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Abstract

How many key-value associations can a d x d linear memory store? The answer depends
not only on the d? degrees of freedom in the memory matrix, but also on the retrieval criterion.
Under isotropic Gaussian embeddings, we prove a sharp threshold for top-1 retrieval, where
every signal must beat its largest distractor: the critical value of d?/(nlogn) is 2. Above the
threshold, we explicitly construct a linear memory that retrieves all n associations with high
probability; below it, no data-dependent linear memory can do so. The log n factor is therefore
the unavoidable extreme-value cost of winner-take-all decoding.

Without the logarithmic factor—that is, when n/d> — o € (0, co)—simultaneous top-1
retrieval is impossible. The matched target can nevertheless remain near the top of the rank-
ing. We capture this weaker retrieval goal with the Tail-Average Margin (TAM), which, for list
size k, compares each signal with the average of its k strongest competitors; a positive TAM
margin certifies that the target belongs to the top-k candidate list. When k/n — r € (0, 1),
we learn the memory by empirical risk minimization with a smoothed TAM objective and
derive an exact high-dimensional characterization through a two-parameter scalar variational
problem. The result gives limiting laws for signal and competitor scores, margins, and per-
centile ranks. Sending the ridge parameter to zero after the high-dimensional limit yields a
closed-form critical load a.(r) separating vanishing from positive average loss.

The analysis in this work also develops a coupled leave-one-out method for matrix-valued
empirical risk problems in which each sample enters many dependent comparisons, a tool that
may be useful beyond associative memory.
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1 Introduction

Associative memory refers broadly to the ability of a system to store and retrieve relationships
between objects. Given a collection of input-output pairs, one would like the system to recover the
correct target when presented with a corresponding cue. This basic mechanism appears in many
forms, ranging from the first neural network models for pattern learning [Kohonen, 1972, Amari,
1972, Anderson, 1972, Hopfield, 1982, 1984], to modern key-value retrieval systems [Vaswani
et al., 2017, Ramsauer et al., 2021, Gershman et al., 2025]. Associative memory has also recently
attracted attention as a model of factual recall in large language models [Cabannes et al., 2024a,b,
Jiang et al., 2024, Nichani et al., 2024] as trained transformer layers have been observed to function
as key-value memories [Geva et al., 2021, Meng et al., 2022, Bietti et al., 2023].

A central theoretical question in associative memory is: given n associations, how large must
the memory model be in order to retrieve them under a prescribed criterion? In this paper, we study
this question in the simple but already nontrivial setting of linear associative memory. Given pairs
of key vectors (embeddings) v; and associated targets (unembeddings) u;, we consider a matrix
memory model W € R?*¢ and define the score matrix S = (8;;)1<i j<n as

Sji = 'LL;FW’Ui, {(U“ vi)}?:l C Rd X Rd, W e RdXd.

This score matrix encodes the predictions for the target when decoding to a fixed vocabulary of size
n. Rather than requiring the output W v; of the memory model on an input v; to equal its associated
target u;, as in classical models of associative memory [Hopfield, 1982], we compare the score of
the matched target, s;;, with its competing scores (sj,,;) j=i- The capacity of a linear associative
memory depends sharply on how retrieval is defined. We first study the strongest natural criterion,
which requires the matched target to outrank every competitor.
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This criterion is known as top-1 retrieval, or exact retrieval [Kohonen, 1972, Cabannes et al.,
2024a,b, Nichani et al., 2024]. Under this criterion, each key must retrieve its matched target with
the largest score:

Sii > S5, VJ # i, Vi € [n] (D)

This is the natural criterion for exact winner-take-all decoding. It is also the hard-attention (low-
temperature) limit of softmax attention mechanisms in transformer-based architectures [Vaswani
et al., 2017].
To derive a sharp high-dimensional characterization of top-1 capacity, we study the isotropic
Gaussian model N
wi, v N0, Ig/d), i€ [n], )

where all vectors in the two collections are mutually independent. This model isolates the effect
of high-dimensional interference without imposing additional structure on the stored associations.
As one of the main results of this work, Theorem 1 shows that, under (2), the asymptotic ratio
d?/(nlogn) has the sharp critical value 2. Specifically, for every fixed € > 0,

d
d

2> (24 ¢)nlogn == top-1 retrieval is achievable with high probability, 3)
><(2—¢€)nlogn == top-1 retrieval is impossible with high probability.

Here, achievability means that some (data-dependent) linear memory W & R%*¢ satisfies (1),
whereas impossibility means no linear memory can satisfy (1). The critical value 2 was conjectured
in an earlier version of this paper and independently in the concurrent work of Giorlandino et al.
[2026].

The logarithmic factor in (3) comes from an extreme value. To see this heuristically, fix a query ¢
and suppose that its competing scores {s;;},.; behave as independent centered Gaussians. Under
the Gaussian model (2), the matched score has natural scale one, while an individual competing
score has standard deviation o ~ +/n/d. The largest of the n — 1 competitors is therefore about
ov/2logn =~ +/2nlogn/d. Equating this extreme competitor scale with the order-one matched
score gives v/2nlogn/d ~ 1, or d*> ~ 2nlogn. Theorem 1 makes this prediction rigorous.

The logarithmic penalty is specific to the requirement that every target beat its largest competi-
tor. Removing this factor brings us to the critical load n/d* — « € (0, 00), where a linear memory
has only a constant number of parameters per association and top-1 retrieval is impossible. Even
so, the matched target need not disappear from the ranking: it may still outrank all but a frac-
tion of its competitors. This residual ranking information is useful when a memory access is an
intermediate computation whose output is refined by later layers, heads, or rerankers. We thus ask:

At critical load, how close to the top can a linear memory still place every matched target?

We call this coarser notion of retrieval listwise retrieval. Our second main result introduces a
convex certificate for listwise retrieval and gives a sharp high-dimensional theory for learning a
memory under this criterion.

For a fixed query ¢, order the n — 1 competing scores as s(1); > 5(2),; = *** = S(n—1),i» and, for
a tail fraction » € (0,1}, let & = [r(n — 1)]. Direct top-k retrieval asks that s;; > 5, so that
at most £ — 1 competitors outrank the matched target. Except when k£ = 1, this rank constraint
is nonconvex. Yet the average of the k largest competing scores is a convex upper bound on s ;



[Rockafellar and Uryasev, 2000, 2002]. This motivates us to propose the Tail-Average Margin
(TAM) criterion:

si5 > TAM((s51)j0) 1= 7 Z 5(0). Vi € [n]. 4)

Because TAM, ((5;,i)j) > S, (4) certifies that the matched target has rank at most k, and

hence belongs to the top-k candidate list. The tail fraction r controls the resolution of retrieval. At

the finest endpoint, » = 1/(n — 1), TAM is the largest competing score and the criterion recovers

the top-1 condition (1); at the coarsest endpoint, » = 1, it is the mean competing score. For fixed

€ (0, 1), TAM therefore controls the collective strength of the top r-fraction of competitors rather
than a single extreme score.

This fractional-rank perspective is in the same spirit as list decoding in coding theory, where
the decoder is allowed to retain a controlled list of plausible messages rather than make a unique
decision [Elias, 1957, Guruswami, 2007]. It is also aligned with listwise ranking losses in infor-
mation retrieval, which optimize criteria defined on ranked candidate lists rather than on a single
pairwise comparison [Cao et al., 2007]. For fixed r, the certified list contains a fixed fraction of
the vocabulary; the guarantee is therefore one of percentile rank rather than a sublinear shortlist.

1.1 Summary of main results

Sharp top-1 capacity. Our first main result is Theorem 1 in Section 2, which identifies the exact
capacity of linear associative memory under top-1 retrieval as d*/(nlogn) = 2. This critical
threshold applies to the entire class of data-dependent linear memories, rather than to a particular
construction or learning rule.

The achievability proof begins with a classical benchmark model, called the correlation matrix
memory (CMM), which stores the associations as a superposition of outer products [Kohonen,
1972, Elhage et al., 2022]. Previous work of Nichani et al. [2024] showed that CMM succeeds
when d? > Cn(logn)* for a sufficiently large constant C. We sharpen this benchmark by proving
the sufficient condition lim inf d*/(nlogn) > 8 (Proposition 1). We then introduce an adaptive
sparse repair, which uses CMM on a large coordinate block to store most associations, then corrects
wrong (or small-margin) associations using a small reserve block of size o(d). This reserve-and-
repair principle is related in spirit to multiscale constructions for random perceptrons [Kim and
Roche, 1998, Abbe et al., 2022, Ding and Sun, 2025]. Our construction succeeds throughout the
regime liminf d?/(nlogn) > 2 (Proposition 2); see Sections 2.1-2.2 for details. Conversely, a
dual certificate rules out every linear memory with high probability when lim sup d*/(nlogn) < 2
(Theorem 1(i1)). Moreover, Section 2.4 presents Conjecture 1, suggested by a simpler surrogate
model: a —3n log log n second-order correction that better captures finite-size behavior.

Tail-Average Margin. Our second main result gives an exact high-dimensional theory for a con-
vex learning rule based on the listwise criterion (4). With logistic loss /(t) = log(1 + e~*), ridge
parameter A > 0, we consider the estimator

— ‘ 1 <&
W e argmin d -3 (s, (W) = TAM, s (5, (9),) ) + g W2
i=1

W eRdxd



Here TAM, s is an exponentially smoothed version of the TAM functional TAM, in (4), with
f > 0 the smoothing parameter. For every fixed score vector z, TAM, g(x) — TAM,(z) as
B — oo. Its precise definition is given in Section 3.1, specifically in (17), and the corresponding
convex learning formulation is developed in Section 3.2; see (19). The main goal of the TAM
theory is to understand the asymptotic behavior of this ERM in the regime

n,d — oo, %—>a€(0,oo), r € (0,1) fixed.

Our main asymptotic conclusions are as follows:

1. Scalar reduction. The high-dimensional ERM admits a scalar variational description involving
only two parameters, stated in Theorem 2 in Section 4.3;

2. Score and margin laws. The scalar description gives limiting predictions for the fitting loss, the
laws of the true and competing scores, and the induced margin and percentile profiles, developed
in Section 4 and Section 5;

3. Ridgeless phase transition. In the ridgeless limit, the scalar theory yields a sharp phase transi-
tion at a critical load
1 p(@ (1 —r))

T+ /)0 +Rrp(i) T

a.(r) = (

where  and ® denote the standard normal density and distribution function. When o < a..(7),
the limiting TAM fitting loss vanishes in the ridgeless limit; when o > . (r), it remains pos-
itive. Thus «.(r) is the sharp threshold for asymptotically perfect TAM recovery—rvanishing
average TAM loss and hence successful TAM retrieval for all but a vanishing fraction of keys.

A coupled leave-one-out method. Our third contribution is methodological: we develop a new
coupled leave-one-out method for matrix-valued empirical-risk problems with shared samples.
This method forms the technical core of our TAM theory. Classical leave-one-out analyses of
high-dimensional M -estimators remove one independent loss term, leaving an optimizer that is
nearly independent of the held-out feature [El Karoui et al., 2013, Lei et al., 2018]. That basic
decoupling fails here: a stored pair supplies its own signal score, while its target also appears as
a competitor for every other query. Removing one pair therefore perturbs order n loss terms and
their data-dependent tail thresholds.

We develop a coupled leave-one-out expansion that tracks this global response. Its key conclu-
sion is that, after all induced changes are accounted for, the leading perturbation of the optimizer is
the inverse leave-one-out Hessian applied to the single rank-one feature u;,v, ; the remaining terms
are lower order. Iterating this expansion and combining it with new spectral and self-averaging es-
timates yields the Gaussian competitor law and the scalar description in Theorem 2. This method
may be of independent interest for other matrix-valued or listwise ERMs in which each observa-
tion participates in many dependent comparisons rather than one separable loss term. Section 4.2
develops the coupled reduction, and the supporting estimates are proved in Appendices C—F.



1.2 Related work

Neural associative memory. Associative memory dates back to early neural models that store
patterns through correlations in the weights [Amari, 1972, Anderson, 1972, Nakano, 1972, Koho-
nen, 1972, Hopfield, 1982, 1984]. The Hopfield network [Hopfield, 1982] is the symmetric case,
where the goal is to memorize and retrieve the patterns themselves. We focus instead on associative
recall: a key should retrieve its paired target, and the two need not coincide [Amari, 1972]. In par-
ticular, Kohonen [1972] define correlation matrix memory as a sum of rank-one key-target outer
products, the construction analyzed in Section 2.1. Bidirectional associative memory is another
paired-pattern model based on outer-product updates [Kosko, 1988].

Modern versions of neural networks with built-in associative memory capabilities include the
neural Turing machine [Graves et al., 2014], memory networks [Weston et al., 2015], dense as-
sociative memory [Krotov and Hopfield, 2016, Lucibello and Mézard, 2024], MCHN [Ramsauer
et al., 2021], MCSDM [Kanerva, 1988, Bricken and Pehlevan, 2021], and universal Hopfield net-
works [Millidge et al., 2022]. Binary variants of matrix memory have also been studied in the
literature [Willshaw et al., 1969, Gardner, 1987, Hobson, 2011].

Transformers and factual recall. Transformer models trained on factual recall tasks have been
empirically observed to implement associative memory through their weight matrices. Feedfor-
ward as well as attention layers have been shown to behave like key-value memories [Geva et al.,
2021, Bietti et al., 2023], and the linear memory perspective has been used to study factual edit-
ing, induction head tasks, and latent space retrieval [Meng et al., 2022, Bietti et al., 2023, Jiang
et al., 2024]. On the theory side, Nichani et al. [2024] study a sequence-based factual recall task
where one token functions as the key, and show that a one-layer transformer solves the task with
capacity scaling linearly with parameter count, up to logarithmic factors. This storage scaling has
also been empirically observed in large language models [Allen-Zhu and Li, 2024]. Related theo-
retical analyses include optimization dynamics for a single-layer transformer on a token recall task
[Vural et al., 2026], and a measure-theoretic formulation of transformers with implicit associative
memory mechanisms [Kawata and Suzuki, 2026].

Storage capacity. Nichani et al. [2024] study the capacity of linear and MLP associative mem-
ories with random spherical embeddings, showing in particular that correlation matrix memory
succeeds when d* > n(logn)?. Cabannes et al. [2024a] propose the exact retrieval criterion and
study correlation matrix memory under a weighted data distribution. From an optimization per-
spective, Cabannes et al. [2024b] study gradient descent under a multiclass logistic formulation,
and Kim et al. [2026] compare the capacity of memory matrices obtained by different optimizers
under Gaussian embeddings. Compared with these works, our top-1 result identifies the exact sta-
tistical threshold d? = 2n log n for arbitrary linear memories. We also introduce the TAM criterion
and, to our knowledge, give the first capacity theory for linear associative memory under a listwise
retrieval rule.

We also briefly mention that storage capacity has been studied in detail for the Hopfield network
and its variants. The capacity d =< n of Hopfield networks is classical, see e.g., McEliece et al.
[1987], Folli et al. [2017] and the works cited within, while modern extensions such as dense
associative memory have been shown to achieve exponential capacity [Demircigil et al., 2017,
Ramsauer et al., 2021, Lucibello and Mézard, 2024]. The scaling in these works differ from our
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results since we decode to a fixed vocabulary of size n, while the classical Hopfield formulation
decodes to the hypercube.

Concurrent work. The sharp top-1 threshold was conjectured in an earlier version of this paper
and independently in the concurrent work of Giorlandino et al. [2026]. The latter studies the ca-
pacity of linear associative memory under the top-1 retrieval criterion through a decoupled model.
In this simplified formulation, the output embeddings {u;};<, are resampled across constraints,
thus removing the statistical dependence structure among the retrieval inequalities in (1). Based on
numerical evidence comparing training and test errors, and score distributions, they conjecture that
the original and decoupled problems have the same critical capacity. For the decoupled model, they
carry out a Gardner-type statistical physics calculation and predict the critical threshold % = %
for top-1 retrieval, which we rigorously prove in Section 2. They further extend both the de-
coupling conjecture and the capacity calculation to rank-constrained memories, corresponding to

two-layer linear MLPs.

Classification and leave-one-out methods. The TAM learning problem is also connected to
high-dimensional classification through its logistic loss. The classical work of Cover [1965] com-
puted the separability capacity of random patterns, and the perceptron capacity was later studied
through statistical physics methods, including margin-constrained variants [Gardner, 1988]. In
ordinary unregularized logistic regression, the existence of the maximum likelihood estimator is
equivalent to nonseparability of the labeled data; equivalently, the failure of existence is a lin-
ear separability, or capacity, event. Sur and Candes [2019] established a high-dimensional phase
transition for this event under Gaussian covariates. A broader line of work in statistical physics
studies optimal errors and phase transitions in high-dimensional generalized linear models via the
approximate message passing algorithm [Barbier et al., 2019, Aubin et al., 2020, Mignacco et al.,
2020]. From a technical point of view, our TAM analysis uses a leave-one-out approach, which
has played an important role in precise asymptotics for high-dimensional M -estimators [El Karoui
et al., 2013, El Karoui, 2018, Lei et al., 2018]. At a conceptual level, this is also the cavity method
from spin glass theory [Mézard et al., 1987].

The present problem differs from standard high-dimensional regression and classification in
several ways. The unknown is a matrix rather than a vector; the effective covariates are rank-one
tensors u;v;) with strong dependencies; each sample contributes both a signal score and a full
column of competitor scores; and the TAM threshold is endogenous, selected by the learned scores
themselves. These couplings prevent existing leave-one-out theories from applying as black boxes;
the resulting cavity calculation is matrix-valued, listwise, and self-consistent in a way that does not
arise in standard high-dimensional regression.

Notation

We write
U=[uy - u,] € R>" and V=1[v - v,] € R™"

for the target and key matrices, respectively. Under the Gaussian model (2), v/d U and v/dV are
independent standard Gaussian matrices in R¥". vec(+) denotes column-wise vectorization.



We write X @ Y when two random variables, vectors, or matrices have the same distribution.
For matrices, (A, B) is understood as the matrix inner product.

We use X,, = Op(Y,,) and X,, = op(Y},) in their standard meanings: X,,/Y,, is tight and con-
verges to zero in probability, respectively. These notations record behavior at the displayed scale.
In situations where we need tail control, especially uniformly over polynomial-size index sets, we
use stochastic domination [Erd6s and Yau, 2017]. Let {X&n)}agn be nonnegative random vari-
ables, where Z,, may depend on n and has polynomial cardinality, and let Y;, > 0 be deterministic.
We write

X" =0,(,)  uniformlyina € T, 5)

if, forevery ¢ > O and D > 0,
P (max Xé”) > nEYn) <nP
aEl,

for all sufficiently large n. When Z,, is a singleton, we suppress the uniformity qualifier. Thus, (5)
permits an n¢ slack in exchange for n~? tail control, uniformly over the indicated polynomial-size
index set.

2 Top-1 retrieval: the sharp threshold

Throughout this section, we work under the Gaussian model (2) and the top-1 retrieval criterion
(1). For a realization (U, V) and a matrix W € R%*?, define the perfect-retrieval condition

PRW;U, V) <= u Wy > mitxu;-eri for every i € [n].
Ve

We study the random feasibility event
PR, = {(U, V) : there exists W € R%*? such that PR(1W; U, V) occurs} :

The matrix W in this definition may depend arbitrarily on the realized data (U, V). Accordingly,
PR,, asks whether a random instance is retrievable by any linear memory, without imposing a
particular learning rule.

Theorem 1 (Sharp top-1 threshold). Along any sequence n,d — oo:
(i) Ifliminf —£— > 2, then P(PR,) — 1.

nlogn

(i) Iflimsup —£— < 2, then P(PR,) — 0.

nlogn

The sharp threshold at d?> = 2nlogn was conjectured in an earlier version of this paper and
independently in the concurrent work of Giorlandino et al. [2026]. We establish the achievability
and impossibility directions in Section 2.2 and Section 2.3, respectively. Before turning to these
proofs, Section 2.1 introduces the correlation matrix memory (CMM), a classical outer-product
construction. Its analysis exposes the extreme-value origin of the logarithmic factor and motivates
the sparse repair used in the achievability proof. We note that an order-wise {2(n log n) lower bound
is also suggested in Nichani et al. [2024, Theorem 7] via an information-theoretic argument, but
it does not identify the sharp constant and applies only to finite-bit learners. Finally, Section 2.4
studies finite-size scaling and proposes a second-order conjecture.
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2.1 Correlation matrix memory and the logarithmic factor

The simplest linear memory stores each association by its outer product and superposes the results:
n
Wenm = UV = " uy). (6)
k=1

This is the classical correlation matrix memory (CMM) [Kohonen, 1972] and is the direct analogue

of the classical self-organizing network [Amari, 1972] for asymmetric key and target pairs. When

the key v; is presented, the kth summand contributes u (v, v;): the desired vector u; appears with

coefficient ||v;||?, while the remaining terms create cross-talk. The rule is transparent and admits

a rank-one update whenever an association is added or removed. It also illustrates superposition:

the stored vectors need not be mutually orthogonal for retrieval to succeed [Elhage et al., 2022].
To understand the performance of this particular, data-dependent memory, write

n
(679

and denote the CMM scores by s;; = ujTWCMMvi. Expanding (6) gives

sia = il lloill® + ) (us, w) (or, vi), (7)
P
VRN ST YA | | o, 5
Sji = (ugs ua[[oil|” + [lugl|* (vy, vi) + Z (uj, up)(or, vi), Jj# i ®)
k¢{i.j}

Under the Gaussian model, |[u;]|? = 1 + Op(d="/2) and ||v;]|? = 1 + Op(d~1/?), so the first term
in (7) is 1 + Op(d~'/?). Conditional on (u;,v;), the summands in the cross-talk term of (7) are
independent and centered, each with variance ||u;||?||v;||?/d*. Their sum therefore has variance
approximately n/d*> = «,, and is approximately Gaussian by the central limit theorem.

Turning to a competitor score, the same conditional central limit argument applies to the cross-
talk sum over k ¢ {i,j} in (8). The remaining k¥ = ¢ and k& = j contributions, (u;, u;)||v;||?
and ||u;]|3(v;, v;), respectively, are only Op(d—1/2). At the scale d?> =< nlogn, they and the norm
fluctuations above are therefore Op(d~'/%) = op(y/ar,).

Combining these estimates suggests the following leading-order Gaussian picture for the scores
associated with a fixed query:

sii ~ 1+ oy Z;, Sji RN an L, JFi. 9)

Here the variables on the right are heuristically treated as independent standard Gaussians. The
exact one-column representation in Lemma 3 provides a finite-(n, d) description underlying this
picture. For a fixed ordered pair ¢ # 7, (9) predicts

Sm’ — Sjﬂ' ~1 + vV QOén Gj,i7 Gj’l' ~ N(O, 1),
and hence, by standard Gaussian tail bounds,

1

P(Si’i S 8]‘72') ~ exp <—4—> .
Qp
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Perfect retrieval requires all n(n — 1) such margins to be positive. A union bound therefore predicts

1 d?
IP’(WCMM fails perfect retrieval) < n? exp (— 1 ) = exp (2 logn — 4—) , (10)
Qi n

which vanishes whenever lim inf @ /(nlogn) > 8. This also reveals the origin of the logarithmic
factor: cross-talk has size \/n/d, but the worst of quadratically many Gaussian-like margins incurs
an additional v/log n extreme-value factor.

Previously, Nichani et al. [2024, Theorem 1] proved that CMM succeeds with high probability
when d? > Cn(logn)? for a sufficiently large constant C. The calculation above sharpens this suf-
ficient condition to the n log n scale and predicts the leading constant 8. The following proposition
makes this improvement rigorous.

Proposition 1 (CMM succeeds above constant 8). Along any sequence n,d — oo,

2
lim inf

>8 = P(PRWcum;U,V)) — 1.

nlogn
Proof. See Appendix A.2. [

This sufficient constant 8 is nevertheless four times the optimal constant 2 in Theorem 1 (and
one can show that this is unimprovable for CMM). Where does this gap come from? The calcula-
tion leading to (10) examines one pairwise margin at a time and then protects all n(n — 1) margins
by a union bound. This does not require the margins to be independent, but it discards their strong
dependence. For a fixed query v;, the signal score s, ; is realized only once and is shared by every
comparison, whereas, at leading order, the competitor scores {s;; : j # i} behave as independent
Gaussians. The exact distributional representation behind this claim is given in Appendix A.1. The
natural query-wise object is therefore

Sig — IAX S5 ~ 1+, Z; —\/2a, logn.
jF#i

Here /2a,, log n comes from the standard estimate for the maximum of n independent Gaussian
variables with variance «,,. The constant 8 arises in the all-pairs argument because it repeatedly
pays for fluctuations of the same signal score as though each comparison were a separate bad event;
the query-wise picture pays for the maximum of the competitors only once.

If d*/(nlogn) > 2 by a fixed amount, the display above predicts a positive margin for any
typical query. Perfect retrieval, however, requires all n queries to succeed, and a typical-query
calculation cannot rule out a small set with unusually low margins. Thus CMM correctly handles
the bulk at constant 2, but by itself does not provide the required all-query guarantee. This naturally
suggests a sparse correction: retain the CMM solution for most queries and modify it only to repair
the exceptional ones. Section 2.2 makes this idea precise.

2.2 Achievability by adaptive sparse repair

We reserve a vanishing fraction of the coordinates for repair and use the rest to form a base CMM.
Independence of the reserved block then allows us to repair only the deficient queries. Specifically,
we construct a block-diagonal memory

W* = diag(W°, W),

11



Here W% € R%*% js the base memory and W' € R%*% ig the repair; the block dimensions

dy, dy are speciﬁed below. Split every vector into independent coordinate blocks u; = (u?, u}) and

(R 7
v; = (v, v}) of dimensions

dy = Ld(log n)_l/SJ L dy=d—di.
The large block stores all associations using the rescaled CMM
WY = Zuk o)) T, s = (u)) "W,
d; k=1

Its retrieval margin for query ¢ is
m; ‘= 87;72' — maX S]’,i.
J#i

For a tolerance v > 0 (to be chosen later), call a query deficient when its margin is at most -y, and
collect these queries in

B:={i:m; <~}.
For each i € B, the coefficient 2y — m; is the amount by which we aim to raise its margin. We
therefore use the reserved block to add the targeted rank-one corrections

d2
Wt = 2 Z(Q’y mi)u; (v) "
L en
Both B and the correction coefficients depend only on the large block and are thus independent of
the coordinates used for repair.

Proposition 2 (Sparse repair succeeds above constant 2). Suppose liminf,, ., d*>/(nlogn) > 2.
Choose constants ¢ and v € (0,1/2) such that

2

2 < ¢ < liminf c(1—27)? > 2,

n—oo mlogmn’

and apply the construction above with this value of y. Then
]P’(PR(W*; U, V)) —1
Consequently, Theorem 1(1) holds.

Proof. Fix i # jand set o = dy/d € (0,1). Conditioning on z = u and y = vy, write

1
a2

Izl (0) Ty + (2T ud) Iyl + D (2T

k#i,j

Sji

where all summands are conditionally independent. Then the log moment generating function of

Sji is
2 )‘2 2 2
log (1 — s lelPlyl® )

log [

)\2
z.y) = 5 llelP Iyl (el + llyl”) -

12



Taking A = a?cz logn and noting that ||z||?, [|y||* = a(1 + o(1)) with probability at least 1 — n~¢

for any constant C' > 0, the first term is o(1) and the second is

n—2 A\ o1 12 a?c?2’n(logn)?
2 ey + o) = S

1
(14+0(1)) < §a2cz2 logn(1+ o(1)).
By the Chernoff bound, we thus have

log PI‘(Sj’i >z | :L’,y) < —Az+ IOgE[e)\s]',i

z, Y]
1
< —§a2022 logn + o(logn),

and so

1.2 .2

Pr(s;; > z) <n 2 e tol) 4 p=C (11)

Next, a straightforward computation gives

4 n+3 1
E Y 1 s ) = —— _— = .
[51.] ’ Var(si;) ad + a2d? © (log n)

Writing
gi = sig — o Jlug [I*]|v 1%,
a similar computation as above gives
Pr(|g| > 2) < 2n 297" o) 4 p=C (12)
Plugging z = 2in (11) and z = 1 in (12) and choosing C' > 2, by union bounding, it follows that
miin sii > —1, 1]5125( S50 < 2

with probability tending to 1.
Now recall the definition of deficient queries B = {i : m; < v}. If i € Band s,; > 1 —~, then
max;.; Sj; > 1 — 2. Therefore

Pr(i € B) <Pr(s;; <1—7)+ Z Pr(s;; > 1—27)
JFi
< Var(s; ;) 4 plmsei=29)%+0(l) — ( 1 ) ‘

- 42 logn

Here, we have used c¢(1 —2v)? > 2 and Chebyshev’s inequality. It follows from Markov’s inequal-
ity that

Pr (|B| > \/12@) = o(1).

13



Write the repair block as
Wl=(1-a)? Zwiu}(vil)T, w; = 2y —my)1{i € B}, t;;:= (ujl-)TI/Vlvil.
i=1

Conditional on the d, block and the above events, the weights w; are fixed and satisfy
0<w; <4, w2 < 4+/|B| < 4n'/?(logn)~1/2.

Then by chi-square concentration and Bernstein’s inequality for subexponential random variables,
it holds with probability 1 — o(1) that

1 oo 1 V1
max |t;; — w;| Vmax [t;;| = O Hw”oo\/ AL I¢lloc log + lwllzvlogn
i JFi dl dl dl

=0 (n’l/A‘(log n)>/*% 4 n=2(logn)*® + (log n)’1/8> :

Choose n sufficiently large such that the right-hand side is less than /2. Then for every i and j # 1,

T * T *
U, w V; — Uj 1% v, = Sm‘ — SjJ‘ + ti,i — tj,i

> m; +w; — 7.

If i ¢ B, then m; > vand w; = 0; if ¢ € B, then m; + w; = 2v. Thus all margins become
positive under W* and hence PR(W™; U, V) is satisfied with probability tending to one, as was to
be shown. 0

Remark 1 (Relation to perceptron constructions). The sparse-repair argument in our proof is
related in spirit to multiscale majority constructions for random perceptrons, where successive
fresh coordinate blocks are used to improve the constraints with the weakest current margins [Kim
and Roche, 1998, Abbe et al., 2022]. In the related construction of Ding and Sun [2025], the
deficits from a main construction are also filled using a small coordinate block. In contrast, our
repair is one-shot: a single independent block targets the vanishing set of CMM-deficient queries
through weighted rank-one corrections.

2.3 Impossibility via a dual certificate

We now prove the impossibility direction of Theorem 1. The argument has a useful geometric
interpretation. For each ordered comparison ¢ # j, define the matrix

i = (w —u)vy

A

A memory W retrieves every association if and only if (W, A;;) > 0 for every i # j. Thus to show
impossibility, it is enough to find nonnegative coefficients A = (;;), not all zero, such that

Z )\ijAz'j = 0.

i#]

14



Indeed, taking the Frobenius inner product with such a W would make the left-hand side both
zero and strictly positive, a contradiction. Such a nontrivial nonnegative linear dependence among
these comparison matrices is our dual certificate. The same principle underlies classical results on
random half-spaces and linear separability [Wendel, 1962, Cover, 1965].

The proof constructs the certificate in two stages. First, we choose positive coefficients for
which the above weighted sum is already close to zero; the threshold 2 ensures that there are
enough comparisons for this approximate cancellation. Second, we show that small adjustments
to these coefficients can produce any sufficiently small matrix perturbation, so that the sum can be
made to be exactly zero while keeping all coefficients positive.

Proof of Theorem 1(i1). Since the threshold clearly must be monotonic in n, we may assume with-
out loss of generality that

We will use the index cutoff r := |n(logn)~2| to construct the dual certificate. For an array
A = (Aij)i>r, j<r» define the linear map

i=r+1 j=1
If some W € R%? retrieves every association, it would follow that for every nonzero array A > 0,
<W, A()\)>|: = Z Z )\ZJ(UZ - Uj)TW’UZ' > 0.
i=r+1 j=1

It therefore suffices to construct an array A with strictly positive entries such that A(A\) = 0. We
first construct a positive array for which A(\) is small.

Lemma 1. With probability tending to 1, there exists an array \ such that

1 n
in \; > M= :
ivrggy 9= rlogn’ ANl = o (dlogn>
Proof. Write
Uy = [UT‘+1 un]a Vi= [Ur-i-l T UN]’ M = Ul‘/l—rv H:= ‘/1‘/1—r

Since n — r > d for sufficiently large n, H is invertible almost surely. For each ¢« > r, define
z; = MH ', II := VITH_IVI.

We have the identity

n

z”: rw;, = MH™! Z v, = M.

1=r+1 i=r+1
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Also, II is a uniformly distributed rank-d orthogonal projection in R"~", and

xT; = U1H€i_7~.

_ Jlogn \/E
Ep = P =+ .

Conditionally on Vj, the matrix U; is Gaussian and independent of II. Standard concentration
bounds give, with probability tending to one,

Set

_ T

max n THalez — 1| < Ce,, maxM < Cep, max ]v;vk\ < Ce,,
i>r i,k>r HlekaH i, k>r
itk itk

and moreover
n
maxfui] <2, maxflul <2 M| < OV, > il <OV

i=r+1

Let £ denote the intersection of these events, so that P(£) — 1. We condition on this event.
Let ¢, ® denote the standard Gaussian density and cumulative density function, and define the
(inverse) Mills ratio

__9(2)
R(z) := = o0
For each 7 > r, let z; > 0 be the unique solution of
1
bR(z) = Vd |z, b:=1- ,
logn

and set p; := 1 — ®(;). Since R(z) = 2z + O(z™!), it holds uniformly over ¢ > r that

22 d||z: | T o(1) 1 d? N
— 0 = 0
2(1 —r/n)b®>nlogn

2logn  2b%logn

In particular, there are fixed ¢, & < 1 such that for all sufficiently large n, for every i > r,

2

[

2logn

< 6y <.

By Mills’ bound, for sufficiently large n,

1
—<C(1+ zi)ezzz/2 < C’(l + \/210gn)n9° <n’.
pi

Now define the array

1| 1 du; z;
)\ij::_[—+il{mzzi}]7 i>r, g <7



We proceed to bound A(A). Condition on Uy, vy, ..., v, for the remainder of the proof. Let
u ~ N(0, 1;/d) and define
~ 1 b du'x;
=(u) = Z ci(u)(u; — u)v;', ci(u) == ——l——l{m Z,Zi}.

i=rt1 logn ~ pi [Eal

By construction,

We first verify that =(u) is centered. Indeed,

10
= —P 1)>2)=1
g o PTNV(O0.1) > 2)

E[ci(u)]

and

Tor. N
Eluc;(u)] = EE ul M >z | = b dz)z =y,
Pi [EA| piVd ||z

hence E[=(u)] = 0.
Next, we bound the second moment. By direct calculation,

E[C,(U)Q] =1+ bQ(p;1 —1).
For ¢ # k, it holds that

.
VduTz; Vdu'zy N R P x] xy

’ ~ ’ ) ik -— .

[ [E24| pir 1 [El |

By Plackett’s identity [Plackett, 1954],

P (\/EuT:ci . Vdu" zy

= %
(e U el

> Zk) —pipk| < Clpir|d(zi) o (zr),

where we used |pi1.| (27 + 22) < Ce, logn = o(1). Hence

Zi zZ
[Efes(w)ei ()] — 1] < Oy 2202
PiPk
= C|pir|R(z:) R(z)
< Cg, logn.
Expanding yields
2 2
IE@E <2( Y a@un || +2ul*|| > c(wu
i=r+1 i=r+1

F
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where

n

E || clwun]|| | = IME+0* Y (07" = Dluil*lfoil)®

i=r+1 F i=r+1

+ 3 (Blei(u)e(w)] — 1) (u] ) (v] vp),

i,k>r

i#k
n 2 n 2 n
E ||| 3 atmul | = 3w+ 3 @ = Dlul?
i=r+1 1=r+1 i=r+1
+ Z (E[Cz(u)ck(u)] — 1)U;|—Uk.
i,k>r
i#k

On the event £ and also {|lu|| < 2}, using the above bounds and 2 logn < C(logn)?/d, we

obtain

E (=0 21l < 2)] < ¢ (n tae %) .

Moreover if |lul| > 2,

S cilwpu] <Ot E [JulP1{ful > 2}) < e
i=r+1

so this contribution is negligible. Hence the same bound holds in expectation. It follows that
-
E[ANF] = ~E[IE()]F]
1 4
<C (ne(log n)? + (logn)? + @)

:O((dlggnf)'

By Markov’s inequality conditioned on &£, we conclude with probability tending to 1 that

HAQMon(m;n)’

The lemma is proved.

We next show the following uniform lower bound.
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Lemma 2. There is a constant cy > 0 such that, with probability tending to 1,

™
inf — ;)" Xvg| > co—
Ly Z Z\ u)) Xui| > co-

=r+1 j=1

Moreover on this event,
60—{X e R X|lp <1} C{A(6) : 16;5] < 1}.

Proof. We first prove a uniform lower bound using the first r vectors uy, . .., u,. By symmetriza-
tion and the contraction inequality,

o FZW“ 2=l ~Eptosy 72 = ‘ = 02 (VA]r) = oe(1),
lel®+s2=1|" =1
Also,
. T B B
HIHZIEEQZI EQNN(O,Id) |:’g r — S’] — 2_1~_n2f EQNNOI Uag SH > 0

since the expectation is positive and continuous on the unit circle a? + s> = 1. Therefore, with
probability tending to 1, simultaneously for every x € R? and s € R,

1 T
. S W]z —s| > corflz]l’ + 2 > eollall.
j=1

Taking s = v/du, « thus gives

r
Z] w; — ;) x| > co—=||7|, Vo € R
Vd
A similar argument for the vectors v, 1, ..., v, also gives with probability tending to 1,

n
n
Z 1z "] > co—= ||| Vr € R
i=r+1 \/E

Now for any matrix X with|| X || = 1, write the spectral decomposition as

d d
XTX:Zukeke;, Zuk: 1.
k=1

k=1

For every ¢ > r, by Cauchy—Schwarz,

d d
IXvill = | ) pwlefvi)? > lefvil.
k=1

19



Summing over 4, from the preceding bounds, we have that

Z Z| _UJ TXU1| > CO Z (| Xl

i=r+1 j=1 z r+1

>co\/_2uk Z lef vl >co—.

i=r+1

This proves the first claim. For the second claim, define the set
K = {A@) - |8,] < 1},

IC is convex and compact, and it holds that

sup(X,Y)r = sup dij(u Tsz
sup (X sz j
rn
Y Sl ) Xl > @
i=r+1 j=1

If there exists a matrix Z ¢ K such that || Z]||r < corn/d, by the separating hyperplane theorem,
there must exist X such that

(X, Z)e > sup (X, V) > || X[l 2l
Yek

a contradiction. H

Now from Lemma 1, with probability tending to 1, there exists an array A satisfying

1 n
)\i‘ > ) A = )
7= rlogn A )lle O(dlogn)

while Lemma 2 implies that, again with probability tending to 1,

(X ||X||F<1}c{<>:|6ij|s ! }

2d log n 2rlogn

It follows that there exists an array ¢ satisfying

1
< - _
10;;] < 2 Togn’ A(9) A(N)
Then A(X 4 ¢) = 0 by linearity and
1 1 1
Aij + 035 > - = > 0.

rlogn  2rlogn  2rlogn

This completes the proof. ]
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Figure 1: Finite-size transition diagnostic. a. Norm scale HWCEHF /d along the cross-entropy
sweep (13); stars mark the largest value on the sampled grid for each dimension. b. The same
seven grid-selected peaks in the linearized coordinates used below; the solid and dashed lines are
the fixed-slope and unconstrained fits, respectively.

2.4 Finite-size scaling and a second-order conjecture

We conclude this section with a numerical study of the top-1 transition. Our goal is to compare its
location at moderate dimension with the leading-order threshold in Theorem 1. In our experiments,
we learn the memory matrix using ridge-regularized multiclass softmax cross-entropy,

W := argmin E —5;,; + log E e | 4 Q—;HT/VHi ; A> 0. (13)
i=1

dxd
WeRrdxd | =

This objective provides a constructive search for a retrieving memory. Indeed, if /" has minimum
retrieval margin v = min; min;;(s;; — s;;) > 0, then the unregularized cross-entropy at ¢\’
is at most n(n — 1)e~"" and hence tends to zero as t — oo. Consequently, as the effective ridge
coefficient tends to zero, the minimizer in (13) retrieves whenever a strict retrieving memory exists:
one can let ¢ — oo slowly enough that both the cross-entropy and ridge penalty vanish, whereas
any nonretrieving matrix incurs cross-entropy at least log 2.

On the feasible side, the norm needed to attain a fixed small loss grows as the best retrieval
margin shrinks. We therefore use the observed peak of H/WCE ||r/d under weak ridge regularization
as an empirical proxy for the transition. For each dimension, we sweep the load ¢ = nlogn/d?,
using the effective ridge coefficient An/d* = 1073, The results are shown in Figure 1.

Because c is the reciprocal of the ratio d?/(nlogn) used in Theorem 1, the critical value is 1/2
in the present normalization rather than 2. Panel a shows a pronounced peak at every dimension.
Denoting its location by ¢(d), we find that ¢(d) lies above 1/2 and drifts only slowly toward it as
d increases. Thus while Theorem 1 captures the leading location of the transition, the simulations
exhibit a substantial finite-size correction. This motivates the following conjecture for the second-
order correction to the threshold.
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Conjecture 1 (Second-order correction to the top-1 threshold). Let d.(n) be the smallest integer d
for which P(PR,,) > 1/2. Then

d?(n) = n(2logn — 3loglogn + o(loglogn)). (14)

Conjecture 1 is suggested by a simpler model. In the original problem, the n? score directions
vec(u;v; ) = v; ® u; have a correlated Kronecker structure. Suppose instead that we replace
them by n? independent isotropic Gaussian vectors in R?, while leaving the top-1 condition (1)
unchanged. The score map then has independent Gaussian rows, which allows us to apply the
standard conic kinematic formula [Amelunxen et al., 2014]. The resulting statistical-dimension
calculation gives (14). We omit this calculation, since it does not apply directly to the original
model. Proving the conjecture for linear associative memory is left to future work.
The conjecture also appears to be supported by the simulations. Conjecture 1 predicts the

threshold to satisfy

de(n)

- 2logn = —3loglogn + o(loglogn).
Panel b plots the numerical peak locations according to the above formula. The fitted slope —2.97
gives an excellent fit with the predicted slope —3. In particular, (14) predicts the critical load ¢ to

converge to 1/2 at a rate of O(%), explaining the slow convergence.

3 Listwise retrieval and the Tail-Average Margin

Top-1 retrieval has the finest possible resolution: each query must rank its matched target first.
This is natural for final decoding. At an intermediate stage, however, it may be enough to keep the
target among the strongest candidates and let later computation refine the choice. This motivates
the coarser, listwise notion studied here.

A direct listwise requirement would ask the signal score to beat a high competitor quantile,
thereby ensuring that the correct target belongs to a controlled candidate set. This rank condition
is natural, but it is non-convex and combinatorial. We therefore use a convex certificate: we ask the
signal score to beat the average of the strongest competitors. We call the resulting functional the
Tail-Average Margin (TAM). TAM is a listwise retrieval criterion in its own right: it controls the
mass of strong distractors rather than only the single largest one, while retaining enough convex
structure for optimization and asymptotic analysis.

In this section we define the TAM functional, record its basic properties, and formulate the
corresponding learning problem and performance criteria for linear associative memory. In the
next section, we derive an asymptotic theory of TAM learning in the quadratic regime d*? =< n,
with a fixed tail fraction r € (0, 1).

3.1 The Tail-Average Margin functional

Let x = (z1,...,2,) € R™ and fix a tail fraction r € (0, 1]. Set k := [rm].
Definition 1 (Tail-Average Margin). The Tail-Average Margin (TAM) at level r is

k
TAM, (z) = — > _ 2, (15)
7j=1

| =
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where 11y > x(2) = -+ > T(y) are the order statistics of x.

We note two boundary cases: TAMj /,,,(z) = max; z; (take k = 1), and TAM; (z) = =+ > T
(take k& = m). For fixed r € (0, 1), TAM then interpolates strictly between the maximum and the
mean by averaging over the top r-fraction of entries.

The TAM criterion is a conservative certificate for top-k list retrieval. Indeed, since

the inequality s;; > TAM,((s;,);2) implies s;; > s, for the ordered competitor scores in
column ¢. Hence at most £ — 1 competitors can outrank the signal. In this sense, exact top-1
retrieval implies TAM retrieval, and TAM retrieval implies inclusion of the correct item in the
top-k candidate list.

The TAM functional is essentially a reparametrization of the empirical Conditional Value-at-
Risk (CVaR) studied extensively in the quantitative risk literature; see e.g., Rockafellar and Uryasev
[2000]. A classical observation is that TAM admits a convex variational representation,

TAM, (z) = min {,u-i— - Z } (16)

where (z); = max {x, 0} is the hinge function. The minimizer ;1* = x () of (16) is the empirical
(1 — r)-quantile of x, also known as the Value-at-Risk. The optimal value of (16) is then the mean
of the exceedances of = above this quantile, which recovers the tail-average interpretation of (15).
As an immediate consequence of (16), we see that = — TAM,.(z) is convex on R™, as it is the
pointwise minimum over y of functions jointly convex in (z, ).

For optimization it is convenient to replace the piecewise-linear hinge () in (16) with a differ-
entiable surrogate. For a smoothing parameter 5 > 0, let

TAM,(

wl*—‘

bs(t) = %log(l + )

denote the softplus function, and define the smoothed TAM
. 1«
TAM, 5(z) = I;lég{,u—F Ezlqbg(xj —,u)}. (17)
]:

Since ¢z is convex, TAM, 5 is convex in z; moreover ¢3(t) — (t)4 pointwise as § — oo, and
hence TAM, 3(z) — TAM,(z) in the same limit. The exact TAM is recovered in the limiting
notation TAM, ., = TAM,.

Throughout the remainder of the paper we specialize TAM to the linear associative memory
setting: the collection z1, ..., z,, is taken to be the competing scores (s;;),; associated with a
query v;, so that m = n — 1 and TAM,. quantifies the strength of the top r-fraction of competitors.
The next subsection turns this into a convex learning objective.
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3.2 Learning under the TAM criterion

With the TAM functional in hand, we now formulate retrieval and learning for the linear associative
memory as a convex optimization problem.

Given stored pairs {(u;, v;) 7, C R x R? and a memory or weight matrix W € R%*4, recall
that the score matrix is s;; = u; Wuv;. Fix a tail fraction r € (0,1) and set k = [r(n — 1)]. The
TAM retrieval criterion asks that each signal score exceed the TAM-aggregate of its competitors:

Sii > TAMT((SJ‘J‘)]‘?&), Vie [TL] (18)

For r = 1/(n — 1), (18) reduces to the exact top-1 criterion (1) studied in Section 2; for fixed
r € (0,1), it imposes an upper-tail margin requirement that controls the mass of strong competitors
rather than a single extreme-value outlier.

Rather than demanding strict satisfaction of (18), we minimize a convex surrogate that penalizes
violations softly. Let

((t) = log(1+e)

denote the logistic loss, and let 3 > 0 be the smoothing parameter of TAM,. 5. We consider the
regularized objective

W eRdxd
=1

_ “ An
min { Z€<SM — TAMTﬁ((Sj,i)j?gi)) + ﬁHWHI% }; (19)

where A > 0 is a ridge penalty. Since each score s;; is linear in W and TAM, 4 is convex, the
margin s;; — TAM, 5((s;,);) is concave in W'; composing with the decreasing convex ¢ yields a
convex function of W, so (19) is a convex program (strongly convex whenever A > 0).

The variational representation (17) of TAM,. 5 suggests lifting (19) to a joint optimization over
W and the auxiliary quantile variables ju = (1, ..., tt,) € R™. Substituting (17) into (19) yields

_ - 1 An 2
%13 { ;g(si,i - Wi = E ;(b,g(% - Mz)) + 2_d2HWHF }v (20)
Minimizing (20) over u at fixed W recovers (19). This is the workhorse formulation for the leave-
one-out analysis of Section 4.

It is useful to compare (19) with the ridge-regularized multiclass softmax cross-entropy (13),
the canonical convex surrogate for the top-1 criterion (1) introduced in Section 2.4. Denote the log-
sum-exp aggregate of the competitor scores by LSE((s;) ;) = log > _,_; e*+*. A short calculation
rewrites each summand in (13) as

— 8, + log Z et = 5(&‘,1‘ - LSE((%’J)#Z’))?
=1

with the same logistic loss ¢ used in (19). In this form, (13) has precisely the same structure as
the TAM objective (19): a logistic loss applied to the margin between the signal score s;; and a
convex aggregate of the competitor scores (s;;);-. They differ only in the choice of aggregate.
The log-sum-exp is a smoothed maximum, with LSE((s;;);») = max;; s;;, + O(logn), and
therefore inherits the /2 Iog n extreme-value statistics of the top-1 criterion. Replacing it with the
tail average TAM,. 5, which remains on the scale of a typical competitor at fixed 7, enables retrieval
at the quadratic model-size scale d? < n instead of d* =< nlog n.
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3.3 Performance metrics

With the TAM learning problem in place, we consider three asymptotic quantities that together
characterize retrieval performance: the empirical average fitting loss, the per-sample TAM margin,
and the distribution of signal percentiles. Throughout this subsection, (/I/I7, fi) denotes the unique
minimizer of (20), with corresponding scores 5;; = u]T/WvZ

Empirical average fitting loss. Let

1 & 1
L,(W,p) = n Zﬁ Sii — Mi — T ZQ%(%‘,@ — 1)
i=1 j#i

denote the normalized data-fitting part of (20), and write En = Ln(ﬁ/\, 1) for its value at the opti-
mizer. We will say that the TAM problem is asymptotically fit at load « if En — 0 in probability
asn,d — oo with n/d?> — a and A\ — 0. Since / is nonnegative and vanishes only in the large-
margin limit, asymptotic fit is equivalent to the TAM retrieval criterion (18) holding with a positive
margin for all but a vanishing fraction of keys.

TAM margin distribution. A finer summary than Zn is the empirical distribution of the per-
sample TAM margins

1 JUN .
M = Sii — i — Ez¢ﬁ<3xi_ﬂi)’ i € n],
J#i

which are precisely the arguments of the logistic loss appearing in En A positively-supported
limiting distribution for m; indicates asymptotic fit; its shape shows how comfortably the signal
beats the tail average.

Signal percentile distribution. As a complementary, rank-based summary, we also ask, for each
sample, what fraction of competitors have score below the signal. Formally, define the signal

percentile
1 - ~ .
Q, = — Z 1{5;: < 5i4}, i € [n],
JFi
so that €2; close to 1 signals that the ith signal dominates nearly all of its competitors and €2; = 0
that every competitor beats it. The random probability measure

1 n
Vyp = E Zz—l: 5{21

on [0, 1] is our object of study: when does v, converge in probability (say, in Wasserstein-1) to a
deterministic limit?
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CMM benchmark: from top-1 to percentiles. Section 2.1 used a Gaussian approximation to
the scores of the non-optimized CMM Wy to explain its top-1 behavior. Here we return to the
same picture, now in the proportional regime n/d*> — « € (0, 00), to predict the full distribution
of signal percentiles. In particular, (9) suggests, for a fixed query,

Sii~ 1+ VaZ;, Sji = \/aij J# 1,

where Z; and (Z; ;) ;; are treated as independent standard Gaussians. As discussed in Section 2.1,
Lemma 3 gives the exact one-column representation underlying this approximation: the competitor
vector is a random radius times g/||g||, and v/ g/||g|| is approximately Gaussian coordinatewise,
while the radius concentrates at \/c.

Conditioning on Z; and applying a law-of-large-numbers heuristic to the competitors gives

1 _ _
QZ%n_lzl{ZJ’ZSZZ—l—O{ 1/2}%(I)<Zz+a 1/2>
J#i

Consequently, the predicted CDF of the CMM percentile is
Fo(w) = @((I)‘l(w) - a—1/2), we (0,1), 1)

with density f,(w) = exp(®~!(w)/y/a —1/(2a)). The parameter a~'/2 plays the role of a signal-
to-noise ratio: the law concentrates at 1 as &« — 0 and tends to Unif(0, 1) as o« — 0.

The next section develops a leave-one-out theory for these three observables under the TAM
optimizer in the quadratic regime n/d*> — « with fixed r € (0,1).

4 Asymptotic theory of TAM

We now study the TAM optimizer in the quadratic regime n,d — oo with n/d* — « and k/n —
r € (0,1). Throughout this section the smoothing parameter 5 < oo and ridge parameter A\ > 0
are fixed. The goal is to predict the empirical laws of the true scores s”(/W) and competitor
scores sj,i(/I/I?), and hence the limiting TAM loss, margin distribution, and signal-percentile profile
introduced in Section 3.3.

The main technique is a leave-one-out (LOO) analysis. We compare the TAM optimizer with
the optimizer obtained after removing a held-out pair (uy,v,), and use this comparison to sep-
arate the fresh randomness of the held-out sample from the remaining problem. The first three
inputs below are LOO stability estimates, proved in Appendix C. The remaining three are spectral
and self-averaging estimates: the spectral estimate is proved in Appendix E, while the two self-
averaging estimates are proved in Appendix D. Together, the six estimates yield the two-parameter
scalar variational description stated in Theorem 2.

The section is organized as follows. We first compute the gradient and Hessian of the smoothed
TAM loss. We then formulate the LOO rank-one reduction, state the scalar variational prediction,
and finally derive the finite-dimensional equations that lead to this prediction. The ridgeless limit
A J 0 and the associated phase transition are deferred to Section 5.
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4.1 Gradient and Hessian of the TAM loss

Throughout this section the threshold variables are unregularized, and we work with the joint TAM
objective of (20), written with the reparameterized ridge:

n

1 An
V(W pn) = Z€<3i,i(W) iy > dasia(W) — M)) t oz Wiz,
i=1 i
where s(W) = UTWV e R™", with entries s;,(W) = u]Wuv;, and U = [uy -+ uy),
V = [v; --- v,] are the data matrices from the Gaussian model (2). We use lowercase s;; for

finite-dimensional scores, reserving uppercase S for scalar limiting random variables. When the
underlying matrix is clear from context, we write s, instead of s;,;(WW); in particular, at the full

—

optimizer this means s;, = s;,;(W). Since ¥ depends on IV only through s(1¥), the chain rule
reduces the computation of V¥ to an n X n matrix of score derivatives,

An ov
Vwl = UGV + =W, Gy := FI
250

> (22)

The remainder of this subsection evaluates the entries of G and rewrites V ;¥ in a form convenient
for the leave-one-out analysis in Section 4.2.

The i-th summand of W equals ¢(m;), where the TAM aggregate and margin associated with
sample ¢ are

1
C; = i+ E Z qﬁg(sjﬂ; — ,ui), m; = Si; — ;.
J#i
The margin m; is the only part of the i-th summand that depends on column ¢ of the score matrix,
and the i-th summand is the only summand that does. Differentiating ¢(m;) in s;; therefore yields

; g/ i) ) = >7
om; | U'(mi) j=1 23)

G‘i = El m;) ——
st = ) e = Y L o) (s — ), G A

Both ¢’ and ¢; are conveniently expressed through the sigmoid o (t) := (1 4 e*)~":

U(t) = o(t) =1 = —o(=t),  dj(t) = o(B).
Substituting into (23) gives the two scalar weights
a; == o(—m;) = = (m;) € (0,1),
and, for j # 1,
Gi = o(B(sji — i) = ds(s5— ) € (0,1), J# i

In these variables (23) becomes G;; = —a; for j = i and G;; = ¢, a; otherwise. Equivalently

k
G = QA,, where A, := diag(ay, ..., a,) and

Qji =



Substituting G = @A, into (22) and performing the analogous calculation for ;1 — where

ViU (W, 1) =UQA VT + =W, (24)

v,u\I}<W’ M) = _Aa QTlm

where 1,, € R" is the all-ones vector. Expanding (24) by rows of () separates the diagonal and
off-diagonal contributions,

n

V¥ = = ajup, kzazzqﬂuj + —W. (25)

i=1 i=1 j#i
For the Taylor expansion in Section 4.2 we will also need the second derivative of the outer loss

at the margin, which is governed by a companion diagonal:
bi = E"(mi) = CLZ(]_ - ai), Ab = diag(bl, ce ,bn) (26)

Definition 2 (Full Hessian). Let H : R¥*? — R4 denote the Hessian operator of V in the W
variable, evaluated at a fixed point (W, p). Applied to a perturbation A, it is

H[A] := %A + UMUTAV) V.

Here M : R™" — R™ "™ qgcts columnwise,

where 54
M, = bZQ,lQTz + a; diag(R;,i),
_ Boii—an), A
Rj; o= S k00 0 ’
0, ] =1.

The operator H is self-adjoint and strictly positive-definite, with smallest eigenvalue at least
An/d?. Under vectorization, writing D := diag(My, ..., M,) € R"*"* the same operator has

matrix representation

An
H = ﬁ[ﬂ + (V@U)'D(V@U)T.

4.2 Leave-one-out reduction

We relate the joint minimizer (/VI7, ) of (20) to a leave-one-out reference point by a first-order
expansion. Fix a held-out index i € [n], and let (W, i\*) denote the minimizer of the TAM
objective with sample i removed from both the outer sum and from all inner summations over
interferers:

W) = S0 (s50a00) = i = 3> 0, )+ Iz,

i#h ];éz
Jj#h
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Write AW := W — W\, Ap =i — i\t and AS := U (AW)V € R™*" for the corresponding
perturbations. A hat decoration (e.g., a;, ;,i, bi, m;) denotes a quantity from Section 4.1 evaluated
at (W, 71); a superscript \h denotes the same quantity evaluated at (W \" 7i\*). We adopt the

conventions azh :=0and qj\]; = q}\b}z := 0, so that Q\", A,\» extend naturally to n x n arrays.

4.2.1 LOO Hessian and rank-one reduction

The LOO Hessian has the same form as the full Hessian in Definition 2, with the h-th sample
removed and all coefficients evaluated at (W\" [i\*). Explicitly, H\" : R™? — R ig defined
by
\h An \h(77T T
H\'A] = ﬁAJrUM oravyv', (27)
where M\ : R — R™ " acts columnwise as
MM (X)., = M"X.; (i#h), MYMX)., = 0. (28)

In the above display, MZ-\h € R™ " is a symmetric matrix with a rank-one-plus-diagonal form
M= " Q\?(Q\?)T + a" diag (ﬁ\?)
h h S
{%qg\,i(l—q]\-,i) JFLIFER (29)

Pt 0, otherwise
Here bz\h is the quantity in (26) evaluated at (/W\h, 7i\). The operator H\" is self-adjoint and
strictly positive-definite on R%*¢: its smallest eigenvalue is at least A\n/d> = ©(1) in the regime

& = n, 50 thatH(H\h)_l — O-(1).
op

Rank-one reduction. The leave-one-out perturbation is governed, to first order, by the held-out
feature pair (up, vp,).

Proposition 3 (LOO rank-one reduction). Under the LOO stability estimates (A1)—(A3) stated
below, with high probability,

W =W\ = o(—my) (HV) '[unv)] + Ruy  ||Ral), = O=(d?). (30)

Ie

Here my, is the TAM margin at the held-out sample evaluated at the full minimizer (W\, n):

. = . 1 =
i = spa(W) = fn — ¢ > da(sin(W) = fin).
J#h
Thus the leading change in the weight matrix is the inverse LOO Hessian applied to o (—1y,) upvy ,

with a Frobenius-norm correction of lower order. In Section 4.3, this formula is combined with
trace concentration for (H\")~! to obtain the susceptibility equation.
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4.2.2 Proof of Proposition 3

We derive (30) from the following LOO stability proposition.
Proposition 4 (LOO stability). Uniformly after removing any fixed finite set of samples,
(A1) max [(Ap);| = O(d™?7?);
(A2) max ‘(AS)]J‘ = O.< (d_l);
j,i#h

(A3) max |s;,(W)] = O<(1).

The proposition is proved in Appendix C. The estimates are in the sense of stochastic dom-
ination, absorbing d° factors. In particular, (A3) applies to the optimizer of each finite-removal

problem. These estimates control the Taylor remainder and the coefficient perturbations in the
LOO expansion (30).

Step 1: Subtract the stationarity conditions. The 1//-components of the stationarity condi-
tions (24) at the full and LOO optimizers, subtracted, yield

AW+ U (QAs — QA ) VT = 0. (31)

Step 2: Separate the terms involving the held-out sample. With the extension conventions
on a\" and ¢\, the matrix QA; — Q\*A,\» decomposes entrywise as

_dh (]72) = <h> h)a

anqjn/k j#h,i=h,

di(jh,z’/k j:hu i#ha
\h .

\Rj,i Jyi # h,

p

(QA& - Q\hAa\h)j,i -

where the first three cases are the entries involving the held-out sample: the held-out outer term
(¢ = h) and the held-out interferer row (j = h, across interior columns) are present in the full
objective but absent in the LOO objective. The remaining entries are collected in R\" € R"*",
supported on {7, # h}:

@iy — a," )%
1 N2 7 ¥IX] . . . .
0" — @ j=1i#h.
Separating these entries inside (31),
n . .
= AW + URMVT = ap uhv; — apMp v; — uy 5;, (33)

where

1 . 1 A
U Eij’huj’ & = Ezaiqmivi-
J#h #h
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Step 3: Linearize the common part. In Appendix B, we carry out a first-order Taylor expan-
sion of R\h in the perturbations AS and Ay, with all higher-order terms collected into a residual
matrix /\" supported on {j,i # h}. This yields

RY = M"AS,; + EY,  i#h, (34)
with Mi\h as in (29). Combining (34) with (33) and the definition of H \h yields
HV'MAW] = apupv) — apmpv) — up &) — UEBNVT. (35)
Moreover, we show in Appendix B that, under (A1)—(A3),

B = O<(n™") fori # h, B = O(n2) forj #1, j,i # h. (36)
Step 4: Invert and bound the correction. Applying (H\*)~! to (35) produces (30) with

By = (B | =anmo) — wgl — UEVVT). (37)

Since H(H W)= = OL(1), it suffices to bound each of the three remaining terms in (37) in
op

Frobenius norm at scale O_(d~/?).
Writing k7, = U ¢.;, (with the h-th entry of ¢.; understood to be zero), the Marchenko—
Pastur bound ||U||,, = O~ (v/d) in the regime d> = n, together with the deterministic entrywise

bound ||G.n||, < v =1, gives ||nnlly, <NU |l |G|, /k = O<(Vnd/n) = O (d7'/?); the same
argument applies to &,. Consequently

N T
Qp, T Up,

= el ol = 0@ ), el = 0<@ ). G8)

Next, we consider the term UE\*VT in (37). Let £9 and E° denote the diagonal and off-

diagonal parts of E\M, respectively. The diagonal part is a diagonal matrix, so”Ed H = max;- |EZ\?| =
op

O~(n™1) by (36). The off-diagonal part is controlled through its Frobenius norm,

Bl <|E, - (; E0)" < Vo) = o),
Jih
again by (36). Combining, || E\" = O4(n~') = O(d™?). Submultiplicativity with[|U|| . ,[[V],, =
O (V) yields HU@WT < IZL(d - d7?) = O(d™"). Since UEM"VT € R has rank at
most . < V|-, and
HUE\hVTHF < \/ZZHUE\’WT = 0L, (39)
Combining (38) and (39) and applying (H\")~! establishes (30). O
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4.3 Scalar characterization of the TAM optimizer

We now state the asymptotic characterization of the TAM minimizer. In addition to Proposition 4,
we use the following spectral and self-averaging proposition. The derivation is given in Section 4.4.

Proposition 5 (Spectral and self-averaging estimates). We have the following:

(A4) (Spectrum bound)
= O<(\/g)

op

v

(A5) (Empirical-mean concentration) Let 1) € C*(R) be pseudo-Lipschitz of order two. Then,

%Z‘Z’(%(W\)) ~E %Z¢(Si,i</m7)) = O,(d7?),

and

S ) B[ S0 () | = O ).
n(n —1) oy n(n —1) oy

(A6) (Trace concentration)

1 1
() -E| tr(Hl)} 0.,

The spectral estimate (A4) is proved in Appendix E; the empirical-mean and trace concentra-
tion estimates (A5) and (A6) are proved in Appendix D. Here (A4) is a spectral estimate on the
optimizer /W, while (A5) and (A6) are self-averaging estimates at the common scale (9<(d_1/ 2)
for empirical means and normalized inverse traces, respectively.

For v > 0, define the scalar TAM functional

1
‘= mi -Ez. Z — ) 4
cr(v) min {M+ 2N (0,1) [ps(v H)]} (40)
Let p,.(v) denote the minimizer in (40). It is characterized by
r=Eznom [U(B(VZ . Mr(y)))} . 1)
Definition 3 (Scalar saddle and reduced potentials). For v,y > 0, define the scalar Moreau enve-
lope
‘ .| (s —v@E)?
M, (v, x) = Eguwo) | min [T +o(s =) || 42)
The scalar saddle potential is
A, V2
a,r\¥y =z a5 MT ) )
Par(vix) = 5V 2ox T (v, x)
and the reduced scalar potential is
Vau(v) = sup Poy (v, X). (43)

x>0
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Proposition 10, stated in Section 4.4, shows that, for each fixed » > 0, the maximization over
X is well posed and has a unique maximizer, and that the reduced potential V, . is strongly convex
in v.

For x > 0, define

2
Prox, (z) := arg min {u + E(y)} , (44)
yeR 2X

Equivalently, y = Prox, () if and only if
y—xo(-y) ==
If G ~ N(0,1), define
Syx = (V) + Prox,(vG — ¢, (v)). (45)

Let v, be the minimizer of V, ., and let y, be the maximizer of P, ,(v,,-). Define y., as the

minimizer in (40) at v = v,, and set
Ce 1= Cp(Vs).

The variational facts used here, including uniqueness and the equivalence with the finite-dimensional
equations derived below, are recorded in Proposition 10.

Theorem 2 (Scalar description of the joint TAM minimizer). Fix («, 7, 5, \) with 8, A > 0. Assume
that the minimizer v, of V. is positive. In the joint limit n,d — oo withn/d* — a and k/n — r,
the following hold in probability:

(i) (Order-parameter concentration.)

1, = 1
E HW”F — Vs, ﬁ tr(Hﬁl) — Xx- (46)

(ii) (Gaussian law for competitor scores.) For eachi € [n), the empirical distribution 1 E (58]_ ()
n—
J#i
converges weakly to N (0, v?).

1
(iii) (Proximal law for diagonal scores.) The empirical distribution — E 0, ()
n 7,7
=1

converges
weakly to the law of S,, . in (45).

Remark 2 (Reading off the retrieval metrics). Theorem 2 directly answers the three performance
questions posed in Section 3.3. Since the TAM aggregate converges to c,, the limiting margin is

M, =5, y. — ¢,
and hence the average fitting loss converges to
E[¢(M,)] . (47)

The empirical margin distribution converges to the law of M,. Finally, writing ® for the standard
normal CDE, the signal percentile distribution converges to the law of

S,
q) < Vs Xx 7
Vy
because the competitor scores have limiting law N (0, v2).
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4.4 Proof of Theorem 2
Define
Vfl = E

d2

7112
||WHF] | )

With H denoting the full Hessian operator from Definition 2, evaluated at (/I/I?, i), define
1 -1

In this section, we prove Theorem 2 by deriving the finite-dimensional equations for v,; and
Xd4- The proof proceeds in four steps. First, using (A4) and the bilinear coupling estimate in Ap-
pendix F, we identify the off-diagonal competitor scores with Gaussians of variance 2. Second,
this Gaussian approximation and the trace input (A6) give the proximal characterization of the
diagonal score s“(/W) Third, W -stationarity, together with empirical concentration (A5), yields
a finite-dimensional equation for v,;. Fourth, a random matrix calculation for a simplified Hes-
sian gives the companion equation for y,. Combining the two equations gives an approximate
residual system, whose zero-residual limit is the saddle-point condition for the scalar potential in
Definition 3.

4.4.1 Gaussian law for competitor scores

We begin with the off-diagonal scores. The statement below gives a finite-dimensional joint Gaus-
sian coupling for any fixed number of competitor scores in a single column, using an iterated
leave-one-out reduction and the bilinear coupling estimate of Corollary 1.

Proposition 6 (Joint Gaussian limit for competitor scores). Fix i € [n|, m > 1, and distinct
Jis -5 Jm € [n] \ {i}. Assume (A1)~(A6). Then, in the joint regime n,d — oo with n/d* — «
and k/n — r: on a common probability space, there exist i.i.d. Gaussians Y1, ..., Y, ~ N(0,v3)
such that - -

| (s50i(W), .85, (W)) = (Y1, Y|, = O<(d'/?). (50)

Remark 3 (Connection with the limiting statement). Proposition 6 is the finite-dimensional form
of the off-diagonal Gaussian law in Theorem 2. Empirical-measure consequences, such as weak
convergence of ﬁ Zj 4i 55,”_ (i) o N(0,v3), follow by combining exchangeability with concen-
tration of the optimizer. The expectation-level replacements used below are obtained from this
coupling for the finite list of bounded or C' pseudo-Lipschitz observables appearing in the sta-
tionarity identities, together with the moment bounds implicit in (AS5).

Proof. Throughout, write X} := s]kz(/V[?) fork = 1,...,m. Set Wiy 1= W \idteim} and
V= ||Wfreshvi||2/d.

Step 1: Iterated leave-one-out. Apply (30) successively after removing the samples ¢, j1, . . . , Jm.
The finite-removal version of the LOO stability estimates, together with the spectral and self-
averaging estimates (A4)—(AS5), gives the same rank-one expansion at each level. The resulting
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iterated identity expresses
W = Wien + Z[ )" (V) w07 ] + R |, 51)

where ig = i, iy = jo for £ > 1, I, := {i, j1, ..., je}, and each || R/||[r = O (d~'/?) by Section 4.2
applied at the corresponding LOO level.

Step 2: Score decomposition. For each £ € [m/], sandwiching (51) with u]Tk - v; yields

Xy = u] Wieti + &, (52)

where & is the sum of m + 1 rank-one bilinear contributions plus residual terms.

Step 3: Bound the corrections. Each rank-one contribution at level ¢

A\Iz (H\Ig) [Uigv'T] v;

ZZ e

admits a self-adjoint rewrite that places one of the held-out vectors — u; for / = 0 and v; for
¢ > 1 — on the outer test side, independent of the LOO operator (H‘\¢)~! (which sees no sample
in /). Combined with the operator-norm bound ||(H\*)~||,, < d*/(An) = O(1) from the ridge
floor and |lu,v, ||F = O(1), the unmatched-Gaussian inner product gives an O~ (d~'/2) bound on
each rank-one contribution. The residuals u, Rv; are bounded by || Ry|¢ ||w;, [||[vs]| = O<(d7/?).
Summing m + 1 such terms,

|&| = O<(d"'?) uniformly in k. (53)

Step 4: Apply the bilinear coupling. Since ﬁ/\freqh is a function of {(u;, v;) : L & {i,j1,- -, Jm}}
it is independent of u;,, ..., u;,.,v;. The bilinear couphng Corollary 1 requires a Frobenius self-
averaging estimate and an operator-norm input for Wfregh, both are transferred from W by the same

finite-removal stability used above. In particular, the stochastic-dominance deviation ”Wfreth 2/d?—
vi =0y (d 1/2) follows from the Frobenius consequence of (A5), while the operator-norm ir input

||(/I/I7fresh) Wfresh”F Jd*> = O_(d~/?) follows from (A4). Apply Corollary | with W = Wiseshs
vg = v, and py = pop = O(d™1/?): there existi.i.d. Yy, ..., Y, ~ N(0, %) with

H (u;‘rlwfreshvh s 7u;‘rmwfreshvi) - (Yi, s 7Ym) H2 = O-< (d_1/2)7 (54)
With Yi, ..., Yy iid. (0, 2).

Step 5: Combine. Triangle inequality applied to (52), (53), and (54) yields (50). [
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4.4.2 Proximal law for diagonal scores

We next record the finite-dimensional proximal law for the diagonal scores. Set

= pr(Va), cq = cr(va),
where y,. and ¢, are defined in (40)—(41).

Proposition 7 (Coupled proximal law for s;;). Assume (A1)—(A6). Fix i € [n]. On a common
probability space, there is a standard Gaussian random variable G; ~ N (0, 1) such that

o~

51.i(W) = cq + Prox,, (vaGi — cq) + O (d"?), (55)
where Prox,, is defined in (44).

Proof. Apply the LOO rank-one expansion (30) with i = i and contract with u; (-)v;. This gives

—~

sii(W) =g; + di<uiv;, (H\i)_l[uiviTD + (’L(d‘l/z), (56)

where
e TTr\d o A
gi == u, W\, a; = o(—m;).

The LOO Hessian H\! is independent of (u;,v;). Lemma 21, (A6), and the finite-removal trace
stability therefore give

(o, (HY) M uww] ]) = xa + O<(d™?),

Since a; is bounded, (56) becomes

—~ —

Si’i(W) = ¢; + Xd O'(-Sm(W) + éz) + O< (d_1/2>, (57)

where ]
Ci=fut o Z Gpl(554(W) — i)
J#i
We now replace g; and ¢; by their finite-dimensional deterministic counterparts. The bilinear

coupling estimate, applied to the leave-one-out matrix W\ and the fresh pair (u;,v;), gives a
coupling

gi = vgGi+ O-(d7 V%),  G; ~N(0,1). (58)
Next, ji-stationarity gives
1 = . _
- > o(B(s;a(W) = fu)) =1+ O(d ).
i

The off-diagonal Gaussian law from Proposition 6, together with the empirical-mean concentration
estimate, implies that the left-hand side is

Ezn0,1) [U(ﬂ(VdZ - /lz))i| +0.(d?).

36



For fixed r € (0, 1) and fixed /3, the bounded-score event keeps /i; and 4 in a compact set; on this
set the derivative in 4 of the preceding expectation is bounded away from zero. Hence (41) yields

fu = pa + O<(d71/?).

Applying the same Gaussian approximation to the pseudo-Lipschitz test function ¢5(- — 1), and
using the Lipschitz dependence on p, gives

& = cq+ O (d7Y?). (59)

Combining (57), (58), and (59), we obtain

o~ e~

sii(W) = vaGi + xa J(—si7i(W) + Cd) + O (d7?).
Let y; := S“(/W) — ¢q. The last display is equivalent to
Yi — Xao (=) = vaGy — cq + O (d7V?).

The map y — y — xq0(—y) is strictly increasing with derivative at least one, so its inverse Prox,,
is 1-Lipschitz. This proves (55). [

4.4.3 Finite-dimensional scalar equations and variational consistency

We now derive the two finite-dimensional scalar equations for v; and x4, and then identify their
zero-residual limit with the saddle-point equations of the scalar variational problem. The variance
equation is obtained directly from W -stationarity. Let G and Z be independent standard Gaussian
variables, and define

Sa = cq + Prox,, (vaG — cq) , Agi=0(—=Sq+ cq). (60)

Proposition 8 (Finite-dimensional variance equation). Assume (A1)—(A6), and use the coupled
diagonal score law of Proposition 7. Then

% {A + %E[Ad} E [cb%(vdz - ud)H = E[A4Sd] + O(d™/?). (61)
Proof. At the full minimizer, the 1/ -stationarity condition (24) gives
UQAVT + oW = 0.
Taking the Frobenius inner product with W and using S]Z(/W) = U]TWUZ gives the exact identity

Wz _ 1§ T W
)\TZ_Z% Si,i(W)—EZQj,isj,i(W) : (62)

i=1 e

Taking expectations turns the left-hand side into \v/2.
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The first empirical average in (62) is a smooth test function of the diagonal score, after replacing
¢ by cq at the d~1/? scale. Proposition 7 and (A5) therefore yield

N 172
E n;azsz,z(m = E[A4Sq] + O(d~/?).

For the off-diagonal contribution, the competitor Gaussian law Proposition 6, the same empirical-
mean concentration, and the leave-one-out independence between the diagonal factor and the com-
petitor score give

Qa = o(B(vaZ — pa)).

1~ 1 — 1
E n Z (ZZE Z i85 (W)| = - E[A4|E[vaZQq] + O(d_l/Q)- (63)

i=1 i

Here the distinction between £ /n and k/(n — 1) contributes only O(n~'), which is absorbed into
O(d='/?). Combining (62)-(63) gives

1
3 =E[A4S4] — ~E[AE[VZQ4) + O(d='7%).
Finally, Stein’s identity for the standard Gaussian Z gives
E[vyZQq4 = v2E [gbg(ydz - ,Ud)} ,

which gives (61). [

We next derive the companion equation for the scalar y, defined in (49). It is the expectation
of the normalized inverse trace of the full Hessian, and is often referred to as the susceptibility in
the statistical physics literature. Set

Bd = Ad(l - Ad)

Proposition 9 (Finite-dimensional susceptibility equation). Assume (A1)—(A6). Then the finite-
dimensional susceptibility x4 satisfies

_ XdBa AXd " _ ~1/2
1= alyg +QEL . XdBd:| + = E[Ad]E[%(de ud)] +O@dV?). (64)

In the above display, A, is the random variable defined in (60).

Proof. For j,i € [n], write
fii == vec(u,v] ) € RY.
Also let
rii = G850 — i) = Bq5a(1 = q54), Gi.i = o(B(sji — pa)),
so that ﬁjz = 1,/ k. Define the simplified Hessian
=207y D bfuf+ LS (69)
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By Lemmas 22 and 23 in Appendix G, the normalized inverse trace of the original Hessian may be
replaced, up to O_(d~'/?), by the normalized inverse trace of H. Thus, by the trace concentration

estimate (A6),
(A7) = vat O, (66)
We now use the identity
1= %tr(HH .
Expanding the three terms in (65) gives

AN 1 ~_ T 77—1
L= a2 d2 d2 Zb H Jii
1 airj,i T5-1
+EZZTJCJ@H f]z
i=1 j#i

The first term is evaluated by (66). Lemmas 25 and 26 in Appendix G evaluate the two families of
quadratic forms:

~ Ya B _ i
Jal ™ fu = =+ O<(d™%), W H 7 i = xa+ O<(d7?).
1+ bixa
Substitution gives the finite-dimensional trace identity
An 1 Xd a;r;
= xat 2 b 2 d-?). 67
d2Xd+d22 1+bXd ;; ) ( )

Taking expectations under the moment bounds established in the appendices, and then applying
the diagonal proximal law, the off-diagonal Gaussian law, and (AS5), gives

E[bi Xd }:E[Xd—Bd} oW,

1+ bixa 1+ xaBa
and
1 1 .
Ela; > ri| = ~EIAJ E|¢)(vaZ — pa) | + O,
i
Substituting these two replacements into (67), and replacing n/d? by « at the same error scale,
yields (64). OJ

Combining Propositions 8 and 9 gives the finite-dimensional residual system

% {A + %E[Ad] E [éé(vdZ - Md)H — E[A4Sq] = O(d™'?),

68
XdBa (68)

1—al\yy—aE| ———-—
X |:1+XdBd

« _
] — ZE[AE|6}(vaZ — 1a) | xa = O(d™2),
Here 115 = 1, (v4) is the deterministic threshold defined in (41), evaluated at the finite-dimensional
variance parameter v4. Thus (vg4, x4) is an approximate solution of the nonlinear scalar equations
whose zero-residual limit turns out to be exactly equal to the saddle-point equations for the poten-
tial P, in Definition 3. This variational connection is established in the next proposition.
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Proposition 10 (Variational form of the scalar equations). For every v > 0, x — Pa, (v, Xx)
has a unique maximizer. Moreover, the reduced potential V, , is \-strongly convex in v. If v, is
the unique minimizer of V, . and x. is the unique maximizer of Po (Vs -), then the saddle-point
equations of

inf sup P, (v,

v>0 x>0 ’ ( X)
are exactly the zero-residual limit of (68), with the finite-dimensional proximal channel replaced
by (45) and with c, given by (40).

Proof. See Appendix H. [

S5 Ridgeless limit and phase transition

The scalar theory in Section 4.3 gives a limiting variational problem for each fixed ridge parameter
A > 0 and fixed smoothing parameter 5 < oo. In this section we take the sequential ridgeless
limit: first n,d — oo with n/d> — « and k/n — r, and then A | 0 while keeping 5 € (0, c0)
fixed. The limit separates two regimes. Below the critical load a.(r) defined in (69) below, the
scalar norm v escapes to infinity as A | 0 and the limiting fitting loss vanishes; we call this the
satisfiable, or SAT, phase. Above this critical load the scalar norm remains finite and the limiting
fitting loss 1s positive; we call this the unsatisfiable, or UNSAT, phase. After deriving the transition
from the variational principle, we describe the score, margin, and percentile profiles on both sides.

All results in this section concern the scalar saddle problem of Definition 3. They translate into
statements about the original TAM minimizer (W, 1) through the scalar identification in Theo-
rem 2.

5.1 The critical load
Definition 4 (Ridgeless threshold). Let G ~ N(0, 1), and define

U )

where ® and p are the CDF and density of a standard normal random variable. The critical load
is
1 1
c = == . 69
)= Bfn, —GR] (1 a3 + () ©

In what follows, we first explain the origin and underlying ideas behind the transition at a. (7).
The formal proof is then given in Proposition 11.

We start from the dual form of the reduced potential in (219), writing the ridge parameter
explicitly:

Vara(v) = %VQ X O<Sa1(1,1))<1 {E[a(G) (cr(v) —vG) — I(a(G))}

(70)

—%@WMW}
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where G ~ N(0,1) and /(a) = aloga + (1 — a)log(l — a). The supremum is over measurable
functions a@ : R — [0,1]. We write V,, o for the ridgeless potential obtained by setting A\ = 0;
explicitly,

Vorow) = sup {E|a(G)(c(v) — vG) — I(a(@))| — = (Ela(G)])* }. (1)
0<a(-)<1 Vva

The phase transition is determined by the large-v behavior of the ridgeless potential V, ,.o. The
only input from the TAM threshold ¢, () needed for the leading-order calculation is the asymptotic
relation

& (V)

v

— K (72)

We defer the verification of (72) to the proof of Proposition 11. Now set m,.(v) := ¢,.(v)/v. For
fixed a(-), the linear-in-v part of (70) is

v |E[a(G)(m.(v) — Q)] — (E[a(G)?)"*.

f!\a\!z o lalle =

The entropy term [(a) is not multiplied by v. Thus the large-norm behavior is governed by a
simple question: can we choose a nonzero dual profile a so that the coefficient of the leading linear
term in v is positive?

Letting v — o0 in this coefficient and using (72), the relevant expression becomes

Ela(G)(kr — G)] = \/—HCLHz

Since a > 0, the negative part of x, — GG can only hurt, so the best profile should live on the event
{G < k., }. More precisely, by Cauchy-Schwarz, for any 0 < a < 1,

Ela(G)(ky — G)] < Ela(G) (5, — Q)4 < llalla (B[(k, — G)2])"2.

The upper bound is sharp despite the pointwise constraint ¢ < 1. Indeed, equality in Cauchy—
Schwarz would ask for a proportional to (k, — G), which is unbounded. We can approximate this
direction by the admissible truncations

,1}, M — oo.

The ratio E[an (G)(k, — G)]/|lar]|2 converges to (E[(x, — G)i])lﬂ. Hence a positive large-v
direction exists exactly when o > av.(r), with a,(r) as in (69).

Proposition 11 (Ridgeless scalar phase transition). Fixr € (0,1) and 8 € (0, 00). For each A > 0,
let vy be the unique minimizer of Vo ;1.

() If o < ac(r), then
Uy — 00 and Varo(va) =0

as \ | 0.
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(ii) If & > a.(r), then vy remains bounded as \ | 0 and converges to the unique minimizer
vy < 00 Of Vi r0. The ridgeless fitting loss Ve, ,.0(10) is strictly positive.

Proof. We first justify (72). Rescaling the definition of ¢, by writing ;1 = vt gives

PR

For each fixed y, the function v — ¢3(vy)/v is nonincreasing and converges to y,. Thus the
limiting problem is

teR

min {t 4 %E[(G _ t)+}} |

Its minimizer is t = ®~!(1 — r) and its value is x,., which proves (72). In fact the convergence is
monotone decreasing.
SAT case: o < a,(r). By (72) and the definition (69), there are 6 > 0 and vy < oo such that,

for all v > vy,

(Bl(m (1) = 12" < o= =5

Therefore, uniformly over 0 < a < 1,

Ela(G)(m,(v) = G)] = —=lall2 < =d]|all,.

1
Ja
The remaining terms in the dual representation are lower order. More precisely, for any p € (0, 1)
there is C,, < oo such that —I(z) < C,z? for 0 < z < 1, while E[a?] < ||a||5. Hence

Varo(v) < sup {—dva + Cpa?} — 0 asv — oo.
0<z<1

Since a = 0 is admissible, V, ,o(v) > 0, and therefore V,,, o(v) — 0 as v — oc.

To identify the variational value with the scalar fitting loss, fix v and let x(v) be the unique
maximizer of P, (v, -), whose existence and uniqueness are given by Proposition 10. With the
scalar proximal channel S, ,, defined in (45), the identity

Vara(V) = %l/2 + IE[E(SMX — cr(u))]

follows from a short cancellation. Writing A := o(—S,,,, + ¢, (v)), the proximal equation gives
Sy — VG = xA, and hence

M, (v, ) = %E[AZ] FRE[(Syy — ()] .

At the maximizing x, the saddle equation v? = ax?E[A?] gives 1?/(2ax) = (x/2)E[A?], so the
two quadratic terms in P, .\ cancel. Thus the ridgeless potential is the scalar fitting loss and is
strictly positive at every finite v. For any ¢ > 0, choose NNV so large that V, ,.o(/N) < ¢, and then
choose ) so small that AN?/2 < . This gives

Vara(va) < 2e.
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Hence the optimal value tends to zero. If v, remained bounded along a subsequence, lower semi-
continuity would force a finite point with zero ridgeless fitting loss, contradicting strict positivity.
Therefore v, — o0, and the displayed identity implies that the per-sample fitting loss tends to zero.

UNSAT case: o > «(r). By the sharpness of the Cauchy—Schwarz bound, there is a bounded
measurable a : R — [0, 1] and a number 6 > 0 such that

1
Ela(G)(rr = G)] = ﬁHa||2 > 20.
Using m,.(v) — &, and bounded convergence, the same « satisfies, for all sufficiently large v,
1
Bla(G)(m (1) = @) = ol 2 8

Substituting this fixed test function into (70) gives
Varo(v) > v —0O(1),

so the ridgeless potential is coercive. The minimizers of V, , » = Vo0 + Av? /2 therefore remain
in a compact set as A | 0. Any limit point minimizes V, o by the standard variational argument:
compare v, against an arbitrary fixed v and let \ | 0.

We now show that the ridgeless minimizer is unique. For finite 3, the TAM threshold ¢, is
strictly convex. Indeed, with

w,(Z) == ngfB'(l/Z — ,ur(y)),
the envelope theorem and the defining equation for y,.(v) give
" 1 2 E[wl/ (Z ) Z ] ?
o (v)= . {E[w,,(Z)Z ] Efw, (Z)] } > 0.

For each finite v, the dual maximizer in (71) has positive expectation. In the primal variables this
maximizer is a(G) = o(—S,,, + ¢ (v)), and hence 0 < a(G) < 1 almost surely. Therefore V, .o
is strictly convex: if vy = 01y + (1 — )y wWith 0 < 6 < 1 and 14 # 1, evaluating the dual formula
at the maximizer for vy and using the strict convexity of ¢, gives

Va,r,O(l/H) < 9Va,r,0<yl) + (1 - G)Va,r,O(VQ)'

Thus the ridgeless minimizer is unique; call it 9. Hence vy — 4. Since 1 is finite, the corre-
sponding scalar logistic loss is strictly positive. [

Remark 4 (No dependence on the smoothing parameter). The critical load a.(r) does not depend
on the smoothing parameter 3 € (0,00). The parameter (3 affects the finite-\ scalar channel and
the finite ridgeless minimizer in the UNSAT phase, but it disappears from the large-v limit (72),
where the smoothed logistic tail ¢p5(vy)/v converges to y..

5.2 Score, margin, and percentile profiles

We next translate the ridgeless phase transition into predictions for the true scores, the competing
scores, the margins, and the percentile rank of the true score among its competitors. The two phases
have different scaling behavior. In the SAT phase, Proposition 11 shows that vy, — co. Thus the
true scores and the competitor scores both diverge on the original scale. The meaningful objects
are the normalized scores, obtained by dividing by v, and these have a non-degenerate limit. In
the UNSAT phase, by contrast, v, remains finite, so the ridgeless profiles live on the original scale.
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5.2.1 The SAT phase

We begin with the SAT phase, where the limiting normalized profiles are explicit. The single
parameter controlling them is the number p,, > ,, defined as the unique solution of

1
El(pa —=G3l == G~ N(0,1), (73)

The left-hand side is strictly increasing in p,, and the boundary value p, = &, is exactly (69).
Hence p, is monotone decreasing in «v and satisfies p, | £, as a T ae(r).

Proposition 12 (SAT score, margin, and percentile profiles). Assume o < a.(r), and let p, > K,
be the unique solution of (73). In the sequential ridgeless limit \ | 0, the normalized true score
satisfies
Sy
22X — max{G, pa}, G ~ N(0,1). (74)
U

Consequently, the normalized TAM margin satisfies

SV)\,X)\ - CT(VA)
Ux

= max{G, po} — kr, G ~ N(0,1). (75)

Here and below, = denotes weak convergence of laws as A | 0. The associated percentile variable
satisfies
Q = ¢ (max{G, pa}) - (76)

Equivalently, if p, := ®(pa), then

0 < Pas
, w<p 77
W, Palw<1.

P(Q<w)= {
Proof. By Proposition 11, in the SAT phase v, — oo and the scalar fitting loss tends to zero. The
proof has three steps. First, we rewrite the proximal channel in terms of the normalized score and
the correction term created by the loss. Second, we introduce the scalar quantity p, and use the
saddle-point equation to show that it is bounded. Third, we identify every subsequential limit of
p; uniqueness of the equation defining p,, then gives the stated weak convergence.
Set ¢, := ¢,(v)). For each deterministic scalar input g € R, define

Sia(g) = cx + Prox,, (vag — ca), Xi(g) == S,\U()\g)
The proximal first-order condition is the pointwise identity
Sx(g) = vag + xa0(=5x(9) + ).
We also define the pointwise correction
BAlg) = Xa(9) —g = 0(=5x(9) +x) 2 0. (78)
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Only now do we insert the Gaussian variable: when G ~ N(0,1), the random variables in the
scalar channel are S)(G), X,(G), and B)(G). The x saddle-point equation for the scalar potential

in Definition 3, recorded in (215) of Appendix H, gives
9 1
E[B\(G)"] = o (79)

Moreover, the zero-loss statement implies that the normalized score does not fall below the TAM
threshold. Indeed, with M, (g) := Sy(g) — ¢\, we have pointwise

(C_A N XA(Q)) _ (=M(g)+

Ux Ux

For every m € R,
(=m). < {(m).
Therefore, since the fitting loss E[¢( M) )] tends to zero and vy, — oo,

(3-v),

Since ¢y /vy — K, by (72), the 1-Lipschitz property of = — x, gives

E — 0.

E (5~ X\(6)),] —0. (80)

We now identify the limit of the channel. The useful normalization is the level at which the
sigmoid correction in (78) changes from negligible to order one. Define

_ o + log(xa/vx)
Ux

Combining this definition with (78) and the identity o(z) = (1 + exp{—x})~! gives the exact

formula
By(g) exp{ra(pr = Xalg)}
1+ exp{cy — maXa(9)}
The sequence p, is bounded. Indeed, if py — —oo along a subsequence, then /vy = exp{vapr—
cx} — 0, and hence B)(g) < xa/v» — 0 uniformly in g, contradicting (79). Next suppose that
px — +00 along a subsequence. We claim that, for all sufficiently small A,

(81)

By(g) > % for every g € [—1,0].

Indeed, if the reverse inequality held at some g € [—1, 0], then X,(g) = g + Ba(g) < pa/2. Using
(81) and the boundedness of ¢, /vy, we would get

Bx(g) > exp{vapx/3}

for all sufficiently small A, contradicting B)(g) < p»/2. Hence the claim holds. Since P(—1 <
G <0)=®(0) — &(—1) > 0, the claim implies
2

E[B\(G)] 2 (#(0) ~ #(~1)) 5 — oo,
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contradicting (79).
It remains to identify the possible limits of p,. Take a subsequence along which p) — p.
Passing to a further subsequence, we may assume from (80) that

lirf\lﬁ)nf X\G) > R, almost surely. (82)

The rest of the argument is pointwise in g. First, if g > p, then B)(g) — 0and X,(g) — ¢. Indeed,
any positive subsequential limit of B, (g) would force X,(g) = g + Bx(g) > pa eventually, and
the right-hand side of (81) would then converge to zero. This excludes p < k,, because on the
positive-probability event {p < G < k,} it would imply X, (G) — G < kK, contradicting (82).
Hence p > k,.

We now identify the channel limit for any subsequential limit p > k,. Along any bounded
subsequence of p,, (81) gives the domination

2

By(g)* <1+ (sup px — g) . (83)
A +

Indeed, if B)(g) < 1 there is nothing to prove; if Bx(g) > 1, then (81) implies X,(g) < p,, and
s0 Ba(g) = Xa(9) — 9 < (px — 9)+-

For g > p, we already proved X,(g) — g. Now fix g < p. For almost every such g, every
subsequential limit = of X,(g) satisfies z > &, by (82). If z < p, then the exponential numerator
in (81) grows like exp{v(p — = + o(1)) }, while the denominator grows at most like exp{v (s, —
x)4+ + o(vy)}. Since p > kK, and & > k., this is impossible. If x > p, the correction term vanishes
by (81), forcing x = g, also impossible because g < p. Hence x = p. Thus, with G ~ N(0, 1),

X\(G) — max{G, p}, By\(G) — (p— G)4.

The domination bound (83) allows us to pass to the second moment in (79), so

El(p- G)l =

By uniqueness of the solution to (73), every subsequential limit is p,. Hence the whole sequence
satisfies X (G) = max{G, p, }. Subtracting ¢, /vy — K, proves (74) and (75).

The percentile distribution is obtained by comparing the diagonal score with the limiting com-
petitor field N (0, v}). Hence (76). The CDF formula (77) follows by noting that ®(max{G, p, })
has an atom of mass p, = ®(p,) at p,, followed by a uniform tail on (p,, 1). O

5.2.2 The UNSAT phase

Assume « > «.(r). In this regime the ridgeless limit does not escape to infinite norm. By Propo-
sition 11, the minimizers v, converge to the unique finite minimizer v, of the ridgeless reduced
potential. The next proposition records the corresponding finite-scale profiles. We omit the proof,
since the statement is obtained by specializing the scalar channel from Section 4.3 at the ridgeless
minimizer.
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Proposition 13 (UNSAT score, margin, and percentile profiles). Let x( be the maximizer in the
scalar saddle problem corresponding to vy, and define

co = ¢ ().
Then the limiting true score is the finite-scale scalar random variable
So = Svoxo = Co + ProxXO(I/OG — co), G~ N(0,1).

The competing scores remain on the same finite scale, with limiting Gaussian scale vy. The limiting
TAM margin and fitting loss are

My :=So—co,  Lo:=E[{(M)] > 0.

Finally, the limiting percentile rank of the true score is

QO = @(@) .
10

Remark 5. Unlike the phase boundary and the SAT normalized profiles, these UNSAT quantities
generally retain a dependence on the fixed value of [ through the scalar functions c,(v) and S,, .

5.3 Numerical validation

We now give finite-dimensional numerical checks of the scalar predictions. The most direct predic-
tion is the phase boundary of Proposition 11: as («, ) crosses the curve o = «.(r), the optimized
fitting loss should separate from zero and the norm scale v = ||/VI7||,: /d should change sharply.
Figure 2 tests this prediction in a two-dimensional sweep over the load o = n/d? and the tail scale
r = k/(n — 1). The empirical transition extracted from the simulations is closely aligned with the
theoretical curve (69), both in the loss landscape and in the growth of the norm scale.

The phase diagram gives a global view of the transition. We next look more locally, along a
one-dimensional slice in o (with » = 0.15), and compare the finite-dimensional optimizer with the
scalar predictions on both sides of the transition. This second comparison provides more informa-
tion: it tests not only the location of the phase boundary, but also the predicted loss, norm scale,
margin profile, and percentile distribution.

Figure 3 shows good agreement between the scalar theory and the finite-dimensional simula-
tions. The upper panels compare two scalar observables: the fitting loss and the inverse norm scale
1/v. The loss remains close to zero throughout the SAT phase and becomes positive beyond the
predicted critical load. At the same transition, 1/v collapses toward zero on the SAT side, while it
remains positive in the UNSAT phase, as predicted by Proposition 11.

The lower panels compare distributional predictions in the SAT phase. The empirical normal-
ized margin distribution follows the limiting law (75), with the visible rounding caused by finite
dimension. The percentile panel is particularly informative. The TAM prediction (77) has a hard
lower edge at p, = ®(p, ), meaning that in the ridgeless SAT limit the true item is never predicted
to fall below this percentile among its competitors. The finite-dimensional curve tracks this edge
closely. The same panel also shows the correlation-memory heuristic benchmark (21); compared
with this non-optimized baseline, the TAM optimizer shifts the signal percentiles sharply toward
the upper tail, reflecting the improvement obtained by learning the memory matrix for the listwise
objective.
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Figure 2: Finite-dimensional validation of the predicted phase boundary. The solid curve is the
theoretical threshold a.(r) from (69), and open circles show empirical boundary estimates from
the numerical sweep. a. Optimized TAM fitting loss per sample, after subtracting the ridge con-
tribution; colors are clipped at one. b. Norm scale v = HWHF /d on a logarithmic color scale;
colors are clipped at 100. Both panels use d = 400 and small ridge regularization A = le — 6. The
observed transition is sharply aligned with the scalar prediction.
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Figure 3: Scalar theory compared with finite-dimensional simulations along a one-dimensional
slice at » = 0.15. a. Optimized TAM fitting loss per sample as a function of the load «, after
subtracting the ridge contribution. b. Inverse norm scale 1/v, showing the collapse of 1/v in the
SAT phase and its positive value in the UNSAT phase. In both upper panels, the solid curve is
obtained from the scalar prediction (43), with the norm and loss read off through (46) and (47), at
$ = 30 and ridge A = 10~". Open circles are finite-dimensional simulations at d = 600, and the
dashed vertical line marks the ridgeless threshold a.. (). ¢. Empirical CDF of the normalized TAM
margin (S;; — ¢.(v))/v in the SAT phase, compared with (75). d. Empirical CDF of the signal
percentile €2;, compared with (77) and the correlation-memory heuristic (21). The lower panels
use the representative SAT load o = 0.28.
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6 Conclusion

The capacity of a linear associative memory depends as much on how it is read as on how many
parameters it has. Under isotropic Gaussian embeddings, top-1 retrieval has a sharp threshold: the
critical value of d?/(nlogn) is 2. If this ratio stays above 2, our adaptive sparse-repair construction
retrieves all n associations with high probability; if it stays below 2, no data-dependent linear
memory can do so. The logarithmic factor is therefore not a weakness of a particular storage
rule. It is the price of requiring every query to beat its strongest competitor. The critical value
was conjectured in an earlier version of this paper and independently in the concurrent work of
Giorlandino et al. [2026].

The picture changes when the correct target need only remain within a fixed fraction of the
candidates. TAM captures this regime by comparing the signal with the average of its k = [r(n —
1)] strongest competitors. For fixed € (0, 1), the list size is k = ©(n), so this is a percentile-rank
guarantee rather than a sublinear shortlist. At any fixed finite smoothing parameter and positive
ridge, empirical risk minimization with the smoothed TAM objective has a high-dimensional limit
governed by two scalar parameters. These parameters determine the limiting score, margin, and
percentile laws. Taking the high-dimensional limit first and then sending the ridge parameter to
zero gives the critical load a..(r) for o = n/d>. Below this load, the average fitting loss vanishes
and the exact TAM criterion holds for all but a vanishing fraction of keys; above it, the limiting
average fitting loss remains positive.

The TAM proof required a leave-one-out argument adapted to the strong dependence among
the losses. Removing one association does two things at once: it changes that association’s signal
term, and it changes its role as a competitor for every other query. Our coupled leave-one-out
expansion tracks both effects and reduces the leading response to an inverse Hessian applied to a
single rank-one feature. The accompanying stability, spectral, and self-averaging estimates then
lead to the scalar theory. This mechanism is not specific to TAM and may also be useful for other
matrix-valued empirical-risk problems in which every sample appears throughout the loss.

Between the two retrieval regimes lies a natural open question: what happens when the list
fraction r tends to zero with n? This limit should clarify how the quadratic TAM scale crosses
over to the extra logarithmic cost of top-1 retrieval. It also remains to prove the second-order
correction proposed in Conjecture 1, which appears to capture the slow finite-size drift, and to
understand how much of the theory persists beyond isotropic Gaussian embeddings.

Disclosure of AI Assistance

We used Al tools, specifically ChatGPT 5.5 and 5.6, in this work. The problem formulations and
central ideas—including the overall approach to top-1 retrieval, the Tail-Average Margin criterion,
and the leave-one-out framework for its analysis—originated with the authors. For top-1 retrieval,
the authors first established nonmatching achievability and impossibility bounds, based respec-
tively on CMM and a trace comparison using uniform Gaussian anticoncentration, and reported
them in an earlier version of this paper. Starting from these arguments, iterative collaboration with
Al tools helped sharpen both sides to the exact constant 2. Building on our earlier CMM analysis,
the sharp achievability argument augments CMM with an adaptive sparse correction that repairs
the exceptional low-margin queries. This construction, formalized in Proposition 2, drew inspi-
ration from multiscale majority and deficit-repair constructions for random perceptrons [Kim and
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Roche, 1998, Abbe et al., 2022, Ding and Sun, 2025]; Al tools assisted in refining the argument.
For the converse, the dual-certificate approach was motivated by classical separation and percep-
tron methods [Wendel, 1962, Cover, 1965], and Al tools assisted substantially in completing the
technical arguments. We view this as an encouraging example of how human—AlI collaboration can
contribute to mathematical research.

The TAM formulation and leave-one-out analysis, including the rank-one reduction in Proposi-
tion 3 and the resulting scalar characterization, were developed by the authors and reported in an
earlier version of this paper. Al tools assisted in completing and checking several supporting tech-
nical arguments, particularly the leave-one-out stability estimates in Proposition 4 and the spectral
and self-averaging concentration estimates in Proposition 5. Al tools also assisted with numeri-
cal experiments and with editing and polishing the manuscript. The authors carefully verified all
results and take full responsibility for the content of this paper.
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A Correlation matrix memory: score law and retrieval

This appendix gives the CMM score-law and retrieval calculations used in Section 2.1. Section A.1
derives the exact one-query law underlying (9), and Section A.2 proves Proposition 1 using a
conditional moment-generating function.

Under the Gaussian model (2), let U = [uy -+ u,]and V = [v; -+ v,]in R¥"; their columns
are mutually independent (0, I;/d) vectors. For the correlation matrix memory Wepm = UV’
from (6), throughout this appendix we write

S=U"WeunV =UTUVV eRY", S =s;; =u Weumui.

Thus column ¢ contains all decoder scores for query v;: s; ; is its signal score, while (s;;),;; are its
competitor scores.
Moreover, x (k) denotes the chi distribution with k& degrees of freedom.

A.1 Law of one CMM score column

Lemma 3 (Exact law of one CMM score column). Assume n > 3 and d > 2. Let e§"> be the first
standard basis vector in R"™ and write

0 n n-
[ ] — Se§ )7 0 =s11, 52(82,1,---75n,1)T€R K

3
Leta ~N(0,1), g ~ N(0,1,,—1), and
LoD =) =1 (=)
9 \/C_l ) \/ﬁ ? \/E ) \/ﬁ .
Assume that a, g, p1, . . ., p; are mutually independent. Then
- 1 o )
¢ gt/ v 9
where
n (am/v/n+pspd)® T3 5 4 "
T:P1PQ+\/ﬁPSG, o= p + P +EP3P4P5 : (84)

Proof. We derive the distributional representation (84) for the first CMM score column. It is easy
to see that, for any deterministic orthogonal matrix O € O(n — 1),

O @ | 6
= . 85
To see this, writing
1 0
Q = 0 ol € O(n),




(d)

we have (UQT, VQT) (U, V). Defining
w=UTUVIVY, W= 0N UQNHVR) (VQ e,

it holds that w' = Qu since QTel™ = e{™. Since w’ ) w, we have w @ Quw and so (85) holds.
From rotational invariance, it follows that
@ | ¢
& , 86
[HéH |—”] (80)

:

where g ~ N (0, I,,_1) is a Gaussian vector independent of # and ||]|.
Let v; € R? denote the first column of V. It is straightforward to check that

VIVer Dy [””1”]

where z ~ N (0, I,,_1/d) is independent of v;. We may also write

U= [ul HulMHZT] = H,, ﬂ]ulue@ MHZT} ,

where H,, € R™4 and H, € R D*("=1) denote orthogonal matrices whose first columns are
aligned with v, and z respectively, and

qu

M:pG

c Rdx(nfl), = R, q € R?’L727 pe Rdfl, G e R(dfl)x(an)

is a Gaussian matrix with i.i.d. N'(0, 1/d) entries. Substituting the above representations in

UTuvTvel = H

§

yields

0 =|lvilllfwil[ 7,  where 7 :=llull[vi| +allz] -
Moreover,

~ 2
ar +||2|/|1p? at +||z[l|pl
§ = ||vi||H. = [ o w2 2| (87)
|| 1” 7'(]‘|’H ||GT || 1|| 7—2+||Z||2||p||22

where Z ~ N(0, I,,_»/d) is independent of (7, z, p). To reach the claim of the lemma, set

R A P L P 1)

Moreover, the standard Gaussian variable a in the statement of the lemma is av/d. The claim of
the lemma then follows readily by applying (86) with (87). 0
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Remark 6 (Gaussian consequence of the one-column law). Suppose that n,d — oo with n/d* —
a € (0,00). Then, for every fixed m,

(Q,fl,...,fm) — <1+\/5G0,\/5G1,...,\/5Gm),

where Gy, ..., G, are independent standard Gaussians. To see this, apply Lemma 3: each py,
¢ € [5], and ||g||/+/n converge in probability to 1, whereas o — /.

The same representation yields a more general standardized formulation. Set o, = n/d> If
d/n — 0, then, for every fixed m,

0—1 61 gm
(\/a_n7\/a_n,...,\/a/_n):(Go,Gl,...,Gm),

where Gy, G1, . .., G,, are independent standard Gaussians, and the convergence is joint in R™,

Thus, for a fixed query, the signal score and any fixed number of competitor scores have pre-
cisely the leading-order Gaussian form suggested by (9), including their asymptotic independence.
This finite-dimensional consequence does not by itself control the maximum over all n — 1 com-
petitors; the uniform tail estimate needed for perfect retrieval is proved in Appendix A.2.

A.2 CMM top-1 retrieval above constant 8

Proof of Proposition 1. For an ordered pair ¢ # j, write
Dji = 8ii = Sji,  Tji = Ui — Uj.

The CMM succeeds precisely when D;; > 0 for every ordered pair. We bound the lower tail of
one such margin directly.

Exact conditional moment-generating function. Fix ¢ # j and condition on (u;, u;,v;). With
x = z;; and y = v;, expanding Wepm = > _p_, uxv, gives

Dji = a;i + bis(vj,y) + Y (z,we) (v, y), (88)
k¢{i,j}
where
Aji = (fl‘aui>||y||27 bji = (,u;).

The terms after a;; in (88) are conditionally independent and centered. Moreover, (v;,y) ~
N(0,]|y||?/d), while for k ¢ {i,j} the two factors (x,u;) and (v;,y) are independent centered
Gaussians with variances ||x||?/d and ||y||*/d. Thus, if R;; = D,; — a;,, then

—(n—2)/2
_ X202 Ly I? N2 ]| |y |2
Uy Uy, UZ} = exp T 1-— T (89)

(GH — (1 — t202%,0%)~"/2 for independent

E |eMii

whenever A\?||z|]?||ly||> < d?. This identity uses Ee
centered Gaussians G, H.
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Uniform concentration. The condition lim inf d*/(nlogn) > 8 implies d/logn — oo. Stan-
dard chi-square and Gaussian tail bounds, followed by a union bound, therefore give a deterministic
sequence ¢, — 0 such that, with probability 1 — o(1),

ma (w2 = 1]V [[loll* = 1]) < e,

max |(ug, uj)| < &p.
i#]

Call this event H,,, and let /,, denote the corresponding restrictions involving only (u;,u;, v;).
On H,; ;, uniformly over i # j,

aj77; =1 + O(l), ij' =-1 + 0(1), ||:Ej,7j||2||vil|2 =2 + 0(1) (90)

It remains to apply Chernoff’s bound to (89). We do so along an arbitrary subsequence. Passing
to a further subsequence, either d/n — 0, or d/n is bounded below by a positive constant.

Suppose first that d/n — 0, and set o, = n/d?. Conditional on (u;,uj,v;) € H;,;, choose
A = a;;/(2a,,). Then A\/d = O(d/n) = o(1), and —log(1l — ¢) = t + O(#?) in (89) yields,
uniformly over i # 7,

logE [e_/\R“ | ui,uj,vz} = (14 o(1))Nau,.

Here the Gaussian term in (89) is negligible because 1/d = o(c,). Since R;; is symmetric,
Chernoff’s bound and (90) give

1—o0(1
sup P (Dj’i <0| ui,uj,vi) < exp (—ﬁ) : 91)

(ui,uj-,vi)Eiji 4(]{n

Choose n > 0 so that d*/(nlogn) > 8 +n eventually. The exponent on the right-hand side of (91)
is then at least (2 + ¢,) log n for some ¢,, > 0 and all sufficiently large n.

Suppose instead that d/n > ¢y > 0. Taking A\ = kd in (89), with x > 0 sufficiently small
depending only on ¢, gives

sup P (Djﬂ‘ S 0 | Ugy Uy, Uz') S eicld (92)

(wisuj,vi)EH i

for some ¢; > 0. Indeed, the Chernoff exponent contributes —rd(1+ o(1)), whereas the logarithm
of the moment-generating function is O(x*(d+n)) = O(k?d). Since d/ logn — oo, the right-hand
side of (92) is o(n™2).

Finally, a union bound over the n(n — 1) ordered pairs gives

P(PR(Wemm; U, V) < P(HS) + ZIP’(DN‘ <0,H;,)
i#]
= o(1)
along either type of further subsequence. Every subsequence admits such a further subsequence,
so the same convergence holds along the original sequence. [
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B Taylor expansion of the interior remainder

This appendix carries out the first-order Taylor expansion of the interior remainder R\" defined in
(32) of Section 4.2, derives the explicit form of the residual E appearing in the main identity (35),
and establishes the entry-size bounds (36) used there. All notation is as in Section 4.2: (171/\, ) and
(/W\h, 7i\") are the full and leave-one-out minimizers, AS := UT (W—/W\h)v, (Ap); = ji; —u"

i

a hat denotes a quantity evaluated at (W, 12) and a superscript \ h one evaluated at (W\h, 7i\"). The
analysis is conditional on the LOO postulates (A1)—(A3).

B.1 Taylor identities

We record three Taylor identities around the LOO point. Throughout, for a scalar quantity X (W, u)
we write AX = X (W, ) — X(W\ i\,

Distractor sigmoid. Since ¢;; = ¢j3(s;: — pi) = o(B(sj: — i) and o’'(t) = o(t)(1 — o(t)), a
Taylor expansion in the single variable s;; — 1, gives, for j,7 # h and j # 1,

Gi = als = KIS (M85 = (Buy) + 4lf, 03
o = 0071885 — (Aw)l*) = O(8/d?),
where k EJ\}; =0 qj\?(l—qj\};) = (b’é(sjf;—,u\h) and the last bound uses max; ;. |AS; ;| = O<(d™)

7

by (A2) and |Ap;| = O<(n™1) = O<(d7?) by (Al).

Margin. Fori # h, the full margin m; = s”(/W) —¢; and the LOO margin m\ = Sii (/V[7\h) —c}h

differ both through the shifts (AS;;, (Au);) and through the missing j = h interferer in the LOO
inner sum. Taylor-expanding the inner softplus summation in the column-7 score perturbations and
peeling off the missing interferer term,

. h m T h h h m

iy —m" = = (Qu) AS + [(Q) L (A — sl —m") + ™, 0%
where the first two terms assemble the linear dependence on (AS.;, (Ap);) (using Om;/0s;,; =
—@;,; with the convention Q);; = —1, Q;;, = g¢;;/k for j # 7), the third term is the removed-
interferer contribution, and pgm) collects second-order Taylor remainders of the ¢ 5 terms and cross

contributions. Using the second-order softplus bound |¢s (2 +06) — () — djs(x)d| < g 62 together
with (A1)=(A2),

™) < % > (A8 = (Aw.)" + O<(JASu] +[(An)l) -
j#i i #h ©

= OL(B/d*) + O«(1/(nd)) = O(1/d*).

Activation. Since /'(t) = —o(—t), " (t) = o/(—t) = a(l—a) = b, and " is uniformly bounded,

By —m) 4 ),
i ( ;) + o 96)

07 = O<((in; —m)")?) = O«(1/d%) = O(1/n).

N h
CLZ'—CLZ\
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B.2 Explicit form of the residual

We now unfold the two cases of R\ in (32) and identify the linear part with (Mi\hASH,-) ; from
(28), so that E; ; is what remains.

Off-diagonal case (j # i, j,7 # h). Using the algebraic identity

A h \h h /A h ~ h h ~ NS h
aidii — ') = 0" (G — ) + (G- a) + (@ — ") (@i ),

and substituting (93), (94), (96),

w @' kR q) \h \h 2 (off)
Rji = T]’(ASM_ (Ap)s) + J? [=b;" (i —m")] + B

= a" R(AS;, — (Ap)) + 6" Q) (QY)TAS,, + BT,

where in the second equality we used Q}ZL = qj\}; /k for j # i, j # h, and absorbed the (Apu);-
dependent piece of 1, —m}h from (94) into EJ(-ZH). The first two terms match (Mi\hAS:J-) jforj #i
from (28), provided we recognize that the a}h}N% piece also absorbs the —a>h§>7’f(Au)i contribution
into F. Collecting the residual pieces,

\h _\h \h

~ b, q.. a. ~
off 7 K h h i h h
Ej(z) = _k—;¢ﬁ(8>L,i_M> ) + 7P§,qi) - az\ Rj\z (Ap);
9O (o G-
+ 2 [N L (A = ] + e

Diagonal case (j =i # h). We have RZ\ZL —a"—a; = b}h(mi - m}h) - p(a). Substituting (94),

7 %

Ry = b [ = @QIDTAS + [(@NDTLAm = Fos(s)h - m") + o™ | = o
= _bz\h (Q:\,?)TAS:,i + Ei,ia

where the first term equals (M,"AS.;); = b," Ql\}; (Q:\f)TASZ,i = b (QYZ)TAS:J (using Q}ZL =
—1and E}? = 0), and
. p\

By = —— ds(sis — 1) + 0" [(Q L] (A + b ™ — Pl (98)

B.3 Entry-size bounds

We now bound each term in (97) and (98) under (A1)—(A3), arriving at the claim (36). Throughout,
we use the deterministic bounds a;, b;, ¢;; € [0, 1] (with b; < 1/4) and |RJ\};| < B/(4k).
We first record the only pointwise consequence of (A3) needed below. The p-stationarity con-

dition for W\ gives 1537, a(ﬂ(s}? — 1)) &~ ry for each i # h. Since the full scores are
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bounded by (A3), the LOO scores with i # h are bounded by (A2). As ry € (0, 1), this implies
,ul\h = O<(1) uniformly. Therefore, by Lipschitz continuity of the softplus,

log 2
905} =) < =57+ Il - "] = 01 (99)

uniformly in (7, ).

Off-diagonal entries. For j # i, j,i # h, each term in (97):

e
() "2 65()] < gk - O<(1) = O (n?) by (99);

\h
(i) |- pg-?i)‘ < 2 O0L(B?/d?) = O(B?/(nd?)) = O (n~?), using 8 = O(1) in the retrieval

regime, or absorbing 3 as a constant;

(i) [a)" R (Ap);| < £ - O<(n™") = O<(n2) by (Al);

\h .
(V) |20 Q)1 (Ap)s| < 1-1-02(1)-Ox(nh) = O<(n2), using [(Q\) 1, = |~ 1+

(1/k) 224l = O<(1);

W
V) % | < L. 0-(1/n) = O~(n"2) by (96);

)

L O(d) - OL(d) = O-(1/(nd?)) = O(n"?), using (93), (96)

B = 04(n?).

Summing,

Diagonal entries. For ¢ # h, each term in (98):

b

() |5 65()] < & - O(1) = O(n~) by (99):

Qi) 6" (@) 1n (Ap)i| < - 0-(1)- OL(n™1) = O (n) by (Al);

(i) [0," o™ | < 1 OL(d7?) = O (1) by (95);
(iv) |0 = OL(n") by (96).

Summing, |E;;| = O (n™Y).
This completes the proof of (36) under (A1)—(A3).
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C Leave-one-out stability

We use the notation and standing assumptions of Section 4 and Section 4.2: n/d*> — « € (0, 00),
r € (0,1),and 5, A > 0 are fixed. We prove the three stability inputs (A1)—(A3).

The proof has two main steps. First, after profiling out the threshold variables, we construct
a one-step Newton candidate for the full optimizer from the leave-one-out optimizer. Freshness
of the held-out pair controls the candidate on all surviving scores, while a residual estimate and
strong convexity show that the candidate is O (d~!)-close to the true optimizer. Second, the exact
threshold equation reduces the sharper threshold estimate to a weighted average of these score
perturbations. A second use of freshness gains an additional factor d~'/2 in this average, yielding
(Al). The remaining score-stability and boundedness conclusions then follow directly from the
same finite-deletion comparison.

C.1 Leave-one-out expansion and Newton comparison
For J C [n] with |J| > k, define

Its unique minimizer i ;(z) satisfies

Su=k  g=0(Bs-mE),  p=2 (100)

jeJ

500 <p; <k, .p;=1,and [[plls < k12

The next lemma collects the two inputs used throughout the appendix: the first group of esti-
mates is deterministic profiled-tail calculus, while the last group supplies the Gaussian bulk curva-
ture and delocalization needed for uniform leave-one-out bounds.

Lemma 4 (Profiled-tail identities and bulk geometry). The map T; is smooth, convex, and trans-
lation equivariant with N'T; = p. Put w; = (8/k)g;(1 — q;), D = diag(w;), and s = 3 _; w;.
Then

Oy _ we 2T (2) = By(z) = D — PHOT
aZg - s’ \% T](Z) - BJ(’Z> =D 1T D1 ) (101)
with 5
02 By(2) =D = 1. (102)
Consequently, for H = ||h|| .
Tofe+ 1)~ To(2) —pTH| < LIl (103)
oGz + 1) = (=)l < Tl (104)
C
max pj(z + h) = p;(2) — (Bs(2)h),| < fH? (105)
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Moreover, uniformly under fixed finite deletions, if z; = u z, p = |lz||/vVd < CVd, and
Z]ejo-(ﬁ(zj w)) =k + O(1), then

2
(¢; (1 — q5))jes 1+p
ul < C(1+p), g;(1—qj) = c——, <C——.  (106)
jze; S 20 a1 — )
If one competitor is inserted, the old tail weights decrease and their change r = p°'4 — p™®™ obeys
C /1
r20, < il p. (107)

Proof. The envelope theorem gives 0., 7; = ¢;/k. Differentiating (100) in direction h gives /i =
>_jwih;/ > wj and p; = w;(h; — 1), which proves (101)—(102); integration gives (103) and
(104). Along z + th, |w;| < 28Hw; and the normalized weights have derivative at most 45H
times themselves, so a second differentiation gives (105).

For the bulk estimates, the quantile equation forces a fixed fraction of « z to lie on each side
of 11 up to an O(1) window, while the Gaussian frame bound gives m ™' )" (ujz)* < p?; thus
lu| < 1+ p. For g(t) = o(Bt)(1 — o(St)), uniformly on this range, Eg(pZ pw) Z (1+p)
Bernstein’s inequality on a d~2 net in (x/v/d, 1), followed by the frame bound and a union bound,
yields the curvature estimate in (106); ¢ delocalization follows from ||7||3 < ||7||eo||7 |1 Finally,
interpolate the new competitor with weight 9 € [0, 1]. The threshold increases, so every old weight
decreases, and differentiating the old weights gives an ¢, derivative bounded by Ck~'+/(1 + p)/n;
integration proves (107). [

Profiling the full and leave-one-out objectives gives

=;£i< 2dZHWHF, (108)
h _ \h
W) —;ﬁi (W) + 2dQIIWIIF (109)

For one Column, with tz = T]((Sj,i>j€.])a m; = Sii — ti, a; = a(—mi), bl = CLz(l — ai), and tail
weights p; = (p;;), set

JZZ(W) = U; — ijﬂ-uj UZT.

jeJ
Then VL;(W) = —a;x;(W), and for a perturbation A, with ds; = u Av; and 0z; = (u] Av;)je,
(A, V2L(W)[A]) = bi(ds; — p] 62:)* + a;02 Bidz > 0. (110)

Thus the profiled objectives are ~y4-strongly convex with 73 = An/d?> — Aa > 0. We also use
repeatedly

Ipilla < k12, > prati|| < Uloph™ = OL(d 7). (111)

jeJ
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Fix h € [n] throughout the one-deletion construction. We use the standard Gaussian frame,
Khatri—-Rao matrix bounds, and fresh-contraction bounds, uniformly over polynomially many fixed
finite deletions.

The deterministic upper bound of Lemma 18 applies unchanged after any fixed finite deletion;

henceHW\hH —l—Hﬁ/\H = O(d).
F F

For i # h, let L; and L}h denote the full and leave-one-out column losses in (108)—(109). The
insertion perturbation is

Pr(W) =Y (Li(W) = L (W), Gu(W) = VP (W).
i#h

For one fixed ¢ # h, unadorned quantities refer to £;, and superscript \ h refers to £>h. Let

5t22tz—tl\h20, Ai:ai—ai\hZO,
let pz\h and p; .14 be the leave-one-out and full old-coordinate tail weights, and put
qh,i

Ty = p>h — Piold = 0, Phi = L

Define
Tiold = Z Dy ity
J#ih
A direct subtraction of the two column gradients gives the exact identity
Gh(W) = Z [—Alul + Aini,old — Cli\hUTi + Q;Ph,iUn ’UZT. (112)

i#h
Here Ur; denotes the old-target linear combination, with zeros in the removed coordinates.
Lemma 5 (Size of the insertion gap). Let W satisfy ||W|| . = O<(d), and set
W]
Vd

pi(W) =

Assume additionally that

> sna(W)? = 0(n).
i#h
Then
H(5ti)i;ﬁhH2 =0,(d™), H(Ai)i;éhHQ =0(d™). (113)

Proof. Adding one nonnegative softplus term and using the quantile-location bound give
1
0<0t; < s (sna(W) = "W). " < C(L+ po).

Since () < (log2)/8 + ],

> ot < % n Y sni(W)?+ > pi(W)?

i#h i#h i#h
Moreover, Y-, pi(W)? = d™| VVV\thF < d’lHWHf,HVHzp = O<(n). Since k < n =< d?, this
proves the first estimate in (113); the second follows from 0 < A; < §t;/4. ]
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Lemma 6 (Insertion-gradient bound). At /W\h,

HGh(W\h)H — O(d?).

F

More precisely, in the decomposition (112), the first three matrix sums are O_(d™') in Frobenius
norm, while the final term has the form

wy s |l&ll = 0<(d1?).

Proof. Since W\ is independent of u;,, conditional Gaussian quadratic-form bounds and the de-
terministic Frobenius estimate give

Z Sh,i(W\h>2 _ uzw\h‘/\h‘/\;(ﬁ?\h)—ruh _ O<(TL)
i#h

— 2
uniformly in h. Indeed, the conditional trace scale is at most d ! W\hH HVHiP = O<(n). Hence
F

Lemma 5 applies.
For the first sum in (112), the standard Khatri—-Rao bound gives

> Awwl |l <OL(D]A, = O0«(d™).
i+h -
For the second, (111) gives maXiHnMdH = O(d~'/?); therefore, if Y has columns A;7; 14, then

1Yl = O<(d?), HYVTHF —O.(dY).

For the third, (107) and the bound 37,(1 + p;(W\")) = O(n) imply 3=, ||r:||? = O~(d~*). Thus,
: 2 5 2 - . _
for Y with columns Ury, |V [|5 <[|UIl;, >2:ll7ill; = O<(d~?), and again||[Y V||, = O(d ™).
Finally, the fourth sum is u;&, with

n p—
6= o 16l <IVI Y = 0@ ),
i#h

since 0 < a;pp; < k~1. This proves the lemma. OJ

Newton candidate. We now build one candidate for the full optimizer from the leave-one-out
optimizer. The implicit scalar equation absorbs the held-out outer loss, and freshness makes the
candidate’s surviving scores small.
Let ), := V2U\(W\") and T}, := H; . By (110) and the ridge floor, || T} |lop < 77* = O(1).
The operator is self-adjoint and is measurable with respect to the data excluding (uy,, vy,).
Evaluate the held-out outer loss at W\". Let

t12° = Topgny (550 (W) 1), mp° = sp (W) — 60°,
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and let ploo be the corresponding tail weights. Define
loo . loo loo . loo T
- Zp]hum Xy = (un = 1% )vy
J#h

Then Vimy,(W\h) = X1°° and the outer-loss gradient is —o(—mi°®) X1, The Gaussian frame
bound and (111) give

ke = 0@, | xie=|| = 0=, (114)
Set
By, = ~T3[GH(W\M), Op = <X}LOOaTh[X;ILOO]>F7 Ch 1= <Xilzoov Bh>F'
Let aj € (0, 1) be the unique solution of
=0 ( oo ehag) . (115)

Finally, define
Wy, := W\ 4 By, + a Th[X)°°].

Theorem 3 (One-deletion Newton comparison). Uniformly in h,

%%M(Wh — W\ = O (d ™), (116)
|vean)| = o™, (117)
HW—WhHF:m(d*l). (118)

The score estimate and stationarity residual yield (A2).

The solution in (115) is unique because the left side is strictly increasing and the right side is
decreasing in a. Also, 6, > 0 and 6, = O<(1). By Lemma 6,

Byl = O<(d™*72), HWh_W\hHF:O<(1)- (119)
Lemma 7 (Surviving candidate scores). Uniformly in h and i,j # h,
[u] (W, = W] = OL(d 7). (120)

Proof. Fix i,j # h and set Ag{? = Ty[u;v]]. This matrix is independent of (uy, vy,) and has
Frobenius norm O(1). By self-adjointness,

TTh[Xloo] v; <A§z , (Uh . 77}100) T>F.

Fresh two-sided contraction gives u;A Jvp, = O<(d™1), while (114) and one-sided contraction
give () TAW v, = O(d™).

For B), = —ThGh(W\ ), Lemma 6 separates G}, into an O~ (d~!) Frobenius term and u&,
with ||&,|| = O<(d='/?). The former pairs with Ag? at scale d~!, while the latter is bounded by
H (Ag»?)TuhH &R ]l = O<(d™") by fresh one-sided contraction. This proves (120). O
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Lemma 8 (Held-out row and column increments). Let A, = Wh — W\, Uniformly in h,

max u) Apvs| = O (d=Y?), (121)

| Avonim ]|, = 0-(va), (122)
> sni(Wi)? = 0(n). (123)
ih

Proof. By (119), the B}, contribution is O (d~'/2). For the outer Newton direction, self-adjointness
gives

u}TTh [uhv;]vi = <Th [uhv:], uhv;>F )

Conditionally on u;, and the surviving data, the first factor is independent of v;, and has Frobenius
norm O (1), so this is O (d~1/2); replacing uy, in the forcing by 7/ gives O (d~1). This proves
(121).

The remaining estimates use only operator norms:

HU\—;LAI‘LUI‘L

| <10l 18] | = O<(Va),
which gives (122). Also,
| s yezn|, ]| ona iz + IVl )

The first term is O (y/n) by the conditional quadratic-form argument used in Lemma 6, while the
second is O<(\/E); since n =< d?, (123) follows. O

Stationarity residual. Write I
Ay =W, — W
The full reduced objective decomposes as
T(W) = TVW) + P (W) + Ly (W).

By construction,
Hu[An] = a; X;°° — GR(W\h).

Therefore N
VY (W) = Ron + Rinh + Rout,h, (124)

where

Rop = VOV £ Ay) — HaA],
Rinyp = Gh(/W\h + Ap) — Gh(w\h>,
Rout,h = ajzX}lloo — ah(Wh)Xh(Wh).

We bound the three terms separately.
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Common leave-one-out remainder.

Lemma 9 (Common residual). Uniformly in h,
[Bol = O<(d™). (125)

Proof. By Lemma 7, every surviving score perturbation is ¢ = OL(d™'). The second-order
profiled-tail bounds (103) and (105) therefore produce an n x n coefficient matrix £, with row
and column A zero, such that

max Bl = O(d ), max || = 0-(a™*/h)
7]
For its diagonal part, Khatri-Rao synthesis gives ||UE,V ||, < O<(1)y/nd=* = O4(d™"). For

the off-diagonal part, || B[, = O(d™?), hence |[UEV ||, < Ul 1 Eoll oIV [lop = O<(d™).
The ridge term is exactly linear, proving (125). [

Insertion-gradient stability.

Lemma 10 (Insertion-gradient stability along the candidate step). Uniformly in h,

| Rl =[G (W) = Ga@)| = 0@, (126)

F

Proof. Atboth W\ and Wh, the deterministic Frobenius bound and Lemma 8 give the hypotheses
of Lemma 5. Hence the first three sums in (112) are O~ (d~!) at each endpoint, by the proof of
Lemma 6, and so is their difference.

It remains to compare the structured fourth terms. Write ¢;(W) = a;(W)pp,;(W) and £(W) =
> izn Gi(W)vi. Along W, = W\ 4 1A, surviving scores move by ¢ = O(d™!), whereas the
newly inserted score moves by § = O(d~/2). Since the tail weights sum to one and p;,; < k7%,

| Lt;(W,)| < € + 6/k. Therefore

() - @] < ¢ (24 §) = 0

while (101) gives

|ph,i(wh) - ph,i(ﬁ/\\h” <

c —-5/2
—(6+2) = 0<(d?).

Combining these bounds with p,; < k~' yields |c;(W},) — c;(W\)| = O(d=*/2). Thus the
coefficient difference has ¢, norm O_(d~%/?) and

Jan @) = €@ T|| < unllV gy O(d*2) = O™,

This proves (126). [
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Held-out outer loss. Let m; (W) and X, (W) = Vm, (V) denote the held-out margin and its
effective feature. Thus

V£h(W) = —ah(W)Xh(W), ah(W) = 0(—mh(W)).
Lemma 11 (Outer-loss residual). Uniformly in h,

[ Rouen|, :‘ ax X0 _ ah(’Wh)Xh(Wh)HF — O_(dY). (127)

Proof. Let 0z, = (u] Ayvp)jzn. By (122),||62p]], = O(V/d), so the scalar tail remainder gives

‘mh(/V\V/h) —mloe <X}f°, Ah>F‘ < 8%"5zh"3 — O-(dY). (128)

By construction, (X}loo, Ap)e = (n + Oraj, and (115) chooses aj; so that the linearized margin is
matched exactly. Since the sigmoid is 1/4-Lipschitz, (128) implies

jan(Wh) = aj] = O(d™"). (129)
Finally, (104) yields th(Wh) — ph(W\h)H = O, (d=*/?), and therefore
2

“Xh(’Wh) _ xloo

N Ully O<(d=2) [n]| = O<(d™").

Together with (129) and || X}°°|| . = O<(1), this proves (127). O

I

Completion of the residual estimate.

Proof of Theorem 3, residual and optimizer parts. By (124) and Lemmas 9-11,
HW(W,Q =0,

which is (117). Strong convexity of U therefore yields

73], < e, = o-a)

which is (118). Equation (116) is Lemma 7. [

Finite-deletion consequences.

Proposition 14 (One- and two-deletion consequences). Uniformly in distinct h,i € [n],

7], o[, +|ea], = oo
F F F
HW\_W\hH +HVV\\’Z—W\{’”} — 0_(1). (131)
F F
Moreover, P
W= WV = By + T XE + Ray [Rally = O4(d7), (132)

where By, Tj,, X ,1100, and a;, are defined above and Ry, = W — /Wh.

Proof. The finite-deletion version of Lemma 18 gives (130). The first term in (131) follows from
this bound, (119), and (118); the second follows by repeating the one-deletion construction after
first deleting 7. There are only polynomially many index pairs. Finally, (132) follows immediately
from the candidate definition and (118). ]
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C.2 Stability of the auxiliary variables

We now sharpen the threshold perturbation beyond what follows from the pointwise score bound
alone. The exact threshold equation below expresses A; through an averaged score perturbation.
The denominator is kept uniformly nondegenerate by the bulk curvature estimates, while the New-

ton decomposition from the preceding subsection makes the numerator smaller by a further factor
d-1/2.

Let (/VI7, 1) be the full lifted optimizer and (ﬁ/\\h, 7i\") the optimizer after deleting h. Define

AW == I//-V\ - /W\h, A,U/Z == ﬁz - //Iz\h, ASJ"Z‘ = U;—AWUZ

Exact threshold identity. Fix h and ¢ £ h. The labels full and loo denote evaluation at the full
and leave-one-out optimizers, respectively. Thus

full _  T717.,. loo _ , T11i/\h,,
s;i = u; W, sy = u; W,

For ¢t € [0, 1], set
s\ = gloo | tAs;, n ="+ A,

Jst Jst
1
d) = (80— i), ) =Bl gl = / e\l dt.
0
Lemma 12 (Exact threshold identity). For every h and i # h,
g+ > eilsy
Ap; = kil . (133)

E G

j#4,h

Proof. Subtracting the full and leave-one-out threshold equations gives 0 = qu"lZu +>° ki h(q%H —
q;"f) Along the interpolation above, the fundamental theorem of calculus gives

G — % = ¢a(Asji — Apy).
Substitution and rearrangement prove (133). =

Uniform quantile curvature.

Lemma 13 (Output scale and endpoint curvature). Uniformly in h and i # h,

HW\% — 0. (Vd), HWU — 0 (Vd). (134)
If
= g1 - q). D=3
J#ih
then .
mi?xrgglxpfﬁ = 0<(1). (135)
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Proof. The two-deletion optimizer W\ht g independent of v; and has Frobenius norm O(d)
by (130); one-sided Gaussian contraction therefore gives HW\{M}U H = O<(\/3). The stability
estimate (131) transfers this bound to W\hvl and then to W’UZ, proving (134).

Set z),,; = W\hvl and pp; = Hxth /Vd Vid = O<(1). Applying the bulk-curvature part of
Lemma 4 to the leave-one-out quantile equation gives

Z qloo qloo cn
]’L ]z
j#ih I+ th

Since k =< n, this is exactly (135). [

Lemma 14 (Rough threshold stability and path curvature). Uniformly in h and i # h,

|Api| = 0<(d™), (136)
and
-1
1
J#ih

Proof. Put J = [n]\ {i,h} and
Foow) = 3 o (B(si7 =), Fun(e) = > o(Bs3i' — ).

Then Floo( " =k and Fyn () = k— ¢ € (k—1, k). The candidate-score and candidate-error
estimates in Theorem 3 imply

.= | = -1
9 max |Asji| =0<(d).
Monotonicity gives
Eoo(w + 5@) S Ffull(x) S Eoo(z - 57,)
The left inequality implies fi; > ﬁz\h — 0;.
For ¢(z) = fo(Bz)(1 — o(Bz)), one has |(logc)'(z)| < B. Therefore, for 0 < ¢ < 1,

—F (" + 1) > ePDie.

Set 71,; = €/ D}E‘; = O<(n™1). Integrating gives Eoo(ﬂ>h + 744) < k — 1, and the other mono-
tonicity inequality implies jz; < ﬁz\h + &; + 75, This proves (136).
Now

Ehi —rr;ax\Asjl—AuZ]—O<(d .
J#i,h

The same logarithmic derivative bound yields c( ) > e~ Fen choo for every t. Sum over 7, use (135),
and integrate in ¢ to obtain (137). L]
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Define 1 ]
Gni = % Z Cjillj, 9}10? =% Z C;Ozouj

j#ish i
Then )
E Z éjﬂ'ASjﬂ' = gi—zr,zAWUZ (138)
j#ih

Lemma 15 (Derivative-weight average bounds). Uniformly in h and i@ # h,

loo

thJ — O_(d7?), (139)

loo

lons = glee | = 0(a). (140)

Moreover, g°¢ is measurable with respect to the data excluding (u,vy,).

Proof. Since 0 < c;?f < B/4, (c;?f)#i,h ‘2 < C+/n; hence
loo HUHOP —-1/2
th,z’ STC\/EZO<(CZ ).

The map z — fo(5z)(1 — o(5z)) is globally Lipschitz. The candidate score bound together with
(136) therefore yields max;s; 5 |¢;; — ¢y | = O<(d™"). Applying the same operator-norm estimate
gives

U]l

S Top\/ﬁ0<(d71) - O<(d73/2>.

Measurability follows from the leave-one-out definition. [

loo
th,i — Ghy

Averaged Newton contraction. The following is the key gain in the threshold argument: al-
though each surviving score changes at scale d~!, the curvature-weighted average in (138) is
smaller by an additional factor d~1/2.

Lemma 16 (Averaged score perturbation). Uniformly in h and i # h,

1
E Z éj,iASj,i = O.<(d_3/2>. (141)
j#i,h

Proof. Use the one-deletion decomposition (132):
AW = By, + a;Th[X;°°] + R
First, by (140), (131), and the Gaussian norm bound,
|(gni — gi9) AW, = O(d™*?).
The residual contributes

(gie8) " Rai| < g [ IRl pllesll = O(a~2).
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Define
Chi = Tulg5vi ).

By self-adjointness and (139),
=0 (d_1/2)-

I

|Ch.i
100

The matrix Cj,; is independent of the held-out pair. Since X)°° = (u; — 7;°°)v;} with Hn
O-< (d_l/Z)’

ool | =

(93) T Tos = (o, (n = 1))

T loo\ T
= up, Chivn — (0,°) ' Chivp.

The two-sided fresh contraction gives u, Cj, v, = O(d~*/?), while HC’h,ivh” = O4(d™') and
hence the second term is also O_(d—3/?).
It remains to treat By, = —T},[G;,(W\")]. By Lemma 6, write

Gh(WY) =G +ugl, |G = 0<(d™Y), |6l = O<(d~'7).

Self-adjointness gives
(99) " By = = (Chg, Gi™) e — up Chin

The first term is O (d~3/?). For the second, freshness gives HCJ A,

‘ = O(d™'), and the pathwise

bound on &, gives the same d~3/? rate. Combining the estimates with (138) proves (141). [

Proof of Proposition 4, (A1). Divide the identity (133) by k. The denominator is bounded below
at order one by (137); the removed-competitor term satisfies ¢;}'/k = O(k™") = O(d™?); and the

averaged score term is O (d~/2) by Lemma 16. Therefore
|Api| = O<(d™*?).

All estimates are uniform over the O(n?) pairs (h, 7). O

C.3 Score stability and uniform boundedness

Proof of Proposition 4, (A2). Fix h and i, j # h. Add and subtract the Newton candidate:

< W(Wh ~ W\,

+ ‘u;(f/{? — /_th)l)i
The first term is O (d ') by Lemma 7. For the second,

’u;(ﬁ? - Wh)vi < HU’]H [Jvi ]

7], oo

by (118) and the Gaussian norm bound. All estimates were uniform over h, i, j, and the total
number of index triples is O(n?) = O(d®), which is polynomial. Therefore

max max ‘UI(W\ — /W\h)vi

o -1
X max =0<(d™).

This proves the claim. U
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Uniform score boundedness.

Lemma 17 (Fresh leave-two-out score). Uniformly ini,j € [n),
W] | = 0), (142)

where {i,j} = {i} wheni = j.

Proof. After deleting the pair(s) indexed by 7 and j, the optimizer is independent of «; and v;, so
its O<(d) Frobenius norm from (130), conditional two-sided Gaussianity, and a union bound over
the polynomial-size family of pairs give (142). 0

Proof of Proposition 4, (A3). For fixed 4, , insert W\{i5}, The fresh term is O (1) by Lemma 17,
while P
T (7 Wy

< [ [l

‘W _ M

. = O<<1)

by (131); the claim follows uniformly over the O(n?) pairs. O

D Spectral and self-averaging estimates

This appendix proves (AS5) and (A6). The proof of the spectral estimate (A4) is given in Ap-
pendix E. We use the notation of Section 4, in particular the score matrix S(W) = U'WV, the
joint optimizer (W, 1t), and the coefficients a;, b;, ¢;; from Section 4.1.

The proofs of (A5) and (A6) use the same sensitivity—concentration scheme. After profiling
out the threshold variables p, we regard the statistic of interest as a function of the Gaussian data
(U, V). Strong convexity of the profiled objective permits implicit differentiation of the optimizer,
and a self-adjoint adjoint solve supplies this optimizer response into a single matrix direction P.
The resulting data-gradient is controlled using the profiled Hessian quadratic form, after which the
Gaussian L? Poincare inequality gives concentration. For (A6) there is one additional preliminary
step: we first replace the lifted Hessian by the simpler rank-one-feature Hessian of (65), and then
apply the same adjoint argument used for (AS5).

For J; = [n] \ {i}, write 7; = T, and p; = p, in the notation of the common profiled-tail
calculus in Appendix C, Section C.1. The profiled objective is

n

A
QW) = D Lsia(W) = TS—aWD) + FIWIE. ae=T5. (143)

i=1
Minimizing (143) is equivalent to minimizing the joint objective (20), and its unique minimizer is
w.

For the score-level bounds used below, set

hji = cb}é(sj,i — i), H = Z hji-
i
Let B; := B (S_;s(W)). Thus, by (101)~(102),
9q;.i
55é,i

1
0= B; X —diag(h_i;), Y <. (144)

k —
J#i
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These are the only threshold derivatives needed below. In particular, we never require a lower
bound on H!": differentiation is carried out through the profiled coefficient fields g¢;;, h;; rather
than through the derivative of y; in isolation. Let L(.S) denote the unregularized profiled loss and
G :=VgL(S). As in (25),

aiqj,i .
Gii = —ai, Gji = % (J # 1), G|, < C. (145)

The last bound follows from Schur’s test, since the absolute column sums are at most 2 and the
row sums are bounded by 1 + (n — 1) /k.
For a score perturbation 7' € R"*", define

1 n n
0T) =Toi— > 6T QT) =D bibi(T)+ ) aTT BT ;.
J#i i=1 i=1

Note that Q(7T') is the Hessian quadratic form of L. In particular,

C n
0<QN) <CY T+ > T (146)
i i=1 j##i
Let -
J = Vi, o(W). (147)
Then J is self-adjoint and
J =yl = A, HJ‘lHOp <C. (148)

These facts provide polynomial envelopes for all derivatives used below. Consequently, high-
probability derivative estimates may be upgraded to fixed-moment estimates by truncating to the
standard Gaussian norm event and applying Holder’s inequality.

In both proofs of (AS5) and (A6) we use the following Gaussian L” Poincare inequality which
follows from [Pisier, 2006, Theorem 2.2]: if Z ~ N (0, Iy/d) and f is continuously differentiable
with the required moments, then, for fixed p > 2,

(149)

I52) - &), <\ /5Ivsl,

e

D.1 Empirical-mean concentration

We prove a slightly stronger statement. Let ¢ € C''(R) be pseudo-Lipschitz of order two and set

1 & 1
F::—E ii)s FO::—E ). 150
d n 4 ¢(8,) n<n_1> : 'w(sjy) ( )
=1 i#j
Then, for every fixed p > 2 and € > 0,

|Tq — ETyl|,, < Cped V% ||Ty = EL,||,, < Cped e (151)
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We first give a common sensitivity identity. Let I' denote either statistic in (150), and let B = VI’
at S = S(W); explicitly,

4 _ ¢’( i) o _ W(sja)
Bj,i - 1=y, Bj,z’ = n(n——jl)l{#i}'
Let P solve
JIPl=UBV', T:=U'PV. (152)

The matrix P is the adjoint sensitivity direction associated with I': it absorbs the response of

W to the data, avoiding any entrywise differentiation of the d? coordinates of W. Let C be the
score-Hessian action
C :=Vs(DL(S)[T)).

Equivalently,

b;0;(T)q; Kokl
% +ai(DiT;); (5 #1).

Implicit differentiation of the first-order optimality equation, followed by the self-adjoint adjoint
substitution (152), gives

Cii = b;0:i(T), Cji=—

VoI =WV(B-C)T — PVGT, (153)
vy =WTU(B-C)-PTUG. (154)

These formulas contain all direct and optimizer-response terms; no entrywise differentiation of 1%
is needed.
Pairing (152) with P yields the identity

Q(T) +7all Pl = (P.UBV ). (155)

Consequently,
2
1P||g < CHUBVTHF, Q(T) < CHUBVTHF. (156)

For the C'-terms, Frobenius duality and Cauchy—Schwarz for the positive semidefinite bilinear form
associated with Q give

frver], [eel, <o
F F

UBVTHF. (157)

To see the first bound, write B for the symmetric bilinear form associated with Q and test against
Awith||A]| =1. With Ty = ATWV,

(WVCT, A)r = (C, Ta)e = Bo(T, Ta),

so positivity gives [Bo (T, Ta)| < Q(T)Y2Q(T4)"/?. The first factor is at most C||{UBV ||, by
(156). For the second, (146), (A4), and the Gaussian operator- and column-norm bounds give

Q(T) <CZ (o] Wo,)? HATWVH < gite),
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where A = [ay, ..., a,]. Taking the supremum over A gives the first term in (157); the second is
identical. Together with (153)—(154), (156), and ||G||Op < (, this reduces the proof to elementary
bounds on B.

For the diagonal statistic, let

Fq = [vec(uv) ), ..., vec(unv, )].

The columns are independent Gaussian Khatri—Rao features, and the standard spectral-norm bound
for this matrix-chaos model (see e.g. [Bandeira et al., 2025]) gives

H'quop = O<(1) (158)

Hence, ,
WHF == O<<d2)

2
Z Szz,i S H'FdHop
i

Since [¢/(t)] < C(1+ |t]), it follows that >~ ¢'(s;;)? = O(d?). Substituting the diagonal matrix
BY into the preceding bounds gives

losvT| —o.@, @y +|Frus| - o
Equations (153)—(157) therefore imply
IV 0w Tall, = O<(1). (159)

For the off-diagonal statistic,

—_~ 2
> sk =||UTWV|_<IVISIVIE,

%,J

Thus 3, ¢'(s;:)* = O<(d*) and

|2
WHF:(L(d“).

”BO”F = O<(d_2)-
Using ((A4)) and the Gaussian operator-norm bounds,

= O<(d71)-

v, oo vy, s,

The master estimates then give
|V v T, = O<(d'?). (160)

The deterministic bound (148) provides polynomial envelopes in 1 + ||U|| +||V||z. Hence
(159)—(160) hold in fixed LP, with an arbitrary factor d°. Thus the diagonal and off-diagonal data-
gradient scales are respectively O(1) and O(d~'/?); the additional factor d~'/2 in the Gaussian
Poincare inequality is exactly what produces the two concentration scales in (151). Applying
(149) to the 2dn Gaussian entries of (U, V') gives (151). Markov’s inequality, with p arbitrarily
large, proves

Iy —Elg = O (d™'/?), I, —El, = O(d™1),

which establishes (A5) (and is stronger than required in the off-diagonal case).
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D.2 Inverse-trace concentration

We distinguish two Hessians. The operator / in (A6) is the W -Hessian of the lifted objective with
1 held fixed, evaluated at (W, z). The operator 7 in (147) is instead the Hessian of the profiled

objective and governs the response of W to the data. Both have the same ridge floor, but only 7
may be used in implicit differentiation.
Write f;; := vec(u;v;) and

1 T
§=vec | |—u;+ A g qj,iUj | Vs
JF

Then

H= m+2b@fs +ZZG’“fﬂ "

i j#

Recall the simplified Hessian H defined in (65), which is also used in Appendix G:

H 7d1+zbfm +ZZGZ sz]z 7yi0

Rt

and set

1 ~ 1
0= ﬁtr(H Y, O = ﬁtr(H .

The trace-reduction estimate of Lemma 22 applies verbatim without a cavity index. Here

1 n—1\"? s
1w Il <ivl, (U5E) = 0x@)

J#i

uniformly in . Thus H replaces the mixed signal direction (—u; + p;)v, by the matched rank-one
feature —u;v;". The discarded component has size O (d~/ 2) while all off-diagonal curvature
terms are left unchanged; this is the reason for introducing H, whose feature dependence can be
differentiated directly. Together with Gaussian column-norm bounds, the resolvent estimate gives,
for every fixed p and € > 0,

< C,d 112, (161)

It remains to prove the stronger concentration of the simplified trace.
Let R := H~*. Since H > 74l,||R||,, < C. The resolvent derivative

~ X 1 ~ A~ 1 ~
DO[H] = —ﬁtr(H’lHH’l) = —$<R,H>HS (162)

separates into direct feature variation and variation of the coefficients a;, b;, h;;. Define

’(9]‘71' = <fj,ia Rfj7i>7
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and, holding the 9, ; fixed under score differentiation,

1

Bl i= ==V, { daabi+ 2> Vi b (163)
J#i

The threshold derivative bounds (144), the bounded coefficient derivatives, and [9;,;| < C/||u; H2 v
give the following scales. Differentiation with respect to the signal score s;; acts on the margin
with unit strength, so the prefactor d~2 in (163) gives a diagonal entry of order 2. In contrast,
for ¢ # 1,

0 Qei

i — Ti(S-ii)) = ——=.
85571' (S ’ T( ’ )) k

Hence the derivatives of a;, b; contribute an additional factor k~!, while the h-derivative term is
also O(k™1) after using (144). Since k =< d,

BH =0, B =0 (9

N2

Consequently, using (158) for the diagonal part,

HUB“VTHF —0.(d™), (164)

= O, (d™Y?). (165)

v+ Frus],

The direct feature derivative obtained from (162) is
~ 2
DOfeat = T2 Z’Yj,i<Rfj,i, D),
2%

where 7;; = b; and ,;; = a;h;;/k for j # i. A representative coordinate makes the scaling
explicit. Let X;; € R%*? satisfy vec(X;;) = Rf;;. Then

~ 2
Vi, Oteat = — Zw,@x@m, X0l < Clluel[lvi]] -

The analogous identity holds for V,,. Since the coefficient row and column sums are bounded,
squaring and summing over ¢ gives

H V(U,V)éfeat

L= O(d™). (166)

After this explicit feature term has been separated, the remaining score and optimizer depen-
dence has exactly the same form as in the proof of (A5), with B'" in place of B. We therefore reuse
the adjoint system, energy identity, and Q-duality estimate from above. To account for the motion
of /W, solve the profiled adjoint system

JIPl=UB"V", T=U'"PYV,
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and set
C™P 1= Vg (DL(S)[T]).

The same implicit differentiation used for (153)—(154) gives

VO = ViOrens + WV (B™ — C™)T — PVGT, (167)
VO = VyOpear + W U(B™ — ™) — PTUG.

The identity (155), now with B = B, and (164) imply
IPllg = 0<(d™h),  Q(T)=0(d").
The duality argument leading to (157) then yields

[Fvicrsy|_+|#ver

F+HPVGWL+MPTUGWJ:O<M”ﬁ) (168)
Combining (165), (166), and (167)—(168) gives
|Von®|, = o). (169)

As before, the ridge floor and the smooth coefficient calculus give a polynomial deterministic
envelope, so (169) upgrades to

¥,

S Cp’5d71/2+8.
Lr

Applying (149) therefore gives

Hé—Eé

< Cpod e (170)
Lpr

Thus the simplified trace self-averages at the stronger scale d~'; the final d~/? rate is set by the
trace-reduction error (161), not by the concentration of © itself. Finally,

O —-EO=(0—-06)+(6—-EO)+E6O -0).
Equations (161) and (170) imply
|0 — E6),, < Cpod ™2+,
Markov’s inequality with arbitrarily large fixed p proves

1

ﬁtr

%tr(Hl) _E [

(HU} = 0-(d'?),

which establishes (A6). Repeating the Poincare estimate (149) for a fixed finite-removal objective
and using its stability gives the corresponding estimate for every fixed finite LOO Hessian.
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E Bounds on the norms of /I/I7

This appendix establishes two-sided control on ||/V[7HF /d for the joint TAM minimizer of 20 as well
as (A4). For the former, the upper bound is deterministic and uniform in the data; the lower bound
holds with overwhelming probability (1—d~? for every D > 0) in the regime n/d?> — o € (0, c0).
Together, they pin

co—OdP) < vy < Cy,

for deterministic constants 0 < c¢g < Cy < oo depending only on the parameters («, 7, 3, A), where
v3 = E[||[W]|2/d?) as in (48). N

The two Frobenius bounds provide the a priori scale for ||| needed in Section 4.3 and Corol-
lary 1. The corresponding Frobenius concentration estimate is treated there as a consequence of
the empirical concentration postulate (AS5), applied to the observables in the energy identity. The
spectral estimate (A4) is proved at the end of this appendix.

Throughout the appendix, C ¢ denote positive constants that may depend on («, r, 3, A) but not
on d, and may vary line to line.

E.1 Deterministic Frobenius upper bound

Lemma 18 (Deterministic upper bound). Forany A > 0, 8 > 0, r € (0, 1), and any data matrices
U,V e R,

W2
d2

< [log2 + %} — O, (171)

> o

In particular, 1/3 < Cy.

Proof. Evaluate W at the test point W = 0, u = 0. All scores vanish, so

0(0,0) = n-t( =t —1)95(0)) = n-¢( 152,

using ¢5(0) = (log2)/8 and r = k/(n — 1). The function ¢ is convex with |¢'| < 1, so

0(t) < £(0)+[t| = log2+ |t|. (172)
Applying (172) att = —(log2)/(r(3) gives
U(0,0) < n[ 10g2+k%2] (173)

By optimality of (/W, 1) and nonnegativity of ¢,
an

5z IWIE < w(W, ) < ¥(0,0). (174)
Combining (173) and (174) and dividing by An/(2d?) yields (171). The bound on v2 follows from
2 — E|[ W[/, . .

Remark 7 (Dependence on 3). The dependence on (3 enters as 1/ 3, which vanishes in the large-[3
limit, leaving the cleaner asymptotic bound Cy — 21og2/\.
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E.2 High-probability Frobenius lower bound

Lemma 19 (High probability lower bound). Fixr,a € (0,1) x (0,00) and 3, X\ > 0, and consider
the regime n/d* — «. There exists a constant ¢y > 0 such that, for every D > 0, there is
dy = do(D) for which

1%
IP(H d”F > c0> > 1-d P d>d,. (175)

In particular, v3 > ¢2 — O(d~P) for every D > 0.

Remark 8 (Strategy). The argument is by objective gap. We exhibit a one-dimensional family
W, =t W along the direction

W* == UV’
along which U (W, o) decreases by ©(n) = O(d?) at small t > 0, and complement this with the
convex linearization W (W, j1o1) > W (0, p1o1) + (Vi U (0, p1o1), W), whose linear term is bounded
by IVw¥ (0, uol)|[e||W||e = O(d ||W]|g). Comparing the two excludes a Frobenius ball of radius
nd for small .

Proof. The variable p is unregularized; we choose a fixed o € R and track the objective along
the slice ;@ = pp1,, throughout. Let

po = —glogi=,  qo:=0(=Pfu) =r,

so that, with f () := —pu—2¢g(—p), we have f'(p9) = —1+42qo = 0. Define ap := o(—f(10)) €
(0, 1), the activation associated with the test profile (0, yo1,,).

Step 1: Gradient at the test point. By the gradient formula (25) evaluated at W = 0, p =
toly, all a; = ag and ¢;, = qo = r, hence

Vw0, p0l,) = —aUMVT,  My=1, My=—-Lforj#i. (176)

The matrix M is symmetric with eigenvalues 0 (on 1,,) and n/(n — 1) (on 1.}, with multiplicity
n — 1); in particular, | M|z = n?*/(n — 1) and | M||op = n/(n — 1).
By independence of U and V together with E[U U] = E[V "V] = I, (since each column has
variance 1;/d),
E|UMVT|} = to(ME[UTUJME[VV]) = tr(M?) = 2. (177)
Hanson-Wright applied to the Gaussian quadratic form ||[UMV " ||2, viewed as a degree-4 polyno-
mial in the i.i.d. A/(0,1) entries of v/d U and v/d V, has variance O(n) and operator-norm scale

O(1), yielding sub-exponential concentration: for any § > 0,
P(|[UMV||F > (140) tr(M?)) < exp(—cd?),

for a constant ¢ > 0 depending only on §. Hence there exists a constant X' = K («) > 0 such that,
for every D > 0, the event

0P = [ Vw0, ul)|lF < agKd} (178)

satisfies IP’(QS)) > 1 — d~P for all sufficiently large d.
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Step 2: Directional derivative along W *. Define g(t) := V(tW*, uol,,), viewed as a one-
dimensional convex function of ¢ > 0. By (176) and the symmetry of M,

g 0) = (Vw¥(0,1ol,), W*) = —ag tt( MVTVUTU).

The quantity tr(MV VU TU) is a degree-4 polynomial in the i.i.d. \V(0, 1) entries of (v/d U, /d V),
with mean tr(M) = n (by independence of U,V and E[U U] = E[VTV] = I,,) and variance
O(n). Sub-exponential concentration via Hanson—-Wright (or, equivalently, Gaussian hypercon-
tractivity for finite-degree chaos) yields

OF = {d0) < ~Ltamn}, POY)>1-d7, (179)

for every D > 0 and all sufficiently large d.

Step 3: Curvature along the path. Computing the curvature ¢”(¢) for the smooth function
U(-,upl,) and bounding |¢"| < 1/4, |gbg| < (B/4:

g'(t) < YD + g DD (SHE A+ EIWR,
i=1

i=1 ji

where #;(t) is the loss argument at sample 7 along the path. Using |¢;(t)[* < 2(S;)*+(2/(rk)) >2,.(S5)%,
the first two terms collapse into

DICIN R IDIC (180

i i

The summed second moments of S* admit the matching expectations

ES (802 = n,  ES(S0)? = n?

i i g

both inherited from the Wishart structure of U'U and V' "V. The ridge contribution ||[W* || =
|UV || has mean n (by the same calculation as (177) with M = I), so that (An/d?)||W>||2 <
Aan. Each of the three sums is a polynomial of bounded degree (at most 8) in the i.i.d. A(0,1)
entries of v/dU and v/dV with mean of order n® for a € {1,2,1}, respectively, and variance
of strictly smaller order. Gaussian hypercontractivity for finite-degree chaos (or, equivalently,
Latala’s moment inequalities) yields stretched-exponential concentration P(| X —EX| > dEX) <
exp(—cd?/?) for any constant 6 > 0 and degree-q chaos. Combining the three concentration
statements via a union bound, there is a constant L. = L(«, r, 5, \) > 0 such that, for every D > 0,
the event

QP = { sup ¢"(t) < Ln} (181)

tel0,1]

satisfies ]P’(Ql(f’)) > 1 — d~P for all sufficiently large d. (The supremum over ¢ is harmless: the
data-dependent factors in (180) are independent of ¢, while the loss curvatures |[(”|, [¢75| admit
deterministic bounds 1/4, 5/4 that hold uniformly in ¢.)
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Step 4: Objective gap. Sett, := ay/(2L) A 1. By Taylor’s theorem with remainder,

g(t.) < g(0) + ¢'(0)t, + %[sup]g”-ti. (182)
0,t%

On Q7 N O, the bounds (179) and (181) reduce (182) to

g(t.) < g(0) — Sagnt. + $Lnt} < g(0) — Tagnt. = g(0) —cin,

with ¢; 1= agt,/4 > 0.

Step 5: Convex linearization and contradiction. By optimality of (W, ) in ¥ and convex-
ity of (-, upl,) in W,

—~

9(0) —crn > g(t) = W(W. ) = W0, jla) + (Viw¥(0, o1,), W)
= g(0) — [[Vw¥(0, uoln)lle - W],

where the third inequality follows from the convex subgradient inequality around (0, z491,,), and the
optimality V, ¥ (0, 191,,) = 0 at iy (which follows from f’(u) = 0) eliminates the zi-component.
. 3 ()
Rearranging, on 2, := nj:1 Q57
an an

Wl > > =: cod,
IWle = 050, ot = aokd @

using (178) and n < ad?, with ¢y := cia/(agK) > 0. This is (175).

A union bound over QS), Ql(f), QS’) gives P(Q29) < 3d~P, which is at most d~(P~1) for d > 3;
since D is arbitrary, the rate d—? is preserved.

For the conclusion on v2: combining Lemma 18 with the bound just established,

IWI}/d* > ¢la,,  [[W]}/d®* < Cpeverywhere,

sov2 > 3 P(Qq) > (1 — d~P) forevery D > 0. O

Together, Lemma 18 and Lemma 19 certify that v, is bounded away from 0 and oo for all
sufficiently large d. This is the a priori input that subsequent analyses—in particular the bilinear
coupling Corollary 1—use implicitly. The Frobenius-norm concentration statement ||17V\H% Jd* —
v2 = O,(d~1/?) is not a separate postulate; it is folded into (A5) through the energy identity in
Section 4.3.

E.3 Spectral norm bound

The Frobenius bound of Lemma 18 alone yields only HW

= O(d). To recover the square-root
op
scale, we profile the optimization problem along every pair of test directions, thereby separating

the adaptive score-gradient matrix from the Gaussian coordinates being tested. Recall that the
ridge coefficient in the profiled objective is 74 = An/d* < 1.
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Fix deterministic x,y € S9! and define the orthogonal subspaces
Cpy:={C:2"C =0, Cy=0}, Loy :=Cy,.
The orthogonal projection onto £, ,, is
I, , M = zx' M+ Myy" —xz" Myy". (183)

In particular, zy' € L, ,,.
Let C, , minimize ® over C, , and consider the profile

F, (L) :== min ®(C + L), Lecl,,.

€Cay

For C' 1 L, the ridge term splits as
Vd 2 Vd 2, Vd 2
Hle+ Ll = Hici + Fiei.

Thus partial minimization preserves convexity while retaining the v4-quadratic term in L, so F ,
is y4-strongly convex. If W = C*+ L* is the corresponding orthogonal decomposition, then global
optimality of W gives L* = II, ,/W = arg min F, ,. The envelope theorem gives

VF,y(0) =y, VO(Cry) = oy [UG(C,, )V ],
since I1,, ,C, , = 0. Moreover VF, ,(L*) = 0, and strong monotonicity yields
VallL*lIf < (VFy(0), = L) <[V Eoy O IL7 e

Hence||L* || < 77" ||V Fuy(0)||c- Since 2y ™ € Ly and||zy ||, = 1,

2 Wyl = (T, W, 2y")| < HH[WH <~ e, v H . (184)
F F
It remains to bound the right-hand side. Decompose
Uj:pjl"i‘ﬂj, v =Ty + U,

where p, 7 ~ N(0, I,,/d) are mutually independent and independent of (U, V). If C € C,,, then

Thus every score in the objective restricted to C,, depends only on (U,V). By uniqueness of
the restricted minimizer, both C,, and G, , := G(C,,) are measurable with respect to (U, V)
and hence independent of the fresh Gaussian variables (p,r). This is the key decoupling in the
argument. By (145), GwHop < (' deterministically.

Writing M = UG, VT, (183) gives

[Ty M < 8107 G|+ [p7 Gy V7| +|0Guarl, (185)
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Let £; denote the standard event
UL, +IVl,, < CVd,  [Ulle +IVIe < Cv/n,

which fails with probability at most e=?. Since we condition on (U, V') below, note that £; implies
the residual bounds||(_]||Op +HVHOP < CVd and||U]|. + ||V || < Cv/n. as well as||p[|, +][7]l, <

CVd.
Condition on (U, V'), so that G, is fixed. For A := G, ,V ", the preceding residual bounds
give||Alg < Cy/nand| A, < C'v/d. Writing p = d—/?¢ with g ~ N(0, I,,),

1A o
Vd

Thus || p'G,, VT H2 has conditional mean O(+/d) and Gaussian deviations on an O(1) scale. The
same argument with B := UG, ,, controls H U vayrHQ. Finally, conditional on (U, V,7),

Bl 10.v| = 1 = o, tin(gs aoma] ) < o)

1 1 C
P Gaar N (03l1Gaurl) . JGnarl < G = o)

on &;. Applying Gaussian concentration to the three terms in (185) therefore gives, uniformly over
deterministic x, ¥,

P (5d N {HHI,yMHF > K\@}) < Ceei™ (186)
for all sufficiently large fixed K. Here the use of £; causes no issue under the conditioning: we
only invoke its residual consequences above, which are measurable with respect to (U, V'), together

with the bound on||r||, for the scalar term.
Let AV be a deterministic 1/4-net of S%~* with || < 9%. Taking a union bound in (186),

P (max
z,yeN

S 6_Cod+81dO€_CK2d.

‘HW[UG(OW)VT]HF > K\/E)

Choosing K sufficiently large makes the right-hand side exponentially small in d, and hence

max an,y[UG(cw)vT] HF — 0. (Vd).

z,yeN

Combining this with (184), ;' = O(1), and the standard net inequality || 1V’ op < 2max, yen |z T Wyl
proves

v

= 0. (Vd).

This establishes (A4). The same proof applies after removing any fixed number of samples: the
Gaussian residual decomposition and deterministic bound on G are unchanged, while n — O(1) =<
d2.
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F A coupling lemma for bilinear Gaussian forms

This appendix establishes a coupling estimate for the joint law of bilinear forms u]T Wy that share
a common right-side Gaussian vector vy. The estimate is the technical input behind the joint Gaus-
sian limit for competitor scores derived in Section 4.3, where it is applied with W = Wbt
and Vo = ;.

We first prove the estimate for a deterministic matrix W, then transfer it to the random case via
concentration of ||W||2/d>.

F.1 Deterministic matrix

Lemma 20 (Bilinear Gaussian coupling, deterministic matrix). Let W € R4 be a deterministic
matrix with Vy := |W|2/d*> > 0, and let uy, . .., Uy, vo € R? be independent Gaussian vectors
with ug, v ~ N (0, I;/d). Set

X; = uJTWUO, 7=1...,m.
On a common probability space, there exist i.i.d. random variables Y1, . ..,Y,, ~ N(0,V}) such
that
10 X = Yo Y, = O-(IWTW /(2 /V5). (187)

Remark 9 (Interpretation). The deviation |W "W ||g/d*> measures the spread of the eigenvalues of
WTW/d?: when the eigenvalues are concentrated, |W W ||g/d? is small relative to ||W ||2/d* =
tr(W W) /d>?. In the proof below it is exactly the Hanson-Wright scale for the random conditional
variance ||Wuyl|?/d.

Proof. The argument exploits the conditional Gaussian structure of { X} given vy.

Step 1: Conditional Gaussian. Set w := Wy, € R? Conditional on vy, w is determin-
istic, and X; = u;-rw is a Gaussian linear functional of w;. Since ui, ..., un ~ N(0,1;/d) are
independent across 7,

[Wool*

(X1, X)) [ w0 ~ N0, V- L), Vo= R

Step 2: Hanson—Wright on the conditional variance. We have

E[V —lE TwTw _ 1 wTw —w—'v
[ } - d [UO UO] - d2 tr( ) - d2 - 0

using E[vgv, | = I3/d. The Hanson—Wright inequality applied to the centered quadratic form
V — Vo = (1/d)(vg WTWuy — ||W||2/d) in the Gaussian vector vy gives

2
V-V, = O(|W'W|g/d®), VarV = ﬁHWTWHE. (188)
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Step 3: Coupling. Define Y, := X, - \/V,/V for each j. Conditional on vy, {Y;} inherit
the Gaussianity and independence of { X}, with conditional variance V - (V,/V') = V. Since the
conditional law N (0, V; - I,,,) is independent of vy, the unconditional joint law of (Y7,...,Y},) is
i.i.d. NV(0,Vp) as required.

The deviation factors as

e _ oy V-V
= X;(1-W)V) = X;- —

Two facts: conditional on g, the standardized form X,/v/V ~ N(0,1), so | X;/vVV| = O(1)
uniformly in j; and |V — V| < |V = Vol /v Vo, by V'V + /i > +/V. Combined with (188),

X; - Y| = | X;/VV]- VWV = V| = OL(|WTWle/(d*/V0)),

X —Y:

J J

uniformly in j. For fixed m, we have

1) = ()3 =D 1X; = Vi = O((W W e/ (d*V/Vh))?),
j=1
which gives (187). [

F.2 Random matrix with concentrated Frobenius norm

Corollary 1 (Bilinear Gaussian coupling, random matrix). Let W be a random d x d matrix
with [|[W||g > 0, independent of uy, ..., Uy, vo which are i.i.d. N(0,1;/d). Let vi > 0 be a
deterministic constant. Suppose py, pop, > 0 are deterministic rates such that

W12 W Wl
= 0l T = 0. (189)
Set X; = ujTWvo for g = 1,...,m. On a common probability space, there exist i.i.d. random
variables Y1, ..., Y,, ~ N(0,v3) such that
[(X1, o, Xo) = (Vi Y|, = O<((pop + p1) /). (190)
Proof. The key observation is that, conditional on (W, v,), X;/vVV S N(0,1) across j, where
V = ||Wuyl|?/d is the conditional variance.
Define

Y, = X;\/v2/V, j=1,...,m.

Conditional on (W, v,), {Y;} inherit the Gaussianity and independence of {X;} with variance
V - v3/V = 12, so the unconditional joint law of (Yl, ..., Y isiid. N(0,32) as required. The

deviation factors as X; — Y; = X;(1 —/12/V) = X; (VV — /v2)/V/V, and using | X;/VV | =
o<1 )togetherwuh]\/_ VA < |V = v3]/\/V3,

X, - Y| = [XVV]- VY =\ Jidl = 0V —dI/). (191)
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Decompose
Vi = (V-%W) + WW)-vg), VW)= W[/
Hanson—Wright applied to V' — V, (/) conditional on W gives
V= Vo(W) = O (IWTW /&) = O(pay).

using (188). The second piece is O<(ps) by (189). Combining with (191) and summing over j
yields (190). [

G A trace estimate for the inverse Hessian

This appendix records several elementary estimates that will be used in the characterization of
the susceptibility parameter x. The first says that a fresh rank-one Gaussian direction probes the
normalized trace of a bounded linear operator on R?*?. The next two show that the normalized
inverse trace is stable under the perturbations needed to simplify the TAM Hessian.

We will use the following moment notation. For a sequence of random variables X; and deter-
ministic positive numbers a4, we write

Xa = O¢c(aq)

if, for every fixed p < oo, there is a constant C}, < oo such that || X||.» < Cpa, for all sufficiently
large d.

Lemma 21 (Fresh rank-one trace estimate). Let u,v € R? be independent Gaussian vectors with
distribution N'(0, I;/d). Let T : R4 — R4 be a random symmetric linear operator, indepen-
dent of (u,v), and assume that

ITlop = Oc(1).

Then

<uvT, T[WT]> _ 0T o,

Equivalently, for every fixed p < oo,
C
< —£ (192)

2 -5

Proof. Write u = g/ Vdand v = h / Vd, where g,h € R? are independent standard Gaussian
vectors. Define

Lp

F(g,h,T) := <uvT, T[uvT]> = %<g®h, Tlg @ h]).

Since T is independent of (g, k), we have

tr(T")
dz

E[F(g,h,T)|T] =
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We first bound the fluctuation in L?. By the Gaussian Poincare inequality applied to the vari-
ables (g, h), with T" kept fixed,

Var(F(g,h,T) | T) <E[[|[V F|? + |[VaF|* | T] . (193)
For fixed h, define the compressed operator
Th:=(I®h)*T(I®h)  onR%

where (I ® h)g = g ® h. Then

1 2
F<97 huT) = ﬁgTThga ng = ﬁThga
using the symmetry of 7". It follows that
4
E[|V,FII? | T] = ﬁE[tr(T}f) | T7]. (194)
Moreover,
[ Tillop < 1 llop 1211,
and hence
t(Ty) < dl|Till5, < dIT3, 1Al
Since E||h||* = d? + 2d, (194) gives
C||IT?
E[|V,FI* | T] < % (195)
The same argument, with the roles of g and / interchanged, gives
C||T|?
E[|ViF|I? | T] < % (196)
Combining (193), (195), and (196), we obtain
C||T?
Var(F(g,h,T) | T) < %. (197)

We now upgrade this L? bound to fixed moments. The centered random variable
tr(7T)
2
is, for fixed 7', a Gaussian polynomial of degree at most 4 in (g, 7). By Gaussian hypercontractivity,
for every fixed p < oo,

F(g,h,T) —

tr(7) tr(7") CollTlo
F(.gah’>T>_ SC F(gahaT>_— Sua
H & | o (g niy ' & | L2 (g,ni1) Vd
where the last step uses (197). Taking expectation over 7" and using ||T||o, = O,(1) yields (192).
This proves the lemma. O
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We next record two deterministic perturbation estimates for the Hessian operators in (27)—(29).
We identify R?¢ with R%’ throughout this discussion. If A, B : R%*¢ — R%*? are positive-definite
self-adjoint operators, equivalently d? x d? symmetric matrices after vectorization, and F := A— B,
then the resolvent identity gives the following bound: whenever ||A™!||op, | B op < 771,

1 1 1
(A7) = (B < 1Bl = s 14— Bl (198)
where || - || denotes the nuclear norm on this d?-dimensional operator space.

For a fixed cavity index h, let /" be the Hessian in (27). Define the simplified Hessian H\!
by replacing the block Mi\h in (29), for every ¢ # h, by

]le-\h = bl\heie; + a}h diag (E\?),
and keeping the h-th block equal to zero. Equivalently, H\" is obtained from H\! by replacing
bz\hQ\?(Q\?)T by b"e;el in each active block.

Lemma 22 (Trace reduction to the simplified Hessian). Assume An/d*> > 7 > 0 and max; bl\h <
B. For i #+ h, write

Qi =—ei+p",  p"=Up"
Then

%tr(([—]\h)_l) - %tr((ﬁ]\h)_l)

Consequently, if n/d* = O(1), max;{||u]],||vi]|} = O(1), and max;z, ||pl\h|| < n, then the
normalized inverse trace of H\" differs from that of the simplified Hessian H\" by O(n).

B h h
< s O el (llallle |+ 1912) . (199)
i£h

Proof. Since
R, ~\h h h R, \h\T
QUQNT —ee] =—eip)" = pel + 0" (0"
the ith summand in H\* — H\" is

A0 ") = pu 4" ") Avel
Each of the three displayed terms is rank one as an operator on R¥*¢, For example,
ui(pl\h)TA vy = (p, Y LAY w)

and hence its nuclear norm is ||u;v;' || szh e = || Hp |||, The same bound holds for the
transposed cross term, while the pl-\ (pz\ )" term contributes || pz\h]|2||v,;||2. Thus

I7 h h
| = HV < B Y foll® (2l + 1)
i#h

Both H\" and H\" are bounded below by the ridge term (An/d?)I, so their inverse operator norms
are at most 7 L. Applying (198) gives (199). 0
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Lemma 23 (Stability at the natural coefficient scale). Let H\" be the simplified Hessian above. Let

H\' be the simplified Hessian obtained by replacing, for i # h, the coefficients a}h and éj\}; by a;

and Rj,i» while keeping the coefficients bl\h unchanged. Assume

)\’I"L h _ —
§27>07 Ogaz\aaigBa R;; >0,
and 5
_ \h S\h = S\h R
max |a; — a; | < 4, maxg R < Chg, max |R;;, — R).| < —.
i#h 8 — ;"] < 0 i#h Lt ji = VR #iyh| i jil < L
Then

(A7)~ (@) )
= 0
i el S (A + T

i#h i,k
Consequently, if n/d*> = O(1), n/k = O(1), max;{||u;||, ||v:|]|} = O(1), and Cr = O(1), then the
normalized inverse trace changes by

(200)

<

O(6a + IR).
Proof. Each elementary map

T T _ T T
A = uju; Aviy, = (uv; s A) ujv,

has rank one and nuclear norm ||u;||?||v;||*. Therefore
o o~ _ 5 h H\h
| = HML <30S (@R = o By o [l (201)
i#h j#ih
The coefficient difference satisfies
_ ~ ~ _ ~ ~ Bé

_ h \h _ h B\h |~ h h R

aiR;; — a" RS < la; — a"| R} +a; | Ry, — BRI < 0.R)} + -
Substituting this into (201), and using that both Hessians are bounded below by the ridge term
(An/d?)I, (198) proves (200). O

Quadratic forms of the simplified Hessian

We now use the simplified Hessian to extract the scalar equation for y. In this subsection we
suppress the leave-one-out superscript and write

fii = vec(ugy) ), = Baa(l—a),  Rja=
The full simplified Hessian is

~ A n n oy
H = d_ZI + ;bifiifuT + Z Z %fg’z‘f;'

i=1 j#i
Here a;, b;, g;; are evaluated at the full minimizer. For the i-cavity problem, superscript (i) denotes
the corresponding quantities after removing sample 7 from both tensor legs.
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Feature spectral bounds. We use the following spectral estimates for the feature matrices: uni-
formly in 7 and ¢,

= O, (V). (202)

H [f“] il op = 0-(1), H [fjdj;éé,i op

Lemma 24 (LOO coefficient stability). Assume (A1)—(A3). Then, uniformly in 1,

max by — b = O<(d™), (203)
and (4),.(%)
1) (3| 1
I?E{Ijrﬁ}z{ QT — Qg T = O<(d™). (204)

Proof. The functions a = o(—m), b = a(1 —a), and r = Sq(1 — q) are uniformly Lipschitz on the
bounded-score event supplied by (A3); the corresponding LOO scores are bounded by (A2). The
LOO perturbations of the relevant scores and thresholds are O<(d_1) by (A1)—(A2), since n =< d?
and the p perturbation is smaller. Applying the Lipschitz bounds entrywise gives (203)—(204). [

Lemma 25 (Diagonal quadratic form). Assume (A1)—(A6) and the feature spectral bounds (202).
Let x4 be as in (49). Then, uniformly in 1,

Tl = Xd 412 205
fn 1 + b Xd + O%( ) ( )

Proof. Let H, be the simplified i-cavity Hessian that keeps only feature directions f;, with 7, £ # 1,
and uses the ¢-cavity coefficients:

H, = I+Zb”fafu+zz ”fﬂ 5.

L bt g#Ly
This operator is independent of (u;, v;). Set
A= H; + b fufi-
We first compare H with A;. Write
ﬁ[ — A+ Cifeat + Cicoef’

where

apr a;Tr;
feat (2NN 7 ]z
Ciea :E fzﬁ +§ sz

0#i JFi
contains the feature directions involving u; or v;, except for the diagonal rank-one term, and

Cioot = E (be — béi))feefe;
2
( ),.(3)

CLgTjg T. .
E E J T
+ f]f je-

0F£i j#L,i
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The resolvent identity gives
fa H7 fio = [ AT i = — ) HTH (O 4 O AT fi
By Woodbury,
H ' fi
1 + bz‘f;Hi_lfii7
and the denominator is at least one. Thus it suffices to bound

A i =

fAH YO 1 CYH . (206)

Let & := H~'f;. The ridge lower bound gives ||&;|| = O~(1). For the two terms in C'*t, each
summand has a factor of the form

fijt;Hi_lfii or f;Hi_lfii-

In the first expression v; is an unmatched Gaussian vector, and in the second expression wu; is
unmatched. Equivalently, if M = mat(H; ' fi) or M = mat(H; ' f;;), then || M|l = O<(1) and
the expression is u; Mv; with one Gaussian leg independent of M and the other leg. Hence each
such factor is O (d~'/?). Since the coefficients have total scale n/k = O(1), the contribution of
Cfeat to (206) is O (d~1/?).

We next consider C£°°f. The diagonal coefficient part can be written as

[ fee] oz diag(by — b)) et [ fu] Z;éi'

By Lemma 24 and (202), its operator norm is O (d ), so its contribution to (206) is O-(d!).
For the off-diagonal coefficient part, fix ¢ # ¢ and write

() ._ (@) ._ 3 (,.(2)
FY = [fjg]j#’i, D" = dlag(agrj,g —a Tj’z>j7é€@'.

The corresponding block is & F” D (F{")T. Lemma 24 gives |[D{"|lsp = O(d™Y), while
(202) gives || F”||op = O (V/d). Moreover,

H (Fé(i))THi_lfii = 0<(1),

because H; and Fg(i) are independent of f;; and
1 v ,
ﬁtr<Hi‘1Fe(l)(Fg(Z))TH[1> — 0(1).

Therefore the fixed-¢ contribution is O (1/(kv/d)), and summing over ¢ gives O(d~/?). We
have proved N
w H ' fio = [ AT i+ O<(d7'7). (207)

It remains to evaluate the right-hand side. Woodbury gives
T

T a—-1
TA = —
no f 1—|—b11§z

T py—1
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Since H; is independent of f;;, Lemma 21, (A6), and the finite-removal trace stability transferred
to the simplified Hessian by the perturbation estimates above give

z; = Xa + O<(d7?).
The map x — /(1 + b;x) is uniformly Lipschitz for b; > 0, and (205) follows from (207). L]

Lemma 26 (Off-diagonal quadratic form). Under the assumptions of Lemma 25, uniformly for
J# _

FiH i = xa+ O<(d77?),
Proof. The proof is the same as that of Lemma 25. One removes all terms involving u; or v;
to create a cavity independent of f;;. The direct Woodbury correction along f;; has coefficient
a;rji/k = O(k™') and is therefore absorbed into the O~ (d~1/?) error. The feature-removal and

coefficient-removal errors are controlled by the same unmatched-Gaussian and feature-matrix es-
timates used above. U

Remark 10 (Use for x). In the leave-one-out analysis, the operator T will be a Hessian inverse,
for example T = (H\")™', evaluated on a sigma-field that is independent of a fresh pair (u;, v;).
Lemma 21 then gives

Gl (1) D) = gy te(()) + Ocla ™),

provided ||(H\)™||op = Or(1). Thus the susceptibility can be characterized through the nor-
malized trace of the inverse cavity Hessian. Lemmas 22 and 23 then justify replacing the original
Hessian by simpler approximations without changing this normalized trace at leading order.

H Variational formulation of the scalar equations

This appendix verifies the variational representation used in Section 4.3. Throughout, Z and G
denote independent standard normal variables, and v, y > 0.

H.1 The scalar TAM functional
Recall

¢(v) = min {u + %Ez [95(vZ — )] } :

The minimizer, denoted 1.(v), is characterized by

r=Ey [U(ﬁ(VZ - MT(V)))] '

1
) = Bz (2607 - ()]
Stein’s identity gives
Gv) = 2Bz [64vZ - m(v)]. (208)
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We will also use that ¢, is convex in v. Indeed, the function

(v, 1) > 1+ Bz [05(v7 — )]

is jointly convex, and partial minimization over x4 preserves convexity.

H.2 Moreau envelope identities

Let S = S, (G) be the minimizer in (42), and set
A:=o(=5+ ¢ (v)), B:=A(1-A).

The first-order condition in s is
S =vG + xA.

Envelope differentiation in y gives
[t
aXMT(l/7 X) = _§]E[A }

For the derivative in v, the envelope theorem gives

0, M, (v,x) = —E[AG] + E[A]c,.(v).

Differentiating (209) with respect to the standard Gaussian coordinate GG yields

dA B vB

dG~ 1+ xB

Therefore Stein’s identity gives

E[AG] = —VE{HBxB} |

Combining (208), (211), and (212),

O,M,.(v,x) = VE[

1+ xB r

H.3 Saddle-point equations

The saddle potential is

Por(v,x) = é1/2 — U—Q + M, (v, ).
' 2 1e%%
Using (210),
O\ Pan(v) = = — 1E[42]
Y 2ax2 2
Hence the y saddle-point equation is
v? = ax’E[A?].
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Using (213),

aupa,r(V7X) :)\V_L_'_VE[

ax } + “E[A|E; W(VZ - ur(V))] .

1+xB r

Since v > 0, the v saddle-point equation is

— = XE{ ] + XE[AE; [6}(vZ — (V)] . (216)

1+ xB
This is exactly the y-equation obtained from the zero-residual limit of (68).
It remains to connect (215) with the variance equation. From (209),

E[AS] = vE[AG] + xE[A?].

Using (212) and (215),
E[AS] = —°E|— 2|+ 2
B 1+ xB ay’

Substituting (216) into the last display gives
1
E[AS] = 1/2 |:/\ + ;E{A] EZ |:¢///3/7(1/Z - ,U/r(l/))]:| s

which is the corresponding v-equation.

H.4 Maximization in y and convexity in v

For fixed v, the inner problem is concave after the change of variables ¢ = 1/y. Indeed,

A, . [t 9
Por(v,1/t) = SV £t+]EIS%£1 {5(3 —vG)” + (s — cr(z/))} .

The last term is the infimum of affine functions of ¢, and hence is concave in {. Thus the inner
extremization may equivalently be viewed as a one-dimensional concave maximization in 1/x.
For fixed v, differentiating A = o(—S + ¢,.(v)) with respect to x gives

AB

A=— :
O 1+ xB

Consequently,
2

1+ xB

L (X’E[A%]) = 2xE

>0
dx

Moreover x*E[A?] — 0 as x | 0, while x*E[A?] — oo as x — oo. By (214), 9, P changes sign
exactly once, from positive to negative. Hence x — P, (v, x) has a unique global maximizer.

Finally we prove strong convexity of the reduced potential V, , defined in (43). The logistic
loss has the Fenchel representation

((t) = sup {—at—I(a)}, I(a) :==aloga+ (1 —a)log(l — a), (217)

a€l0,1]
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with the convention 0 log 0 = 0. Applying this pointwise in the Moreau envelope and minimizing
over s gives

M.(v,x)= sup E [a(G) (e, (v) — vG) = I(a(G)) — %a(G)Q} . (218)

a(-)€[0,1]
Taking the supremum over y > 0 yields

Var(V) = %I/Q + a(-s)Lel[Ié,l] {E [a(G) (er(v) —vG) — I(a(G))} - % (E[a(G)Q])l/z} . (219

For each fixed measurable a(-), the expression inside the supremum is a convex function of v,
because ¢, is convex and E[a(G)] > 0; adding Av? /2 makes it A-strongly convex. The supremum
of A-strongly convex functions is A-strongly convex. This proves the convexity and uniqueness
assertions in Proposition 10.

Remark 11 (Meaning of the dual optimizer). The optimizer a(G) in (218) is the scalar limit of the
sample-wise logistic weights. Indeed, equality in the Fenchel representation (217) is attained at

a=o(—t).
Taking t = S — ¢, (v), where S = S, (G) is the proximal minimizer, gives
0(G) = o(=Sux(G) + (1)
Equivalently, the proximal first-order condition gives
S, (G) = vG + xa.(G).

Thus the dual optimizer is the limiting counterpart of the finite-dimensional coefficients a; =
a(—ml)
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