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Abstract

Matrix product operator Born machines (MPO-BMs) are tractable tensor-network
models for probabilistic modeling, but their efficient approximation capability
remains unclear. We characterize this boundary from both negative and positive
perspectives. First, we prove that KL approximation is NP-hard for MPO-BMs in
the continuous setting, ruling out universal efficient approximation in the worst
case. Second, for score-based variational inference, we show that, under a locality
and spectral-gap conditions on the loss-induced Hamiltonian, structured targets
(e.g., path-graph Markov random fields) admit MPO-BM approximations with poly-
nomial bond dimension and provable KL guarantees. Third, under the same locality
structure, we prove that polynomially many score queries suffice to estimate the
induced Hamiltonian and obtain such guarantees. Our results provide a theoretical
characterization of when MPO-BMs are fundamentally hard to approximate and
when they become efficiently learnable.

1 Introduction

Tensor networks provide remarkably efficient parameterizations for extremely high-dimensional
objects. In particular, matrix product states (MPS, Perez-Garcia et al. [2006]), also known as
tensor trains [Oseledets, 2011] and their operator counterpart, matrix product operators (MPOs), can
represent exponentially large vectors or operators using a number of parameters that grows only
linearly with the dimension. This efficiency has led to a wide range of applications in machine
learning [Novikov et al., 2015, Kossaifi et al., 2020, Chen et al., 2024].

In these applications, one important branch is probabilistic modeling, where tensor networks are
used to represent probability distributions. For instance, MPS Born machines [Han et al., 2018] have
been proposed for learning discrete distributions from images and physical systems. Subsequent
works extend this idea to more general tensor network architectures [Cheng et al., 2019, Liu et al.,
2023], basis functions [Meiburg et al., 2025], and even quantum implementations [Tian et al., 2023].
Among these models, MPO Born machines (MPO-BMs) are particularly appealing: they inherit the
computational efficiency of tensor networks while exhibiting strictly greater expressive power than
many probabilistic modeling methods [Glasser et al., 2019].

Despite these advantages, the theoretical understanding of MPO-BMs remains incomplete. In
particular, although MPO-BMs are known to be expressive [Glasser et al., 2019, Loconte et al., 2025b],
the efficient approximation capability of MPO-BMs is still unclear. Given a target distribution, several
fundamental questions arise: (i) Can MPO-BMs efficiently approximate arbitrary distributions? (ii)
Which classes of distributions admit accurate approximation with low bond dimension? (iii) How
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many queries to the target distribution are required to obtain a guaranteed approximation? Answering
these questions is key to understanding the fundamental limits of TN-based probabilistic models and
to guiding the design of efficient approximation and learning algorithms.

In this work, we provide a rigorously-proved answer to these questions by characterizing both the
limitations and the efficient regimes of MPO-BMs. We begin with a negative result: we show that
approximating an arbitrary target distribution with bounded KL error is NP-hard. This implies
that MPO-BMs cannot serve as universally efficient approximators in the worst case, even when
approximation (rather than exact representation) is considered.

We then turn to the positive side by analyzing score-based variational inference (SBVI). We show
that, for a broad class of structured distributions, MPO-BMs can achieve efficient approximation with
both polynomial bond dimension and polynomial query complexity. Inspired by the prior work [Cai
et al., 2024], we connect SBVI to the well-known ground-state problem in physics, and establish that
when the loss-induced Hamiltonian exhibits locality and a constant spectral gap, the optimal solution
admits a MPO approximation with low bond dimension. This setting naturally includes important
models such as path-graph Markov random fields.

Furthermore, we characterize the query complexity required to learn such approximations. We show
that, under locality assumptions, the number of queries to the target distribution scales polynomially
with the dimension, avoiding the curse of dimensionality. This stands in sharp contrast to global
estimation strategies, where the required number of samples grows exponentially.

We summarize our main contributions as follows:

• Computational limitation. We prove that KL approximation is NP-hard for MPO Born
machines in the continuous setting.

• Efficient approximation regime. We identify a structured regime in which MPO-BMs
admit efficient approximation: when the Fisher-divergence Hamiltonian induced by the
target distribution is local and has a constant spectral gap, MPO-BMs achieve polynomial
bond dimension with provable KL guarantees. We further show that path-graph Markov
random fields induce local Hamiltonians, while the spectral-gap condition is treated as an
explicit assumption.

• Polynomial query complexity. We prove that, under the same locality structure, the induced
Hamiltonian can be estimated from polynomially many score queries, yielding an MPO-BM
with polynomial bond dimension and provable KL guarantees.

The correctness of our theoretical findings on low bond dimension and query complexity is further
supported by numerical experiments.

2 Preliminaries

We briefly review MPOs, MPO-BMs, and the SBVI formulation used in our analysis.

Notation. We write [D] := {1, . . . , D}. For S ⊆ [D], xS and xS̄ denote the corresponding
subvectors. For a matrix A, ∥A∥Sp denotes the Schatten-p norm; in particular, ∥A∥S∞ and ∥A∥S1

correspond to the spectral norm and trace norm, respectively. We write A ⪰ 0 to denote that A is
positive semidefinite (PSD), and tr(·) for the trace. The notation poly(·) denotes a polynomial in its
arguments, and O(·), Ω(·) hide universal constants.

2.1 Matrix Product Operator

We begin by introducing the matrix product operator (MPO), a tensor network representation for
high-dimensional linear operators associated with a path graph.

Let H :=
⊗D

d=1 RK be a D-site Hilbert space with local dimension K. A linear operator ρ : H → H
can be viewed as a tensor of order 2D with entries ρ(i1, . . . , iD, j1, . . . , jD), where id, jd ∈ [K] for
all d ∈ [D].
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Definition 2.1 (Matrix Product Operator). An operator ρ is said to admit an MPO representation
with bond dimensions {Rd}Dd=0 (with R0 = RD = 1) if its entries can be written as

ρ(i1, . . . , iD, j1, . . . , jD) =
∑

α1,...,αD−1

G
(1)
1, i1,j1, α1

G
(2)
α1, i2,j2, α2

· · ·G(D)
αD−1, iD,jD, 1, (1)

where G(d) ∈ RRd−1×K×K×Rd are the core tensors for d ∈ [D].

The maximum bond dimension R := maxdRd controls the expressive power of the MPO. The
number of parameters scales as O(DK2R2), which is polynomial in D when R = poly(D). This
representation thus provides a compact parameterization of exponentially large operators.

For convenience, we denote by MPO(R) the set of operators that admit an MPO representation with
maximum bond dimension at most R.

2.2 MPO Born Machine

In this paper, we consider Born machine defined via density operators and feature maps. Given a
D-dimensional random variable x ∈ RD, the model defines a density function as follows:

qρ(x) = Φ(x)⊤ρΦ(x), (2)

where Φ(x) ∈ RKD

denotes a tensorized feature map and ρ ∈ RKD×KD

is a density operator.

Feature map. The feature map is defined as a tensor product of local basis functions:

Φ(x) =

D⊗
d=1

ϕ(xd), (3)

where ϕ : R → RK is a vector-valued function satisfying the orthonormality condition∫
ϕ(x)ϕ(x)⊤dx = I .

Density operator. The parameter ρ is assumed to be a PSD operator with unit trace:
ρ ⪰ 0, tr(ρ) = 1. (4)

Under this assumption, qρ(x) defines a valid probability density function.

MPO-BM. In this work, we are interested in ρ in the MPO class, i.e., ρ ∈ MPO(R) with bond
dimension R = poly(D). Since a general density operator ρ requires O(K2D) parameters, the
MPO restriction reduces the parameter complexity to O(DK2R2), which is polynomial in D. This
restriction is essential for computational efficiency and forms the basis of our analysis.

An important property of MPO-BMs is that they would admit tractable marginalization. Specifically,
for any subset S ⊆ [D] and any measurable set A ⊆ R|S|, the marginal probability

Qρ(A) =

∫
xS∈A

(∫
qρ(xS , xS̄) dxS̄

)
dxS (5)

can be computed exactly in time polynomial in D.

This property follows from the tensor network structure of ρ: marginalization corresponds to con-
tracting a subset of local tensors in the MPO representation, which preserves the network structure
and can be carried out efficiently when R = poly(D) and all required one-dimensional integrals
involving the basis functions ϕ(·) can be evaluated exactly in constant time, e.g., Hermite or Fourier
bases.

2.3 Score-Based Variational Inference and EigenVI

To analyze both model and query complexity of MPO-BMs, we consider the task of score-based
variational inference (SBVI), motivated by the big success of score-based methods in generative
modeling. Given a target density p(x), SBVI seeks a model qρ by minimizing the Fisher divergence:

min
ρ

1

2

∫
qρ ∥∇x log p(x)−∇x log qρ(x)∥2F dx︸ ︷︷ ︸

DF(q∥p):=

. (6)
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Here DF (q∥p) denotes the Fisher divergence:

DF (q∥p) :=
∫
q(x) ∥∇x log q(x)−∇x log p(x)∥2F dx. (7)

The following lemma shows that the Fisher divergence controls the KL divergence if p satisfies a
Log-Sobolev inequality with constant c, written as LSI(c) for short2.
Lemma 2.2. Let p, q be smooth densities with the same support. If p satisfies LSI(c) for some c > 0,
then

DKL(q∥p) ≤
1

2c
DF (q∥p), (8)

where
DKL(q∥p) :=

∫
q(x)

(
log q(x)− log p(x)

)
dx. (9)

EigenVI formulation. To solve (6), Cai et al. [2024] proposes EigenVI, parameterizing with
ρ = θθ⊤ for modeling qρ(x), where θ ∈ RKR

denotes a vector with unit norm. EigenVI shows that
the optimal θ can be obtained by solving the following eigen problem:

min
θ
θ⊤Hθ, s.t. ∥θ∥22 = 1, (10)

where the matrix H admits the decomposition

H =

∫
H(x)dx :=

∫
H1(x)dx− 2

∫
H2(x)dx+ 4

∫
H3(x)dx,

H1(x) =

D⊗
d=1

(
ϕ(xd)ϕ(xd)

⊤) ∥s(x)∥2F ,
H2(x) = Φ(x)s(x)⊤Φ̇(x) + Φ̇(x)⊤s(x)Φ(x)⊤,

H3(x) = Φ̇(x)⊤Φ̇(x),

(11)

with s(x) := ∇x log p(x) the score function. The Jacobian Φ̇(x) ∈ RD×KD

is given by

Φ̇(x) =



ϕ̇(x1)⊗
[⊗D

d=2 ϕ(xd)
⊤
]

ϕ(x1)
⊤ ⊗ ϕ̇(x2)⊗

[⊗D
v=3 ϕ(xd)

⊤
]

...[⊗l−1
d=1 ϕ(xd)

⊤
]
⊗ ϕ̇(xl)⊗

[⊗D
d=l+1 ϕ(xd)

⊤
]

...[⊗D−1
d=1 ϕ(xd)

⊤
]
⊗ ϕ̇(xD)


, (12)

where ϕ̇(x) :=
[
dϕ1(x)

dx , dϕ2(x)
dx , . . . , dϕK(x)

dx

]
∈ R1×K , d ∈ [D]. It is no hard to see that the matrix

H must be PSD, and the optimal θ thus equals the eigenvalue of H with respect to the minimum
eigenvalue.

Estimating H with importance sampling. Computing H exactly requires evaluating high-
dimensional integrals. In EigenVI Cai et al. [2024], the integral is estimated using importance
sampling. Let π(x) be a proposal distribution whose support covers that of the target score, and let
{xi}mi=1 be i.i.d. samples drawn from π. Then H can be approximated by

H̄ :=
1

m

m∑
i=1

H1(xi)− 2H2(xi) + 4H3(xi)

π(xi)
. (13)

In EigenVI, π is chosen as the uniform distribution over a compact domain in RD. However, when
π is poorly matched to p, the variance of H̄ scales exponentially with D, reflecting the curse of
dimensionality. In this work, we show that by exploiting the locality structure ofH , it can be estimated
from polynomially many samples (i.e., score queries), thereby avoiding the curse of dimensionality.

2A formal definition is given in Appendix
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3 Main Results

In this section, we characterize the approximation complexity of MPO-BMs. We first show a worst-
case limitation: no tractable-marginal model, and hence no polynomial-bond-dimension MPO-BM,
can universally approximate arbitrary continuous densities with bounded KL error unless P = NP.
We then identify regimes where MPO-BMs are efficient: under locality and spectral-gap assumptions,
both the required bond dimension and the number of score queries scale polynomially with D.

3.1 Hardness of Approximation in the Worst Case

Prior studies mainly focus on the expressiveness of Born machines Glasser et al. [2019], Loconte
et al. [2025b]. Here, we instead study their approximation complexity: whether a target density can
be approximated up to a prescribed error by a computationally tractable model. Formally, we define
the ϵ-approximator w.r.t. the KL divergence as the metric:
Definition 3.1 (ϵ-KL-Approximation). Let p, q be probability density functions. We say that q is an
ϵ-KL-approximator of p if DKL(q∥p) < ϵ for some ϵ > 0.

In the following, we show that such approximation is computationally intractable in the worst case.
Theorem 3.2 (Hardness of KL-approximation). Given a density p, for any 0 < ϵ < 1

8 , it is
NP-hard to represent its ϵ-KL-approximation as a model that admits tractable marginals.

The proof is inspired by Leland and Choi [2025], which establishes hardness for probabilistic circuits.
Our result extends this hardness result from discrete mass functions to continuous densities. At a
high level, we reduce SAT to the approximation problem by constructing, for each Boolean formula,
a continuous target density whose probability mass over a specific event encodes satisfiability. An
accurate approximation with tractable marginalization would allow this probability to be computed
efficiently, and hence would decide SAT in polynomial time.

The key step compared to the prior work is to embed Boolean assignments into disjoint regions of RD

using non-overlapping bump functions. The Boolean formula is then encoded through polynomial
operations, so that the resulting density concentrates mass on regions corresponding to satisfying
assignments. This preserves the SAT structure while producing a valid continuous density. The full
proof is deferred to Appendix A.2.2.

Since Theorem 3.2 applies to any probabilistic model with tractable marginalization, it immediately
yields a limitation for MPO-BMs. As we have known in Sec. 2.2, MPO-BMs with R = poly(D)
admit tractable marginalization. We therefore obtain the following corollary.
Corollary 3.3 (No Universal Efficient Approximation). Unless P = NP, there is no polynomial-
time algorithm that, for an arbitrary target density p, outputs an MPO-BM qρ with bond dimension
R = poly(D) such that DKL(qρ∥p) < ϵ for any fixed 0 < ϵ < 1

8 .

Remark 3.4 (On Fisher-divergence hardness). The above reduction establishes hardness under KL
divergences, but does not directly extend to Fisher divergence. While Fisher divergence can control
KL divergence under additional assumptions such as log-Sobolev inequalities, the SAT-embedding
construction produces densities with separated high-probability regions. Such bottleneck structures
allow functions to vary significantly while incurring negligible gradient cost, leading to degenerate
LSI constants. Therefore, transferring hardness to Fisher divergence requires either additional
assumptions or a different reduction with better geometric regularity.

3.2 Guaranteed Efficient Approximation under Structural Targets

While MPO-BMs are not universally efficient approximators, they become efficient for a broad class
of structured distributions, such as path-graph Markov random fields. In this regime, both the required
bond dimension and the number of queries scale polynomially in D, yielding provable guarantees on
approximation error.

3.2.1 From SBVI to a mixed-ground-state problem

To establish the provable guarantee for MPO-BM, we consider the following generalization of
EigenVI introduced in Sec. 2.3. By removing the rank restriction to ρ, we study the following
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optimization problem:
min
ρ⪰0

tr(ρH), s.t. tr(ρ) = 1, (14)

where H is constructed from (12) determined by the target density p and the feature map Φ.

Let ρ∗ denote an optimal solution to (14). It is worth noting that (14) admits a natural interpretation
as a ground-state problem in many-body physics: the matrix H acts as a Hamiltonian, and ρ∗
corresponds to a (possibly mixed) ground state minimizing the energy. Our goal is to characterize
conditions under which ρ∗ admits an efficient MPO approximation, and the induced MPO-BM yields
a guaranteed KL approximation.

3.2.2 MPO-BM VI with infinite queries

We first consider the population setting, where H is constructed exactly from the target distribution,
i.e., we assume access to the exact score function and infinitely many queries.

Under this setting, the ground-state perspective allows us to leverage tools from many-body physics.
In particular, when H is local and has a constant spectral gap, area-law results imply that its ground
state admits an efficient MPO approximation. The following theorem formalizes this intuition.
Theorem 3.5. Let p be a probability density satisfying LSI(c) for some c > 0, and let Φ be a
differentiable feature map. If the induced matrixH in (11) forms a one-dimensional local Hamiltonian
over D sites with local dimension K = O(1) and O(1) spectral gap, then for any ϵ > 0, there
exists ρmpo ∈ MPO(R) with R = poly

(
Dλmax

cϵ

)
such that qmpo(x) = Φ(x)⊤ρmpoΦ(x) is an

(ϵ + λmin/c)-KL approximator of p, where λmax and λmin denote the maximum and minimum
eigenvalues of H , respectively.

In the proof, the key ingredient is the area law of Arad et al. [2026], which guarantees a polynomial-
bond-dimension MPO approximation of the ground state of a one-dimensional gapped local Hamilto-
nian. The resulting approximation error controls the Fisher divergence, which is then translated to
KL divergence via Lemma 2.2. The full proof is given in Appendix A.3.

Theorem 3.5 shows that efficient approximation is possible when H is local. A naturally following-up
question is thus for what p the induced Hamiltonian H is local? We next characterize a broad class of
target densities for which this condition holds.
Proposition 3.6. If p is a path-graph Markov random field (MRF), then the induced matrix H is a
one-dimensional k-local Hamiltonian with k ≤ 3.

The proof is given in Appendix A.4. This result provides a sufficient condition under which ρ∗
admits an efficient MPO representation. Path-graph MRFs cover a wide range of models in machine
learning, including autoregressive models, hidden Markov models, one-dimensional Ising models,
and pairwise energy-based models. This demonstrates that the locality assumption on H is mild and
widely applicable.

3.2.3 MPO-BM VI with finite queries

We now consider the finite-query setting, where H is not known exactly and must be estimated from
score queries. Let H̄ denote an estimator of H . We consider the empirical optimization problem:

min
ρ

tr(ρH̄), s.t. ρ =
1

r
UU⊤, U⊤U = Ir, U ∈ RKD×r, (15)

where r denotes the multiplicity of the minimum eigenvalue of H , and Ir denotes the r × r identity
matrix. That is, ρ is restricted to be a rank-r density operator supported on the ground-state subspace.

Note that fixing r is essential in the finite-query setting: although the population matrix H may have
a degenerate ground space of dimension r, estimation noise can break this degeneracy in H̄ , making
direct identification of the ground space unstable.

The following lemma establishes a concentration bound for estimating H via importance sampling
on local terms.
Lemma 3.7 (Concentration of locally estimated Hamiltonian). Let H(x) =

∑
e∈E he(x) be a

one-dimensional local Hamiltonian on D sites with local dimension K, where each he(x) depends

6



only on C = Θ(1) entries of x. Assume ∥he(x)∥S∞ ≤ J almost surely, where J = Θ(1). Let
H :=

∫
H(x) dx, h̄e = LC

m

∑m
i=1 he(x

e
i ), and H̄ =

∑
e∈E h̄e, where {xei}mi=1 are i.i.d. samples

drawn uniformly from [−L
2 ,

L
2 ]

C that covers the support of he, ∀e. Then, for any ϵ, δ ∈ (0, 1), we
have the probability Pr{∥H̄ −H∥S∞ ≤ ϵ} ≥ 1− δ provided that

m = Ω

(
D2

ϵ2
log

poly(K)

δ

)
, (16)

where the degree of poly(K) is a D-independent constant determined by the local support size of
each term. Consequently, since |E| = Θ(D) for one-dimensional local Hamiltonians, the total

number of queries satisfies mtotal = Ω
(

D3

ϵ2 log poly(K)
δ

)
.

The proof is given in Appendix A.5 based on Tropp’s Matrix Bernstein inequality [Tropp, 2015].

Lemma 3.7 shows that, under locality assumptions, the estimation error of H concentrates at a
polynomial rate in D, implying that the query complexity for estimating H is polynomial in D. In
contrast, global importance sampling over RD, as used in EigenVI, requires a number of samples
that grows super-exponentially with D (see Appendix B), thereby suffering from the curse of
dimensionality.

Combining the concentration result with the MPO approximation guarantee yields the following
theorem.

Theorem 3.8. Let p be a probability density satisfying LSI(c) for some c > 0, and let Φ be a differ-
entiable feature map. Suppose the induced matrixH =

∫
H(x) dx by (12) has a positive spectral gap

γ = O(1), where H(x) =
∑

e∈E he(x) is a one-dimensional O(1)-local Hamiltonian on D sites,
with local dimension of K, and he(x) depends only on O(1) entries of x with ∥he(x)∥S∞ = O(1)

for all e ∈ E. Let H̄ is obtained as in Lemma 3.7. Define η := min
{

γ
2 ,

γcϵ
cϵ+2λmax

}
. If

mtotal = Ω
(

D3

η2 log poly(K)
δ

)
, then there exists a MPO-BM (ϵ + λmin/c)-KL approximator with

R = poly(Dλmax

cϵ ), such that with probability at least 1− δ,

∥ρmpo − ρ̄∥S1 ≤ 2c

λmax
ϵ, (17)

where ρ̄ denotes the solution of (15), and λmax, λmin are the maximum/minimum eigenvalues of H .

The proof is given in Appendix A.6. Compared to Theorem 3.5, Theorem 3.8 shows that an efficient
MPO-BM can be obtained using only polynomially many score queries. The bound (17) further
implies that such a solution can be computed by solving (15).
Remark 3.9 (On the spectral gap assumption). We treat the spectral gap condition on H as a
working conjecture in this paper. Establishing such a gap directly from properties of p remains
challenging, since the spectral gap depends on the global spectrum of H , while H itself is constructed
through nonlinear operations on the score function s(x) = ∇ log p(x) and analyzed here primarily
via its local decomposition. In particular, local structure does not directly control global spectral
properties, making it difficult to infer a uniform gap from assumptions on p. Characterizing this
relationship is an important direction for future work. Nevertheless, our numerical results suggest
that the induced Hamiltonians exhibit effectively gapped behavior for a range of structured targets.

4 Related Work

Tensor-network-based probabilistic modeling. In probabilistic modeling, MPS, MPO and various
TN models are widely used to construct density or variational families [Han et al., 2018, Cheng
et al., 2019, Stokes and Terilla, 2019, Sun et al., 2020, Novikov et al., 2021, Bonnevie and Schmidt,
2021, Miller et al., 2021, Liu et al., 2023, Wu et al., 2025, Harvey et al., 2025, Ben-Dov and Chen,
2025]. To ensure nonnegativity of the model: one is to impose entrywise nonnegativity on TN
parameters [Akamatsu et al., 2026], or adopt Born machines based on quadratic forms of amplitudes
or PSD operators, which are closely related to quantum generative models [Moore et al., 2025, Tian
et al., 2023] and are generally more expressive [Glasser et al., 2019].
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Despite this progress, the capability boundary of Born machines remains unclear. Existing theory
focuses on expressivity or approximation guarantees without addressing when efficient learning is
possible. For instance, Peng et al. [2023] analyze TN density estimation via hierarchical sketching
and provide finite-sample Frobenius-norm estimation guarantees under low-rank assumptions, and
Meiburg et al. [2025] prove universal approximation for continuous-valued Born machines. In
contrast, we provide a unified characterization of computational and statistical efficiency for MPO-
BMs: we show that universal KL approximation is NP-hard in general, while identifying a broad
tractable regime, based on locality and spectral gap, where both bond dimension and query complexity
scale polynomially. Our analysis is inspired by gapped local Hamiltonians in quantum many-body
theory and leverages the connection to probabilistic circuits [Loconte et al., 2025a,b] to establish
hardness.

Score-based variational inference. In the second half of this work, we study the efficient regime
of MPO-BMs under SBVI. We focus on SBVI due to both its empirical success in modern generative
modeling, particularly diffusion models [Hyvärinen and Dayan, 2005, Song et al., 2020], and its
favorable algorithmic structure for variational inference [Modi et al., 2023, Cai et al.]. Our analysis
extends the EigenVI framework of Cai et al. [2024] from rank-one parameterizations to operator-
valued representations with tensor network structure. This leads to an eigenvalue formulation over
local Hamiltonians, enabling us to explicitly exploit locality and spectral gap. As a result, we obtain
polynomial guarantees on both model complexity (bond dimension) and score-query complexity in
the structured regime.

5 Numerical Evaluation

We conduct numerical experiments on synthetic target distributions to validate the theoretical bounds
on query complexity and MPO bond-dimension scaling. The Python code used to reproduce the
experiments is included in the supplementary material.

5.1 Data Preparation

We evaluate MPO-BMs on five synthetic target distributions with qualitatively different structures:
Gaussian, GMM-3, X-shape, Ring, and Funnel. See Figure 4 in the appendix for two-dimensional
visualizations. Detailed constructions are deferred to Appendix C.1. To study scaling with dimension
D, we lift the low-dimensional targets to higher dimensions by augmenting each base density
p(x1, x2) with a nonlinear Markov chain z0 = x2 and zi ∼ N (hi(zi−1), σ

2
aug) for i = 1, . . . , D− 2,

where each hi is drawn from a fixed bank of smooth element-wise functions of sinusoidal, tanh,
and sigmoid type. The resulting D-dimensional density inherits the non-Gaussian two-dimensional
structure in (x1, x2) and adds nonlinear, locally coupled dependencies along (z1, . . . , zD−2). The
Gaussian target is constructed directly in D dimensions by taking the covariance matrix as Σ = Λ−1,
where Λ is tridiagonal with diagonal entries 1 and neighboring off-diagonal entries 0.3, corresponding
perfectly to a path-graph MRF.

5.2 Experimental Setup and Results

Settings. We solve (15) following EigenVI, in which the optimal U consists of eigen vectors
of the Hamiltonian H w.r.t. R minimum eigenvalues. In the experiment, we use the weighted
Hermite polynomials [Cai et al., 2024] as basis functions, and then estimate the Hamiltonian H
with two importance sampling strategies: “global” represents applying to importance sampling over
D-dimensional space as in EigenVI, while “local” follows Lemma 3.7, and exploits the locality of H
by sampling only the low-dimensional variables on which each local term depends. In our path-graph
setting as Proposition 3.6, each local term involves at most three variables, so local sampling is
performed over three-dimensional subspaces instead of the full ambient space.

Metrics. Like EigenVI, we evaluate approximation quality using the forward KL divergence
DKL(p∥q), estimated with 105 samples, between the target distribution p and the learned model
q. To assess model complexity, we report the maximum MPO bond dimension of the learned
density operator ρ, obtained via alternating SVD truncation with threshold err = 10−6. Additional
implementation details are deferred to the supplementary material.
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Figure 1: Approximation performance under global and local estimation of the Hamiltonian H with
K = 4, r = 2. The first row shows the forward KL divergence under varying dimension D and
query budget B, while the second row reports the corresponding maximum MPO bond dimension.
The black dashed line indicates the exponentially growing upper bound on the bond dimension.
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Figure 2: Relative spectral gaps of the induced Hamiltonian H for different target distributions at
D = 5, K = 4, B = 5000. The highlighted point corresponds to the ground-state spectral gap.

Results. Figure 1 compares KL performance under global (aligned with EigenVI) and local estima-
tion of the Hamiltonian H under different dimensions D and query budgets B. The local estimator
consistently achieves lower KL error in the low-query regime, while the performance of global estima-
tion deteriorates rapidly as D increases. This empirically supports the polynomial query-complexity
advantage proved in Lemma 3.7 compared with global estimation. The second row of Figure 1 shows
that the required MPO bond dimension grows much more slowly than the exponential upper bound,
consistent with the polynomial-scaling prediction of Theorem 3.5.
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Figure 3: Fixed-accuracy query scaling.

Figure 3 further studies the scaling law of the query bud-
get required to achieve a fixed KL threshold (Gaussian,
K = 2, DKL ≤ 0.5). The fitted curves indicate polyno-
mial growth for local estimation and exponential growth
for global estimation, consistent with the theoretical dis-
tinction between local and global Hamiltonian estimation.
Finally, Figure 2 visualizes the low-energy spectral struc-
ture of the Hamiltonian (truncated to the first 100 eigenval-
ues for visualization). Across all target distributions, we
observe a clear spectral gap above the ground state, pro-
viding empirical evidence for the spectral-gap assumption
used in our analysis.

6 Concluding Remarks

We studied the approximation capability of MPO-BMs from both computational and statistical
perspectives. We proved that universal KL approximation is NP-hard in general, showing that MPO-
BMs are not universally efficient in the worst case. On the positive side, under locality, spectral-gap,
and LSI assumptions, we established provable polynomial scaling of both MPO bond dimension and
query complexity by connecting score-based variational inference with gapped one-dimensional local
Hamiltonians. These results characterize a broad tractable regime for efficient probabilistic modeling
with MPO-BMs.
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A Appendix

A.1 Notation and Concepts

In this subsection, we provide formal definitions of the key concepts used throughout the main text
and the proofs.

Definition A.1 (Ensemble). Let H be a Hilbert space. An ensemble is a finite collection of pairs

Θ := {(θi, αi)}Li=1, (18)

where L denotes the dimension of H, each θi ∈ H is a unit vector (i.e., ∥θi∥F = 1, ∀i) and each
αi ∈ [0, 1] is a nonnegative scalar weight satisfying the normalization condition

∑L
i=1 αi = 1.

Note that in quantum information theory, the concept of ensembles is widely used, and induces the
so-called density operator ζ =

∑KD

i=1 αi θiθ
⊤
i , which is a positive semi-definite (PSD) matrix with

unit trace, i.e., ζ ⪰ 0 and tr(ζ) = 1.

To describe the approximation error, we widely use the Schatten norm defined as follows:

Definition A.2 (Schatten p-norm). Let A ∈ Rm×n be a matrix with singular values {σi(A)}ri=1,
where r = min{m,n}. For p ≥ 1, the Schatten p-norm of A is defined as

∥A∥Sp :=

(
r∑

i=1

σi(A)
p

)1/p

. (19)

In particular, ∥A∥S2 corresponds to the Frobenius norm (denoted also by ∥A∥F in the paper), and
∥A∥S∞ = maxi σi(A) corresponds to the spectral norm.

Log-Sobolev Inequality [Gross, 1975] is used in the paper as a necessary role to connect Fisher
divergence and KL divergence. A formal definition is given as follows:

Definition A.3 (Log-Sobolev inequality with constant c). Suppose the entropy functional:

Entµ(f) =

∫
(f log f)dµ−

∫
f

(∫
fdµ

)
dµ. (20)

We say a probability measure µ on Rn satisfy the log-Sobolev inequality with constant c, i.e. µ is
LSI(c), if for any smooth function f it obeys:

Entµ(f
2) ≤ 2

c

∫
Rn

∥∇f(x)∥2F dµ(x). (21)

Markov Random Fields (MRFs). Below, we provide a brief review of MRFs, which are used in
Theorem 3.6 to clarify for what distributions the optimal density operator ρ∗ can be approximated
with low-bond-dimension MPO.

In the field of (Bayesian) statistical inference, a MRF is a probability distribution p over variables
x1, x2, . . . , xD defined by an undirected graph G in which nodes correspond to variables xi. The
probability p has the form

p(x1, x2, . . . , xD) =
1

Z

∏
c∈C

ϕ(xc), (22)

where C denotes the set of cliques (i.e., complete subgraphs) of G, and each factor ϕc is a non-
negative function over the variables in a clique. The partition function

Z =
∑

x1,x2,...,xD

∏
c∈C

ϕc(xc) (23)

is a normalizing constant that ensures that the distribution sums to one.

The following definitions are used in the proof for Theorem 3.2.
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Definition A.4 (Total Variation Distance). The total variation distance (TVD) between two densities
p and q is defined as

DTV (p∥q) :=
1

2

∫
|p(x)− q(x)| dx, (24)

or equivalently,

DTV (p∥q) = sup
A

|P (A)− P (B)|, (25)

where it satisfies P (A) =
∫
A
p(x)dx and Q(A) =

∫
A
q(x)dx, respectively.

Definition A.5 (Tractable Marginalization)). Let q(x) be a pdf over RD, and let x = (xS , xS̄) be a
partition of variables, where S ⊆ {1, 2, . . . , D}. We say that q(x) admits tractable marginalization if
for any subset S ⊆ {1, 2, . . . , D}, the marginal probability

Q(A) :=

∫
A⊆RD

q(x)dx (26)

can be computed exactly in poly(D).

A.2 Proofs

In this subsection, we provide the complete proofs of formal claims in the main text.

A.2.1 Proof of Lemma 2.2

Proof. By the definition of the entropy functional (see Def. A.3), we have

Entµ(f) =

∫
(f log f)dµ−

∫
f

(∫
fdµ

)
dµ

=

∫
fdµ log

f

Eµf

=

∫
fdµ log

fdµ

Eµfdµ
= DKL(fdµ∥Eµfdµ)

, (27)

where the first line follows the definition of the entropy functional; the second line follows from
Eµf =

∫
fdµ; and the last line follows from the definition of the KL-divergence. Because p is

LSI(c), we thus have

Entµ(f
2) = DKL

(
f2dµ∥Eµf

2dµ
)

≤ 2

c

∫
Rn

∥∇f(x)∥2F dµ(x)
, (28)

where the inequality follows from the definition of the Log-Sobolev inequality.

Next, let f =
√
q/p and dµ = pdx, then

Entµ(f
2) =

∫
f2dµ log

f2

Eµf2
=

∫
q

p
dµ log

q/p∫
q/pdµ

=

∫
q log

q

p
dx

= DKL(q∥p)

, (29)

where the second line holds by the fact
∫
q/pdµ =

∫
qdx = 1. Next, we note that

∇f = ∇
(
q

p

) 1
2

=
1

2

(
q

p

)− 1
2

∇
(
q

p

)
=

1

2

(
q

f

)− 1
2 ∇q · p− q∇p

p2

=
1

2

(
q

p

) 1
2

· p
q
· ∇q · p− q∇p

p2

=
1

2

(
q

p

) 1
2 ∇q · p− q∇p

qp
=

1

2

(
q

p

) 1
2

(∇ log q −∇ log p)

, (30)
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where the last equality follows from ∇ log q = ∇q/q and ∇ log p = ∇p/p.

Therefore, ∫
∥∇f∥2F dµ =

∫
p∥∇f∥2dx

=
1

4

∫
p
q

p
∥∇ log q −∇ log p∥2F dx

=
1

4

∫
q ∥∇ log q −∇ log p∥2F dx =

1

4
DF (q∥p)

. (31)

Using the inequality in (28), we finally have

Entµ(f
2) = DKL(q∥p) ≤

2

c

∫
∥∇f∥2dµ =

1

2c
Df (q∥p). (32)

The proof is completed.

A.2.2 Proof of Theorem 3.2

Proof. We prove the theorem by reducing from SAT, inspired by the work [Leland and Choi, 2025]
in circuit theory. Unlike the prior work, we construct p for continuous random variables encoding the
boolean function.

First of all, we define a integrable function η(x) with the support supp(η(x)) ⊂ [− 1
4 ,

1
4 ] and∫

R η(x)dx = 1. Based on it, we further construct two functions η0(x) = η(x), η1(x) = η(x+ 1). It
easily finds that the supports of η0 and η1 are not overlapped, by the fact of I0 := supp(η0(x)) ⊂
[− 1

4 ,
1
4 ] and I1 := supp(η1(x)) ⊂ [34 ,

5
4 ].

Next, for any assignment z = (z1, z2, . . . , zn) ∈ {0, 1}D−1, we construct a (D − 1)-dimensional
function as follows:

bz(x) =

D−1∏
i=1

ηzi(xi), x ∈ RD−1. (33)

Note that bz can be seen as a continuous embedding of a assignment x into a high-dimensional real
space.

With the same goal, we also continuize the boolean function f(z), i.e., we construct a function
Ff : RD−1 → R, such that f(z) = Ff (x) with x = z for any assignment z ∈ {0, 1}D−1. In doing
so, we construct Ff with the following rules:

1. mapping zi to xi for i ∈ [D − 1];

2. mapping all NOT ¬a to 1− a;

3. mapping all AND a ∧ b to a× b;

4. mapping all OR a ∨ b to a+ b− ab,

where a, b are symbols denoting any boolean values. You can see that logic operators in a boolean
function are translated into polynomials. If we see bz as assignment embedding, then Ff can be seen
as SAT formula embedding.

Up to embeddings for assignments and boolean functions, we also need the connection between
continuous and binary values. For any x ∈ R, we construct

s(x) =

{
η1(x)

η0(x)+η1(x)
, x ∈ I0 ∪ I1

0 otherwise
. (34)
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Let s(u) = (s(x1), s(x2), . . . , s(xD−1))
⊤. Then, we can see that s(u) = z if ui ∈ Izi for i ∈

[D − 1].

Last, we construct the target pdf p using Ff , s(x) and η0/η1. Specifically,

pf (x, y) :=
gf (x)η1(y) + u(x)η0(y)

MC(f) + 1
, (35)

where MC(f) denotes the model count of f , gf (x) is defined as follows:

gf (x) := Ff [s(x)]

D−1∏
i=1

(η0(xi) + η1(xi)), (36)

and u(x) :=
∏D−1

i=1 η1(xi). In the following, we need to prove that the function pf is a valid pdf.
Since it is not hard to find that the values of pf are always non-negative, what we need to verify is
thus the integral of pf equals one.

In doing so, let Bz :=
⋃

z∈{0,1}D−1 supp(bz), and B̄z be the complement of Bz , then∫
gf (x)dx =

∫
Bz∪B̄z

gf (x)dx

=

∫
Bz

gf (x)dx+

∫
B̄z

gf (x)dx︸ ︷︷ ︸
=0

=
∑
z

∫
bz(x)dx =MC(f)

, (37)

where the second term in the second line equals zeros because, if x ∈ B̄z , there must exist an index
i ∈ [D − 1] such that xi /∈ I0 ∪ I1 holds. In this situation, we have η0(xi) + η1(xi) = 0, making
gf (x) = 0. The third row holds because supp(bz)∪ supp(bh) = ∅ for any two different assignments
z and h.

We also easily know that
∫
u(x)dx =

∏D−1
i=1

∫
u(xi)dxi = 1 Hence, combining the results together,

we have ∫
pf (x, y) =

1

MC(f) + 1

(∫
gf (x)dx

∫
η1(y)dy +

∫
u(x)dx

∫
η0(y)dy

)
=

1

MC(f) + 1
(MC(f) + 1) = 1

. (38)

Once we have pf (x, y), we know, if we let A := RD−1 × I1, then

Pf (A) = Pf (A) =

∫
A

pf (x, y) dx dy =
1

MC(f) + 1

∫
Rn

gf (x) dx =
MC(f)

MC(f) + 1
. (39)

Hence, if f is unsatisfiable, then MC(f) = 0, thus Pf (A) = 0; otherwise, Pf (A) =
MC(f)

MC(f)+1 ≥ 1
2 .

Now suppose that q is an ϵ-KL-approximator of pf , i.e., DKL(q∥pf ) < ϵ. By Pinsker’s inequality,

DTV(q∥pf ) ≤
√

1

2
DKL(q∥pf ) <

√
ϵ

2
. (40)

Thus, for any measurable event A,

|Q(A)− Pf (A)| ≤ DTV(q, pf ) <

√
ϵ

2
. (41)

if f is unsatisfiable, then

Q(A) <
√
ϵ/2 <

1

4
. (42)

15



if f is satisfiable, then

Q(A) > Pf (A)−
√
ϵ/2 ≥ 1

2
−
√
ϵ/2 >

1

4
. (43)

Therefore, f is a satisfiable if and only if Q(A) ≥ 1/4. In other words, we can decide SAT if we
can efficiently compute an ϵ-KL approximation as a model that supports tractable marginals. Since
deciding SAT is NP-hard, this gives a contradiction. It is known that deciding SAT is NP-hard, thus
contradiction appears.

Discussion on the representation of the target density. In the proof above, we follow the basic
framework in [Leland and Choi, 2025], in whichMC(f) is used in the construction for the probability.
However, we note that the reduction above only requires oracle access to the unnormalized function
p̃f (x, y) := gf (x)η1(y)+u(x)η0(y), rather than to the normalized density pf (x, y) =

p̃f (x,y)
MC(f)+1 . In

particular, the reduction never explicitly computes the normalization constant MC(f) + 1, which is
#P-hard in general. The normalization factor is introduced only for analysis purposes in defining the
target probability distribution. Therefore, the reduction remains polynomial-time computable under
the standard setting where the target distribution is specified through an unnormalized representation
of its support/function values.

A.3 Proof of Theorem 3.5

Before the formal proof for Theorem 3.5, we need the following results.

Lemma A.6. Suppose an ensemble Θ := {(θi, αi)}K
D

i=1 and the corresponding random function
q = |⟨θ,Φ(x)⟩|2 , θ ∼ Θ. Then, the optimization (14) is equivalent to solving

min
Θ

EΘDF (q∥p); (44)

that is, ρ∗ :=
∑KD

i=1 α
∗
i θ

∗θ∗,⊤ is the optimal solution of (14), where Θ∗ = {(θ∗i , α∗
i )} =

argminEΘDF (q∥p).

Proof. It is known that the loss function satisfies

EΘDF (q∥p) =
KD∑
i=1

αiDF (qi∥p(x))

=

KD∑
i=1

αiθ
⊤
i Hθi

=

KD∑
i=1

αi tr
(
θiθ

⊤
i H

)
= tr


KD∑
i=1

αiθiθ
⊤
i︸ ︷︷ ︸

ζ:=

H

 = tr (ζH)

. (45)

It is known from the definition of an ensemble that ζ ∈ RKD×KD

can be an arbitrary positive semi-
definite matrix with the unit trace, i.e., tr(ζ) = 1. Thus, we can find that minimizing EΘDF (q∥p) is
exactly equivalent to solving (14) with the correspondence ρ∗ :=

∑KD

i=1 α
∗
i θ

∗θ∗,⊤.

Note that ∥hi(x)∥S∞ = Θ(1) implies λmax(H) ≤
∑

i Ex∥hi(x)∥S∞ = O(D), since the Hamilto-
nian contains O(D) local terms. Therefore, the bond-dimension bound in Theorem 3.5 is polynomial
in the system size D.

In the following, we review the results stating that for a one-dimensional local Hamiltonian, its
maximally-mixed ground-state can be approximated by an MPO with low bond dimension.
Theorem A.7 (An MPO approximation for the maximally-mixed ground-state in 1D, [Arad et al.,
2026]). Let H =

∑n−1
i=1 hi be a 1D local Hamiltonian of qubits with O(1) site dimension (also

known as mode dimension in the tensor literature) and an O(1) spectral gap, and let Ω be its
maximally-mixed ground-state and ϵ > 0. Then there is an MPO Ψ with poly(n/ϵ)-bond dimension
and unit trace such that ∥Ω−Ψ∥S1 ≤ ϵ.
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With these results, we give the proof for Theorem 3.5 as follows.

Proof. Let q(x) := Φ(x)⊤ρΦ(x) with ρ ⪰ 0 and tr(ρ) = 1. According to Definition A.1, q(x)
can be rewritten as q(x) = Eθ |⟨θ, ϕ(x)⟩|2 from Eθ |⟨θ, ϕ(x)⟩|2 =

∑
i αi |⟨θi, ϕ(x)⟩|2 with ρ =∑

i αiθiθ
⊤
i . Thus, we have the following inequality using Lemma 2.2:

DKL (q∥p) ≤ EθDKL(qθ∥p)

≤ 1

2c
EθDF (qθ∥p)

=
1

2c
tr(ρH)

, (46)

where qθ = |⟨θ, ϕ(x)⟩|2. In the inequalities above, the first line holds by Jensen inequality; the
second line follows from Lemma 2.2 since p is LSI(c) by assumption; the third line holds because
of the construction of H defined in (11). We thus see that the KL divergence from q to p is upper
bounded with the loss function given in (14) for any density operator ρ.

Next, it is known from Theorem A.7 that there exists an MPO state ρmpo with poly(Dλmax

cϵ )-bond
dimension such that ∥ρmpo − ρ∗∥S1 ≤ 2cϵ

λmax
if H forms a one-dimensional local Hamiltonian over

D sites with local dimension K = O(1) and O(1) spectral gap, where ρ∗ represents the optimal
solution of (14). We thus have

tr(ρmpoH)− tr(ρ∗H) = tr ((ρmpo − ρ∗)H)

≤ ∥ρmpo − ρ∗∥S1∥H∥S∞

≤ 2cϵ

λmax
λmax = 2cϵ

, (47)

where the second line follows from the duality with operator norm. By the fact tr(ρ∗H) = λmin, we
further have tr(ρmpoH) ≤ 2cϵ+ λmin. Taking the inequailies together, we finally have

DKL (qmpo∥p) ≤
1

2c
tr (ρmpoH) ≤ 1

2c
(λmin + 2cϵ) = λmin/c+ ϵ (48)

In the last inequality, we further loosen the bound by absorbing the constant factors into the asymptotic
notation for simplicity The proof is completed.

A.4 Proof of Lemma 3.6

Proof. By the assumption that p is a path-graph MRF, we have

p ∝
D−1∏
i=1

ψ(xi, xi+1) ⇒ log p ∝
D−1∑
i=1

logψ(xi, xi+1). (49)

Let s(x) := ∇x log p(x) be the score function. Using (49), the d-th entry of s(x), denoted sd(x) for
d = 2, 3, . . . , D − 1 satisfies

sd(x) ∝
∂

∂xd
(logψ(xd−1, xd) + logψ(xd, xd+1)), (50)

from which we know sd(x) depends only on (xd−1, xd, xd+1), i.e., those nearest-neighbor variables.
Next, we use this property to derive Hi for i = 1, 2, 3 given in (11), respectively.

We have known from (11) that H1 satisfies

H1 =

∫
H1(x)dx =

∫ D∑
j=1

⊗
d∈[D]

(
ϕ(xd)ϕ(xd)

⊤) |sj(x)|2dx. (51)
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Because we have gotten that sj(x) depends locally on (xj−1, xj , xj+1), so is |sj(x)|2 for all j ∈ [D].
Suppose H1 =

∑D
j=1H

(j)
1 , for all j = 1, 2, . . . , D, we thus have3

H
(j)
1 :=

∫ ⊗
d∈[D]

(
ϕ(xd)ϕ(xd)

⊤) |sj(x)|2dx
=

(
j−2⊗
d=1

∫
ϕ(xd)ϕ(xd)

⊤dxd

)
⊗

∫ j+1⊗
d=j−1

ϕ(xd)ϕ(xd)
⊤|sj(x)|2dxj−1,j,j+1

⊗

 D⊗
d=j+2

∫
ϕ(xd)ϕ(xd)

⊤dxd

,
(52)

where dxj−1,j,j+1 is the short-hand expression for dxj−1dxjdxj+1, the multiplication of differentials
in local entries of x. By

∫
ϕ(x)ϕ(x)⊤dx = I , H(j)

1 can be simplified as follows:

H
(j)
1 = I ⊗ hj ⊗ I, hj :=

∫ j+1⊗
d=j−1

ϕ(xd)ϕ(xd)
⊤|sj(x)|2dxj−1,j,j+1 ∈ RK3×K3

. (53)

Taken all j together, we have H1 =
∑D

j=1 I ⊗ I ⊗ · · · ⊗ I︸ ︷︷ ︸
j−1×

⊗hj ⊗ I ⊗ · · · ⊗ I ⊗ I︸ ︷︷ ︸
j+2×

, i.e., H1 is

one-dimensional 3-local. Next, we derive H2, which can be written from (11) as follows:

H2 =

∫
H2(x)dx

=

∫ D∑
j=1

sj(x)

D⊗
d=1

ϕ(xd)

j−1⊗
i=1

ϕ(xi)⊗ ϕ̇(xj)
⊤ ⊗

D⊗
k=j+1

ϕ(xk)

⊤

+

D∑
j=1

sj(x)

j−1⊗
i=1

ϕ(xi)⊗ ϕ̇(xj)
⊤ ⊗

D⊗
k=j+1

ϕ(xk)

( D⊗
i=1

ϕ(xi)

)⊤

dx

. (54)

Let

H
L,(j)
2 :=

∫
sj(x)

D⊗
d=1

ϕ(xd)

j−1⊗
i=1

ϕ(xi)⊗ ϕ̇(xj)
⊤ ⊗

D⊗
k=j+1

ϕ(xk)

⊤

dx, (55)

then we have H2 =
∑D

j=1

(
H

L,(j)
2 +H

L,(j),⊤
2

)
. By again the fact that sj(x) depends only on

(xj−1, xj , xj+1), we can derive as follows:

H
L,(j)
2 =

∫
sj(x)

j−1⊗
i=1

ϕ(xi)⊗ ϕ(xj)⊗
D⊗

k=j+1

ϕ(xk)

j−1⊗
i=1

ϕ(xi)⊗ ϕ̇(xj)⊗
D⊗

k=j+1

ϕ(xk)

⊤

dx

=

(
j−2⊗
i=1

∫
ϕ(xi)ϕ(xi)

⊤dxi

)
⊗
∫  j+1⊗

d=j−1

ϕ(xd)
(
ϕ(xj−1)⊗ ϕ̇(xj)

⊤ ⊗ ϕ(xj+1)
)⊤ dxj−1,j,j+1︸ ︷︷ ︸

h
(L)
j :=

⊗

 D⊗
i=j+2

∫
ϕ(xi)ϕ(xi)

⊤dxi


= I ⊗ h

(L)
j ⊗ I.

(56)

3Note that in the equation we do not consider the boundary cases like j = 1 and j = D, for which the derivation is
trivially similar.
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So, we have H2 =
∑D

j=1 I ⊗ (h
(L)
j + h

(L),⊤
j )⊗ I , which is one-dimensional 3-local Hamiltonian.

Last, it is not difficult to know H3 is 1-local following the same way, but independent of s(x). Taken
together, we have proved that Hi for i = 1, 2, 3 are one-dimensional k-local with k ≤ 3. Therefore
the linear combination H = H1 − 2H2 + 4H3 is one-dimensional k-local with k ≤ 3. The proof is
complete.

A.5 Proof of Lemma 3.7

We use Tropp’s Matrix Bernstein inequality, re-introduced formally as follows:
Proposition A.8 (Tropp’s Matrix Bernstein inequality Tropp [2015]). Consider a finite sequence
{Sk} of independent, random matrices with common dimension d1 × d2. Assume that

ESk = 0 and ∥Sk∥S∞ ≤ L for each index k. (57)

Introduce the random matrix

Z =
∑
k

Sk. (58)

Let υ(Z) be the matrix variance statistic of the sum:

υ(Z) = max{∥E(ZZ⊤)∥S∞ , ∥E(Z⊤Z)∥S∞}

= max{
∑
k

∥E(SkS
⊤
k )∥S∞ ,

∑
k

∥E(S⊤
k Sk)∥S∞} (59)

Then

E∥Z∥S∞ ≤
√
2υ(Z) log(d1 + d2) +

1

3
L log(d1 + d2). (60)

Furthermore, for all t ≥ 0,

Pr {∥Z∥S∞ ≥ t} ≤ (d1 + d2)exp

(
−t2/2

υ(Z) + Lt/3

)
. (61)

we then prove Theorem 3.7 as follows.

Proof. First of all, we find an sufficient condition for the probability inequality as follows:

Pr
{
∥H̄ −H∥S∞ ≤ ϵ

}
≥ 1− δ

⇔Pr

{∥∥∥∥∥∑
e∈E

h̄e −
∑
e∈E

he

∥∥∥∥∥
S∞

≤ ϵ

}
≥ 1− δ

⇔Pr

{∥∥∥∥∥∑
e∈E

(
h̄e − he

)∥∥∥∥∥
S∞

≤ ϵ

}
≥ 1− δ

⇐Pr

{
∀e ∈ E,

∥∥h̄e − he
∥∥
S∞ ≤ ϵ

|E|

}
≥ 1− δ

⇔
∏
e∈E

Pr

{∥∥h̄e − he
∥∥
S∞ ≤ ϵ

|E|

}
≥ 1− δ

⇔Pr

{∥∥h̄e − he
∥∥
S∞ ≤ ϵ

|E|

}
≥ (1− δ)

1
|E|

(62)

for all e ∈ E. Let η := 1− (1− δ)
1

|E| . Then we continue the derivation as follows:

Pr

{∥∥h̄e − he
∥∥
S∞ ≤ ϵ

|E|

}
≥ (1− δ)

1
|E|

⇔Pr

{∥∥h̄e − he
∥∥
S∞ ≤ ϵ

|E|

}
≥ 1− η

⇔Pr

{∥∥∥∥∥ 1

m

m∑
i=1

he(x
e
i )−

1

LC
he

∥∥∥∥∥
S∞

≤ ϵ

LC |E|

}
≥ 1− η.

(63)
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Let πC := 1
LC and ϵ0 := πCϵ

|E| for simplicity, then we have

Pr

{∥∥∥∥∥ 1

m

m∑
i=1

he(x
e
i )−

1

LC
he

∥∥∥∥∥
S∞

≤ ϵ

LC |E|

}
≥ 1− η

⇔Pr

{∥∥∥∥∥ 1

m

m∑
i=1

he(x
e
i )− πChe

∥∥∥∥∥
S∞

≤ ϵ0

}
≥ 1− η

. (64)

Next, let us move to the concentration part. Let Y e
i := he(x

e
i ) − πChe. Because he(x) is a

Hamiltonian for any x, and {xei}mi=1 are i.i.d. sampled with the uniform distribution in [−L
2 ,

L
2 ]

C , then
Y e
i is thus symmetric, and satisfies EY e

i = Ehe(xei )−πChe = 0. By the assumption ∥he(xei )∥S∞ ≤
J , we have

∥πChe∥S∞ = ∥
∫
πChe(x)dx∥S∞ = ∥EπChe(x)∥S∞

≤ EπC∥he(x)∥S∞ ≤ J,

(65)

where the second line follows from Jensen’s inequality. Therefore, we have

∥Y e
i ∥S∞ = ∥he(xei )− πChe∥S∞ ≤ ∥he(xei )∥S∞ + ∥πChe∥S∞ ≤ 2J =: R, (66)

and

υ := ∥EY e,2
i ∥s∞ ≤ E∥Y e,2

i ∥s∞ ≤ E∥Y e
i ∥2s∞ ≤ R2. (67)

Given a e ∈ E, let S :=
∑m

i=1 Y
e
i . Then, the matrix variance statistic of the sum defined in

υ(S) = max{
m∑
i=1

∥E(Y e
i Y

e,⊤
i )∥S∞ ,

m∑
i=1

∥E(Y e,⊤
i Y e

i )∥S∞}

=

m∑
i=1

∥E(Y e,2
i )∥S∞ ≤ mR2

, (68)

From Prop. A.8, we have

Pr

{
∥ 1

m
S∥S∞ ≤ t

}
≥ 1− 2d exp

(
−m2t2/2

υ(S) +Rmt/3

)
, (69)

where d := Kc1 and c1 is a constant because of the locality assumption.

Next, let 1− 2d exp
(

−m2t2/2
υ(S)+Rmt/3

)
≥ 1− η, then

η ≥ 2d exp

(
−m2t2/2

υ(S) +Rmt/3

)
⇔ log

η

2d
≥ −m2t2/2

υ(S) +Rmt/3

⇔ L := log
2d

η
≤ m2t2/2

υ(S) +Rmt/3

⇐ L ≤ m2t2/2

mR2 +Rmt/3
=

mt2/2

R2 +Rt/3

. (70)
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Here, the last line follows from υ(S) ≤ mR2. Continuously,

L ≤ mt2/2

R2 +Rt/3

⇔ LR2 +
LR

3
t ≤ m

2
t2

⇔ m

2
t2 − LR

3
t− LR2 ≥ 0

⇔ t ≥ LR+
√
L2R2 + 18mLR2

3m
or t ≤ LR−

√
L2R2 + 18mLR2

3m

⇐ t ≥ LR+
√
L2R2 + 18mLR2

3m

⇔ t ≥ 2JL

3m
+

√
4L2J2 + 72mLJ2

3m
= 2J

(
L

3m
+

√
L2

9m2
+

2L

m

)
.

(71)

Here the last line holds by R = 2J .

Let ϵ0 ≥ t, thus we have

ϵ0 ≥ 2J

(
L

3m
+

√
L2

9m2
+

2L

m

)

⇔ ϵ0
2J

≥ L

3m
+

√
L2

9m2
+

2L

m

⇐ ϵ0
4J

≥ L

3m
and

ϵ0
4J

≥
√

L2

9m2
+

2L

m

⇐ ϵ0
4J

≥
√

L2

9m2
+

2L

m

⇐ m ≥ 16LJ2

ϵ20

(√
1 +

ϵ20
144J2

+ 1

)
. (72)

Recall that

• J is a constant;

• η = 1− (1− δ)
1

|E| ;

• |E| = Θ(D);

• L = log 2d
η = log 2Kc1

1−(1−δ)
1

|E|
;

• d = Kc1 , where c1 is a constant;

• ϵ0 = πCϵ
|E| .

Then we continue to have

m ≥ 16LJ2

ϵ20

(√
1 +

ϵ20
144J2

+ 1

)

m ≥ c2

(
s2

ϵ2

)(
1 +

√
1 + c3

(
ϵ2

s2

))
log

2Kc1

1− (1− δ)
1
s

, (73)

where s := |E| for simplicity, and c2 := 16J2

πC , c3 := πC

144J are constants. Since c3 > 0, we have
1 +

√
1 + c3ϵ2/s2 ≥ 2, and, for the regime ϵ = O(1) and s = Θ(D), this factor is Θ(1). Therefore,
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it does not affect the asymptotic sample complexity. Thus, the bound on m can be simplified as

m = Ω

(
s2

ϵ2
log

2Kc1

1− (1− δ)
1
s

)
. (74)

Since (1− δ)1/s ≥ 1− δ, then 1− (1− δ)
1
s ≤ 1− (1− δ) ≤ δ. Thus, log 2Kc1

1−(1−δ)1/s
] ≥ log 2Kc1

δ ,
resulting in

m = Ω

(
D2

ϵ2
log

poly(K)

δ

)
, (75)

in which the constants c1, c2, c3, J are simplified.

Finally, note that the m above corresponds to one local block. Then the total number of queries equals

mtotal = |E| ·m = Ω

(
D3

ϵ2
log

poly(K)

δ

)
. (76)

The proof is complete.

A.6 Proof of Theorem 3.8

Before the proof of Theorem 3.8, we also need the following important lemma, showing that the
maximally mixed states are stable with weak perturbation if M is gapped. First, recall the Davis–
Kahan sin θ Theorem known in linear algebra.

Theorem A.9 (Davis–Kahan sin θ theorem Davis and Kahan [1970]). Let Σ, Σ̂ ∈ Rp×p be symmetric,
with eigenvalues λ1 ≥ · · · ≥ λp and λ̂1 ≥ · · · ≥ λ̂p respectively. Fix 1 ≤ r ≤ s ≤ p, let
d := s− r + 1, and let V = (vr, vr+1, . . . , vs) ∈ Rp×d and V̂ = (v̂r, v̂r+1, . . . , v̂s) ∈ Rp×d have
orthonormal columns satisfying Σvj = λjvj and Σ̂v̂j = λ̂j v̂j for j = r, r + 1, . . . , s. If

δ := inf{ |λ̂− λ| : λ ∈ [λs, λr], λ̂ ∈ (−∞, λ̂s−1] ∪ [λ̂r+1,∞) } > 0, (77)

where λ̂0 := −∞ and λ̂p+1 := ∞, then

∥ sinΘ(V, V̂ )∥S∞ ≤ ∥Σ̂− Σ∥S∞

δ
. (78)

In fact, both occurrences of the spectral norm above can be replaced with the Frobenius norm ∥ · ∥F ,
or any other orthogonally invariant norm like Schatten norms.

Using the Davis–Kahan sin θ Theorem, we have

Lemma A.10 (Stability of the maximally mixed ground state for a gapped Hamiltonian). Let
H ∈ Rp×p be a symmetric (Hermitian) matrix with ground-space projector P of rank r := tr(P ),
and suppose there is a spectral gap γ > 0 above the ground space, i.e.

λr+1(H)− λr(H) ≥ γ, (79)

where the eigenvalues of H are ordered increasingly. Let H̄ = H + E with E symmetric and
∥E∥S∞ ≤ γ/2. Denote by Q the orthogonal projector onto the r lowest eigenvalues of H̄ , and define
the maximally mixed states

Ω :=
P

r
, Ω̄ :=

Q

r
. (80)

Then

∥Ω− Ω̄∥S1 ≤ 2∥E∥S∞

γ − ∥E∥S∞
. (81)

Proof. Let the eigenvalues of H be λ1 ≤ · · · ≤ λr < λr+1 ≤ · · · ≤ λp, so that the ground
space is spanned by the first r eigenvectors and P is the corresponding projector. By assumption,
λr+1 − λr ≥ γ. Let the eigenvalues of H̄ = H + E be λ̂1 ≤ · · · ≤ λ̂p.
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Consider the block [λ1, . . . , λr] of H , and the complement eigenvalues of H̄ , i.e. {λ̂r+1, . . . , λ̂p}.
Define

δ := inf
{
|λ̂− λ| : λ ∈ [λ1, λr], λ̂ ∈ [λ̂r+1,∞)

}
. (82)

Using Weyl’s inequality and the gap assumption, we obtain

λ̂r+1 − λr ≥ (λr+1 − ∥E∥S∞)− λr ≥ γ − ∥E∥S∞ , (83)

where the first inequality follows from Weyl’s inequality, and the second inequality follows from the
gap assumption. Hence

δ = γ − ∥E∥S∞ > 0, (84)
where the last inequality follows from ∥E∥S∞ ≤ γ/2.

By the Davis–Kahan sinΘ theorem (in an operator-norm / Schatten-∞ version), this spectral separa-
tion implies

∥ sinΘ(P,Q)∥S∞ ≤ ∥E∥S∞

δ
≤ ∥E∥S∞

γ − ∥E∥S∞
. (85)

Next, we relate the trace-norm distance of the normalized states Ω and Ω̄ to the difference of projectors
P and Q:

∥Ω− Ω̄∥S1 =

∥∥∥∥P −Q

tr(P )

∥∥∥∥
S1

=
1

r
∥P −Q∥S1 . (86)

Since P and Q are orthogonal projectors of the same rank r, the matrix P −Q is symmetric with
rank at most 2r, and

∥P −Q∥S1 ≤ rank(P −Q) ∥P −Q∥S∞ ≤ 2r ∥P −Q∥S∞ . (87)

Therefore,

∥Ω− Ω̄∥S1 ≤ 1

r
· 2r ∥P −Q∥S∞ = 2 ∥P −Q∥S∞ . (88)

Finally, it is a standard fact in subspace geometry that the operator norm difference between two
orthogonal projectors equals the operator norm of sinΘ:

∥P −Q∥S∞ = ∥ sinΘ(P,Q)∥S∞ . (89)

Combining all these bounds,

∥Ω− Ω̄∥S1 ≤ 2 ∥ sinΘ(P,Q)∥S∞ ≤ 2∥E∥S∞

γ − ∥E∥S∞
, (90)

which proves the claim.

Below, we prove Theorem 3.8 in the main text.

Proof. Let P be the orthogonal projector onto the ground-state subspace of H , and let r = tr(P ) be
its rank. Then the population solution of (14) is the maximally mixed ground state

ρ∗ =
P

r
. (91)

By Theorem A.7 and Theorem 3.5, choosing approximation accuracy cϵ/λmax, there exists an MPO
state ρmpo with bond dimension

R = poly

(
Dλmax

cϵ

)
(92)

such that
∥ρmpo − ρ∗∥S1 ≤ cϵ

λmax
. (93)

Moreover, by the duality between the trace norm and the spectral norm,

tr(ρmpoH) ≤ tr(ρ∗H) + ∥ρmpo − ρ∗∥S1∥H∥S∞

≤ λmin + cϵ.
(94)
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Therefore, by Lemma 2.2, qmpo(x) = Φ(x)⊤ρmpoΦ(x) satisfies the desired KL guarantee,

DKL(qmpo∥p) ≤ ϵ+
λmin

c
. (95)

It remains to show that the empirical solution ρ̄ is close to ρmpo. Let

E := H̄ −H, η :=
γcϵ

cϵ+ 2λmax
. (96)

By Lemma 3.7, with probability at least 1− δ,

∥E∥S∞ = ∥H̄ −H∥S∞ ≤ η. (97)

Since η ≤ γ/2 by construction, Lemma A.10 applies. Let Q be the projector onto the r lowest
eigenvalues of H̄ . Then the solution of (15) is ρ̄ = Q/r, and

∥ρ∗ − ρ̄∥S1 ≤ 2∥E∥S∞

γ − ∥E∥S∞

≤ 2η

γ − η
.

(98)

We now show that
2η

γ − η
≤ cϵ

λmax
. (99)

Indeed, there are two cases.

Case 1. If
η =

γcϵ

cϵ+ 2λmax
, (100)

then exactly as before,
2η

γ − η
=

cϵ

λmax
. (101)

Case 2. If
η =

γ

2
, (102)

then
2η

γ − η
=

2(γ/2)

γ − γ/2
= 2. (103)

Since this branch occurs only when
γ

2
≤ γcϵ

cϵ+ 2λmax
, (104)

we have
cϵ ≥ 2λmax, (105)

and hence
2 ≤ cϵ

λmax
. (106)

Therefore, in both cases,
2η

γ − η
≤ cϵ

λmax
. (107)

Consequently,
∥ρ∗ − ρ̄∥S1

≤ cϵ

λmax
. (108)

Finally, by the triangle inequality,

∥ρmpo − ρ̄∥S1 ≤ ∥ρmpo − ρ∗∥S1 + ∥ρ∗ − ρ̄∥S1

≤ cϵ

λmax
+

cϵ

λmax
=

2cϵ

λmax
.

(109)

The proof on the DKL bound is same to Theorem 3.5.
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B Additional Theoretical Results

Lemma B.1 (Concentration of H with global importance sampling). Let M(x) =
∑

e∈E he(x)
be a one-dimensional k-local Hamiltonian on D sites, with local dimension of K, |E| = Ω(D),
and the support of M(x) satisfies supp(M(x)) ⊆ [−L

2 ,
L
2 ]

D. Assume each local term satisfies
∥he(x)∥S∞ ≤ J almost surely, where J = Θ(1). LetM :=

∫
M(x)dx and M̄ := 1

πm

∑m
i=1M(xi),

where {xi}mi=1 are sampled i.i.d. over uniform distribution on [−L
2 ,

L
2 ]

D. Then, for any ϵ, δ ∈ (0, 1),
Pr
{
∥M̄ −M∥S∞ ≤ ϵ

}
≥ 1− δ holds provided that

m = Ω

(
L2DD2

ϵ
log

KD

δ

)
. (110)

Proof. Let π := 1
LD be the proposal distribution, and Yi := M(xi) − πM . Because M(x) is a

Hamiltonian for any x and {xi}mi=1 are i.i.d. sampled, Yi is thus Hermitian, mean zero, and i.i.d. for
different i ∈ [m]. From the assumption of the locality of M(x) and the bounded spectral norm for
each he(x), we have for almost all x:

∥M(x)∥S∞ ≤
∑
e∈E

∥he(x)∥S∞ ≤ sJ, a.e., and ∥πM∥S∞ ≤ Eπ∥M(x)∥S∞ ≤ sJ, (111)

where s := |E| and the constant J denotes a unified upper bound of the spectral norm, i.e.,
∥he(x)∥S∞ ≤ J, a.e. for all e ∈ E. Hence, the spectral norm of Yi satisfies

∥Yi∥S∞ ≤ ∥M(x)∥S∞ + ∥πM∥S∞ ≤ 2sJ =: R, a.s., (112)

for all i ∈ [m]; that is, the random matrices {Yi} have a unified upper bound on the spectral norm.
Furthermore, we have the matrix variance satisfying:

υ := ∥EY 2
i ∥s∞ ≤ E∥Y 2

i ∥s∞ ≤ R2, (113)

where the middle inequality follows from Jensen’s inequality, and the inequality on the right holds
with the fact ∥Y 2

i ∥s∞ = ∥Yi∥2s∞ for symmetric matrices. Next, let S :=
∑m

i=1 Yi. Thus, the matrix
variance statistic of the sum defined in Prop. A.8 satisfies

υ(S) = max{
m∑
i=1

∥E(YiY ⊤
i )∥S∞ ,

m∑
i=1

∥E(Y ⊤
i Yi)∥S∞}

=

m∑
i=1

∥E(Y 2
i )∥S∞ ≤ mR2

, (114)

where the second line follows also from the symmetry of Yi. Applying Tropp’s matrix Bernstein’s
inequality (Prop. A.8), we have

Pr

{
∥ 1

m
S∥S∞ ≤ t

}
≥ 1− 2d exp

(
−m2t2/2

υ(S) +Rmt/3

)
, (115)

where d := KD denotes the dimension of the full Hilbert space. Let 1− 2d exp
(

−m2t2/2
υ(S)+Rmt/3

)
≥

1− δ, the inequality is equivalent to

δ ≥ 2d exp

(
−m2t2/2

υ(S) +Rmt/3

)
⇔ log

δ

2d
≥ −m2t2/2

υ(S) +Rmt/3

⇔ L := log
2d

δ
≤ m2t2/2

υ(S) +Rmt/3

⇐ L ≤ m2t2/2

mR2 +Rmt/3
=

mt2/2

R2 +Rt/3

. (116)
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Here, the last line follows from υ(S) ≤ mR2. Continuously,

L ≤ m2t2/2

mR2 +Rmt/3
=

mt2/2

R2 +Rt/3

⇔ LR2 +
LR

3
t ≤ m

2
t2

⇔ m

2
t2 − LR

3
t− LR2 ≥ 0

⇔ t ≥ LR+
√
L2R2 + 18mLR2

3m
or t ≤ LR−

√
L2R2 + 18mLR2

3m

⇐ t ≥ LR+
√
L2R2 + 18mLR2

3m

⇔ t ≥ 2sJL

3m
+

√
4L2s2J2 + 72mLs2J2

3m
= 2sJ

(
L

3m
+

√
L2

9m2
+

2L

m

)

. (117)

Let πϵ ≥ t. Thus we have

πϵ ≥ 2sJ

(
L

3m
+

√
L2

9m2
+

2L

m

)

⇔ πϵ

2sJ
≥ L

3m
+

√
L2

9m2
+

2L

m

⇐ πϵ

4sJ
≥ L

3m
and

ϵ

4sJ
≥
√

L2

9m2
+

2L

m

⇐ πϵ

4sJ
≥
√

L2

9m2
+

2L

m

⇐ m ≥ 16Ls2J2

(πε)2

(√
1 +

(πε)2

144s2J2
+ 1

)
. (118)

Applying s = Θ(D), J = Θ(1) and d = KD, we finally have

m = Ω

(
D2L2D

ϵ
log

KD

δ

)
. (119)

The proof is complete.

C Experiment Details

C.1 Data preparation

We consider five synthetic target families covering qualitatively distinct challenges for variational
inference, including multimodality, anisotropy, curved support, and heterogeneous local scales.

Base targets. The Gaussian target is constructed directly inD dimensions as a multivariate Gaussian
whose precision matrix is tridiagonal with diagonal entries 1 and off-diagonal entries 0.2. This gives
local but nontrivial correlations across coordinates and corresponds to a path-graph MRF.

The remaining four targets are first defined in two dimensions:

• GMM3: a three-component Gaussian mixture with unequal weights and mildly correlated
covariance matrices.

• XShape: an equal-weight mixture of two anisotropic Gaussians rotated by ±45◦, producing
a cross-shaped density.

• Ring: a rotationally symmetric ring concentrated near radius r = 3 with radial standard
deviation σ = 0.5.

• Funnel: a two-dimensional funnel distribution with x1 ∼ N (0, σ2) and x2 | x1 ∼
N (0, ex1), where σ = 1.2.
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Lifting two-dimensional targets to higher dimensions. For each two-dimensional base density
p0(x1, x2) and any target dimension D ≥ 2, we introduce N = D− 2 auxiliary variables z1, . . . , zN
and set z0 = x2. The D-dimensional target density is defined by

p(x1, x2, z1, . . . , zN ) = p0(x1, x2)

N∏
i=1

N
(
zi; hi(zi−1), σ

2
aug

)
. (120)

Equivalently, the dependency structure is the path

x2 → z1 → z2 → · · · → zN ,

or, in coordinate indices,
2 → 3 → · · · → D.

Thus the marginal distribution of (x1, x2) remains the original two-dimensional target, while the
additional coordinates introduce nonlinear local dependencies.

Each function hi : R → R is selected deterministically from the following fixed smooth function
bank:

h(x) ∈
{
± 1.5 sin(x), ±1.5 cos(x), ±1.5 sin(2x), ±1.5 cos(2x),

± 1.5
(
σ(4x)− 1/2

)
, ±1.5 tanh(2x), ±1.5 tanh(4x),

± 1.5 sin(x) tanh(x), ±1.5 cos(x) tanh(x), ±1.5
x

1 + x2

}
, (121)

where σ(·) denotes the logistic sigmoid. In implementation, this function bank is repeated determin-
istically if necessary, and the first N = D − 2 functions are used as h1, . . . , hN . Therefore, as D
increases, the nonlinear transformation pattern is extended in a fixed order rather than resampled
randomly.

Sampling from the lifted target is sequential:

(x1, x2) ∼ p0, zi = hi(zi−1) + σaugϵi, ϵi ∼ N (0, 1), i = 1, . . . , N.

This gives exact samples from the joint density above.

The log-density is also available in closed form:

log p(x1, x2, z1, . . . , zN ) = log p0(x1, x2)−
N

2
log(2πσ2

aug)−
1

2σ2
aug

N∑
i=1

(zi − hi(zi−1))
2
. (122)

Consequently, the score can be computed analytically. Let s0(x1, x2) = ∇(x1,x2) log p0(x1, x2).
Then

∇x1 log p = [s0(x1, x2)]1, (123)

∇x2
log p = [s0(x1, x2)]2 +

h′1(x2)

σ2
aug

(z1 − h1(x2)) , (124)

and for i = 1, . . . , N ,

∇zi log p =
hi(zi−1)− zi

σ2
aug

+ 1{i<N}
h′i+1(zi)

σ2
aug

(zi+1 − hi+1(zi)) . (125)

The first term comes from the conditional factor log p(zi | zi−1), while the second term, when
present, comes from the child factor log p(zi+1 | zi).
Overall, this lifting construction preserves the original non-Gaussian two-dimensional geometry
while adding controllable nonlinear dependencies through a path-structured Markov chain. Exact
sampling, exact density evaluation, and exact score evaluation are all available, and their cost scales
linearly with D.
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Figure 4: Two-dimensional visualizations of the synthetic target distributions used in the experiments.

C.2 Detailed settings for Figure 1.

For this experiments, we use weighted Hermite polynomials [Cai et al., 2024] as basis functions
with K = 4 basis functions per dimension. The variational problem is solved following the EigenVI
framework by computing the eigenvectors corresponding to the r smallest eigenvalues of the estimated
Hamiltonian H , where we set r = 2. Hamiltonian estimation is performed using either global
importance sampling or the proposed local estimation strategy. The proposal distribution is chosen
as the uniform distribution on [−5, 5]D, and all experiments use the same random seed (43) for
reproducibility. The eigendecomposition of H is computed using the LAPACK backend in SciPy.

For MPO analysis, after obtaining the density operator ρ, we apply the standard TT-SVD-like
procedure to convert ρ into MPO form. The truncation threshold is fixed to err = 10−6 and the
maximum allowable bond dimension is set to 256. The reported bond dimension corresponds to the
maximum retained intermediate bond dimension across all MPO cores.

For KL evaluation, the forward KL divergence DKL(p∥q) is estimated using Monte Carlo integration
with 104 samples drawn from the target distribution.

C.3 Detailed settings for Figure 2.

To empirically examine the spectral-gap assumption used in our theoretical analysis, we visualize
the low-energy relative eigengap structure of the estimated Hamiltonian H across different target
distributions. The experiment considers the five synthetic targets Gaussian, GMM-3, X-shape, Ring,
and Funnel at fixed dimension D = 5.

For this experiments, we use weighted Hermite polynomial basis functions with K = 4 basis
functions per dimension and set r = 2, corresponding to the ground-state setting analyzed in the
theory. The Hamiltonian H is estimated using the EigenVI framework with global importance
sampling and query budget B = 5000. The proposal distribution is chosen as the uniform distribution
on [−5, 5]D, and eigendecomposition is performed using the LAPACK backend in SciPy.

After estimating H , we compute its ordered eigenvalues

λ0 ≤ λ1 ≤ · · · ,

and evaluate the relative eigengaps

λi+1 − λi
|λi|+ 10−12

.

For visualization, we truncate the spectrum to the first 100 eigengaps. The highlighted red marker cor-
responds to the ground-state relative spectral gap, which is the quantity appearing in the perturbation
and query-complexity analysis. All experiments use the same random seed (43) for reproducibility.

We report relative eigengaps instead of absolute eigengaps because the overall spectral scale of
H varies largely across different target distributions. Using absolute gaps may therefore obscure
the low-energy separation structure when the spectrum contains large-magnitude eigenvalues. In
contrast, the relative eigengap normalizes each gap by the magnitude of the corresponding eigenvalue,
providing a scale-invariant measure of spectral separation. This normalization makes the low-energy
spectral structure more directly comparable across different targets and more consistent with the
perturbation stability analysis underlying the Davis–Kahan theorem.
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C.4 Detailed settings for Figure 3.

To evaluate fixed-accuracy query scaling, we use the Gaussian target and vary the dimension over
D ∈ {2, . . . , 10}. For each dimension, we run both global and local Hamiltonian estimation with
query budgets

B ∈ {1, 5, 10, 15, 20, 50, 75, 100, 150, 200, 500, 1000, 2000, 4000, 6000, 8000, 10000}.

We use weighted Hermite polynomial basis functions with K = 2 basis functions per dimension
and set the variational rank to r = 1. The proposal distribution is uniform on [−5, 5]D, and the
eigendecomposition of the estimated Hamiltonian is computed using the LAPACK backend in SciPy.
For each pair (D,B), we repeat the experiment three times with different random seeds and report
the mean forward KL divergence estimated from 104 target samples.

For each dimension and estimation method, we define the required query budget as the smallest B
such that the mean forward KL satisfies

DKL(p∥q) ≤ 0.5.

If the threshold is not reached within the scanned budgets, we mark the largest budget as not reached.
The fitted curves in Figure 3 are obtained by fitting an exponential law B ≈ a exp(bD) for global
estimation and a polynomial law B ≈ aDb for local estimation.

C.4.1 Additional numerical results

Figure 5 provides additional query-scaling results for the Gaussian target distribution shown in
Figure 3. The top and bottom panels respectively show the forward KL divergence as a function
of the query budget B under the global and local estimation strategies. The dashed horizontal line
indicates the target threshold KL ≤ 0.5 used for defining successful approximation.

Figures 6, 7, 8, and 9 report analogous query-scaling results for the X-shape, Ring, GMM-3,
and Funnel target distributions. Despite the strongly non-Gaussian geometry, multimodality, and
anisotropic structure of these targets, the local estimation strategy consistently achieves substantially
lower query complexity compared with the global estimator.

Unlike the Gaussian experiments, we use a larger basis size K = 4 in order to better capture the
more complex target geometries. The target KL thresholds are set to 0.5 for the X-shape target and
2 for the Ring, GMM-3, and Funnel targets, reflecting the increased difficulty of approximating
these distributions. Because the Hamiltonian dimension scales exponentially with both K and D,
we restrict the ambient dimension range to D ∈ [2, 5] in these experiments due to computational
limitations.

Hardware and software. All experiments were conducted on a MacBook Pro equipped with an
Apple M3 Pro chip and 36 GB unified memory. The implementation was written in Python 3.10.3
using NumPy, SciPy, PyTorch, and Matplotlib.
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(a) Global estimation.

(b) Local estimation.

Figure 5: More details for Figure 3. Comparison of query complexity between global and local
estimation strategies in MPO Born machine learning. The dashed horizontal line indicates the target
KL threshold used for defining successful approximation.
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(a) Fixed-accuracy query scaling for the X-shape target. The figure
reports the minimum number of score queries B required to achieve
the target accuracy threshold KL ≤ 0.5 as the ambient dimension
increases.

(b) Global estimation. Forward KL divergence versus query budget
B for the X-shape target under the global estimation strategy.

(c) Local estimation. Forward KL divergence versus query budget
B for the X-shape target under the local estimation strategy.

Figure 6: Additional query-scaling results for the X-shape target distribution. The dashed horizontal
line in the KL plots indicates the target approximation threshold KL ≤ 0.5. Compared with
global estimation, the local estimation strategy achieves substantially improved query efficiency by
exploiting local structure in the induced Hamiltonian.
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(a) Fixed-accuracy query scaling for the Ring target. The figure
reports the minimum number of score queries B required to achieve
the target accuracy threshold KL ≤ 0.5 as the ambient dimension
increases.

(b) Global estimation. Forward KL divergence versus query budget
B for the Ring target under the global estimation strategy.

(c) Local estimation. Forward KL divergence versus query budget
B for the Ring target under the local estimation strategy.

Figure 7: Additional query-scaling results for the Ring target distribution. The dashed horizontal
line in the KL plots indicates the target approximation threshold KL ≤ 0.5. Compared with
global estimation, the local estimation strategy achieves substantially improved query efficiency by
exploiting local structure in the induced Hamiltonian.
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(a) Fixed-accuracy query scaling for the GMM-3 target. The figure
reports the minimum number of score queries B required to achieve
the target accuracy threshold KL ≤ 0.5 as the ambient dimension
increases.

(b) Global estimation. Forward KL divergence versus query budget
B for the GMM-3 target under the global estimation strategy.

(c) Local estimation. Forward KL divergence versus query budget
B for the GMM-3 target under the local estimation strategy.

Figure 8: Additional query-scaling results for the GMM-3 target distribution. The dashed horizontal
line in the KL plots indicates the target approximation threshold KL ≤ 0.5. Compared with
global estimation, the local estimation strategy achieves substantially improved query efficiency by
exploiting local structure in the induced Hamiltonian.
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(a) Fixed-accuracy query scaling for the Funnel target. The figure
reports the minimum number of score queries B required to achieve
the target accuracy threshold KL ≤ 0.5 as the ambient dimension
increases.

(b) Global estimation. Forward KL divergence versus query budget
B for the Funnel target under the global estimation strategy.

(c) Local estimation. Forward KL divergence versus query budget
B for the Funnel target under the local estimation strategy.

Figure 9: Additional query-scaling results for the Funnel target distribution. The dashed horizontal
line in the KL plots indicates the target approximation threshold KL ≤ 0.5. Compared with
global estimation, the local estimation strategy achieves substantially improved query efficiency by
exploiting local structure in the induced Hamiltonian.
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