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Abstract: The embedding dimensions of normal and epilep-
tic electroencephalogram (EEG) time series are analyzed by
two different methods, Cao’s method and differential entropy
method. The results of the two methods indicate consistently
that the embedding dimensions of EEG signals during seizure
will change and become different from that of normal EEG sig-
nals, and the embedding dimensions will vary intensively during

seizure, whereas the embedding dimensions of normal EEG
signals basically maintains stability. The embedding dimension
results also reflect the variation of freedom degree of the hu-
man brain nonlinear dynamic system (NDS) during seizure. And
based on the results of Cao’s method, it is also found that nor-
mal EEG signals are of some degree of randomness, whereas
epileptic EEG signals have determinism.
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The electroencephalogram (EEG) is the most often used
signal for the analysis of epileptic seizure activity of the
brain. Epilepsy, from which approximately 1% of the
people in the world suffer, is a group of brain disorders
characterized by the recurrent paroxysmal electrical
discharges of the cerebral cortex that result in irregular
disturbances of brain functions, which are associated
with the significant changes of the EEG signals [1, 2].
The neuronal network composing the brain is spatially
extended, and thus EEG signals capture spatial local
electrical activity in the brain [3]. It is known that bio-
logical neurons can be modeled by a set of nonlinear dif-
ferential equations. The minimal embedding dimensions
provide the upper number of nonlinear dynamic system
(NDS) freedom degrees and the minimal number of dif-
ferential equations demanded for a mathematical model-
ing of NDS [4]. Therefore the changes of the brain NDS
structure during seizure can be shown by the changes of
the embedding dimensions of EEG signals if the human
brain is considered as a nonlinear dynamic system. The
study of EEG signals has drawn more and more attention
[5—8]. In the past, many works have been done to analyze
epileptic EEG signals based on nonlinear dynamic meth-
ods [9-14]. For example, Xiaoli Li ez al. (2006) proposed
an epileptic seizure prediction based on mutual informa-
tion and Cao’s method [9], and L. Diambra et al. (1999)
presented a technique for the automatic detection of epi-
leptic spikes based on an optimal embedding dimension
[10]. All these methods can clearly show the difference

between normal and epileptic EEG signals based on non-
linearity or statistical information; nevertheless, they do
not show the changes of brain NDS structure during sei-
zure.

Because the EEG signals vary over time, dynamic
measures should be computed within a certain time scale,
for which the local stationarity assumption is valid. If
statistics are used that take too long to quantify the EEG,
the local information will be washed away, and most of
the temporal characteristics will be deprived of their di-
agnostic values.

In this paper, we will investigate the difference of the
embedding dimensions between normal and epileptic
EEG signals by using two methods, Cao’s and differential
entropy [15, 16]. The reason why two kinds of methods
are applied is because until now there has been no crite-
rion for determining the exact value of the embedding di-
mensions of a real-world time series. We hope to compare
the results from two different methods for more accuracy
to avoid any influence of either method.

EEG TIME SERIES

The raw EEG time series used in this paper were record-
ed by a Nihon Kohden EEG recorder (model 7310; Nihon
Kohden Inc., Tokyo, Japan). The electrodes were placed
on the scalp to record 16 channels of EEG data accord-
ing to the international standard 1020 system. The data
were digitized with a 12-bit analog-to-digital converter at
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a sampling rate of 200 Hz and stored on a computer hard
disk. We recorded 80-second-long EEG data, thus 16,000
sample points for each channel. Two groups of EEG time
series were obtained, both of which were collected from
the same 39-year-old male patient. The volunteer was
relaxed in an awake state with eyes closed. One group
was recorded when the patient was normal, and the other
group was recorded when the patient was in an induced
epileptic seizure. Some of the EEG signals used in this
paper are shown in Fig. 1, (a) and (b). From Fig. 1 (b) it
can be observed that the epileptic EEG time series show
epileptic characteristics, such as spike discharge and slow
waves.

METHODS

Cao’s method. To determine the embedding dimen-
sions of the time series x, x,, --- , xy by Cao’s method,
first compute

E(d)=E(d+1)/ E(d) )
and
E,(d)=E (d+1)/E (d) @

second, plot £, (d) and E, (d) versus dimension d, and find
the dimension d,, where E, (d) stops changing from the plot.
Then d, is the minimum embedding dimension we look
for. Here, E, (d) is used to determine whether a time series
is random. The steps and explanation in detail of Cao’s
method are shown in Appendix 1. The delay time T, which
is needed for the computation of the embedding dimen-
sion by Cao’s method, is determined by the mutual infor-
mation method [17].

Differential entropy method. A method based on dif-
ferential entropy for determining the optimal embedding
parameters is introduced in Ref. 16, which employs a
single criterion — the “entropy ratio” between the phase
space representation of a signal and the ensemble of its
surrogates. The advantage of the differential entropy
method is that it determines the embedding dimension m
and delay time 7 together, whereas other methods, such
as one used in this paper — Cao’s method — need to de-
termine the embedding dimension after the delay time is
determined. If the delay time were too small to cover the
minimal time span needed to capture the dynamics of a
signal, the tap input length-embedding dimension would
become rather large, resulting in an increased complex-
ity of training. However, if the delay time is greater than
optimal, the nature of the resulting model becomes too
discrete, resulting in failure of the filter to capture the
underlying signal dynamics. Thus there is a need for an
optimization method to jointly determine the embedding
dimension and delay time [16].

The entropy ratio (ER) introduced in Ref. 16 is this:

mln N

R, (m,7)=1(m, 7)1+ ) 3)

Plot R,,,(m, T) versus m and 1, then the minimum of the plot
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Fig.1. EEG signal examples: (a) Normal EEG; (b) Epileptic
EEG.

of the entropy ratio yields the optimal set of embedding
parameters, namely, optimal embedding dimension m and
delay time 1. The detailed steps and an explanation of the
differential entropy method are shown in Appendix 2.

SIMULATIONS AND RESULTS

How the simulations are organized. If the dynamic
system is invariant, then the determination of embedding
dimension can be made on any segment of the measured
signal. This is not true in a time-varying environment.
Because the EEG time series vary over time, they must
be divided into several small segments for computing
embedding dimension as time evolves. The data we used
here are 16-channel normal and epileptic EEG signals;
the length of the signal is 80 s for each channel; the sam-
pling frequency is 200 Hz; and therefore there are 16,000
points for each channel signal. Each channel signal is
divided into 16 segments, namely S, S,, ..., S;s; each
segment S; (i = 1,2,...,16) is of 1,000 points. Thus we can
obtain 16 embedding dimension values for each channel
signal. As for the 16 channels of normal or epileptic EEG
time series, we can get a 16 x 16 matrix built by the em-
bedding dimension values.

Results of Cao’s method. For this paper, because one
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plot will be produced corresponding to every EEG seg-
ment by Cao’s method to determine the embedding di-
mension, we cannot list all the plots here. For example,
we take the channel corresponding to scalp electrode F3
from 16-channel normal and epileptic EEG data, and the
embedding dimension plots produced by Cao’s method
are shown in Fig. 2, in which the plots in the left side cor-
respond to normal EEG segments, and the plots in the
right side correspond to epileptic EEG segments. It can
be observed from the first plot in the left side in Fig. 2 that
the E, curve is in a rising process before d = 10 and stops
changing after d = 10 (i.e., after d = 10, the E, curve be-
comes a straight line). Therefore the corresponding em-
bedding dimension of this segment is 10, and in a similar
way the embedding dimension of the EEG segment cor-
responding to the first plot in the right side in Fig. 2 is 16.
Cao’s method is applied to compute the embedding
dimensions of S, (i = 1,2,...,16). The results of embed-
ding dimensions for the normal and epileptic EEG time
series obtained by Cao’s method are shown in Table 1, in
which the upper number for each cell corresponds to the
embedding dimension value of the epileptic EEG seg-
ment, and the lower number corresponds to the embed-
ding dimension value of the normal EEG segment. Let
E,; (i, j=1,2,..,16) represent the value of the point of the
matrix built by the embedding dimension values, whose
coordinates are (i, j). The average values are computed
for each row and line of the matrix. Let AV, represent
the average value of the i row of the matrix, namely,

16
LE,
AV, =1 216 ; let AV, represent the average value of the j
16
i,
line of the matrix, namely, AV, =%; the results of

AV; and AV, are shown in Table 1. Apparently the value of
AV, represents the embedding dimensions of each chan-
nel of the 16-channel EEG signals, and the value of 4V
represents the embedding dimensions of the 16-channel
EEG signals at some corresponding time if the 16-chan-
nel EEG signals are regarded as a whole. The variances
are also computed for each row and line of the matrix;
let Var, and Var; represent the variance of the 7 row and j
line of the matrix, respectively. As shown in Table 1, the
variances of embedding dimensions of the epileptic EEG
time series are much larger than those of the normal EEG
time series, which means that the embedding dimensions
of the EEG time series vary more briskly during seizure
than that of the normal EEG time series. The average
value of the embedding dimensions (ED’s) of the EEG

signals can be written as
16 16
Y E,
_ i=lj=l
16x16 .
Therefore it can be found that the average value of the

embedding dimensions of normal EEG signals is ED,,, ...
= 8, and the average value of embedding dimensions of
epileptic EEG signals ED,,;,,;.= 17; thus the average
value of the embedding dimensions of epileptic EEG
signals is more than 2 times larger than that of normal
EEG signals. The RMSE (root mean squared error) is
computed for the results of the embedding dimensions
of normal and epileptic EEG signals; the results are
RMSE,,,,. = 0.1753 and RMSE,,;;.,...= 0.3091, which also
reflect that the embedding dimensions of epileptic EEG
signals varies more intensely during seizure than the em-
bedding dimensions of normal EEG signals.

Figure 3 is plotted based on the results of the embed-
ding dimensions shown in Table 1. As shown in Fig. 3,
the curves constructed by the embedding dimension
values of normal and epileptic EEG time series form two
fluctuation belts, but the one corresponding to the embed-
ding dimensions of the epileptic EEG time series is much
wider than the one corresponding to those of the normal
EEG time series, which implies that the embedding di-
mensions of epileptic EEG signals have a bigger variation
interval than normal EEG signals. The AV, curves (the
curve marked by black points) corresponding to normal
and epileptic both fluctuate around the £D lines, but the
AV, curve corresponding to epileptic EEG signals fluctu-
ates more briskly than the one corresponding to normal
EEG signals, which also means that the embedding di-
mensions of epileptic EEG signals vary more intensely
during seizure than the ones of normal EEG signals.

Results of differential entropy method. An example
about how to determine the optimal embedding param-
eters of an EEG segment is shown in Fig. 4. Because
the lowest point of the plot, whose X axis is embedding
dimension m and Y axis is delay time 1, appears at (2, 7),
the optimal embedding parameters of this EEG segment
can be determined as m,,, =2 and t,,, = 7.

In a way similar to Cao’s method, the differential
entropy method is applied to compute the embedding di-
mensions of EEG segments S; (i = 1,2,...,16). The results of
the embedding dimensions determined by the differential
entropy method are shown in Table 2, and Fig. 5 is plotted
based on the results. Figure 5 shows the same rule with
Fig. 3, which is plotted based on the results of Cao’s meth-
od, namely, that the embedding dimensions of epileptic
EEG signals have a wider variation belt than those of nor-
mal EEG signals. The embedding dimensions of epileptic
EEG signals vary considerably from 2 to 5, whereas the
embedding dimensions of normal EEG signals basically
remain constant. In Table 2, AV; and AV are constant for
the normal EEG signals, whose definitions are the same
as those defined in Results of Cao’s method of this paper.
AV, and AV; vary from 2 to 3 for epileptic EEG signals.
Var; and Var; are also computed for the results of embed-
ding dimensions shown in Table 2. The RMSE results
obtained based on the results obtained by the differential
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Fig. 2. Embedding dimension results of EEG segments corresponding to scalp electrode F3 by Cao’s method: (a) Nor-

mal EEG; (b) Epileptic EEG. (Note: The title of each plot F3-S; (i = 1,2,3,...,16) means the i EEG segment corresponding
to scalp electrode F3.)
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Table 1. Embedding dimension results obtained by Cao’s method.

Embedding Dimensions

Embedding dimensions

SE AV, Var,
S S, S, S, Ss Ss S; Ss Se Sio S Si Sis Sis Sis St

Fp1 22 20 11 15 16 19 14 13 12 10 12 10 17 18 19 12 15 14

6 7 11 8 5 10 12 10 4 7 5 11 9 13 10 7 8 7

F3 16 23 17 10 28 18 25 23 25 17 11 22 25 12 21 16 19 30

10 9 12 6 6 7 13 11 11 9 5 7 6 14 7 7 9 7

c3 22 15 13 14 21 20 22 25 15 10 21 24 16 19 29 25 19 26

5 8 8 6 5 11 11 7 7 8 10 6 7 7 8 8 8 3

p3 20 15 13 18 13 18 23 16 10 15 15 12 12 21 10 15 15 14

5 13 7 10 11 8 4 5 10 7 9 14 7 5 10 7 8 8

o1 16 13 18 16 15 18 13 13 18 12 12 11 11 17 13 14 14 6

5 10 9 7 8 5 6 10 7 6 5 5 14 12 11 9 8 7

F7 25 17 14 19 25 24 19 17 17 28 11 15 24 23 16 14 19 24

12 7 5 6 11 6 5 10 5 8 8 7 11 5 7 9 8 5

73 20 15 15 16 19 14 22 24 21 25 25 12 26 23 16 21 20 19

7 6 7 8 8 6 9 5 10 5 8 9 10 14 1 7 8 5

5 24 16 18 12 17 15 21 10 11 12 12 13 15 23 14 12 15 18

5 7 5 4 8 5 10 7 7 9 8 6 7 5 7 5 7 3

Fp2 24 13 11 19 12 21 14 19 16 7 8 11 14 16 14 15 15 20

4 10 9 4 9 7 13 6 10 7 14 7 9 16 10 9 9 10

F4 28 29 22 22 18 23 28 21 15 22 17 16 16 20 27 19 21 21

13 6 11 9 10 7 7 7 6 7 5 9 9 16 3 9 8 10

c4 16 19 14 16 12 28 25 25 19 23 15 20 27 20 16 16 19 23

9 12 7 8 11 5 11 8 7 05 8 13 7 13 10 10 9 6

P4 14 14 10 11 20 20 20 14 16 9 14 12 16 10 17 21 15 15

7 1 6 5 10 5 11 8 11 10 12 8 7 18 10 12 9 10

o2 18 14 14 13 17 17 17 12 14 15 12 12 18 17 15 15 15 5

7 5 6 9 7 8 5 7 14 5 11 10 5 7 7 6 7 6

F8 18 18 13 14 11 25 15 14 11 17 11 10 22 22 18 14 16 19

11 04 09 06 14 1 09 1 07 07 10 05 08 06 15 6 9 10

T4 21 25 23 10 20 11 15 16 16 29 14 14 27 15 16 29 19 38

3 4 14 10 14 9 9 13 11 9 12 10 3 9 7 8 9 12

T6 16 15 11 11 13 12 12 10 11 15 10 10 13 10 1 15 12 4

13 10 10 5 5 8 8 7 7 11 11 9 13 10 16 10 10 9
Ay, 20 18 15 15 17 19 19 17 15 17 14 14 19 18 17 17
! 8 8 9 7 9 7 9 8 8 8 9 9 8 11 9 8
Var 1B 21 14 12 23 21 24 27 16 47 18 19 3 19 26 22
710 7 6 3 8 4 8 5 7 3 8 7 7 19 10 3

Note: SE is short for scalp electrode. For each cell of the table, the upper number corresponds to epileptic EEG time series, and the
lower number corresponds to normal EEG time series. AV stands for the average value of the i row embedding dimensions, and AV,

stands for the average value of the j line embedding dimensions. Var, stands for the variance of the i row embedding dimensions,
and Var; stands for the variance of the j line embedding dimensions.

L L L L L L L L L L L L L L
52 8§ 54 55 S8 ST S8 59 510 511 812 512 514 515 516
EEG Segment

Fig. 3. Scheme of variation over time of EEG’s embedding dimensions obtained by Cao’s method.
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The 16 dot curves are plotted by the embedding dimension values of 16-channel
normal EEG signals. The lower curve marked by black points and the straight line
are plotted by AV, (shown in Table 1) and ED values of normal EEG time series.

The 16 dash curves are plotted by the embedding dimension values of 16-channel
epileptic EEG signals. The upper curve marked by black points and the straight line
are plotted by AV, (shown in Table 1) and ED values of epileptic EEG time series.
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Fig. 4. An example for determining the optimal embedding param-
eters by the differential entropy method. The minimum of the plot

118 .- indicated by an open circle yields m,,,= 2 and 1,,,= 7.

ent

Table 2. Embedding dimension results obtained by differential entropy method.

Embedding dimensions
SE AV, Var,
S7 SB SQ S10 S11

w
»
N
%)
w
%)
I
%)
o
%)
o
o
N
w
w
w
£
w
(&
o
o

Fp1 2 2 3 2 2 2 2 2 3 3 3 4 3 3 3 3 3 04
2 3 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 0.1
F3 2 2 2 5 3 4 4 4 4 4 4 4 5 2 4 2 3 1
2 2 2 3 2 2 2 2 2 2 2 2 2 2 2 2 2 0.1
c3 2 2 2 2 4 4 4 4 4 4 4 4 4 3 4 2 3 09
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 0
P3 2 2 2 2 2 2 2 2 2 2 2 2 3 2 2 2 2 0.1
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 0
o1 3 2 2 2 2 2 2 2 2 2 2 2 2 2 2 3 2 0.1
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 0
F7 2 2 2 4 3 3 3 3 3 4 4 4 4 2 5 2 3 09
2 2 3 2 2 2 2 3 2 2 2 2 2 2 2 2 2 0.1
T3 2 2 2 4 4 4 3 3 4 3 3 4 3 3 4 4 3 06
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 3 2 0.1
15 2 2 2 2 2 2 2 2 2 2 2 2 4 2 2 3 2 03
2 2 2 2 2 2 2 2 2 2 2 3 2 2 2 2 2 0.1
Fp2 2 2 3 2 2 2 2 2 2 4 3 3 4 3 2 3 3 05
2 3 2 3 2 2 2 2 3 2 2 2 2 2 2 2 2 02
F4 2 2 2 2 2 2 2 2 2 4 2 2 5 3 5 2 3 1
2 2 3 2 2 2 2 2 2 2 2 2 2 2 2 2 2 0.1
c4 2 2 2 2 2 2 2 2 2 4 2 5 4 2 5 3 3 1
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 0
P4 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 0
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 0
02 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 0
2 2 2 2 2 2 2 2 3 2 2 2 2 2 2 2 2 0.1
F8 2 2 2 2 2 4 3 3 4 4 2 2 4 2 5 3 3 1
2 2 2 2 2 3 2 2 2 2 2 2 2 2 2 2 2 0.1
T4 2 2 3 2 2 4 4 4 4 4 4 4 3 2 4 4 3 09
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 0
T6 2 2 2 2 2 2 2 2 3 2 2 2 3 2 2 2 2 0.1
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 0
AV, 2 2 2 2 2 3 3 3 3 3 3 3 3 2 3 3
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
Var, 0.1 0 02 09 05 08 06 06 08 09 07 1 09 02 1 05
0 01 01 041 0 01 0 01 01 0 0 01 0 0 0 01

Note: SE is short for scalp electrode. For each cell of the table, the upper number corresponds to epileptic EEG time series and
the lower number to normal EEG time series. AV, stands for the average value of the i row embedding dimensions, and AV, stands
for the average value of the jline embedding dimensions. Var; stands for the variance of the i row embedding dimensions, and Var;
stands for the variance of the j line embedding dimensions.

244 The Journal of Physiological Sciences Vol. 58, No. 4, 2008



Embedding Dimensions

Epileptic EEG Time Series
— —T

Embedding Dimension
I
A
s
\
-
=~
/\ .
~ ]
//\’1
\\\I
3
|
7
|
|
I |
hY
~ N
\h\kq
o1y
7l
=17
R |
~d
- -
™
T £
L - 1
//é
sl
o
- k > i
A
L} L

[
g st
i
'?3' EAa s A A q
§ id F(\ \/\ N/ N ~ ke ~ /-/
5 2

lSI 82 83 sS4 85 S8 8T S8 S9 510 S11 812 513 S14 SIS Sle

EEG Segment

entropy method are RMSE,,,,., = 0.0132 and RMSE, ;...

=0.0562. The results of variances and RMSE both indi-
cate that the embedding dimensions of EEG signals from
an epileptic vary over time more intensely during seizure
than those from a normal person do. The average values
of the embedding dimensions of normal and epileptic
EEG signals are ED =2and ED 3.

normal epileptic ™

DISCUSSIONS

The results of the methods both show that the embedding
dimension values of epileptic EEG signals vary inten-
sively during seizure, whereas those of normal EEG sig-
nals basically remain stable; the embedding dimensions
of EEG signals become much larger during seizure than
those of normal EEG signals. The average value of the
embedding dimensions of epileptic EEG signals is more
than 2 times larger than those of normal EEG signals.
Based on the results of Cao’s method, the results of the
differential entropy method also show that the embedding
dimensions of epileptic EEG signals are larger than those
of normal EEG signals. Although there is a great differ-
ence between the results of the two methods, namely, that
the embedding dimension results obtained by the differ-
ential entropy method are much less than those obtained
by Cao’s method, the phenomena shown by the results of
the two methods are consistent. The embedding dimen-
sions of EEG signals during seizure become larger than
those of normal EEG signals, and they vary briskly over
time during seizure and have a bigger variation interval
than those of normal EEG signals, whereas the embed-
ding dimensions of normal EEG signals basically main-
tain stability.

An interesting phenomenon can be found in Fig. 2:
normal EEG signals are random, whereas epileptic EEG
signals are deterministic. For random data, based on
Cao’s method, the future values are independent of the
past values; thus £, (d) will be equal to 1 for any d. For

Fig. 5. Scheme of variation over time of EEG’s embedding di-
mensions obtained by the differential entropy method. (Note:
The curves marked by black points are constructed by 4V, values
shown in Table 2.)

deterministic data, however, E, (d) is related to d and as a
result cannot be a constant for all d; in other words, there
must exist some d’s such that £, (d) # 1 [15]. For the left-
hand plots corresponding to normal EEG signals in Fig.
2, except for 2 or 3 plots in which E, (d) varies slightly
around 1, the others all show that after some slight varia-
tion at the beginning, E, (d) converges to 1 quickly. But
we still cannot say that normal EEG signals are totally
random, since E, (d) is not equal to 1 for all d’s. For the
right-hand plots corresponding to epileptic EEG sig-
nals in Fig. 2, we can say that epileptic EEG signals are
strongly deterministic, since £, (d) in the right-hand plots
remains unequal to 1 and varies briskly. The determin-
ism of the epileptic EEG time series implies that some
connection exists between future and past values of the
epileptic EEG time series, and the EEG time series dur-
ing seizure can be predicted. At present, arguments still
exist about whether the EEG is random or deterministic,
but the mainstream holds that the EEG is generated by
a deterministic chaotic process [18]. The results of this
paper verify that epileptic EEG time series are determin-
istic. Although these results show that the normal EEG
time series are random, we cannot say that they are com-
pletely random, since different methods have different
suitabilities for different conditions, such as low- or high-
dimensional determinism [18], and £, () corresponding
to normal EEG time series is not always equal to 1 (see
Fig. 2). Based on the results of this paper, we can only
determine that epileptic EEG time series are of stronger
determinism than normal EEG time series. Moreover, a
potential means for detecting epileptic seizure can also
be found; that is, the difference of determinism between
normal and epileptic EEG time series could be helpful for
the detection of epileptic seizure.

If the human brain is considered as an NDS, the mini-
mal embedding dimension gives the upper number of
NDS freedom degrees and the minimal number of differ-
ential equations demanded for a mathematical modeling
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of NDS. The results of embedding dimensions show that
epileptic EEG time series are of a higher degree of free-
dom than normal EEG time series. Although we cannot
obtain the accurate mathematical model of human brain
NDS, there must be a relationship between the NDS and
its output, and the property of an NDS can be showed by
its output. Normal and epileptic EEG time series have
different embedding dimensions, which also indicates
that normal and epileptic may correspond to different
NDS?’s, i.e., the NDS of human brain changes during sei-
zure, which is meaningful for a mathematical modeling
for EEG time series.

The results of the two methods used in this paper are
quite different; we didn’t discuss which method is more
accurate because our purpose is to study the difference
of embedding dimensions between normal and epileptic
EEG signals. However, it is recommended to set the em-
bedding dimensions of epileptic EEG signals at 17 and
the embedding dimensions of normal EEG signals at 8
for the general processing of EEG time series. We are apt
to believe that the results obtained by Cao’s method are
closer to the true values, since the embedding dimensions
represent the minimal number of differential equations
demanded for a mathematical modeling of NDS. The
embedding dimension results of the differential entropy
method are mainly around 2 or 3, which seem too small
for a mathematical modeling of a real-world signal.

For the EEG data we used, not all the embedding di-
mension values of epileptic EEG segments were larger
than those of normal EEG segments. We obtained 256
pairs of embedding dimension values of normal and
epileptic EEG segments for the two methods. We then
compared each pair of embedding dimension values E,(,
J = 1,2,...,16) (the definition of £; can be found in Results
of Cao’s method) that are of the same indices, i and j. We
found that for the results of Cao’s method, there are 237
pairs ED yyiepiic™ ED,opmars 9 PALS ED gyjiepiic = ED,pa1, and
10 pairs ED, .. < ED.,,,,,,i- For the results of the differ-
ential entropy method, in a similar way we found that the
statistical results are 96, 152, and 8, respectively. (The
embedding dimension values in detail obtained by the
two methods are shown in Tables 1 and 2.) The phenom-
enon ED, ... < ED,,,,., €xist for both methods; however,
it is believed that it cannot prevent us from getting the
impression that the embedding dimension of EEG time
series during seizure becomes larger than that of the
normal EEG time series, since only 3.91% and 3.13%
out of 256 pairs of embedding dimension values show
ED ,ii0pic < ED for Cao’s method and differential en-
tropy method, respectively.

Based on the results of this paper, normal and epileptic
EEG time series show different embedding dimensions
and degree of determinism; therefore, we consider that
embedding dimensions, and even degree of determinism,
have potential application value in the clinical diagnosis

norma.

normal

of epilepsy through further research. In future work, we
will further investigate the differences of embedding
dimensions among EEG data from different types of sei-
zures and different monitored subjects (including differ-
ent ages, sexes, and other variables).

CONCLUSIONS

Cao’s method and the differential entropy method were
applied to compute the minimum embedding dimen-
sions of normal and epileptic EEG time series, respec-
tively. The phenomena shown by the results of these two
methods are consistent: the embedding dimensions of
epileptic EEG signals is much larger than those of normal
EEG signals, even up to 2 times, according to the results
of Cao’s method. The embedding dimensions of EEG
signals varies briskly during seizure, whereas the embed-
ding dimensions of normal EEG signals basically main-
tain stability. The embedding dimensions of epileptic
EEG signals have a bigger variation interval than those of
normal EEG signals. The variation of the embedding di-
mensions of EEG signals during seizure also means that
the variation of the freedom degree of the human brain
NDS increases during seizure. Furthermore, based on the
results of Cao’s method, we found that normal EEG sig-
nals are to some degree random, whereas epileptic EEG
signals are strongly deterministic, which implies that epi-
leptic EEG signals can be predicted well. Therefore it is
proposed that the embedding dimension can be a supple-
mentary parameter for the characterization of epileptic
seizures.

APPENDIX
1. Cao’s method
Supposing that x, x,, --- , x, is a time series, the em-
bedding dimension can be determined by Cao’s method
as follows:
Reconstruct the time series as time delay vectors in
phase space:
Y, (d) =[x(@),x(i + 7),x(i +27), -, x(i + (d - 1)7)],
i=12,N—-(d-1Dt (A1)
where d is the embedding dimension and 7 is the time de-
lay. Y, (d) is the i reconstructed vector and ¥,""(d) is the
nearest neighbor of Y, (d) in embedding dimension d as
follows:
Y™ (d) =[x (i), ™ (i + 1), (i 4+27), ™ (4 (d - D7)
(A2)
Define
[v@d+1)-v"@+1)|

SO @)

(A3)
where ||| is the Euclidian distance and is given by the max-
imum norm here. Y;(d) is the i reconstructed vector, and
Y™ (d + 1) is its nearest neighbor in embedding dimension
d+ 1. The mean value of all a, (i, d)’s is defined as
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1 N-dt .
E(d)= N_dt ;az(l’d) (A4)

E (d) is dependent only on the dimension d and lag 1. To
investigate its variation from d to d + 1, define

E(d)=E(d+1)/E(d) (A.S5)
E, (d) will stop changing when d is greater than some
value d,, which is the minimum embedding dimension
we look for. In Results of Cao’s method, we take the first
plot in the left side in Fig. 2 as an example for explaining
how to determine the embedding dimension value of a
time series by Cao’s method; at this time the embedding
dimension value of the EEG signal segment is d,, = 10.

Another quantity is defined to distinguish determinis-
tic signals from stochastic signals. Let

N N-dt . NN -
E(d)=—N_dT 21 |x(z+dT)—x (z+dz')| A6)

E,(d)=E (d+1)/E"(d) (A7)

E, (d) is calculated for determining the minimum em-
bedding dimension of time series, and £, (d) for distin-
guishing deterministic data from random data.

2. Differential entropy method

The differential entropy method can be summarized
as below:

(a) For the given signal x(¢)(t = 1,2,...,N), generate its N,
surrogates x,,(1),i = 1,...,N by performing a random per-
mutation of the time samples.

(b) The Kozachenko-Leonenko estimates for the
time delay embedded versions of the original time series
H (x,m, 1) and its surrogates H (x,;,m, T) are computed us-
ing Eq. 8 for increasing m and T.

H(x)=$In(Np,)+1n 2+C,
=

(A.8)
(c) Minimize the ratio
Im.7) = H(x,m,7)
<H(xs_’[,m,1)>l_ (A9)

to determine the optimal embedding parameters, where
(), denotes the average over i.

(d) To penalize for higher embedding dimensions, the
minimum description length (MDL) method is superim-
posed, yielding the entropy ratio (ER):

R, (m,7) = I(m,p)(1+ 0N

N (A.10)
where N is the number of delay vectors.

(e) The minimum of the plot of the entropy ratio yields
the optimal set of embedding parameters, namely, opti-
mal embedding dimension m and delay time 7.
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