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Abstract

Pluralistic alignment requires learning from feedback that reflects persistent and poten-
tially conflicting stakeholder preferences while ultimately selecting a single collective policy.
We study this problem in offline reinforcement learning from human feedback (RLHF),
where the party associated with each comparison is observed. Under a shared low-rank lin-
ear reward model, we jointly estimate party-specific rewards and perform pessimistic policy
optimization under Nash, Utilitarian, and Egalitarian social-welfare objectives. We establish
nonasymptotic bounds for party-specific reward estimation and the resulting policy subopti-
mality under offline coverage conditions. We further consider general pairwise preferences
that need not admit a scalar reward representation and may exhibit cycles. In this setting, we
construct a pessimistic von Neumann winner policy and derive corresponding performance
guarantees. Under these models, our results provide a unified finite-sample solution to a cen-
tral challenge in pluralistic alignment: learning from limited, heterogeneous, and potentially
cyclic feedback, and producing a single policy with explicit collective-welfare guarantees.
Our framework thereby makes preference aggregation an explicit and statistically analyzable
design choice rather than an implicit consequence of pooling human feedback.

1 Introduction

Pluralistic alignment requires learning from human feedback that may reflect persistent and
potentially conflicting preferences while ultimately selecting a collective policy. Reinforcement
Learning with Human Feedback (RLHF) has become a widely used approach for this broader
alignment problem, particularly in language-model post-training and sequential decision mak-
ing [Christiano et al., 2017; Ouyang et al., 2022; Ziegler et al., 2019]. Standard RLHF methods
typically learn a single reward model from preference data, often collected as pairwise com-
parisons, and then optimize a policy against that reward. This pipeline implicitly assumes that
feedback from different users can be represented by a common reward function.

This single-party assumption is poorly suited to settings in which users have heterogeneous and
potentially conflicting viewpoints. In open-ended social decision-making, variation in feedback
may reflect genuine disagreement rather than noise around one latent objective [Casper et al.,
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2023; Santurkar et al., 2023; Siththaranjan et al., 2024]. Pooling the resulting comparisons
therefore discards information about which parties hold which preferences. It also makes a
consequential normative decision implicitly: the statistical procedure used to fit the pooled
reward determines how conflicting preferences are combined.

A preliminary version of this manuscript was publicly circulated in March 2024 and was
among the first theoretical studies to formulate heterogeneous human feedback as an explicit
multi-party RLHF problem. Our work inspired subsequent research that has generalized,
operationalized, or directly analyzed components of this formulation. Specifically, rather
than treating disagreement as statistical noise, resolving it solely through personalization, or
assuming that the relevant rewards are already known, we study how to learn unknown party-
specific preferences from offline comparisons and use them to select one collective policy. This
formulation makes both the statistical cost of preserving heterogeneity and the normative choice
of aggregation rule explicit.

The problem lies at the intersection of three areas that are commonly treated separately: offline
preference learning, shared-representation learning across related parties, and social-choice
aggregation. Existing offline RLHF theory largely analyzes the estimation and optimization of
a single reward function [Zhan et al., 2024; Zhu et al., 2023]. Personalized approaches learn
different rewards or policies for different users [Park et al., 2024; Liu et al., 2025; Lee et al.,
2026], whereas social-choice and policy-aggregation approaches often begin with preferences,
rewards, or policies that are already specified [Ge et al., 2024; Alamdari et al., 2024]. Our setting
is distinct: party identities are observed, party-specific preferences are unknown and must be
learned from limited offline comparisons, and the final output must be one collective policy
rather than a collection of personalized policies.

To see why this distinction matters, consider the following example.

Example (2 parties and 3 alternatives). Consider three alternatives A,B,C. Half of the
population prefers A > B > C, with rewards

R1 (A) = 1, Rl (B) = 1/2, Rl(C) = O;

RQ(C) = 1, Rz(B) = 1/2, Rz(A) = 0

When the party labels are discarded and the two sub-populations are pooled, the population-
level pairwise comparisons cannot distinguish among A, B, C. A single reward model fitted to
the pooled comparisons therefore cannot identify B as the compromise. Finite-sample variation
or arbitrary tie-breaking may instead select A or C, leaving one party with reward 0. By retaining
the party labels, learning the two rewards separately, and then applying Nash or Egalitarian
aggregation, the collective policy selects B and gives both parties reward 1/2. Thus, the difficulty
is not only estimating preferences accurately; it is preserving the structure of disagreement until
an explicit aggregation rule is chosen.

This example motivates the central question of the paper:

How can one learn a single collective policy from offline, party-indexed comparisons without first
collapsing heterogeneous feedback into one implicit reward model?



Scope of pluralistic alignment. We use pluralistic alignment in a collective-decision sense.
Our objective is not to require every model response to display multiple viewpoints, nor to
produce a separate personalized policy for each user. Instead, we retain observed party-specific
preferences during learning, quantify their statistical uncertainty separately, and select one
collective policy through an explicitly specified social-welfare or pairwise social-choice rule. Our
formulation therefore studies the statistical foundations of collective preference aggregation,
complementing Overton, steerable, and distributional approaches that focus on the diversity,
controllability, or population calibration of model outputs. We take the set of parties, their
normative weights, and the admissibility of their preferences as externally specified.

Our approach and technical novelty. As one of the earliest theoretical frameworks for multi-
party RLHEF, our work connects offline preference learning, shared-representation learning, and
social-welfare optimization within a single finite-sample framework. We explicitly separate two
coupled problems. The first is statistical: learning party-specific preferences from limited and
unevenly covered offline feedback while exploiting structure shared across parties. The second
is normative: selecting a social-welfare rule that converts the learned preferences into a single
collective policy. This separation makes preference aggregation an explicit design choice rather
than an incidental consequence of pooling the data.

More specifically, to our knowledge, this work provides the first offline finite-sample analysis
that jointly learns observed party-specific reward models through an unknown shared low-rank
representation and performs pessimistic optimization of nonlinear social-welfare objectives.
The novelty is therefore not merely the application of a welfare function after reward learning.
The party rewards are themselves unknown and statistically coupled, and uncertainty from their
estimation must be propagated through the nonlinear aggregation rule to the final policy. This
creates a different statistical problem from both single-reward offline RLHF and social-welfare
optimization with known rewards.

We first study a reward-representable regime. Each party follows a linear Bradley-Terry—
Luce preference model, and the party-specific reward parameters share an unknown low-rank
representation. This shared structure allows information from different parties to be used
jointly without pooling away their distinct reward functions. We estimate the party rewards
simultaneously, construct party-specific confidence sets, and optimize the resulting pessimistic
social welfare. The same statistical framework supports Utilitarian, Nash, and Egalitarian
objectives, thereby separating the choice of collective-welfare criterion from the statistical
problem of reward estimation.

We then consider a substantially more general regime in which pairwise preferences need not
admit any scalar reward representation and may be stochastic, nontransitive, or cyclic. In
this setting, reward maximization is no longer an appropriate solution concept. We instead
estimate party-indexed pairwise-preference matrices and construct a pessimistic von Neumann
winner directly from the offline comparisons. The resulting framework therefore covers both
utility-representable preferences and general pairwise preferences under a common principle:
preserve heterogeneous feedback, quantify its statistical uncertainty, and apply an explicit
collective-decision rule.

We formulate the main problem as a contextual bandit and extend the framework to trajectory-
level preference feedback in Markov decision processes. Our results characterize how the



difficulty of collective alignment depends jointly on the shared reward structure, the number of
parties, and the coverage of the offline comparison data.

Our main contributions are summarized as follows:

— An end-to-end framework for pluralistic offline RLHFE. We formulate collective policy
learning from party-indexed offline comparisons and explicitly separate preference learn-
ing from preference aggregation. Unlike personalization, our objective is a single collective
policy; unlike conventional social-choice aggregation, the underlying party preferences
are unknown and must be estimated from data.

— Finite-sample theory for learning and aggregating heterogeneous rewards. Under a
shared low-rank linear reward model, we jointly estimate party-specific rewards, con-
struct confidence sets, and optimize pessimistic Utilitarian, Nash, and Egalitarian welfare
objectives. We establish nonasymptotic bounds for party-specific reward estimation and
for the suboptimality of the resulting collective policy under realizability, diversity, and
offline-coverage conditions. The analysis quantifies how preference-estimation uncertainty
propagates through nonlinear social-welfare optimization.

— Collective alignment beyond scalar reward models. For general and potentially cyclic
pairwise preferences, we construct a pessimistic von Neumann winner [Dudik et al., 2015;
Fishburn, 1984] directly from offline party-indexed comparisons. We establish finite-
sample performance guarantees and, under additional structural conditions, analyze
ex-post efficiency. This extension addresses settings in which heterogeneous feedback
cannot be reduced to the maximization of party-specific scalar rewards.

Historical positioning and subsequent developments. A preliminary version of this manuscript
was publicly circulated in March 2024 and was among the first theoretical treatments of multi-
party RLHF. At that time, only a small number of contemporaneous studies had begun to
investigate heterogeneous preferences in RLHF [Chakraborty et al., 2024; Park et al., 2024]. Our
broad historical claim is that this work was among the earliest contributions to the emerging
theory of multi-party and pluralistic RLHF. Our more specific priority claim is that, to our
knowledge, it was the first to provide finite-sample guarantees for the combination of shared
low-rank party-specific reward learning, pessimistic nonlinear social-welfare optimization, and
offline policy selection. It also introduced a multi-party offline von Neumann formulation for
preferences that need not admit scalar reward representations.

Subsequent research has generalized, operationalized, or directly analyzed components of this
formulation. Lee et al. [2026] extend the predefined-party model to contextual low-rank user
heterogeneity; Xiong and Singh [2025] develop an efficient projection framework addressing the
computational cost of nonlinear multi-objective and multi-group aggregation; and Kleine Buen-
ing et al. [2025] directly analyze the incentive properties of pluralistic RLHF procedures, includ-
ing the pessimistic social-welfare rule studied here. Other work has developed axiomatic reward
aggregation and policy-level social choice [Ge et al., 2024; Alamdari et al., 2024]. These develop-
ments demonstrate that our early formulation anticipated several statistical, computational, and
strategic questions that have since become central to pluralistic alignment, while also clarifying
the scope of our guarantees. In particular, our analysis assumes observed, persistent party
identities and non-strategic feedback under the stated preference-model and offline-coverage
conditions.
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Figure 1: Multi-party RLHF: (a) party-specific preferences are learned and combined through an explicit
social-welfare rule; (b) the offline feedback-collection process retains the party associated with each
comparison.

1.1 Related Work

Offline RLHF theory. Preference comparisons are widely used in reinforcement learning
because they are often easier for humans to provide than numerical rewards [Chen et al., 2022;
Ouyang et al., 2022; Ziegler et al., 2019]. The theoretical foundations most closely related
to our offline setting include Zhu et al. [2023], who study pessimistic offline RLHF under a
linear Bradley-Terry-Luce (BTL) reward model, and Zhan et al. [2024], who extend the analysis
to general function approximation. Wang et al. [2023] analyze reward-based and general
pairwise-preference models in online single-party RLHF. These works primarily study feedback
generated by a single latent preference model. In contrast, our analysis retains observed party
identities, jointly estimates multiple statistically related reward models, and propagates their
uncertainty through a collective social-welfare objective. The resulting problem combines
preference estimation and preference aggregation rather than treating them as separate stages
with a single reward.

Heterogeneous and pluralistic RLHE. A growing literature studies how RLHF systems should
respond to heterogeneous human feedback. Empirical evidence demonstrates that human pref-
erences can vary systematically across demographic, cultural, and contextual dimensions [San-
turkar et al., 2023; Siththaranjan et al., 2024]. Bakker et al. [2022] use isoelastic social-welfare
functions to fine-tune language models toward consensus among heterogeneous preferences.
Chakraborty et al. [2024] learn a mixture of reward models and apply an Egalitarian objective
to align a language model with diverse latent preferences. Park et al. [2024] study both person-
alization and collective aggregation, proposing representation-learning and clustering methods
for personalized rewards as well as reward- and preference-level aggregation mechanisms.

Our work is distinguished by the specific combination of observed persistent parties, shared
low-rank reward estimation, offline statistical uncertainty, nonlinear social-welfare optimization,
and a single collective policy. Unlike personalization, we do not produce a different policy for
each user. Unlike latent-mixture approaches, party membership is observed in the feedback



data and carries normative meaning in the subsequent aggregation step. More specifically, our
contribution is an end-to-end finite-sample analysis of how uncertainty in jointly estimated party
rewards propagates through pessimistic Utilitarian, Nash, and Egalitarian policy optimization.

Shared representation and personalized preference learning. Our reward-estimation method
is related to multi-task and representation learning, where information from multiple related
tasks is used to estimate a shared low-dimensional structure [Baxter, 2000; Maurer et al., 2016].
Finite-sample guarantees for shared-representation linear models have been developed by Du
et al. [2021]; Tripuraneni et al. [2020]; Li and Zhang [2023], with related extensions to offline
multi-task reinforcement learning [Bose et al., 2024]. In heterogeneous-feedback learning, Liu
et al. [2025] use shared low-rank adaptation to learn personalized reward models, while Lee
et al. [2026] model low-rank interactions between user contexts and query-response features
and study distribution shift.

These approaches primarily target personalization or continuously varying user contexts. Our
predefined parties can be viewed as a discrete and observed form of heterogeneity, but our
decision problem is different: the objective is to learn one collective policy under a specified
social-welfare rule. Accordingly, our analysis must control not only party-specific estimation
error but also its effect on the nonlinear aggregation of party values.

Social choice, welfare aggregation, and multi-objective RL. Social choice theory studies
how individual preferences or utilities should be combined into collective decisions. Relevant
solution concepts include social-welfare functions [Moulin, 2004], Pareto efficiency [Aumann
and Dombb, 2010; Barman et al., 2018], von Neumann winners or maximal lotteries [Brandl
et al., 2016; Dudik et al., 2015; Rivest and Shen, 2010], and ex-post efficiency [Fishburn, 1984;
Zeng and Psomas, 2020]. Fish et al. [2024] connect generative Al with approval-based social
choice. Ge et al. [2024] study axioms for aggregating pairwise human feedback into a collective
linear reward, showing that standard statistical reward-learning procedures can violate natural
social-choice properties. Alamdari et al. [2024] instead aggregate already-defined policies
through the geometry of state—action occupancy measures.

Related work in multi-agent and multi-objective RL studies collective policies when the relevant
reward functions or objectives are already specified. Ogryczak et al. [2013]; Siddique et al.
[2020] optimize generalized-Gini objectives, while Mandal and Gan [2022]; Ju et al. [2024]
study broader families of social-welfare functions, including Utilitarian, Nash, and Egalitarian
objectives, with online or offline guarantees. Multi-objective alignment methods likewise balance
several specified objectives through reward, parameter, or policy combinations [Siddique et al.,
2023; Wang et al., 2024; Zhou et al., 2023; Rame et al., 2023].

Our setting differs from these formulations because the party-specific rewards are not given:
they must first be inferred from offline comparisons. Consequently, the confidence sets in our
analysis capture uncertainty arising from preference learning, and the final policy must remain
reliable after this uncertainty is propagated through the chosen social-welfare function. The
novelty lies in coupling statistical reward learning with social-welfare optimization, rather than
introducing either component in isolation.

Preferences beyond scalar reward models. Several recent approaches avoid assuming that
pairwise preferences can be represented by a scalar reward. Munos et al. [2024] formulate



Nash Learning from Human Feedback as a two-player preference game, while Swamy et al.
[2024] develop a self-play method based on a minimax winner that accommodates stochastic,
nontransitive, and non-Markovian preferences. These methods demonstrate the importance of
solution concepts defined directly from pairwise comparisons.

Our general pairwise-preference setting shares this motivation but addresses a different statisti-
cal problem. We observe offline, party-indexed comparisons and seek a single collective decision
under uncertainty. We aggregate the party-specific pairwise preference matrices and construct a
pessimistic von Neumann winner, obtaining finite-sample guarantees without requiring each
party’s preferences to admit a scalar reward representation.

Subsequent extensions and limitations. Subsequent work has generalized or operationalized
specific components of our formulation. Lee et al. [2026] extend predefined parties to contextual
low-rank user heterogeneity. Xiong and Singh [2025] develop a computationally efficient
projection framework for nonlinear multi-objective and multi-group aggregation, addressing
the cost of repeatedly optimizing different nonlinear welfare functions. Wang et al. [2025]
propose an efficient post-processing approach that combines policies already trained for different
preferences. These methods complement our focus on reward estimation, offline uncertainty,
and finite-sample welfare guarantees.

Other work clarifies limitations of the underlying modeling assumptions. Kleine Buening et al.
[2025] show that pluralistic RLHF procedures, including pessimistic social-welfare optimization,
need not be strategyproof and analyze the trade-off between truthful elicitation and collective
welfare. Xiao et al. [2025] show that downstream KL-regularized policy optimization can
produce preference collapse even when reward information is available. Active data-collection
approaches select informative prompts or feedback providers rather than treating the offline
dataset as fixed [Liu et al., 2024]. These developments clarify the scope of our results: we
study the offline statistical problem with observed party identities and non-strategic feedback,
while incentive compatibility, active elicitation, contextual personalization, and scalable policy
optimization constitute complementary directions.

2 Preliminaries

Notation. Let [n]={1,2---,n}. Let aV b = max{a,b}. We use ||-||, or || -|| to denote the £, norm
of a vector or the spectral norm of a matrix, and [|x||y = VxTXx to denote the matrix-induced
norm for a positive-semidefinite matrix ¥. We use Oy «4, where d; > d, to denote the set of
orthogonal matrices (i.e., the columns are orthonormal). Let (:,-) be the Euclidean inner product
between vectors or matrices. For a matrix A € R"*", let 0;(A) be its i-th largest singular value.
Our use of O(+),Q(+),0(-) follows the standard notation.

2.1 Offline Data Collection and Comparison Model

We ground our theoretical investigation of RLHF in the contextual bandit (CB) framework
[Xiong et al., 2023; Zhu et al., 2023]. This formulation naturally models the reinforcement
learning dynamics of LLMs, where the generation of a completion a4 € A given a prompt s € S
is evaluated by a reward model Ry(s,a) [Chakraborty et al., 2024; Ouyang et al., 2022; Xiong
et al., 2023; Zhu et al., 2023; Ziegler et al., 2019]. By operating within the CB setting, which is a



foundational case of MDPs with a horizon H = 1 and no transitions, we can isolate and rigorously
analyze the fundamental complexities of multi-party preference aggregation. We subsequently
extend our theoretical framework to general MDPs, demonstrating that these insights naturally
generalize to sequential settings. Formally, we define a multi-party CB environment by the
tuple E = (S, A, {R,,}™_|,p), where S is the state space (e.g., prompts), A is the action space
(e.g., responses), M is the total number of parties, R,, : S x A — R denotes the reward function
specific to the m-th party, and p € A(S) specifies the initial state distribution. A policy maps a
state to an action, taking the form of either a deterministic mapping 77: S — A or a randomized
distribution 7t : § — A(A). Although the reward functions are indexed by party, the learner’s
output is a single collective policy 7t aligned with respect to all parties’ preference, rather than

a collection of personalized policies {nm}%zl.

We focus on the offline learning paradigm, which is an approach extensively explored in previous
research on offline RLHF [Zhu et al., 2023; Zhan et al., 2024], driven by the practical constraints
of LLM alignment: Collecting high-quality human feedback is resource-intensive and time-
consuming, which typically precludes online, interactive human queries during the training
phase. Consequently, models have to be aligned using pre-collected datasets. We assume access
to an offline dataset D = Um 1 Dy, where Dy, = {(s},, a,,, 1,am O,ym) 1 | represents the pairwise
comparison data specific to the m-th party. Specifically, the state s, represents a prompt and
is drawn from the initial distribution p, the action pair (a,,,,4,, 0) represents two candidate

responses, and the outcome v}, € {0,1} is the party’s binary preference label provided by an
annotator. As illustrated in Figure 1b, the data generation process follows a structured sequence.
In the language-model setting, the index m identifies a party: a persistent preference source
whose preferences are observed across prompts. A party may be an individual or a stakeholder
group represented by multiple feedback providers. For each party m, the dataset D,, contains
comparison observations indexed by i. Specifically, each time a prompt si, is drawn from the
prompt distribution p, and two candidate completions, 4, , and a,, ,, are generated for that
prompt. An annotator, or feedback provider, supplies comparison label v!, recording which
completion is preferred by this party. When a party represents a stakeholder group, multiple
feedback providers within this group may contribute observations to the same party-specific
dataset D,,.

2.2 Social Welfare Function

Having specified how party-indexed preference comparison data are collected, we next de-
scribe how the learned party preferences are used to select a collective policy. In the reward-
representable setting, each party is associated with a reward function, and a policy may provide
different values to different parties. Social welfare functions provide a systematic way to aggre-
gate these party-specific values into a single objective for collective policy selection. Specifically,
for a policy 7, let V(1) = Es_p ar(5) [R,(s,a)] denote its expected value to party m. Each policy
therefore induces a vector of party values

V(rr) = (Va(n0),...., Vi ().

A social welfare function maps this vector to a scalar measure of collective welfare. Different
welfare functions express different approaches to balancing the interests of the parties and may
therefore lead to different collective policies. In our framework, the offline comparison dataset



is used to learn the party-specific reward and thus estimate the expected values for each party,
and the selected welfare function determines how those values are aggregated. This structure
separates the statistical task of preference learning from the normative choice of collective
aggregation.

We consider the isoelastic family of social welfare functions [Moulin, 2004; Sen, 2018]. For a
positive value vector v = (vy,...,vy) € RM, this family is defined as

M \Va
(%Zv,‘;] , a<l, a=0,

Wo(w)=22 7T g (1)
(va] , a=0.
m=1

Its axiomatic characterization and additional properties are reviewed in Appendix A.1. In
this article, we primarily focus on three representative members of this family: Utilitarian,
Egalitarian, and Nash welfare.

Utilitarian welfare. The Utilitarian objective corresponds to @ = 1 and maximizes the average
value across parties:

1 M
Ju(m)= 57 ) V().
m=1

Under this objective, an improvement to any party contributes equally to collective welfare. The
Utilitarian objective therefore emphasizes aggregate party value, although a high average value
may coexist with a low value for one or more parties.

Egalitarian welfare. The Egalitarian, or max-min, objective is obtained in the limit as & — —oo:

Je(m) = fel[iﬁ] Viu(10).

This objective evaluates a policy according to the value it provides to the worst-off party.
Maximizing it therefore prioritizes improving the lowest party value.

Nash welfare. The Nash objective corresponds to @ = 0 and maximizes the geometric mean of

the party values:
M
[ [va(o
m=1

The Nash objective rewards increases in aggregate welfare while remaining sensitive to parties
with relatively low values. It therefore balances aggregate welfare and inequality across parties
rather than focusing exclusively on either the average value or the worst-off party [Kelly et al.,
1998; Zhang et al., 2022].

1/M

In(m) =

These objectives assign equal normative weight to the M parties. This equal weighting is a
modeling and normative choice. Other externally specified party weights are possible, but we
do not analyze them here.



In Section 3, we use Nash welfare as the primary example and subsequently apply the same
reward-estimation and pessimistic-optimization framework to the Utilitarian and Egalitarian
objectives in Section 3.4. In the general pairwise-preference setting considered in Section 4,
scalar party values may not exist, so we instead define the collective solution directly from the
party-specific pairwise-preference matrices.

3 Reward-Representable Regime

Having introduced the collective welfare objectives, we now study how the party-specific
rewards entering these objectives can be learned from offline preference comparisons. We
instantiate the social welfare perspective from Section 2 in a reward-representable regime,
where each party’s preferences are represented by a scalar reward function. This reward-based
formulation is the standard modeling approach in RLHF for LLMs [Ouyang et al., 2022; Ziegler
et al., 2019; Christiano et al., 2017]. In this regime, collective alignment requires learning the
party-specific rewards and using them to select a single collective policy according to an explicit
social-welfare objective.

Reward-based Model We begin by specifying the reward-based model and how each party’s
latent reward function determines the pairwise comparison data observed by the learner.
Suppose that the preference distribution of party m is induced by a reward function:

IPm(}’ = 1|alra015) = CD(Rm(Sral)_Rm(s’aO))r Vm e [M]r (2)

where y = 1 indicates that action a; is preferred to action 4 at state s, and @ is the sigmoid
function @ (x) = 1/(1 + exp(—x)). This gives the well-known Bradley-Terry-Luce (BTL) pairwise
comparison model [Bradley and Terry, 1952], which is widely used in RLHF frameworks [Chris-
tiano et al., 2017; Ouyang et al., 2022].

Fix a constant B > 0 and define ® := {0 € R? : |||, < B}. Following Zhu et al. [2023], we assume
that the underlying reward R,, for each party belongs to the family of linear functions Ry(s,a) =
07 ¢(s,a) + Co, where ¢(s,a): S x A — R? is a known feature mapping with max;, [|¢(s,a)ll, <L
and Cy > BL is a fixed positive constant. Specifically, we assume the true reward of party m
is R;; = Rg; , where 0}, € @p denotes the ground truth parameter for the m-th party reward
function. The constant C, cancels from every BTL comparison and therefore does not affect the
induced preference probabilities. Its role is to specify the fixed reward normalization used by
the welfare objective. In particular, for every 6 € ® and every policy 7,

IF—"s~p,a~7r(s)[R9 (s,a)] > Co—BL>0.

Thus, all policy value functions appearing in welfare objective are uniformly positive. We
remark that different choices of Cy may induce different welfare-maximizing policies, and all
guarantees below are conditional on this fixed normalization. In LLM applications, ¢ (s, a) may
be instantiated as the representation of a prompt-response pair produced by a pretrained model
before its final scalar output layer. The parameter 0}, then serves as the m-th party linear reward
head applied to this shared representation.

We further assume that the party-specific reward parameters share a common low-rank struc-
ture:
0,,=U"a,,
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where U* € Oy, d > r, has orthonormal columns spanning a shared r-dimensional subspace
of the original parameter space, and a;, € IR” is the party-specific coefficient vector satisfying
lla;,ll, = ©(1). Equivalently,

R, (s,a) = a;, " U T ¢(s,a) + Cy.

Thus, U*T ¢(s,a) provides a shared low-dimensional representation of the state-action features,
while a}, captures how party m weights the resulting reward-relevant directions. This shared
structure allows information from different parties to be used jointly without pooling their
distinct reward functions into a single reward model. This low-rank structure is a standard
assumption in shared-representation learning and underlies the estimation error reduction
established later in this section [Du et al., 2021; Tripuraneni et al., 2020].

Under this model, our framework proceeds in two stages. First, we jointly estimate the shared
representation and the party-specific reward parameters from the offline comparisons and
construct party-specific confidence sets that quantify their statistical uncertainty. Second, we
select a single collective policy by optimizing a pessimistic Nash welfare objective over these
confidence sets. The remainder of this section analyzes the resulting estimation error, policy
suboptimality, and welfare guarantees before extending the framework to other social-welfare
objectives and trajectory-level preference feedback in MDPs. Throughout this section, we
restrict attention to the deterministic policy class. Accordingly, all optimality, suboptimality,
and efficiency guarantees in this section are relative to the best deterministic policy.

3.1 Pessimistic Nash Welfare Algorithm

Building on the reward-based model introduced above, we now present a two-step procedure
for learning a deterministic collective policy from offline party-indexed comparisons. In the first
step, we jointly estimate the shared representation and the party-specific reward parameters
and construct confidence sets that quantify their statistical uncertainty. In the second step,
we optimize a pessimistic Nash welfare objective over these confidence sets to obtain the final
deterministic policy. Specifically, the pessimistic objective evaluates each candidate policy under
the least favorable combination of party-specific reward parameters that remains plausible given
the observed comparisons. This construction guards policy selection against estimation error
arising from limited offline coverage. The complete procedure is summarized in Algorithm 1.

Algorithm 1 Pessimistic Nash Welfare

Input: The datasets D = [ JM_, D,,, a failure probability 6, and the initial distribution p.
Output: The deterministic collective policy 7.
1: Jointly compute the MLE (U, @) in Equation 3 and set 8,, = Ua,, for every m € [M].
2: Construct the party-specific confidence sets @B(ﬁm) ={0e€@g:|0- §m||2”, <T(o,n,M,d,r)}
according to the bound I' on the estimation error established in Theorem 3.3.
3: Establish the pessimistic Nash welfare function in (4).

—

4: Calculate 7@ = argmax, J (7).

Step 1: MLE and confidence set construction. The objective of this first step is to estimate
the party-specific reward functions from the observed comparisons while quantifying their
statistical uncertainty. We jointly estimate the shared representation and the party-specific
coefficients using all party-indexed datasets. To simplify the notation, denote a := (ay, -, ap) €

R™M as the low-dimensional parameter matrix, and X, ; = ¢(s,, a,, 1) —P(sy,,a,, o) as the feature
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difference vectors for Vi € [n], m € [M]. Using the comparison dataset D = U%Zl D,,, we minimize
the negative log-likelihood based on (2), which is given by

Ua i In(U, a), 3
CEAE o 1pes P Y) ©)
1 L .
In(U, nZI 1{ :1)1og(c1>(<Uam,xm,i>))+1@;%:0)1og(q>(<uam,_xm,i>))}.
m=1 i=

When the minimizer is not unique, we take any of the solutions (U, @) that achieves the minimum.
The resulting estimator of party m’s reward parameter is 0,, = Ud,,. Joint estimation allows
comparisons from all parties to inform the shared representation U, while retaining a distinct
coefficient vector a,, for each party.

We next construct a confidence set around each estimated reward parameter 6,, to quantify
uncertainty about the corresponding true parameter 60;,. Specifically, we define:

©5(0,) = (0 € ©5: 110 -0,z <T(5,1,M,d, 7)),

where I' is a confidence radius defined in the next subsection, ¢ is a prescribed failure prob-
ability, and ¥,, € R4 is the empirical covariance matrix for the m-th party, defined as
Y = Lioy Xm,iX,, ;/n. For simplicity, we define © = (01,-+,00),0 = (61, ,60,), and use
(CNS @B(@) to denote the event of 6,, € G)B(’Q\m) for any m € [M].

Step 2: Policy optimization under Nash welfare. Building on the confidence sets constructed in
Step 1, we now select a deterministic collective policy by optimizing the Nash welfare objective
while accounting for uncertainty in the learned rewards. For a candidate parameter 6,,, party
m’s value under policy 7 is E;., [Rgm(s, n(s))]. We aggregate these M party-specific values using
the Nash welfare objective introduced in Section 2.2.

Specifically, we account for reward-estimation uncertainty by defining the following pessimistic
Nash welfare objective:

Jim)= min_ ]_[ Eq-Ro,, (5, 7(s)]"™. (4)
©c04(®) ,

For each candidate policy, the inner minimization evaluates its Nash welfare under the least
favorable combination of party-specific reward parameters contained in the confidence sets.
It therefore prevents the policy optimizer from relying on optimistic reward estimates that
are weakly supported by the offline comparisons. In particular, policies whose values depend
strongly on poorly covered feature directions can receive a lower pessimistic welfare value. We
obtain the final deterministic collective policy by maximizing this pessimistic objective:

7 = argmax ().
T

Here, pessimism specifically addresses statistical uncertainty arising from finite and imperfectly
covered offline data [Li et al., 2022; Xie et al., 2021; Zhan et al., 2024; Zhu et al., 2023].
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3.2 Sub-optimality

We now establish finite-sample guarantees for the deterministic collective policy returned
by Algorithm 1. Our analysis proceeds in three parts. First, we bound the error of the joint
shared-representation estimator for each party’s reward parameter. Second, we propagate this
estimation error through the pessimistic Nash welfare objective to obtain a policy-suboptimality
bound. Finally, we provide a minimax lower bound that identifies an unavoidable dependence
on the representation dimension and clarifies the remaining gap in our upper bound. Together,
these results characterize how shared reward structure and offline data coverage affect the
quality of the learned collective policy. Formally, we define the true Nash welfare function |
and the sub-optimality of a deterministic policy 7 as follows:

M
J(1) = | | [BswpRugy, (5, m(sNIM, - SubOpt () 1= J(72") = ] (),

m=1
where 7" = argmax,, J () is the optimal deterministic policy. Here, J(7) is the true Nash welfare
evaluated using the ground-truth party rewards, and 7c* is an optimal deterministic policy under
this objective. The suboptimality measures the welfare loss of a candidate policy relative to this
benchmark. Our goal is to show that the pessimistic policy 7@ has small suboptimality when the
shared reward structure is identifiable and the offline comparisons provide sufficient coverage.
We introduce several assumptions first.

Assumption 3.1 (Diversity design). Let ©* = (07,---,0;,) € R¥M be the original parameter ma-
trix, v = ar(@]\;@*) = ar(“*;f‘*) be the smallest singular value, and x = 01(8*;4@* )/v = 01(“;[“* )/v

be the condition number. We assume that v > 0 and « < O(1).

Assumption 3.2 (Feature design). Let ¥, = Ey(¢(s,a1) — ¢(s,a0))(P(s,a1) — ¢(s,a0)) " be the co-
variance matrix, where the randomness is induced by the generation distribution g for the
triplet (s,ag,a;). We assume that ¥, has bounded positive eigenvalues, i.e., Cipa > A; =+ 2>
/\d = Cpin > 0.

Assumption 3.1 is a standard diversity condition on the underlying reward parameters {0;,}M_,

in shared-representation learning and multi-task learning; see Assumption 2 in Tripuraneni
et al. [2020] and Assumption 4.3 in Du et al. [2021]. In our setting, it requires the coefficient
vectors {a;,}M_| to collectively span the r-dimensional shared subspace and to do so in a well-
conditioned manner. This does not require every pair of parties to have substantially different
preferences. Rather, it requires sufficient variation across the collection of parties to identify all
directions of the shared representation. Assumption 3.2 is a well-conditioned design condition
on the feature-difference covariance matrix X,. Since the BTL model depends on the reward
parameters through the feature differences ¢(s,a;) — ¢(s, ag), this assumption ensures that these
feature differences contain enough information to distinguish different reward parameters. Our
results can also be modified to accommodate the case where ¥, is not invertible by replacing it
with X, + AI for any regularization parameter A € R*; see Remark 3.4 of Zhu et al. [2023].

Before moving on to sub-optimality, we first quantify the estimation error of the jointly learned
party-specific reward parameters.

Theorem 3.3. Suppose Assumptions 3.1,3.2 hold. If the number of samples satisfies n > d +1og(M/9d)
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for 6 € (0,1), then with probability at least 1 — 9, for any m € [M],

_ 1, dr’logd
18, — Ol5, < \/;(r2 i -1 N‘I’g +log(M/6)).

Proof Sketch. We provide a proof outline here, and defer the details to Appendix B.1. First,
we establish an overall bound on Z%I:l ||Xm§m — X,,0;,|1? by leveraging the strong convexity of
Ip(U, @), based on second-order Taylor expansion and a careful use of concentration inequalities.
Next, we utilize Assumption 3.1 to derive a bound on ||§m - 0;,|ly,, in terms of U and a,, using
the Davis-Kahan sin 6 theorem and Bernstein-type inequality. [ ]

—

Theorem 3.3 implies that with probability at least 1 -9, 0}, € @5(6,,) for Vm € [M]. Then we

dr?logd
specify I'(6,n,M, d, r) = K\/%(rz + % + log(M/é)) in Algorithm 1 with K a constant, thus

completing the pessimistic component. It is a generalization of the upper bound of Lemma 3.1
in Zhu et al. [2023], which improves the previous bound of O(%) to O(I‘fTT:l) up to logarithmic
factors when r?> < min{M,d}. We will see that the advancement also improves subsequent

sub-optimality bounds.

Theorem 3.3 controls reward-estimation error in the covariance norm induced by the offline
comparisons. To derive a policy-suboptimality guarantee, we need to convert this parameter
estimation error into an error in the expected reward of the optimal policy. We capture this
relationship through the following concentratability coefficient:

C* = mrgx||2;11/21E5~p¢(5; 7'5*(5))“2- (5)

We have the following sub-optimality guarantee for the pessimistic policy.

Theorem 3.4. Under the same condition as Theorem 3.3, with probability at least 1 -9,

. |1 dr?logd
SubOpt(®)< C \/E(ﬂ vt log(M/5)).

Proof Sketch. We provide a proof outline here, and defer the details to Appendix B.2. The
sub-optimality can be decomposed as, J(1*) - J(70) = (J (") = ] (1*)) + (J (=) = ] (7)) + J (%) - ] (70))
and what we truly need to focus on is the first term J(7*) —T(n*) since the latter two terms are
smaller than zero with high probability. We then address the geometric form of the Nash welfare
function by decomposing it into the aggregation of individual errors. [

As claimed before, the sample complexity reduction described in Theorem 3.3 extends to
Theorem 3.4, highlighting the advantage of low rank shared-representation learning. In our
multi-party setting, sub-optimality depends on a concentratability coefficient C* across the
aggregation of M parties, setting it apart from single-party RLHF. Notably, C* is assumed to
be bounded [Zhan et al., 2024; Zhu et al., 2023], which provides a coverage guarantee for the
feature vectors ¢ (s, *(s)) from the dataset D, thus yielding an accurate estimator.

To complement the upper bound, we proceed to investigate the lower bound in the following.
We show that, for the problems with bounded concentratability coefficients C* as defined in (5),
we obtain the following result, whose proof is deferred to Appendix B.3.
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Theorem 3.5 (Lower Bound). Consider the family of instances CB(M,C) = {p, {st, ain,l’ a;qyo},-e[n],me[M],
0" = U*a®|C* < C}, where C* is defined in (5). For any bandit instance Q(M) € CB(M,C), let
SubOptgy be the sub-optimality under instance Q(M). Suppose r > 6,1 2 rC2,C > 2, then there
exists a feature mapping ¢ such that the following lower bound holds.

inf  sup SubOptg( ) (T) 2 C\/Z
T Q(M)eCB(M,C) h

The lower bound, together with the previous upper bound, highlights the complexity challenges
in multi-party RLHE. In this setting, we encounter separate samples for each party and a poten-
tially larger concentratability coefficient C* defined in (5), in contrast to the concentratability
coefficient presented in Zhu et al. [2023]. Consequently, our shared-representation learning
technique plays an important role in achieving an improved sub-optimality bound. Obtaining
tight dependence of our sub-optimality bound on feature dimensions is challenging. The +/r
gap between Theorem 3.4 and Theorem 3.5 relates to an open problem in classical estimations,
see a more detailed discussion on page 8 in Tripuraneni et al. [2020].

3.3 Efficiency and Welfare Guarantees

Beyond the optimality result, in this section, we demonstrate the efficiency guarantees of our
method, as our proposed approach addresses social choice considerations. Section 3.2 establishes
that the deterministic policy 7@ achieves Nash welfare close to that of the optimal policy 7c*.
Because the Nash welfare objective is strictly increasing in every positive party value, an exact
Nash-welfare maximizer is Pareto efficient. This observation motivates us to investigate the
concept of T-approximate Pareto efficiency. We now examine the approximate efficiency guarantee
inherited by the learned policy when its Nash-welfare suboptimality is small.

Definition 3.6 (t-approximate Pareto Efficiency). A deterministic policy 7t:S — A is said to
be T-approximate Pareto efficient, if there does not exist another deterministic policy 7’ such
that for all party m € [M], [Es_,Rg; (s, 7(s)) > Es-,Re: (s, 7(s)), and for at least one party m € [M],
EgpRe: (s,7(s)) = (1 + 7)Es, Ry (s, 7t(5)).

This notion of efficiency ensures an agreement and balance among multiple parties, contributing
to overall societal wellness by optimizing the collective outcomes. It’s an adaptation of the
definitions by Aumann and Dombb [2010]; Barman et al. [2018] to RLHF settings. While
previous work considered an efficiency notion that allows a T improvement for all parties, we
admit a T improvement for only one party when maintaining others unchanged. We now show
that the Nash-welfare suboptimality bound from Theorem 3.4 implies approximate Pareto
efficiency of the learned deterministic policy.

Theorem 3.7. Under the same condition as Theorem 3.3, with probability at least 1 — 0, T is T-
dr?logd

approximate Pareto efficient, where T< C*M\/%(r2 + + log(M/é)).

This result confirms that we cannot improve one party significantly without making another
party worse, thus leading to an approximately efficient policy. Besides, the pessimistic policy
7 follows the approximate Pigou-Dalton principle, which emphasizes the transfer of welfare
from better-off individuals to weaker ones, ensuring a more equitable distribution of welfare
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outcomes [Moulin, 2004]. The definition proof of the efficiency and welfare guarantees are
given in Appendix B.4

3.4 Comparison with Various Social Welfare Functions

The preceding subsections focus on Nash welfare as the primary aggregation rule, since it
balances overall welfare with protection against severe imbalance across parties. As outlined
in Section 2.2, we provide a brief introduction to other social welfare functions and compare
their results. Once the confidence sets for party-specific rewards have been constructed, we can
replace the Nash aggregation in Line 3 of Algorithm 1 with another social welfare objective and
optimize the corresponding pessimistic empirical value. To illustrate this flexibility, we consider
two canonical alternatives introduced in Section 2: the Utilitarian objective, which optimizes
average welfare, and the Egalitarian objective, which optimizes the welfare of the worst-off
party. As shown below, both variants inherit the same statistical rate, so the choice of welfare
function mainly determines the social criterion being optimized rather than the reward-learning
difficulty.

Utilitarian (@« = 1) Under the Utilitarian paradigm, the goal is to maximize the arithmetic
mean of the expected returns across all parties. Similarly, the (pessimistic) Utilitarian welfare
function is defined as follows,

M
1
J(m) := M E IEs~pRm,9;,,(5rn(5))r
m=1

—

M
1
J(mr)= min_ — B, ,R,n0, (s, 7(s)).
@e@B(@))Mn; e

Egalitarian (@« — —oo) The Egalitarian approach prioritizes the worst-off party by maximizing
the minimum expected return among all parties, denoted as min,, [E;_,R,, g, (s, 7(s)). Similarly,
the (pessimistic) Egalitarian welfare function is defined as follows,

5~p

](TZ) = mnilnIE5~pRm,9fn(s' TZ(S)),

J(m)= min_ minE; ;R ¢ (s, 7(s)).
0cO,O) ™

—

For both cases, define 7@ = argmax, J(7), ©
optimality bound.

*

= argmax, J(rr). We have the following sub-

Theorem 3.8. Under the same condition as Theorem 3.3, with probability at least 1 -9,

. 1 dr?logd .
SubOPt(aS C \/E(TZ + T + log(M/b))

Here C* = max, [l(Sy* sy (5, 7(5) -

Theorem 3.8 implies that 7¢ is approximately optimal for the average/worst-off party, thus
characterizing a relatively fair outcome. Each welfare function measures different aspects of
social welfare, making them suitable for different practical settings.
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Generalization to MDP As claimed earlier, the contextual bandit (CB) can be viewed as a
special case of a Markov decision process (MDP) with finite horizons and transitions over states.
For multi-party RLHF under MDP settings, preferences are based on the whole trajectories
rather than single actions [Zhan et al., 2024]. The generalized algorithm for MDPs is similar to
Algorithm 1, and sub-optimality upper bound is also guaranteed. However, in this context, we
adopt a trajectory-based preference model and optimize a trajectory-wise value function. The
key difference between MDPs and CBs is the inclusion of a trajectory-based occupancy measure
d™(s) = Z{Ll P (s, = s|m), which reduces to p for CBs. To proceed with the result, we adopt the
observation from [Zhu et al., 2023] that:

IEs~p[VrZ (S)] = 1Es~d"Rm,6;l (s, 7(s)),

H
where Vi (s) = E[ Y R, (sp,ap)ls; = s, 7], and this expectation [E is taken over the trajectory
h=1

generated accordiné to the transition kernel. The details are provided in Appendix A.3.

4 Extension to General Pairwise-Preference Model

The reward-representable regime in Section 3 represents each party’s preferences through a
scalar reward function, which is natural for RLHF but also imposes structural restrictions on the
preference relation. In particular, scalar reward models are most suitable when preferences can
be summarized by an underlying ranking of actions or trajectories. Human preferences, however,
may exhibit more complex patterns, including intransitivities observed in psychological experi-
ments [Tversky, 1969]. To capture such cases, we now extend our framework to a more general
regime, where preferences are represented directly through pairwise comparison preference
probabilities rather than through latent reward functions. We retain the central structure of the
preceding sections, where we learn a single collective policy from offline dataset collected from
all parties. Because scalar expected preference value for each party is no longer available for
social-welfare aggregation, we instead average the party-specific pairwise preference margins
for each state-action pair tuple (s,ag,a;) and select a pessimistic von Neumann winner, which
maximizes the worst-case aggregate preference margin against competing strategies. Through-
out this section, we focus on the tabular setting with finite state and action spaces, where |S| =S
and |A| = A. This allows us to avoid additional function-approximation assumptions and to
work directly with state-wise preference matrices. It also leads naturally to finite zero-sum
matrix games, which provide the algorithmic basis for computing von Neumann winners.

General Pairwise-Preference Model In the general pairwise-preference setting, we no longer
assume that pairwise preferences are generated by reward differences. Instead, for each party m
and state s, we represent preferences directly through the skew-symmetric matrix. Specifically,
To ensure symmetry, we define the following preference matrix [Dudik et al., 2015]:
N;m(al,ao)zﬂl’m(}):1|a1,a0,s)—1, va[M],SES.

Thus, N¢,, is a skew-symmetric matrix. In this general model, we refrain from directly specifying
reward functions to model human preferences. Consequently, it’s unfeasible to obtain an optimal
policy based on an aggregated reward function. We consider an alternative solution concept,
the von Neumann winner [Dudik et al., 2015], which corresponds to a probabilistic strategy that
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outperforms every other strategy with at least a 50% probability of being preferred. Formally,
a von Neumann winner of an A x A skew-symmetric preference matrix N is the max-min
probabilistic strategy p*, defined as follows, with matrix N describing a matrix game:

* g* =argmaxminp ' Ng = arg maxmin q:N; .

pq" =argmaxminp”Ng = argm: q;pijq
The value of the matrix game is defined as p*T Ng*, which equals 0 when N is skew-symmetric
[Owen, 2013]. To connect with the previous model, if (2) holds, the von Neumann winner

described in the following section corresponds to the Utilitarian welfare solution when M =1 or
M = 2. See Appendix A.2 for details.

4.1 Pessimistic Von Neumann Winner Algorithm

We now construct a pessimistic von Neumann winner from the offline party-indexed compar-
isons dataset. The procedure has two stages. First, we estimate the party-specific preference
matrices, aggregate them using equal party weights, and construct entrywise confidence bounds.
Second, for each state, we solve a zero-sum matrix game using the pessimistic payoff matrix and
use its max-min strategy to define a randomized collective policy. Algorithm 2 summarizes the
procedure.

Algorithm 2 Pessimistic Von Neumann Winner

Input: The datasets D = [ JM_, D,,, a failure probability 6, and the initial distribution p.
Output: The pessimistic policy 7.
1: Calculate the preference matrix Ny in (6) for Vs € S.
2: Construct the pessimistic lower confidence bound N; — B, through (6) for Vs € S.
3: Calculate the state-wise strategy p; by solving the matrix game of Ny — B, for Vs € S.
4: Obtain the final randomized policy 7 (induced by p;) through (7).

We construct a pessimistic von Neumann winner in a Utilitarian manner to learn a randomized
policy. The algorithm is described in Algorithm 2. It mainly consists of two steps: Step 1 is to
calculate the aggregated preference matrices and construct the confidence bounds; Step 2 is to
solve a zero-sum matrix game of each state and finally construct a corresponding randomized
policy in the policy space.

Step 1: Preference matrix with confidence bonus. We construct preference matrices by
aggregating each party’s preferences in a Utilitarian manner. Given D,, = {(s!,, a;,pa;,o’y%)}?:p
we define the visiting number of an action pair at one state as ny(m,a,a’,s) := #,,(a > a’;s)+#,,(a’ >
a;s), where #,,(a > a’;s) denotes the number of observations in D,, of preferring a over a’ at state
s. We then Define the preference matrix and its confidence bonus as follows:

M -
o1 , , 2log(4MSA?/5) ,
N ' = N ' ’ B ' = . ’ V o4
s(a,a) M mZ_l sm(@ @) s(a,a) \/mlnm no(m,a,a’,s)v1 aza e (6)

#,,(a>a’;s)—#,,(a’">a;s) - . .
Folasa ) (@as) if the denominator is

non-zero; otherwise, it is defined as 0. The diagonal entries of these matrices are set to 0. Here,
the matrix N; is an aggregated preference matrix, while B; measures the uncertainty of N;.

where ¢ is a given failure probability, and N ,,(a,a’) =
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Step 2: Max-min optimization. After constructing the confidence bounds, we seek a max-min
probabilistic strategy under a pessimistic model. This is achieved by solving the following
zero-sum matrix game using the lower confidence bound N; — B, of the preference matrix, and
then obtaining the final probabilistic strategy:

P = argmaxminpT (N = By)g, Vs €S, pl) = | [ Bale(s)) (7)
seS

To be clear, p; is a probabilistic strategy for each state s € S, and p{(n) is a probabilistic strategy
over the policy space Il, where IT encompasses all deterministic policy permutations (any
7:S — A). Thus, p induces a randomized policy 77: S — A(A).

4.2 Efficiency Guarantees

In this section, we demonstrate that we obtain an approximate von Neumann winner of the

ground truth preference matrix. To see this, we define the population-wise preference matrices
1

at state s as N{(a,a’) = MZ%I:lN;m(a, a’), and the one in the policy space IT as T*(n, ") =

Eg ,N;(7t(s),7(s)), respectively. Here N;(a,a’) denotes the aggregated preference between
action pairs at state s, and T*(7, 7t") denotes the aggregated preference between deterministic
policy pairs.

Recall that D,, is generated by distribution g as described in Section 2.1. We define the occupancy
measure ds (a,a’) as the probability of pair (a,4’) appearing in the data generated by g for a
given state s: d(a,a’) = g,(a,a’|s) + g,(a’,als). Similarly, define d/"”(a,a’) as the probability of
(a,a’) appearing in the data generated by policies (p, v) respectively for a given state s. These
definitions are adopted from those in [Cui and Du, 2022]. Define p;, q; = argmax, min, p"N;q
as the ground truth max-min and min-max probabilistic strategy at state s.

We further assume that p(s) > 0 for each s € S. Since [S| < oo, this implies a uniform lower bound
of p(s) for s € S. Now we define the concentratability coefficient as follows

psv
C* = max —ds (a,4')
vz p(s)dS (a, @)

where C* is assumed to be bounded [Cui and Du, 2022]. This definition is similar to (5). It
provides a coverage guarantee of the dataset: the ratio of the state-action occupancy induced by
the optimal policies, to the data distribution, is bounded.

Till now, we can establish our main result, whose proof is deferred to Appendix C.1.

Theorem 4.1. With probability at least 1 — 9, p; and p are e-approximate von Neumann winner, i.e.,

mqinffsTNs*q >-¢,VseS and mqinffT T g > —¢,

where € = 8Alog(4MSA2/6)‘/%.

Since the value of the skew-symmetric matrix game is zero [Owen, 2013], Theorem 4.1 demon-
strates that the learned strategy achieves a worst-case population preference margin of at least
—¢, both statewise and over the induced policy space. Thus, no competing strategy can defeat the
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learned strategy by more than ¢ in aggregate preference margin. The error boound ¢ decreases
at rate n~1/2, grows with the action-space size, and depends only logarithmically on the numbers
of parties and states apart from their influence through the concentratability coefficient C*.

As we focus on social choice aspects, we again present a (weak) Pareto efficiency result to ensure
consensus among multiple individuals, adapted from the concept of ex-post efficiency [Fishburn,
1984].

Definition 4.2 (7-Approximate Ex-post Efficiency). A probabilistic strategy ps is T-approximate
ex-post efficient at state s if any Pareto-dominated alternative b receives probability p,(b) < 7.
Here an alternative b is Pareto-dominated if there exists an alternative a s.t. N, (a,b) > 0 for
Vm e [M].

Our definition differs from Zeng and Psomas [2020], where they considered a strategy that
always outputs a T-approximate Pareto efficient alternative. We consider an ignorable probabil-
ity (< 7) of outputting a Pareto-dominated (universally disliked) alternative instead. Thus, a
smaller T means that the learned strategy is less likely to select an action that admits a common
replacement weakly preferred by every party. We now present the following efficiency result.

Theorem 4.3. If the preference of each party is transitive, i.e., N, (x,v) > 0 implies N, (x,z) >
N¢ (v, 2) for Vz € A, then with probability at least 1 — 9, ps is T-approximate ex-post efficient at state

1/2
s, where T < (Alog(2MSA2/6)‘/%) .

Theorem 4.3 guarantees that Pareto-dominated alternatives are unlikely to be selected. Here the
transitivity is necessary, implying the challenge of the general model. The proof and further
details are provided in Appendix C.2. This result, in line with Theorem 3.7, underscores the
efficiency and welfare guarantees of multi-party RLHF and offers a solid foundation from a
social choice perspective.

5 Numerical Illustrations

We provide two stylized contextual-bandit simulations to illustrate the behavior of the proposed
methods under heterogeneous party preferences and unequal party sample sizes. The first
considers the reward-representable model and compares pessimistic Nash-welfare optimization
with a pooled reward-model baseline. The second applies the general pairwise-preference
method without using the underlying reward representation. These simulations isolate the
effect of retaining party identities and applying an explicit equal-weight aggregation rule.

5.1 Reward-Representable Model

We consider a reward-representable instance with an unknown low-rank representation, where
r < d. Specifically, we construct |S| = 3 states, |A| = 9 actions, and M = 24 parties, and set d = 24
and r = 3. The state distribution is uniform over S. We defer the complete feature construction,
data-generating process, and assumption verification to the Appendix D.1. For every party, the
offline dataset compares each of the eight non-reference actions ay,...,ag with the reference
action ag in every state. The minimum per-party sample size ranges over n = 150, 300,...,3000,
and every sample size is repeated 100 times. In the experiment, the parties are divided into
three equally sized clusters of eight; four parties in each cluster provide n comparisons and the
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other four provide 2n comparisons (Note that our results remain valid for varying sample sizes
n across different parties by replacing n with min,, n,,).

We compare our joint low-rank Pessimistic Nash Welfare algorithm with three plug-in base-
lines. 1) The independent baseline estimates a separate unrestricted d-dimensional reward
parameter for every party and therefore does not exploit the shared representation. 2) The
pooling-obs baseline discards party identities and fits one reward model by weighting every
comparison equally, so parties with 21 observations contribute twice as much as parties with
n observations. 3) The pooling-party baseline also fits a single reward model but normalizes
each party’s contribution, giving every party equal total weight. The two pooling baselines
therefore distinguish the effect of unequal observation counts from the more fundamental loss
of party-specific preference information. All methods select from the complete class of 93 = 729
deterministic policies, and their performance is evaluated using the true party-specific rewards.

Figure 2a shows that our method achieves lower Nash welfare suboptimality than the inde-
pendent and pooling baselines throughout the reported sample-size range. The independent
estimator improves as the number of comparisons increases but remains less accurate than the
joint method. Together with the estimation-error results in the appendix, this pattern supports
the benefit of learning the shared low-dimensional reward representation. By contrast, both
pooling baselines maintain a substantial suboptimality gap because a single pooled reward
model cannot represent the three clusters’ heterogeneous preferences in this construction.

We further evaluate the same Nash-targeted policies under the Utilitarian and Egalitarian
objectives and report their suboptimality relative to pooling-obs in the right panel. We also
report a party-level dispersion measure that examines the difference between parties” average
regrets (see Appendix D). All ratios remain below one, indicating that our Nash-targeted policy
also has lower Utilitarian and Egalitarian suboptimality, and a more balanced party-level regret
profile than the pooled policy. These results indicate that the empirical advantage of our
method persists when the selected policy is evaluated under welfare criteria other than the one
it was optimized for. This broader improvement across welfare criteria is consistent with the
empirical findings of [Bakker et al., 2022]. Additional details on evaluation metrics and results
on confidence-set coverage and estimation accuracy are reported in Appendix D.

5.2 General Pairwise Preference model

Additionally, we present the results for the general pairwise-preference model. We consider a
separate one-state instance with three actions and two parties. Although we use a BTL model
to generate a controlled population preference matrix, the proposed method and the pooling
baseline observe only pairwise comparison outcomes; neither method receives the underlying
rewards, features, or reward parameters. We query action pairs (a1,a,); (a1,a3) and (a,,a3) an
equal number of times within each party, while the sample sizes of Party 2 is twice that of Party
1. Let n denote the minimum per-party sample size. Party 1 provides n comparisons, whereas
Party 2 provides 2n comparisons, we range the the n from 400 to 4000. Each sample size is
repeated 500 times. The results are shown in Figure 2b. Again, as the sample size increases,
the game-value suboptimality of the strategy learned by our method decreases toward zero as
the sample size increases, whereas the observation-pooling baseline retains a non-vanishing
suboptimality gap. This demonstrates the robustness of our approach in both structured and
unstructured preference settings. We defer further experimental setup and analysis details in
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Appendix D.2.

Welfare Suboptimality Ratio Comparison:
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alternative suboptimality measures defined in Section 3.

Figure 2: Simulation results.

6 Conclusion

Pluralistic alignment is not only a problem of learning from more people; it is also a problem
of preserving meaningful disagreement and deciding explicitly how that disagreement should
shape a single collective policy. This paper develops an offline finite-sample framework for
doing so from party-indexed human comparisons. Rather than pooling heterogeneous feedback
into one implicit reward model, our approach retains party-specific preference information
throughout learning and separates the statistical task of estimating preferences from the norma-
tive choice of how those preferences should be aggregated. In the reward-representable regime,
we exploit a shared low-rank structure to jointly estimate party-specific reward functions while
preserving their differences. We then propagate the resulting statistical uncertainty through
pessimistic Nash, Utilitarian, and Egalitarian welfare optimization. Under the stated realizabil-
ity, diversity, normalization, and offline-coverage conditions, our guarantees characterize how
shared structure, per-party estimation error, and data coverage jointly determine the quality and
approximate efficiency of the learned collective policy. We further move beyond scalar reward
representations to settings in which preferences may be stochastic, nontransitive, or cyclic. By
estimating party-specific pairwise preferences and constructing a pessimistic von Neumann
winner, we obtain a randomized collective policy with an approximate max-min preference
guarantee. Under additional structural conditions, the policy also assigns limited probability to
Pareto-dominated alternatives. Together, these results make preference aggregation an explicit
and statistically analyzable component of RLHF, rather than an unintended consequence of data
pooling. More broadly, they provide a principled foundation for collective learning systems
in which both the statistical assumptions used to learn from heterogeneous feedback and the
normative choices used to resolve disagreement are made transparent.

7 Discussion

KL penalty. In practice, people maximize a KL-regularized value function, which includes an
additional term y Dy (7c(-|s)||7cref(+|s)), where y is a penalty parameter and 7 is a reference pol-
icy. While our primary focus is the basic version, our results can be extended to the KL version,
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where the sub-optimality gap becomes accompanied by an additional yIE,, Dxp (7(-[s)|7*(:|s))
term [Xiong et al., 2023].

Computation. Algorithm 1 is an extension of algorithms in Zhan et al. [2024]; Zhu et al. [2023],
all of which are typically computationally heavy. Here, we illustrate how to practically imple-
ment the algorithm. Step 2 of Algorithm 1 involves solving a constrained max-min optimization
problem. By introducing the Lagrangian multiplier, which is akin to the approach employed in
Appendix A of Zhan et al. [2024], it is feasible to apply gradient ascent-descent using policy
gradient algorithms. In the general pairwise-preference model, finding a von Neumann winner,
i.e., Step 2 of Algorithm 2, involves solving the matrix game. This can be achieved by linear
programming [Barron, 2013], making it computationally efficient. Nevertheless, this efficiency
for the general pairwise-preference model is achieved in tabular cases.

Future work. Several directions remain open. First, it would be useful to extend shared multi-
party reward learning beyond linear reward models to general function classes while retaining
finite-sample confidence guarantees and propagating the resulting uncertainty through social-
welfare optimization. Second, an important open problem is to develop finite-sample methods
that jointly quantify uncertainty in latent or overlapping party membership and in potentially
evolving party-specific preferences, and propagate these sources of uncertainty through social-
welfare optimization of a single collective policy. Third, bridging the gap between the present
stylized experiments and practical LLM alignment requires scalable methods for party-specific
reward estimation, uncertainty-aware welfare optimization, and collective policy fine-tuning
over large response and policy spaces.
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A Further Details on Methods

A.1 Social Welfare Function Details

Here, we provide additional details regarding social welfare functions to complement the
discussion in Section 2.2. In welfare economics, a social welfare function aggregates individual
utilities towards collective welfare and thus guides social decisions to align with the group’s
preferences. A reasonable social welfare function that satisfies six desirable axioms has been
shown to lie in a one-parameter family of isoelastic social welfare functions W, defined in (1)
(or its monotonically increasing transformation).

Among these functions, the Nash welfare function (a = 0) stands out as the unique solution that
additionally satisfies independence of individual scales(IIS); and the Utilitarian welfare function
(a = 1) is the unique one that additionally satisfies independence of individual zeros (I11Z). The
definitions of these properties are provided below.

Definition A.1 (Independence of Individual Scales of Utilities (IIS)). A solution is independent
of individual scales of utilities if, for Vm € [M], transforming the m-th utility function u,, to
Clty, With ¢, € R* does not change the solution.

Definition A.2 (Independence of Individual Zeros of Utilities (IIZ)). A solution is independent
of individual zeros of utilities if, for Vm € [M], transforming the m-th utility function u,, to
Cm + Uy, With ¢, € R does not change the solution.

Additionally, taking the limit & — —oo yields Egalitarian welfare function, which can be reduced
to consider min,, u,, for simplicity.

In the main article, we introduce the Nash welfare function as the primary illustrative example.
The Nash welfare function is advantageous due to its IIS property, which eliminates the potential
issues of dominance arising from differences in utility scales. Moreover, one can also consider
the Nash bargaining version which introduces an objective notion of individual “zero utility".
This involves the normalization of individual zeros {”Pn}fq\f:p and is formulated as follows:
M
argmax ]_[(um —ul)YM st u,, > ul for Vm e [M].
m=1

Thus, Nash bargaining solution satisfies the IIZ property.

A.2 Connections Between Two Models

In this section, we outline the connection between the reward-based and general reward-free
models. The average-wise definition of the von Neumann winner in Section 4.1 is grounded in
the Utilitarian welfare function. Here, we provide the rationale behind this choice by considering
a voting scenario. In the context of a voting election, each voter has an absolute preference
ranking over the set of alternatives. For any pair of alternatives a # a’, we have N ,,,(a,4’) € {1,-1}
for a # a’. Aggregating over all voters, N(a,a’) thus represents the disparity between the count
of individuals preferring a over a” and the count of those preferring a” over a. Consequently,
a von Neumann winner represents the outcome favored by a majority of voters. Here the
normalization for N, ,, is crucial to avoid dominance due to unequal sample sizes or preference
weights.
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We have claimed that, under the additional assumption of a reward-based model, the von
Neumann winner in the general model consistently aligns with the solution of the Utilitarian
welfare function when M =1 or 2. We give a brief illustration as follows.

— Case M = 1: In this scenario, there exists a Condorcet winner [Fishburn, 1977] determined
by the optimal reward. Consequently, the Condorcet winner that maximizes the reward
function is trivially the von Neumann winner.

— Case M = 2: We first establish the following inequality for any real numbers x, v,

1( ! + ! )>1©x+ >0
2 T1er 1+e7'°2 y =L

Next, we substitute x = Ry(s,a1) — Ry (s,a¢), v = Ry(s,a1) — Ry(s,ag), where R,,(s, a) denotes
the reward function for the m-th party. Using the result above, we obtain:

1 1
> [Py (ay > agls) + Py(a; > agls)] > T Ry(s,a1)+ Ry(s,a1) = Ry (s,a9) + Ry(s,a9).

This equivalence demonstrates that the aggregate preference between any action pair,
based on the average of the rewards across both parties, determines the von Neumann
winner.

A.3 Generalization to MDPs

We now generalize our results for the reward-based model in Section 3 to MDPs where the
preference is based on a whole trajectory instead of a single action. Examples of such settings in-
clude Atari games and robot locomotion [Christiano et al., 2017], where the preference depends
on historical behaviors. Consider a MDP with M individuals (parties), each of whom has its
own reward function. Formally, we consider the environment E = (S, A, H, {Ph}h 1 {Rm}m 1P
where S is a state space, A is an action space, H is the horizon length, P, : S x A — A(S) for
h € [H — 1] are known transition kernels, R,, : S x A — R is the reward function for the m-th
individual (or party), and p : S — A(S) is an initial state distribution. When H =1 and there are
no transitions, it is reduced to the contextual bandit (CB) setting. Define the occupancy measure
d™:S > Rasd™(s) = Xf 1 Py(sy = s|m), which becomes p(s) when H = 1. We are provided
with a dataset D = U _,D,,, where D,, = {(s,, fnl,'cfn O,yfn)}l” | is the pairwise comparison
dataset for the m-th individual. For the i-th sample in Dy, an initial state s, is sampled from

1 l
p and two tra]ectorles Tm 1= (am 1 ,Sm o amH) mo = (am 1 ,Sm H O, H) are sampled from

a distribution g.(7,, ;;7,, Ols ). Thus (s}, 1,,,,7,,,) is generated by a generation distribution

m, T
with density g = g;(-[s)p(s). We then observe a blnary outcome y;, from a Bernoulli distribution
P, (yy, = 17,1, 7, o) as follows,

IPm( —1|T1,T0, - ZRmQ Sh’ah ZRmG Sh’ah

where Assumption 3.1,3.2 hold with the feature difference in X, changed to the cumulative
difference over the trajectory, i.e.,

H

H
S = Bg() (Dlsman) = (s ap)))_($(sn an) - d(s,ar)" (8)

h=1 h=1
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The generalized algorithm for MDPs is similar to Algorithm 1. However, here we adopt a
trajectory-based preference model and thus optimize a trajectory-wise value function. We are
going to discuss the differences in detail below.

Denote X, ; = ZhH:1 (qb(s;n W ain W (j)(s;” W a;; h)) now as the difference between the cumulative
. . . . . . 1
feature in two trajectories. Define the data covariance matrices as X,, = — ZXm,an:i for Vm e
n ’

[M]. We again minimize the negative log-likelihood:

Uae arg min Ip(U, @),
erdxw”amHZSB

n

1 M
lD<U,a>=—mZ

m=1 i=1

{1058, = D1og (PUU @ X)) + 1(5, = 0)1og (DU, X)) |

Subsequently, we use Nash welfare function to aggregate individual preferences. Here we point
out that the key difference between MDPs and CBs is the inclusion of the trajectory-based
measure d”, which stems from the observation [Zhu et al., 2023] that:

1Es~p[vn7;( (s)] = IEs~¢il”Rm,9;, (s, 7(s)),

H
where VJi(s) = E[ Y R,,(sp,ap)ls1 = s, 7], and this expectation E is taken over the trajectory
h=1

generated according to the transition kernel. Since the transition distribution P is known, we
can directly calculate d™ for any given 7. Define the trajectory-wise true and pessimistic Nash
welfare function J and J as follows:

M
J(70) = | |[EsearRon g, (s, 7e(s)]M,
m=1
M
Ji)= min_ [ [[EsanRpe, (s 7(s)]"M,
©€0@;(0) ]

N dr?logd + rlog(M/d)
Mn

Define C* = max,, IESNdn*”(Z;nl/Z(P(S, 7c*(s)))|l,. Similarly, we assume that the optimal policy

value for every party is bounded below by a positive constant, i.e., [E,_g= Ry 6: (s, 70°(s)) > rg for

Vm € [M]. We have the following result, whose proof is deferred to Appendix B.6.

- = 2
where @3(0,,) = {0 € @p: |0 -0,,|x, <K’ \/% }, K’ is a fixed parameter.

Theorem A.3. Under the same condition as Theorem 3.3 (with ¥, replaced by (8)), we have, then
with probability at least 1 — 6, for any m € [M],

r? N dr?logd + rlog(M/5)
n Mn ’

J(n*)—](ﬂsC*\/

The sub-optimality scales with the concentratability coefficient C*. The primary distinction
between Theorem B.8 and Theorem 3.4 lies in the trajectory-wise form of the concentratability
coefficient C*. We can also attain efficiency and fairness guarantees similar to Section 3.3
accordingly.
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B Technical Details for Reward-Based Model

We denote the low-dimensional parameters and the original parameters as follows:

a=(ay, -, ay), o =(aj,--,ay), a=@, -, ay) eerxM,

O =(61,-+,0u), O =(6},,0y), ©=(01,,0y)=(Uay,,Uay) e R"M

We denote the feature difference vectors matrices as follows:

Xoni = Pshal, )= (s, al ) ERY, Xy = (X1, s Xn) T € R, Vi, i,

Through out this section, we define 6,8,0* € R as the vectorization of ©, ©,0". We write
Y > (X)X if £ - X' is positive (negative) semidefinite.

B.1 Proof of Theorem 3.3

Lemma B.1 (Covariance concentration). Suppose Assumption 3.2 holds. If the number of samples
satisfies n > d +log(M/9) for 6 € (0,1), then with probability at least 1 — 6/10, we have: for any
me[M],

095, <%, <1.1X,. (9)

Proof. First, we fix m € [M] and recall the definition X, ; := ¢(si,, a’ )~ p(si,, “in,o)' It follows

m,1
1 1
thatY,, = - Y Xm,iX;,i = ;X;anm, and its expectation satisfies E;Y,, = ¥,. Since ¢ is bounded
from the assumption, X,,,; i € [n] are independent sub-Gaussian random vectors. Consequently,
with probability at least 1 —2exp(—t?),

1 n
12 =l = 1= ) XX =l
i=1

t

d
S ||Z*||max(111 ’72); 77 - J;‘f‘ %

See Thereom 4.6.1 in Vershynin [2018] or Lemma 7 in Tripuraneni et al. [2020] for reference.
Thus, since [|X,|| < Chpay, it follows that with probability at least 1 -9,

d+log(1/6
STl < %

Next, we apply a union bound over all m € [M]. We substitute 0 with 6/M, and obtain that, with
probability at least 1 — 0, for any m € [M]

d +log(M/6
T TPy Kl LT
n
Thus, the bound ||X,, — £,|| < 0.1||%,|| holds for any m € [M] given n > d + log(M/9). [



Theorem B.2 (Guarantee on source data). Suppose Assumption 3.1,3.2 hold. If the number of
samples satisfies n > d +1og(M/0) for 6 € (0,1), then with probability at least 1 —6/5,

anmﬁa‘m — X, U’ |* < Mr+rdlogd +1log(1/5). (10)
m=1

Proof. We assume that (9) is true, which happens with probability at least 1 — /10 according to
Lemma B.1.

Step 1: Optimality of 6. Consider the following loss function, along with its first and second
derivatives,

1 i eXP(_<9mer,i>)
Zl 2B = T =Y 0, K ) 1
_ 1 i EXP(—<9mme,i>) i _ 1 .
Yoo 0= "3 Z[W " e p O X+ 1 R0 X e

2 —L - eXp(—(Gm,Xm’l)) ) T
Ip(6) = Zl B X T Xy i X

Thus we have,

Volp(8) = (Vo,Ip(6)",--+, Vg, Ip(0)")T,
V5ip(6) = diag(Vy Ip(6),---, Vg Ip(6)).

—~0, X,
Regarding the second derivative, since [(6,,, X, ;)| < 2BL, we have eXP(= O Xm,i?) 5
1 (exp(=(Op, Xp,i)) +1)

where y = 2+ exp(=2BL) % exp(2BL)’ Therefore, we obtain the lower bound

CARCEES PO

Define Ygym, = diag(Xy, -+, Xy) € RM™>Mn we conclude from strong convexity that

Ip(8) ~ Ip(67)~(VIp(67),8 - 0" > T (6-0") Toum(B-07) = SO - O'I3

2M

Here the matrix-induced norm is defined as ||x||y = VxTXx. In the following, we also use ||Z][5_

to denote the Xg,y-norm of Z’s vectorization when Z is a matrix. From the optimality of 0, we
have Ip(0) - 1p(07) < 0, it follows that

~(Vip(67),6-6") > ||9— ellz. . (11)

sum

Using Cauchy-Schwartz inequality immediately implies that

IEp(6)llx, 116 = 675, > Z/I|I5—9*II§ . (12)

sum sum
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- 1
Regarding the first derivative, notice that v/ |X,,; ~ Ber ” , we define a
BENS F s exXp(—{Op X)) + 1

random vector V,, € R"” with components V,, ; as follows,

j exp(—(05 Xim,i)) :
» Am,i
exp(—(6 Xon,i)) wp 1
_ | exP(=(Om, Xpn,i)) + 1 exp(—(O, Xpn,i)) + 1’ (13)
1 i, PO Xon)
exp(—(Oh, X)) +1 7 exp(—(Oh, Xp,i)) + 17

1
exp(—{@,’;, Xm,i>) +1

Here V,, solely depends on y,, when conditioned on X,,. From the definition of V,,, we have

Vo Ip(6%) = —M—X; V... So conditioned on X,,, V,, is a random vector with independent
m n

components that satisfy EV; = 0,||V,, ;|| < 1, and is therefore sub-Gaussian. Denote A,, =

1

;XmE;} X}, we can then establish the following bound [see, Appendix B.1, Zhu et al., 2023]:

tr(Ap) <

S

d
, (Ad) <5, Al <

Q=

By applying Bernstein’s inequality for sub-Gaussian random variables in a quadratic form with
x=(V',---,V,))T and A = diag(A,---,Ap) [see, Thereom 2.1, Hsu et al.,, 2012], we directly
obtain that, with probability at least 1 —6/20,

M
. 1 _ Md +1og(1/9)
M2|ip ()2, = Zlﬁv,;! X Zot X Vi § ——— 5. (14)
m=

Combining (14) with (12), we obtain that, with probability at least 1 —6/20,

— Md +1log(1
By < Mdrlos(1/o) (15)

sum
n

This implies that

M
Md +1log(1/5) > Z(ﬁm — 02 )T XX, (0, O3)

m=1
M —_ —_
> ) (0=0,)T0.9%.(0,,~0},) (using (9)
m=1
> 0.91Cpin |0 - 67 (using Assumption 3.2)
2 1|6 -6

Thus, with probability at least 1 — /20,

—~ —~ Md +1log(1/0
B -6 = 1B~ 01| < ) OB (16

Here we use || - ||r to denote the Frobenius norm of a matrix.
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Step 2: Combining with low-dimensional assumption. Notice that rank(© — ©*) < 2, so we
can rewrite it as © - ©* = QR = (Qry,---,Qry) where Q € Oyynp, R = (r1,---, 1)) € RZ*M | Thus
the vectorization can be rewriten as 8 — 0% = [(Qr;)T,--,(Qry)T]T For each m € [M] we further
rewrite X,,Q = Z,,W,, where Z,, € O,x2,, W,, € R?*?"_ Then we have

~(VIp(6),0-6") = )+ Vin X Qriy

1
<1 Zlnz;vmunwmrmn
m=

1 M M
T
<— [n\ m§:1 IIZmellz\ n;:l Wit |2

1 M
=i manTV 12 \ Zlnzmwmrmll2

[\_4:

M
1
=\ ) 1z, ol 2 X Qel? (17)
:1 :1
where the second term can be calculated as Z%ﬂ 1X,,,Qr 1> = 1 1X,,, ( -0;)|1> = n||e -
e*llzsum.

Step 3: Applying ¢-net argument. Next, we are going to give a high-probability upper bound
on Z%I:l 1Z, V,l|? using the randomness of V,,. Since Z,, depends on Q which depends on V,
we use an ¢-net argument to cover all possible Q € O,,»,. First, for any fixed Q € O,»,, we let
X,,Q = Z,,W,, where Z,, € O,x»,. The Z,,’s defined in this way are independent of V.

From the orthonormality of Z,,, we can establish the following equation:
tr(Z_mZ_nE) =1 tr(ZmZ_nT1)2 =71, ||ZmZ;|| =1

Again, use Bernstein’s inequality for sub-Gaussian random variables in the quadratic form as
we did in (14), we obtain that, with probability at least 1 —¢’,

M M
Y NZ3Vall? =) ViuZZ)Vin < Mr +1og(1/5').
m=1 m=1

Combining this with (17), we obtain that

Mr +1log(1/0)

JR
M2y IQRIl>

~(VIp(6),QR) <

sum

Lemma A.5 in Du et al. [2021] implies that: there exists an e-net N of O, in Frobenius norm

\/_

such that [NV < ( )2rd. Applying a union bound over A/, we obtain that, with probability at
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least 1 —|N|o/,
Mr +1log(1/6)

~(VIp(6"), OR) < [ =B 2GRl VO E N (18)
0
Choosing 6’ = ——————, we obtain that (18) holds with probability at least 1 — 6/20.
20( 6@)%(1

Next, we proceed to apply e-net. Let Q € A such that ||Q — Q||r < ¢, then we have

1(Q - Q)R

sum

1 _
== ) IXu(Q-Qprull?
m=1

IXullP1Q = QI eyl

M=

1
<=
n

Il
—_

m

M
2 2
<=l ) el
m=1

2 2
<Crmax€“lIRIl

=Crax € lIQRIIZ

Md +log(1/6
S++(/a)€2 (using (16)) (19)
Step 4: Finishing the proof. We have the following inequalities,
SB- 0

<—(VIp(67),QR) (using (11))
=—(VIp(6"), QR) =(VIp(6"),(Q - Q)R)

Mr +1log(1/9), - i - .
< OGR4 VI (@), Q- Q)RI.,, (using (1)

Mr +1log(1/6’ -
< 80D 10Rl, + (0~ Q)RIE,..)

n

Md +1log(1/9),,, ~ .

M—zn”(Q -Q)Rlls,,. (using (14))

Mr +1log(1/6) Md +1log(1/9'),,, - ) ,
< B ORI, B Q- ORI, (using r<d, & <)

[Mr +10g(1/5) Md +log(1/8’) \/Md +log(1/5) ,
< e IQR]lx,,. + e ” I3 (using (19))

Mr +1og(1/6) Md +log(1/0") i ,
G e <

Mn IQR]lz,,,, + e € (using 6" < &)
Thus, we have
Mr +1log(1/6 Md +1og(1/0’
ORI, < M[ |
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Therefore, we let ¢ = r/d and recall that 6’ = , it follows that
20(6 27’)2rd
Mr +log(1/6 Md +1log(1/’
IORllx smax[\/ r+log( /6),\/ + log( /6)€J
sum n n
- Mr +1og(1/6)
> n
_\/Mr+rdlog(r/e)+log(1/5)
B n
Mr +rdlogd +1og(1/0)
" .
Finally, notice that
M
IQRIE,, = ) (Bn63) (6, 6}) an U@, ~ XUl
m=1 =

and the high-probability results used in ( ), (16), (18), we obtain the needed inequality with a

failure probability at most 10 + 2(50 + 2‘50 = 5 This concludes our proof. [ ]

Theorem B.3 (Guarantee on target data). Suppose Assumption 3.1,3.2 hold. If the number of
samples satisfies n > d +log(M/0) for 6 € (0,1), then with probability at least 1 — 9, for any m € [M],

10, = Olls,, = 10— Uapylly,, <

\/_ , dr’logd + rlog(M/5)
Mn

Proof. We assume Lemma B.1 and Theorem B.2 are true, which happens with probability at
least 1 —206/5.

Step 1: Finding a rotation of U near U*. Theorem B.2 implies that

M

Mr +rdlogd +1og(1/6
Z(Q _0)TS, (B, - 0%) < r+rdlog +og(/)'
m=1 "
Thus, Lemma B.1 further shows that
M. —~ Mr +rdlogd +1log(1/9)
) (00=6,)75.(0,-06}) 5 . -
m=1

Therefore, combining this with Assumption 3.2 implies that

Mr +rdlogd +1og(1/9)

1© -2 <
n

Then, we bound the singular values of ©* = U*a”*. Note that a” is a r x M matrix, by definition,

. *T * *T % ..
we have the smallest singular value v = o*r(®M® ) = o*r(“M"‘ ), and the worst-case condition
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number as k = 01(63\;@* v =01 (%)/V Note that when © is well-conditioned in the sense

that v > 0 and x < O(1), the assumption ||a},|| = ©(1) implies that v > Q(1) [Tripuraneni et al.,
2020]. Therefore, we have the following inequality:

01(©070*)  VMvk < |
020701 My ~\NM
Notice that U and U* are orthogonal. By applying the general Davis-Kahan sin 0 theorem [see,

Theorem 4, Yu et al., 2014] for matrices ® and ®%, it follows that, there exists an orthogonal
matrix O € R™ such that

— 01(0*TO*) . =~ 1A e
150 - U7l | 29O i (417218 - 071116 - ©711
o7 (0*TO*)
< |7 \/Mr+rdlogd+log(1/6)
“\M n
r?  dr?logd +rlog(1/6)
=/ — . 20
\/n i Mn (20)
—~ 2 dr’logd +rlog(1/6
Step 2: Bounding «,,. For simplicity, supposellU—U*llps\/%+ 08 A;; os(1/ ).We can

rotate U to achieve this. Then @,, is obtained by minimizing the following loss function:

1 i exp(—(Uay, X))
= +1(y,, =0 — .
exp(_<Uam!Xm,i>) +1 exp(_<Uam1Xm,i>) +1

1 v ;
Ip, (@) = =) log[1(y},= 1)
i=1

Its first and second derivatives are given by,

< exp(—(Udyy, X i) , 1 —~
Vip (a,,)=—— 1(v), =1 R _1(y!,=0) U™ X0
Pl = ;{ Y exp(—(Uaty, X)) + 1 I = exp(—( Uty X)) + 1 "

1 ~(Uay, X — _
VZZDm(am) _ 2 eXP(A< A m,l)) . UTXm,iX;ln—iU-

n i=1 (exp(_<Uamem,i>) + 1)2 '
Similar to (12) in the proof of Theorem B.2, we have the following bound

”a\m_a:n”fjm:mﬁs ||VIDm(a:n)||(ﬁszﬁ)—l' (21)

1~ —~ —
Here, the gradient is given by Vip (a},) = - UTX,) V,,, where V,,,; =V, i+ A;, V,, ; is defined in
(13), and A; is defined as follows:

. —U *:Xmi
Ai = fi(U) - fi(U7), fiU) = exe};((P—(<éa;’iﬂ;{rrzz’>’)>j Iy

We aim to bound A; by considering the gradient of f;(U):

eXp(_<ﬁam1Xm,i>) X -OCT
(exp(—(Uaty, Xy ) +1)2 0"

Vfi(U) =
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Notice that |[X,,;ll, < B and ||la,,ll, = ©(1), therefore ||Xm’ianT1||% = ||Xm,i||§||am||§ is bounded,
implying that the gradient Vf;(U) is also bounded Thus,

A =1£(0) - f(UN<IT = Ul X iamlle S 1T = Ul (22)
Therefore, it follows that

* 1 T i
||lem(am)||(fj—r):m’[j)71 = ” - ;UTX;; Vm”(’U\TEm/U\)fl

1~ 1~
== U XVl grs, oy +11= U Xn Al grs, 5y

Regarding the first term, note that ¢,y <X, < cmaxls, we have
1=~ 0" X3 Vol s, 51 S 1 0T X3Vl
and thus
1= T X5 Vallges, 5
STVl
<TGVl + T = U)X Vil

Lo Loy
<UTXLV,lo + 10 = U X Vol

log(1/8)  —~ d +log(1/5
<\ /”+g(/) 11T = Ulleq /%(/) (By Theorem 2.1 in [Hsu et al., 2012])

2 2
S\/L%<1/5>+\/7_+ dr*logd + rlog(1/0) \/d+log(1/5)

n n Mn n

Under the sample-size condition n > d + log(M/9), it is dominated by the first term.

Regarding the second term, denote X,, = X,, U, it follows that

1~ 1 S .
” - ;UTX;V:A”(ﬁT)jmﬁ)fl = \/;ATX;(X;;Xm)_lxmA
1
< —|lA
\/E” ll>
< max|Aj
1
<IT-Ule (using (22))
Thus, (21) implies that

r+log(1/0 — .
) govle 23)

1@ = auliges, g < IVip, (@l grs, 51 <

Step 3: Finishing the proof. Therefore, we have the following inequalities,

U@, - Utaylls, < Uy, - Uaylls, +IUay - U'aylls,
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= - @llg s, g + T (T = UNTE(D - Ut)a,
<@~ Wil g+l lloll(T = UM TE(T = U2 (using (9)

sl@, - agllgry g +110 = Ul (using Assumption 3.2)

log(1/6 —
e LU (using (23)
r+1log(1/9) \/r2 dr?logd +rlog(1/0) i
< \/ ” TVt Mn (using (20))

1 dr?logd
24 ———0
S\/ (r 7 +log(1/6))

n

Notice that the high-probability results are used in Lemma B.1, Theorem B.2, and (23), thus
we obtain the needed inequality with a failure probability at most 5 + 2‘)0 35 for a fixed m.
Finally, applying a union bound for ¥m € [M] and substituting 6 with 6/M fmlsh the proof. m

B.2 Proof of Theorem 3.4
Lemma B.4. If B> x;,y; > € > 0 for Vi € [M], then

M
B
e -2a) ™M = - 9a) M < = ) b =l

m=1

Proof. Without loss of generality, we assume that y; .-y > x1 -~ xp1.

(1

‘IMm

)1/M _(

/M
xl"'xM)/

X1 XM

1/M
(x1-~-xM)1/M{((l A S L +M)) _1}

<(xq xM)l/M{((l+¥)+m(l+ny;W))/M—l} (using mean inequality)
1 M
B (y1—x YM — XM .
7 5 <
<M ( P + P ) (using x; < B)
B ( |ly1 —xi] lym — xuml
<_ z - e <
M (( X1 o XM )
B (|3)1 al, v —XM|) (using x; > )
M € € e

B M
Zm Z|Xm —l-’m|-
m=1

We conclude the proof.

We then provided the detailed proof of Theorem 3.4.
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Proof. Decompose the sub-optimality into three terms:
J(r*) = J(70) = (J (") =T (")) + (7o) = T (7)) + (T(70) - (7))

The second term, J(rc*) - J (%) < 0, holds directly by the definition of 77, as 7 maximizes T. From
Theorem 3.3, with probability at least 1 -9, 6}, € ©5(0,,) for ¥Ym. This allows us to bound the
third term as follows:

M
@ -J@ = min_ [ [[EepRug, (s 7sH]M - ]_[ c~pRumg, (5, 70(s))] /™ < 0.
0c04(®) 1
Thus we can focus on the first term. Let (01,---,(0y) = arg min®e® ]_[ 1 [Es—p R0, (s, 7" s))VM,

which represents the pessimistic parameter chosen from lower confldence bound for the optlmal
policy 7*.

From the assumption we have [E;_, R, 0: (s, 7°(s)) > rp. Besides, with probability at least 1 -9,

we have 0,,,0, € ® 5(0,,) for Vm. Using this, we can compare the reward functions evaluated at
0,, and 0;,;:

IRy, (5,70 (5)) = Ry, (5,70 () = (0}, = 6) T p(s, 7" ()|
<1165, = Onllollp (s, 7 ()l
<1165, = Ol lp(s, 7 (s))ll2
2 2
S\/r +dr 10gd+rlog(M/c5)‘

n Mn

The last inequality holds based on the fact that ,, € @B(Q )and 0}, € G)B(Q ) with probability
at least 1 — 6 for Vm, as well as the boundedness of ¢. Thus, for sufficiently large n, we also have
EspR,, 4, (5, 7(s)) > ro/2. Therefore, with probability at least 1 — 6, we can conclude that

~J(7) < J () =T (")

M M
= max_| [ [[BepRuey (s DM = | [(EecpRino, (5,7 (s)]M
9693(9) m=1 m=1

-

[Eep Ry, (5,7 (DM = | [[BacpRon g, (5,7 (5)]M

m=1

N
= 3
hE

! IEs~pRimg;, (s, 0(s)) = Esp Ry, 6, (s, 70(5))] (using Lemma B.4)

3
n

1
M

(05, = 0,) T By (s, 7*(5))] -

i pgB

Separately, for each m we have
(05 = Om) "Espp(s, 70 (5))|
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(9;1 - 5711 + 5}71 - ém)TIEs~p¢(s’ T(*(S))|
(05— O) TEg (5, 7(5))| + |0y = O1) T pp (s, 7*(5))|
<165, = Olls, 1B p (s, 77 ()l + 110 — Oulls,, IEs (5,7 (5))lly-1  (Cauchy-Schwartz inequality)

1 dr?logd ] _ .

N e o T T e

The last inequality holds because 6,, € @B(é\m) and 0}, € ®B(§m) with probability at least 1 — 0o
for YVm. Therefore, we conclude that

1

2
J(r) - ()< \/ L 08T g o)),

where C* = max,, ||Z;11/21E5~p¢(s, 77(8))]l5.. [

Alternatively, one can consider another logarithm form of the Nash welfare function as in Ju
et al. [2024].

B.3 Proof of Theorem 3.5

Proof. The proof is adapted from Theorem 3.10 of Zhu et al. [2023]. In this context, we
consider ¢ = U*T¢p € R” for U* = (I, 0)T € O, and the original feature ¢ can be directly
reconstructed from ¢. Without loss of generality, assume that r/3 is some integer. We set
S={1,---,r/3}, A={ay,a;,a3},and p =Unif([1,2,---,|S|]). The feature functions and the number
of observations for each state-action pair are defined as follows:

P(s,a1) =e3s_1, P(s,az) =e35_2, P(s,a3)=0,
n(s,ay,a3) = (n/|S)(1 =2/C?), n(s,ay, az) = (n/|S])(2/C?).

Let v_y = (1/r,1/r + A,=2/r = A),vy = (1/r + 2A,1/r + A,-2/r — 3A) where A = CV|S|/n. We
construct 21°! instances, indexed by T € {-1, 1)18!, where each ay = (Vg 'va)T' Under each

o, the optimal policy 7t*(s) is either a; or a,. It can be verified that ||Z_%IE5~qu(s, 7" (s))|l, <C

and ||0%]| = ||az|| is bounded, given that r > 6,n 2 rC?,C > 2. Here Y7 s regarded as the
Moore-Penrose pseudoinverse, which is well-defined here because E;.,¢(s, *(s)) lies in the
column space of . By applying Assouad’s lemma as outlined in Zhu et al. [2023], we can
conclude that there exists some a,, T € {~1,1}!S! that achieves the lower bound for the case of
M=1.

Now we construct M copies of the above contextual bandit instance, denoted as Q,,, m € [M]. For
this lower-bound construction, the M party-specific datasets are perfectly coupled. Specifically,
we first generate a single dataset D containing n comparison observations, including their
realized preference outcomes, and then set D; = --- = Dy; = D. Consequently, the learner
observes only n distinct random comparisons rather than Mn. This coupled data-generation
paradigm is used exclusively for the lower-bound proof; throughout the rest of the paper, the
party-specific datasets are generated independently. We have shown that C* < C and ||6;,|| = ||a;,,]|
are bounded. Thus, we can define an instance Q(M) € CB(M, C) where the multi-party instance
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Q(M) = Qq x---x Q) represents the combination of each individual instance for a single party.
For any 7, we have

M
m:l
* — r
:IEs~pR6*(S; TT(s)) - ]Es~pR6*(5f TT(s)) 2 C\/;-

which is exactly the result we aim to achieve. To ensure that the reward exceeds rj, we can add
one additional dimension to both the feature ¢ and the parameter a. [ ]

B.4 Proof of Theorem 3.7

Proof. For simplicity, we will use R(s, 1) to denote R(s, 7t(s)). Consider another policy 7 which
satisfies the condition E;_,R,, ¢ (5, 7) > Es o R,y 6: (5, 70) for Ym < M, then

s~p S~p
[IE5~pRM Oy 5; ]UM
1[]Es~pRm 05, (51 )]I/M

nM 1 Bsep Ry g, (5, 70)|VM
1[IEs~pRm9 )M

nM 1 [Bsep Ry g, (5, 70)|/M

m:l[IEs~pRm,9;*,,( ]I/M ]_[ 1[IEs~pRm9:n(Szﬂ]1/M+n [IEs~pR - (s ﬂ]l/M

nM 1 Boep Ry g, (5, 70)|VM

[Tzt [Boep Ry 00 (5, ) [YM = TT)_ [y Ry 0, (5, 70) VM

[To=1 [Es~p Ry 0:, (5,70 /M

(using optimality of 7* and relationship of 7, 7)

N

:[IEs~pRM,61*V, (s, 7/-(\)]1/M 1+

<[EswpRuo;, (5, 70)]M(1+

<[Bs-pRas0y, (5, 70] M (1 + w)

e
K\/%(r dr? 1°gd +log(M/6))
7’0/2

<[EsepRpor, (5,701 [ 1+

The last inequality holds due to Theorem 3.4 and the fact that J(7c*) > r(, for sufficiently large n.
By raising both sides to the power of M, we obtained the desired conclusion. [ ]

We further show that 7t satisfies the approximate Pigou-Dalton principle, which is an approxi-
mation of the traditional Pigou-Dalton principle Moulin [2004].

Definition B.5 (t-approximate Pigou-Dalton Principle). A solution 7 satisfies the T-approximate
Pigou-Dalton principle, if for any policy " such that

- 1Es~pR (s, ,(5)) + IEs~pRj,6]*-(Sr T(,(S)) IEs~pR ( n(s)) + 1Es~pRj,9; (s, 7t(s)),
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- |IEs~pRi,6;’(Sl 7{,(5)) - IEs~pRj,9}f(S' T[,(S))| = |IEs~pRi,9;*(Sl T((S)) - IEs~pRj,6]’f(5f R(S))l,

- IESNPR](’QZ(S,TZ,(S)) = Rk,ez(s, 7(s)) for any k # 1, j,

s~p
it holds that J(n’) — J(7r) < . Equivalently, the welfare function increases by at most 7 in a

move reducing the gap (difference) between any two individual values [E;_;R; o:, E leg;_ and

s~p s~p

retaining their total value.

Using the bound on [Ty_; [Es-, Ry 0: (s, 70(5)]YM =TT [Bs~p Ry p,, (5, 70(s))]/M, it directly fol-
lows that:

Corollary B.6. Suppose Assumption 3.1,3.2 hold. If the number of samples satisfies n > d +1log(M/0)
for 6 € (0,1), then with probability at least 1 — 9, Tt is T-approximate Pigou-Dalton principle, where

dr?logd
* 1(,2
tsC \/n(r +— +log(M/6)).

B.5 Proofsin Section 3.4

We begin with the Utilitarian welfare function. The proof itself is straightforward to add up
individual errors for each party. Here we mainly demonstrate the most significant difference of
the proof.

Proof. Again, we consider only the first term in the expression: ](3‘(*) —J(7®) = (J(*) =T (1)) +
(J(r*) = J()) + (J(70) = J (7)) as in the proof of Theorem 3.4. Define 0,, in a similar manner. We
proceed as follows:

J(r*) - ] (70) <1(n*>—7<n*>

M
= max_ { ZE5~PRm9 S, TC Z 5~p (5))}

@G@ m=1

1 . 1 .
:M ZIEs~pRm,6;n (s,7°(s)) = M ZlEs~pRm,ém (s, 7"(s))
m=1 m=1
1 M
M L

Exp (Runy (570°(5)) = Ry, (5,77°(5))

= 7

) [Eep(05 = 0) T pls, 7 (5))].

m=1

1
M
Thus, the remaining steps follow similarly to the proof of Theorem 3.4. [

Then, we move to the Egalitarian welfare function. We introduce a lemma first.

Lemma B.7. Suppose ay,--,a, and by,---, b, are two groups of real values, sorted as a() < -+ < ag,
and by < -+ < b(y), respectively. Then, the following inequality holds:

agy— by < f?fg;(ak = by).
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Proof. Let agy = as,, b(j) bt , where s;,t; € [n]. For i = 1, we have

a1 =~ by = as, = by, = (a5, —ay, ) + (ar, —by,) <O+ max(ay - by) = max(ay — by).

We complete the case for i = 1. In general, for any i € [n], we consider two cases:

Case 1: If a;, < a;,, we have

ag) — b(z‘) =dag, — bti = (asi - ati) + (atl, - bti) <0+ m}flx(ak - bk) = mlle(ak - bk)

Case 2: Otherwise ag, > a;. We know that there are only i — 1 values smaller than as,, i.e.,
a1y, 4(3i-1) < 4(j) = as,. Thus there exists [ <i such that a;, > a,,. Thus, we have

Ol b(i) =45~ b(i) Sdas; — b(l S ay - btt m]flx(ak — by).

We conclude the proof. (]

With such a lemma, the proof of the Egalitarian case is similar to Theorem 3.4. Here we mainly
demonstrate the most significant difference of the proof.

Proof. Again, we consider only the first term in the expression: J(r*) —J(®) = (J(*) =T (1)) +
(J(r*) = J (7)) + (J () — J (7)) as in the proof of Theorem 3.4. Define 6,, in a similar manner. We
proceed as follows:

- J(70) < J () =] (")

= X inlE, ,R,, 1 E, Ry,

_mm Es-pRug;, (s, 7(s)) —mn%n EspR,.6, (s 7(s))

<max (IESNPR - (s,1(s)) = EspR,, 6, () 7'((5))) (using Lemma B.7)

<max|E (0}, ~ 0,) T p(s,7'(5))|.

Thus, the remaining steps follow similarly to the proof of Theorem 3.4. [

B.6 Proof of Theorem A.3
We begin with an estimation error bound similar to Theorem 3.3.

Theorem B.8. Suppose Assumption 3.1,3.2 hold, with the feature difference in X, of Assumption
3.2 changed to cumulative difference over the trajectory. If the number of samples satisfies n >
d +log(M/0o) for 6 € (0,1), then with probability at least 1 — 6, for any m € [M],

. =~ r2  dr’logd + rlog(M/d)
||9m—9m||zms\/;+ O

Proof. This proof is the same as Theorem 3.3. In the MDP setting, we just consider X,,; =
Zh 1(¢( Spuh a )—(j)(si, )) with ||X,, ;ll, < 2BLH instead. [

mh mh’
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Then, we give the proof of Theorem A.3.

Proof. Decompose the sub-optimality into three terms:
J(r) = (@) = (J() =T () ) + () = T(7) ) + (1) - (7).

We can again focus on the first term. Let (01,---,0y) = arg mine)e@B(@) ]_[ 1[Es—pRinp,, (s, (s NIVM,

which represents the pessimistic parameter chosen from lower confidence bound for the optimal
policy .

From the assumption, we have [E,_;=R;, g (s, 0*(s)) > r. Besides, with probability at least 1 -9,
we have 6,0}, € ® 3(9 ) for Vm. Using thlS, we can compare the reward functions evaluated at

0,, and O}
IRy, (5 70°(5)) = Ry, (5, 70 (5))] = (65, = 0) T p(s, 7" (5))|
<165, = Onllollp(s, 7" (s ))Ilz
S V/H63, = Oulls, lld(s, 7 ()l

2 2 S
Sl/H\/r_err logd + rlog(M/5)
n Mn

The last inequality holds based on the fact that 0,, € ®B(9 )and 0}, € 056, ) with probability
at least 1 — 6 for Vm, as well as the boundedness of ¢. Thus, for sufficiently large n, we also have
that E;_j= R, g (s,7°(s)) > r0/2. Therefore, with probability at least 1 -6, we can conclude that

J() = J(7) < J (1) = T (1)

M M
= max_ [ [[BeegeRug, (5 n*(s))]“M—]_[[ESNdn*Rm,em@,n*(s))]“M
0€0;(0)| ;1
M
= [ [(Beei Ry (5,7 (5] ]_[ s Ry (5,70°()] M
m=1
M
1 ‘ * .
S]\_/I ZlIESNdn”Rm,Q;Z(S,'H (s) —Es g Ry g, (s ()l (using Lemma B.4)

1 & -
:M Z |(9;;1 - em)TIEswi“*qb(S’ 7-(*(S))|

Separately, for each m we have

(65, = G) "B g (5, 7(5))|
=|(05, = O + O — 0,) "B (5, 70°(5))|
<05, = 0,) TEg g (s, 77 (5))| + [ (O — 1) TEBg_gre (s, 7 (5)|

<[16}, - mllzn,||1E5~dn* b (5,7 (5)lly;1 + 110 = Ol Bsg p(s, 70" (s))lly;  (Cauchy-Schwartz inequality)

r2  dr?logd + rlog(M/s _ .
s\/_+ : Mn B a2y (s, (5D

n

46



The last inequality holds because 6,, € ®B(§m) and 0}, € ®B(§m) with probability at least 1 — 0
for Ym. Therefore, we conclude that

. 2 dr?logd +rlog(M/o) _,
](ﬂ)—](ﬁ\)S\/;+ e C.

where C* = max,, IESNdn*”(Ey_nl/qu(S, 7*(s))l]>- [

C Technical Details for Reward-Free Model

C.1 Proof of Theorem 4.1

We begin by introducing two fundamental concentration inequalities that will be useful in our
analysis.

Proposition C.1 (McDiarmid inequality, Vershynin [2018] ). Let X4,---, X,, be independent random
variables in X, let g : X — R be a function of Xy,---, X, s.t. Vxq,-++,%,,x] € X, |h(xy, -+, Xj, -, %) =
h(xq,--,x},--+,x,)| < c. Then for all 56> 0, with probability at least 1 -6, we have

|h(Xqy, -+, X,)—E(h(Xy,--, X)) <c 711%(2/5)

Proposition C.2 (Binomial concentration inequality, Xie et al. [2021]). Suppose N ~ Ber(n,p),
which is a Bernoulli distribution with parameter n > 1 and p € [0,1]. Then with probability at least
1 -9, we have
P 8log(1/0)
Nvl~ n

Lemma C.3. With probability at least 1 -0,

2log (2MSA?/5)
no(m,a,a’,s)v1

, forVm,s,a,a’;

(1) [Ns,m(a,a’) = Ng ,(a,a”)| < \/

2log (2MSA?/9)
min,, ng(m,a,a’,s) V1

, for ¥s,a,a’.

(2) |Ns(a,a’) = NZ(a,a’)| < \/

Proof. (1) For fixed m,s,a,a’, define n” = ny(m, a,a’,s). The cases where n” = 0 is trivial. For n’ > 1,
let X, ; for i € [n’] represent all the binary responses corresponding to the pair (s,a,4’) in D,,,.
Let h(X) = :’:1 X;/n’. Since |X; — X/|/n’ < 1/n’. we apply Proposition C.1 and substitute ¢ with
1/n, then with probability at least 1 — 9, we have

#aa>a’s) N¢p(a,a’)+1
#ula>a’;s)+#,(a > a;s) 2
|#ma>a’ss) Niplaa’)+1
B n’ 2
#,,(a>a’;s)

== ~-P,(y=1|s,a,4a’)
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n’log(2/9)

1
<_
n’ 2

So for fixed m, s,a,a’, with probability at least 1 -9,

Ngu(a,a’)+1  N¢,(a,a’)+1 2log(2/9)
N ’ ) _Nx- ; ’ <2 s,m _ S,m < )
[Nyula,@') = N (a,a') . : P
Then with probability at least 1 — MSA?2S,
2log(2/6
INs,m(a,a’) = Ng ,(a,a’)| < 0g(2/9) Vs, m,a,a’.

no(m,a,a’,s)

Substitute 6 with 6/(MSA?), we complete the first part.
(2) With probability at least 1 -9, for Va,a’,s,

2log (2MSA?/5)
min,, no(m,a,a’,s)’

Thus we conclude the proof.
Now we present the detailed proof of Theorem 4.1.

Proof. First, from Lemma C.3, with probability at least 1 —0/2,

2log(4MSA?/5)
min,, ny(m,a,a’,s)v1’

Vs,a,a’.

|Ns(al [,Z,) —N:((l, a’)l < BS((Z, a,) = \/

We note that ng(m,a,a’,s) ~ B(n,p(s)df(a,a’)), then from from Proposition C.2, with probability

at least 1 —9/2,
p(s)dE (a,a’) <8log(2MSA2/6)
no(m,a,a’,s)v1 n

7
, VYm,s,a,a’.

Thus the above inequalities hold simultaneously with probability at least 1 — 0. Next, recall that

Ds,qs = argmax, min, p (N, — B,)q and p}, g5 = argmax, min, p " N;q, we have:

minp] N2g > minp? (N, - B,)g (using N; > N, - By)

= p\sT(Ns - Bs)/q\s

> p: " (N5 — By)g; (using the definition of 7;)
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= Py NIy + P T (Ng = NJ)q; — pi " Bogs
> minp{" Niq - 2p;" By (using N > N; - By)
q

= —2p'TB,7, (the value of the matrix game N; = 0)
= —ZIEa~p B (a, a,)
a’~q;

=~2Eap;

\/ 2log(4MSA2/5)

min,, ng(m,a,a’,s) V1

2 ~
> 2B, 4\/ log” (4MgSA /9) (using (24)).
@'~ np(s)ds (a,a’)

To simplify the notation, let i = log(4MSA?/5), and denote dI = df;'?]\s. We have

1
mm JiNig>-8 d(a,a
ps Ngq > Z’? ()dg(aa)
a,d)
=-8) Vd(a,d )| ————
Z‘ P( )dg(ﬂ a’)
-8 dl(a,a’)A%n (Cauchy-Schwartz inequality)
\/; np(s dg (a,a )
> —8 —g
np(s)ds (a,a)
C*
> — = =—e
8An ” €

Thus we conclude that p; satisfies min, p] N;g > —¢, which implies the following equivalent
conditions:

Z?s(a)Ns*(a, a')>-e, Vas, (25)
acA

Zﬁs(a) =1, Vs.

acA

Our objective is to establish that the probability distribution p over policy space IT satisfies the

following conditions:
fo(n)T*(n,n’) > ¢, V71U,

Since p(1) = [ [ses Ps(7(s)), it follows straightforwardly that: } .7 p(7) = 1. Besides, notice that

Y PRT (o) = ) Bl ) poNi(re(s) 7'(s))

nell mell seS
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=) ps ) PN (m(s), 7 (5)) (26)

se§  mell

We now separate the terms for different states. For simplicity, let S = {si}is:1 and p;, = p; for
i € [S]. Thus, for each state s;, we have

Y PUON; (re(si), 7'(s:)

mell

s
- Z l_[fa}(n(si))N;(ﬂ(Si)’71'(51'))

nell i=1

= 1| [Bitetsimi (e(si NG (re(si), 7' (s:)

nell j=i

Y 1By || ) BirsiNg (elsi), 7' (i) | > e
n(\;Ji)e.A j#i 7(s;)eA
j#i

The last inequality holds because the first term equals 1, and the second term is greater than or
equal to —¢ for all a” = 7t/(s;) using (25). Therefore, combining with (26) implies that

Z?’\(F)T*(ﬂ,ﬂ') > - Zpse = —¢.

mell

Now we conclude the proof. [

C.2 Proof of Theorem 4.3

This proof follows a result similar to the one presented in Fishburn [1984].

Proof. Suppose N ,,(a,b) > 0 for Vm and the inequality holds for some specific m, then from
transitivity we have Ng u(a,¢) > N¢ (b, c) for Ye. Therefore, N¢(a,b) > 0 and N{(a,c) > N; (b, c).

Now, define p} as the probability distribution p; with the following modifications:
pi(a) =ps(a) +ps(b),  Ps(b)=0, Pi(c) =Ppslc)c € a,b).

It then follows that

ps " NJPs =N (a, b)[(ﬁs( )"'f)\s(b))i)\s(b)_o'f’\s(a)]

+ ) N +(a) + B3(0)Bs(0) P ()P (a)]
ceS\{a,b}

+ ) NXB,O[0-Fi0) - BB (b)]

ceS\{a,b}

=Pu(0) [N @B (@) +Pu0) + ) Pule)(NZ(a,¢) = Ni(b,c))
ceS\{a,b}
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>7,(b)*N;(a,b). (27)
Notice that with probability at least 1 — 6, we have

Py NiPs =-p; Nyps < &. (using Py Nip; > m;n?}TNﬁq > —¢)

where ¢ is defined in Theorem 4.1. Therefore, (27) implies that € > p,(b)*>NZ(a, b), which leads to
the following inequality for py(b):

7.(b) < \e/Ni(a,b) = [8Alog(2MSA2/6)w/ f:/N;(a,b))

1/2
:K[Alog(ZMSAZ/cS) %] )

where K is a constant that depends on N/ (a,b). [

We now proceed to demonstrate the necessity of transitivity. Consider a simple example with
three alternatives: Suppose that N¢,,(a,b) = 1,N¢,,(b,c) = 1,N; ,,(c,a) = 1 for ¥m. This means
that for each individual, given comparison of (a,b), a > b with probability 1. The same holds for
the other pairs. Therefore, all individuals have deterministic preferences with respect to the

three alternatives, and the preference matrix takes the following form:

Since everyone has absolute preferences, there is no need to introduce a confidence bound for
the rankings. As a result, the von Neumann winner directly yields the outcome (1/3,1/3,1/3).
However, as item b is Pareto dominated by item g, the result stated in the previous theorem
does not hold anymore, where transitivity is assumed. Without transitivity, it may not have
consistent preferences. The transitivity is indeed a necessary condition for the result to hold.

D Experimental Details

This appendix provides additional details for the experiments in Section 5.

D.1 Experimental Details for Section 5.1
D.1.1 Dataset Construction.

We construct a finite contextual-bandit instance designed to illustrate two features of the pro-
posed method. First, the parties have heterogeneous preferences but share a low-dimensional
reward representation. Second, the comparison features span a substantially larger ambient
space, so the learner must identify the reward-relevant subspace from the observations. Specifi-
cally, we consider 3 states, 9 actions, and M = 24 parties, with ambient dimension d = 24 and
latent dimension r = 3. The state distribution p is uniform over S = {sy, 5,53}, and A = {ay,...,a9}.
We write [q] ={1,...,4}.
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The true parameter matrix satisfies
©*=(63,...,05) =U"a’, at = (aj,...,ap) e R¥>*,

where

Thus, the true party parameters lie in the three-dimensional subspace spanned by the first three
ambient coordinates. The representation U” is used only to generate the data and is unavailable
to the learner.

We divide the parties into three equally sized clusters. For j € [3], let
G ={8(Gj-1+1,...,8j}

Each cluster is associated with one of the three latent reward directions. For every j € [3] and
k € [4], we independently draw
Cj,k ~ Unlf(O, 005)

We assign to the eight parties in G; the antithetic perturbations

{gm tme G]} = {Cj,l;---;CjA; _Cj,lx' --I_C]',4};
and define
a*m:(1+£m)ej, 0,,=U"a;, mGG]

The continuous perturbations make the parties within each cluster distinct almost surely, while
their antithetic structure ensures

Zem:O, %Za;:ej.

meG]- ]l meG

Thus, the construction introduces party-level heterogeneity without shifting the three cluster
centers. Because these centers span the three latent directions, the resulting party-parameter
matrix has rank 3. The parameters are generated once and held fixed across all repetitions, so
only the sampled comparison labels vary between repetitions.

We next construct the feature vectors. Write ¢(s,a) = (¢1:3(s, a), Pa.04(s, a)), where the first three
coordinates determine the true rewards. They are given by

action $1:3(s1,4) $1:3(s2,4) = P1:3(53,4)
a1 | (7/2,=1/4—3/8)7 | (13/4-1/2,-1/2)
ap (-1/2,3,-1/2)7 (-1/2,3,-1/2)T
as (-1/2,-1/2,3)7 (-1/2,-1/2,3)T
a (3/4,3/4,1/2)" (3/4,3/4,1/2)7
as,...,as (0,0,0)7 (0,0,0)T
ag (-1,-1,-1)T (-1,-1,-1)T.

This construction gives the actions distinct roles. Actions ay,4;, and aj are specialist actions
favored by clusters Gy, G, and G3, respectively, whereas a4 provides a compromise that assigns
positive reward to all three clusters. Actions as,...,ag carry no true reward signal, and aqg
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serves as the common comparison reference. The construction therefore creates a transparent
collective-choice problem in which policies must trade off the interests of the three party
clusters.

. . . . 24
We use the remaining 21 coordinates to provide ambient feature coverage. Let eg ) denote the
t-th standard basis vector in R?*, and write

Pon = P1:3(s0an).

Define
N ={(1,4)U({2,3)x[4])U([3]x(5,6,7,8}),

and, for (¢,h) e NV, let

4, (&,h) = (1,4),
c(6,h)y=d4+4(C-2)+h, 0e(2,3), he4],
12+4(€-1)+(h-4), €€[3], he(5,6,7,8).

Set 24)
. {3%(&,1), (€,h) €N,

054, otherwise,

and define the complete feature vector as

(se, ap) = (qgg’h) + e p
21

For example, (s1,a4) receives nuisance coordinate 4; (s,,a1),...,(sy,a4) receive coordinates 5, ..., 8;
(s3,a1),...,(s3,a4) receive coordinates 9,...,12; and the state-action pairs involving as,...,ag
receive coordinates 13,...,24. All other state-action pairs have zero nuisance coordinates.

Because every 0;, is supported on the first three coordinates, these nuisance features do not
affect any party’s true reward. Their role is statistical: they provide 21 mutually orthogonal
comparison directions and make the ambient comparison covariance full rank. An unrestricted
estimator must therefore operate in all 24 dimensions, whereas the joint estimator can reduce
estimation error by learning that the party rewards share a three-dimensional representation.

This construction satisfies the assumptions used in our analysis. In particular, the party-
parameter matrix has rank 3, the comparison covariance is positive definite, and the three party
clusters provide nondegenerate coverage of all latent directions. Moreover, we take the latent
preference parameter norm bound B = 1.06 and normalization constant Cy = 8.5, the parameter
and feature bounds satisfy

Co-Bmax|g(sall, >0,

so all values entering the Nash welfare objective and its pessimistic counterpart remain positive.
The concentratability coefficient is also finite because the comparison distribution covers the
feature directions used by the optimal policy.

Building on the above construction, we now describe data collection process. For every state,
each action ay, h € [8], is compared against the reference action ag. This produces the 24
comparison cells

{(551 ns a9) L€ [3], he [8]}1
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and each party’s comparisons are allocated as evenly as possible across these cells. Let X, =
b (sp,an) — ¢(se, a9). The preference label is generated according to the BTL model in Section 3,
with winning probability ®((6;,, X¢5)).

The horizontal-axis quantity # in Figure 2a denotes the minimum per-party sample size. Within
each cluster G;, random half of the parties provide n comparisons each, while other parties
provide 2n comparisons each. The total number of comparisons across all cells is 36n. We use
n =150,300,...,3000 and conduct 100 independent repetitions at every sample size.

D.1.2 Learning methods and baselines.

Our method applies the joint low-rank MLE followed by the pessimistic Nash welfare optimiza-
tion in Algorithm 1. It jointly estimates the shared representation U and the party-specific
coefficients {b?m}lr\le, subject to

UTU=1, |Uayl,<B  B=1.06.

The numerical procedure alternates between updating the shared representation and updating
the party-specific coefficients, using three initializations.

We compare our method with three plug-in baselines. The independent baseline 7;,,4 estimates
one unrestricted d-dimensional parameter for each party and therefore isolates the benefit of
learning a shared low-dimensional representation. The remaining two baselines discard party
identities, pool the observations, and fit a single reward parameter, but differ in how they weight
the observations. Let £,,(0) denote the unnormalized BTL negative log-likelihood for party m.
The pooling-obs baseline 7,q0]-0bs SOlVes

M

in Y £,(0),
||5I|E2321 %)

m=

so each comparison observation receives equal weight and parties with more comparisons

contribute more strongly. In contrast, the pooling-party baseline Tt,o01 party solves

M
1 ¢, (0
min — E m( ),
||9||2<BM =1 Ny

so every party receives equal total weight regardless of its sample size. Comparing these two
pooling baselines separates the effect of unequal observation counts from the more fundamental
loss of information caused by pooling heterogeneous party preferences.

All policies are deterministic. We enumerate the full policy class IT = AS with [TT| = 93 = 729,
and define p; = E;_,[p(s, 7t(s))]. For party m, let

n
1 & -
Y, = - ;1 XX

The confidence set used by our method is

©5(6,,) = {0: 116l <B, 116 = B,llx,, <T},
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where

-k r? . dr?logd + rlog(M/o)
n Mn

and we set K = 2.6,0 = 0.05. We shall validate empirically in D.1.4 that this choice of K provides

consistently high marginal and simultaneous empirical coverage across the reported sample-size

range. For every candidate policy, the implementation computes the pessimistic value of each

party by solving

7

min  Cy + ;. 0.

96@3(9,,,)

It then selects the policy that maximizes the geometric mean of these party-specific worst-case
values. The optimization is performed over the exact intersection of the confidence ellipsoid
and the parameter ball. The true parameters are used only to evaluate the resulting policies and
are never provided to the learning methods.

D.1.3 Evaluation Metric.

Let 7T, Tind, Tpool-obs» aNd Tpool-party denote the policies produced by our method, the indepen-
dent baseline, and the two pooling baselines, respectively. For a deterministic policy 7, define
party m’s true value as

Vin(1t) = IEs~p[Rm,6:,,(5; 7(s))].

We evaluate the Nash, Utilitarian, and Egalitarian welfare functions

M
[ [Vt
m=1

For F € {N, U, E}, define the corresponding welfare suboptimality by

SubOpt(7) = IQE%%(]F(TZ) —Jr(70).

1/M

M
() = = 5p ) Valm), el = min V(o)
m=1

me[M]

The left panel of Figure 2a reports the mean Nash welfare suboptimality of our method and the
three baselines, together with 95% Monte Carlo confidence intervals over the 100 repetitions.
The right panel evaluates the policies produced by our method and pooling-obs under the
Utilitarian and Egalitarian objectives. These policies remain Nash-targeted and are not re-
optimized for the alternative welfare objectives. For each F € {U,E}, the reported quantity

1S
Il:jrep[SUbOptF(7/—(\)]
lErep [SUbOPtF (ﬁpool-obs )] '

This is the ratio of the mean suboptimalities across repetitions.

We additionally measure the dispersion of party-level regret. For any learned policy 7, define
party m’s average classical regret as

Regret,, (1) = E,p [max V(1) — Vm(ﬁ')]
nell

The mean pairwise difference in average party regret is

D(r) = m Z |Regretm(ﬁ) —Regretm,(ﬁ)|.

m#m
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The Difference curve in the right panel reports D(ni)(—?b)’ where a ratio below one means that our
pool-obs

method produces a smaller mean pairwise disparity in parties’ average regrets than pooling-obs.

This metric describes how evenly regret is distributed across parties in this experiment, serving

as a partial evidence of fairness.

D.1.4 Confidence-set coverage.

For party m, confidence-set coverage is the empirical probability of the event 16, - Oulls, <T.
Marginal coverage averages this event over parties and repetitions, whereas simultaneous
coverage requires the event to hold for all 24 parties in the same repetition. The latter is the
more demanding criterion and corresponds more closely to the joint event required when
optimizing a collective policy. Figure 3 reports both measures for K € {2,2.4,2.6, 3}.

Marginal Party Coverage All-Party Simultaneous Coverage
o0 = e T R | \_\/_\/ \\ >Q7‘—‘—‘—‘
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150 600 1200 1800 2400 3000 150 600 1200 1800 2400 3000
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Figure 3: Empirical confidence-set coverage. The left panel reports marginal coverage over parties and
repetitions, while the right panel reports simultaneous coverage over all 24 parties.

For the main choice K = 2.4, the aggregate marginal coverage is 99.96%, while simultaneous
coverage averaged over the sample-size grid is 99.15%. The minimum simultaneous coverage
at an individual sample size is 98%. Thus, K = 2.4 provides consistently high marginal and
simultaneous empirical coverage across the reported sample-size range under the current
experimental setup.

D.1.5 Estimation accuracy and efficiency.

To separate the benefit of shared-representation learning from the effect of pessimistic policy
selection, we compare the joint and independent estimators using

M 1/2

— 1 — 12

£5.0) =8 ) 10, = 03,
m=1

The fixed population covariance X, is used only for this diagnostic; the pessimistic policy
optimization continues to use the party-specific empirical covariance matrices ¥,,,.

56



Parameter Estimation Error
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Figure 4: Population-covariance-weighted estimation error of the joint low-rank and independent MLEs.

The joint estimator has lower estimation error than the independent estimator throughout
the reported sample-size range. At n = 150, its mean error is 0.399, compared with 0.622 for
the independent estimator. At n = 3000, the corresponding errors are 0.119 and 0.225. Both
estimators improve as the sample size increases, but the persistent gap shows the statistical
benefit of estimating the shared three-dimensional representation rather than learning 24
coordinates separately for every party.

D.2 Further Details for the General Pairwise-Preference Experiment (Section 5.2)

This section provides implementation and diagnostic details for the general pairwise-preference
experiment reported in Figure 2b. We use a separate one-state setting. Although we use a
BTL model to generate a controlled population preference matrix, the proposed method and
the pooling baseline observe only pairwise comparison outcomes. Denote the state by s, let
A ={ay,a,,a3}, and set M = 2. The feature vectors and ground-truth parameters are

P(ar)=(1,0)7, ¢(a)=(0,1)T, ¢(az)=(0,0)7,  67=(1,0.1), 03=(0.2,1).

Thus, Rg: (s,a) = (0;,, ¢(a)). We use the BTL model only to generate a controlled population
preference matrix:

1

P,(y=1|ad,s)= @(Rg;’(s, a) —Rg;n(s,a')), D(x) = -

Neither the proposed method nor the pooling baseline observes the rewards, features, or
parameters. Following Section 4, the party-specific population preference matrix is

N (a,a’):=2P,(y=1]|ad’,s)-1, N;,(a,a)=0,

and the equally weighted population target is N; := % M Ngy=(Ngp +N,)/2.
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Sampling and estimation. The minimal party sample size is n € {400,800,...,4000}. We
allocate |D;| = n comparisons to Party 1 and |D,| = 2n to Party 2, and distribute each party’s
comparisons evenly among the three unordered action pairs. Each setting is repeated 500 times.
Using the notation in Section 4.1, let

no(m,a,a’,s):=#,,(a>a’;s)+#,,(a" > a;s)
and define

#.(a>a’;s)—#,,(a > a;s)
nog(m,a,a’,s)

N m(a,a’) :=

We then form the party-balanced matrix and its confidence bonus as

- \/ 2log(4MSA2/5)

M
1
N y ¢ = — N » ,; B » . »
(@) M Z sm(@ @) (4,4 min,, ng(m,a,a’,s) V1

m=1

for a # a’, with zero diagonal and 6 = 0.05. Here S =1 and A = 3. We implement Algorithm 2
exactly by solving

—_ ~ . T

,g, = arg max min N.-B,)g.

Pss =arg max min p (N Bi)q
The observation-pooling baseline first pools the two parties’ comparison counts to construct
N pool, @and then solves the corresponding matrix game without a confidence bonus. Both
methods are evaluated on the same simulated data in each repetition.

Evaluation and the pooling limit. Because N; is skew-symmetric, its game value is zero. We
therefore report the nonnegative game-value suboptimality
. —T %
— min p; Ngq.
oy A)Ps sq

Figure 2b shows its mean and 95% Monte Carlo confidence interval over the 500 repetitions.
For this instance,
0 0.02098 0.28089
N ~[-0.02098 0 0.25604 |.
—-0.28089 -0.25604 0

Hence a; is the Condorcet winner of N;: it has positive population preference margin against
every other action. In contrast, because Party 2 provides twice as many comparisons, obser-
vation pooling converges to (N + 2N ,)/3, whose Condorcet winner is a,. Selecting 4, has
suboptimality 0.02098 under the equally weighted target N;, which explains the non-vanishing
pooling curve. Algorithm 2 preserves the intended equal party weights by normalizing within
each party before aggregation.

Lower-bound coverage. We additionally examine whether N, —cB; forms a valid simultaneous
lower confidence bound for the population preference matrix. For each ¢ € {0.2,0.3,...,1.0}, we
test whether

Ny(a,a’) — cBs(a,a’) < N (a,a’)

holds simultaneously for all a # a’. We remark that the multiplier ¢ is not an algorithmic
hyperparameter: Algorithm 2 and the main experiment use N — B, corresponding to ¢ = 1.
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Simultaneous Lower-Bound Coverage
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Figure 5: Empirical simultaneous lower-bound coverage for the general pairwise-preference experiment.
Each curve corresponds to a diagnostic multiplier ¢ on B;, and the dashed line marks the nominal
1-0=95% level. Algorithm 2 and the main experiment use the full confidence bonus (¢ =1).

Because Ng and N are skew-symmetric and B, is symmetric, this is equivalent to simultaneous
two-sided coverage over the three unordered pairs. Figure 5 shows that the full bonus covers
in every repetition at every sample size. Coverage is at least 99.4% for ¢ = 0.5 and falls below
the nominal 95% level for ¢ < 0.3, indicating that the theoretical bonus is conservative on this
instance.
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