar activation in830

both hemispheres, and cause the algorithm to overestimate the831

connections between them. Thus further research is needed832

to understand the differences between the SINDy estimated833

EC and the white matter measured SC. The two features834

captured in the SINDy model that were most similar to our835

earlier understanding of macroscale dynamics were the intra-836

hemispheric connections and the sigmoidal activation function.837

The intrahemispheric connections contribute to the majority838

of the connections of the connectome. Their presence in the839

EC supports the main BNM theory that the derivative is840

directly proportional to the activity of its connected neighbors841

except in the extremes where due to biophysical constraints it842

is limited. Thus this processes can thereby be represented by 843

a sigmoidal function with an argument being the product of 844

the SC and the activity of brain regions(16) (8). The formula- 845

tion is also quite similar to connectome harmonics, where the 846

graph Laplacian is a linear version of the identified EC (33). 847

Interestingly, the first order coefficients also model captured 848

were enough to explain most of the variance in the dynamics 849

as shown in Figure 5D, which is in line with conclusions of 850

previous publications as well (17) (34). 851

Analysis of HRF impulse response. Our predictions of the impulse 852

response and its comparison to the HRF function are also 853

rather novel. Although a lot of work has been done using 854

the Balloon Windkessel model (BW), there has been less 855

work done on predictions of the impulse response due to task 856

input from the BNM or the Neural Field Model community 857

(35). This is because in most of these models, a BW model 858

is used to transform neuronal activity to BOLD response 859

and hence by definition the impulse response of these models 860

are designed to match the HRF. Here the impulse response 861

naturally arises while setting a proper value for λ. The model 862

also predicts variability of the HRF based on its location of in 863

the network. In practice BNMs usually set λ to -1, but this 864

should be revised in future models as it doesn’t match the 865

decay rate expected from experimental results (16). It is also 866

interesting to note that λ needs to be set as a constraint in 867

the algorithm and rather than being estimated directly unlike 868

all the other network connections. This might be explained 869

due to the single nodal dynamics being a function of both 870

the decay function and the local input from task processing 871

the latter which SINDy assumes to be noise. Thus due to 872

the two conflicting sources the SINDy algorithm might be 873

unable to differentiate them. By setting the decay value to a 874

constant and assuming that the local input will tend to seem 875

like Gaussian noise over long periods of time, we can estimate 876

the rest of the EC as shown in 8. While we can predict 877

variation in the simulated HRF, it is difficult to compare 878

with experimental predictions as it is difficult to design task 879

paradigms to elicit HRF responses unique to each ROI (36). 880

Furthermore, depending on the task the HRF function can 881

vary in a given brain region. Nevertheless, such comparisons 882

should be attempted in future work as it is a good metric 883

to narrow down the choice of models aimed at reproducing 884

resting state dynamics. 885

Active Cortex Model. Working memory and other task fMRI 886

paradigms have been studied extensively in literature, but 887

whole brain models that attempt to separate the signal into 888

components or model task activation are rare. Even in model- 889

ing literature, the exact nature of task input and its relation- 890

ship with rest is unclear. Early DCM papers representing task 891

input as an additional cross coupling matrix, and later BNM 892

models using noise addition in place of task input (11) (34) (8). 893

However, in this study we found rather that task would seem 894

as a subset of rest processes that can be to some degree linearly 895

separated from one another. Hence, we describe whole brain 896

dynamics as an Active Cortex Model (7), where during rest 897

all processes are present. These are probably used to maintain 898

the neural substrate so that asynchronously the brain can 899

respond to any given workload at any moment. During task 900

activation a certain subset of processes are coordinated to 901

perform the given task. This switching is probably achieved 902
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Fig. 7. The Active Cortex Model describes the relationship between Rest and Task,
where Task is a subset of Rest. This can be understood that all of the subnetworks are
active during task, as spontaneous input drives the cortical loops, hence the Active
Cortex. During task, the response of certain subnetworks are elevated due to the
input, a stimulus expansion, while subprocesses not associated with the current task
are still active although smaller amount. Using the SINDy algorithm we estimate the
rest processes training on rest data, and when the task is active, the strongest features
of the system namely the task processes are captured by the second SINDy model.
Then estimating the relative complement, rest - task models, we can estimate the
dynamics independent of task. These can then be removed from the measured signal
to isolate the task processes and enhance comparison with behavioral estimates.

using a processes of stimulus expansion of task networks or903

stimulus quenching of task independent networks (2). In order904

to separate this specific task from the unseparated measured905

signal, we can isolate the processes that are independent of the906

task by taking the relative complement of the rest and task sets907

using subtraction, and finally remove them from the measured908

signal to isolate task processes. The resulting separated signal909

are shown to be more correlated with our behavioral measures910

across a variety of subtasks and complexities. Moreover, the911

large overlap between rest and task would explain how rest912

and task networks have very similar FC, as many processes913

common to exist in both paradigms (30). The above reason-914

ing is consistent with how GLM models are currently run, in915

the sense that processes that are unique to the task activate916

during the presentation of stimulus, and other rest processes917

that always exist would not show up as statistically significant918

(12). This would also explain why SINDy captures the task919

only processes that are repeatedly activated when training920

with WM data, and not the task independent processes that921

exist during rest only and probably look like noise during task922

processing.923

From this understanding we can improve how task924

paradigms are designed in the future and increase the relation-925

ship between brain activity and resulting behavioral measures.926

When comparing our results such as the behavioral correlates927

to other modeling results, a single paper that utilizes DCM is928

probably the closest in experimental paradigm to our method-929

ology as they use modeling to mach the reaction time per trail930

(31). This study has also used the same HCP WM dataset but931

they achieve a lower degree of correlation using their DCM932

model for 2 back ( r-squared of 0.2 vs r-squared of 0.5) (31). 933

This significant difference might be in part explained due to 934

the inclusion of many more brain regions in our model which 935

improved the elastic net’s estimation of behavioral correlates 936

even for the unseparated case. However, it is still hard to 937

compare the two results since they do not provide a null model 938

of their data, and have only a single model for the task so it 939

is still difficult to judge our results as they seem to have no 940

direct precedence. Compared to other estimates of behavioral 941

correlates using HCP WM data, our results are quite promis- 942

ing as getting r-squared beyond 0.4 seems challenging (37). 943

Another recent paper that uses network modeling to make 944

inferences about WM using HCP data, but instead looks at 945

average RT metrics across WM trials rather than predicting 946

them on a per trail basis (32). Our results compared to this 947

paper are contradictory, as it claims that there are fast and 948

slow learners and proceeds to separate the HCP population 949

into 5 distinct groups. Here we have much better fits to the 950

actual behavioral correlates using a single equation to model 951

the entire population. This could be due to the fact that the 952

paper makes a lot of assumptions on the structure of what 953

network model should be used to model task fMRI and that 954

these results actually don’t translate to the actual data. The 955

short comings of these findings illustrate that it is much more 956

important to focus on the transient signals especially when 957

using these network models that are differential equations 958

rather than take average metrics over time (32). While we 959

find our results promising in separating rest from task, further 960

work needs to be done in fully understanding task activation 961

and we hope this work will act as a catalyst and facilitate 962

more research in this direction. 963

Connections to other whole brain models for fMRI and its fu- 964

ture. Our approach to solving for the fMRI equation is most 965

similar to one of the first approaches used to characterize fMRI, 966

namely DCM in 2003. In fact, our equations are very similar to 967

those first proposed by Friston et al., except rather than using 968

a single linear model, the SINDy framework solves it using a 969

Taylor Expansion which includes higher order terms (11). The 970

main bottleneck of DCM is that the method does not scale well 971

and has thus been hampered in characterizing the dynamics of 972

large sets of nodes. It wasn’t until SINDy was proposed in 2016 973

that a viable method using regression existed in estimating the 974

whole ODE for the entire network. Meanwhile, the equations 975

proposed in Friston, were modified by the generative modeling 976

community by incorporating estimates of the SC in order to 977

give rise to BNM (6) (8). These network models starting from 978

SC were popular in generating resting state like signals by 979

integrating candidate network equations with noise over a long 980

period of time. Another popular approach, uses NFE that 981

utilize a wave equation to describe the dynamics, and solves 982

for eigenmodes based on the cortical structure and simulates 983

resting state dynamics as a superposition of these modes (9). 984

The eigenvalue decomposition of the Jacobian, namely the 985

first order terms of the EC is given in 12 shows that similar to 986

NFE, we have global eigenmodes with large eigenvalues, and 987

smaller non bilateral modes with smaller values, suggesting 988

that SINDy is able to pull a similar structure from fMRI data 989

directly. A recent paper also showed that the simulations of 990

the NFM are similar to those of BNM (38), which is in line 991

with the idea that the SC is mostly organized according to 992

the principle that areas that are geodesically closer are more 993
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connected with each other (39) (29). Therefore, the BNM994

and NFM are roughly equivalent. Both are able to show that995

the simulated signal had dynamic properties, i.e FC, multiple996

states, which are similar to those extracted from resting state997

fMRI. However, importantly both methods did not allow for998

a direct comparison between the simulated and the measured999

signal. This limitation was due to the unknown local neural1000

activity modeled as noise in the simulations and thus they1001

relied upon metrics that summarized the signal over time and1002

space in order to compare the simulations with the predictions1003

of the BNM or NFM (40). The SINDy algorithm circumvents1004

this problem by working in the derivative space, where from1005

the measured signal the derivative can be predicted and can1006

be compared against the measurements directly. Therefore,1007

we propose that this algorithm fills a niche in modeling fMRI1008

equations and is much more direct in obtaining brain dynam-1009

ics compared to other commonly used approaches such as1010

FC, ICA, or various other techniques developed to categorize1011

dynamics in fMRI(41) (42). Moreover since it is regression1012

based, being fairly computationally inexpensive it can be used1013

to regenerate or predict dynamics, while providing an esti-1014

mate of EC. Thus, we believe it is a strong contender for1015

the future of modeling fMRI dynamics. Moreover, unlike any1016

other approach it is also able to help interpret and decode be-1017

tween task and resting state dynamics potentially opening up1018

a completely new perspective on how information propagates1019

in the cortex. Therefore, we can reasonably conclude that this1020

approach shows much promise to revolutionize the study of1021

brain dynamics.1022

Limitations. The current implementation of utilizing SINDy1023

on fMRI data has a few limitations that should be addressed in1024

future work. The basis functions used to fit the derivative are1025

currently limited to only a few terms up to seven. Moreover,1026

the full expansion including cross terms were not included1027

as well in this analysis due to memory constraints of the1028

algorithm. This also limits the number of ROIs that can1029

be effectively modeled to be under 100. There seems to be1030

already development in using sparse matrices in SINDy that1031

would allow for larger regression matrices and thus allow1032

for more ROIs and the inclusion of higher order cross terms1033

(43). Another way by which one can circumvent this memory1034

limitation, is by using deep SINDy where one uses gradient1035

descent to estimate the underlying equation (44). This would1036

consume much less memory but the trade-off would result1037

in longer training time. The regression based SINDy, when1038

memory requirements are satisfied, can run in under 10 minutes1039

using the whole HCP resting state data on 447 subjects.1040

Another limitation towards using this for clinical applica-1041

tions and building individual models is that longer time scans1042

are required in order for the algorithm to converge. Larger1043

amounts of data yielded more robust estimations of the under-1044

lying ODE and improved almost all metrics. In Supplementary1045

Figure 9, we quantify how much data was needed to achieve1046

90 percent of the connections when using the whole training1047

dataset and we showed it required at least the resting state1048

data of 100 individuals (4 runs per individual) using high qual-1049

ity HCP data in order to train the model. That is equivalent1050

to roughly half a million timepoints or about 100 hrs at 0.721051

sec sampling rate. Thus in principle using strong gradients1052

and priors could also be used in the future in order to reduce1053

the training size required.1054

Conclusion 1055

From our analysis, we find that using the SINDy algorithm 1056

to estimate an ODE for the resting state fMRI shows great 1057

promise as a technique for future analysis of fMRI. It allows 1058

us to estimate a model for the dynamics that can be checked 1059

against measurements and even separate task fMRI data in 1060

relation to behavioral metrics. Moreover, it allows for modeling 1061

the dynamics using an EC and thus establishing a direct 1062

relationship between structure and function. Thus, this work 1063

represents a first of its kind by relating brain structure, activity 1064

and behavioral outcomes within a single model and therefore 1065

holds significant potential for advancing our understanding of 1066

the central nervous system. 1067
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Fig. 8. Comparison between different constraint options using the SINDy algorithm. Left panel, the simulated FC and 1st Order Coefficient are provided for no constraints,
constraint close to the decay rate for the measured HRF, amd a large constraint of -1. No constraint has the best fit for the dynamics but the coeffcients have no similarity to the
SC, whereas the larger constraints tend to lead to solutions where the coeffcients are more similar to the SC. Close to the decay rate of the measured HRF we have a good fit
for both the dynamical and SC metrics. On the bottom right, the simulated FC, estimated SC and the predicted dynamics are compared for inclusion of subcortical regions.
The inclusion of the subcortex has a profound effect of improving the prediction of dynamics of other regions while the other metrics do not change too much.
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Fig. 9. Left: Looking at the performance of multiple metrics over the value of sparsity. While the correlation of the first order coefficents to the SC, and the prediction of the
derivative vastly change over the range of sparsity threshold, the simulated functional connectivity barely changes across the whole range. Therefore we justified using SC and
dynamics as well as the HRF as the main metrics to distinguish between the models. Right: The amount of training data needed for things to converge. Around 100 HCP
subjects with 4 sessions of rest (1200 timepoints * 4 * 100) was the minimum needed for things to converge.
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DRAFTFig. 10. Comparison of different types of preprocessing in the HCP pipelinee. The Surface HCP refers to files that have gone through the surface HCP pipeline and then using
the provided parcellations in surface space, averaged across each ROI. The volume HCP refers to files that were segmented in their native space (not group space) and the
ROI timeseries extracted from volume ROI. An example of two ROI timeseries is provided, where some ROI have few differences while others have substantial differences
between the two processing, while yielding very similar functional connectivity matrices. The surface HCP files had higher correlations of their first order coefficients to the SC
while the volume had much better fit to the dynamics. Since our primary intention is to separate the signal dynamics the HCP Volume preprocessing was used.

Fig. 11. A) The first seven Taylor series coefficients for λ = −0.21. Top and bottom have the same colorbar. This are the full coefficients displayed in Figure 4 and at the
working biased point of the SINDy algorithm for fMRI.
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DRAFTFig. 12. Eigen Analysis of the Jacobian (first order taylor coefficients). The Eigenvalues shown in top left are plotted on the complex plane. All eigenvalues have a real value
less than one, suggesting the system is stable, although some modes have real components fairly close to 0 suggesting the system is close to criticality. The corresponding
real component of the eigenvectors plotted columnwise in top middle, sorted by largest eigenvalue (closest to 0). The first eigenvectors show a global mode and are highly
symmetrical across the hemispheres. The smaller eigenvectors shown in top right, are mode unimodal and are even anticorrelated with the contralateral component. Bottom,
the global eigenmode and some of the bilateral network eigenmodes are displayed across the cortex.

Fig. 13. Comparisons between our results spatially vs earlier GLM models on HCP WM data. Left the correlates for each brain region calculated based on reaction time for
0back averaged across all subtasks. Top Right: GLM model for accessing the HRF function and the significant voxels highlighted. Bottom Right: The voxels that activate for one
particular task over another.
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Fig. 14. The decoding of the 2back WM subtasks. The fit to the two back data is slightly worse than for 0back, but yields very similar results in the terms of unseparated/seperated
data as shown in the left panel. Across the subtasks bottom right, we can see significant changes for each subtask for 2back as well. Note, a single model for WM was trained
using all of the WM data, for both 0 and 2back for all subtasks. However, for the final elastic net step, in order to integrate the spatial temporal signal, a separate linear model
was trained for each of the 8 different subtasks.
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Fig. 15. Left) The specificity of the Task ODE identified by SINDy. The Rest and Task ODE models were compared how well they predict the derivative during a task block
(Dyn) as well as the FC computed from the task dataset. The rightmost shows they have roughly same coeffcients (about 0.95 correlated with each other) and the first order
coefficients are equidistant from the measured SC. Right) The Stimulus Independent component estimated as Rest-Task is correlated with the reaction time to see how much
of this component is still correlated with the task. There is a small amount correlation around 0.1 left in this signal and probably could be extracted using a more complicated
nonlinear separation of rest and task
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