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Abstract
Training a model on one task and then a second,
related task can leave the second stalled short of
mastery. We study a sharp case: a 2-layer trans-
former that has grokked modular addition, then
trained on a 50/50 addition–multiplication curricu-
lum, plateaus near 43% multiplication accuracy
and stays there. We show that a single change at
initialization (with the training procedure left un-
touched) can break this ceiling. Comparing sparse
masks drawn from Ramanujan graphs (biregu-
lar optimal spectral expanders) against matched
unstructured masks, we test three preregistered
hypotheses, all of which the data substantially re-
fine. Ramanujan initialization substantially raises
the chance of reaching full multiplication accu-
racy, an advantage most pronounced at the high-
est sparsity and that unstructured masks never
achieve. It also sharpens outcomes, replacing am-
biguous partial learning with either clean failure
or full success. The spectral margin that defines
these graphs is near zero exactly where the benefit
peaks, so we attribute the effect not to expansion
but to degree uniformity, which leaves no unit
isolated or hub-like. Embedding dynamics prove
necessary for escape, though why biregular struc-
ture aids them remains open.

1. Introduction
Curriculum learning trains a model on tasks in a deliberate
order, often easier-to-harder, rather than all at once (Bengio
et al., 2009). A sequential curriculum is the extreme case:
the model masters one task before the next is introduced.
This raises a basic question—does having already learned
one skill help or hinder learning the next?

Transformers trained on modular arithmetic offer a clean
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testbed. They exhibit grokking: after a long phase in which
the model merely memorizes the training data, validation
accuracy abruptly jumps to perfect generalization (Power
et al., 2022). When a model that has grokked addition is then
trained on a curriculum mixing addition and multiplication,
a different phenomenon emerges—multiplication validation
accuracy stalls around 0.43 and persists there for the full
training budget. We call this the sequential curriculum
ceiling and study it here.

Prior interventions on compositional generalization have
focused on training dynamics: curriculum design and
catastrophic-forgetting regularization (Kirkpatrick et al.,
2017; Bengio et al., 2009). We ask instead whether a static
initialization can shift this ceiling, leaving the training pro-
cedure unchanged.

Ramanujan graphs are bipartite, biregular graphs—every
vertex on each side has the same fixed degree—whose
second-largest singular value saturates the Alon–Boppana
bound, certifying near-optimal spectral expansion (Hoory
et al., 2006). Two properties make such masks a plausible
lever for a sequential curriculum. First, strong expansion
implies efficient information mixing across the sparse mask.
Second, and central to this paper, degree-regularity guaran-
tees that every input and output coordinate participates in
the same number of active connections, so no coordinate
is left isolated or turned into a hub that one task’s gradi-
ents can monopolize. Biswas et al. (2024) showed these
masks improve pretraining efficiency; here we ask whether
they affect compositional generalization under sequential
curriculum, where two task gradients compete for the same
weights.

We preregistered three hypotheses before running experi-
ments. H1: Ramanujan masks increase structural disjoint-
ness between task circuits. H2: Ramanujan initialization
accelerates addition grokking. H3: The curriculum ceiling
is unaffected, because interference arises from the shared
embedding table.

All three are falsified or substantially refined by the data.

H1 is not supported as stated: the available M2 analysis
points toward greater circuit overlap in sparse networks
rather than increased disjointness; we therefore treat cir-
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cuit overlap as a secondary diagnostic rather than the main
mechanism claim.

H2 is partially confirmed but misattributed: sparsity accel-
erates grokking, but biregular structure adds nothing over
matched unstructured sparsity.

H3 is falsified—most clearly at the highest sparsity, where
Ramanujan escape significantly exceeds unstructured (Sec-
tion 3.3). The embedding ablation refines rather than res-
cues H3: embedding dynamics are necessary for escape
(freezing them collapses every condition to the ceiling),
but the curriculum ceiling is not embedding-determined
alone—biregular initialization shifts it when embeddings
are free to co-adapt. Structure and embedding dynamics are
thus jointly required, a dissociation H3 did not anticipate.

2. Setup
Preliminaries. We use the following terms throughout.
Sparsity s is the fraction of zeroed weights in the masked
layers; unstructured masks keep each entry i.i.d. with proba-
bility 1− s. A run escapes the ceiling if its multiplication
validation accuracy reaches ≥ 0.95; the escape rate is the
fraction of seeds in a condition that escape. A partial escape
is an endpoint in [0.50, 0.95): the model has learned some
multiplication structure but not full generalization. The
ceiling is the maximum multiplication validation accuracy
reached after the phase transition. A mask is biregular if
every row and every column has a fixed nonzero degree.

Model and task. We use a 2-layer causal transformer
with dmodel = 128, 4 attention heads, dff = 512, pre-
norm residuals, and no dropout (∼422K parameters). The
vocabulary consists of integers 0–96, two operator tokens (+,
×), and an equality token. Inputs are (a, op, b,=); targets
are (a op b) mod 97. We use a 40%/60% train/validation
split, batch size 512, AdamW with lr = 10−3 and weight
decay 0.1. With p = 97 and two operands there are 972 =
9409 distinct (a, b) pairs per operation; a 40% split gives
3763 training and 5646 validation examples. With batch
size 512 and drop last, the model sees 3584 training
examples per epoch (the remaining 179 resampled across
epochs under shuffling). The deliberately small training
fraction is what induces grokking and is not an inversion of
a conventional split.

Conditions. We compare seven initialization schemes:
Dense (standard normal, σ = 0.02) and biregu-
lar Ramanujan-s vs. Unstructured-s at sparsity s ∈
{0.90, 0.95, 0.977}. Ramanujan masks satisfy the Alon–
Boppana bound on the second singular value. Unstructured
masks are Bernoulli i.i.d. masks with entrywise keep proba-
bility 1− s, without post-processing to enforce nonzero row
or column degree. Both are applied to attention projections

(Q,K, V,O) and the FFN down-projection; embeddings
and FFN up-projection remain dense. Dense uses all 30
exp007 seeds. Each Ramanujan and unstructured condition
uses the same matched subset of 15 exp007 seeds at each
sparsity level.

Measurements. M1 – single-task addition training for
25K steps. We record the grokking step (earliest point with
3 consecutive validation evaluations ≥ 0.9) and whether
grokking is genuine (train accuracy reaches 0.95 before
validation accuracy reaches 0.50). M2 – Jaccard over-
lap between the top-30% magnitude circuit extracted from
addition-trained and multiplication-trained checkpoints, re-
stricted to non-structural-zero weights. M3 – sequential
curriculum. Phase 1: addition only, trained until grokked.
Phase 2: addition and multiplication batches interleaved
50/50 for 100K steps. The multiplication ceiling is the max-
imum multiplication validation accuracy reached after the
phase transition. M4 (ablation) – exp008: phase-2 training
with embeddings frozen vs. free, starting from the same
phase-1 checkpoint. Conditions: dense, Ramanujan-0.977,
unstructured-0.977.

3. Results
3.1. Sparsity Accelerates Grokking; Biregular Structure

Does Not

All sparse conditions substantially accelerate addition
grokking relative to the dense baseline (median step ∼3500
for dense). Median grokking steps are 1000, 1750, and 1250
for Ramanujan and 1600, 2050, and 1600 for unstructured at
sparsity 0.90, 0.95, and 0.977 respectively. Mann-Whitney
tests comparing Ramanujan vs. unstructured at matched
sparsity find no significant differences (all p > 0.10), in-
dicating the acceleration is driven by sparsity, not by the
biregular construction.

This result refines H2: the claim that Ramanujan specifically
accelerates grokking is not supported. Sparse initialization,
regardless of structural properties, compresses the memo-
rization phase.

3.2. Circuit Overlap Does Not Support the Disjointness
Hypothesis

We also computed M2, the Jaccard overlap between top-
30% magnitude circuits extracted from separately trained
addition and multiplication checkpoints. Contrary to H1, the
M2 analysis does not support increased disjointness under
Ramanujan initialization. We treat this as a secondary diag-
nostic because the measurement does not cleanly distinguish
biregular structure from sparsity itself.

This measurement is sensitive to a threshold-collapse ar-
tifact. If structural zeros are included when selecting the
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Condition n Esc ≥ 0.95 Mean Median

Dense 30 4/30 0.45 0.43

Ramanujan 0.90 15 8/15 0.76 0.95
Ramanujan 0.95 15 8/15 0.83 1.00
Ramanujan 0.977 15 11/15 0.92 1.00

Unstructured 0.90 15 4/15 0.62 0.45
Unstructured 0.95 15 5/15 0.72 0.67
Unstructured 0.977 15 4/15 0.79 0.87

Table 1. Multiplication curriculum ceiling per condition. Escape
rate (≥ 0.95) is nondecreasing for Ramanujan but is flat for un-
structured across all three sparsity levels. Dense n = 30 from
prior experiment (exp007).

top-30% weights by magnitude, the threshold degenerates
on sparse networks and the resulting overlap is spuriously
inflated. We therefore apply the stored mask buffer be-
fore thresholding and compute the top-30% mask only over
structurally active weights.

3.3. Biregular Structure Shifts Escape Rate;
Unstructured Does Not

Table 1 summarizes multiplication ceiling outcomes. For
Ramanujan, escape rate (≥ 0.95) is nondecreasing with
sparsity: 8/15, 8/15, 11/15 at 0.90, 0.95, 0.977. For unstruc-
tured, the escape rate is flat across the same range: 4/15,
5/15, 4/15. The Ramanujan advantage at sparsity 0.977 is
statistically significant (Fisher exact test: p = 0.013 one-
sided, p = 0.027 two-sided). At lower sparsities the direc-
tion is consistent but individually underpowered at n = 15.
A paired Wilcoxon signed-rank test on matched-seed ceil-
ing values confirms the distributional separation at 0.977
(p = 0.008). We designate the comparison at sparsity 0.977
as the single primary, preregistered test; it therefore requires
no multiplicity correction. The comparisons at 0.90 and 0.95
are secondary and exploratory; we report them unadjusted
and do not claim individual significance.

This falsifies H3 in a dose-dependent, structurally-specific
manner. The ceiling is not determined solely by the shared
embedding table, and the effect depends on structure beyond
sparsity alone.

3.4. Biregular Structure Shifts Outcomes Toward
Bimodality

An unexpected finding concerns the shape of the outcome
distribution at sparsity 0.977. Unstructured networks place
67% of runs in the partial-escape range (0.50–0.95): the
model learns something about multiplication but cannot
complete full generalization. Ramanujan networks place
only 27% of runs in this range; the remaining runs either
fail cleanly (< 0.50) or escape completely (≥ 0.95). We
report this as an exploratory, post-hoc observation at n = 15

Figure 1. (a) Ramanujan margin (
√
c− 1 +

√
d− 1 − λ2) by

condition. Ramanujan networks satisfy the biregular Ramanujan
criterion by construction; for unstructured masks, which are not
biregular, the same quantity is shown only as a diagnostic using
matched average degrees. (b) Scatter of mean Ramanujan mar-
gin vs. escape rate. At sparsity 0.977, the Ramanujan margin is
0.03 — near zero — yet Ramanujan escape rate (0.73) substan-
tially exceeds unstructured (0.27). Variation in this margin does
not explain escape within or across conditions.

per condition; a preregistered replication is the appropriate
confirmation.

This bimodality difference is not captured by mean or es-
cape rate alone. A structural explanation is available: at
sparsity 0.977, Bernoulli masks produce isolated rows or
columns with non-negligible probability. For example, an
i.i.d. 128× 128 mask has an expected 128 · 0.977128 ≈ 6.5
zero-output rows, and the masked attention projections ag-
gregate many such opportunities for disconnection. In our
runs, unstructured-0.977 masks contain a mean of 49 iso-
lated row/column incidences across the masked attention
projections of a transformer block. Biregular construction
removes this failure mode by fixing nonzero row and col-
umn degrees. These isolated coordinates can sustain partial
signal for some circuits while preventing full generalization,
producing the ambiguous intermediate outcomes observed
in unstructured networks.

4. Ramanujan Margin Is Not the Operative
Mechanism

Figure 1 shows the Ramanujan margin (
√
c− 1+

√
d− 1−

λ2) by condition. Ramanujan masks satisfy the bound at all
sparsity levels; for unstructured masks, the same diagnostic
quantity becomes negative at 0.95 and 0.977 when evaluated
using matched average degrees. However, the margin for
Ramanujan collapses monotonically with sparsity: 1.73
at 0.90, 0.45 at 0.95, 0.03 at 0.977. At the sparsity level
where the compositional advantage is largest, the margin
to the Ramanujan bound is nearly zero. Thus, variation
in this margin does not explain the escape-rate advantage.
Within-condition correlation between per-run λ2 and escape
outcome is weak (ρ ≈ 0.2–0.3).

The Ramanujan-margin diagnostic is therefore unlikely to
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be the operative mechanism. We propose degree uniformity
as the leading candidate: biregular masks guarantee fixed
row and column degrees, so every input and output coordi-
nate participates in the same number of active connections.
This removes hubs and isolated coordinates, producing more
uniform exposure to task gradients at the unit level rather
than guaranteeing equal gradients for individual weights.
In a sequential curriculum where phase 2 mixes two task
gradients, hub neurons in an unstructured network can be
captured by whichever task currently produces larger gra-
dient magnitudes. Biregular structure eliminates hubs by
construction, producing more balanced task-gradient expo-
sure throughout phase 2.

Embedding ablation (exp008). Starting from pre-
grokked Phase-1 checkpoints, we ran Phase 2 with embed-
dings either free or frozen, across dense, Ramanujan-0.977,
and unstructured-0.977 conditions (n=15 matched seeds,
with identical initialization within each free/frozen pair).
Two results follow.

First, the structural advantage is preserved under a fully
consolidated start rather than attenuated: Ramanujan-free
escapes 13/15 versus unstructured-free 4/15 (Fisher exact
p = 0.003), reproducing the exp007 separation (11/15 vs.
4/15), with dense-free at 1/15; the ordering Ramanujan >>
unstructured >> dense matches exp007 throughout.

Second, the advantage is entirely embedding-mediated: with
embeddings frozen, all three conditions collapse to the
ceiling and escape 0/15 (mean ceilings 0.25, 0.41, 0.41
for dense, Ramanujan, unstructured), with Ramanujan-
frozen and unstructured-frozen statistically indistinguish-
able (Fisher p = 1.0). Biregular weight structure does no
embedding-independent work; its benefit appears only when
embeddings co-adapt during Phase 2.

These results support H3’s premise that embedding dynam-
ics matter for phase-2 escape, while refuting its stronger pre-
diction that the ceiling is unaffected by weight initialization.
They further localize the structural advantage: it acts entirely
through embedding co-adaptation, since frozen-embedding
escape is identical across initializations. Why biregular
structure specifically aids that co-adaptation—degree uni-
formity versus spectral properties—remains open and moti-
vates the hub-controlled ablation named in Section 5.

5. Discussion
Rate and shape shifts, not regime shifts. The headline
finding is a rate shift: Ramanujan initialization increases the
probability of an outcome also reachable, rarely, by dense
and unstructured initialization. The secondary finding is
a shape shift: the distribution of outcomes changes from
broadly ambiguous (unstructured) to cleanly bimodal (Ra-

manujan). Together, these suggest that biregular structure
changes the geometry of the phase-2 loss landscape rather
than simply biasing optimization toward a known region.

Separation of sparsity and structural effects. Prior
sparse initialization literature conflates effects attributable
to capacity reduction (fewer parameters) and structural prop-
erties (pattern of non-zero entries). Our design begins to
separate them by comparing Ramanujan and unstructured
masks at matched sparsity. Grokking speed is a capacity
effect (same across methods). Compositional escape is a
structural effect (Ramanujan consistently above unstruc-
tured; unstructured flat).

Dead rows as confound. At sparsity 0.977, Bernoulli
masks produce isolated rows or columns with non-negligible
probability; in our runs, unstructured-0.977 masks con-
tain a mean of 49 isolated row/column incidences across
the masked attention projections of a transformer block,
whereas biregular construction fixes nonzero row and col-
umn degrees. This is a structural confound that conflates
“random sparse” with “randomly disconnected”; future com-
parisons should control for these isolated coordinates explic-
itly, for example by post-processing unstructured masks to
eliminate zero-degree rows and columns.

Limitations and scope. The setup is deliberately small
(422K parameters, p = 97, arithmetic only). We treat mod-
ular arithmetic as a model organism: its narrowness is what
permits the clean separation of sparsity from structure that is
this paper’s central methodological contribution, but it also
means our findings are not yet shown to transfer to larger
models or non-arithmetic compositional tasks, and we make
no such claim. The mechanism likewise remains partially
open: the embedding ablation shows embedding dynamics
matter, and the spectral margin is ruled out (Section 4), but
degree uniformity as the operative property is supported
here by structural argument rather than direct ablation. A
hub-controlled mask comparison (Bernoulli post-processed
to fixed degrees vs. unconstrained, matched density) would
close this gap and is the clear next experiment.

Extensions. For a longer version we plan: (1) a pattern-
vs.-initialization ablation (Ramanujan mask with random
dense-initialized values vs. biregular weights) to separate
the structural and dynamical contributions; (2) linear mode
connectivity analysis, forking runs from the same phase-1
checkpoint to estimate basin commitment time; (3) a task-
agnostic circuit progress measure (epiplexity, ε = Hemp −
Lval) to probe whether escape represents a latent mechanism
becoming expressible or a new mechanism forming.
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6. Related Work
Grokking on modular arithmetic was introduced by Power
et al. (2022) and mechanistically characterized by Nanda
et al. (2023), who showed that continuous Fourier progress
measures track mechanism formation before validation ac-
curacy improves. Merrill et al. (2023) frame grokking as
competition between a dense memorizing subnetwork and
a sparse generalizing one—motivating our focus on circuit
support. Our setting differs: we compare task-circuit overlap
across initialization structures rather than memorizing-vs.-
generalizing subnetworks within a single training trajec-
tory. Structured sparse initialization using deterministic
Ramanujan graphs was studied by Biswas et al. (2024) as a
deterministic alternative to lottery-ticket pruning (Frankle
& Carbin, 2019). Data-free pruning-at-init methods such
as SynFlow (Tanaka et al., 2020) share the goal but do not
guarantee Ramanujan-style spectral control or degree uni-
formity. Compositional generalization under sequential or
continual learning has been approached through curriculum
design (Bengio et al., 2009) and catastrophic-forgetting reg-
ularization such as elastic weight consolidation (Kirkpatrick
et al., 2017); our result identifies initialization structure as
an underexplored lever that requires no modification to the
training procedure.
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