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Abstract
Heterogeneous attribute data (also called mixed data), characterized by attributes with numerical and categorical values, occur
frequently across various scenarios. Since the annotation cost is high, clustering has emerged as a favorable technique for
analyzingunlabeledmixeddata. To address the complex real-world clustering task, this paper proposes a newclusteringmethod
called Adaptive Micro Partition and Hierarchical Merging (AMPHM) based on neighborhood rough set theory and a novel
hierarchical merging mechanism. Specifically, we present a distance metric unified on numerical and categorical attributes to
leverage neighborhood rough sets in partitioning data objects into fine-grained compact clusters. Then, we gradually merge
the current most similar clusters to avoid incorporating dissimilar objects into a similar cluster. It turns out that the proposed
approach breaks through the clustering performance bottleneck brought by the pre-set number of sought clusters k and cluster
distribution bias, and is thus capable of clustering datasets comprising various combinations of numerical and categorical
attributes. Extensive experimental evaluations comparing the proposed AMPHMwith state-of-the-art counterparts on various
datasets demonstrate its superiority.
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Introduction

Cluster analysis is a frequently employed real-world data
analytics technique [1]. The primary aim of cluster analy-
sis is to discover inherent patterns or structures within the
data. In real scenarios, datasets often include a variety of
attributes that may have diverse value types, such as numeri-
cal attributes and categorical attributes [2]. Unlike numerical
attributes, which have well-defined distances in Euclidean
space, categorical attributes cannot undergo arithmetic com-
putations and lack a well-defined similarity space due to the
absence of explicit numerical meanings and the presence of
divergent concepts among different possible attribute values.

Table 1 demonstrates two fragments of such real datasets
with all two types of attributes. The upper fragment is
from a medical dataset, containing the categorical attributes
“Scalp”,1 “Family”,2 numerical attribute “Age”, and class
attribute “Diagnosis". The lower part is a fragment of the
Contraceptive Prevalence Survey, which includes categori-

1 “Scalp” refers to the scalp involvement in the dataset.
2 “Family” refers to the family history in the dataset.
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Table 1 Fragments of mixed datasets “dermatology" (upper part) and “contraceptive method choice" (lower part)

ID Scalp1 (categorical) Family2 (categorical) Age (numerical) ... Diagnosis

Patient1 None No 55 ... seboreic dermatitis

Patient2 Mild Yes 8 ... psoriasis

Patient3 None No 26 ... lichen planus

Patient4 Moderate No 40 ... psoriasis

ID Education (categorical) Exposure3 (categorical) Children (numerical) ... Contraceptive used

Family1 Basic Good 3 ... No-use

Family2 Low Not good 10 ... No-use

Family3 High Not good 2 ... Long-term

Family4 Intermediate Good 1 ... Short-term

cal attributes “Education”, “Exposure”,3 numerical attribute
“Children”, and class attribute “Contraceptive used”. Such
mixed datasets are prevalent in real-world unsupervised
learning tasks, while the heterogeneity of attributes intro-
duces complexities into cluster analysis. Specifically, when
conventional Hamming distance is employed and only yields
“0” and “1” distances, the original dissimilarity degrees
among categorical attribute values are thus wasted.

To cope with the mixed data cluster problem, most exist-
ing clusteringmethods can be roughly divided into two types:
(i) approaches that directly weight and fuse different dissim-
ilarity measures, e.g., Euclidean [3] and Hamming distances
[4], and (ii) approaches that first define a metric for hetero-
geneous attributes and then perform based on it.

For the former type [5, 6], numerical and categori-
cal attributes are typically measured using the Euclidean
and Hamming distances, respectively, for combination. To
enhance the effectiveness of combining metrics, metric-
based approaches have been designed in recent years, which
measure the similarity between categorical attribute values
[7] based on the inter-object dissimilarities present in the
dataset as a solution for capturing the relationships between
values and attributes in categorical data. Recently, somemet-
rics [8, 9] are introduced tomeasure the similarity of possible
values as theConditional ProbabilityDistributions (CPDs) of
their respective values across disparate attributes. However,
all the aforementioned approaches are proposed for nominal
data only, which is a subtype of categorical data.

For the latter type that defines metrics for heterogeneous
attributes, somemeasures andmetrics are defined in a unified
way in the literature. The similarity metric [20] quantifies the
similarity of data objects within a unified probability frame-
work, addressing both numerical and categorical attributes,
but ignores to further measuring the dissimilarity of diver-
gent concepts among different possible attribute values. Lin’s

3 “Exposure” refers to the media exposure in the dataset.

distance metric [10] and the entropy-based similarity metric
[16] consider the value orders of categorical attributes and
measure the dissimilarity between potential values from an
information theory standpoint. However, these dissimilarity-
based clusteringmethods often fail to account for the varying
degrees of dissimilarity among heterogeneous attribute val-
ues, which may result in grouping less similar data objects or
splitting similar ones. For defining similarities more finely,
the state-of-the-art methods may still encounter challenges
when it comes to clustering various heterogeneous attribute
data. For example, context-based distance metrics [13–
15] quantify interdependence among categorical attributes,
select relevant attributes, and use CPDs to indicate similarity
between potential attribute values. Recently, there has been
an exploration of the interdependence between categorical
attributes through the development of a unified distance met-
ric [18]. Most recently, more advanced solutions, including
Mix2Vec [21], Het2Hom [22] and homogeneous distance
metric [19] have been proposed. The first two approaches
effectively preserve the intrinsic structural information of
heterogeneous attribute values. However, their effectiveness
heavily depends on the chosen encoding strategies for cate-
gorical attributes, e.g., Het2Hom projects all attribute values
into spaces created by different pairs of concepts related to
that attribute. In contrast, the third approach [19] uniformly
establishes distance metric to measure nominal [23] and
ordinal categorical attributes but is not suitable for datasets
containing typical numerical attributes.

In general, all the approaches mentioned for clustering
mixed data also face a fundamental challenge, i.e., the lim-
ited application caused by the reliance on prior knowledge
or assumptions. Even the most appropriately defined met-
rics for handling heterogeneous attributes rely on certain
assumptions or models, such as probability, entropy, and so
on. These assumptions and models are based on prior knowl-
edge,whichmaynot always bewell-suited for the complexity
of real datasets and clustering tasks. Table 2 provides a sum-
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Table 2 The significant issues considered by existing clustering methods

Methods Heterogeneity Intra-attribute Intter-attribute Importance Unification

Euclidean + hamming distance [5]
√ √

Lin’s similarity metric [10]
√

Association-based dissimilarity measure [11]
√

Attribute-weighting k-means [12]
√ √ √

Context-based measure [13], [14]
√ √

Jia’s distance metric [15]
√ √ √

Entropy-based distance metric [16]
√ √

Distance learning-based clustering [17]
√ √

Heterogeneous coupling learning [9]
√ √ √

Unified distance metric [18]
√ √ √

Homogeneous distance measure [19]
√ √

AMPHM (proposed)
√ √ √ √ √

mary of various existing methods about their consideration
of significant mixed data clustering issues, where “Hetero-
geneity”, “Intra-attribute”, “Inter-attribute”, “Importance”,
“Unification” indicate the consideration of: (1) data hetero-
geneity (i.e., the existence of data made of both numerical
and categorical attributes); (2) intra-attribute dependence;
(3) inter-attribute dependence; (4) importance of different
attributes; and (5) unification of distance metrics (i.e., unifi-
cation of metrics of numerical and categorical attributes). It
can be seen that none of the existing methods considers all
the significant issues, which may result in an unsatisfactory
clustering performance.

Therefore, we propose a novel clustering algorithm that is
based on original data information. Specifically, only the data
objects with a relatively sparse boundary, allowing them to
be clearly distinguished from their surrounding objects, are
included in themicro partition, thereby reducing the grouping
of objects that are not very similar based on existing distance
measures. We utilize the neighborhood rough set theories,
which are designed to group local similar data objects into
one neighborhood set, to form the spatially local compact
clusters. Our proposed method can appropriately partition
data objects based on distance and density while ensur-
ing that the granularity of each small cluster is fine-tuned.
These clusters can be called micro clusters. To merge these
micro clusters appropriately, we further propose a merging
mechanism that initiates the entire clustering process from
the most granular level, i.e., micro clusters, and gradually
merges to the more rough-grained state of larger clusters,
ultimately forming rational clusters. Comprehensive experi-
ments including clustering performance and ablation studies
have been conducted on various real-world datasets to verify
the effectiveness of our proposed method.

The main contributions of this article are three-fold:

(1) To the best of our knowledge, this makes the first attempt
to specifically formulate a clustering approach based on
neighborhood rough set theory and hierarchical merging
for addressing the problem of reliance on prior knowl-
edge and assumptions in existing methods. Thus, this
innovative paradigm has the potential to stimulate fur-
ther exploration of unsupervised learning tasks.

(2) A novel neighborhood relation is proposed to simultane-
ously take into account both distance and density, which
partition heterogeneous attribute data into fine-grained
clusters to ensure local compact partition while the sim-
ilar objects may cooperate to reject to be merged into
dissimilar objects. It turns out that it applies to analyzing
a wide range of data with complex object distributions.

(3) With the proposed novel merging mechanism, the algo-
rithm hierarchically merges micro clusters, so that
the micro clusters are processed to a more rough-
grained state of larger clusters. This process appropri-
ately extracts and exploits information. Therefore, it
achieves a more intuitively rational inference process in
forming the clusters and boosts the performance.

The rest of this article is organized as follows. Sec-
tion“Related work” provides an overview of existing related
techniques. In Sect. “Proposed method”, the heterogeneous
attribute metric, themicro partition, themergingmechanism,
and the proposed algorithm are presented. Then, experimen-
tal results are shown in Sect. “Experiments”. Finally, we
conclude in Sect. “Conclusion”.

Related work

As our approaches mainly consist of two parts, i.e., dissim-
ilarity measurement in the existing heterogeneous attribute
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data clustering method, and neighborhood set, this section
mainly makes an overview of the existing above-mentioned
related works, focusing on mixed data clustering methods
and neighborhood rough sets.

Existingmixed data clusteringmethods

Early attempts like the k-prototypes method and its vari-
ants [5, 6], used one-hot encoding to represent categorical
attribute values [24] as binary vectors, which allowed these
attributes to be treated as numerical data. Then, numeri-
cal attributes were typically measured using the Euclidean
distance, while categorical attributes employed the Ham-
ming distance [4], which has limitations in distinguishing
the dissimilarities between different value pairs. Hence, the
conventional k-prototypes method overlooks the fact that the
categorical attributes do not contain a well-defined space.

Thus, many advanced similarity-based methods were
designed to preserve the information and cluster the mixed
datawell.Using statistical information from related attributes
to reflect similarities in a target categorical attribute is a
viablemethod formeasuring similaritymore reasonably.Var-
ious measures in this field, such as association-based [11],
Ahmad’s [25], and context-based [13, 14] measures, share
a common approach to calculating the distance between
two conditional probability distributions derived from related
attributes, which indicates their dissimilarity. Recent metrics
[15, 26] can effectively utilize both intra-attribute and inter-
attribute information. This prevents issueswithmeasurement
when attributes are independent of each other. Most recently,
a method [27] employed PCA and density to merge data.
However, the above-mentioned approaches still have notwell
solved the heterogeneity of various categorical attributes.

Lin’s distance metric [10] was one of the initial efforts
to define suitable measures for categorical attributes. It cal-
culated entropy values for attribute values to express their
similarity. The entropy-based distance metric [16, 28] uni-
fies the similarity of categorical attributes and provides an
attribute weighting scheme.Moreover, the distance learning-
based approaches [17, 29] innovatively learned and adjusted
the order structure of the ordinal attributes and then clus-
tering them. After this, the unified distance metric [15] was
introduced to unify the measurement of distances between
nominal and ordinal attributes, consistently capturing valu-
able relationship information. Most recently, the homoge-
neous distance metric [19] was introduced, focusing on the
graph structure of attribute values, while the Mic2Mac [30]
has been proposed to cluster heterogeneous attribute data
based on the neighborhood set.

For data representation methods, common methods
include numerical coding (NC),which uses one-hot encoding
for nominal attributes and ranking for ordinal ones. Nonethe-
less, NC has its drawbacks, such as the absence of robust

theoretical foundations, resulting in the curse of dimension-
ality for nominal attributes. Therefore, to be interpretable
and facilitate a more comprehensive exploration of informa-
tion, an advanced representation method introduced in [9]
uses multiple kernel spaces to learn different types of value
couplings, which has demonstrated superior clustering per-
formance on categorical data. Recently, an entropy-based
hierarchical clustering approach [31] has been proposed
to analyze the nominal attribute, while an order forest
method [32] has been proposed to tackle qualitative-attribute
clustering tasks. It’s essential to emphasize that the repre-
sentation methods mentioned above are tailored exclusively
for categorical data. The above-mentioned researches have
promising prospects in switched reaction–diffusion systems
[33], switched nonlinear systems [34, 35], and nanoden-
tal internet of things systems [36]. Meanwhile, competitive
learning also has been introduced into categorical data clus-
tering [37] and federated clustering [38].

Most recently, for large-scale datasets, the deep learning
model-based clustering approach Mix2Vec [21] and QGRL
[39] converts heterogeneous attribute values into vectors
while preserving their structural distribution information,
which has many promising applications, e.g., agricultural
data [40], financial decision aid [41]. However, it still treats
numerical attributes and categorical attributes differently and
does not fully account for the heterogeneity of categorical
attributes.

Overall, most existing methods for clustering heteroge-
neous attributes typically face one or both of the following
limitations: (1) they are designed for datasets with one spe-
cific type of attributes only, and (2) they rely heavily on prior
knowledge or assumptions.

Neighborhood rough sets

Neighborhood rough set (also referred to interchangeably as
the neighborhood set for simplicity) is commonly used for
partitioning categorical or heterogeneous attribute biomedi-
cal data [42]. Specifically, it lets each data object xi to find a
neighborhood set N (xi ), consisting of closer data objects (i.e.
with smaller distance) to xi . The distance between xi and x j ,
as reflected by attributes A, is denoted as D(xi , x j ). Conven-
tionally, there are two types of neighborhood relations, i.e.,
the k-nearest

Nk(xi ) = {x j |Dk(xi , x j ) < D(xi , xg)}, (1)

and the δ-radius

N δ(xi ) = {x j |D(xi , x j ) ≤ δ}, (2)
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Unified Heterogeneous Attribute Distance Metric Hierarchical Merging Partition of Heterogeneous Objects

· · ·

Micro Partition

Numerical Values  Categorical Values Unified Values

Heterogeneous Attributes

···  Micro Cluster Cluster 1 Cluster 1 Cluster 3

Fig. 1 Pipline of the proposed approach. Initially, we use the heterogeneous distance metric to measure different types of attributes in a unified way.
Then, our proposed micro partition and hierarchical merging are used to form and merge the micro clusters, respectively. Finally, we can partition
mixed attribute data

where j, g ∈ {1,2,...,n}, g �= j , and the k in Eq. (1) represent
the first k data objects with the nearest distance to xi . To sim-
plify without causing any ambiguity, we use N (xi ) to refer
to the neighborhood relation in a general sense. The classical
rough set is to select categorical attribute subsets, which is
applied in two Online Feature Selection (OFS) approaches
[43, 44], which aim to select attribute subsets that effectively
distinguish more data objects. However, these methods oper-
ate under the assumption that all attributes are categorical,
which does not align with the characteristics of most real
datasets.

Thus, many heterogeneous attribute selection methods
[45] have been proposed. Recently, a more advanced [46]
has been proposed, which incorporates entropy to improve
the distinction of neighborhoods. Nevertheless, the chal-
lenging information gap between heterogeneous attributes
cannot be effectively bridged through metric combination
through these neighborhood sets approaches, potentially
leading to significant information loss in subsequent anal-
yses.

Proposedmethod

Our proposed clustering approach AMPHM primarily con-
sists of three parts, i.e., heterogeneous attribute distance
metric, neighborhood set-based micro partition, and hier-
archical merging mechanism. Specifically, the second part
is to partition objects appropriately based on the first
proposed distance metric. Then the hierarchical merging
mechanism merges neighborhood sets until the number
of neighborhood sets is equal to the number of clus-
ters. The whole technological process is shown in Fig. 1.
Therefore, in this section, we start by defining the prob-
lem, then we introduce the heterogeneous attribute dis-
tance metric, neighborhood rough set-based micro partition,
hierarchical merging mechanism, and the whole cluster-

ing algorithm in Section “Problem formulation”, respec-
tively.

Problem formulation

Table 3 provides a list of frequently used symbols in this
paper, and their specific definitions will be provided upon
their first appearance in the following text. A heterogeneous
attribute dataset, denoted as X = {x1, x2,..., xn}, is a set of n
data objects.A = {A1, A2,..., Ad} is the attribute set consisted
of d attributes. The value set of attributes, denoted asV = {V1,
V2,..., Vd}, stores the value domains corresponding to each
attribute, with Vr representing the possible values of the r -th
attribute. Clustering involves assigning n data objects in X to
k appropriate clusters, denoted asC = {C1,C2,...,Cl ,...,Ck},
where Cl is a cluster containing a set of data objects, and X =
⋃k

l=1 Cl . The set of representative data objects in each cluster
is denoted as R = {r1, r1,..., rg ,..., rk}. A commonly used
representation for clustering involves the maintenance of an
n × k partition matrix U, which indicates the assignment of
n objects to k clusters. The value of the (i, l)-th entry in U
as ui,l . and its value is calculated by

ui,l =
⎧
⎨

⎩

1, l = argmin
g

D(xi , rg)

0, otherwise,
(3)

according to (3) we have

m∑

l=1

ui,l = 1, 1 ≤ i ≤ n, (4)

and ui,l ∈ {0, 1}. Since the neighborhood sets for our hier-
archical merging is based on N (xi ), while obtaining N (xi )
needs the inter-object distances, we adopt a common form of
inter-object distance based on attributes A as
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Table 3 Explanation of symbols

Symbol Explanation

X Dataset

xi i-th data object

xri r -th value of xi
A Attribute set

Ar r -th attribute

Vr Possible value of Ar

vrh h-th value of Vr
vr Number of possible values of Ar

R Representative objects set

rg g-th representative object R

d Number of attributes

n Number of objects

Cl l-th cluster

ui,l A value indicating the affiliation between xi and cl

N ξ (xi ) The micro partition of xi
ρi i-th density

ξi i-th density gap

D(·, ·) Data dissimilarity

wr t Weight indicating the importance of At to Ar

D(xi , x j ) =
√ ∑

Ar∈A

Dr (xri , x
r
j )
2, (5)

where xri ∈ Vr is the value of xi on attribute Ar , while
Dr (xri , x

r
j )measures the distance between xi and x j in terms

of Ar . In the following subsections, we present how to define
Dr (xri , x

r
j ), N (xi ), and the hierarchical mergingmechanism,

respectively.

HADM: heterogeneous attribute distancemetric

To construct the unified distance metric Dr (xri , x
r
j ) con-

cerning different heterogeneous attributes Ar , we employ
a transformation cost as a metric. This cost quantifies the
effort needed to convert one Conditional Probability Dis-
tribution (CPD) into another. To provide a more intuitive
explanation of the principles, we will begin by specifying the
CPD and formulating the distance between possible values
of a categorical attribute. Afterward, we demonstrate how
this distance unifies both categorical and numerical cases.
Lastly, we will derive the object-level distance. The CPD of
an attribute At , which has vt possible values Vt = {vt1, vt2,...,
vtvt }, given a possible value vrg of another attribute Ar , can be
expressed as

Pr←t
g = [p(vt1|vrg), p(vt2|vrg), ..., p(vtvt |vrg)], (6)

where p(vth |vrg) is the conditional probability of vth as given
vrg . We represent the CPD as Pr←t

g . The superscript r ← t
indicates that this CPD describes the gth possible value of Ar

according to thevalues of At . For simplicity,wedenote r ← t
as r t from here on. The difference between two CPDs, such
as Pr tg and Pr tq , effectively reflects the dissimilarity between
two possible values, i.e., vrg and vrq . Hence, we employ Earth
Mover’s Distance (EMD) [47, 48], originally developed for
calculating the transformation cost between two histogram
descriptors, to quantitatively measure the difference between
the CPDs describing two categorical possible values. Con-
sequently, the distance between vrg and vrq as represented by
At can be denoted using EMD as

Drt (vri , v
r
j ) = σ((Pr ti − Pr tj , 0)) · 1, (7)

where σ(·, ·) matches each pair of corresponding bits in two
vectors and selects the maximum value. The 0 and 1 are
vt -dimensional vectors with all elements equal to 0 and 1,
respectively. Due to varying degrees of inter-attribute depen-
dence, different attributes At s may have different contribu-
tions based on their respective weightswr t when forming the
overall distance Drt (vrg, v

r
h) between vrg and vrh by

Dr (vri , v
r
j ) =

∑

At∈A

Drt (vri , v
r
j ) · wr t . (8)

The contribution wr t indicated in Eq. (8) by using this
dependence, which measures the inter-attribute dependence
between Ar and At , can be written as

wr t =
∑vr−1

g=1
∑vr

h=g+1 D
r (vrg, v

r
h)

vr (vr − 1)/2
. (9)

Considering the possible values of a categorical attribute as
concepts proposed in [49], Eq. (9) essentially measures the
average inter-concept distances of Ar , as indicated by At . To
clarify Eq. (9), we consider an extreme example. When Ar

and At are identical, they are perfectly interdependent, and
the corresponding Drt (vrg, v

r
h) always reaches the maximum

value of “1” for any combinations of g and h with g �= h,
as stated in Eq. (7). Therefore, the corresponding wr t also
reaches the maximum value of “1”, signifying a complete
100% inter-attribute dependence. Based on Eqs. (7)–(9), the
distance between xi and x j w.r.t. attribute A can be calcu-
lated using Eq. (5). Now we demonstrate the applicability of
the defined distance metric to both categorical and numerical
attributes while satisfying the properties of a metric.

Theorem 1 Equation (8) treats both categorical and numer-
ical attributes in a homogeneous way, under the assumption
that the distance space for each numerical attribute is an
independent one-dimensional continuousEuclideandistance
space with a domain of [0, 1].
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Proof Each numerical attribute space can be considered a
linear spacewith an infinite number of evenly spaced possible
values. Because they are independent, wr t is always equal
to 0 for numerical attributes where r �= s. Therefore, we
should only consider the special case, i.e., r equals s, where
wr t = limh→∞(

∑h
g=1 1/h)/1 = 1 according to Eq. (9).

Here, h → ∞ represents the number of intervals between
adjacent possible values. The denominator “1" reflects the
presence of only one inter-concept distance because there
are only two concepts, “0" and “1". Therefore, when r = s,
the EMD with the use of Euclidean distance simplifies to
Drt (vrg, v

r
h) = |vrg − vrh |, which is essentially equivalent to

the Euclidean distance in D(xi , x j ) as described in Eq. (5).	

Theorem 2 D(xi , x j ) is a distance metric.

Proof As Eq. (7) is a metric, it follows that Eq. (8) based
on Eq. (7) is also a metric. Additionally, Eq. (5), which is
computed using finite arithmetic operations based on Eq. (8),
ensures that D(xi , x j ) satisfies all the properties of a metric:

(1) D(xi , x j ) ≥ 0; D(xi , x j ) = 0 iff xi = x j ;
(2) D(xi , x j ) = D(x j , xi );
(3) D(xi , x j ) ≤ D(xi , xk) + D(xk, x j ).

	


NRSMP: neighborhood rough set-basedmicro
partition

The existing conventional neighborhood rough set Nk(xi )
and N δ(xi ) (i.e., Eqs. (1) and (2)) create n neighborhood
sets that may partially overlap with each other. This overlap-
ping can be problematic for partitions because it introduces
high computational costs when considering each current
attribute. Furthermore, in the case of unevenly distributed
data objects, Nk(xi ) might inappropriately group dissimilar
objects into the same neighborhood set, while N δ(xi ) could
create neighborhood sets that overlapwith boundaries. These
neighborhood sets located in the central regions, may not
effectively support our partitioning but would require a sig-
nificant computational cost.

To effectively distinguish class boundaries and partition
objects more efficiently while reducing computational costs,
we introduce a novel approach called the neighborhood rough
set-based micro partition. This approach aims to create non-
overlapping neighborhood sets. To achieve this, we begin by
selecting representative data objects, which gather neighbors
based on the concept of a density gap.

Definition 1 Density gap: Density gap ξi , for an object
xi with a density of ρi , represents the minimum distance
between xi and x j with a higher density ρ j . It can be
expressed as

ξi = minD(xi , x j ), s.t . ρi < ρ j and xi ∈ X\x j , (10)

where ρi and ρ j are the density of xi and xi , respectively.
And the X\x j is the dataset excluding x j . Moreover, for the
object with the highest density, its density gap is defined as
the maximum D(xi , x j ) with x j ∈ X .

The density ρi in Definition 1 can be computed by

ρi = D(xi , x〈i,gi 〉)
gi

, (11)

where gi represents the rank of a neighbor object x〈i,gi 〉 ∈
D w.r.t. xi . This rank signifies that x〈i,gi 〉 is the gi -th clos-
est object to xi among all n data objects. More specifically,
we initially construct the ascendingmicro partition set MPi
concerning xi asMPi= {x〈i,1〉, x〈i,2〉,..., x〈i,n〉}, where x〈i,1〉 ≡
xi and MPi ( j) = x〈i, j〉. Next, while iterating through MPi
from left to right, we select the object x〈i,h〉 that initially ful-
fills the condition D(xi , x〈i,h〉)/ D(x〈i,h−1〉)/(h-1) determines
the value of gi as gi = h − 2. The density computation intu-
itively selects neighbor objects, ensuring objects beyond a
significant class boundary are not incorporated into the xi
neighborhood set.

Clearly, a representative object in a neighborhood set
should be encircled by neighbors of lower density and also be
situated at a considerable distance from other representative
objects. As per Definition 1, objects with higher density gaps
are better suited to serve as representative objects. Conse-
quently, we initiate the micro partitioning process by ranking
data objects in descending order based on density gaps and
then creating micro partition accordingly

N ξ (xi ) =
⎧
⎨

⎩

gi⋃

j=1

MPi ( j)

⎫
⎬

⎭
\

⎧
⎨

⎩

⋃

ξq≤ξi

N ξ (xq)

⎫
⎬

⎭
. (12)

This process continues until the existing neighborhood sets
incorporate all objects. The representative objects in all
neighborhood sets are denoted as N R = {z1, z2,..., zs}, where
zg is a representative object in g-th neighborhood set. The
proposed neighborhood rough set-based micro partition is
summarized in Algorithm 1. Another critical issue that will
be addressed below is how to merge the obtained neighbor-
hood set N ξ (xi ) by the merging mechanism.

Hierarchical mergingmechanism

Based on the neighborhood rough set-based micro partition
proposed in Section “namerefsc:NRSMP”, we introduce the
hierarchical mechanism to merge micro partitions appropri-
ately. We iteratively update neighborhood sets N ξ (xi ) and
dataset X at each layer, following these two steps: 1) fix X ,
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Algorithm 1 NRSMP: Neighborhood Rough Set-based
Micro Partition
Input: Dataset X , distance metric D.
Output: Neighborhood sets N ξ (xi ), neighborhood representative
object set N R.
1: for i = 1 to n do
2: Compute density ρi for xi according to Eq. (11);
3: end for
4: for i = 1 to n do
5: Compute density gap ξi for xi according to Eq. (10);
6: end for
7: for i = 1 to n do
8: if ρi > 0 then
9: Add xi as representative object to N R;
10: end if
11: Compute N ξ (xi ) according to Eq. (12);
12: end for

Algorithm 2 AMPHM: Adaptive Micro Partition and Hier-
archical Merging Clustering Algorithm
Input: Dataset X , number of clusters k.
Output: Partition U.
1: Set neighborhood sets for each object;
2: while |N R| > k do
3: Compute D according to Eq. (5);
4: Compute N ξ (xi ) and N R by Algorithm 1;
5: Update X = N R;
6: end while
7: Update representative object set R = N R;
8: Compute U according to Eq. (3).

compute N ξ (xi ) and representative object set N R by Algo-
rithm 1, and 2) fix N R, update X by the representative object
set N R, i.e., X = N R. These two steps repeat until the num-
ber of neighborhood representative objects m is equal to the
number of clusters k. A more specific explanation will be
shown in Section “Clustering algorithm” below.

Clustering algorithm

With the neighborhood rough set-based micro partition in
Section “namerefsc:NRSMP” proposed based on the het-
erogeneous attribute distance metric in Section “HADM:
heterogeneous attribute distance metric” and the merging
mechanism introduced in Section “Hierarchical merging
mechanism”, we propose the overall clustering algorithm.
The whole clustering algorithm named Adaptive Micro Par-
tition and Hierarchical Merging (AMPHM) is summarized
in Algorithm 2.

AMPHM first partitions data into micro clusters, obtain-
ing the neighborhood representative object set N R, then uses
N R as the next layer dataset X to further partition and merge
the N R of the previous layer while maintaining the overall
cluster result in each layer. This algorithm continues until the
number of neighborhood representative objects m is equal
to the number of clusters k. Since our proposed approach

Fig. 2 Hierarchical merging with the micro sets in the form of the
region. The regions are marked by red dashed circles, and different
regions are partitioned by black solid lines. The points where black lines
meet in each region are representative objects, with merging limited by
density gap

Fig. 3 In hierarchical clustering, data points or clusters are merged in
each layer. The most common approach is one-by-one pairwise merg-
ing. In contrast to AMPHM, which enables the combination of multiple
clusters simultaneously, the process of merging in this case involves the
combination of individual clusters one at a time

shares similarities with hierarchical clustering, Figs. 2 and 3
illustrate their partial clustering processes to highlight dis-
tinctions between the two methods.

Theorem 3 The time complexity of the AMPHM clustering
algorithm is O(d2c n + n log n) at any round.

Proof For the worst-case analysis, we assume that all the
attributes are categorical, i.e., dc = |A|, and v = max(v1,
v2,..., vdc). The distances D correspond to attributes in A
and are updated previously before each time we partition the
neighborhood set N ξ . Additionally, the time complexity at
each round is the same. Therefore, we analyze the complexity
of updating D and N ξ once, respectively.

To update D requires obtaining dc × dc pairs of CPDs by
scanning the n objects in X once, resulting in a time complex-
ity of O(nd2c ). To compute the distances between a pair of

123



Complex & Intelligent Systems (2025) 11 :84 Page 9 of 14 84

intra-attribute possible values using EMD in Eq. (7), it would
take O(v) time for each attribute. To calculate the weights
for each pair of attributes, based on Eq. (8), it would require
v(v − 1)/2 calculations, resulting in O(v2) complexity for
each attribute. For all the dc attributes, we need to prepare
weights between dc pairs of attributes, and each attribute has
v(v − 1)/2 distances to compute. Therefore, the complexity
for acquiring D is O(nd2 + v3d2c + v2d2c ), which can be
simplified to O(nd2 + v3d2c ).

To compute N ξ , we need to parallelly compute an n × n
distancematrix and sort all its rows in ascending order, which
takes O(n + n log n) time. Then, for all the n objects, each
one considers the remaining n − 1 ones to identify its ki
value for obtaining the density ρi in Eq. (11), with a O(n)

complexity. To determine n density gaps for all objects, we
need to examine the remaining n − 1 objects for each one to
identify the object with the highest density and the shortest
distance. This process still has a complexity of O(n). Next,
the n density gaps need to be sorted in descending order,
which requiresO(n log n) time. Following that,we can create
up to n neighborhood sets, where each set considers at most
ki objects based on the already sorted distances, resulting
in a complexity of O(nki ). Therefore, the total complexity
for calculating N ξ is O(n + n log n + nlogn + nki ), which
simplifies down to O(n log n).

Thus, the overall time complexity of AMPHM at each
round is O(nd2 + v3d2c + n log n). As v is a very small
constant, typicallywith values in the interval [1, 6], satisfying
v3 � n for almost all real datasets, the final time complexity
of AMPHM is O(d2c n + n log n). 	

Note that the computation cost of Algorithm 2 during the
AMPHM process will drop significantly after updating the
dataset X to N R in the first round.

Experiments

To evaluate the performance of AMPHM, three experiments
have been conducted. (1) Clustering Performance Evalua-
tion: AMPHMwas comparedwith existingmethods on 9 real
datasets using two validity indices to evaluate the clustering
performance; (2) Ablation Study: Various ablated versions of
AMPHMare compared to prove its effectiveness from differ-
ent aspects; and (3) Visualization: The cluster discrimination
ability of the proposed method is compared with various
existing counterparts.

Experimental settings

In the experiments, we compare the proposed AMPHMwith
ten othermethods. These include eight clustering approaches
from existing literature and two variants of AMPHM. Five
counterparts proposed in recent years, including Jia’s Dis-
tance Metric (JDM) [15], Coupled Metric Similarity (CMS)

[26], Entropy-based Distance Metric (EDM) [16], Uni-
fied Distance Metric (UDM) [18] combined with k-modes
(KMD) [50] and k-prototypes (KPT) [5], according to the
attribute composition of datasets, while Object-Cluster Iter-
ative Learning (OCIL) [20] designed for datasets that contain
both numerical attributes and categorical attributes been
selected, where JDM, CMS, EDM, and UDM are the state-
of-the-arts.We also select three conventional clustering algo-
rithms for comparison, i.e., w-k-means clustering algorithm
(WKM) [12], which are representative algorithms in the
attribute-weighting clustering stream, and original versions
ofKMDandKPT.We configured the parameters of the afore-
mentioned methods to align with the values recommended
in their respective papers. Additionally, we created two vari-
ations of AMPHM, denoted AMPHMI and AMPHMII, to
conduct ablation studies. More information about these two
variants is available in Section “Ablation study”.

Two validity indices are utilized to evaluate the clustering
performance. CA [51] is a standard metric that calculates the
match rate by determining the optimal permutation mapping
between the identified clusters and their corresponding true
labels. Adjusted Rand Index (ARI) [52–54] is an advanced
validity index that is more discriminative in quantifying
the performance of different counterparts. More specifically,
ARI is an enhanced version of the Rand Index (RI) that miti-
gates issues related to random labeling. The RI measures the
similarity between the clusters obtained by the algorithm and
the actual data labels. It is calculated based on the propor-
tion of object pairs that are assigned to the same or different
clusters in both the predicted and actual clusters. CA falls
within the range of [0, 1] and ARI has a range of values
from [−1, 1]. All the selected validity indices show better
clustering performance with higher values.

We use real-world datasets from various domains, includ-
ingmedicine, biology, and sociology, to conduct comprehen-
sive experiments. All the datasets are publicly available and
commonly used. The statistics for these datasets are sum-
marized in Table 4. Datasets 1 to 7 are publicly available
datasets obtained from the University of California, Irvine
(UCI) machine learning repository.4 Datasets 8, 9 collected
from theWeka website.5 All the datasets are preprocessed by
removing objects with missing values. All the experiments
are performed in the same computer with an Apple M1 CPU
and 8GB RAM and are programmed using Python 3.9.6 and
MATLAB 2021B.

Clustering performance evaluation

The clustering performance has been evaluated using the CA
andARI indexes, with the results presented in Tables 5 and 6,

4 https://archive.ics.uci.edu/datasets.
5 https://waikato.github.io/weka-wiki/datasets/.
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Table 4 Statistics of the 9 Utilized Datasets. dc, du , and n are the num-
bers of categorical, numerical attributes, and data objects, respectively.
k∗ is the true number of clusters and we set k = k∗ in the experiments

No. Dataset Abbrev dc du n k∗

1 Dermatology DT 33 1 366 6

2 Autism-adolescent AA 2 7 104 2

3 Common Toad CT 12 2 189 2

4 Hayes-roth HR 4 0 132 3

5 Breast cancer BC 9 0 286 2

6 Lymphography LG 18 0 148 4

7 Congressional voting VT 16 0 435 2

8 Employee selection ES 4 0 488 9

9 Social workers SW 10 0 1000 4

respectively. The best and second-best outcomes for each
dataset are highlighted in boldface and underline, respec-
tively. To maintain compactness, the results of KMD for
categorical data and KPT for heterogeneous attribute data
are combined in the same column. The “Ave. Rank” row in
Tables 5 and 6 computes the average rank of the performance
of the counterparts on all datasets.

The notable observations are: (1) AMPHM performs the
best on most datasets in general, indicating its competitive
clustering performance. (2) AlthoughAMPHMdoes not per-
form the best on CT, VT, and ES datasets in the CA index,
the best one differs on these datasets while AMPHM always
outperforms them on other datasets, which also demonstrates
that AMPHM is highly competitive. (3) On CT, LG, and VT
datasets, AMPHM does not perform the best in terms of the
ARI index. The reason could be that many attribute values of
these datasets concentrate on two sides of the possible val-
ues. For such attribute values, AMPHM only has almost one
intra-attribute to be weighted during clustering, whichmakes
AMPHM downgrade into a conventional attribute weight-
ing approach. As the ES dataset has few data objects in
each class, AMPHM may not have sufficient information
to form enough micro clusters and distinguish the compact
clusters thus data objects have less ability to reject to be
merged into dissimilar objects. The reason why AMPHM
has competitive clustering performance compared to other
counterparts is that our proposed heterogeneous attribute
distance metric enables AMPHM to appropriately exploit
distance structure information collaboratively represented by
the heterogeneous attributes, and thus partition objects into
prominent compact clusters, which are separable to achieve
better clustering accuracy. Thus, it can be concluded that our
AMPHM is very competitive in terms of clustering accuracy. Ta
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Ablation study

Ablation studies were carried out, and the clustering per-
formance was assessed using the ARI index. To evaluate
the effectiveness of the heterogeneous attribute dissimilarity
metric, we modified AMPHM to employ only the conven-
tional Euclidean distance and Hamming distance, creating
a variant AMPHMI. To evaluate the effectiveness of the
hierarchical merging mechanism, we conducted a compar-
ison between AMPHM and a variation called AMPHMII,
which incorporates the prototype selection strategy from the
typically k-prototypes approach to cluster the representative
objects after the initial formation of neighborhood sets. The
clustering performance and the Ave. Rank of AMPHM and
its two variations are shown in Fig. 4.

It can be observed from Fig. 4 that AMPHM outperforms
its two variations, indicating the effectiveness of the hetero-
geneous attribute distance metric and hierarchical merging
mechanism. More specifically, AMPHM outperforms the
AMPHMI on all the nine datasets. This illustrates that the
heterogeneous attribute distance metric D(·, ·) proposed in
Sect. 3.2 can sufficiently harness the original data informa-
tion for different data distributions, which testifies to the
effectiveness of our distance metric. Moreover, AMPHM
outperforms AMPHMII on eight datasets and AMPHMI per-
forms better than AMPHMII on six datasets. This shows
that the hierarchical merging mechanism effectively merges
micro clusters into compact clusters, indicating the compet-
itiveness of our proposed merging mechanism compared to
the conventional k-means-type clustering process. The rea-
son why AMPHMI performs worse than AMPHMII in some
datasets (i.e.CT,LG, andVT)wouldbe that the former adopts
the simplest Euclidean and Hamming distances.

Visualization

In Fig. 5, t-SNE [55] is utilized to illustrate the cluster dis-
crimination ability of AMPHM. We first cluster the dataset
DT using KPT, WKM, JDM, CMS, UDM, and AMPHM.
Then, data is processed by t-SNE into two-dimensional
according to the distance matrix of data objects generated
by the distance metrics adopted by the compared methods. It
is visualized with data points marked in green for those that
cluster correctly and red for those that cluster incorrectly,
while different clusters aremarked in different markers. Intu-
itively, the fewer red data points indicate a better clustering
accuracy. We can observe from Fig. 5 that AMPHM has sig-
nificantly fewer red points than other counterparts, which
indicates the effectiveness of AMPHM. More specifically,
by using NRSMP proposed in Sect. “NRSMP: neighborhood
rough set-based micro partition” to partition micro clusters,
AMPHM can collaboratively distinguish dissimilar objects.
As a result, the merging mechanism appropriately merges
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Fig. 4 Clustering performance and Ave. rank of AMPHM, AMPHMI and AMPHMII on all the 9 datasets, where a better measure yields a higher
value

Fig. 5 t-SNE visualization of the DT datasets after KPT (a), WKM (b), JDM (c), CMS (d), UDM (e), and AMPHM (f) clustering, where objects
are marked in different markers indicate their ground truth labels, while data points marked in red for those that cluster incorrectly

similar micro clusters and finally forms the final “true” clus-
ters, indicating stronger cluster discrimination compared to
other methods.

Conclusion

In this paper, we have proposed a novel clustering algorithm
called Adaptive Micro Partition and Hierarchical Merg-
ing (AMPHM) for heterogeneous attribute data clustering.
AMPHMmainly solved the two challenges in clustering real

datasets, i.e., most existing clustering approaches relying on
certain assumptions or models, and the clustering limita-
tion on heterogeneous attributes, by adopting (1) a unified
distance metric to quantify distances represented by hetero-
geneous attributes, (2) a micro partition mechanism based on
neighborhood set to appropriately partition data objects into
many compact micro clusters, and (3) a merging mechanism
to hierarchically merge micro clusters. We simultaneously
address the bias brought by prior clustering knowledge and
attribute heterogeneity, which is far more challenging than
coping with only one of them. The effectiveness of AMPHM
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is illustrated by the comprehensive experiments including
comparison with state-of-the-art counterparts and ablation
studyonvarious public datasets.Moreover,AMPHMis accu-
rate and interpretable. Our future research will focus on the
analysis of heterogeneous attribute data with more challeng-
ing issues, e.g., clustering mixed data under dynamic or
federated environments.
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