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ABSTRACT

Long-range dependency is one of the most desired properties of recent sequence models such as
state-space models (particularly Mamba) and transformer models. New model architectures are being
actively developed and benchmarked for prediction tasks requiring long-range dependency. However,
the capability of modeling long-range dependencies of these models has not been investigated from
a theoretical perspective, which hinders a systematic improvement on this aspect. In this work, we
mathematically define long-range dependency using the derivative of hidden states with respect to
past inputs and compare the capability of SSM and transformer models of modeling long-range
dependency based on this definition. We showed that the long-range dependency of SSM decays
exponentially with the sequence length, which aligns with the exponential decay of memory function
in RNN. But the attention mechanism used in transformers is more flexible and is not constrained to
exponential decay, which could in theory perform better at modeling long-range dependency with
sufficient training data, computing resources, and proper training. To combine the flexibility of
long-range dependency of attention mechanism and computation efficiency of SSM, we propose a
new formulation for hidden state update in SSM and prove its stability under a standard Gaussian
distribution of the input data.
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1 Introduction

How to better model long-range dependency (LRD) of a sequence is one of the most long-lasting research questions
since the invention of sequence models and has inspired numerous model architectures. Long sequences and LRD are
common in all types of application. In story writing, a mystery is planted in the opening and paid off in the middle
and end. In biology, DNA sequences are extremely long and have long-range physical interactions to perform specific
functions. Slow long range variations in physiologic signals such as Electrocardiogram (ECG) have been shown to
contain information vital for early detection of adverse health events such as cardiovascular complications. In photos
and paintings, an item on one corner may be related to the opposite corner. An object appearing in a frame of a video
can have a significant causal relationship with an event happening in the same video minutes or hours in the future.
Recurrent neural networks (RNN) have been developed in order to memorize the past in the network, and particularly,
long short-term memory [1]] and gated recurrent network [2] recursively used the hidden states of the last time point to
derive the hidden state of the current time and reduced the problem of vanishing gradients for easy training. Despite of
theoretically infinite memory, RNNs suffer from a vanishing gradient when the sequence is long and cannot achieve
long memory in practice. Additionally, the recursion of hidden states in RNN prevents parallel computation and results
in extremely long time in training.

Transformers [3] have been developed to address the slow training and alleviate the vanishing gradient problem of
RNNSs. Transformers discard the recursion of hidden states but instead compute the hidden state of each sequence
element directly using all inputs (in the past), weighted by the “interaction” between the inputs modeled by the attention
mechanism. Each input may influence the hidden states of any other inputs if the attention mechanism determines the
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two inputs are relevant, indicating that transformers can memorize the information for an arbitrarily long sequence.
Transformers also achieve better training efficiency compared to RNNs: RNNs require to know the previous hidden
states to compute the next and thus the computation cannot be parallelized; but the hidden states of transformers only
require all input sequence and thus can be computed in parallel. Encompassing these advantages, transformer and
its variant architectures have been applied and adapted for many prediction tasks [4], such as translation and natural
language generation tasks [} 16l 7], natural imaging and medical image classifications [8, 9} [10} [11], multi-modality
predictions (text-image, text-audio, etc) [[12, [13], and predicting biological and molecular sequences such as protein
language models and gene expression transformers [[14} [15]. Moreover, based on pretraining transformers on a large
corpus, ChatGPT, Claude Al, Gemini, and other pretrained LLMs are revolutionizing the artificial intelligence research
area as well as the work and life of individuals. However, transformer models are fast in training, but slow in prediction
because not all inputs are available but instead the sequence elements are forecasted one token at a time, preventing the
parallel computation but requiring to compute a quadratic number of “interactions”. To further improve the runtime
and avoid overfitting, resulting in “artificial interactions”, many improvements over the basic transformers architecture
have been proposed, including Sparse Transformers [16], Reformer [[17], Linear Transformers [18]], grouped-query
attention [[19].

In comparison with the quadratic time complexity of transformers, another line of LLM emerges by extending the
idea of the state-space model (SSM). Phenomenal architectures based on SSM include S4 [20], S5 [21]], Mamba [22],
Mamba?2 [23]]. Additionally, Mamba has been adopted in the neural network architectures for many specific prediction
tasks [24} 251 26| 27 28] 29]. SSM is a special case of RNN, where it models the hidden state of a given sequence
element using the hidden state of the previous element but constrains the hidden state transition to be linear, eliminating
the non-linear activation functions in each RNN layer. Linear hidden state transition enables a closed form expression of
hidden states across all sequence elements, which can further be efficiently computed using fast Fourier transformation
or parallelly computed using extensions of prefix sum algorithm, achieving a much faster runtime compared to traditional
RNNs. Meanwhile, the complexity during prediction linearly scale with the sequence length because only a single
lookup of previous hidden states is needed for each future hidden state, compared to the quadratic time of transformers.
In order to model the non-linear relationships among the inputs, multiple layers of SSM are stacked and connected
by non-linear transformations. Nevertheless, the runtime of stacked SSMs is still much faster than RNNs because the
number of non-linear computation is bounded by the network architecture and finite, while the number in RNNs scales
with the sequence length.

SSM-based models exhibit good capacity for “medium-range” memorization. These models addressed the gradient
vanishing issue by using a special initialization of linear parameters (HiPPO [30]), which contains a wide range of
eigenvalues in the hidden state transition matrix, large values to memorize medium-range dependency and small
values to memorize short-term dependency. With the theoretically motivated design of initialization and fast training
and prediction, Mamba and later SSM-based models usually outperform transformers in prediction tasks involving
memorization. However, SSM-based models still cannot effectively memorize long ranges [31} 32], even for the
state-of-the-art architecture Mamba. Furthermore, recent hybrid models that combine transformers and SSM (such as
Spatial-Mamba [33]], SST [34]], SPADE [35]]) perform even better at LRD prediction tasks than Mamba or transformer
alone, suggesting that transformers and SSM model LRD with different advantages and potential space for improvement
by combining the unique advantages.

Even though all previous models highlight the capability to model LRD and have been benchmarked on various
prediction tasks, it is unclear why each model performs better or worse in modeling LRD than other models and whether
they are better at different aspects with regards to modeling the LRD. The missing theoretical analysis hinders the
future model development and potential further improvement on LRD modeling. In this work, we theoretically compare
the capability of modeling LRD for SSM and transformer models. We used a formal definition of LRD based on
the derivative of the hidden state with respect to the input at a past time point. Under this definition, we derived the
formula of LRD capability for SSM and a single layer of attention mechanism and showed that the LRD capability of
SSM decays exponentially with the time gap while the LRD capability of transformers does not have this constraint.
Moreover, combining the flexibility of LRD capability in transformers and the computation efficiency of SSM, we
propose a novel model, based on a new formula of hidden state transition, that outperforms SSM.

2 Background of SSM, Mamba and transformers

We briefly describe the hidden state formulation of SSM, Mamba, and transformer models here, focusing a single layer
of each model block. For each block, the input is a sequence of inputs 1, zs, ...,z of T time points, and without
further specification we assume x; is a multi-dimensional vector in the context of transformers but a scalar for SSM and
Mamba models. A hidden state vector h, € R¥ and an output y, are inferred for each time point ¢.
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2.1 SSM and Mamba

State-space model uses an ODE to model the instantaneous rate of change of hidden states as a function of input and

current value of hidden states: L
;ﬁazAhy%Bm. 1)

The ODE can be discretized by various methods with the following discrete time hidden state formula. assuming fixed
time interval — also known as Linear Time Invariance (LTI). Denoting the parameter after discretization as A and B, is

ht = Ahtfl + th. (2)

Particularly, when assuming a fixed time interval — also known as Linear Time Invariance (LTI), the discretized matrices
are A = exp{AA} and B = (AA)~!(exp(AA) — I)AB using zero-order-hold discretization method. Mamba relaxes
the linear time invariance assumption and allows the time interval to be a function of input, that is, A; = s(x;) for
time ¢ and input x;, where the function s is encoded by a neural network. Under this relaxation, the discretized
matrices are time-dependent, where the transition matrix is A; = exp{A;A} with time interval A, for each input ¢, and
Bt = (AtA)_l(eXp(AtA) — I)AtB

The output y; is a linear transformation of the hidden state h; modeled by y, = Ch; with fixed C in SSM and
input-dependent C' in Mamba.
The formula of SSM resembles that in Kalman filter:

hy = Ahy_1 + Bxy + wy

3
yt:Oht+DIt+Ut, ()

where wy, v; are random variables from Gaussian distributions. However, Kalman filter is considered as unable to
model LRD due to the accumulation of noise and the lack of constraint of transition matrix A.

SSM and Mamba can well model the dependency at a medium range using HiPPO framework to initialize matrix
A [20]. The HiPPO matrix has a wide and dynamic range of the eigenvalue spectrum. In combination with a learned
time step A or A, some of the eigenvalues of exp{A; A} will be close to 1, enabling the effect of previous inputs to be
long-lasting; some of the eigenvalues are close to 0, which models the short-term dependency.

Even though SSM derives h;,; from a linear transformation of h;, neural network architectures based on SSM will
stack multiple layers of SSM on top of each other and allow nonlinear transformation between layers. Specifically, the

input to the (L + 1)-th layer, xjf A xQL o x%ﬂ'l is derived from a nonlinear transformation of the L-layer output
vl yk, ... yk by setting 7' = f(yF) with non-linear function f.

2.2 Transformers

The core components of a transformer block are an attention layer and a feedforward neural network layer. The output
of the attention layer is passed to the feedforward layer to generate the final output of the transformer block. Although
transformers do not use the phrase “hidden state”, the output from the attention layer and from the feed forward layer
can be mathematically expressed in similar forms as SSM ). Hence, we refer to the output of the attention layer as
“hidden states” and the output of feed forward layer as the final output.

[hy,...,hr] = Attention(x1, ..., 27)

ye = f(hy,xy) fort =1,...,T “

The attention layer, specifically self-attention, computes the hidden state h; by taking a weighted average of all linearly
transformed inputs 1, ..., 2y, ..., z7. Let w(i, t) be the weight of the i-th transformed input for hidden states at time
t, and let the linear transformation matrix be Wy, known as “value” matrix and shared across all inputs. The hidden
states generated by the attention layer is

T
hy = > w(i, )Wy, )
i=1
The weight w(i, t) evaluates the “interaction” strength and is normalized between inputs 4, i.e., >, w(i,t) = 1 for all ¢.
The interaction strength is assumed to be proportional to the dot product — proportional to the cosine of angle — between
transformed inputs at time 7 and current time ¢, with linear transformation matrix W and Wy, known as the “query”
and the “key” matrix, respectively.

w(i, t)ocexp {B(Woxi)" (Wi}, (6)
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where 3 is a scaling factor to balance the dimension increase. We denote K = (Wgax)T, Q =
[(Woz1)T,...,(Woar)T],and V = [Wyx1)T, ..., (Wyar)T]T. After normalization of w(i, t), the above formula
is equivalent to the typical expression in the transformer paper

Attention(z1, ..., z7) = Softmax(BQKT)V @)

3 Long-range dependency in SSM and transformers

We define LRD by the derivative of h; ;, with respect to the past input x; to indicate the degree of change in h;, ;, with
a small perturbation of x;:

dhy

LRD(t + k. 1) = —
t

®

This definition is the discrete case of the memory function in RNN [36]. In RNN, the continuous time output can
be expressed as a convolution of the inputs, y(t) = Si o P(t — s)x(s)ds, and function p(t — s) is called the memory

function, which is equivalent to the derivative of y(¢) with respect to the input x(s) at time s. We focus on the discrete
definition because it naturally extends to transformer model.

Under this definition, LRD(¢ + k,t) is a H-dimensional vector, where the signs of entries indicate the direction of
change at each hidden state dimension in response to the small perturbation of x;, and the absolute values indicate the
magnitude of change. We evaluate the norm of LRD to represent the overall magnitude across all hidden state entries.

3.1 LRD of SSM/Mamba

The hidden states in the SSM/Mamba model can be recursively expressed using previous inputs:

hiip = Ayrhip—1 + Biprigr
= ApprAspr—1hiip—o + Ak Big k1T k-1 + By

=... C))

- (ﬁA)hO—ktiC( tﬁ A]-> B,

i=1 \j=i+1

where Hf:lf A, denotes left multiplication of matrices from A to le % Hence, the LRD defined by (8) in SSM/Mamba
model is

t+k
LRDsgar(t + k. t) ( 11 A) (10)

Jj=t+1

Previously, the continuous memory function in RNN has been shown to have exponentially decaying value. SSM is a
special case of RNN, our definition of LRD in the discrete will also exponentially decay. We formally state this property
and give a simple proof for the discrete case tailed for the exact Mamba hidden states below.

Corollary 1. Given an input xy, the Lo norm of LRD decays exponentially with rate A1 per unit time, where \1 is the
largest eigenvalue of A and is non-positive if the SSM is stable.

HLRDSSAI(IS +k+1 t) HQ eXp(/\lAt+k+1)‘|LRDSSA{(t +k t)”g (11D

Proof. To prove this, we explicitly write down the formula of A; under Mamba using exp(A;A) with the scalar A,.
Thus, the multiplication of transition matrices can be expressed as the following matrix exponential form,

t+k t+k
n j = €exp Z ANA .
j=t+1 j=t+1

4
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The L2 norm of LRDggas (¢, t + k + 1) is

t+k+1
ILRDssas(t +k+ L,0)]2 = |exp{( Y. A)A}Bif
i=t+1
t+k

= |exp{Aprs1A}exp{( Y A))A}Bs
i=t+1
t+k

< Jexp{Avsri1 A} |2 exp{( D) A)A}By2
i=t+1

= | exp{A¢tsx+1A4}[2LRDssns (t + K, 1)
< exp(AMA¢igr1)LRDgsa (t + K, ).

3.2 LRD of transformers

Using the hidden states of transformation (5)), we derive the LRD of transformer models as follows.

Theorem 1. The long-range dependency of a single attention layer of transformers between hidden states hy i, at time
t + k and the input x; at time t is

t+k—1 .
ow(i, t + k
LRDtransfbrlner(t+k,t) = Z ¥

i=1

Wy x; +w(t,t+/€)Wv. (12)
8xt

The form of LRD of transformers is more complicated, but it does not necessarily decay exponentially. Especially
ifw(t,t + k) « w(t,t + k + 1), that is, t-th and ¢ + k + 1-th inputs interacts more intensively than that between
t-th and ¢ + k-th inputs, the second component w(t,t + k + 1)Wy for the ¢ + k + 1-th hidden state will be much
larger than w(t, ¢ + k)Wy for the t 4+ k-th hidden state on the right-hand side, which may eventually leads to a larger

LRDtransformer(tJrkJr 1,t) than LRDlransformer(tJrk,t) .

Without the exponential decay constraint, the LRD of transformers is more flexible than that in SSM/Mamba. However,
standard transformer models pay a cost for being flexible in LRD: it does not use a srong inductive bias and thus usually
requires more data in order to find the optimal matrices in the attention mechanisms [37, 38]. In contrast, Mamba
takes advantage of the strong inductive bias of the careful design of HiPPO initialization and sometimes outperform
transformers in prediction tasks requiring long memory with limited size of training data [39]. Nevertheless, a few
recent architecture interleaves SSM/Mamba and transformer blocks and demonstrated higher performance than either
SSM/Mamba or transformer individually [33} 34, 35]]. Our theoretical comparison between SSM/Mamba and LRD
transformers aligns with the improved performance when they are combined.

4 A new formulation of hidden states recursion in SSM/Mamba

The flexibility of transformers lies in determining the weight based on both the previous information and current input
elements — the product between transformed x; and x5, which can be viewed as an “interaction” between previous
and current information from a statistics perspective. In contrast, Mamba uses a fixed transition matrix A for hidden
states and only determines the step size of transition by the input x;, which is not as flexible as the “interaction” term.

To enhance the flexibility of LRD modeling in SSM/Mamba, we introduce the idea of “interaction” in the hidden state
transition as follows: ~ ~
h; = Ashy_1 + Byxy + (Wl W) (Gxy). (13)

il

The first two terms on the right-hand side are the same as in the Mamba model. The third term encodes the “interaction’
between the previous information h;_; and the current input x;. The strength of the interaction is hf_1Wxt, the
similarity between h;_; and x; in a projected space by W. The hidden state will be shifted along the direction Gz
weighted by the interaction strength, where G resembles the “value” matrix in transformers. Mamba model is a special
case of our new formulation by fixing G to a zero matrix. After reorganizing the terms, we obtained the following
equivalent formula, and further leads to the unrolled form stated in Theorem@

h; = (A; + GryzI WThy 1 + By (14)
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Figure 1: LRD of new formula and SSM/Mamba using simulated matrices and inputs.

Theorem 2. The unrolled form of the hidden state update in equation (14) is

t t t
b, - (Hmi v G:cmTWT)> ho+ Y] ( [T+ ijxfWT>> Bz (1s)

i=1 i=1 \j=i+1

Again, the ]_[Z notation for matrix multiplication denotes the left matrix multiplication starting with the index at the
bottom (7) and ending with the index at the top j.

4.1 Long-range dependency of the new formulation

We derived the LRD of the new formulation according to the definition (8.
Theorem 3. The long-range dependency of under hidden state model is

t+k t—1
LRD(t + k‘,t) = < H (Al + G.l?l]);TWT)) (233,5GWT) <H(1‘L + GQ?ZJ’J?WT)) hy+

i=t+1 i=1

t t+k _ t—1 B B
> ( [ (4 + Gaja] W) e, GWT) [] (4 +ijx]TWT)> Bizi+ (16)
i=1 \j=t+1 j=i+1

Y

t+k B B
[T &+ ijx}“WT)> B

j=t+1

The LRD has a very complicated form to directly derive whether it is constrained to exponential decay or not. Therefore,
we empirically simulate the input x1, . .., x7 using a standard normal distribution and randomly generate the transition
matrix A with non-positive eigenvalues, matrix B, and the vectors G and W in the newly introduced interaction term.
We assume the time interval A is fixed, corresponding to the SSM formulation before Mamba. Figure [T| shows the L.2
norm of LRD computed under the SSM/Mamba hidden state model and new formulation with respect to the same input
x across multiple hidden states h; . for k = 1,...,100. The plot shows that the LRD in Mamba/SSM has a near-zero
LRD after the time gap of k¥ > 5; while the LRD in the new formulation does not monotonically decay, but instead a
high LRD may occur at a large time gap of k = 44 when the interaction between the input and the previous hidden
states is high.

We give the following conceptual explanation for why the new formula does not follow the exponential decaying
constaints as SSM/Mamba. The exponential decay comes from the exponentiation of transition matrix A, which has
non-positive eigenvalues. The larger the time gap, the exponentiation exp(A\; A) gets closer to 0 with non-positive
eigenvalue \;. However, the new formula adds an additional term to the transition matrix, and therefore, the dependency
is the sum between exp(A;A) and the other term, breaking the exponential decay property.

4.2 Stability of the new formulation

However, the additional term in the transition matrix may raise concerns about the stability of the hidden states recursion.
Specifically, if any of the eigenvalues of A; + Gz,xl W7 is greater than 1, the hidden states will approach infinity
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after a long time. We investigate the stability of the new formulation here, focusing on a special case with simplifying
assumptions, and derive the stability condition under the assumption of standard Gaussian distribution of the inputs.

Following the assumption of Mamba, we still assume the inputs 1, ..., z7 € R are scalars. We additionally assume
Gxyw] WT can be simultaneously diagonalized with A, which indicates GG and W are scalings of the same eigenvectors

of A. We denote the product of the scaling factors of G and W as v > 0. Let the eigenvalue decomposition of A be
A = PAPT, where A = diag(\1,. .., Ax) and we do not assume Mg, . .., Az are sorted. Without loss of generality,
we assume G and W are scalings of the last eigenvector in the decomposition corresponding to eigenvalue Ag. We
focus on the case where the time interval A, = 1 are fixed across inputs, but the stability can be generalized to the
time-dependent time interval case. The transition matrix can then be written as

A1
_ A2
Ay + GraTw? = p . PT (17)
Am + ’YZ%-H
Accordingly, the unrolled form in equation (I3) can be expressed as
A A
Ay ¢ A
h; =P ) PThy + )] . PTBz; (18)
: i=1 ‘
t
HE:1()\H + ) [Tz (Am + ’Yxf)
Previous S4/Mamba model requires the eigenvalues of A not exceed 1, \; < 1fori = 1,..., H. In our new form, the

last eigenvalue of the transition matrix, Ay + 22, may exceed 1 when the input z; is large. This is a double-edged
sword, breaking the exponential decay constraint, but also introduce instability of the hidden state recursion. However,
as long as the eigenvalues do not exceed 1 very often, it’s highly likely that the hidden state recursion is stable. Assuming
that the inputs x1, . . ., 7 are identically independently distributed under a standard Gaussian distribution, we prove the

following probabilistic upper bound of the eigenvalue term, szl (Am + ~yz?), in the unrolled hidden states formula.

Theorem 4. Assuming the inputs x1,xs,... are independent identically distributed under a standard Gaussian
distribution, and \g is strictly positive, then there exists a pair of positive values (v, b) such that
22 2
t e 2? jf0<z< %
P (H()\H +z?) = (Mg + 7)t> < b2 (19)
i=1 e ifz> %

See Appendix for the proof. The theorem states that it’s unlikely that the product of ]_ﬁ:l Az + ya? is larger than
e*(Ag + )! for any non-negative value z. And the larger value of z, the smaller probability that the product exceeds
the upper bound. Particularly, if Ay + v < 1 and the number of recursions ¢ is large, for any z value, e*( Ay + ) will
be close to 0, and thus most of the terms in h; will diminish, avoiding h; to explode.

We empirically verify that the product H§:1 Az + yx? when Mgy + v = 0.999 < 1 will diminish when the number of
recursions is large. We randomly simulate 10,000 inputs, 1, . . ., Z10000, from a standard Gaussian distribution, and
compute the sum of log-transformed Az + yz?2. The sums of log-transformed values are very negative for two settings
of (Ag,~y) pair (Figure , confirming that the product is vanishing rather than exploding, and thus h; will be stable.

5 Conclusion

In this paper we studied the capability of modeling long-range dependency of Mamba and transformers from a theoretical
perspective using the definition of LRD of the derivative of hidden states with respect to the past input data. We proved
that the LRD of Mamba exponentially decays as the gap between a given input and later hidden states increases, while
the LRD of transformers do not suffer from this restriction. Analyzing LRD indicated the fundemantal limitation of
SSM-based models. Motivated by this, we proposed a new state-space model that addressed the fundamental limitation
of LRD of Mamba by introducing an “interaction” term between hidden states and inputs as inspired by transformer’s
attention mechanism. We empirically demonstrated that the new model does not suffer from the exponential decay as
Mamba. Focusing on a special case of our model, we derived the stability condition using probabilistic tail bounds.
This stability condition guarantees a high probability that the hidden states under this new model will not approach
infinity when the sequence length becomes infinitely long.
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Figure 2: Histogram of 10000 samples of log (Hle(AH ¥ mg)). (Left) A\ = 0.9, v = 0.099, £ = 10000. (Right)
Am = 0.5, = 0.499, t = 10000

Some future directions will further enhance the theoretical results. First, the stability condition only handles the
special case when the weight vectors in the interaction term are scaling of the same eigenvector of the hidden state
transition matrix, but the stability conditions of the model for other cases or of the model in general are unknown. The
general stability condition is crucial to empower the interaction with more flexibility and the whole model with higher
expressiveness. Second, the time complexity and parallelizability of the proposed model require further investigation.
Due to the similarity between Mamba and this new model, it is promising to derive an efficient algorithm to compute all
hidden states in parallel by adapting the one used in Mamba. Third, evaluation using existing benchmarking datasets is
needed to verify the improvement in prediction by using more flexible hidden states. Comparing the accuracy of the
proposed model with the hybrid models combing Mamba and transformers is of particular interest, as the latter also
enables flexible hidden states in the transformer blocks.
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Appendix

S1 Proof of Theorem

Proof. We prove this theorem by induction. Treating the initial hidden state hy = 0 as a zero vector, the theorem
claims the next hidden state is

1 1 1
h; = <H<AZ + lewfwT)) hy + Z ( n (AJ + G,’EJ.%‘?WT)) BZ.”L'Z
i=1 i=1 \j=it1
1
= (1‘_11 + G.’Elw{WT)ho + (n(;l] + ij.TfWT)) Bl.’ﬂl
j=2

= (Al + G.’Elt’EF{WT)hO + lel.

This form aligns with the hidden state transition in (T4).
Assuming the (¢ — 1)-th hidden state satisfy the form,

t—1 t=1 / t—1
ht,1 = (H(AZ + GLUZZL'ZTWT)> h(] + Z ( 1_[ (A] + Gl'jl'jTWT)> Ble
i=1 i=1 \j=i+1

The t-th hidden state according to the state transition (T4) is

ht = (At + Gxtx?WT)ht_l + Bt.’lft
) =1 t=1 / t=1 ) )
= (A; + GxtxfWT) { <H(Ai + Gmw?Wﬂ) hy + Z ( H (A; + GacjxfWT)> Biaji} + Bixy
i=1 i=1 \j=it1

t—1 t—1 t—1
= (A; + GxtxfWT) (H(‘LL + GxixZTWT)> hy + Z(At + Gxta:fWT) ( H (4; + ijxfWT)> Bix; + Byxy

i=1 i=1 j=i+1

Because we use the | | to denote the left matrix multiplication, we can further simplify the above formula:

(ﬁ(A1 + GIZIEITWT)> hy + t
(

h,

=

1 t

( H (Aj + ijx]TWT)> Bz, + Byxy
=1 \j=i+1
t—1

¢ t ¢
= (H Ai + GxixiTWT)> hy + Z ( H (4; + ijx]TWT)> Bx; + < H (4; + ijz]TWT)> By,
i=1 i=1 \j=i+1 j=t+1
¢ t t
= (H(Al + zex?WT)> hy + Z ( 1_[ (Aj + G‘TJI'?WT)) Bll’l
i=1 im1 \j=it+1

Hence, when h;_ satisfy the formula in the theorem, h; obtained using the recursive hidden state transition will also
satisfy the formula in the theorem. By this proof of induction, the unrolled hidden state formula in the theorem holds
for recursive transition (14)). [

S2 Proof of Theorem

Proof. To derive LRD(t + k, t) of (T3), we need to take the derivative of h;;, with respect to xy,

t+k - t+k t+k B B
ht+k = <H(A1 + GTZJ)TWT)> hy + Z ( H (Aj + G.Z‘JZ‘JTWT)> B;x;.

i=1 i=1 \j=i+1
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We assume inputs are scalars, according to the single-input-single-output running mode of SSM/Mamba, Gx;zl W7T =

x?GWT. Therefore, the derivative of the first part with respect to x; is

d Ht+k(A + le TwT) t+k B 1 Tyx/T t—1 _
da i=t+1 da i=1

t+k t—1
( [ (Ai + GziaT WT)> (2z,GWT) (H(Ai + Gax! WT)> hy
i=t+1 =1

For each term in the second part, if 7 > ¢, (Hii’f 1 (Aj + ijijWT)) B, x; does not involve x;, hence having zero

derivative. If 7 < ¢,

d Ht:’; (A + GJZ.Z‘TWT) Bzmz t+k _ d A G TwT t—1 B B
( Jm Y a1z . ) = ( n (AJ + ij.ﬁ?WT) ( et djtxt ) n (A7 + Gm]x;‘FWT)> B;z;
! j=t+1 ¢ j=it+1

t+k t—1
( n (4; + ijxfWT)(Qa:tGWT) H (4; + ijx?WT)> B;x;.

j=t+1 j=it1
If 7 = t, then
d (Httk (A; + GachWT)) By t+k
j=t+1\41j T _ _
4z, = ( n (AJ + G.%JCU?WT)> B
G=t+1

Combining the three derivation terms, we have

dhy, t+k o T t—1 -
dxt:(H(Ai—i—GxixiW) (22:GW HA'-FG.Til‘iW) ho+

i=t+1 i=1

t [ t+k t—1
Z ( n (A; + ijijWT)(2xtGW ) (4 + ijijWT)> Bixi+

i=1 \j=t+1 j=it1
t+k
(4 + ijxJTWT)> B,
Jj= t+1

S3 Proof of Theorem d]

Lemma 1. Given a standard Gaussian random variable X, log(c + vX?) is a sub-exponential random variable for
some positive pairs of (v,b):

v222 1
E(e* 05Xy < o2 for |A| < T (20)

Proof. [40] stated that to prove a random variable Y is sub-exponential, it suffices to prove the tail bounds of both sides
are sufficiently small, that is,

P([Y —E(Y)| > t) <e % @1

for all ¢ > 0 and for some positive value K. Therefore, we will prove the following two inequalities:
P(log(c +7X?) —E(log(c +7X?%)) > t) < e 1 (22)
P(—log(c +7X?) + E(log(c + vX2)) > t) < e %i. (23)

Denote E(log(c + vX?)) = pu, for 22),

1
P(log(c+fyX2) — = t) = P(c+7X2 > e’”’t) = P(X2 >

= |

-a).
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Since X? is a chi-square random variable and is sub-exponential, it holds that P(X2 > t) < e~ Kl . Thus,

(eFtl—c)

1 -
P<1og(c+’yX2)u>t) =P<X2 > (ewc)) <e AR
gl

To compare e#t — ¢ and some scaling of ¢, we construct function f(t) = e**! — ¢ — e#t. The derivative of f
satisfies f(t) = e!™* —e* > O whent = 0. And i > log c as log(c + vX?) > log ¢ for any X? values, therefore,
f(0) = e* —c = e8¢ — ¢ = 0. Combining f(0) > 0 and f’(t) > 0, we have f(t) = 0 for t > 0. Therefore,

4t (ePTt—c) _ texp(p)
et —c>ettande Kt < e K1 | Therefore,

texp(p)

P(log(c+7X2) — = t) <e

For 23),

P(—log(c+~vyX?) +pu=t) = P(log(c+vX?) < p—1).

Because log(c + 7X?) < log c regardless of the value of chi-square random variable X 2, if ¢ is larger than ;1 — log c,
P(log(c +vX?) < u—t) < P(log(c + vX?) < logc) = 0, the inequality is automatically satisfied.

When 0 < t < u — log ¢, we further derive P(log(c +vX2) < pu—t) as

1

=t _ 2)) = ,zle‘“t—c
;(6 )) = CDF (7( )

where CDF, > denotes the cumulative distribution function for chi-square random variable with degrees of freedom 1.
It can be shown that CDF, 2 (v) < /v for any v > 0. Applying this inequality,

p—t __ "o t
P(log(c++vX?) <p—1t) < \/ec = \/etece.
Y 0

Using Jensen inequality, e/ = eE(0s(c+7X?) < Felos(c+7X*) — ¢ 1 5 which further allows us to rewrite the bound as

Pl s ax®) <0 \/T - F“W —

where the last inequality holds as ¢ > 0 and thus c(ef — 1)

P(log(c+vX?*) <p—t)=P(X*<

Now we have proved the tail bound in equation (22)) and @, which implies log(c + v X?) is a sub-exponential random
variable. By definition of sub-exponential random variable, there exists a positive pair (v, b) such that

1
E(eAlog(c+7X2)) < e e for |)\‘ < s

O
Theorem 4. Assuming the inputs x1,xs,... are independent identically distributed under a standard Gaussian
distribution, and \p is strictly positive, then there exists a pair of positive values (v, b) such that
=2 tv?
t e 207 lfO <z < T
P H(AH +yzd) = ef(Ag +7) | < ) (19)
i=1 % tv

e 2 jfz>—.
i b

Proof. Denote random variable Y = log (H§:1()‘H + 'yxf)) = 22:1 log(Ag + vz?). According to Lemma
(Ax +~x?) is a sub-exponential random variable with parameters (v, b). The moment generating function of Y satisfies

t

t t
E(SAY) _ E(GZ: 1 )\()\H+'yx2) H )\HJrvacQ) HE(G/\(AH+715)) < He”?z
i=1 i=1 i=1 (24)

(VEr)222
=e 2 .
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Note that ) is the parameter of the moment generating function, while ) is the eigenvalue of A. Hence, Y is also

sub-exponential with parameters (1/tv, b). Applying the sub-exponential tail bound [41]], we obtain
22 2

e z? f0<z< %

PY 2EY +2) < (25)

t V2
e 2 ifz > 5

Now we transform back to H§:1 (Am + vx?) from Y by applying e¥. Note that the exponential function is convex,
and applying Jensen inequality, we have
E(eY) = &), (26)
Additionally, the expectation E(e¥) can be derived as E(e¥) = E([T'_, (A + v22)) = [, EQx + y2?) =
(Ag + 7)!. Finally, we bound ¢ by
¢
P(H(/\H +y22) = e*E(eY)) = P(e¥ = e*E(eY)) < P(e¥ = e*ePY)) = P(Y = E(Y) + 2). (27)
i=1
Therefore,
22 2
; TR ﬁ0<z<%}
P([ [u +727) = (A +9)") < o2 (28)
=1 e ifz>—.
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