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Abstract

A network can be a few hundred bit-flips from
the true parity rule yet have an algebraic normal
form (ANF) of 24,998 monomials. We call this
the Mobius noise zone: small residual error catas-
trophically inflates apparent algebraic complex-
ity, so the natural exact test for compositional
recovery (symbolic ANF equality) spuriously re-
jects networks that behaviorally learned the rule.
Accuracy alone errs the opposite way, accepting
high-error shortcuts that match the target on easy
inputs without computing it. We introduce a noise-
tolerant verification framework: Reed—Muller de-
coding certifies whether the network lies inside
the unique-decoding ball of a candidate of known
ANF degree, and Walsh-spectrum agreement sup-
plies an exact squared- Ly spectral distance of 49
(so Lo distance 2\/5), where ¢ is the bit-error rate.
Inside a small template bank of plausible com-
positional hypotheses, these checks rank the cor-
rect rule top-1 in 22/25 task/output cells across
all three seeds (23, 23, 22 per seed) on parity,
modular addition, and modular multiplication; the
failures correctly flag bits the network does not
robustly recover. Relative to the intended rule,
the residual e = f & h is structured: on modu-
lar multiplication, a one-line risk score yields a
3-10x spread between low- and high-risk failure
rates (high-risk at 1.4-1.9x the random baseline),
localizing where generalization breaks down.

1. Introduction

Setting. Train a neural network on a Boolean function
with known compact structure (parity, bitwise modular addi-
tion, or bitwise modular multiplication), and ask whether the
network has recovered the underlying rule, not just fit the
training data. The natural exact test for rule-recovery breaks
down under arbitrarily small residual error; we diagnose

'Independent. Correspondence  to:
<pranay.jha@gmail.com>.

Pranay Jha

Accepted to the 2nd Workshop on Compositional Learning at ICML
2026, Seoul, South Korea. Copyright 2026 by the author(s).

the failure and replace the exact test with two noise-tolerant
checks from classical coding theory and Boolean Fourier
analysis.

Compositional Boolean recovery. We use “composi-
tional” here in the restricted algorithmic sense: the out-
put is generated by a compact rule that composes local
Boolean operations across input bits (parity over a fixed
subset, bitwise addition modulo 2%, bitwise multiplica-
tion modulo 2¥), rather than by a lookup table over the
cube. Verification specifies a candidate compositional rule
h:{0,1}™ — {0,1} and asks whether the network’s in-
duced behavior f : {0,1}™ — {0,1} (read off as a truth
table) agrees with h. Held-out accuracy alone is insufficient:
high agreement is consistent with both genuine composi-
tional recovery and high-error shortcut policies that match
h on the easy subset of inputs without computing it. The
mathematically cleanest exact check is symbolic equality:
compute the algebraic normal form (ANF, the unique GF(2)
polynomial expansion) of f and compare to the ANF of h.
We show that under small residual training error this exact
check becomes catastrophically misleading: networks that
have compositionally recovered the rule in any reasonable
behavioral sense fail it dramatically.

Motivating observation. Train a 3-layer ReLU MLP on
parity at n = 16. The network classifies 99.31% of the
216 Boolean inputs correctly; behaviorally, it is extremely
close to the parity rule. Extract the induced truth table and
compute its ANF via the Mobius transform, however, and
you find a degree-16 polynomial with 24,998 monomials,
where the clean target x; @ - -- ® x,, has support 16 and
ANF degree 1. Exact ANF equality therefore rejects the hy-
pothesis, even though the induced function sits deep inside
the Reed—Muller decoding basin of clean parity and Reed’s
classical majority-logic decoder applied to the truth table
yields the clean parity codeword. The instability lives in
the exact symbolic readout, not in the recovered behavioral
rule.

Recovery under residual error. The ANF instability is
not parity-specific; it arises whenever exact symbolic recov-
ery is tested under residual Hamming noise, and is sharpest
when the candidate has known ANF degree. We replace
exact symbolic equality with two noise-stable behavioral
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lenses for the same “did the network recover the rule” ques-
tion. The first is a coding-theoretic certificate. The truth
table of a degree-< r GF(2) polynomial in n variables is
a Reed—Muller codeword h € RM(r, n), and two distinct
codewords differ on at least 2"~ inputs (MacWilliams &
Sloane, 1977). Therefore any received word (here, the net-
work’s induced truth table) within 2"~"~! — 1 Hamming
flips of one codeword is closer to it than to any other. Given
a candidate h of ANF degree r, we accept recovery iff

dg(f,h) <2n 1 1.

The second is a spectral measurement. Walsh-spectrum
agreement reports an exact continuous quantity: by Par-
seval’s theorem, the squared Lo deviation between the
induced and candidate Walsh spectra equals 49, where
d = Pr[f(x) # h(x)] is the bit-error rate. The practi-
tioner version of the question is rarely “does the network
match this one rule” but “which compositional rule, if any,
in a small bank of plausible candidates does the network
recover”’; we therefore use these checks inside a template-
bank ranking that compares the induced behavior against
candidates, reports margins to alternatives, and applies the
Reed-radius certificate when a candidate has known ANF
degree.

Where compositional recovery fails. A certificate tells
us whether the induced behavior is close to a candidate
compositional rule. It does not tell us where that rule fails,
i.e., which inputs the network handles compositionally and
which it falls back on something more like memorization-
flavored exceptions. Relative to a reference candidate h
(whether Reed-certified or merely close), the residual

e(z) = f(z) © h(z)

is itself a Boolean function on the input space. We treat this
residual as a second signal rather than as nuisance noise. In
our experiments it is structured: for modular multiplication,
residual errors concentrate on inputs with high popcount
product; for parity, residual errors show seed-dependent
Hamming-weight structure. Compared with a matched
Bernoulli baseline at the same error rate, these deviations
are substantial and actionable: a one-line residual-risk score
yields a 3-10x spread between low-risk and high-risk fail-
ure rates on modmul. In short, certificates identify when
a compositional rule is recovered on the bulk of inputs;
residual diagnostics identify the input regimes where com-
positional generalization breaks down.

Contributions. The mathematics underlying our checks
is classical (Reed—Muller codes, Walsh—-Hadamard analysis,
the parity-bias formula); our contribution is to assemble it
into a workflow for evaluating compositional Boolean recov-
ery and to characterize the regime in which it operates. (1)

Compositional-recovery benchmark. We formulate “did the
network recover the compositional rule” as ranked template
matching of the induced behavior against a small bank of
plausible compositional candidates, with margins reported
to alternatives and Reed-radius certificates applied when the
top candidate has known ANF degree. (2) Failure mode.
Exact symbolic ANF recovery is unstable under small resid-
ual Hamming noise: the Mobius transform can amplify a
small § into maximum-degree, random-scale apparent alge-
braic complexity, even when the induced behavior remains
inside the Reed—Muller decoding basin of the target. Sym-
bolic equality therefore conflates behavioral compositional
recovery with zero-error symbolic recovery, rejecting any
nonzero residual. (3) Stable lenses. For candidates of known
ANF degree, Reed-radius gives a coding-theoretic recovery
certificate; Walsh-spectrum agreement gives a continuous
spectral measurement of behavioral distance; both are sta-
ble under residual Hamming noise. (4) Empirical results.
Across 25 task/output cells at n = 24 and three seeds on
parity, modular addition, and modular multiplication, the
correct compositional rule ranks top-1 in 23/23/22 cells per
seed, with 22/25 robustly top-1 across all three seeds (mean
margin ~0.41). Of the rest, two are output bits the network
never recovers (correctly rejected in every seed) and one is
the cliff-edge bit, certified exactly in the seeds where the
network learns it. (5) Residual diagnostics. Relative to the
intended rule, the residual e = f @ h separates structured
trained-network residuals from matched Bernoulli baselines:
high-residual-risk inputs (e.g., high popcount product for
modmul) predict where the reference rule fails, identify-
ing localized exception regimes relative to a close intended
reference rule.

Scope. This is a verification-and-diagnostics framework,
not unsupervised discovery: it takes a candidate compo-
sitional rule (or a small bank of candidates) as input and
certifies behavioral, not mechanism-level, agreement via a
coding-theoretic (Reed—Muller) certificate, with the spectral
(Walsh) distance quantifying the same behavioral error. We
evaluate on parity, modular addition, and modular multipli-
cation at n < 24, on ReLU MLPs and a small decoder-only
transformer; extensions to GF(p > 2) and automated resid-
ual feature discovery are future work.

2. Boolean Compositional Recovery

Setup. A trained network on n Boolean inputs induces a
function f : {0,1}" — {0,1}. For n < 24 we enumerate
the full input cube; a fraction « of inputs (ov = 0.5 for the
n = 16 contrast and the parity scaling, o = 0.25 for the
n = 24 template-bank and residual experiments; full details
in Section I) forms the training set and the remainder is held
out for evaluation. A compositional hypothesis names a can-
didate rule b : {0,1}™ — {0, 1}, the femplate. Verification
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asks whether f matches h in a sense that tolerates small
residual error.

Three notions of recovery. “f matches i~ admits three
distinct claims, which coincide only at § = 0 and disagree
sharply otherwise:

* Behavioral recovery: Pr,[f(z) # h(x)] = § for some
small 6.

e Decoding recovery: f lies in the unique-decoding ball
of h in a Reed—Muller code (§ 3).

» Symbolic recovery: exact representation match, e.g.
fank(S) = hanw(S) for all S C [n] in the ANF
basis.

This paper centers on the regime where behavioral and de-
coding recovery hold while symbolic recovery fails by or-
ders of magnitude.

Channel-like decomposition. We use a channel-like
framing f = h @ e, where the residual mask e € {0,1}>"
indicates inputs on which network and candidate disagree.
We do not assume the residual is i.i.d. Bernoulli (§ 6 shows
it is structured). Verification becomes a classical decoding
question: does f lie in the unique-decoding ball of &, and if
so, what does e look like? § 3-5 develop the decoding side;
§ 6 treats e as a first-class object.

3. Stable Certificates and Brittle Symbolic
Recovery

We use three structural representations of f, with very dif-
ferent stability properties under small Hamming noise.

Walsh-Hadamard spectrum (stable measurement). For
this paragraph we switch to the standard {£1} encoding
(where Boolean 0 — +1, 1 — —1); the rest of the paper
uses {0,1}. The Walsh expansion f = > ¢ f(S)XS on
{£1}", with xs(2) = [],cg 2 is the DFT on the Boolean
cube; “frequencies” are subsets S C [n] and basis func-
tions are parity-over-S characters. Walsh stability is exactly

Parseval: for {+1}-valued f, h,

STS) —h(S))? = E[(f(z) — h(2))?] = 48, (1)

S

where § = Pr,[f(z) # h(x)]. The squared Lo deviation
of induced from target Walsh spectra equals 49 exactly, a
continuous behavioral measurement, no decoding required
(Appendix A).

Reed-Muller decoding radius (stable certificate). The
Reed—Muller code RM(r,n) is the set of truth tables
of all GF(2) polynomials in n variables of degree < r
(MacWilliams & Sloane, 1977). Two distinct codewords
differ in at least 2"~" inputs, so a received word within
27=r=1 _ 1 flips of one is closer to it than to any other.
Given a candidate h of ANF degree r, we accept f as a
recovery iff

dg(f,h) < 2n =11 (r <n). 2)

The general unique-decoding radius is [(2"~" — 1)/2],
which equals 2"~ "~! — 1 forr < n and 0 at r = n; all
our candidates have » < n. Within this radius h is the
unique degree-< r codeword: no other rule of degree < r
is also within 2" ~"~1 — 1 flips of f, so the certificate dis-
tinguishes recovery of h from being merely close to some
other low-degree rule (Appendix B).

ANF / Mobius (unstable exact baseline). The ANF
is the unique GF(2)-polynomial expansion f(z) =
D FANF (8) Il;es i on {0,1}", with coefficients com-
puted by the Mébius transform fanp(S) = Drcs f(T).

ANF equality (J?ANF(S) = EANF(S) for all .S) is the pre-
cise exact symbolic baseline this paper stress-tests. The
instability comes from Mobius non-locality: altering any
single truth-table value flips up to 2™ ANF coefficients, so
small Hamming noise is amplified into the high-degree ANF
strata.

Walsh measures, Reed certifies. Walsh agreement re-
ports the continuous behavioral error 46; Reed-radius thresh-
olds the same error against the unique-decoding radius for
a degree-r candidate. The two lenses are consistent but
serve different roles: Walsh gives magnitude, Reed gives an
accept/reject certificate. As a scalar, Walsh Ly agreement is
a reparameterization of Hamming error (||f— ﬁ||§ =4 =
4(1 — acc) by Parseval), so ranking candidates by Walsh
distance coincides with ranking by accuracys; its added value
is the spectral, coefficientwise view, not independent statis-
tical evidence. ANF equality is the outlier: it requires 6 = 0
exactly.

4. The Mobius Noise Zone

We call a (network, target) cell a Mobius noise zone cell if
the induced behavior lies inside the Reed—Muller decoding
basin of the target (dy < 2"~ "~! — 1) but ANF equality
rejects (fANF(S) + TLANF(S) for some S). Empirically,
this regime appears repeatedly across our trained networks,
tasks, and scales.

The contrast at n = 16. Table 1 reports five trained-MLP
cells at n = 16. For the parity_16 cell, the same trained
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Table 1. Trained ReLU MLPs at n = 16, o = 0.5, seed 0. modadd / modmul use k = 8, so ni, = 16. Walsh 46 measures behavioral
error; Reed accepts iff dy < 2" "~! — 1, where 7 is the clean candidate’s ANF degree (the “Ind.” columns report the network’s induced
degree and support); ANF equality accepts iff dg = 0. Reed-radius accepts 4/5 cells, ANF equality only the two lossless cells.

Target Bitacc. Ind. ANFdeg Ind.supp. Biterrs RM radius 49 ANF eq? Reed?
parity-16 99.31% 16 24,998 455 16,383 0.028 no yes
modadd-8 bit0 100.00% 1 2 0 16,383 0 yes yes
modadd-8 bit7  99.99% 16 737 7 127 4.3x107* no yes
modmul_8 bit0 100.00% 2 1 0 8,191 0 yes yes
modmul_8 bit7 70.47% 16 26,653 19,353 31 1.18 no no

n =24

—12;206 x

10% 4 n =20
7,604 x

1,708 x
10° ‘

ANF support inflation

Bernoulli reference (Prop. 1)
@ mean =+ s.d. over 3 seeds

1073 107 107 107
Bit error rate § (— network learns parity better)

Figure 1. Trained ReLUMLPs on parity_natn € {16, 20,24},
three seeds per scale. As n grows (16 — 20 — 24), residual
error decreases while raw ANF inflation increases (mean factors
1,708 — 7,604 — 12,206); the trend mixes dimension with §
and is not a controlled fixed-n noise sweep. All 9 trained networks
lie inside the RM(1, n) decoding basin. Open circles are the
Bernoulli reference from Proposition 4.1.

network gives four different readings. Truth table: 99.31%
correct (455 errors out of 65,536). Walsh: a single coeffi-
cient at X[n] & 0.987, the rest at the noise floor (< 2.76%
spectral-energy leakage outside x(,)). Reed: 455 errors
comfortably within the RM(1, 16) radius of 16,383, so de-
coding returns the clean codeword. ANF: 24,998 monomi-
als at degree 16, a ~ 1,560 inflation. Walsh and Reed
identify the same low-error parity solution; ANF equality
alone rejects it.

The pattern extends across RM strata: modadd-8 bit 7
(radius 27 — 1 = 127, only 7 errors) decodes cleanly de-
spite 737 induced monomials; modmul_8 bit 7 (radius 31,
19,353 errors) is three orders of magnitude out of basin,
and Reed correctly rejects. The same MLP gives opposite
verdicts at low vs. high RM order, and the Reed certifi-
cate tracks basin membership while the Walsh measurement
tracks the underlying error, where ANF equality is fooled.

Scaling: error rate down, ANF inflation up. Asn grows,
residual error shrinks but ANF inflation grows robustly
across seeds (Figure 1). All nine trained networks at n €
{16, 20, 24} lie inside the RM(1, n) basin (radius 2" =2 —1),
with mean inflation factors 1,708 — 7,604 — 12,206. The

Reed margin and the ANF-based apparent complexity move
in opposite directions: as n grows, the network’s bit-error
rate falls deeper inside the decoding ball while the induced
ANF support climbs further into the random-noise range.

Mechanism (informal). A single-input bit-flip at a
weight-j input changes 2"~/ ANF coefficients (up to 2"
at the origin), so even small § can flip a large fraction of
high-order ANF coefficients. The phenomenon depends
only on the Mobius transform and Hamming noise, not on
the specific task; parity, modadd, and modmul are il-
lustrative substrates rather than the source of the effect. We
make this quantitative as Proposition 4.1 (Appendix C).

Proposition 4.1 (informal; full statement in appendix). Let
f = h @ e with e ~ Bernoulli(6)?" i.i.d. Then for every

S C [n], Pr[fANF(S) + /HANF(S)] = p|s|, where py =
(1—(1- 26)2k )/2. The expected number of corrupted ANF
coefficients is 2(2™) for any fixed 6 > 0 as n — oc.

The proposition is a reference model: it predicts the shape
of ANF inflation under i.i.d. Bernoulli noise, but trained
residuals are not Bernoulli (§ 6), and ¢ varies with n. We
use it as a benchmark prediction, not a tight characterization
of trained-network behavior.

Architecture transfer. The phenomenon is not MLP-
specific. We train a small decoder-only causal transformer
(which we refer to as TinyTransformer; 2 layers, dyodel =
128, 4 heads, GELU, pre-LN, ~ 400K parameters, a config-
uration matching small-transformer testbeds in (Power et al.,
2022; Liu et al., 2022; Nanda et al., 2023)) on modadd_8
and modmul_8 for three seeds each.! The same noise-zone
signature appears (Figure 2): low-order modadd / modmul
bits recover with clean ANF; high-order bits inflate to dense,
random-scale ANF support; modmul cliff bits sit out of
basin with ~ 25,000-monomial ANFs, matching the MLP’s

'We exclude parity_n as a design choice: high-dimensional
parity is known to be hard for standard self-attention, both in
expressivity (Hahn, 2020) and learning dynamics/sensitivity (Bhat-
tamishra et al., 2023). These are asymptotic/empirical hardness
results, not a sharp n threshold; since the phenomenon is about
trained-network representations, we focus on architectures that
learn the rule.
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26,653.

5. Template-Bank Verification

In practical settings the target is rarely known with certainty
as a single function. A practitioner may have a small bank
of plausible candidate rules H = {hq,...,h;,} (correct
candidates plus near-misses) and wants to know which best
explains the trained network’s induced behavior. We extend
the known-target check to ranked template matching.

Algorithm. Given the induced behavior f and a finite
candidate bank H = {hq,..., A}

1. For each h;, compute the behavioral error: the ex-
act held-out error 5test(hj) when 2" is enumerable,
else the sampled uniform-cube error 5cubc(hj) ~ 5tcst
(§ 7). The Reed certificate below instead uses the full-
cube Hamming distance d (f, h;).

2. Sort H ascending in 5. Let h(1), h(2) be the top two
candidates. Report margin 5(h(2)) - 5(h(1)).

3. If hy € RM(r,n) for known r, report Reed margin
gn—r=l _ 1 _ dH(f, h(l)).

4. Accept h(y) as the behaviorally recovered rule iff all
three conditions hold:

(a) Decisive margin.  In the exhaustive setting,
Otest (h(2)) — Otest(h1)) > 7 for a fixed 7 =
0.01 (one percentage point of the cube). In the
sampled setting the top two are data-dependent,
so we use a bank-wide simultaneous bound at
confidence 1 — acont (@cont = 0.05): with
en = /10g(2[H|/ccont)/(2m), all |H| candi-
date intervals hold simultaneously with probabil-
ity > 1 — aconf, SO the data-dependent top two
may be compared validly, and we require the mar-
gin to exceed 2¢x (Appendix D).

(b) Certificate. When h(;y € RM(r,n) for known r,
itis Reed-certified: dp (f,h(1)) < 2" "' —1on
the full cube, or, when 2" is not enumerable, by
the sampled upper/lower confidence-bound rule
of Appendix D.

(c) Small behavioral error. The applicable behavioral-
error estimate for A (q (held-out &est when 2" is
enumerable, otherwise the uniform-cube upper
confidence bound of Appendix D) is at most 6yax
(dmax = 0.05). The degree-1 Reed radius is wide
(almost i), so (b) alone gives only decoding re-
covery (the unique closest low-degree rule); this
gate is what makes the verdict behavioral rather
than a network sitting in a wide ball at high error.

Otherwise abstain. If A () is a degenerate candidate (a

constant), report that no nontrivial compositional rule
is recovered rather than certifying the constant as the
recovered rule.

A decisive margin alone is not sufficient: a top candidate
with high absolute error abstains (condition (c)) even if
it is Reed-certified, since a wide low-degree radius does
not imply small behavioral error. In our n = 24 cells the
empirical margins are either ~0.4 (correct cell, far above
7) or produced by a constant winning a non-recovered bit,
so the 7 = 0.01 threshold cleanly separates recovery from
non-recovery; the threshold matters only near the cliff edge.

Empirical results. We construct candidate banks per task
(full specification in Appendix G): for parity_n, the cor-
rect parity plus subsets, complement, shifted bits, majority,
and constants; for modadd / modmul output bit ¢, the cor-
rect bit plus shifted bits, no-carry approximations, single
partial products, and complement. Across 25 (task, output
bit) cells at n = 24 (parity_24, modadd_12 all bits,
modmul_12 all bits) and three seeds, the correct candi-
date ranks top-1 in 23, 23, and 22 of 25 cells (seeds 0/1/2);
22/25 cells are top-1-correct in every seed, with mean mar-
gin ~ 0.41 over those cells (Figure 3 shows seed 0; per-seed
breakdown in Appendix G). The cells that are not robustly
correct are all modmul_12 high bits: bits 10 and 11 are re-
jected in every seed (the network never learns them), and bit
9 is the seed-dependent cliff edge, ranked correct in the two
seeds where the network learns it and rejected (“‘constant
0” wins) in the third. In each rejection the network has col-
lapsed toward majority-class prediction (a class-imbalance
shortcut, not a learned compositional rule), and the verifier’s
refusal to certify the intended rule is the correct verdict. This
is the desired behavior: the verifier tracks, per seed and per
bit, whether that particular network behaviorally recovered
the rule, rather than reporting a single aggregate that a clean
target exists for.

6. Reference-Relative Residual Analysis

A certificate tells us whether a candidate approximates the
network’s induced behavior up to residual error. Relative to
a reference candidate h (whether Reed-certified or merely
close), the residual mask e = f & h tells us where that
reference explanation fails. The modmul cliff cells we
analyze below are close to the intended rule but nor Reed-
certified; we use them because the certified cells in our data
carry too few residual events (< 100) to expose interpretable
structure, whereas the cliff cells supply thousands. This is
reference-relative failure analysis, not localization inside a
certified recovery. We treat e as an error process and ask two
questions: is the residual rate predictable from interpretable
input features, and can we use that structure to construct
stress tests that amplify the network’s failure rate?
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modadd_8 at n =16
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Figure 2. Architecture transfer at n = 16: per-output ANF support for MLP (open bars, one seed) and TinyTransformer (filled bars, mean
over three seeds, whiskers show min/max) on modadd-8 (left) and modmul_8 (right). Grey line traces the clean target ANF support per
bit. Out-of-basin bars (Hamming distance from clean target exceeds Reed radius; for the Transformer, at least one seed out) carry an

accent edge. Both architectures show the same noise-zone signature.

Bernoulli baseline. For each cell with global error rate 9,
we compare empirical conditional residual rates Prle(z) =
1 | z(«)] for various input covariates z (full per-task
list in Appendix F) to a matched Bernoulli baseline b ~
Bernoulli(d). Under Bernoulli, the conditional rate is uni-
formly § (independent of z); deviation from this flat condi-
tional rate indicates residual structure.

modmul_12 cliff bit. The cliff-edge bit on modmul_12
is seed-dependent (bits 8/9/7 at § € [7x107%4,6x1073]), but
conditioning on the popcount product pop(a) - pop(b) (max
= 144) produces the same qualitative bell curve in all three
seeds (Figure 4): error rate suppressed near the extremes,
sharply elevated at mid-range, with peak/baseline ratios
1.9/2.7/2.3 x and several bins outside the Bernoulli 20
band. The drop at high pop(a) - pop(d) is partly a sampling
artifact: random (a, b) concentrate pop(a) - pop(b) near 36,
so high-pp bins have far fewer samples and the Bernoulli
420 band widens accordingly: the empirical rate there is
not distinguishable from baseline.

parity 24 weight-dependent residuals. The parity
residuals are tiny (89, 212, 73 errors out of ~ 12.6M held-
out each; g between 6 x 1076 and 2 x 10~°; Figure 5).
Against the held-out weight baseline (84.6% of inputs al-
ready fall in w € [5,14]), the in-band error share is not a
robust concentration: it is 100% (seed 0, elevated), 89%
(seed 2, mildly elevated), and 72% (seed 1, below baseline).
The even/odd asymmetry is likewise seed-specific: seed 0
is 5.2x even-biased, seeds 1 and 2 odd-biased (0.5 and
0.4x). The extreme-weight bands (w < 3 or w > 20) host

only ~11,400 held-out inputs and see zero errors, which
is unremarkable given < 250 total errors. We therefore re-
port the parity weight structure as seed-dependent rather
than robust; the residual structure we rely on is the modmu 1
partial-product effect below, whose direction is robust across
seeds.

Residual-guided stress tests. Structured residuals are ac-
tionable: they let us select inputs that disproportionately
fail. On the modmul_12 cliff bit (per seed: bit 8 /9 /7),
sorting held-out inputs by popcount product and binning by
quantile thresholds (Figure 6), the high-risk group fails at
3-10x the rate of the low-risk group across seeds, corre-
sponding to 1.4-1.9x the random-baseline rate. The risk
score is computed directly from the input. The high-risk
group (pp > Qgo), which ties make ~24.5% of held-out
inputs rather than an exact 20%, captures 34.3% / 44.6% /
47.4% of the residual errors per seed, a 1.40/1.82/1.94% en-
richment over its input share (i.e. the rate ratios above). This
operationalizes the residual diagnostic: for a sufficiently
close reference candidate with enough residual events, the
same analysis predicts where that reference explanation will
break, whether or not the candidate is itself Reed-certified.

Where residual analysis applies. Residual structure is in-
formative when the reference candidate is close enough
that residual events reflect the network’s failure modes
rather than gross candidate mismatch, and numerous enough
to be interpretable. Cells in clean recovery (6 = 0, e.g.
modadd-12) have nothing to analyze. The modmul cliff
cells we use are close to the intended rule but not Reed-
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parity_24: candidate ranking

modmul_12: top-1 vs top-2 per output bit

[correct] parity[0..n-1] 4 7.1e-06 05 4
majority - ‘ 04194
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Output bit ¢ of modmul_12

Figure 3. Template-bank ranking. Left: parity_24 candidate ranking (correct in blue; alternatives in grey). Correct sits atd =7x1076,
the next-best (majority) at 0.42, margin ~ 0.42. Right: modmul_12 per-output-bit top-1 vs. top-2. Bits 0-9 rank correct first with
substantial margin; bits 10—11 (where the network failed to learn) are correctly rejected: “constant 0 explains the network better than the

intended bit, and the framework refuses the false acceptance.
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Figure 4. Residual structure on modmul_12 cliff bit across 3 seeds. The specific cliff bit varies (seed 0: bit 8; seed 1: bit 9; seed 2: bit 7),
but in every case the conditional error rate is sharply peaked at mid-range popcount product pop(a) - pop(b) (max 144 = 12 - 12) and
falls to zero at the extremes. Several bins per seed fall outside the Bernoulli £2¢ band; the systematic shape is absent from the matched

baseline.

certified, precisely the regime with enough structured resid-
ual events to localize failures. Cells far from every candi-
date (residuals dominated by mismatch) should instead be
reassigned to a different top template (§ 5) or rejected.

7. Scaling and Candidate Generation

Sample-based verification at large n. At input di-
mensions where exhaustive truth-table extraction is in-
feasible (n = 24), step 1 of the template-bank algo-
rithm is replaced by uniform-sample estimation: )
(1/m) > 1[f(z;) # h(z;)] for m samples drawn uni-
formly from {0,1}". Hoeffding’s inequality (Hoeffd-

ing, 1963) bounds the verdict-error probability in m
O(log(1/p)/n?) samples, where 7 is the desired precision
around the fractional Reed threshold 2~"~! (Appendix D).
Sampling uniformly from the cube (rather than from the
training set) makes 4 a behavioral quantity, and in the large-
n regime that motivates sampling it guards against pure
memorization: when the training set is a vanishing fraction
of the cube (Jtrain|/2"™ — 0, as for any poly-size training
set at large n), uniform draws are almost all held-out, so
a memorizer’s chance-level held-out behavior dominates &
and the certificate rejects. At the constant training fractions
used for the exhaustive n < 24 experiments (o = 0.5 at
n = 16, 0.25 at n = 24) this guard is weaker (a fraction
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Figure 5. Residual structure on parity_24 across 3 seeds (89 / 212 / 73 errors out of ~ 12.6M held-out inputs each). In-band
(w € [5, 14]) error share is 100% / 72% / 89% against an 84.6% held-out baseline, so the band is elevated for seeds 0 and 2 but depleted
for seed 1, not a robust concentration. The even-vs-odd asymmetry direction is also not robust: seed 0 is 5.2x even-biased while seeds 1
and 2 are odd-biased (0.5%, 0.4x). Annotations show raw error counts per bin.

Stress test: high-pp inputs amplify failure on modmul_12 cliff-edge bit
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0.00150 A 0.0150 4
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seed 1: bit 9 seed 2: bit 7
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0.0015 A
baseline seli
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71,329 errs 0.0010 10,710 errs
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PP=>Qso PP<Q20 PP>Qs0

Figure 6. Stress test on modmul_12 cliff bit across 3 seeds (bit 8 /9 / 7). Held-out inputs split by popcount-product quantile thresholds
(ties make the tails ~24.5%, not exact quintiles): low-risk (pp < Q20), random, high-risk (pp > Qso). High-risk inputs fail at 1.40
/1.82/1.94x the baseline rate; low-risk at 0.48 / 0.19/ 0.21x. The direction of the effect (high-pp amplifies, low-pp suppresses) is

robust across seeds.

~q of uniform draws are memorized training points), so
there we compute § on the held-out split directly rather than
by cube sampling (Appendix D).

Walsh-sparse candidate generation via KM. When no
candidate is named but the target is suspected Walsh-
sparse (e.g. a small parity-character class), Kushilevitz—
Mansour recovery (Kushilevitz & Mansour, 1993; Goldre-
ich & Levin, 1989) proposes candidates in poly(n,1/6)
queries: the recovered heavy set H* defines fH* =
sign (D gep F(8)xs). whose ANF degree sets the Reed-
radius parameter (Walsh and ANF degree differ, with parity
at Walsh degree n but ANF degree 1). At enumerable n
the degree is read off the cube; at large n this requires an
analytically known degree, as for the single parity character
of the n = 40 demonstration (ANF degree 1 by inspection),
and is not available for an arbitrary sparse candidate. A
bias-corrected mass estimator (Appendix E) preserves the

poly(n,1/0) scaling. We verify the full loop end-to-end
(Appendix H): at one fixed threshold KM proposes a Reed-
certified candidate for Walsh-sparse parity (validated on a
trained net at n = 24, and on a noisy oracle at n = 40),
while graded (modadd) and diffuse (modmul cliff) bits
correctly fall back or abstain. The targets here are rarely
Walsh-sparse, so KM is a convenience for that regime; the
general path is verification of named candidates, whose
Reed certificate and Walsh distance require no Walsh spar-

sity (§3).

8. Implications for Compositionality
Evaluation

Three regimes the workflow distinguishes. For a can-
didate compositional rule i on input dimensions n < 24
(or larger via uniform-sample 4), the verification + residual
workflow separates three regimes that accuracy alone or
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symbolic equality conflate:

1. Compositional recovery. h ranks top-1 in the tem-
plate bank with significant margin and is Reed-certified,
dg(f,h) < 2"~ "=1 — 1 (correspondingly, the Walsh
distance V44 is small). The network’s behavior
matches the compositional rule on the bulk of inputs
even when symbolic ANF equality fails.

2. Localized exception regimes. h is the intended refer-
ence rule and the residual e = f @ h is structured: a
small input regime (e.g., high popcount-product) car-
ries a disproportionate share of the failures, and a one-
line risk score amplifies that failure rate at test time.
The network agrees with the intended rule on most
inputs and fails on a predictable subset, suggestive of
shortcut-flavored or memorization-flavored exceptions.
We use these descriptors informally: the residual iden-
tifies predictable exception regions not captured by the
reference rule, but our experiments do not directly dis-
tinguish literal training-set memorization from other
shortcut-like behavior such as margin failures or miss-
ing learned partial-product structure.

3. No compositional recovery. The candidate fails to win
the bank, wins by a small margin, or wins with high
absolute error and no Reed certificate. This is the case
our two unrecovered modmul_12 high bits land in: the
verifier correctly refuses to certify h and ranks “con-
stant 0"’ above the intended rule, because the network
has not behaviorally recovered the rule on those output
bits.

Three checks, three different mistakes. Held-out behav-
ioral accuracy alone conflates regime 1 with regime 2: the
residual structure is invisible to bulk accuracy, so a network
that is compositional only on the easy subset of inputs can
score similarly to one that is compositional everywhere.
Exact symbolic equality makes the opposite mistake: it de-
mands zero-error symbolic recovery and rejects regime 1
even when the recovered rule is certified behaviorally inside
the Reed—Muller decoding basin. The lenses here decouple
the three: the Reed-radius certifies behavioral recovery up
to small residual and the Walsh distance quantifies it; ANF
equality tests strict symbolic recovery; residual conditioning
locates the exception regimes.

9. Related Work

Compositional generalization on algorithmic tasks.
Whether trained networks recover the underlying compo-
sitional rule on parity, modular arithmetic, and related
Boolean tasks (as opposed to fitting a high-error shortcut)
is a recurring question. Grokking work (Power et al., 2022;
Liu et al., 2022; Nanda et al., 2023; Furuta et al., 2024)

traces phase transitions from memorization to behavioral re-
covery on modular-arithmetic transformers via cyclic-group
Fourier representations; we ask the dual question on the
input side, using Walsh—-Hadamard on {0, 1}™ and ANF on
the induced function. Two-layer results on staircase and
parity (Abbe et al., 2022; Barak et al., 2022) establish when
SGD provably learns the rule; we focus on post-training
residual structure. Bhattamishra et al. (2023) characterize
transformer learnability through sensitivity, consistent with
our observation that some trained Boolean networks can
stay within the Reed decoding basin under residual error.
Hahn (2020) establishes parity expressivity limits, inform-
ing our exclusion of parity_n from architecture transfer.
Tian (2024) characterizes the algebraic structure of optimal
solutions on modular arithmetic; we instead provide noise-
tolerant certificates that a trained network has recovered
such a solution.

Boolean Fourier, coding, and circuit discovery. Reed—
Muller codes and majority-logic decoding are classical
(MacWilliams & Sloane, 1977; Carlet, 2010), used here
functionally (network as noisy received word). Walsh—
Hadamard analysis is textbook (O’Donnell, 2014); KM
(Kushilevitz & Mansour, 1993; Goldreich & Levin, 1989)
provides poly(n, 1/6)-query scalability. Kang et al. (2024)
recover sparse Mobius transforms in O(Kn) samples when
K <« 2"; gradient-trained networks induce dense Mobius
even when the target is sparse, so we run KM on the Walsh
side and fall back to template banks when Walsh is diffuse.
Mech-interp circuit discovery (Hanna et al., 2023; Conmy
et al., 2023; Elhage et al., 2021) is complementary; we add
a formal behavioral verification layer.

Property testing, self-correction, and low-degree test-
ing. Our certificates sit downstream of a classical line on
testing and correcting proximity to algebraic codes. Low-
degree and Reed—Muller testing (Rubinfeld & Sudan, 1996;
Alon et al., 2005) decide whether a function is close to
some low-degree polynomial; the BLR linearity test and
self-correction (Blum et al., 1993) locally correct a function
near a codeword; and learning polynomials in the highly
noisy regime (Goldreich et al., 2000) reconstructs a sparse
polynomial from corrupted evaluations. We use these ideas
in a narrower, verification-oriented way: rather than testing
membership in a code class or reconstructing an unknown
polynomial, we are handed a named candidate rule h and
ask whether a trained network’s induced behavior lies in A’s
unique-decoding ball (a single Hamming-distance compari-
son), then treat the residual against the reference candidate
as a first-class diagnostic. Our contribution is this work-
flow and its empirical characterization on trained networks,
not new testing theory: the unique-decoding radius and the
parity-bias formula are classical.
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Use of Large Language Models

Large language models were used to assist with code, nu-
merical verification, and LaTeX editing. All experimental
results, mathematical claims, and final text were checked
and verified by the author, who takes full responsibility for
the content.
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A. Walsh—-Hadamard Analysis on the Boolean Cube

This appendix collects the Walsh—-Hadamard machinery used in the body. The goal is for a reader unfamiliar with Boolean
Fourier to understand why Walsh-spectrum agreement is an exact continuous behavioral measurement: the squared Lo
deviation between the induced Walsh spectrum and a candidate’s Walsh spectrum equals 46, where ¢ is the bit-error rate.
This identity is what lets us replace exact symbolic equality (which fails dramatically under small residual error) with a
noise-stable behavioral test for compositional recovery.

The {+1} encoding. Throughout the body we work on the Boolean cube {0,1}", but Walsh-Hadamard analysis is
cleanest with the {+1} encoding 2; = (—1)®. A Boolean function f : {0,1}" — {0, 1} becomes a sign-valued function
fo{£1}" = {1} via f(2) = (—1)/@®). We will write f for f in this section to keep notation simple.

Characters. For each subset S C [n] = {1,...,n}, the character xs : {£1}" — {£1}is

xs(z) = H 2.

i€S

Each character is a parity-of-S function: xs(z) = +1 iff an even number of coordinates indexed by S are —1. There are
exactly 2™ characters, indexed by subsets of [n].

Orthonormality. Equip the space of real-valued functions on {+1}" with the inner product
1
(f.9) = E:[f(2)9(2)] = 57 > [(2)g(2).
ze{£1}"

Under uniform z, the characters satisfy (xs,xr) = 1[S = T]. Proof: xs(z)xr(z) = xsar(z), and E,[xv(2)] =
;o E[2:] = 0 for any nonempty U (by independence and E[z;] = 0); when S = T we get U = () and x¢ = 1. So the 2"
characters form an orthonormal basis for the space of functions on the cube.

Walsh expansion and Walsh coefficients. Every function f : {£1}" — R admits a unique expansion
1@ = Y f®)xs), f(S) = E:lf(xs(2): 3)
5C(n]

o~ ~

The coefficients f(S) are the Walsh—-Hadamard coefficients of f. Because the basis is orthonormal, computing f(S) is the
correlation of f with the parity-of-S character.

Parseval. Orthonormality gives Parseval’s identity:

> F(8)? = E:f(2)%). “

SC[n]
For {-1}-valued f this becomes 3" f(S)2 = 1.

The 40 identity. This is the identity used in the body. Let f, h : {£1}" — {£1} be Boolean (sign-valued), and let
d = Pr.[f(2) # h(z)] be the bit-error rate (equivalently, the fraction of inputs on which the network disagrees with the
candidate compositional rule). Apply Parseval to f — h:

= E.[4-1{f(2) # h(2)}]
= 49,

where the second line uses (f — h)? € {0,4} since f,h € {£1}. So the squared Lo deviation between the two Walsh
spectra is exactly four times the bit-error rate. Walsh distance is therefore a continuous, exact measurement of behavioral
disagreement; small residual training error produces small Walsh-spectrum displacement, no decoding required.

12
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Figure 7. Walsh spectra under {+1} encoding, computed from full 224_entry truth tables of the trained network and the clean target. Top

row: target spectra |/ﬁ(S) , top-40 ranked by magnitude, showing three distinct concentration regimes. parity_24 is perfectly sparse
(one coefficient at S = [n], top-1 mass = 1); modadd_12 bit 7 is graded (top-1 mass = 0.25, effective sparsity ~ 7); the modmul_12
cliff bit (bit 8, seed 0) is diffuse, with energy spread across ~ 14,000 effective coefficients, exactly the regime where KM-based candidate
generation cannot help and the framework falls back to template-bank ranking. Bottom row: residual spectra \f(S) — /I;J(S) |, top-40
ranked by residual magnitude (log scale, floor 10~°). For parity_24, 46 ~ 2.1 x 107? is spread across 22* coefficients, so almost all
individual residuals fall below the visible floor; modadd-12 bit 7 has § = 0 (perfect recovery, residual identically zero); the modmul_12
cliff bit shows visible structured residual at every plotted rank, consistent with the conditional-rate amplification documented in §6.

Annotations report top-1 mass maxg |TL(S)|2, effective sparsity 1/ \E(S)|4, and ¢y /02 ratio ) ¢ |E(S) I/\/> s |/]{(S)|2 for the target

spectrum, and total residual mass ) o |F = h|? = 46 in the residual panels.

Consequence for compositional recovery. If the candidate compositional rule h is Walsh-sparse (parity, for example,
has E(S) = 1[S = [n]]), its known signature makes the Lo distance ||f— 1|2 cheap to read off, and by Parseval this
distance is v/49: a small Walsh distance means a small behavioral error § against 4. Walsh agreement is therefore a natural,
stable way to measure behavioral closeness to any candidate with a known Walsh signature (the accept/reject decision
remains the Reed-radius certificate of §3), and unlike ANF equality (§C) it does not amplify small residual error into a
dense, random-scale ANF.

B. Reed—Muller Codes and the Decoding Radius

The Reed—Muller decoding radius 27 ~"~1 — 1 is the quantity the body uses as a coding-theoretic certificate of compositional
recovery: if the network’s induced truth table is within that many bit-flips of a candidate of ANF degree r, it is closer to that
candidate than to any other codeword in RM(r, n). This appendix derives the radius and notes how it is used.

The code. The Reed—Muller code RM(r, n) is the set of truth tables of all GF(2) polynomials in 7 variables of degree
at most . Concretely, fix the 2" inputs « € {0, 1}" in lexicographic order; each polynomial of degree < r produces a
codeword ¢ € {0,1}2" by evaluation. The dimension of RM(r, n) is > ,_, (%) (the number of distinct monomials of
degree < 7).
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Minimum distance. A central result (MacWilliams & Sloane, 1977): the minimum Hamming distance between distinct
codewords of RM(r, n) is exactly 2"~ ". Sketch: any nonzero degree-< r polynomial has Hamming weight at least 2"~ ";
applying this to the difference of two codewords (itself a degree-< r polynomial) gives minimum distance 2" ~".

Unique decoding radius. A standard fact for any binary code with minimum distance d: the unique-decoding radius is
|(d —1)/2]. For RM(r,n) with d = 2"~", this is [ (2"~" — 1)/2] = 2"~"~! — 1 for r < n. Therefore, given a received
word f (here, the network’s induced truth table) and a candidate codeword h of ANF degree < r, the inequality

dg(f,h) < 2"t 1
implies A is the unique closest codeword in RM(r, n) to f.

Use in the body. We treat the trained network’s induced truth table as a received word and the candidate compositional
rule as a codeword. If the rule has known ANF degree r and the Hamming distance from the network’s induced truth
table to the rule is below 2" =", the network is provably closer to the candidate than to any other rule in RM(r, n), a
coding-theoretic certificate of behavioral compositional recovery, regardless of what the network’s apparent ANF expansion
looks like in the symbolic basis.

Radius shrinkage at high degree. The radius decays geometrically with r: at n = 24, a degree-1 candidate (parity) has
radius 222 — 1 = 4.2 x 10; a degree-8 candidate has radius 2'® — 1 ~ 3.3 x 10*. So the certificate is informative for
low-ANF-degree compositional rules and tight for high-degree ones. Modular arithmetic bits sit at varying ANF degrees
(low bits low-degree, high bits maximum-degree), and Reed-radius certificates apply correspondingly.

C. The Mobius Transform and the Parity-Bias Formula

This appendix gives the Mgbius transform on {0, 1}™ and derives Proposition 4.1 of the body: under small Bernoulli residual
noise, the expected ANF mass at each subset is pushed toward 1/2, so the expected number of nonzero ANF monomials
approaches ~2" 1, half the maximum. This is why exact symbolic ANF equality is brittle: behavioral compositional
recovery up to small § is consistent with dense, random-scale apparent algebraic complexity.

The Mobius transform / ANF coefficient map. Every Boolean function f : {0,1}™ — {0, 1} has a unique algebraic
normal form (ANF) representation as a polynomial over GF(2):

f@) = B faxe(S) [T Fane(S) € {0,1}.
SC[n]

i€s
The map f — fANF is the Mobius transform, and it is given by Mobius inversion on the Boolean lattice:

fane(S) = @ A1), £(S) = @D Fane(T), ©)

TCS TCS

where we identify S C [n] with its indicator vector. The ANF basis is sparse for compositional rules with low GF(2)
algebraic structure: parity 21 @ - - - @ x,, has ANF support {{1},...,{n}} (n degree-1 monomials, ANF degree 1), modular
addition’s ¢-th output bit has support on monomials of degree at most ¢ + 1, and so on. (Parity’s Walsh support, by contrast,
is the single coefficient at S = [n]; the Mobius and Walsh transforms place parity’s mass in very different strata (ANF
degree 1 versus Walsh degree n), which is why the Reed-radius parameter is read from the ANF side, not the Walsh side, in
§7.)

Bernoulli residual model. Suppose the network’s induced function is f = h @ e, where h is the clean candidate

compositional rule and e € {0,1}2" is the residual mask, drawn as e(z) R Bernoulli(§) across inputs. The Bernoulli
model is a reference model for ANF instability: it shows that even unstructured residual noise at small rate can produce
near-random high-degree ANF support. The trained residuals we find empirically are structured (§ 6), so this model is a
benchmark prediction rather than a worst-case characterization.
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Expected ANF mass under Bernoulli noise. By Mobius inversion (5), at any subset S C [n],

fane(8) = €D F(T) = PMT) @ e(T) = haxe(S) & P e(D).

TCS TCS TCS

Let Es = @, g e(T); this is the parity of 21! i.i.d. Bernoulli(§) random variables. The probability that a sum of m i.i.d.
Bernoulli(d) variables has odd parity is

Pr[@r b =1] = 20207 (6)

This is the parity-bias formula: it is a one-line calculation by induction on m, using the fact that Pr[b; @by = 1] = 2§(1 —0)
and 1 —2-26(1 — §) = (1 — 26)2. Withm = 2/5:

1—(1-26)"

3 )

PY[ES = 1] =

Consequence: ANF mass approaches 1/2. For any subset S with |S| > log,(1/6) + O(1), (1 — 25)2‘5‘ is exponentially
small, so Pr[Es = 1] — 1/2. The ANF coefficient at such an .S is therefore equally likely to be flipped as not flipped relative
to the clean candidate’s ANF. Summing the per-coefficient flip probabilities Pr[Es = 1] = p|g| over all S gives, by linearity
of expectation, the expected number of nonzero coefficients of f, E[ |supp fANF| 1= S@ ANF(S)+(1— 2h ANF(9)) p| S‘] ,
which for a sparse candidate (|supp EANF| small, as for parity) is » g ps) + O(|supp hANF ),i.e. > g g to leading order.
Since there are (}) subsets of size k, most subsets have size near n/2, and p, — 1/2 for k 2 log,(1/6), this expectation
approaches 2”1 (half of the maximum) under any nonvanishing §. We claim only this expectation: the events { Eg = 1} at
different S are not independent (the Eg share underlying residual entries (7)), so we make no concentration statement
about the support count itself.

Numerical example matching the body. Atn = 16,6 = 0.0069 (the 99.31%-accurate parity network), (1 — 26)2‘5I

is already negligible by |S| > 8: log(1 — 26) ~ —0.014, so for |S| = 8 we have (1 — 26)?56 ~ ¢3¢ ~ 0.027, giving
Pr[Es = 1] & 0.49. For |S| > 10 the flip probability is essentially 1/2. The expected ANF support of f is therefore
dominated by the 3°;° ¢ (*%) &~ 2! medium-to-large subsets, each contributing flip probability ~ 1,/2; the empirical 24,998
monomials are consistent with the expected support ) ¢ p|g| predicted by (7). (As above, this is a statement about the

expectation only; the per-coefficient flips are correlated, so we do not assert a concentration bound around 24,998.)

Why this matters for compositional recovery. A network can be very close in Hamming distance to a clean compositional
rule and still have an ANF whose support appears random-like. Symbolic ANF equality rejects such networks. The Reed
radius accepts them and the Walsh distance quantifies the small deviation: the Hamming distance and the squared Walsh Lo
deviation both scale linearly in ¢ (the Lo distance itself scales as 21/6), rather than blowing up under the M&bius transform.

D. Sample-Based Verification at Large n

For input dimensions where exhaustive truth-table extraction is infeasible, the body replaces step 1 of the template-bank
algorithm (compute § = Pr,[f(z) # h(z)]) with the uniform-sample estimator 6 = = >~ 1[f(x;) # h(z;)], where

m

Z1,..., Ty are drawn i.i.d. uniformly from {0,1}". The Bernoulli indicators 1[f(z;) # h(x;)] € {0,1} satisfy the
conditions of Hoeffding’s inequality (Hoeffding, 1963), which gives
Pr[ 16— 8| > n] < 2exp(—2mn?)

for any 7 > 0. To reach confidence 1 — p that |c§ — 4| <, it therefore suffices to draw

log(2/p) log(1/p)
= 25 - o5

samples, independently of the input dimension n.
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Choosing . The Reed-radius certificate accepts iff dg (f, h) < 2"~ "~1 — 1, equivalently § < 27"~! — 27", For verdict
stability,  should be a fraction of the fractional Reed threshold 27"~ !: setting n = % - 2771 gives a verdict error iff B
falls on the wrong side of the threshold by more than half its width, and m = O(22" log(1/p)) suffices. The bound is
degree-dependent, not dimension-dependent: high-degree candidates (large ) need exponentially more samples in r, but
there is no penalty for large n at fixed r. This presumes a promise gap: the verdict is stable only when the true ¢ is at least n
from the threshold 2="~! — 27" In the sampled regime we therefore certify by the Hoeffding upper confidence bound
6+ n <2771 — 27" to accept, §— 1 > 2771 — 27" to reject) and abstain in the boundary band, rather than thresholding
the point estimate 5.

Memorization and the training fraction. Sampling uniformly from the cube (rather than from the training set) guards
against pure memorization in the large-n regime where sampling is used: when the training set is a vanishing fraction of the
cube (as for any poly-size training set at large n), uniform draws are almost entirely held-out, so a memorizer (high training
accuracy, chance-level held-out behavior) yields 4 near 1 /2 and the certificate rejects. The guarantee is asymptotic in
[train|/2™ — 0. At a constant training fraction v, cube sampling mixes the two splits, dcube = @ Ftrain + (1 — @) dpest, SO it
sits below the held-out error by & (Jtest — Otrain); @ degree-1 candidate has fractional threshold 272 =0.25,s0at o = 0.5
a pure memorizer (held-out error %) gives § ~ 0.25, asymptotically at the 1/4 boundary (the finite-n threshold is 1/4 —27™).
For this reason, in the exhaustive n < 24 experiments we estimate § on the held-out split directly; cube-sampling is the
large-n tool, where the vanishing-fraction condition holds.

E. KM Bias Correction

The Kushilevitz—Mansour (KM) algorithm (Kushilevitz & Mansour, 1993; Goldreich & Levin, 1989) recovers the heavy
Walsh coefficients of a Boolean function in poly(n, 1/60) membership queries: it queries the network at chosen inputs, which
a trained model supplies. The body uses KM to generate candidates for the template bank when the input dimension is too
large for full truth-table extraction. This appendix records the bias correction we use to make KM’s squared-mass estimates
unbiased at finite query budgets.

Setup. KM is a recursive search over Walsh-coefficient prefixes. At a prefix fixing membership for the first d coordinates,
it estimates the prefix mass

M(preﬁx) = Z f(S)Q =E, [9(2)2]’ g(z) = Ey [Xprcﬁx(y) f(ya Z)] )

S extending prefix

where ¢(z) is a partial Walsh projection over a split (y, z) of the input (this uses correlated membership queries sharing
z). KM prunes the subtree when M < 02 /2, recurses on both children, and at a leaf estimates a single coefficient

f(S) = E.[f(z)xs(z)]. Both the per-z projection §(z) and the leaf §(.S) are sample means; KM thresholds on their
squares, which carry a finite-sample bias.

The bias. §(z)? is a biased estimator of g(z)?%:

Blo(2)") = 9()? + Varlg()] = g(z)? + -9

using that the per-sample variance is 1 — g(z)? for {4-1}-valued products. At small sample sizes the 1/m term inflates
apparent mass, producing spurious candidates that pass KM’s threshold despite having near-zero true mass.

Unbiased mass estimator. Solving for g(z)? gives

~ 2 mg(z)Z -1
= — 8
9(z) pe—] ®)
A short calculation confirms E[g(z)?] = g(z)2. We apply this correction to both the prefix-mass projections g(z)? and the
leaf coefficients f(S5)? before thresholding, which preserves the poly(n, 1/6) scaling at query budgets a practitioner can
afford. When the spectrum is diffuse (no heavy coefficients survive thresholding under g), the KM stage abstains and the

template-bank verifier handles practitioner-proposed candidate rules directly.
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F. Residual Covariates

The body conditions the residual error rate Pr[e(z) = 1] on a small set of human-designed covariates of 2. This appendix
lists the covariates used for each task. The choice is task-specific: each covariate corresponds to a natural notion of input
complexity for the intended compositional rule.

Parity (parity.n). The only covariate is the input Hamming weight w(z) = " | ;. Parity at n = 24 has 25 weight
bins (w = 0,1, ...,24), with bin sizes (Z) The body reports seed-dependent Hamming-weight profiles and does not claim
robust mid-weight concentration (the band w € [5, 14] already holds 84.6% of inputs).

Modular addition (modadd k). Inputs are (a,b) € {0,1}* x {0, 1}* encoding two k-bit integers. The output bit at
position ¢ depends on a, b through the carry chain. We use:

* Total carries: the number of bit positions j at which the carry-out is 1 during @ + b mod 2.

* Maximum carry-chain length: the longest run of consecutive carry-out positions. Carry-chain length is the natural
complexity proxy for modular addition: when no carries fire, the ¢-th output bit is just a; & b;; long carry chains mean
output bit ¢ depends on many input bits below.

Carry features are computed by simulating the standard ripple-carry adder ¢ 1 = (a; Abj) V (a; ® bj) A ¢; with ¢g = 0.
Modular multiplication (modmul k). Inputs are (a,b) € {0, 1}* x {0, 1}*. The relevant complexity measures are

* popcount(a) and popcount(b), the operand Hamming weights.

* popcount(a) - popcount(b), an operand-density proxy for partial-product load. It counts all nonzero (a;, b;) pairs
in the k£ x k multiplication grid; this over-counts the partial products that actually affect a given output bit modulo
2% (pairs with i + j > k are discarded, and only pairs feeding that bit’s column matter), so we use it as a correlate of
partial-product load, not an exact count. The body finds the residual rate peaked at mid-range values of this proxy.

G. Template-Bank Construction

This appendix specifies the per-task candidate banks used in the body. Each bank contains the canonical compositional rule
plus two kinds of alternatives:

e Plausible failure modes: functions a trained network could realistically converge to instead of the rule. These include
constants (degenerate solutions exploiting class imbalance) and low-degree partial implementations (e.g. “no-carry’
substitutes for modadd, single partial products for modmul).

>

e Structural distractors: near-misses not expected to survive to low training loss under correctly specified training,
but which are included so that the correct rule’s margin to alternatives is informative and as a pipeline sanity check.
Off-by-one shifted bits and the complement 1 & h fall in this class; the latter also catches label-inversion bugs.

Multi-seed outcome. We run the identical ranking procedure across three seeds at n = 24; no retraining is involved, since
the ranking reads the saved residual masks. Table 2 summarizes. The correct rule ranks top-1 in 23/23/22 of 25 cells (seeds
0/1/2). Of the 25 cells, 22 are top-1-correct in every seed (mean margin 0.41), two (modmul_12 bits 10 and 11) are rejected
in every seed (the network never learns these high bits, and “constant 0" explains it better), and one (modmul_12 bit 9) is
the seed-dependent cliff edge. No parity_24 or modadd_12 cell ever fails. The seed-dependence of bit 9 mirrors the
cliff-bit migration documented in §6 (the cliff sits at bit 8/9/7 for seeds 0/1/2): the verifier certifies recovery exactly on the
bits each individual network learned, which is the intended behavior rather than a failure of the headline result.

Parity bank (parity.n). Single-output task. The bank contains: parity z1 @ - - - B ,; its complement 1 ®x1 B - - - D zy,;
parity over three strict subsets (z1 & -+ S xp_1, 21 B - B xp_o,andx1 B --- P ,In/g); shifted parity zo & - - & x,;
majority over [n]; the single bit x1; and constant 0. ANF degree is 1 for the parity-family candidates and the single bit, 0 for
the constant, and 16 for majority at n = 24 (its nonzero ANF levels are 13-16); so the Reed-radius certificate is informative
only for the low-degree candidates.
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Table 2. Multi-seed template-bank outcome at n = 24 over 25 (task, output) cells. “Robust” = same verdict in all three seeds.

Outcome Cells
Top-1 correct per seed (seeds 0/1/2) 23/23/22
Robustly top-1 correct (all seeds) 22
Robustly rejected (all seeds; modmul bits 10, 11) 2
Seed-dependent (cliff bit; modmul bit 9) 1
Mean margin over robustly-correct cells 0.41

Modular addition bank (modadd_k, per output bit 7). The intended rule for output bit  is the bit-i function of @ + b
mod 2%, which has ANF degree ¢ + 1. The bank contains:

* a; ® b; (degree 1, the “no-carry” substitute);

* a; ®b; @ (a;—1 Ab;—1) (degree 2, the “one-position carry” substitute);
* the full bit-2 adder function (degree ¢ + 1, the intended rule);

* shifted bits a; 11 @ b;+1 (off-by-one wiring errors);

¢ the complement 1® (intended rule);

e constant 0, constant 1.

Reed certificates apply at all degrees < k.

Modular multiplication bank (modmul_k, per output bit ¢). The intended rule for output bit ¢ is the bit-¢ function of
a-b mod 2F. The Reed radius uses each candidate’s ANF degree read off its truth table; for modmul_12 these degrees are
2,2,4,5,6,7,8,10,12, 14,16, 18 for bits 0-11, exceeding k at the high bits (unlike modular addition, where bit 7 has degree
i+1). The bank contains: the intended rule; the bit-i XOR partial-product truncation (degree 2); single partial products
a, A by for various (p, ¢); shifted bits ;41 - b-type variants (off-by-one wiring errors); the complement 16 (intended rule);
constant 0, constant 1. The two failures the verifier surfaces in the body (the unrecovered modmul_12 high bits) are output
bits where constant O ranks above the intended rule, correctly indicating that the network has not behaviorally recovered the
rule on those bits. Because the reported margins depend on the exact bank, the precise enumerated candidates (including the
(p, q) pairs and the boundary conventions at ¢ = 0 and ¢ = k — 1) are fixed by the bank-construction procedure and are
available from the author.

H. End-to-End KM Candidate Generation and Verification

This appendix closes the KM loop of §7: with the target unknown to KM (membership-query access only, i.e. the
network may be queried at chosen inputs but its rule is not given), KM proposes a heavy Walsh set H*, we build
Jre = sign(dgeqye f(S)xs), read off its ANF degree r on the cube, and apply the Reed-radius certificate dyy < 2"~ "' —1

via a sampled . We use a single fixed threshold § = 0.3 throughout, so the outcome is driven by the target’s Walsh spectrum,
not by per-task tuning.

Hidden sparse-parity discovery (where KM earns its keep). KM’s non-trivial use is not confirming parity over all n
bits (whose support is the obvious guess), but discovering an unknown sparse support: the noise-tolerant junta / learning-
parity-with-noise setting. We test both a real trained network and large n (Table 3). Trained net. We train an MLP on
a hidden 6-junta parity at n = 24 (parity over a secret size-6 subset, one of (264) = 134,596). The net learns it exactly
(6 = 0 held-out), and KM (given only membership-query access and not told the support) recovers the exact secret subset
as its single heavy character, yielding a degree-1 candidate the certificate accepts. This is discovery from a real network,
not confirmation of a known rule. Scale. Lacking a net that learns sparse parity at n > 24, we use a controlled noisy
oracle (parity over a secret subset with a fixed Bernoulli(dp=0.01) residual). At n = 40 with secret size k € {8,12}, KM
recovers the exact hidden support in ~1.5M queries and certifies with sampled 6~ 0.01 < 272 fromm = 50,000 samples
independent of n, while a brute-force Walsh transform over 24 ~ 10'2 coefficients is infeasible. This is the one regime
where KM adds value: noise-tolerant recovery of an unknown sparse support at a scale exhaustive methods cannot reach.
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Table 3. Hidden sparse-parity discovery: KM recovers an unknown secret support (a k-junta), not parity over all bits. “Found” = recovered
support equals the secret. Trained: an MLP on a secret 6-junta at n = 24; Oracle: noisy parity (6o = 0.01) over a secret subset.

Source n k Found deg ) Verdict
Trained MLP 24 6  yes 1 0.000 accept
Oracle 40 8  yes 1 0.011 accept
Oracle 40 12 yes 1 0.010 accept

The boundary: only Walsh-sparse targets. Crucially, the success in Table 3 is a property of the target, not of the pipeline.
Running the identical closed loop on three trained-MLP cells at n = 24 (induced truth tables reconstructed from the saved
residual masks; no retraining) gives sharply different outcomes (Table 4), tracking the Walsh concentration of Figure 7:
parity-24 is Walsh-sparse, so KM returns a single character, the candidate is degree-1 parity, and the certificate accepts;
the graded modadd_12 bit 7 and diffuse modmul_12 cliff bit yield no certifiable compact candidate, and the framework
correctly falls back or abstains. The reason is structural: a parity (even a hidden one) is a single Walsh character of ANF
degree 1, exactly what KM recovers and the wide degree-1 Reed radius admits; modadd bit ¢ has ANF degree 41 with a
long Walsh tail and modmul cliff bits are highly diffuse, so there is no sparse parity inside them to find. KM discovers
sparse structure where it exists; it cannot manufacture it.

Table 4. End-to-end KM at a single fixed § = 0.3, n = 24. “Heavy” is the size of KM’s recovered set; degree is the reconstructed
candidate’s ANF degree; ¢ is the sampled bit-error rate of the candidate against the trained net.

Cell Walsh Heavy deg ) Verdict

parity_24 sparse 1 1 0.000 accept
modadd-12 b7  graded 2 2 0.250 fall back
modmul_12 cliff diffuse 0 n/a n/a  abstain

Why magnitude-truncated reconstruction does not rescue the graded case. One might hope to recover the heaviest
Walsh coefficients and Reed-certify the reconstruction. The exact spectrum of modadd_12 bit 7 has 382 nonzero coefficients
in tied magnitude levels (2 at %, 4 at i, ..., 256 at ﬁ), so “top-k” is ill-defined when k cuts through a tie block; we
therefore truncate by magnitude level (all or none of each level). Table 5 reports the cumulative truncations using the exact
Walsh coefficients (no KM sampling noise, the best case). Each proper truncation captures more mass and lowers 5, but its
ANF degree climbs in lockstep, so the Reed threshold 27"~ shrinks just as fast: every truncation below the full spectrum
fails the certificate. Only including the final (ﬁ) level reconstructs the function exactly (6 =0, degree 8), which then
certifies trivially. Faithful certification of this graded target therefore requires essentially its entire spectrum: exactly what is
infeasible to recover when the spectrum is not sparse. Notably the template bank (§5) does certify the modadd bit (and the
recovered modmul bits) via the named candidate at its known degree, the trained net’s true J sitting inside the radius even
though no sparse Walsh reconstruction does; the modmul cliff cell, by contrast, stays outside the Reed radius and is correctly
rejected. The obstruction is candidate generation from a non-sparse spectrum, not verification. KM’s reconstruction is in
fact a strictly worse candidate than the named rule, so KM pays off only when the target is both unnameable in advance and
Walsh-sparse, the hidden-parity regime above.

Table 5. Exact magnitude-level Walsh truncations of modadd_12 bit 7 (all 382 nonzero coefficients lie in tied levels). Each row includes
every coefficient down to the stated magnitude; k is the cumulative count. ANF degree and the Reed threshold 27"~
only the full spectrum certifies, at § = 0.

! move against ¢;

level< k ANFdeg & 277! cert.?

1/2 2 2 0.250 0.125 no
1/4 6 3 0.125 0.062 no
1/8 14 4 0.062 0.031 no
1/16 30 5 0.031 0.016 no
1/32 62 6 0.016 0.008 no
1/64 126 7 0.008 0.004 no
1/128 382 8 0.000 0.002  yes
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Takeaway. KM is not a general candidate generator: it earns its keep only on Walsh-sparse targets, where it performs
noise-tolerant discovery of an unknown sparse support (validated on a real trained net and at n = 40 beyond exhaustive
reach, Table 3), and declines (falls back or abstains) on the graded and diffuse cases we test. For targets that are not
sufficiently Walsh-sparse, the general path is verification of named candidates at their known ANF degree, whose Reed
certificate and Walsh distance require no Walsh sparsity.

I. Experimental and Implementation Details

We record the configuration behind every table and figure. Per-run metadata (split sizes, width, convergence, error counts) is
logged with each result.

ReLU MLP. Three hidden layers with ReLU, hidden width max (128, 16n) (so 256/320/384 at n = 16/20/24), and a
linear head producing one logit per output bit. Bits are fed in the {£1} encoding; the induced Boolean value is the logit
thresholded at 0 (logit > 0 = 1). Training uses Adam (learning rate 10~3) on BCEWithLogits loss for at most 15,000
epochs, with early stopping after 50 consecutive epochs at zero training-bit error. Cells with n < 24 train full-batch; the
n = 24 cells use minibatches of 2'8. All cells use seeds {0, 1,2}.

Train/held-out split. A fraction « of the 2" cube is drawn without replacement for training (seed-dependent, so the split
varies across seeds) and the remainder is held out. The n = 16 contrast (Table 1) and the parity scaling (Figure 1) use o = 0.5;
the n = 24 template-bank (§5) and residual (§6) experiments use o = 0.25 (Ngrain = 4,194,304, npelq = 12,582,912).
Held-out 4 is computed on the held-out split; Reed-radius, ANF, and Walsh quantities use the full 2" truth table.

TinyTransformer. Decoder-only, causal, pre-LayerNorm, 2 blocks, dynodel = 128, 4 heads (dpeaq = 32), GELU MLP
with dg = 4dmodel (~400K parameters). Each input bit is one token (embedding over {0, 1}) plus a learned positional
embedding; the output bit is read from the last token’s hidden state through a linear head, thresholded at 0. Trained with
Adam (10~3) for at most 3,000 epochs (same early-stopping rule), o = 0.5, seeds {0, 1,2}, on modadd_8 and modmul _8.

KM candidate generation. KM uses a single fixed magnitude threshold § = 0.3 throughout (§7, Section H); the candidate
bit-error rate 0 is estimated from up to 200,000 uniform samples (50,000 for the n = 40 oracle). The hidden-parity
experiments train an MLP on a secret k-junta (n = 24, k = 6) and run a noisy parity oracle (n = 40, k € {8,12}, with a
fixed Bernoulli(0.01) residual). Candidate banks are specified in Section G. Code and the saved per-seed residual masks
that regenerate all tables and figures are available from the author.

J. Limitations

Our experiments use synthetic Boolean tasks (parity, modular addition, modular multiplication) at n < 24 on ReLU MLPs
and a small transformer; a case study on a real trained circuit is the natural next step. The certificate reports behavioral
agreement with a named rule, not internal implementation, and is complementary to causal localization. The Reed radius
shrinks geometrically with ANF degree, so the certificate is most informative for low-degree candidates. Most importantly,
automated candidate generation via KM applies only when the target is Walsh-sparse. Within that regime KM does genuine
work (it recovers an unknown sparse-parity support on a real trained net and at n = 40 under noise, Appendix H), but the
regime is narrow: the modadd/modmul targets we test are not sufficiently Walsh-sparse at the chosen threshold, and we
show that no magnitude-truncated Walsh reconstruction below the full spectrum is Reed-certified for the graded target we
examine. So in practice the framework relies on practitioner-supplied named candidates verified by the Reed certificate and
Walsh distance, which require no Walsh sparsity, rather than on unsupervised discovery. The residual covariates we use are
task-specific and human-designed; a general residual-feature-discovery procedure, and a GF(p > 2)-native treatment, are
future work.
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