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Abstract
Reinforcement Learning has emerged as the fundamental technique for enhancing
reasoning in LLMs. However, existing algorithms apply uniform optimization
to all tokens, ignoring their different roles in reasoning process. To address this
limitation, we introduce Heterogeneous Adaptive Policy Optimization (HAPO),
a comprehensive token-aware algorithm that dynamically adapts optimization
based on token entropy. For rollout sampling, we propose Adaptive Temper-
ature Sampling, which adjusts sampling temperature in real time, promoting
exploration at high-entropy tokens while preserving coherence at low-entropy
ones. For advantage calculation, we introduce Token Level Group Average
that normalizes advantages at token level, jointly accounting for sequence-length
as in token-mean loss while preserving non-biased treatment. We then develop
Differential Advantage Redistribution that leverages entropy and importance
ratios to modulate rewards—adjusting updates for tokens with clear signals. For
clipping loss, we design Asymmetric Adaptive Clipping, allowing aggressive
probability reduction for noisy low-entropy tokens while enabling exploration
for high-entropy tokens. Through systematic investigation between entropy and
training dynamics, we embedded token-level treatment into every stages to achieve
fine-grained control. Extensive experiments demonstrate that HAPO consistently
outperforms DAPO across multiple model scales. Our code can be found in
https://github.com/starriver030515/HAPO.
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Figure 1: AIME24 Results

200 400 600 800 1000
Training Steps

2.5

5.0

7.5

10.0

12.5

15.0

17.5

20.0

Ac
cu

ra
cy

Max(17.1)

Max(20.1)

DAPO HAPO

(a) Qwen2.5-Math-1.5B

200 400 600 800 1000
Training Steps

10

12

14

16

18

20

22

24

Ac
cu

ra
cy

Max(20.2)

Max(24.3)

DAPO HAPO

(b) Qwen2.5-Math-7B

200 400 600 800
Training Steps

12

14

16

18

20

22

24

26

28

Ac
cu

ra
cy

Max(25.2)

Max(26.8)

DAPO HAPO

(c) Qwen3-8B

Figure 2: AIME25 Results

∗Equal Contribution, Email: lz030515123@gmail.com
†Corresponding Author

ar
X

iv
:2

50
9.

16
59

1v
1 

 [
cs

.C
L

] 
 2

0 
Se

p 
20

25

https://github.com/starriver030515/HAPO
https://arxiv.org/abs/2509.16591v1


1 Introduction

Reinforcement Learning from Human Feedback (RLHF) [18] has emerged as a fundamental technique
for aligning Large Language Models (LLMs)[6; 17; 3] with human preferences and enhancing their
reasoning capabilities. State-of-the-art models including OpenAI o1[16], Claude3.5[2], DeepSeek-R1
[5], Seed-1.5-Thinking [23], and the Qwen3 series [29] have achieved remarkable performance
gains on complex reasoning benchmarks. These achievements underscore how carefully designed
reinforcement learning frameworks can empower LLMs to tackle tasks requiring multi-step reasoning,
logical consistency, and systematic problem solving.

Despite these successes, existing algorithms[21; 24; 30] share a fundamental limitation: they employ
a uniform optimization strategy across all tokens. From rollout sampling to advantage calculation to
clipping loss computation, these algorithms fail to distinguish between tokens that represent critical
reasoning junctures versus those that merely serve as syntactic connectives or routine patterns. This
uniform treatment fundamentally conflicts with the heterogeneous nature of language generation,
where tokens serve dramatically different functional roles in the reasoning process.

Recent works have recognized the importance of token heterogeneity. DAPO with forking tokens
[27] proves that only a minority of high-entropy tokens guide the optimization process. Archer
[26] reduces token to binary high/low entropy groups and encouraging exploration for high-entropy
tokens by relaxing their clipping bounds. Nevertheless, such coarse discretization imposes sharply
different strategies across arbitrary boundaries, causing tokens with marginally different entropy
values to receive vastly different updates. EDGE-GRPO [33] uses the entropy of sequences to modify
advantages and assigns higher advantages to responses that are confident. However, this modification
operates at the sequence-level, lacking fine-grained assignment between tokens within sequences.
More importantly, as demonstrated in Section 3 and Section 4, many of these strategies contradict
core optimization algorithms, as they overlook training dynamics and lack token-level analysis.

To address these limitations, We first conduct a systematic empirical analysis of entropy and learning
dynamics, characterizing the distinct entropy-RL interactions that govern each stage:

Rollout Generation: Exploration-Exploitation Imbalance. Our analysis reveals that high-entropy
tokens encoding critical reasoning decisions are rare and inversely correlated with sampling proba-
bility. We investigate using temperature to control the occurrence of critical tokens and discover an
irreconcilable dilemma: low temperatures maintain accuracy but suppress critical tokens, starving
the model of exploration opportunities; high temperatures increase their generation but introduce
excessive noise. Standard rollout fails to capture sufficient high-quality exploratory signals.

Advantage Calculation: Reward Attribution Granularity. Standard advantage computation dis-
tributes sequence-level rewards uniformly across all tokens. This coarse-grained attribution proves
especially problematic given DAPO’s token-mean averaging, which allows longer negative samples
to dominate gradients. Moreover, our importance ratio analysis reveals that tokens require vastly
different update magnitudes—critical high-entropy decisions need strong reinforcement while neutral
tokens need minimal adjustment. Yet uniform reward distribution and entropy-only approaches fails
to identify which specific token-level decisions actually determine reasoning success.

Clipping Loss Computation: Clipping Constraint Mismatch. Our clipping analysis reveals paradoxi-
cal patterns: low-entropy tokens predominantly hit left boundaries, preventing probability reduction,
while high-entropy tokens hit right boundaries, limiting exploration. Semantic analysis reveals
that left-clipped low-entropy tokens are mostly irrelevant artifacts like formatting symbols, while
right-clipped high-entropy tokens include crucial reasoning elements. Uniform clipping thus protects
noise while constraining exploration, directly opposing optimal learning dynamics.

These findings reveal that effective optimization requires token-level adaptations tailored to each
stage’s unique challenges. We introduce Heterogeneous Adaptive Policy Optimization (HAPO),
a comprehensive framework that systematically addresses the discovered entropy-RL interactions.
Rather than using entropy for coarse categorization, HAPO leverages entropy as a continuous signal
throughout the pipeline, enabling fine-grained optimization that respects token heterogeneity. Our
approach comprises four key innovations:

• Adaptive Temperature Sampling: To address the critical token scarcity in rollout gener-
ation, we dynamically adjust sampling temperature based on token entropy—increasing
temperature for high-entropy tokens to promote exploration at reasoning branch points, while
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Figure 3: HAPO overall framework: four entropy-aware components address token heterogeneity.
Adaptive Temperature Sampling adjusts temperature by token entropy. Token-Level Group Average
normalizes advantages across tokens. Differential Advantage Redistribution modulates advantages
using entropy and importance ratios. Asymmetric Adaptive Clipping applies entropy-conditioned
boundaries for targeted noise suppression and exploration.

reducing temperature for low-entropy tokens to maintain semantic coherence. This resolves
the irreconcilable trade-off between accuracy and exploration, enriching the representation
of critical tokens in the training corpus.

• Token-Level Group Average Advantage: To counter DAPO’s length-induced gradient
bias where longer negative samples dominate optimization, we normalize advantages at the
token level across the entire group rather than at the sequence level. This ensures balanced
optimization between positive and negative samples while preserving DAPO’s benefits for
long-sequence learning, creating a stable foundation for subsequent advantage redistribution.

• Differential Advantage Redistribution: To address the heterogeneous update patterns
revealed by importance ratios, we jointly leverage entropy and ratio information to modulate
advantages within sequences. High-entropy tokens with ratios far from 1.0 receive amplified
advantages, while low-entropy tokens near 1.0 receive suppressed advantages. This enables
fine-grained advantage attribution aligned with each token’s actual optimization needs.

• Asymmetric Adaptive Clipping: To correct the inverted constraint priorities where noise
is protected while exploration is restricted, we implement entropy-conditioned reversed
asymmetric boundaries. Low-entropy tokens receive expanded left boundaries to enable
aggressive noise suppression, while high-entropy tokens receive expanded right boundaries
to facilitate exploration at critical decision points.

Our work demonstrates that recognizing and leveraging token heterogeneity is crucial for advancing
RLHF. By introducing systematic, token-aware optimizations throughout the learning pipeline, HAPO
achieves substantial improvements across mathematical reasoning benchmarks. Our principled design
ensures generalizability to other domains. We believe this work will inspire further research into
heterogeneous optimization that more accurately reflect the complex, multi-scale nature of language
generation and reasoning.

The rest of this paper is organized as follows. Section 2 provides background on existing RLHF
methods. Section 3 presents empirical evidence for token heterogeneity, demonstrating the necessity
of token-aware optimization. Section 4 analyzes entropy-RL interactions across the three pipeline
stages using binary categorization for analytical clarity. Section 5 presents HAPO, extending the
binary analysis to continuous entropy-based functions. We evaluate HAPO against state-of-the-art
DAPO baselines across different model scales.
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2 Background

We first establish the reinforcement learning framework for language models. Consider a language
model policy πθ parameterized by neural network weights θ. In the RL setting for language generation,
states consist of the prompt q and previously generated tokens o<t = (o1, o2, ..., ot−1), actions are
tokens ot selected from vocabulary V , and the policy πθ(ot|q, o<t) defines the probability of selecting
token ot given the current state. Rewards R(o) are typically provided at the sequence level for the
complete response o.

Proximal Policy Optimization. PPO[21] constrains policy updates to remain within a trust region of
the previous policy πθold through the following objective:

LPPO(θ) = E(q,o)∼D

 |o|∑
t=1

min
(
rt(θ)Ât, clip(rt(θ), 1− ϵ, 1 + ϵ)Ât

) (1)

where rt(θ) =
πθ(ot|q,o<t)
πθold (ot|q,o<t)

denotes the importance sampling ratio.

The advantage Ât is computed using Generalized Advantage Estimation (GAE)[22]:

Â
GAE(γ,λ)
t =

∞∑
l=0

(γλ)lδVt+l (2)

where δVt = rt + γV (st+1)− V (st) represents the temporal difference error, with discount factor
γ ∈ [0, 1] and bias-variance parameter λ ∈ [0, 1].

Group Relative Policy Optimization. GRPO[24] eliminates the value function dependency by
employing group-based advantage normalization. For each prompt q, GRPO samples G responses
{oi}Gi=1 and optimizes:

LGRPO(θ) = Eq∼P (Q)

E{oi}G
i=1∼πθold (·|q)

 1

G

G∑
i=1

1

|oi|

|oi|∑
t=1

LGRPO
i,t

 (3)

The per-token loss incorporates both the clipped objective and KL regularization:

LGRPO
i,t = min

(
ri,t(θ)Âi,t, clip(ri,t(θ), 1− ϵ, 1 + ϵ)Âi,t

)
− βDKL [πθ(·|q, oi,<t)∥πref(·|q, oi,<t)]

(4)

The advantage is normalized within the group as Âi,t =
Ri−mean({Rj}G

j=1)

std({Rj}G
j=1)

, which corresponds to

GAE with λ = 1 combined with group normalization. The KL divergence term DKL[πθ∥πref] prevents
excessive deviation from the reference policy.

Decoupled Clip and Dynamic Ampling Policy Optimization. DAPO [30] modifies GRPO with
token-mean normalization—averaging over total tokens rather than sequences—to preserve gradient
contributions from longer sequences. It also introduces the clip-higher mechanism with asymmetric
bounds:

LDAPO(θ) = E(q,a)∼D

 1∑G
i=1 |oi|

G∑
i=1

|oi|∑
t=1

min
(
ri,t(θ)Âi,t, clip(ri,t(θ), 1− ϵlow, 1 + ϵhigh)Âi,t

)
(5)

The asymmetric bounds ϵhigh > ϵlow (typically ϵhigh = 0.28, ϵlow = 0.2) allow larger probability
increases for exploration while maintaining conservative probability decreases.

DAPO with Forking Tokens. Recent work[27] demonstrates that only a minority of tokens exhibit
high entropy and function as critical decision points in reasoning paths. This observation motivates
selective optimization focusing on high-entropy tokens:

LEntropy(θ) = E(q,o)∼D

 |o|∑
t=1

I[Ht ≥ τρ] ·min
(
rt(θ)Ât, clip(rt(θ), 1− ϵ, 1 + ϵ)Ât

) (6)

where Ht = −
∑

v∈V πθ(v|q, o<t) log πθ(v|q, o<t) represents the entropy at position t, τρ denotes
the ρ-th percentile entropy threshold (e.g., ρ = 80 for [27]), and I[·] is the indicator function.
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3 Token Heterogeneity in RLHF: Empirical Necessity and Foundations

Recent advances in RLHF suggest that tokens should not be weighted uniformly, yet systematic
empirical evidence remains limited. In this section, we conduct a comprehensive investigation
into the necessity of heterogeneous token treatment. Through entropy-based selective training
experiments and distributional analyses, we reveal the limitations of uniform weighting and expose
the intricate dual-entropy phenomenon, which challenges both naive uniform weighting and simplistic
entropy-thresholding strategies. All experiments use DAPO in verl (see Appendix A for details).

Selective Training Under Entropy Thresholds To understand whether heterogeneous token
treatment is necessary, we conduct ablation studies examining the impact of selective token training
based on entropy thresholds. We systematically evaluate models trained exclusively on different
entropy ranges to quantify the contribution of various token subsets.

Experiment 1: Entropy-Based Token Selection

We investigate the necessity of token heterogeneity through selective training experiments
using Qwen2.5-Math-7B. Our experimental configuration includes:

• Training Configuration: We employ four distinct training strategies - training only
on top 20% highest-entropy tokens, top 80% highest-entropy tokens, bottom 80%
lowest-entropy tokens, and bottom 20% lowest-entropy tokens.

• Analysis: We evaluate model accuracy on AIME2024, AIME2025 and MATH.
The results are shown in Figure 4.

The token entropy selection strategies are detailed in Experiment 1. The results in Figure 4 highlight
a nuanced relationship between entropy-based selection and downstream performance. Training on
the top 20% highest-entropy tokens performs well on AIME2024, while low-entropy tokens (bottom
20% or 80%) consistently underperform on AIME2024. Notably, this high-entropy advantage
disappears on the more challenging AIME2025. Interestingly, broader token selection (top/bottom
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80%) improves MATH performance compared to the concentrated top-20% strategy, suggesting that
mixing lower-entropy tokens provides regularization benefits for better generalization.

To investigate the underlying causes of this phenomenon, we conducted a detailed analysis of the
distribution patterns in both training and evaluation datasets in Observation 1.

Observation 1: Distribution and Problem-Solving Pattern Analysis

We analyze both the distributional similarity and problem-solving patterns across different
entropy selection strategies. Our analysis includes:

• Distribution Analysis: We perform length analysis and clustering analysis on
question-answer patterns to quantify the similarity between DAPO training data and
evaluation datasets (AIME2024, AIME2025, AMC, MATH, and Olympiad Bench).

• Problem-Solving Patterns: We visualize clusters of correctly solved problems on
test sets for models of different entropy selection strategies.

The visualization results are shown in Figure 5.

Through analysis in Figure 5, we uncover the cause of the discrepancy: DAPO training data aligns
with AIME but differs from MATH. Models training on top 20% high-entropy tokens quickly overfit
to training data, while models using top 80% high-entropy tokens maintain slightly more diverse
answer distributions, demonstrating that lower-entropy tokens provide essential regularization.

The Dual-Entropy Phenomenon To further understand why low-entropy tokens provide essential
regularization and help maintain the model’s existing capabilities, we conducted a comprehensive
analysis of tokens generated during the training process to examine the intricate relationship between
token forms and their entropy distributions in Observation 2.

As shown in Figure 6 and Figure 7, we uncover the "Dual-Entropy Phenomenon": high-entropy
tokens frequently have "twin siblings" in the low-entropy region—tokens with identical word stems
that manifest with drastically different entropy values.

This pattern spans multiple semantic categories and frequency ranges, explaining why low-entropy
tokens are crucial: they contain important reasoning tokens that differ from high-entropy ones only
in syntactic context. This finding reveals limitations of both entropy-based selection and uniform
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Figure 8: Token Probability and Entropy Analysis
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Figure 9: Temperature Effects on Model Performance and Critic Token Behavior

treatment, necessitating a nuanced approach that preserves low-entropy tokens’ stabilizing influence
without letting them dominate the learning signal.

Observation 2: Token-Level Entropy Distribution Analysis

We analyze the relationship between token forms and their entropy values across the entire
token distribution. Our analysis configuration includes:

• Datasets: We examine AIME2024, AIME2025, AMC, Olympiad Bench, and
MATH.

• Scale: We generated approximately 107 tokens across diverse problem types.
• Analysis: We categorize tokens by their semantic types and examine their entropy

divergence and entropy-frequency landscape.
The visualization results are shown in Figure 6 and Figure 7. We present concrete examples
of dual-entropy tokens in Figure 22, 23, 24, 25, 26, 27.

4 Binary Differentiation: Functional Roles of Entropy-Based Categories

Instead of treating all tokens uniformly, we explore heterogeneous approaches tailored to different
token characteristics. As a first step, we investigate binary differentiation—separating high-entropy
and low-entropy tokens—across three critical RL stages: rollout generation, advantage computation,
and clipping loss calculation. This analysis reveals how leveraging token heterogeneity enables more
nuanced optimization, laying the groundwork for our fine-grained approach. All experiments use
DAPO in verl (see Appendix A for details).

4.1 Rollout Generation: Exploration-Exploitation Imbalance

We first examine rollout generation, a stage neglected by previous work. Standard rollout often
fail to generate sufficient high-entropy tokens for exploration and learning, creating an exploration-
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exploitation imbalance. Through systematic investigation, we identify temperature as the key factor
controlling both the frequency of critical tokens and accuracy. This leads us to develop a dynamic
temperature scheduling method that enhances exploratory token generation while maintaining output
quality, establishing a balanced foundation for subsequent heterogeneous token treatment.

Characterizing Tokens in Rollout Generation To understand the generation dynamics during roll-
out, we conduct a comprehensive analysis of token properties. We examine probability distributions,
occurrence frequencies, and entropy values in Observation 3.

Observation 3: Token Property Analysis

We analyze token characteristics using Qwen2.5-Math-7B on challenging mathematical
reasoning datasets. Our experimental setup includes:

• Datasets: We examine AIME2024, AIME2025, AMC, Olympiad Bench, and
MATH.

• Scale: We generated approximately 107 tokens across diverse problem types.
• Analysis: We examined entropy distributions, probability-entropy relationships, and

characteristics of high-entropy tokens.
The visualization results are shown in Figure 8.

As shown in Figure 8, most tokens cluster near zero entropy, with frequency decreasing sharply
as entropy increases—high-entropy tokens are exceptionally rare. We find an inverse relationship
between entropy and sampling probability. Among the top 100 highest-entropy tokens, most represent
critical decision points in mathematical reasoning, creating a paradox: the tokens most valuable for
learning are systematically under-sampled during standard rollout generation.

Temperature Effects on Critic Token Generation This paradox motivates our investigation into
how to control the occurrence frequency of critical tokens and their corresponding entropy during
the sampling process. We turn our attention to temperature—the primary hyperparameter governing
sampling randomness in language models. We systematically evaluate rollout generation across
various temperature settings in Observation 4.

Observation 4: Temperature Impact Analysis

We conduct comprehensive experiments on Qwen2.5-Math-7B to understand how temperature
affects important token generation during rollout. Our experimental configuration includes:

• Temperature Range: Systematically varied from 0.0 to 1.5 in increments of 0.1.
• Scale: We selected the top 20% highest-entropy tokens from Observation 3 (approx-

imately 1,452 tokens) as critical tokens. We generated approximately 107 tokens
across diverse problem types.

• Analysis: We examined model accuracy, critical token count and ratio, average
entropy of critical tokens.

The experimental results are visualized in Figure 9.

Figure 9 reveals a complex temperature-rollout relationship. While model accuracy decreases with
increasing temperature, the occurrence of critical tokens shows an overall increasing. The entropy
grows exponentially with temperature. Through concrete output analysis in Figure 25, 26, 27, we find
that high-entropy tokens typically represent critical reasoning decisions. Conversely, low-entropy
tokens involve formula calculations, where low temperature ensures computational stability. This
reveals a fundamental trade-off: low temperatures maintain accuracy but suppress critical token
generation, while high temperatures increase entropy and generate more meaningful tokens, but
degrade accuracy—producing noise rather than useful diversity.

Adaptive Temperature Sampling The observed trade-off between token diversity and model
accuracy suggests that no single temperature value can optimally serve all positions in a sequence.
Different stages of mathematical reasoning require varying degrees of exploration—deterministic
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Figure 10: Validation of Entropy-Guided Adaptive Temperature Sampling Strategy

calculations demand low temperatures for precision, while strategic decisions benefit from higher
temperatures to explore alternative approaches. This heterogeneity motivates us to develop an adaptive
temperature strategy that dynamically adjusts sampling randomness based on token characteristics.
In our approach, we use entropy as the primary signal to guide temperature adaptation.

Method 1: Adaptive Temperature Sampling

Objective: Dynamically adjust sampling temperature based on current token entropy.
Temperature Schedule:

Ti,t =

{
Thigh if Hi,t > θ (high-entropy tokens)
Tlow if Hi,t ≤ θ (low-entropy tokens)

(7)

where:
• Hi,t = −

∑
p log p is the entropy at position i, t

• θ is the entropy threshold
• Thigh > 1.0 enhances exploration at uncertain positions
• Tlow < 1.0 maintains coherence at confident positions

Experiment 2: Adaptive Temperature Sampling Validation

We evaluate the effectiveness of our entropy-guided temperature strategy using Qwen2.5-
Math-7B on mathematical reasoning tasks. Our experimental setup includes:

• Training Configuration: We set θ = 0.5, Thigh = 1.1, Tlow = 0.8 empirically.
• Baselines: We conduct baseline experiments with:

– Fixed temperatures T ∈ {0.5, 0.8, 1.0, 1.1}
– Random temperature sampling T ∼ U(0.8, 1.1)

• Analysis: We compare model accuracy, output length, and average entropy.
The results are shown in Figure 9 and Figure 10.

As shown in Method 1, we apply high temperature to high-entropy tokens to encourage exploration
at critical decision points, while using low temperature for low-entropy tokens to maintain structural
coherence. Since rollout generation proceeds token-by-token without sequence-level context, we use
a hard entropy threshold to determine temperature assignment for each token independently.

Detailed configurations are in Experiment 2. Figure 9 shows our adaptive temperature sampling
achieves dual benefits: improved sequence correctness and increased critical token proportion with
higher entropy. As illustrated in Figure 10, model trained with our method shows higher accuracy
and response length. Low-temperature models suffer from insufficient exploration and late-stage
degradation, while high-temperature models exhibit training instability. Interestingly, the random
temperature model shows partial performance gains, suggesting that even unguided temperature
variation can provide some benefit over fixed temperature strategies.
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Figure 11: Analysis of Advantage Dynamics And Response Length Disparities
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Figure 12: Analysis of Model Performance on Different Clipping Bounds

4.2 Advantage Calculation: Reward Attribution Granularity

We next examine advantage calculation. Through systematic analysis of advantage dynamics, we
discover that sequence-level advantage computation creates severe imbalance between positive
and negative tokens. We address this through token-level advantage averaging, establishing a
foundation for entropy-based advantage redistribution. Additionally, we introduce importance
ratios—a novel approach that directly captures each token’s update dynamics to guide advantage
modulation, effectively aligning optimization with both token uncertainty and learning progress.

Observation 5: Advantage Distribution Analysis

We conduct comprehensive analysis of advantage dynamics during DAPO training with
Qwen2.5-Math-7B. Our analysis configuration includes:

• Analysis: We track average advantage values during training, record mean advantage
ranges, and compute average and sum length differences between positive and
negative samples.

• Scaling Analysis: We additionally present visualization results of mean advantage
ranges with random scaling factors α ∼ U(0.75, 1.25) applied to advantages.

The experimental results are visualized in Figure 11.

Advantage Dynamics Analysis To understand the behavior of advantage values in DAPO training,
we systematically analyze the distribution patterns and characteristics of advantages during the
optimization process in Observation 5.

As illustrated in Figure 11, we identify a fundamental imbalance in advantage distribution that
biases toward negative reward sequences.While GRPO normalizes by sequence length in Equation
3, DAPO’s token-mean loss in Equation 5 preserves individual token gradients but creates bias:
negative samples generate longer responses that dominate gradient computation. Our analysis in
Figure 11b, 11c reveals that negative samples systematically generate longer responses, contributing
proportionally more tokens to the gradient computation, dominating the optimization process.
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Figure 13: Validation of Token-Level Group Average Advantage

Experiment 3: Entropy Collapse with Relaxed Left Clipping

We investigate the impact of relaxing left clipping boundaries. Our experimental configuration
includes:

• Training Configuration: We test different left clipping boundaries: 0.75, 0.70,
compared to baseline 0.80. The right clipping boundary is fixed at 1.28 for all
configurations.

• Analysis: We evaluate model accuracy on AIME2024, model response length, and
average entropy throughout training.

The results are shown in Figure 12.

This mechanism severely impacts token-level optimization. First, as demonstrated in Figure 11a,
when we apply minor perturbations to advantages, token-mean loss amplifies these minor advantage
fluctuations into substantial optimization deviations, greatly affecting the stability of advantage
redistribution methods. Second, it undermines Archer [26]’s clipping strategies that relax left bounds
for high-entropy tokens. We try different left clipping bounds in Experiment 3. As shown in Figure 12,
negative advantage dominance with relaxed left boundaries causes rapid probability degradation for
high-entropy tokens. Since these tokens mark critical reasoning points, their suppression triggers
a cascade: the model becomes conservative, generating shorter responses with lower diversity and
eventual entropy collapse. This explains why DAPO’s clip higher only modifies the right boundary.

Token-Level Group Average Advantage Computation DAPO’s bias toward negative advantages
and its sensitivity to advantage fluctuations pose significant challenges for advantage redistribution.
We propose computing group advantages at the token level rather than the sequence level.

Our method is illustrated in Method 2. The key distinction lies in the granularity of advantage
computation. We first distribute rewards to individual tokens, then apply normalization across all
tokens. This ensures

∑
(i,t)∈T Ai,t = 0, resolving the gradient bias problem inherent in DAPO’s

token-mean framework. Moreover, our token-level group average method preserves length-dependent
gradient scaling within reward categories. Formally, for sequences within the same reward class
(positive or negative), longer sequences contribute proportionally larger gradients—maintaining
DAPO’s effective treatment of complex, multi-step reasoning. Simultaneously, the cross-category
normalization guarantees that

∑
i+∈D+ ∥∇i+∥ ≈

∑
i−∈D− ∥∇i−∥, preventing systematic bias to-

ward either positive or negative samples. This design elegantly reconciles DAPO’s length-aware
optimization with GRPO’s balanced gradient distribution.

We validate the effectiveness of token-level group average advantage in Experiment 4. The results
in Figure 11a demonstrate that our method successfully addresses the imbalance issue. Actually,
token-level group advantage computation can be viewed as a form of advantage modulation between
positive and negative tokens. When positive tokens are scarce, our method effectively amplifies
the advantages of positive tokens while diminishing those of negative tokens, resulting in more
targeted gradient updates. Notably, as shown in Figure 13, this leads to faster learning and superior
performance on difficult tasks such as AIME2025, demonstrating enhanced adaptation capabilities.
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Figure 14: Token Update Patterns via Importance Ratios

Furthermore, another key advantage of token-level group average computation is its ability to balance
advantages across tokens, which stabilizes subsequent intra-sequence advantage redistribution. As
shown in in Figure 11a, token-level normalization provides a stable foundation that maintains overall
balance even under aggressive modulation strategies, ensuring training stability while enabling
fine-grained control over individual token contributions.

Method 2: Token-Level Group Average Advantage Computation

Objective: Balance positive and negative gradient contributions by normalizing advantages
across all tokens in the group.
Advantage Formulation:

Ai,t =
ai,t − µtok

σtok
(8)

where:
• ai,t = ri ∈ {0, 1} is the token-level reward inherited from sequence i

• µtok = 1
|T |
∑

(i,t)∈T ai,t is the mean across all tokens in the group

• σtok =
√

1
|T |
∑

(i,t)∈T (ai,t − µtok)2 is the standard deviation

• T = {(i, t)} represents all token positions across all sequences in the group

Experiment 4: Token-Level Group Average Advantage Validation

We evaluate the effectiveness of our token-level group advantage computation strategy using
Qwen2.5-Math-7B on mathematical reasoning tasks:

• Baselines: We compared against standard DAPO with sequence-level advantages.
• Analysis: We compared model accuracy and output length. We also tracked advan-

tage dynamics including average advantage and max advantage.
The results are shown in Figure 11 and Figure 13.

Analyzing Token Update Patterns Existing method [33] uniformly modulates advantages based
on sequence entropy, lacking token-level granularity and ignoring actual update dynamics. To address
this, we explore intra-sequence advantage redistribution. Since advantages directly determine the
update magnitude for each token, we need principled guidance for this redistribution. We first
leverage importance ratios rt(θ) =

πθ(at|st)
πref(at|st) to analyze the update patterns of different tokens in

Observation 6, as these ratios provide direct insight into the model’s optimization tendencies.

As shown in Figure 14, we discover substantial heterogeneity in update magnitudes. High-entropy
tokens have broader ratio distributions, with most high-entropy tokens deviating significantly from
1.0 as the model preferentially updates them. However, high-entropy tokens near 1.0 show update
uncertainty. For the top 20% high-entropy tokens in Figure 14b, we observe a strong correlation
between advantages and ratios—tokens with high advantages predominantly exhibit high ratios,
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indicating clear update preferences by the model. Meanwhile, we find that low-entropy tokens’ ratios
mostly cluster around 1.0, suggesting no clear update direction. However, similar to high-entropy
tokens, those with large deviations are actually important for updates despite their low entropy. This
reveals that entropy alone fails to capture actual update dynamics—tokens with similar entropy have
vastly different optimization needs based on importance ratios.

Observation 6: Analyzing Token Update Patterns via Importance Ratios

We analyze the relationship between importance ratios and token characteristics during DAPO
training with Qwen2.5-Math-7B:

• Scale: We tracked over 107 tokens during the training process.
• Analysis: We examine ratio distributions across different entropy levels. Addi-

tionally, for the top 20% highest-entropy tokens, we quantified their distribution
across entropy-ratio ranges to analyze ratio-advantage correlations We excluded the
first half mini-batches from each batch, as these tokens consistently have a ratio
approximately equal to 1.

The visualization results are shown in Figure 14.

Method 3: Differential Advantage Redistribution

Objective: Redistribute advantages within sequences based on both token entropy and
importance ratios to achieve fine-grained optimization control.
Joint Entropy-Ratio Modulation Function:

Âi,t =

{
λH(Ai,t, ri,t) ·Ai,t if Hi,t ∈ top 20% of batch (high-entropy tokens)
λL(Ai,t, ri,t) ·Ai,t if Hi,t ∈ bottom 80% of batch (low-entropy tokens)

(9)

where the modulation factors are defined as:

λH(Ai,t, ri,t) =

{
αH if ri,t /∈ [γlow, γhigh]

1 otherwise
(10)

λL(Ai,t, ri,t) =

{
αL if ri,t ∈ [γlow, γhigh]

1 otherwise
(11)

where:
• [γlow, γhigh] defines the neutral zone
• αH > 1 is the amplification factor for high-entropy tokens
• αL < 1 is the suppression factor for low-entropy tokens
• The entropy percentile is computed across all tokens within each training batch

Differential Advantage Redistribution Building on these observations, we propose a novel
advantage redistribution method. Unlike previous approaches that rely solely on entropy for advantage
scaling, we incorporate importance ratios to capture the model’s actual update intentions within each
mini-batch. This dual-signal approach enables us to align advantage modulation with the model’s
natural optimization trajectory.
Our Differential Advantage Redistribution is presented in Method 3. We first define a neutral zone,
typically centered around ratio = 1. High-entropy tokens receive amplification only when their
importance ratio falls outside the neutral zone, reflecting clear update trends. We enhance them
accordingly. For low-entropy tokens, we apply suppression within the neutral zone to reduce the
influence of tokens lacking update tendency. This aligns with our analysis, where ratios far from 1
typically represent relatively important tokens, and we assign them relatively larger advantages.

We validate the effectiveness of Differential Advantage Redistribution in Experiment 5. Figure 15
reveals the superior performance of our Joint Entropy-Ratio Advantage modulation. Compared with
advantage scaling without ratio, our approach achieves more significant performance improvements,
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Figure 15: Validation of Differential Advantage Redistribution

as we only amplify tokens with clear update directions. In contrast, random advantage scaling fails
to bring any performance gains, confirming that targeted modulation based on both entropy and
directional alignment is crucial for effective optimization.

Experiment 5: Differential Advantage Redistribution Validation

We evaluate the effectiveness of our joint entropy-ratio advantage modulation strategy using
Qwen2.5-Math-7B on mathematical reasoning tasks:

• Training Configuration: We test entropy-ratio advantage modulation on token-
level group advantages with αH = 1.25, αL = 0.75, and neutral zone [γlow, γhigh] =
[1 − ϵl/2, 1 + ϵr/2] = [0.9, 1.14], half of the clipping-allowed importance ratio
range.

• Baselines: We compare against:
– DAPO with token-level group advantages
– Advantage scaling without ratio (amplify advantage for high-entropy tokens

while suppress advantage for low-entropy tokens)
– Random advantage scaling where each token’s advantage is multiplied by a

random factor λ ∼ U(0.75, 1.25)
• Analysis: We compare model accuracy and output length.

Our results are shown in Figure 15.

4.3 Clipping Loss Computation: Clipping Constraint Mismatch

We finally examine clipping loss computation. We discover significant asymmetry between high-
entropy and low-entropy tokens in their clipping patterns—these token categories exhibit fundamen-
tally different sensitivities to left and right clipping boundaries. Based on this phenomenon, we
design Asymmetric Adaptive Clipping that respects these differential sensitivities.

Analyzing Clipped Token Properties During Training To understand how clipping affects our
heterogeneous optimization framework, we systematically track and analyze every token that hits
clipping boundaries during DAPO training. We categorize these tokens based on their entropy values
and examine their clipping patterns in Observation 7.

Figures 16 and 17 reveal distinct clipping patterns between high and low-entropy tokens. For left-side
clipping, low-entropy tokens are clipped far more frequently—these are typically unimportant tokens
like formatting symbols or code elements. For right-side clipping, high-entropy tokens dominate, and
while some are noisy, many are reasoning-critical tokens. This creates a fundamental contradiction:
uniform clipping constrains useless low-entropy tokens, preventing them from participating in
subsequent gradient updates and their probabilities from decreasing further. Meanwhile, it restricts
high-entropy tokens that require exploration freedom from further exploration.
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Figure 17: Token-Level Clipping Patterns and Word Cloud Visualization

Observation 7: Differential Clipping Sensitivities

We analyze clipping patterns during DAPO training with Qwen2.5-Math-7B to understand
how different token categories interact with clipping boundaries. Our experimental configura-
tion includes:

• Scale: We tracked over 106 clipped tokens during training process.
• Analysis: We compare left and right clipping patterns across different entropy levels

to discover the characteristics of different directions. Additionally, we examine the
most frequently left clipped and right clipped tokens. We further analyze the entropy
distribution of right-clipped critical tokens in Observation 3.

Our results are shown in Figure 16 and Figure 17.

Asymmetric Adaptive Clipping Based on the above findings, we propose Asymmetric Adaptive
Clipping. Our method is presented in Method 4. By lowering the left boundary for low-entropy
tokens, we allow less useful tokens to decrease more substantially. By raising the right boundary for
high-entropy tokens, we encourage exploration at critical decision points. Our method differs from
existing approach Archer [26] that completely relax clipping boundaries for high-entropy tokens
while tightening them for low-entropy tokens. Instead, we apply asymmetric adjustments that respect
the natural update tendencies of each token category.

We validate the effectiveness of our asymmetric adaptive clipping in Experiment 6. As shown in
Figure 18, asymmetric clipping achieves significant performance improvements and longer response
lengths. We compare against reversed asymmetric clipping, which gives high-entropy tokens wider
boundaries on both sides while imposing stricter constraints on low-entropy tokens. We find this
reversed approach rapidly leads to entropy collapse with no performance gains.

In essence, our method extends the clip-higher concept in DAPO but differs fundamentally by using
entropy to determine whether to apply clip-higher or clip-lower. For high-entropy tokens, we apply
stronger clip-higher on the right boundary, allowing greater exploration. Simultaneously, we keep
the left boundary to prevent the probabilities of these critical tokens from decreasing too much. For
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Figure 18: Validation of Asymmetric Adaptive Clipping

low-entropy tokens, we apply clip-lower on the left boundary, enabling more aggressive probability
reduction for noisy tokens.

Method 4: Asymmetric Adaptive Clipping

Objective: Design entropy-specific clipping boundaries that respect the differential sensitivi-
ties of tokens to optimization constraints.
Asymmetric clipping loss:

LCLIP(θ) = Et [min (ri,t(θ)Ai,t, clip(ri,t(θ), 1− ϵL(i, t), 1 + ϵR(i, t))Ai,t)] (12)

where the boundary functions are defined as:

ϵL(i, t) =

{
ϵhigh
L if Hi,t ∈ top 20% of batch (high-entropy tokens)
ϵlow
L if Hi,t ∈ bottom 80% of batch (low-entropy tokens)

(13)

ϵR(i, t) =

{
ϵhigh
R if Hi,t ∈ top 20% of batch (high-entropy tokens)
ϵlow
R if Hi,t ∈ bottom 80% of batch (low-entropy tokens)

(14)

where:
• ϵlow

L > ϵhigh
L , ϵhigh

R > ϵlow
R creates asymmetric lower boundaries

• Lower boundary: ϵlow
L allows aggressive reduction for noisy tokens.

• Upper boundary: ϵhigh
R enables exploration at decision points.

• The entropy percentile is computed across all tokens within each training batch

Experiment 6: Asymmetric Adaptive Clipping Validation

We evaluate the effectiveness of our asymmetric adaptive clipping strategy using Qwen2.5-
Math-7B:

• Training Configuration: We set ϵlow
L = 0.35, ϵlow

R = 0.2 for low-entropy tokens and
ϵhigh
L = 0.2, ϵhigh

R = 0.35 for high-entropy tokens. This results in clipping boundaries
of [0.65, 1.2] for low-entropy tokens and [0.8, 1.35] for high-entropy tokens.

• Baselines: We compare against:
– Standard DAPO with clip-higher enabled
– Reversed asymmetric clipping with high-entropy tokens using [0.65, 1.35] and

low-entropy tokens using [0.8, 1.2]

• Analysis: We compared model accuracy and output length.
Our results are shown in Figure 18.
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5 Continuous Differentiation: Heterogeneous Adaptive Policy Optimization
In Section 4, we explored token heterogeneity through binary differentiation, demonstrating the
effectiveness of treating high-entropy and low-entropy tokens distinctly. However, this discontinuous
approach presents a critical limitation: coarse discretization artificially partitions tokens with similar
entropy values into disparate categories, subjecting them to fundamentally different optimization
strategies. The Dual-Entropy Phenomenon further amplifies this instability. Moreover, even within
the same category, tokens exhibit significant entropy variations, reflecting their distinct roles and
mechanisms in the reasoning process, and should not be treated uniformly.

A more sophisticated approach would use entropy as a continuous signal to modulate token treatment
dynamically. In this section, we formalize the insights from binary differentiation into a continuous
framework. We extend each component of our heterogeneous treatment—temperature scheduling,
advantage redistribution, and adaptive clipping—from discrete categories to continuous functions,
while maintaining a principle of simplicity to ensure computational efficiency and interpretability.

5.1 Fine-Grained Heterogeneity Modeling
Continuous Adaptive Temperature Sampling For token-by-token generation during rollout,
we dynamically adjust temperature based on current entropy. Since generation proceeds without
sequence-level context, we compute entropy normalization on-the-fly. As shown in Section 4.1, the
distribution of entropy exhibits significant variance, therefore we apply logarithmic smoothing:

Ti,t = Tbase ·

(
1 +

log(Hi,t)− ρinit
log(H)

σinit
log(H)

· τ

)
(15)

where Hi,t = −
∑

p log p is the entropy at position i, t. ρinit
log(H) denotes the estimated ρ-th quantile

of entropy and serves as the threshold direction of temperature adjustments. σinit
log(H) is the estimated

variance, and τ determines the maximum bounds of temperature adjustment.

Continuous Differential Advantage Redistribution For advantage redistribution, we fol-
lowed [27] to regulate entropy at the batch level. To ensure scores are bounded in [−1, 1], we
apply asymmetric scaling:

hi,t =
log(Hi,t)−Qρ(log(H))

σ(log(H))
, h̃i,t =

{
hi,t/hmax if hi,t > 0

−hi,t/|hmin| if hi,t ≤ 0
(16)

where Qρ denotes the ρ-th quantile, hmax = max(hi,t|hi,t > 0) and hmin = min(hi,t|hi,t < 0).

Advantages are then redistribution based on both entropy and importance ratios. We directly use h̃t

as both the direction and magnitude for advantage redistribution.

Âi,t = Ai,t · λ(Ai,t, h̃i,t, ri,t) (17)

The redistribution factor adapts continuously based on entropy and ratio:

λ(Ai,t, h̃i,t, ri,t) =

{
1 + h̃i,t if C(h̃i,t, ri,t)

1 otherwise
(18)

with the condition function is defined as:

C(h̃i,t, ri,t) =

{
ri,t /∈ [γL, γU ] if h̃i,t > 0 (high-entropy)
ri,t ∈ [γL, γU ] if h̃i,t ≤ 0 (low-entropy)

(19)

where [γL, γU ] defines the neutral zone.
This formulation ensures that high-entropy tokens receive stronger updates when their importance
ratios fall outside the neutral zone. Low-entropy tokens follow the same principle but are modulated
within the neutral zone.

Continuous Asymmetric Adaptive Clipping The clipping boundaries adapt continuously based on
entropy. Consistent with Continuous Differential Advantage Redistribution, We reuse h̃t to determine
both the direction and magnitude of clipping adjustments, maintaining a unified control mechanism
across all components:

ϵL(i, t) =

{
ϵbase
L (1− h̃i,t) if h̃i,t ≤ 0 (low-entropy)
ϵbase
L if h̃i,t > 0 (high-entropy)

(20)
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ϵR(i, t) =

{
ϵbase
R if h̃i,t ≤ 0 (low-entropy)
ϵbase
R (1 + h̃i,t) if h̃i,t > 0 (high-entropy)

(21)

where ϵbase
L , ϵbase

R are the base clipping bounds. This allows low-entropy tokens to decrease more
aggressively while high-entropy tokens can increase more freely.

These continuous formulations unify our heterogeneous treatment strategy, with all modulations
smoothly varying as functions of the normalized entropy. This ensures a concise implementation that
is easy to modify.

5.2 Unified Framework

We present the complete Heterogeneous Adaptive Policy Optimization algorithm in Algorithm 1.
The overall architecture can be found in Figure 3.

Algorithm 1 Heterogeneous Adaptive Policy Optimization

Require: Policy πθ, dataset D
Require: Entropy quantile: ρ
Require: Temperature params: Tbase, ρ

init
log(H), σ

init
log(H), τ Clipping params: base bounds ϵbase

L , ϵbase
R

Ensure: Updated policy πθ′

▷ Sampling Rollout Sequences
1: for each token position i, t do ▷ Continuous Adaptive Temperature Sampling
2: Compute entropy: Hi,t ← −

∑
v πθ(v|si,t) log πθ(v|si,t)

3: Adaptive temperature: Ti,t ← Tbase ·
(
1 +

log(Hi,t)−ρlog(H)

σlog(H)
· τ
)

4: end for
5: Assign rewards to tokens: ai,t ← ri, T ← {(i, t)} ▷ Token-Level Group Average Advantage

6: Compute token-level statistics: µtok ← 1
|T |
∑

(i,t) ai,t, σtok ←
√

1
|T |
∑

(i,t)(ai,t − µtok)2

7: Normalize advantages: Ai,t ← (ai,t − µtok)/σtok
8: Qρ(log(H))← Quantileρ({log(Hi,t) : (i, t) ∈ T }) ▷ Compute global entropy statistics

9: σ(log(H))←
√

1
|T |
∑

(i,t)∈T (log(Hi,t)−Qρ(log(H)))2

10: for each mini batch B do ▷ Training with Heterogeneous Treatment
11: for each token i, t in B do
12: Compute log-entropies: hi,t =

log(Hi,t)−Qρ(log(H))
σ(log(H))

13: Asymmetric scaling: h̃i,t ←
{
hi,t/hmax if hi,t > 0

−hi,t/|hmin| if hi,t ≤ 0

14: if h̃i,t ≤ 0 then ▷ Continuous Asymmetric Adaptive Clipping - Compute First
15: ϵL(i, t)← ϵbase

L (1− h̃i,t), ϵR(i, t)← ϵbase
R

16: else
17: ϵL(i, t)← ϵbase

L , ϵR(i, t)← ϵbase
R (1 + h̃i,t)

18: end if
19: γL ← 1− ϵL(i,t)

2 , γU ← 1 + ϵR(i,t)
2 ▷ Neutral Zone based on Dynamic Clipping

▷ Continuous Differential Advantage Redistribution
20: Compute importance ratio: ri,t ← πθ(ai,t|si,t)/πθold(ai,t|si,t)
21: if (h̃i,t > 0 and ri,t /∈ [γL, γU ]) or (h̃i,t ≤ 0 and ri,t ∈ [γL, γU ])) then
22: Âi,t ← Ai,t · (1 + h̃i,t)
23: else
24: Âi,t ← Ai,t

25: end if
26: end for

▷ Compute HAPO loss
27: LHAPO(θ) =

[
1∑G

i=1 |oi|
∑G

i=1

∑|oi|
t=1 min

(
ri,t(θ)Âi,t, clip(ri,t(θ), 1− ϵL(i, t), 1 + ϵR(i, t))Âi,t

)]
28: Update parameters: θ′ ← θ + η · ∇θLHAPO(θ)
29: end for
30: ρinit

log(H) ← Qρ(log(Ht)), σ
init
log(H) ← σ(log(Ht)) ▷ Update entropy statistics for next step
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Table 1: Comparison between vanilla DAPO using all tokens, DAPO with forking tokens), Archer,
EDGE-GRPO, and HAPO, evaluated on the Qwen-Math-1.5B Base, Qwen-Math-7B Base, and
Qwen3-8B Base models.

Method Avg AIME24(30) AIME25(30) AMC(83) Math(500) OlympiadBench(675) Minerva (272)

RLVR from the Qwen2.5-Math-1.5B Base Model

Vanilla DAPO 38.34 21.73 17.11 72.85 67.33 31.47 19.52

DAPO w/ Forking Tokens 38.83 22.51 18.56 74.80 65.54 32.81 18.74

Archer 37.06 19.62 17.24 72.17 64.21 29.98 19.14

EDGE-GRPO 38.79 22.88 17.86 74.48 66.94 30.67 19.93

HAPO(ours) 40.62 25.33 20.12 75.69 66.83 33.86 21.91

RLVR from the Qwen2.5-Math-7B Base Model

Vanilla DAPO 46.97 37.24 20.24 81.99 76.72 34.35 31.28

DAPO w/ Forking Tokens 47.43 38.45 21.90 80.55 75.38 35.52 32.79

Archer 45.63 35.25 19.19 82.53 72.16 33.04 31.61

EDGE-GRPO 45.89 38.85 21.83 83.23 69.78 32.43 29.24

HAPO(ours) 50.04 41.31 24.34 85.47 78.45 36.94 33.73

RLVR from the Qwen3-8B Base Model

Vanilla DAPO 50.00 35.84 25.24 78.37 83.54 44.87 32.13

DAPO w/ Forking Tokens 50.21 36.22 25.85 80.26 82.75 46.27 29.91

Archer 49.17 34.76 23.33 78.47 82.57 42.69 33.22

EDGE-GRPO 50.06 35.15 24.12 80.47 83.33 43.35 33.91

HAPO(ours) 51.97 39.01 26.83 81.77 84.23 45.26 34.74

5.3 Experiments

Experimental Setup We incorporate our token-level strategy into DAPO[30] within the verl[25]
framework. Experimental setups leverage the core components of DAPO, such as clip-higher, dynamic
sampling, token-level policy gradient loss, and overlong reward shaping. To ensure reproducibility,
we maintain DAPO’s recommended hyperparameter settings: clip-higher parameters of ϵhigh = 0.28
and ϵlow = 0.2; overlong reward shaping with a 10240-token maximum generation length and
4096-token cache. Furthermore, we use a training batch size of 512 and a mini-batch size of 32. We
sample 16 responses for each training prompt. Training proceeds with a learning rate of 10−6 and a
10-step warmup period. Crucially, we excludes both KL divergence loss and entropy loss.

For HAPO’s token-level strategies, we follow [27] and set the entropy quantile ρ to 80%, encouraging
exploration to the top 20% highest-entropy tokens. For Adaptive Temperature Sampling, we compute
ρlog(H) and σlog(H) based on all tokens’ entropy in the previous step. We set Tbase = 1.0 and
τ = 0.05. For Differential Advantage Redistribution, we determine the neutral zone using the
clipping ratios that correspond to each token’s actual dynamics, setting it to [1− ϵL

2 , 1 + ϵR
2 ]. For

Asymmetric Adaptive Clipping, we set ϵbase
L = 0.2 and ϵbase

R = 0.28, same as DAPO. Importantly, we
leverage entropy for regulation throughout, introducing virtually no additional hyperparameters.

To evaluate the scaling ability of our methods, we perform RLVR experiments across the Qwen2.5-
Math-1.5B,Qwen2.5-Math-7B[28] base models and Qwen3-8B[29] base model, using DAPO-Math-
17K[30] as the training dataset. We trained all models on 4 nodes with 32 Nvidia A100 GPUs
equipped with a 128-core CPU and 1024GB of memory.

Evaluation We evaluate all the models on mathematical reasoning benchmarks: AIME24, AIME25,
AMC23, Minerva [12], MATH500 [10], and OlympiadBench [9]. All evaluations are conducted
in a zero-shot setting. For each question, we generate 8 independent responses under a decoding
temperature T = 0.5, and report the average accuracy.

Main Results We compare HAPO against vanilla DAPO, DAPO with Forking Tokens, Archer,
and EDGE-GRPO in Table 1. Our method consistently outperforms all baselines across different
model scales and benchmarks, demonstrating how carefully designed token-level heterogeneous
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Figure 19: Overall Response Length
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Figure 20: Overall Entropy

Table 2: Component ablation study of HAPO. We denote Adaptive Temperature Sampling, Token-
level Group Average, Differential Advantage Redistribution, and Asymmetric Adaptive Clipping as
A, B, C, and D respectively for convenience.

A B C D Avg (1560) AIME24 (30) AIME25 (30) AMC (83) Math (500) OlympiadBench(675) Minerva (272)

46.97 37.24 20.24 81.99 76.72 34.35 31.28
✓ 48.85 39.77 23.01 84.20 76.88 37.34 31.92

✓ 48.56 39.04 23.77 83.59 77.19 35.02 32.76
✓ 48.28 38.63 22.07 84.19 76.58 36.00 32.19

✓ 48.02 38.38 20.73 82.45 78.56 36.49 31.51

✓ ✓ 48.74 39.19 22.55 84.43 77.72 36.13 32.44
✓ ✓ ✓ 49.42 40.17 23.62 84.41 79.10 35.96 33.28

✓ ✓ ✓ ✓ 50.04 41.31 24.34 85.47 78.45 36.94 33.73

treatment can significantly boost model performance. Specifically, on Qwen2.5-Math-7B, HAPO
surpasses DAPO w/ Forking Tokens by 2.86 and 2.44 points on AIME’24 and AIME’25 respectively.
Furthermore, HAPO demonstrates substantial improvements over vanilla DAPO across all model
scales, achieving average accuracy gains ranging from 1.97 to 3.07 points. When compared to existing
entropy-based approaches, our method exhibits consistent superiority: HAPO outperforms Archer by
2.80-4.41 points and EDGE-GRPO by 1.83-4.15 points across the three evaluated models, highlighting
the effectiveness of our fine-grained heterogeneous treatment over coarse-grained entropy-based
strategies. We visualize the training dynamics in Figures 1, 2 and Figure 19, 20, comparing HAPO and
DAPO throughout the training process. Our method consistently maintains longer response lengths
and higher entropy, indicating that HAPO successfully preserves model exploration capabilities while
achieving better task performance.

Moreover, compared to vanilla DAPO, HAPO introduces negligible computational overhead, as
entropy values are already computed within the verl framework. Our method simply leverages these
existing computations for adaptive optimization, making it a practical and efficient enhancement that
can be readily integrated into existing RLHF pipelines.

Component-wise contributions We examine each component’s contribution on Qwen2.5-Math-
7B in Table 2. All components contribute meaningfully to HAPO’s performance, with adaptive
temperature proving particularly crucial as it governs token category distribution and entropy. Token-
level group averaging significantly impacts advantage redistribution and clipping, corroborating
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our analysis. Notably, both Asymmetric Clipping and Differential Advantage Redistribution show
limited effectiveness when used individually, yet their combination yields substantial performance
gains. In fact, all the HAPO components form an organic unity: Adaptive Temperature ensures
sufficient high-entropy critical tokens, Differential Advantage Redistribution optimizes them with
larger updates, and Asymmetric Clipping encourages exploration. This synergy enables effective
leverage of token heterogeneity throughout optimization.

6 Related Work

6.1 Reinforcement Learning from Human Feedback

The evolution of reinforcement learning in language models represents a trajectory from basic
preference alignment toward sophisticated reasoning capabilities. Foundational work in constrained
optimization emerged through TRPO [20] and PPO [21], establishing principles for stable policy
updates. Subsequent algorithmic innovations eliminated computational bottlenecks—GRPO [24] and
REINFORCE++ [11] removed value network dependencies via group-based advantage computation.
The offline optimization paradigm gained prominence through DPO [19], KTO [7], and SimPO [15],
which circumvent reward model training entirely.

A fundamental transformation occurred with the advent of reasoning-centric models. OpenAI’s o1
[16] pioneered effective multi-step reasoning through reinforcement learning at scale, catalyzing
widespread development. DeepSeek-R1 [5] demonstrated reasoning emergence without supervised
fine-tuning, while Claude3.5 [2], Qwen3 [29], and Seed-1.5-Thinking [23] expanded the reasoning
frontier. Beyond these state-of-the-art models, various works explored complementary optimization
strategies, including SimpleRLZoo [32] and Open-Reasoner-Zero, which investigate alternative train-
ing paradigms. Meanwhile, algorithmic refinements continue to enhance existing methods—DAPO
[30] introduced token-mean averaging and asymmetric clipping for extended sequences, while VAPO
[31] developed variance-aware optimization strategies to improve training stability and convergence.

6.2 Entropy-Based Optimization in LLMs

Entropy serves as a crucial signal for model uncertainty and optimization guidance. [4] explored
how entropy dynamics affect learning in reasoning models. Entropy-based optimization strategies
have diversified significantly. [1; 8] showed entropy minimization alone improves performance
without labeled data. Step entropy methods [13] identify superfluous reasoning steps by aggregating
token-level entropy.

Recent studies have leveraged entropy as a key metric for identifying and treating critical tokens in
reasoning tasks. [27] established the "80/20 rule," demonstrating that 20% of high-entropy "forking
tokens" fundamentally control reasoning diversity. Building upon token identification, subsequent
works have developed entropy-based differential treatment strategies. Archer [26] employs entropy to
determine token-specific clipping boundaries, encouraging exploration for high-entropy tokens while
maintaining stability for low-entropy ones. Similarly, ETTRL [14] and EDGE-GRPO [26] modulate
advantages based on token entropy, amplifying updates for high-entropy tokens and dampening those
for low-entropy tokens to achieve an optimal exploration-exploitation balance.

7 Conclusion

We introduce Heterogeneous Adaptive Policy Optimization (HAPO), which addresses the fundamen-
tal limitation of uniform token treatment in existing RLHF methods. Through systematic analysis,
we identified that tokens with different entropy characteristics require different optimization strate-
gies. HAPO implements this insight through four components—Adaptive Temperature Sampling,
Token-Level Group Average, Differential Advantage Redistribution, and Asymmetric Adaptive Clip-
ping—that leverage entropy as a continuous signal for fine-grained optimization. Experimental
results demonstrate consistent improvements over state-of-the-art DAPO baselines across multiple
model scales with negligible computational overhead. By establishing that effective RLHF requires
recognizing and adapting to token heterogeneity, HAPO opens new directions for developing more
capable reasoning models that align optimization with the intrinsic structure of language generation.
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Figure 21: Comparison Between Pre-Norm and Post-Norm Advantage Redistribution

A Training Configuration for Analysis

For all the experiments in Section 3 and Section 4, we leverage the core components of DAPO, such
as clip-higher, dynamic sampling, token-level policy gradient loss, and overlong reward shaping.
To ensure reproducibility, we maintain DAPO’s recommended hyperparameter settings: clip-higher
parameters of ϵhigh = 0.28 and ϵlow = 0.2; overlong reward shaping with a 8192-token maximum
generation length and 4096-token cache. Furthermore, we use a training batch size of 512 and a
mini-batch size of 32. We sample 8 responses for each training prompt. Training proceeds with
a learning rate of 10−6 and a 10-step warmup period. We excludes both KL divergence loss and
entropy loss. For each experiment, we conduct training 3 times to reduce variance and ensure the
reliability of our results. We trained all models during analysis on 8 Nvidia A100 GPUs equipped
with a 128-core CPU and 1024GB of memory.

B Example of Dual-Entropy Phenomenon

We present concrete examples of the dual-entropy phenomenon in Figure 22, 23, 24, 25, 26, 27. We
use blue and red to represent the low-entropy and high-entropy parts of dual-entropy, respectively.
These visualizations demonstrate how tokens with identical semantic meanings but different surface
forms exhibit drastically different entropy values during model generation.

C Discussion about the Order of Differential Advantage Redistribution

As we introduced Token-Level Group Average, an alternative implementation of Differential Ad-
vantage Redistribution involves applying differential scaling to rewards before performing group
averaging across all tokens.

We describe this alternative approach in Discussion 1. We categorize Differential Advantage Redis-
tribution into two variants based on the operation order: pre-norm and post-norm (ours), which
apply differential scaling before and after group averaging, respectively. The pre-norm approach
enables more fine-grained token-level optimization by preserving individual token reward signals
before normalization.

We conducted comparative experiments in Experiment 7. However, we discovered that while pre-
norm provides more fine-grained token representations, applying differential scaling before averaging
introduces variance into the optimization process. As shown in Figure 21, the pre-norm approach
exhibits advantage variance that is substantial higher than post-norm across training iterations. The
instability arises because differential scaling before normalization amplifies the natural variation in
rewards, preventing the group average from effectively stabilizing the optimization signal. Therefore,
we adopt the post-norm approach.
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Discussion 1: Order of Differential Advantage Redistribution

Pre-normalization Modulation:

ãi,t = ai,t × α(Hi,t), Âi,t =
ãi,t − µtok

σtok
(22)

Post-normalization Modulation:

Ai,t =
ai,t − µtok

σtok
, Âi,t = Âi,t × β(Hi,t) (23)

where:
• ai,t = ri ∈ {0, 1} is the original token-level reward
• α(Hi,t) and β(Hi,t) are entropy-based scaling functions:

α(Hi,t) = β(Hi,t) =

{
λhigh if Hi,t ∈ top 20% of batch (high-entropy tokens)
λlow if Hi,t ∈ bottom 80% of batch (low-entropy tokens)

(24)
• λhigh > 1.0 amplifies advantages for exploration.
• λlow < 1.0 reduces advantages for stability.

Experiment 7: Pre-norm and Post-norm comparison

We evaluate the effectiveness of our entropy-based advantage modulation strategie using
Qwen2.5-Math-7B on mathematical reasoning tasks:

• Training Configuration: We test both pre-normalization and post-normalization
modulation with λhigh = 1.25, λlow = 0.75 empirically.

• Baselines: We compare against DAPO with token-level group advantages
• Analysis: We compare model accuracy, output length, and max advantage.

Our results are shown in Figure 21.
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Okay ,  so  I  need  to  figure  out  how  many  different  batt al ions  can  be  sent  to  the

 Battle  of  Therm opy la e  based  on  the  number  of  upper  and  lower  class  soldiers  available .

 Let  me  start  by  understanding  the  problem  again .\n\n We  have  two  types  of  soldiers :

 upper  class  and  lower  class .  In  a  certain  part  of  Athens ,  there  are  5  upper  class

 soldiers  and  1 0  lower  class  soldiers .  The  battle  requires  a  force  of  4  upper  class

 soldiers  and  8  lower  class  soldiers .  The  question  is  asking  how  many  different  batt al

ions  can  be  sent .  \n\n Hmm ,  so  I  think  this  is  a  comb inator ics  problem .  It 's  about

 selecting  a  certain  number  of  soldiers  from  each  class  to  form  a  battalion  that  meets  the

 required  numbers  for  the  battle .  Wait ,  but  the  battle  demands  a  specific  number :  4

 upper  and  8  lower .  So  does  that  mean  each  battalion  must  consist  of  exactly  4  upper

 and  8  lower ?  Or  is  the  battle  demanding  that  the  total  force  must  be  4  upper  and  

8  lower ,  but  the  battalion  can  be  any  combination  that  meets  that ?  Wait ,  the  wording

 says  " the  battle  of  Therm opy la e  demands  a  force  of  4  upper  class  soldiers  and  8

 lower  class  soldiers ".  So  I  think  that  means  each  battalion  sent  must  have  exactly  4

 upper  and  8  lower .  Therefore ,  the  question  is  how  many  different  ways  can  we  choose  

4  upper  class  soldiers  out  of  5  and  8  lower  class  soldiers  out  of  1 0 .  Then

 multiply  those  two  numbers  together  because  for  each  combination  of  upper  class  soldiers ,

 we  can  pair  it  with  any  combination  of  lower  class  soldiers .\n\n So ,  the  number  of  ways

 to  choose  4  upper  class  soldiers  from  5  is  the  combination  of  5  choose  4 .

 Similarly ,  the  number  of  ways  to  choose  8  lower  class  soldiers  from  1 0  is  1 0

 choose  8 .  Then  the  total  number  of  different  batt al ions  is  the  product  of  these  two

 numbers .\n\n Let  me  verify  that .  So  combinations  are  used  here  because  the  order  in

 which  the  soldiers  are  selected  doesn 't  matter ,  right ?  It 's  just  about  selecting  a

 group ,  not  arranging  them  in  any  particular  order .  So  yes ,  combinations .\n\n So  first ,

 calculate  5  choose  4 .  The  formula  for  combinations  is  n  choose  k  =  n !  /  ( k !  *

 ( n  -  k )! ).\n\n So  5  choose  4  is  5 !  /  ( 4 !  *  ( 5  -  4 ) !)  =  ( 5  *  4  *

 3  *  2  *  1 )  /  ( 4  *  3  *  2  *  1  *  1 !)  =  5  /  1  =  5 .  Alternatively ,

 since  5  choose  4  is  the  same  as  5  choose  1 ,  which  is  5 .  That  makes  sense .\n\n

Then ,  1 0  choose  8 .  Similarly ,  1 0  choose  8  is  equal  to  1 0  choose  2 ,  because

0.000 0.426 0.852 1.278 1.704

Token Entropy

Figure 22: Dual-Entropy Example 1-part1
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 1 0  -  8  =  2 .  And  1 0  choose  2  is  ( 1 0  *  9 )  /  ( 2  *  1 )  =  4 5 .  So

 1 0  choose  8  is  4 5 .\n\n Therefore ,  the  total  number  of  different  batt al ions  is  5

 *  4 5  =  2 2 5 .  So  the  answer  should  be  2 2 5 .\n\n Wait ,  let  me  check  again .

 Maybe  I  made  a  mistake  in  the  combination  calculations .  Let  me  rec alculate  1 0  choose  

8 .  1 0  choose  8  is  1 0 !  /  ( 8 !  *  2 !)  =  ( 1 0  *  9  *  8 !  )  /  ( 8 !  *  

2  *  1 )  )  =  ( 1 0  *  9 )/ 2  =  9 0  /  2  =  4 5 .  Yes ,  that 's  correct .  And  5

 choose  4  is  5 .  So  5  *  4 5  is  indeed  2 2 5 .  \n\n But  let  me  think  again  if

 there 's  another  interpretation .  Maybe  the  question  is  asking  how  many  different  batt al

ions  can  be  formed ,  considering  that  the  battle  requires  a  force  of  4  upper  and  8

 lower ,  but  maybe  the  battalion  can  have  more  soldiers ?  Wait ,  no ,  the  problem  says  "

the  battle  of  Therm opy la e  demands  a  force  of  4  upper  class  soldiers  and  8  lower

 class  soldiers ".  So  I  think  that  means  that  each  battalion  sent  must  consist  of  exactly

 4  upper  and  8  lower .  Therefore ,  the  number  of  different  batt al ions  is  the  number

 of  ways  to  choose  4  upper  from  5  and  8  lower  from  1 0 .  So  5  *  4 5  =  2 2 5

.  \n\n Alternatively ,  if  the  question  was  asking  for  the  number  of  possible  batt al ions

 that  can  be  sent ,  where  a  battalion  can  have  any  number  of  upper  and  lower  soldiers  as

 long  as  they  meet  the  demand ?  Wait ,  but  the  wording  is  a  bit  unclear .  Let  me  check

 again .\n\n Original  problem :  " the  battle  of  Therm opy la e  demands  a  force  of  4  upper

 class  soldiers  and  8  lower  class  soldiers ,  how  many  different  batt al ions  can  be  sent

?"\n\n So ,  the  battle  requires  a  force  of  4  upper  and  8  lower .  So  the  battalion  sent

 must  be  exactly  that  number .  Therefore ,  the  number  of  different  batt al ions  is  the

 number  of  ways  to  choose  4  upper  from  5  and  8  lower  from  1 0 .  So  5 C 4  *  1

0 C 8  =  5  *  4 5  =  2 2 5 .  \n\n Alternatively ,  if  the  question  was  asking  for  the

 number  of  possible  batt al ions  that  can  be  formed  with  any  number  of  soldiers ,  but  the

 battle  requires  a  certain  number ,  but  that  seems  not .  The  wording  is  " how  many

 different  batt al ions  can  be  sent "  given  that  the  battle  demands  a  certain  force .  So  I

 think  it 's  about  forming  a  battalion  that  meets  the  battle 's  requirement .  Therefore ,

 the  answer  is  2 2 5 .  \n\n But  let  me  think  again .  Maybe  there 's  a  different  way .

 For  example ,  if  the  battalion  can  be  any  size ,  but  the  battle  requires  a  certain
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 number .  But  no ,  the  problem  says  " the  battle  demands  a  force  of  4  upper  and  8

 lower ",  so  the  battalion  must  be  exactly  that .  So  the  answer  is  2 2 5 .  \n\n

Alternatively ,  maybe  the  question  is  in  the  context  of  forming  different  batt al ions ,

 where  each  battalion  is  a  group  of  soldiers ,  and  the  battle  requires  a  certain  number .

 But  the  problem  is  not  clear  if  the  battalion  has  to  be  exactly  that  number  or  if  it

's  about  how  many  different  combinations  can  be  formed  given  the  constraints .  But  given

 the  way  it 's  ph r ased ,  I  think  it 's  the  former .  \n\n Alternatively ,  maybe  the

 problem  is  in  the  translation ,  since  it 's  about  the  Greek  army .  But  I  think  the  logic

 is  sound .  \n\n Wait ,  another  thought :  maybe  the  problem  is  about  how  many  different

 batt al ions  can  be  sent ,  considering  that  each  battalion  is  a  group  of  soldiers ,  and

 the  battle  requires  a  certain  number .  But  if  the  battalion  can  be  any  size ,  but  the

 battle  requires  a  specific  number ,  but  the  question  is  how  many  different  batt al ions

 can  be  sent .  But  that  would  be  ambiguous .  However ,  given  that  the  battle  requires  a

 specific  number ,  it 's  likely  that  the  battalion  must  be  exactly  that  number .  \n\n

Alternatively ,  maybe  the  problem  is  asking  for  the  number  of  possible  batt al ions  that

 can  be  formed ,  where  each  battalion  can  have  any  number  of  upper  and  lower  class

 soldiers ,  but  the  total  number  of  soldiers  in  the  battalion  must  be  such  that  they  can

 meet  the  battle 's  demand .  But  that  seems  more  complicated .  For  example ,  if  the  battle

 requires  4  upper  and  8  lower ,  but  the  battalion  can  be  any  size  as  long  as  it  can

 supply  that .  But  that  would  be  different .  However ,  the  problem  says  " the  battle  of

 Therm opy la e  demands  a  force  of  4  upper  class  soldiers  and  8  lower  class  soldiers ",

 so  I  think  that  means  that  the  battalion  sent  must  be  exactly  that  force .  \n\n Therefore

,  the  answer  is  5 C 4  *  1 0 C 8  =  5  *  4 5  =  2 2 5 .  \n\n But  let  me  check

 once  more .  Suppose  that  the  battalion  is  a  group  that  can  be  sent ,  and  the  battle

 requires  a  certain  number .  So  if  you  have  to  send  a  battalion  that  has  exactly  4

 upper  and  8  lower ,  then  the  number  of  different  batt al ions  is  the  number  of  ways  to

 choose  those  soldiers .  So  yes ,  that 's  combinations .  \n\n Alternatively ,  if  the  question

 was  about  how  many  different  batt al ions  can  be  formed  with  any  number  of  soldiers ,  but

 the  battle  requires  a  certain  number ,  but  that  seems  not .  \n\n Alternatively ,  maybe  the
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Okay ,  so  I  need  to  factor  the  polynomial  $  x ^ 8  +  3 x ^ 4  -  4  $  into  mon ic  pol

ynomials  with  integer  coefficients  that  can 't  be  fact ored  further  over  the  integers .  Then

,  I  have  to  compute  the  sum  of  each  of  these  pol ynomials  evaluated  at  1 .  Let  me

 start  by  trying  to  factor  the  given  polynomial .\n\n First ,  I  notice  that  the  polynomial

 is  $  x ^ 8  +  3 x ^ 4  -  4  $.  It  looks  like  a  quadratic  in  terms  of  $  x ^ 4  $.

 Maybe  I  can  make  a  substitution  to  simplify  it .  Let  me  set  $  y  =  x ^ 4  $.  Then  the

 polynomial  becomes  $  y ^ 2  +  3 y  -  4  $.  Let  me  try  to  factor  this  quadratic .\n\n

Looking  for  two  numbers  that  multiply  to  - 4  and  add  up  to  3 .  Let  me  think ...  4

 and  - 1 ?  Yes ,  4  *  (- 1 )  =  - 4  and  4  +  (- 1 )  =  3 .  So ,  the  quadratic

 factors  as  $  ( y  +  4 )( y  -  1 )  $.  Therefore ,  substit uting  back  $  y  =  x ^ 4  $ ,

 we  get :\n\n $  ( x ^ 4  +  4 )( x ^ 4  -  1 )  $ .\n\n So ,  the  original  polynomial  factors

 into  $  ( x ^ 4  +  4 )( x ^ 4  -  1 )  $.  Now ,  I  need  to  check  if  these  factors  can

 be  fact ored  further  over  the  integers .\n\n Starting  with  $  x ^ 4  -  1  $.  This  is  a

 difference  of  squares :  $  x ^ 4  -  1  =  ( x ^ 2 )^ 2  -  1 ^ 2  =  ( x ^ 2  -  1 )( x ^

2  +  1 )  $.  Then ,  $  x ^ 2  -  1  $  is  also  a  difference  of  squares :  $  ( x  -  1 )(

x  +  1 )  $.  So ,  putting  it  all  together :\n\n $  x ^ 4  -  1  =  ( x  -  1 )( x  +  1

)( x ^ 2  +  1 )  $ .\n\n Now ,  check  if  $  x ^ 4  +  4  $  can  be  fact ored  further .  Hmm

,  I  remember  that  $  x ^ 4  +  4  $  is  a  special  case .  It 's  a  b iqu adratic  polynomial

.  Maybe  it  can  be  fact ored  into  quadr atics .  Let  me  recall  the  formula  for  fact oring

 $  x ^ 4  +  4 y ^ 4  $ ,  which  is  a  Sophie  Ger main  identity .  The  identity  is  $  x ^ 4

 +  4 y ^ 4  =  ( x ^ 2  +  2 xy  +  2 y ^ 2 )( x ^ 2  -  2 xy  +  2 y ^ 2 )  $.  Let  me

 check  if  that  applies  here .\n\n In  our  case ,  $  x ^ 4  +  4  $  can  be  written  as  $  x

^ 4  +  4 ( 1 )^ 4  $.  So ,  applying  the  identity  with  $  y  =  1  $ ,  we  get :\n\n $  x ^

4  +  4  =  ( x ^ 2  +  2 x ( 1 )  +  2 ( 1 )^ 2 )( x ^ 2  -  2 x ( 1 )  +  2 ( 1 )^ 2 )  =

 ( x ^ 2  +  2 x  +  2 )( x ^ 2  -  2 x  +  2 )  $ .\n\n Let  me  verify  this  multiplication

:\n\n First ,  multiply  $  ( x ^ 2  +  2 x  +  2 )( x ^ 2  -  2 x  +  2 )  $ .\n\n Multiply

 term  by  term :\n\n First ,  $  x ^ 2  \ times  x ^ 2  =  x ^ 4  $ .\n\n Then ,  $  x ^ 2  \ times

 (- 2 x )  =  - 2 x ^ 3  $ .\n\n Then ,  $  x ^ 2  \ times  2  =  2 x ^ 2  $ .\n\n Next ,  $  2

x  \ times  x ^ 2  =  2 x ^ 3  $ .\n\n Then ,  $  2 x  \ times  (- 2 x )  =  - 4 x ^ 2  $ .\n\n
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Then ,  $  2 x  \ times  2  =  4 x  $ .\n\n Next ,  $  2  \ times  x ^ 2  =  2 x ^ 2  $ .\n\n

Then ,  $  2  \ times  (- 2 x )  =  - 4 x  $ .\n\n Finally ,  $  2  \ times  2  =  4  $ .\n\n

Now ,  combine  like  terms :\n\n -  $  x ^ 4  $\n -  $  - 2 x ^ 3  +  2 x ^ 3  =  0  $\n -  $  

2 x ^ 2  -  4 x ^ 2  +  2 x ^ 2  =  0  $\n -  $  4 x  -  4 x  =  0  $\n -  $  + 4  $\n\n So

,  altogether ,  it 's  $  x ^ 4  +  4  $.  Perfect !  So ,  the  factor ization  is  correct .\n\n

Therefore ,  the  original  polynomial  factors  as :\n\n $  ( x ^ 4  +  4 )( x ^ 4  -  1 )  =  ( x

^ 2  +  2 x  +  2 )( x ^ 2  -  2 x  +  2 )( x  -  1 )( x  +  1 )( x ^ 2  +  1 )  $ .\n\n

Now ,  I  need  to  check  if  each  of  these  factors  is  irre ducible  over  the  integers .\n\n

Starting  with  $  x  -  1  $  and  $  x  +  1  $ :  these  are  linear  pol ynomials ,  so  they

 are  irre ducible .\n\n Next ,  $  x ^ 2  +  1  $ :  this  is  a  quadratic  with  no  real  roots

 ( disc rim inant  $  0 ^ 2  -  4 ( 1 )( 1 )  =  - 4  <  0  $ ),  so  it 's  irre ducible  over

 the  integers .\n\n Now ,  check  $  x ^ 2  +  2 x  +  2  $ :  discrimin ant  is  $  ( 2 )^ 2  -

 4 ( 1 )( 2 )  =  4  -  8  =  - 4  <  0  $ ,  so  irre ducible  over  integers .\n\n Similarly ,

 $  x ^ 2  -  2 x  +  2  $ :  discrimin ant  is  $  (- 2 )^ 2  -  4 ( 1 )( 2 )  =  4  -  8  =

 - 4  <  0  $ ,  also  irre ducible .\n\n Therefore ,  all  the  factors  are  irre ducible  over

 integers .  So ,  the  complete  factor ization  is  into  these  five  pol ynomials :  $  ( x  -  1

)  $ ,  $  ( x  +  1 )  $ ,  $  ( x ^ 2  +  1 )  $ ,  $  ( x ^ 2  +  2 x  +  2 )  $ ,  and  $

 ( x ^ 2  -  2 x  +  2 )  $ .\n\n Wait ,  but  the  original  problem  says  " each  non - constant

 polynomial  $  p _i (x )  $  is  mon ic  with  integer  coefficients ,  and  cannot  be  fact ored

 further  over  the  integers ."  So ,  these  are  all  mon ic ,  with  integer  coefficients ,  and

 irre ducible .  So ,  the  factor ization  is  into  these  five  pol ynomials .\n\n Therefore ,  the

 sum  $  p _ 1 ( 1 )  +  p _ 2 ( 1 )  +  \ dots  +  p _k ( 1 )  $  is  the  sum  of  each  of

 these  pol ynomials  evaluated  at  1 .\n\n Let  me  compute  each  one :\n\n First ,  $  p _ 1 (x )

 =  x  -  1  $.  Then  $  p _ 1 ( 1 )  =  1  -  1  =  0  $ .\n\n Second ,  $  p _ 2 (x )  =  x

 +  1  $.  Then  $  p _ 2 ( 1 )  =  1  +  1  =  2  $ .\n\n Third ,  $  p _ 3 (x )  =  x ^ 2  +

 1  $.  Then  $  p _ 3 ( 1 )  =  1 ^ 2  +  1  =  1  +  1  =  2  $ .\n\n Fourth ,  $  p _ 4

(x )  =  x ^ 2  +  2 x  +  2  $.  Then  $  p _ 4 ( 1 )  =  1 ^ 2  +  2 ( 1 )  +  2  =  1  +

 2  +  2  =  5  $ .\n\n F ifth ,  $  p _ 5 (x )  =  x ^ 2  -  2 x  +  2  $.  Then  $  p _ 5 (

1 )  =  1 ^ 2  -  2 ( 1 )  +  2  =  1  -  2  +  2  =  1  $ .\n\n Adding  them  all  up :  
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0  +  2  +  2  +  5  +  1  =  1 0 .\n\n Wait ,  but  let  me  check  again .  Let  me  make

 sure  I  didn 't  miss  any  factors  or  m iscal culate .\n\n Original  polynomial :  $  x ^ 8  +  3

x ^ 4  -  4  $ .\n\n Fact ored  into  $  ( x  -  1 )( x  +  1 )( x ^ 2  +  1 )( x ^ 2  +  2 x

 +  2 )( x ^ 2  -  2 x  +  2 )  $.  Let  me  check  if  multiplying  all  these  factors  gives

 back  the  original  polynomial .\n\n First ,  multiply  $  ( x  -  1 )( x  +  1 )  =  x ^ 2  -  

1  $ .\n\n Then ,  multiply  by  $  x ^ 2  +  1  $ :  $  ( x ^ 2  -  1 )( x ^ 2  +  1 )  =  x ^

4  -  1  $ .\n\n Then ,  multiply  by  $  x ^ 2  +  2 x  +  2  $ :  $  ( x ^ 4  -  1 )( x ^ 2

 +  2 x  +  2 )  $ .\n\n Let  me  compute  that :\n\n First ,  $  x ^ 4  \ times  x ^ 2  =  x ^ 6

 $ ,  $  x ^ 4  \ times  2 x  =  2 x ^ 5  $ ,  $  x ^ 4  \ times  2  =  2 x ^ 4  $ .\n\n Then

,  $  - 1  \ times  x ^ 2  =  - x ^ 2  $ ,  $  - 1  \ times  2 x  =  - 2 x  $ ,  $  - 1  \ times

 2  =  - 2  $ .\n\n So ,  altogether :  $  x ^ 6  +  2 x ^ 5  +  2 x ^ 4  -  x ^ 2  -  2 x  -

 2  $ .\n\n Now ,  multiply  this  by  $  x ^ 2  -  2 x  +  2  $ .\n\n This  seems  tedious ,  but

 maybe  there 's  a  better  way .  Alternatively ,  since  we  know  that  the  original  polynomial

 factors  into  $  ( x ^ 4  +  4 )( x ^ 4  -  1 )  $ ,  and  we  fact ored  $  x ^ 4  +  4  $

 into  $  ( x ^ 2  +  2 x  +  2 )( x ^ 2  -  2 x  +  2 )  $ ,  and  $  x ^ 4  -  1  $  into

 $  ( x ^ 2  -  1 )( x ^ 2  +  1 )  $ ,  which  further  factors  into  $  ( x  -  1 )( x  +  1

)( x ^ 2  +  1 )  $.  Therefore ,  multiplying  all  together  gives  the  original  polynomial .  So

,  the  factor ization  is  correct .\n\n Therefore ,  the  factors  are  correct .  So ,  the  sum  is

 0  +  2  +  2  +  5  +  1  =  1 0 .  Wait ,  but  let  me  check  again  the  evaluations

:\n\n For  $  x  -  1  $  at  1 :  1  -  1  =  0 .  Correct .\n\n For  $  x  +  1  $ :  1  +

 1  =  2 .  Correct .\n\n For  $  x ^ 2  +  1  $ :  1  +  1  =  2 .  Correct .\n\n For  $  x

^ 2  +  2 x  +  2  $ :  1  +  2  +  2  =  5 .  Correct .\n\n For  $  x ^ 2  -  2 x  +  2

 $ :  1  -  2  +  2  =  1 .  Correct .\n\n Adding  them  up :  0  +  2  is  2 ,  plus  2

 is  4 ,  plus  5  is  9 ,  plus  1  is  1 0 .  So ,  1 0 .  Is  that  the  answer ?  Wait ,

 but  let  me  check  if  there 's  another  way  to  factor  the  original  polynomial ,  maybe  into

 more  factors ?  Or  maybe  I  missed  something ?\n\n Wait ,  the  problem  says  " cannot  be  fact

ored  further  over  the  integers ".  So ,  each  factor  is  irre ducible .  So ,  the  factor ization

 is  into  five  pol ynomials .  So ,  the  answer  is  1 0 .  But  let  me  check  again  if  there

's  another  possible  factor ization .  For  example ,  maybe  some  of  the  quadr atics  can  be
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