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Abstract

Transformers have achieved remarkable empirical successes across a wide range of
applications, yet how to balance model performance and computation efficiency in
a principled manner remains underexplored. In this work, we theoretically study
the parameter efficiency in multi-head attention Transformers by quantitatively an-
alyzing the relationship between Transformers’ hyper-parameters (i.e. the number
of attention heads and head dimensions) and performance. (i) With a fixed total
parameters budget, we establish an approximation error estimate for information
extraction tasks, revealing an intrinsic trade-off between the number of heads and
head dimensions to boost model performance. (ii) With maintained performance,
we further mathematically prove a saturation pattern in softmax-based attention,
showing that increasing head dimensions leads to diminishing returns in perfor-
mance (especially for long sequences), implying potential parameter reduction.
All these theoretical results are consistently verified through extensive experi-
ments from synthetic to real-world simulations, providing principled guidance for
trade-offs between performance and parameter efficiency of Transformers.

1 Introduction

Transformers have achieved remarkable successes across numerous applications such as natural
language processing ([22, 10, 30]), computer vision ([23, 53, 88]), audio/speech ([29, 96, 54, 44]) and
beyond, serving as the backbone of modern large language models (LLMs) and multi-modal systems
due to their ability to capture long-range dependencies and scale efficiently ([78, 20, 16, 85, 6]).
Their impact spans healthcare ([59, 12]), robotics ([95, 52]), agent ([75, 92]), chemistry ([9, 37]),
finance ([98, 89]), and so on.

Despite their success, large language models face a fundamental efficiency challenge, as naive
scaling demands rapidly growing data and computation ([76, 5]). A growing body of work has
investigated improving Transformer efficiency through parameter allocation and architectural design.
In particular, multi-head attention (MHA) has been shown to exhibit substantial redundancy: Many
attention heads can be pruned without significant performance drops, and only a small subset
consistently captures meaningful patterns across tasks and languages ([62, 79, 57]). Building on
these observations, subsequent studies propose automated and stable pruning criteria for model
compression while preserving model performance ([15, 45]). Meanwhile, computation efficiency
has been further improved through architecture and system-level modifications, including sparse
or hierarchical attention mechanisms ([53, 17, 32, 6, 94]), shared key–value projections ([1]), and
optimized attention kernels ([20, 33]). Despite that all these prior advances provide strong empirical
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evidence of the redundancy in Transformers, and efficiency gains can be achieved via architecture
design or system-level optimization, they usually identify removable components in trained models,
leading to limited guidance on how architectural resources should be allocated at a priori, or why
particular model configurations are effective in theory.

To tackle these problems, in this work, we qualitatively study the topic of parameter efficiency (in
Transformers), which is in fact two sides of the same coin: (i) With fixed resources/budgets of total
parameters, how to configure the model to enhance performance? (ii) To maintain performance, can
we and how to reduce resources/budgets of total parameters? Specifically, this parameter-performance
trade-off in multi-head attention Transformers are regarding the allocation of attention heads and head
dimensions. Particularly in this work, we consider the following two problems: (i) Given fixed model
dimensions, how to allocate the number of heads and head dimensions for better model performance?
(ii) Without degrading model performance, can we reduce head dimensions with a fixed number of
heads?

To this end, for problem (i), we derive an approximation error estimate for information extraction
tasks, which implies an intrinsic trade-off between the number of heads and head dimensions aiming
at enhancing model performance with the fixed total parameter budget (i.e. fixed model dimension)
in Section 3. For problem (ii), we further theoretically prove a saturation pattern in softmax-based
attention, showing that continuously increasing head dimensions (with the fixed number of heads)
leads to diminishing returns in terms of model capacity, especially for long input sequences (Section
4). Together, these theoretical results derived for the fundamental attention mechanism provide
principled guidance for efficient parameter allocation in Transformers, and are also consistently
validated through extensive numerical experiments.

Our main contributions are summarized as follows:

• With the fixed model dimension as total parameter budget, we theoretically characterize
the trade-off between the number of heads and head dimensions to improve the model
performance on information extraction tasks (Theorem 3.1).

• With maintained performance, we mathematically prove a saturation pattern of softmax-
based attention (Theorem 4.1 and Corollary 4.2), showing diminishing returns in model
expressiveness when continuously increasing head dimensions (the number of heads fixed).

• Our theory is consistently verified through extensive experiments across multiple tasks
(n-gram, next-token prediction and masked language modeling) and different models (cus-
tomized Transformers, LLAMA-3-8B and LLAMA-3.2-1B), yielding principled and data-
agnostic parameter allocation strategies (Corollary 3.2 and Algorithm 1).

Notations. For k ∈ N+, let [k] = {1, 2, ..., k}. For a vector v and 1 ≤ p ≤ ∞, we denote the
ℓp-norm of v by ∥v∥ℓp . For a matrix A = (aij), we denote the spectral norm of A by ∥A∥2, and
∥A∥∞ denotes the maximum norm, i.e., the maximum absolute entry of A; ∥A∥2,∞ is defined by
first computing the ℓ2 norm of each column of A, and then taking the maximum among them. For an
event S, we define the indicator I{S}, which equals to 1 when S occurs and 0 otherwise. We use the
standard big-O notation O to hide absolute positive constants. For a matrix X , we denote the a-th to
b-th columns by Xa:b.

2 Preliminaries

In this section, we introduce the Transformer architecture by formulating each single layer. The
Transformer maps input sequences to output sequences in the following order.

Input sequence. We assume that the input sequence has the length L, and each token xt (t ∈ [L])
is in Rd, hence the input sequence is X = (xt)t∈[L] ∈ Rd×L.

Embedding layer. For each token xt, we transform it into a D-dimensional vector through a linear
mapping x

(0)
t = WExt + bE (WE ∈ RD×d, bE ∈ RD). We denote the embedded input sequence

by X(0) ∈ RD×L.
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Transformer layer. The embedding X(0) are then passed through N Transformer layers, each
composed of a multi-head self-attention (MHSA) and a feed forward network (FFN) layer:

X(n− 1
2 ) = X(n−1) +MHSA(n)(X(n−1)), n ∈ [N ],

X(n) = X(n− 1
2 ) + FFN(n)(X(n− 1

2 )), n ∈ [N ],

where

MHSA(n)(X(n−1)) = W
(n)
O · Concat((Attn(n,h)(X(n−1)))Hh=1),

Attn(n,h)(X(n−1)) = W
(n,h)
V X(n−1) · softmax(⟨W (n,h)

Q X(n−1),W
(n,h)
K X(n−1)⟩+R(n,h)),

where W
(n,h)
K ,W

(n,h)
Q ,W

(n,h)
V ∈ Rd

(n)
h ×D, and W

(n)
O ∈ RD×D are learnable parameters (weight

matrices) corresponding to the key, query, value and output matrix of the h-th head at the n-th layer,
and

〈
A,B

〉
:= A⊤B. The activation function softmax(·) is performed in a column-wise sense, and

Concat(·) acts vertically to concatenate H matrices; R(n,h) denotes the relative positional encoding
(RPE) matrix ([78, 22, 72, 19, 67, 77, 66, 35, 91]), which satisfies R

(n,h)
ij = −∞ if i < j. For

instance, in the Alibi RPE ([66]), we have R(n,h)
ij = ϕ(i− j; p(n,h)), where p(n,h) collects learnable

parameters and

ϕ(z; p) =

{
−p · z, z ≥ 0,

−∞, otherwise.

Feed forward network. The feed forward network (FFN) is applied token-wisely, which maps each
column of the internal sequence X(n− 1

2 ) from RD to RD in the first N −1 layers, and from RD back
to Rd in the N -th layer. According to [18, 34, 55, 50, 47, 46], the FFN has universal approximation
property as the number of parameters increases.

3 Improving Performance with Fixed Parameter Budget

In this section, we investigate problem (i) regarding parameter allocation in multi-head attention,
aiming to determine the optimal number of heads and head dimensions given a fixed total parameter
budget (i.e. a fixed model/embedding dimension) that minimizes the learning error. We present our
approximation results in Section 3.1, and validate them empirically in Section 3.2.

3.1 Parameter Trade-offs in Information Extraction

We study the information extraction task, formulated as learning linear combinations of input tokens.
Many practical Transformer behaviors can be traced to such information extraction mechanisms.
For example, sparse memory ([82]) extends n-gram-style pattern extraction, while induction heads
implement copy-like operations underlying in-context learning and certain reasoning behaviors ([65]).

Our analysis also extends to nonlinear sequence modeling. From an operator-learning perspective,
Transformers approximate causal mappings over sequences, where information extraction corresponds
to the linear regime and more complex dependencies arise from higher-order interactions. Such
continuous and time-homogeneous nonlinear systems can be modeled by Volterra series, which have
recently re-emerged in time-series modeling ([36]), signal processing ([74]), and quantitative finance
([25]).

We first present results for the information extraction task, formulated as follows.

Linear sequence modeling. Assume that xt are be random vectors defined on a common probability
space. They are not required to be independent, identically distributed, isotropic, or sub-Gaussian.
Assume only that their ℓ2-norms are uniformly upper bounded by B. Consider a sequence-to-
sequence modeling framework widely-adopted in prior theoretical studies ([48, 47, 83, 39, 84]):1

yt = Ht(X) =
∑L

i=0 ρixt−i (with a zero padding on xt), i.e., the output sequences are convolutions

1This (linear) sequence modeling framework has been shown to yield important and profound insights into the interplay
between model approximation property and data memory structure for multiple sequence models, such as SSMs ([48, 47, 83,
84]), temporal CNNs ([39]), and Transformers ([38]).

3



of input sequences with the target “kernel” ρi ∈ Rd×d. For information extraction tasks, the target
kernel ρi can be viewed as the extractor.

Under this setting, the hypothesis space consists of single-layer Transformers with a fixed total
parameter budget (i.e. the fixed embedding/model dimension) D. Let T D denote all single-layer
Transformers with a fixed embedding dimension D, then the approximation problem is defined as

ED(X) = inf
T∈T D

∥Ht(X)− T(X)∥2,∞.

In this formulation, with a fixed budget D, parameters (i.e. the number of heads and head dimensions)
must be allocated judiciously to learn the target in the form of linear combinations of the most
informative tokens. We establish the following approximation error estimate.

Theorem 3.1. Suppose there are Hm heads each with the dimension dm (m ∈ [M ]), and the model
dimension D =

∑M
m=1 Hm · dm is fixed. To approximate the linear target Ht(X) =

∑L
i=0 ρixt−i,

for any δ ∈ (0, 1), with the probability at least 1− δ, we have

ED(X) ≤ B

M∑
m=1

∥ρm∥2

[
I{dm<d}

(√
1− dm

d

)
+

1.3e0.02m

Hm

]
+B

L∑
k=M+1

∥ρk∥2

+B

M∑
m=1

∥ρm∥2 · C
√

log(2M/δ)

d
.

(1)

We provide the detailed proof of Theorem 3.1 in Appendix D, and briefly summarize the main
construction ideas as follows:

1. Since the embedding dimension is fixed, we first compress the information contained in
each token, which yields the first term in the estimate (Eq. (1)).

2. We then employ M groups of heads, where each group is responsible for extracting a single
token ahead. The approximation error decreases as more heads are employed, corresponding
to the second term in the estimate.

3. Finally, since only the M most informative tokens are extracted, which truncates the target
at the time step M , we derive the third term in the estimate.

4. Without loss of generality, ρi can be reordered so that ||ρi||2 decreases with i, minimizing
the third term.

According to Theorem 3.1, on one hand, setting a large head dimension is beneficial for preserving
token information, reducing the first error term in equation (1); on the other hand, increasing the
number of heads is also favorable for approximating the extraction function, reducing the second
error term. However, since the total budget/number of parameters is fixed, one cannot increase the
number of heads and head dimensions simultaneously beyond certain constraints, which inevitably
leads to a trade-off, see Appendix F.1 for illustration.

Here, we formulate the information extraction task as learning to construct linear combinations
of input tokens, typically represented as a convolutional form. For a single Transformer layer,
[40] also identifies a trade-off phenomenon in this type of tasks, as illustrated in their experiments
(see Figure 14 in Appendix G): The trade-off between the number of attention heads and learning
errors emerges in different sequence modeling tasks, with its manifestation depending on the type
and strength of underlying memory structures captured by the convolution kernel ρ. Their results
demonstrate that these parameter-performance trade-offs consistently arise across a variety of memory
structures (e.g., exponentially/polynomially decaying kernels, delta/Airy function kernels). However,
in certain cases such as exponentially and polynomially decaying kernels, these trade-offs may vanish
when the memory strength varies. Theorem 3.1 also provides a theoretical explanation for this
phenomenon.

Based on Theorem 3.1, we consequently have the following parameter allocation strategy.
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Corollary 3.2 (Principled parameter allocation). Under the same conditions of Theorem 3.1, the
optimal allocation of parameters can be achieved by solving the following optimization problem

min
M,Hm,dm

M∑
m=1

∥ρm∥2

(
I{dm≤d}

√
1− dm

d
+

1.3 e0.02m

Hm

)
+

L∑
k=M+1

∥ρk∥2,

s.t.

M∑
m=1

Hm · dm = D.

(2)

Corollary 3.2 is a direct conclusion of Theorem 3.1. Next, we provide some specific tasks for
illustrations of Corollary 3.2.

Example I: N-gram. The n-gram task in language modeling involves predicting the next token in
a sequence using the previous n tokens as contexts ([42, 43, 13, 11, 82]). This task aims to capture
local statistical dependencies in texts and serves as a basic benchmark for language modeling. We
take a simple 4-gram task as an example, where

yt = xt−1 + xt−2 + xt−3 + xt−4. (3)

In this case, ρi = I{1≤i≤4}Id×d. Let d = 8, D = 256 and B = 1, then Eq. (2) becomes

min
M,Hm,dm

M∑
m=1

I{dm≤8}

√
1− dm

8
+

M∑
m=1

1.3 e0.02m

Hm
+ (4−M),

s.t.

M∑
m=1

Hm · dm = 256, M ≤ 4.

We find numerically by search that the optimal solution is attained at M = 4, dm = Hm = 8 (m =
1, 2, 3, 4). See further experimental validations in Figure 1a.

Example II: Induction head. The induction head (IH) is a mechanism in Transformers that learns
to copy patterns by attending from a repeated token to its earlier occurrence, enabling sequence
continuation beyond training contexts ([26]). Implementing an IH requires two Transformer lay-
ers ([69, 70, 68, 81]). In this construction, the first layer plays a role similar to an n-gram task,
extracting linear combinations of tokens. This allows us to derive an allocation strategy, with details
provided in Appendix F.3.

Nonlinear sequence modeling. Theorem 3.1 can be further extended to nonlinear settings. Specifi-
cally, we consider a continuous, time-homogeneous system that admits the decomposition in [83, 21].
The corresponding results and proofs are deferred to Appendix F.4.

3.2 Empirical Results

In this section, we present experimental results that validate Theorem 3.1 or Corollary 3.2. It is
numerically shown that the trade-off between the number of attention heads and head dimensions
exists to enhance model performance under a fixed total parameter budget.

Verification of Corollary 3.2. We empirically validate the parameter allocation strategy on the
above 4-gram task (Eq. (3)). A single-layer Transformer encoder with sinusoidal positional encod-
ing ([78]) is trained on a synthetic dataset (white noises) to learn the target Eq. (3). With a fixed
embedding dimension D = 256, we conduct experiments under multiple learning rates and random
seeds, and report the results corresponding to the best-performed configuration as an estimate of
the approximation error. As shown in Figure 1a, the optimal allocation occurs at M = 4 with
dm = Hm = 8 (m = 1, 2, 3, 4), which is consistent with the above theoretical prediction and
confirms the proposed strategy (Eq. (2)).

1For other values of D in Figure 1(b) and (c), please refer to Appendix F.2 (see Figure 8, 9, 10 and 11).
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(c) Masked language modeling

Figure 1: Trade-off to enhance model performance with a fixed total parameter budget.1

More trade-off examples. In Figure 1b and 1c, we also investigate the trade-off phenomenon under
a fixed total parameter budget. In Figure 1b, a three-layer causal Transformer decoder is trained on the
Tiny Shakespeare corpus for the next-token prediction task. Fix the bottleneck dimension as D = 128
, we vary the number of attention heads and evaluate model performance using both cross entropy loss
and perplexity (PPL), with results averaged over multiple random seeds. In Figure 1c, we consider a
masked language modeling (MLM) task by training a three-layer character-level Transformer encoder
(with full self-attention) also on the Tiny Shakespeare corpus. Following the standard MLM protocol
[22], 15% of input tokens are randomly masked, and the model is trained to reconstruct the masked
tokens while ignoring unmasked positions during optimization. Fix the model dimension as D = 256,
we report both cross-entropy loss and masked token prediction accuracy, with all results averaged
over three independent runs. Across both experiments, we consistently observe a clear trade-off
phenomenon, demonstrating that appropriate architectural choices can improve model performance
under a fixed total parameter budget. We additionally include code, math, and logic-intensive tasks
on a 330M model to broaden the scope in Appendix F.2 Figure 12.

Practical guideline. Based on these observations, we suggest that practitioners should start with
relatively smaller H (thus larger dH ), and then perform a local sweep over a small range of H to
identify the optimal tradeoff point. In particular, overly large H should be avoided, as excessively
small dH can hurt performance even in simple tasks.

4 Reducing Parameters with Maintained Performance

In this section, we turn to problem (ii), aiming to reduce the required total parameters by decreasing
head dimensions without significantly degrading model performance. This is provably guaranteed
by the saturation pattern of softmax-based attention, meaning that continuously increasing head
dimensions can lead to diminishing returns in learning errors, particularly for long sequences. This
saturation pattern is first mathematically proved, implying potential model efficiency guidance with
reduced parameters (head dimensions) while maintaining “lossless” model capacity.

4.1 Softmax Saturation and Parameter Reduction

The theory in this section is motivated by understanding modern architectures such as multi-head
latent attention (MLA; [51]), as well as the phenomenon of rank collapse in attention. While several
prior works have pointed out the low-rank nature of attention, the theoretical understanding remains
incomplete. Our results contribute to this line of research by quantifying a redundancy-related
estimate particularly when the sequence length is sufficiently large.

We first introduce the notation. Let
LogitsdH

(WQ,WK ,X) := ⟨WQX,WKX⟩+R ∈ RL×L,

with X ∈ RD×L, WK ,WQ ∈ RdH×D, and R ∈ RL×L. For l ∈ [L], let el be the vector with the
l-th element as 1 and all other elements as 0. For each query position l ∈ [L], let

Sl := {j ∈ [L] : Rlj > −∞}, sl := |Sl|,
be the set and number of unmasked key positions. Define the l-th query logit vector and attention
vector, restricted to their active coordinates, by

zl :=
(
e⊤l LogitsdH

)
Sl
, al := softmax(zl),
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and let
Jl :=

∂al
∂zl

= diag(al)− ala
⊤
l .

Thus sl = L in the unmasked case, whereas sl = l under the standard causal mask. Then, we have
the following estimate on the column-wise Jacobian of softmax-based attention.
Theorem 4.1 (Softmax sensitivity under bounded active logits). Assume ∥WQ∥2 ≤ MQ, ∥WK∥2 ≤
MK , ∥xt∥2 ≤ B (t ∈ [L]), and that the finite positional-bias entries satisfy |Rlj | ≤ R0 (j ∈ Sl, l ∈
[L]). Let ∆ := MQMKB2 +R0. Then, for every l ∈ [L],

∥Jl∥2 ≤ 2e2∆

sl
.

Consequently,
∥Jl∥2 = O(L−1)

for unmasked attention, while under the standard causal mask, ∥Jl∥2 = O(l−1). The hidden constants
depend only on MQ,MK , B, and R0.

According to Theorem 4.1, the “slope” of softmax activations is quite flat, particularly for long
sequences. This further implies the following corollary, which characterizes the approximation error
when “compressing” attention score matrices with reduced head dimensions.
Corollary 4.2 (Head-dimension reduction). Under the assumptions of Theorem 4.1, let M :=

W⊤
QWK , and let Mdh

be its rank-dh truncated SVD. Choose ŴQ, ŴK ∈ Rdh×D such that
Ŵ⊤

Q ŴK = Mdh
. Let Â denote the attention-score matrix obtained by replacing WQ,WK with

ŴQ, ŴK while keeping the same positional bias and mask. Then for every query l ∈ [L],∥∥∥e⊤l (AttnScoredH
− Â

)∥∥∥
2
≤ 2e2∆

sl
∥X∥22σdh+1(M).

Hence the per-query approximation error is

O
(
∥X∥22σdh+1(M)

L

)
in the unmasked case and

O
(
∥X∥22σdh+1(M)

l

)
under the standard causal mask.

In particular, for any fixed α ∈ (0, 1), the late-query block Iα := {l : l ≥ ⌈αL⌉} satisfies(∑
l∈Iα

∥∥∥e⊤l (AttnScoredH
− Â

)∥∥∥2
2

)1/2

≤ 2e2∆

α
√
L
∥X∥22σdh+1(M). (4)

Remark 4.3 (Causal masking and early queries). For causal attention, the global Frobenius error over
all queries does not in general inherit an L−1/2 rate from Theorem 4.1, because

L∑
l=1

l−2 = O(1).

The vanishing L−1/2 Frobenius rate remains valid for any fixed late-query fraction l ≥ αL. Early
queries have much smaller active support and, moreover, rank(Jl) ≤ l − 1.

Extension to rotary positional embeddings. The preceding analysis uses an additive relative
positional bias. The same head-dimension reduction principle can also be extended to rotary positional
embeddings (RoPE), although the corresponding low-rank approximation takes a slightly different
form. Let Rt ∈ RdH×dH denote the RoPE rotation at position t. Since Rt is orthogonal, the relative
rotation

Rl,j := R⊤
l Rj

7



Algorithm 1 Head Dimension Reduction Strategy

Input: Teacher parameters WQ,WK ∈ RdH×D, student dimension dh
Output: Approximated student parameters ŴQ, ŴK ∈ Rdh×D

1. SVD Initialization: Initialize ŴQ, ŴK via truncated SVD of W⊤
QWK

2. Refinement : Further train ŴQ, ŴK with other parameters fixed

also satisfies
R⊤

l,jRl,j = I, ∥Rl,j∥2 = 1.

Accordingly, the (l, j)-th attention logit can be written as

zlj = x⊤
l W

⊤
QRl,jWKxj .

Let WQ,r and WK,r denote the rank-r truncated-SVD approximations of WQ and WK , respectively.
Then, uniformly over all relative positions,∥∥W⊤

QRl,jWK −W⊤
Q,rRl,jWK,r

∥∥
2
≤ ∥WQ∥2 σr+1(WK) + σr+1(WQ) ∥WK∥2.

Thus, the approximation error caused by reducing the Q/K head dimension remains controlled
uniformly over the RoPE rotations. Combining this estimate with the softmax sensitivity bound in
Theorem 4.1 yields the same inverse-support-size saturation behavior. In particular, under causal
masking, the sensitivity scales as O(1/l) for the l-th query. A formal statement and proof are provided
in Appendix E.2.

The detailed proofs of Theorem 4.1 and Corollary 4.2 are provided in Appendix E.1. Specifically,
Corollary 4.2 is derived by applying an SVD-based low-rank approximation to original logits matrices,
together with Theorem 4.1. According to Corollary 4.2, for long sequences (L ≫ 1), compressing
original attention score matrices in large head dimensions with those in smaller head dimensions can
lead to minor errors, potentially implying a principled strategy for additional parameter reduction
with approximately maintained model capacity.

Principled strategy for parameter reduction. Corollary 4.2 shows that a student head with reduced
dimensions can approximate a teacher head with larger dimensions by incurring only small errors,
particularly for long sequences. Therefore, a principled and practical strategy for additional parameter
reduction can be motivated as Algorithm 1. This procedure enables further model compression with
enhanced parameter efficiency and lossless learning performance.
Remark 4.4. The dimension-reduction strategy based on Corollary 4.2 is complementary to existing
low-rank techniques rather than a direct replacement. Building upon existing low-rank methods
such as GQA (mainly used in LLAMA in Figure 4 and Figure 5), our approach further reduces the
parameter budget without significantly degrading model performance. Rather than designing new
architectures or training compression-aware models from scratch, we consider the scenario where
a large pretrained model is already available, and the goal is to compress it into a smaller model
with reduced computation costs and lossless performance. This setting is particularly relevant for
deployment on resource-constrained devices or for users with limited computation resources.

Complexity analysis. We consider computation and memory costs arising from self-attention. By
reducing WQ,WK with ŴQ, ŴK , the computation complexity for linear projections Q̂ = ŴQX

and K̂ = ŴKX drops to O((dh/dH)2LD2), and O((dh/dH)L2D) for the attention score ⟨Q̂, K̂⟩,
definitely saving the parameters budget for storing query/key matrices ([78, 85]).

4.2 Empirical Results

In this section, we first numerically verify Theorem 4.1 and Corollary 4.2. We then implement
Algorithm 1 on LLM-scale experiments (LLAMA-3-8B and LLAMA-3.2-1B), to empirically demon-
strate that compressing head dimensions does not significantly degrade model performance for
both pre-training and down-stream tasks. Finally, we validate the efficiency gains of the proposed
algorithm.
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Verification of Theorem 4.1. In Figure 2, we empirically validate Theorem 4.1 by analyzing how
the spectral norm of the attention Jacobian varies with sequence lengths. Specifically, we study the
TinyLlama-1.1B model and focus on Layer 0 and Head 0, using sequences from the WikiText-103
dataset. For sequence lengths L ∈ {4, 8, 16, 32, 64, 128, 256, 512, 1024}, we sample 10 different
sequences for each length.2 For each sequence, we compute the attention Jacobian with respect to
logits, calculate its spectral norm, and take average over the ten sequences.

Verification of Corollary 4.2. In Figure 3, we numerically validate Corollary 4.2 by analyzing the
error to fit attention heads of pre-trained Transformer language models with those of reduced head di-
mensions. Using the LiteLlama-460M model as the teacher, we isolate a single teacher head (Layer 5,
Head 0) and train a student head with reduced query-key dimensions dh ∈ {4, 8, 16, 24, 32, 48, 64}
(input and rotary positional embeddings are retained). For dh < dH = 64, the student query and key
matrices are initialized via truncated SVD of the teacher’s. The training objective is to fit the teacher
attention weights on a mixed dataset of synthetic and WikiText-103 sequences with the length 1024.1
We use the Adam optimizer with the learning rate 10−3 for 10,000 epochs, and the performance is
evaluated by mean squared error (Eq. (4)) over masked causal attention weights.

The above experiments reflect that a single attention head can be effectively compressed via head
dimension reduction for real-world language models and datasets. We further show that head
dimension reduction applied to multi-head attention can largely maintain LLM’s performance in
terms of both pre-training perplexity and downstream accuracy.
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Figure 2: Numerical verification
of Theorem 4.1: Softmax-based
attention becomes flat (w.r.t. log-
its) for long sequences.
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4 8 16 32 64 128
dh

5

10

15

P
er

p
le

xi
ty

Baseline
Seq-4L
Rand-4L
Rand-8L

Figure 4: Reduced head di-
mensions in LLAMA-3-8B
lead to saturated perplexity on
WikiText-2.

LLAMA-3-8B: Saturated perplexity. To further study the model reduction effect of pre-trained
large Transformer models, we apply head-wise dimension reduction to the multi-head self-attention
modules of LLAMA-3-8B (with an original head dimension dH = 128). Specifically, for selected
layers, we parameterize reduced models with query/key weight matrices as low-rank decompositions
(rank-dh < dH ) of those in original LLAMA-3-8B, and retain all the other configurations These
low-rank weights are initialized via truncated SVD of those in the original model, and we freeze all
the other original parameters during training, to minimize the mean squared error (MSE) between the
reconstructed low-rank weights and their original (full-rank) counterparts. The training is performed
using the AdamW optimizer (with a learning rate 2× 10−4) for 150 steps. We evaluate performance
using perplexity (PPL) on WikiText-2 via a sliding-window protocol. Experiments cover multiple
head dimensions dh ∈ {4, 8, 32, 64, 128} across different layers: Seq-4L (four sequential layers),
Rand-4L (four random layers), and Rand-8L (eight random layers). As shown in Figure 4, increasing
head dimensions yields diminishing returns in perplexity, indicating that head dimensions can be
reduced with approximately maintained model performance.

LLAMA-3.2-1B: Saturated downstream accuracy. We further evaluate head-dimension reduc-
tion on downstream tasks using LLAMA-3.2-1B, whose original head dimension is dH = 64. For
selected layers (early 1–8, middle 5–12, late 9–16, odd, and all 1–16), each query/key projection head

2Each sequence is generated by randomly selecting contiguous spans from WikiText-103, which is tokenized to a fixed
length L (padded if necessary). For large L, padding ensures a consistent input size while maintaining semantically meaningful
contents.
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is permanently reparameterized as a rank-dh factorization,

Wh = LhRh, rank(Wh) ≤ dh,

with dh ∈ {2, 4, 8, 16, 32, 64}, while all other model components are kept unchanged. The low-rank
factors are initialized using the truncated SVD of the corresponding pretrained Q/K projections.
Training consists of two stages. In Stage I, the compressed model is refined against the uncompressed
language-model teacher on WikiText-2 for 400 steps by minimizing a combination of hidden-state
MSE and output-logit KL divergence, while only the low-rank Q/K factors are optimized. In Stage II,
a full-rank SST-2 classifier is used as the teacher to distill the compressed model for three epochs,
with an objective combining label cross-entropy, output KL divergence, and hidden-state matching;
only the low-rank Q/K factors and the classification head are trainable. As shown in Figure 5, the
compressed models retain strong downstream performance even under substantial reductions of
the Q/K head dimension, while the degree of robustness depends noticeably on which layers are
compressed, indicating non-uniform redundancy across depth.

Ablation study. To further isolate the contribution of each component in this pipeline, we conduct
controlled ablations by fixing the compressed layers to 5–12 and dh = 16, with complete results
reported in Appendix G.6. Replacing the SVD initialization with Kaiming initialization increases the
post-refinement WikiText-2 loss from 3.215 to 3.582 and decreases SST-2 accuracy from 93.81%
to 91.74%. Removing Stage I refinement decreases the downstream accuracy from 93.81% to
91.86%, whereas removing Stage II downstream distillation results in only 47.48% accuracy. These
comparisons demonstrate complementary roles of the three components: truncated-SVD initialization
provides a stronger low-rank starting point, intermediate refinement better preserves the pretrained
representation after compression, and downstream distillation is essential for recovering task-specific
performance.

Computation efficiency analysis. To assess the improvement of model computation efficiency
caused by head dimension reduction, we test for a customized Transformer model, which is a 6-layer
encoder with the embedding dimension D = 256 and H = 8 attention heads. We vary the head
dimension dh ∈ {4, 8, 16, 32, 64, 128} to calculate the computation overhead scaling. Here, we use
synthetic sequences with the sequence length L = 256 and the batch size B = 256 to ensure a
compute-bound regime. To measure realistic training overhead, for the classification task, we run
400 optimization steps using the AdamW optimizer with a learning rate 2 × 10−4 to minimize a
cross-entropy loss. Benchmarks are evaluated on an NVIDIA A100 GPU (80GB). The FLOPs are
calculated via thop and averaged over 100 iterations. As indicated in Figure 6, both GFLOPs and
empirical forward/backward time scale non-linearly with dh. The results confirm that low head
dimensions can help to significantly reduce forward/backward time and model calculations, offering
a path to more efficient inference and training.
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Figure 5: Reduced head dimensions in LLAMA-
3.2-1B yield saturated SST-2 accuracy after dis-
tillation and fine-tuning.3
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Figure 6: Computation efficiency evaluations of
Transformers regarding head dimensions.

3The performance gap stems from the varied tuning capacity, as the student model is partially fine-tuned only for the
selected layer given reduced head dimensions, while the teacher model is fully fine-tuned.
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5 Conclusion and Limitations

In this work, we study performance–efficiency trade-offs in Transformers from an approximation
theory perspective, focusing on the allocation of attention heads and head dimensions. Under a
fixed parameter budget, we characterize an intrinsic trade-off between the number of heads and
their dimensions, and additionally show that softmax-based attention exhibits saturation, where
increasing head dimensions yields diminishing returns, especially for long sequences. Experiments
across synthetic and language modeling tasks support these findings and provide guidance for the
parameter-efficient architecture design. For limitations, our theoretical analysis mainly focuses
on idealized settings, and thus may not capture all architectural details. Extending the analysis to
more realistic architectures and intricate optimization dynamics remains promising as an important
direction for future work.
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A Use of Large Language Models

In the preparation of this manuscript, we employed a large language model (ChatGPT, developed by
OpenAI) as a writing assistant. The model was used exclusively to:

• Improve the clarity, coherence, and conciseness of the text.

• Rephrase sentences to enhance grammatical correctness and readability.

• Ensure consistent terminology and smooth transitions across sections.

All outputs generated by the LLM were carefully reviewed, edited, and validated by the authors to
guarantee technical accuracy, logical consistency, and fidelity to the research content. No text was
included without human oversight. Importantly, the LLM was not employed for data generation,
model training, or experimental design.

B Related Works

Approximation ability of Transformers. The work [93] is the first to establish the universal
approximation property of Transformers. Subsequent studies analyzed the efficiency of Transformers
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in representing specific functions or tasks, including sparse functions ([24]), targets with nonlin-
ear temporal kernels ([38]), practical computer programs ([28]), long but sparse memories ([82]),
induction heads ([69, 70, 68]), and memorization and reasoning ([14]). Moreover, several studies
suggest that Transformers achieve in-context learning by effectively approximating gradient-based
iterations across layers ([27, 2, 80, 58, 4, 73]). Other work has examined limitations of Transformers’
expressivity, particularly in modeling formal languages or simulating circuits ([31, 87, 7, 61, 60]).

Attention structure. Prior work has extensively studied the representational power and struc-
tural properties of self-attention in Transformers. [49] showed that a fixed self-attention layer can
approximate arbitrary sparse patterns with hidden size scaling logarithmically in sequence length.
Several works proposed replacing standard attention with linearized variants for improved efficiency
([85, 16]). From a rank perspective, [8] addressed the low-rank bottleneck by setting head dimension
proportional to sequence length, while [3] demonstrated that a single full-rank head can implement
nearest-neighbor search, whereas exponentially many low-rank heads are required otherwise. Finally,
[41] established memorization capacity for one-layer, single-head Transformers, whereas [31] showed
that modeling certain formal languages requires the number of layers or heads to grow with input
length.

Property of softmax. Recent studies have questioned the suitability of softmax attention and
analyzed its theoretical limitations. [63] showed that as sequence length increases, softmax attention
collapses toward uniformity, token separability saturates, and gradients become unstable, consistent
with empirical observations in GPT-2. From a different perspective, [71] argued that the effectiveness
of softmax stems mainly from implicit Frobenius norm regularization rather than its probabilistic
interpretation, and demonstrated that polynomial activations can achieve comparable performance.
Several alternatives have been proposed to address these issues, including SA-Softmax to mitigate
gradient vanishing ([97]), sigmoid attention with improved sample efficiency ([90]), and Scalable-
Softmax, which preserves sharper attention distributions for long contexts ([64]).

Model efficiency. Multi-head attention (MHA) is fundamental to Transformers, yet extensive
empirical evidence reveals significant redundancy across attention heads. A large fraction of heads can
be pruned with negligible performance loss, and only a small subset consistently captures meaningful
patterns across tasks and languages ([62, 79, 57]). Building on this observation, subsequent work
proposes principled and automated pruning criteria that substantially improve parameter efficiency
while preserving accuracy ([15, 45]). In parallel, efficiency has been further enhanced through
architectural and system-level modifications, including sparse and structured attention for long
contexts ([6, 94]), shared key–value projections ([1]), and optimized attention kernels ([20, 33]).
Despite these advances, a theoretical understanding of when and why multiple attention heads are
necessary remains largely open.

C Lemmas used in Proofs

The first lemma provides a convergence rate for approximating the delta function using exponential
sums.

Lemma C.1. For any T ∈ N+, q,m ∈ N+, there exists a ϕexp
m (t) =

m∑
k=1

αke
−βkt such that

∥I(· = T )− ϕexp
m (·)∥ℓ1(N) ≤

1.3 e0.02T

m
where βk > 0 holds for any k ∈ [m], and A,C > 0 are absolute constants.

Proof. This lemma is a corollary of Lemma F.1 in [82]. By Lemma F.1 in [82] and its proof: for

any T ∈ N+, q,m ∈ N+, there exists a C(q) > 0 and a ϕexp
m (t) =

m∑
k=1

αke
−βkt such that

∥I(· = T )− ϕexp
m (·)∥ℓ1(N) ≤

C(q)e0.01(q+1)T

mq
,
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where βk > 0 holds for any k ∈ [m]. Moreover,

C(q) =
M(q)

(1− 1/e)q
, M(q) = max

0≤k≤q
sup

x∈[−1,1]

∣∣∣Ψ(k)(x)
∣∣∣ ,

where Ψ(x) =

{
exp

(
− 1

1−x2

)
, x ∈ (−1, 1)

0, otherwise
is the standard bump function on [−1, 1]. We

mainly focus on small q since C(q) grows rapidly and through directly computation, we have
C(1) ≈ 1.3 . Hence,

∥I(· = T )− ϕexp
m (·)∥ℓ1(N) ≤

1.3 e0.02T

m

The following lemma is for technical usage.
Lemma C.2 (Tensor-product perturbation). Let u1, . . . , un and v1, . . . , vn be vectors satisfying

∥uj∥2 ≤ B, ∥uj − vj∥2 ≤ ε, j ∈ [n].

Then
∥u1 ⊗ · · · ⊗ un − v1 ⊗ · · · ⊗ vn∥2 ≤ (B + ε)n −Bn.

Proof. Since ∥vj∥2 ≤ B + ε, the telescoping identity gives

u1 ⊗ · · · ⊗ un − v1 ⊗ · · · ⊗ vn

=

n∑
j=1

v1 ⊗ · · · ⊗ vj−1 ⊗ (uj − vj)⊗ uj+1 ⊗ · · · ⊗ un.

Therefore,

∥u1 ⊗ · · · ⊗ un − v1 ⊗ · · · ⊗ vn∥2 ≤
n∑

j=1

(B + ε)j−1εBn−j

= (B + ε)n −Bn.

The following lemma guarantees that, with high probability, a bounded random vector can be projected
onto a d-dimensional subspace such that the resulting error, after applying any linear transformation
A, is tightly controlled by ∥A∥2, the projection dimension, and the vector’s norm bound.
Lemma C.3 (Uniform high-probability projection for bounded random vectors). Let

X1, . . . , XN ∈ RD

be random vectors defined on a common probability space. They are not required to be independent,
identically distributed, isotropic, or sub-Gaussian. Assume only that

∥Xℓ∥2 ≤ B almost surely for all ℓ ∈ [N ].

Let
E ∼ Unif(GD,r)

be a uniformly random r-dimensional subspace of RD, independent of (X1, . . . , XN ), and let ΠE

denote the orthogonal projection onto E. Equivalently, let P ∈ Rr×D have orthonormal rows
spanning E, so that

PP⊤ = Ir, P⊤P = ΠE .

Then there exists an absolute constant c > 0 such that, for every δ ∈ (0, 1), with probability at least
1− δ over the joint randomness of (X1, . . . , XN , E), simultaneously for all ℓ ∈ [N ],

∥(I −ΠE)Xℓ∥2 ≤ B

(√
1− r

D
+

√
log(2N/δ)

cD

)
.
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More strongly, conditional on (X1, . . . , XN ), the above event has probability at least 1 − δ with
respect to the randomness of E almost surely.

Moreover, for every ℓ ∈ [N ],

EE

[
∥(I −ΠE)Xℓ∥22

∣∣Xℓ

]
=
(
1− r

D

)
∥Xℓ∥22 almost surely,

and consequently
EXℓ,E∥(I −ΠE)Xℓ∥22 =

(
1− r

D

)
E∥Xℓ∥22.

When r = D, the projection error is identically zero.

Proof. Let
QE := I −ΠE ,

which is the orthogonal projection onto the (D − r)-dimensional subspace E⊥.

We first establish the concentration inequality for a fixed deterministic vector x ∈ RD. If x = 0, the
result is trivial. Hence suppose x ̸= 0 and write

u =
x

∥x∥2
∈ SD−1.

By rotational invariance of the uniform measure on the Grassmannian, the random variable

∥QEu∥2
has the same distribution as

∥Q0U∥2,
where U is uniformly distributed on the unit sphere SD−1 and Q0 is any fixed orthogonal projection
of rank D − r.

Consider the function
f(u) := ∥Q0u∥2, u ∈ SD−1.

Since Q0 is an orthogonal projection,

|f(u)− f(v)| ≤ ∥Q0(u− v)∥2 ≤ ∥u− v∥2,
so f is 1-Lipschitz.

By the standard concentration inequality for Lipschitz functions on the sphere, there exists an absolute
constant c > 0 such that, for every ε > 0,

Pr (f(U) ≥ Ef(U) + ε) ≤ 2 exp(−cDε2).

On the other hand, Jensen’s inequality gives

Ef(U) ≤
√

Ef(U)2.

Using

E[UU⊤] =
1

D
ID,

we obtain

Ef(U)2 = E∥Q0U∥22 ≤ Tr
(
Q0E[UU⊤]

)
=

Tr(Q0)

D
= 1− r

D
.

Therefore,

Ef(U) ≤
√
1− r

D
.

It follows that

Pr
E

[
∥QEu∥2 ≥

√
1− r

D
+ ε

]
≤ 2 exp(−cDε2).

Multiplying by ∥x∥2 yields

Pr
E

[
∥QEx∥2 ≥ ∥x∥2

(√
1− r

D
+ ε

)]
≤ 2 exp(−cDε2). (1)
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We now return to the random vectors X1, . . . , XN . Let

FX := σ(X1, . . . , XN ).

Since E is independent of FX , conditional on FX the subspace E is still uniformly distributed over
GD,r.

Fix an arbitrary realization
X1 = x1, . . . , XN = xN

satisfying
∥xℓ∥2 ≤ B, ℓ ∈ [N ].

Applying (1) to each xℓ gives

Pr
E

[
∥QExℓ∥2 ≥ B

(√
1− r

D
+ ε

)]
≤ 2 exp(−cDε2),

where we used ∥xℓ∥2 ≤ B.

Hence, by a union bound over ℓ ∈ [N ],

Pr
E

[
max
ℓ∈[N ]

∥QExℓ∥2 ≥ B

(√
1− r

D
+ ε

) ∣∣∣∣X1 = x1, . . . , XN = xN

]
≤ 2N exp(−cDε2).

Since this bound holds for every realization satisfying the almost sure boundedness assumption, we
have almost surely

Pr
E

[
max
ℓ∈[N ]

∥QEXℓ∥2 ≥ B

(√
1− r

D
+ ε

)∣∣∣∣FX

]
≤ 2N exp(−cDε2).

Taking expectation with respect to FX gives

Pr
X,E

[
max
ℓ∈[N ]

∥QEXℓ∥2 ≥ B

(√
1− r

D
+ ε

)]
≤ 2N exp(−cDε2).

Choosing

ε =

√
log(2N/δ)

cD

proves the uniform high-probability bound.

For the expectation identity, rotational invariance of the uniform distribution on the Grassmannian
implies

EE [ΠE ] =
r

D
ID.

Consequently,

EE [QE ] =
(
1− r

D

)
ID.

Conditioning on Xℓ, we obtain

EE

[
∥QEXℓ∥22

∣∣Xℓ

]
= X⊤

ℓ EE [Q
⊤
EQE ]Xℓ

= X⊤
ℓ EE [QE ]Xℓ

=
(
1− r

D

)
∥Xℓ∥22,

where we used Q2
E = QE . Taking expectation over Xℓ yields

EXℓ,E∥QEXℓ∥22 =
(
1− r

D

)
E∥Xℓ∥22.

Finally, when r = D, we have E = RD and hence QE = 0, so the projection error is identically
zero.
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The following lemma is Corollary 1 in [63].
Lemma C.4. Assume ∥LogitsdH

(WQ,WK ,X)∥∞ is bounded, the attention weights satisfy:

1

L
exp (−2∆) ≤ ∥AttnScoredH

(WQ,WK ,X)∥∞ ≤ 1

L
exp (2∆) ,

where ∆ = ∥WQ∥2∥WK∥2B2.

The Gershgorin circle theorem localizes all eigenvalues of a matrix within discs determined by its
diagonal entries and row sums of off-diagonal magnitudes.
Lemma C.5 (Gershgorin circle theorem). Let A = (aij) ∈ Cn×n. For each i define the Gershgorin
radius

Ri :=
∑
j ̸=i

|aij |.

Then every eigenvalue λ of A lies in the union of the Gershgorin discs

λ ∈
n⋃

i=1

{z ∈ C : |z − aii| ≤ Ri}.

In particular, if the discs {z : |z − aii| ≤ Ri} are contained in a region S ⊂ C, then all eigenvalues
of A lie in S.

The mean value theorem expresses the difference F (y)− F (x) as the Jacobian at an intermediate
point applied to y − x.
Lemma C.6 (Mean Value Inequality for vector-valued functions). Let F : Rn → Rm be continuously
differentiable on an open convex set D ⊂ Rn. Then for any x,y ∈ D, there exists θ ∈ (0, 1) such
that

∥F (y)− F (x)∥ ≤ ∥JF (x+ θ(y − x))∥ · ∥y − x∥,
where JF (·) denotes the Jacobian matrix of F and ∥ · ∥ is an appropriate vector/matrix norm.
Lemma C.7 (Eckart–Young–Mirsky Theorem). Let A ∈ Rm×n have singular value decomposition
A =

∑r
i=1 σiuiv

⊤
i , where σ1 ≥ σ2 ≥ · · · ≥ σr > 0. For any k < r, the rank-k truncated SVD

Ak :=

k∑
i=1

σiuiv
⊤
i

is an optimal rank-k approximation of A in both the spectral norm and the Frobenius norm, i.e.,

Ak ∈ arg min
rank(B)≤k

∥A−B∥2 and Ak ∈ arg min
rank(B)≤k

∥A−B∥F .

Moreover, the optimal errors satisfy

∥A−Ak∥2 = σk+1, ∥A−Ak∥2F =

r∑
i=k+1

σ2
i .

D Proof of Theorem 3.1

In this section, we give the detailed proof of Theorem 3.1. We first restate the theorem:

Theorem D.1 (Restate of Theorem 3.1.). To approximate the linear target Ht(X) =
∑L

i=0 ρixt−i,
suppose we have Hm heads each of the dimension dm (m=1,. . . ,M), and the model dimension
D =

∑M
m=1 Hm · dm is fixed. Then, with probability at least 1− δ, we have

ED(X) ≤ B

M∑
m=1

∥ρm∥2

[
I{dm<d}

(√
1− dm

d

)
+

1.3e0.02m

Hm

]
+B

L∑
k=M+1

∥ρk∥2

+B

M∑
m=1

∥ρm∥2 · C
√

log(2M/δ)

d
.

(5)
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Proof. We only consider the case dm ≤ d in our proof, since otherwise there is no information
loss and the first term in the approximation error vanishes. Since we only use a single layer of the
Transformer, we omit the layer index.

Embedding layer. We embed each token by

WE =

(
Id

0(D−d)×d

)
∈ RD×d, bE = 0 ∈ RD,

for xt, then each token x
(0)
t after embedding is

x
(0)
t = WExt + bE =

(
xt

0

)
∈ RD.

Multi-head attention layer with residual connection. We implement multi-head attention using
M groups of heads. Each group m comprises Hm heads with dimension dm for (m = 1, 2, . . . ,M),
aimed at extracting the corresponding representation x̃t−m which is xt−m after projection to dm-
dimension space. This step can be presented as follows for each token:

xt

0
...
0

 −→


x̃t

x̃t−1

...
x̃t−M

0D−(
∑M

m=1 dm)

 := x
(1/2)
t .

where x̃t is obtained by residual connection.

We now focus on the extraction of an arbitrary x̃t−m and give the details of construction.

By lemma C.1, for any rate q ∈ N+, there exists a function

ϕexp
m (t) =

Hm∑
h=1

αh,me−βh,m(t−1)

such that βh > 0 and

∥I (· = m)− ϕexp
m (·)∥ℓ1(N) =

+∞∑
s=0

|I (s = m)− ϕexp(s)| ≤ 1.3 e0.02m

Hm
.

By Lemma C.3, there exist an projection Pm ∈ Rdm×d such that

∥(I −ΠE)xℓ∥2 ≤ B

√
1− dm

D
+B ·

√
log(2N/δ)

cD

for any l = 1, . . . ,m with probability at least 1 − δ. Let x̃t−m := Pmxt−m For h =∑m−1
i=1 Hi,

∑m−1
j=1 Hj + 1 , . . . ,

∑m
k=1 Hk, we choose parameters as follows

p(h) = βh,m, W
(h)
V = αh,m

(
Hm∑
i=0

exp(−βh,m(i− 1))

)
Pm, W

(h)
K = W

(h)
Q = 0.

The output of H heads are concatenated together, and we take

WO =

M∑
m=1

∑m
j=1 Hj∑

h=
∑m−1

i=1 Hi+1

Sm,h,

where Sm,h ∈ RD×D moves the output of the m−th set of heads to the same position

Sm,h =


0(

∑m−1
i=1 di)×(

∑m−1
i=1 di+(h−1)dm) 0(

∑m−1
i=1 di)×dm

0(
∑m−1

i=1 di)×(D−
∑m−1

i=1 di−hdm)

0dm×(
∑m−1

i=1 di+(h−1)dm) Idm×dm
0dm×(D−

∑m−1
i=1 di−hdm)

0(D−
∑m

i=1 dm)×(
∑m−1

i=1 di+(h−1)dm) 0(D−
∑m

i=1 dm)×dm
0(D−

∑m
i=1 dm)×(D−

∑m−1
i=1 di−hdm)


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We define

P̃m :=
(
0dH×(m−1)dH

, Idm×dm , 0dH×(D−mdH)

)
∈ Rdm×D, m ∈ [M ],

then

P̃m · Concat
(
Attn(h)(X(0))

)H

h=1

=

∑m
j=1 Hj∑

h=
∑m−1

i=1 Hi

αh,m

∞∑
s=1

e−βh,m(s−1)x̃t−s := x̂t−m.

And the approximation error of this step is

εAttn ≤ sup
t

M∑
m=1

∥x̃t−m − x̂t−m∥∞

≤ sup
t

M∑
m=1

∥I (· = m)− ϕexp
m (·)∥ℓ1(N) ·B

≤B ·
M∑

m=1

1.3 e0.02m

Hm
,

Feed forward network. FFN is implemented component-wise to realize convolution. The final
output for the t-th token is

Ĥt(X) =

M∑
m=0

ρ̃mx̂t−m,

where ρ̃m = ρmPm
⊤. In fact we only need a linear map to achieve this, and FFN won’t cause any

approximation error.

Approximation error. By Lemma C.3, with probability at least 1− δ, we have

ED(X) =∥
∞∑

m=0

ρmxt−m −
M∑

m=0

ρ̃mx̂t−m∥2

≤
M∑

m=1

∥ρmxt−m − ρ̃mx̂t−m∥2 +B

∞∑
k=M+1

∥ρk∥2

≤
M∑

m=1

∥ρmxt−m − ρ̃mx̃t−m∥2 +
M∑

m=1

∥ρ̃mx̃t−m − ρ̃mx̂t−m∥2 +B

∞∑
k=M+1

∥ρk∥2

(By Lemma C.3 ) ≤ B

M∑
m=1

∥ρm∥2

[
I{dm<d}

(√
1− dm

d

)
+

1.3e0.02m

Hm

]
+B

L∑
k=M+1

∥ρk∥2

+B

M∑
m=1

∥ρm∥2 · C
√

log(2M/δ)

d
.

E Proofs for Section 4

E.1 Proof of Theorem 4.1 and Corollary 4.2

In this section, we prove Theorem 4.1 and Corollary 4.2, we first restate the results:
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Theorem E.1 (Restate of Theorem 4.1). Assume ∥WQ∥2 ≤ MQ, ∥WK∥2 ≤ MK , ∥xt∥2 ≤ B (t ∈
[L]), and that the finite positional-bias entries satisfy |Rlj | ≤ R0 (j ∈ Sl, l ∈ [L]). Let ∆ :=
MQMKB2 +R0. Then, for every l ∈ [L],

∥Jl∥2 ≤ 2e2∆

sl
.

Consequently,
∥Jl∥2 = O(L−1)

for unmasked attention, while under the standard causal mask, ∥Jl∥2 = O(l−1). The hidden constants
depend only on MQ,MK , B, and R0.

Corollary E.2 (Restate of Theorem 4.2). Under the assumptions of Theorem 4.1, let M := W⊤
QWK ,

and let Mdh
be its rank-dh truncated SVD. Choose ŴQ, ŴK ∈ Rdh×D such that Ŵ⊤

Q ŴK = Mdh
.

Let Â denote the attention-score matrix obtained by replacing WQ,WK with ŴQ, ŴK while keeping
the same positional bias and mask. Then for every query l ∈ [L],∥∥∥e⊤l (AttnScoredH

− Â
)∥∥∥

2
≤ 2e2∆

sl
∥X∥22σdh+1(M).

Hence the per-query approximation error is

O
(
∥X∥22σdh+1(M)

L

)
in the unmasked case and

O
(
∥X∥22σdh+1(M)

l

)
under the standard causal mask.

In particular, for any fixed α ∈ (0, 1), the late-query block Iα := {l : l ≥ ⌈αL⌉} satisfies(∑
l∈Iα

∥∥∥e⊤l (AttnScoredH
− Â

)∥∥∥2
2

)1/2

≤ 2e2∆

α
√
L
∥X∥22σdh+1(M).

Proof of Theorem 4.1. Fix l ∈ [L] and write p = al ∈ Rsl . For every active coordinate j ∈ Sl,

|zlj | ≤ ∥WQ∥2∥WK∥2∥xl∥2∥xj∥2 + |Rlj | ≤ ∆.

Therefore

pj =
ezlj∑

k∈Sl
ezlk

≤ e∆

sle−∆
=

e2∆

sl
.

The softmax Jacobian is
Jl = diag(p)− pp⊤,

which is positive semidefinite. By the Gershgorin circle theorem (Lemma C.5), every eigenvalue λ of
Jl satisfies

0 ≤ λ ≤ 2max
j

pj(1− pj) ≤ 2max
j

pj ≤
2e2∆

sl
.

Since Jl is symmetric positive semidefinite,

∥Jl∥2 = λmax(Jl) ≤
2e2∆

sl
.

Substituting sl = L for unmasked attention and sl = l for the standard causal mask proves the
result.

Proof of Corollary 4.2. Let Mdh
be the rank-dh truncated SVD of M = W⊤

QWK . By the Eckart–
Young–Mirsky theorem (Lemma C.7),

∥M −Mdh
∥2 = σdh+1(M), ∥Mdh

∥2 ≤ ∥M∥2.
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Writing Mdh
= UΣV ⊤, one may take

ŴQ = Σ1/2U⊤, ŴK = Σ1/2V ⊤,

so that Ŵ⊤
Q ŴK = Mdh

.

For query l, let zl and ẑl denote the original and compressed active logit vectors. Their difference
obeys

∥zl − ẑl∥2 ≤ ∥X⊤(M −Mdh
)X∥2

≤ ∥X∥22σdh+1(M).

Moreover, both endpoints and every point on the line segment between zl and ẑl have active coor-
dinates bounded in absolute value by ∆, because ∥Mdh

∥2 ≤ ∥M∥2. Hence Theorem 4.1 applies
uniformly along this segment. Using the integral form of the mean-value inequality,

∥ softmax(zl)− softmax(ẑl)∥2 ≤ sup
t∈[0,1]

∥Jl((1− t)zl + tẑl)∥2∥zl − ẑl∥2

≤ 2e2∆

sl
∥X∥22σdh+1(M).

This proves the per-query bound. For Iα = {l : l ≥ ⌈αL⌉} under causal masking, sl = l ≥ αL, and
therefore (∑

l∈Iα

∥e⊤l (AttnScoredH
− Â)∥22

)1/2

≤
√
L
2e2∆

αL
∥X∥22σdh+1(M),

which gives the stated L−1/2 late-query bound.

E.2 Extension to Rotary Positional Embeddings

We next show that the head-dimension reduction argument extends to rotary positional embeddings
(RoPE). Unlike the additive positional bias considered in Theorem 4.1, RoPE rotates the query and
key representations before their inner product.

For position t ∈ [L], let
Rt ∈ RdH×dH

be the corresponding RoPE rotation matrix. By construction,

R⊤
t Rt = IdH

.

For a query position l and a key position j, define the relative rotation

Rl,j := R⊤
l Rj .

Therefore,
R⊤

l,jRl,j = IdH
, ∥Rl,j∥2 = 1.

The RoPE attention logit between positions l and j is

zlj = (RlWQxl)
⊤(RjWKxj)

= x⊤
l W

⊤
QR⊤

l RjWKxj

= x⊤
l W

⊤
QRl,jWKxj .

Thus, for each relative position, the effective interaction matrix is

Bl,j := W⊤
QRl,jWK ∈ RD×D.
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Proposition E.3 (Head-dimension reduction under RoPE). Let WQ,WK ∈ RdH×D, and let WQ,r

and WK,r be their rank-r truncated-SVD approximations, where r < dH . Define

B̃l,j := W⊤
Q,rRl,jWK,r.

Then rank(B̃l,j) ≤ r, and uniformly over all l, j ∈ [L],

∥Bl,j − B̃l,j∥2 ≤ ∥WQ∥2 σr+1(WK) + σr+1(WQ) ∥WK∥2.

Consequently, if ∥xt∥2 ≤ B for all t ∈ [L], then

|zlj − z̃lj | ≤ B2 [∥WQ∥2 σr+1(WK) + σr+1(WQ) ∥WK∥2] .

Proof. Write
WQ = WQ,r + EQ, WK = WK,r + EK .

By the Eckart–Young–Mirsky theorem,

∥EQ∥2 = σr+1(WQ), ∥EK∥2 = σr+1(WK),

and
∥WQ,r∥2 = ∥WQ∥2, ∥WK,r∥2 = ∥WK∥2.

For any pair (l, j), we have

Bl,j − B̃l,j = W⊤
QRl,jWK −W⊤

Q,rRl,jWK,r

= W⊤
Q,rRl,jEK + E⊤

QRl,jWK .

Hence,
∥Bl,j − B̃l,j∥2 ≤ ∥WQ,r∥2∥Rl,j∥2∥EK∥2 + ∥EQ∥2∥Rl,j∥2∥WK∥2.

Since Rl,j is orthogonal,
∥Rl,j∥2 = 1.

Therefore,
∥Bl,j − B̃l,j∥2 ≤ ∥WQ∥2 σr+1(WK) + σr+1(WQ) ∥WK∥2.

Moreover,

|zlj − z̃lj | =
∣∣∣x⊤

l (Bl,j − B̃l,j)xj

∣∣∣ ≤ ∥xl∥2∥Bl,j − B̃l,j∥2∥xj∥2,

which, together with ∥xt∥2 ≤ B, gives the stated logit approximation bound.

F Approximation and tradeoff results for nonlinear target

F.1 Tradeoff in Theorem 3.1

We numerically validate the parameter trade-off in the approximation error estimate (i.e. the first
equation of (2)). Assume that all dm’s are equal and there is no truncation error, we take ρ = 1, d =
16 and D = 128. Then

E128 =

√
1− 8

H
+

1.3 e0.02

H

without concentration error. We plot E(128) in Figure 7, which clearly shows a parameter trade-off
trend. The trend of the continuous curve closely resembles that of the discrete polyline in Figure 1.
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Figure 7: Induction Head Tradeoff

Figure 8: Next token prediction D = 256. Figure 9: Next token prediction D = 512.

F.2 Further Experiments for Section 3.1

We first give out the empirical results for other values of D for Figure 1 in Figure 8, 9, 10 and 11.

To investigate the architectural scaling properties of multi-head attention (MHA), we conducted
a controlled experiment in Figure 12 to determine the optimal balance between the number
of attention heads (H) and the head dimension (dh) for a fixed model capacity. We config-
ured a series of Transformer-based models with approximately 330 million parameters, main-
taining a constant hidden dimension (dmodel = 1024) and depth (L = 12). We varied the
head count h ∈ {4, 8, 16, 32, 64, 128}, which inversely corresponds to head dimensions dh ∈
{256, 128, 64, 32, 16, 8}. The models were trained on a high-quality subset of the Stanford Alpaca
dataset consisting of 15,000 samples, specifically filtered to emphasize logic and code-related rea-
soning. Each configuration was trained for 1,000 steps using a cosine learning rate scheduler (peak
learning rate 2.5× 10−4) and a global batch size of 16. To ensure statistical robustness, we averaged
the results across two distinct random seeds (S ∈ {42, 2026}). Generalization performance was mea-
sured via cross-entropy loss on a held-out validation set. This experimental setup allows us to identify
the "Goldilocks" zone for attention granularity, where the model maximizes its representational
capacity without suffering from the noise associated with excessively small head dimensions.

Figure 10: Masked language modeling D =
128.

Figure 11: Masked language modeling D =
512.
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Figure 12: Induction Head Tradeoff

F.3 Induction Head

The former work [81] defined a generalized induction head:

IHn:t(X) =
t−1∑
s=n

πsxs,

where

πs = softmax

(
(Xt−n+2:tW

∗Xv−n+1:v−1)
L−1
v=n

)
v=s

,

and empirically pointed out that the first Transformer layer is used to extract information. In fact, the
parameter allocation problem for the first layer reduces to the n-gram case.

We systematically investigated the effect of Transformer architectural variants on the Induction
Head task in Figure 13, which tests a model’s ability to recognize and extend repeated patterns—a
fundamental reasoning mechanism for in-context learning. The task was constructed using synthetic
sequences of length 128 with 10 unique tokens and embedded 5-token repeating patterns, yielding a
dataset of 10,000 sequences (80%/20% train/validation).

The model architecture was a two-layer Transformer encoder with dmodel = 256, pre-norm configura-
tion, GELU feed-forward networks, learned positional encodings, and a two-layer MLP output head.
We varied the number of attention heads in 1, 2, 4, 8, 16, 32 while keeping dmodel fixed. Models were
trained for 500 epochs using AdamW (learning rate ∈ 10−3, 5× 10−4, 10−4, weight decay 10−4),
cosine scheduling with ReduceLROnPlateau, gradient clipping (1.0), and mixed precision. Each
configuration was repeated with three random seeds, and the best-performing model was selected by
validation mean squared error (MSE).

Evaluation included validation MSE, heatmaps of performance across architectural variants, and
qualitative prediction analysis. The results reveal how the number of heads influences the ability
of the model to capture the Induction Head mechanism and demonstrate the robustness of certain
configurations across seeds. This provides practical guidance for architectural design in tasks
requiring in-context learning.

F.4 Continuous Time-homogeneous System

In this subection, we analyze the approximation error of a continuous target function and derive the
resulting trade-off.

We consider a sequence-to-sequence model in which both the input X = (xt)t∈Z ⊂ X ⊂ Rd×Z and
output Y = (yt)t∈Z ⊂ Y ⊂ Rd×Z are sequences of infinite length and input tokens xt are i.i.d. (we
need a stronger assumption due to the target) random vectors with zero mean and identity covariance
matrix and whose norm is bounded by B. H denotes the mapping from X to Y with yt = Ht(X).

To give the mapping H practical relevance, we must impose certain properties on the target function
space. We now present the definitions of these properties.

Definition F.1. H =
{
Ht : X 7→ Rd; t ∈ R

}
be a sequence of functionals.
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Figure 13: Induction Head Tradeoff

1.(Linear) Ht is linear if for any λ, λ′ ∈ R and X,X ′ ∈ X , Ht(λX+λ′X ′) = λHt(X)+λHt(X
′).

2.(Continuous) Ht is continuous if for any X,X ′ ∈ X , limX′→X |Ht(X
′)−Ht(X)| = 0.

3.(Bounded) Ht is bounded if supX∈X ,X ̸=0
|Ht(X)|
∥X∥∞

≤ ∞.

4.(Time-homogeneous) H = Ht : t ∈ R is time-homogeneous (or shift-equivariant) if the input-
output relationship commutes with time shift: let [Sτ (X)]t = xt−τ be a shift operator, then
H(SτX) = SτH(X).

5.(Causal) Ht is causal if it does not depend on future values of the input. That is, if X,X ′ satisfy
xt = x′

t for any t ≤ t0, then Ht(X) = Ht(X
′) for any t ≤ t0.

6.(Regular) Ht is regular if for any sequence X(n) ∈ X : n ∈ Z such that x(n)
t → 0, then

lim
n→∞

Ht(X
(n)) = 0.

According to the following lemma, the target we studied in Section 3.1 is a continuous, linear, regular,
causal and time-homogeneous functional.
Lemma F.2. Let H be a family of continuous, linear, regular, causal and time-homogeneous function-
als on X . Then, there exist a sequence ρ : N → Rd that is summable, i.e.

∥ρ∥l1 :=

d∑
i=1

∞∑
j=0

|(ρi)j | < ∞

and

Ht(X) =

∞∑
i=0

ρixt−i, t ∈ Z.

In particular, H is uniformly bounded with supt ∥Ht∥ = ∥ρ∥ℓ1 .

Proof. We prove the existence of a summable sequence ρ : N → Rd satisfying the stated properties.
Let X = ℓ∞(Z;Rd) with the sup-norm ∥X∥ = supk∈Z max1≤i≤d |Xk,i|.

Step 1: Riesz representation and causality.
Since each Ht : X → R is continuous, linear, and regular, by the Riesz representation theorem for
ℓ∞ spaces with regular functionals, there exists a unique finitely additive signed vector measure µt
on Z such that

Ht(X) =

∫
Z
XT dµt =

∑
k∈Z

XT
kµt({k}),

where µt({k}) ∈ Rd is the mass at integer k, and ∥Ht∥ = ∥µt∥ =
∑

k∈Z
∑d

i=1 |µt,i({k})|.

Causality implies that Ht(X) depends only on {Xk : k ≤ t}. Hence, µt({k}) = 0 for all k > t,
and the representation simplifies to:

Ht(X) =

t∑
k=−∞

XT
kµt({k}). (1)
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Step 2: Time homogeneity and shift invariance.
For any τ ∈ Z, time homogeneity implies Ht(X) = Ht+τ (X

(τ)) where X
(τ)
k = Xk−τ . Applying

(1) to the right-hand side:

Ht+τ (X
(τ)) =

t+τ∑
m=−∞

XT
m−τµt+τ ({m}).

Substituting j = m− τ :

Ht+τ (X
(τ)) =

t∑
j=−∞

XT
j µt+τ ({j + τ}).

Equating with (1) and comparing coefficients:

µt({j}) = µt+τ ({j + τ}) ∀j ≤ t. (2)

Step 3: Construction of ρ.
Fix t = 0 in (2) and set τ = −t:

µt({j}) = µ0({j + t}) ∀j ≤ t.

Define µ({k}) = µ0({k}). By causality, µ({k}) = 0 for k > 0. Using time homogeneity:

Ht(X) = H0(X
(−t)) =

0∑
k=−∞

XT
k+tµ({k}).

Substituting i = −k:

Ht(X) =

∞∑
i=0

XT
t−iµ({−i}). (3)

Define ρi = µ({−i}) for i ≥ 0. Then (3) becomes:

Ht(X) =

∞∑
i=0

xT
t−iρi.

Step 4: Summability and norm equality.
From the Riesz representation and causality:

∥ρ∥ℓ1 =

∞∑
i=0

d∑
j=1

|(ρi)j | =
0∑

k=−∞

d∑
j=1

|µj({k})| = ∥µ∥ = ∥H0∥ < ∞.

For any t ∈ Z, using (2) and shift invariance:

∥Ht∥ =

t∑
j=−∞

d∑
i=1

|µt,i({j})| =
t∑

j=−∞

d∑
i=1

|µi({j + t})| = ∥µ∥ = ∥ρ∥ℓ1 .

Thus supt∈Z ∥Ht∥ = ∥ρ∥ℓ1 .

We now consider a continuous time-homogeneous system. According to Theorem C.6 in [83] and
[21], we obtain the following decomposition result for such systems:
Lemma F.3 (Volterra Series Decomposition). H is a continuous time-homogeneous system with input
X and output Y , then H can be expanded in the Volterra series as follows

yt = Ht(X) = h0 +

∞∑
n=1

∞∑
τ1=0

· · ·
∞∑

τn=0

H(n)(τ1, . . . , τn)
(
xt−τ1 ⊗ · · · ⊗ xt−τn

)
, (6)

where ⊗ denotes the Kronecker product. In particular, we call the expansion order n to be the series’
order.
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We focus on the term H(n) and derive its approximation error when using a single-layer Transformer
to approximate it. We begin by stating the lemmas required for our analysis:

Lemma F.4. Let {xi}ni=1 be i.i.d. random variables with E[xi] = 0 and E[x2
i ] = 1. Then

⊗n
i=1 xi

is a random vector with mean zero and identity covariance matrix.

Proof. It suffices to consider the scalar case d = 1. Define y :=
∏n

i=1 xi. Then

E[y] = E

[
n∏

i=1

xi

]
=

n∏
i=1

E[xi] = 0,

and

E[y2] = E

( n∏
i=1

xi

)2
 =

n∏
i=1

E[x2
i ] = 1.

Thus Var(y) = 1, which proves the claim.

Lemma F.5. xi are random vectors with E∥xi∥2 = Bi, and ∥xi − x̄i∥2 ≤ εi ≤ ε. Then
E∥
⊗n

i=1 x̃i −
⊗n

i=1 x̂i∥2 ≤
∏n

i=1(Bi + εi)−
∏n

i=1 Bi

Proof. From the property of projection operation,

∥x̃i − x̂i∥2 ≤ ∥P∥2∥xi − x̂i∥2 ≤ εi ≤ ε.

By direct calculation,

E∥
n⊗

i=1

x̃i −
n⊗

i=1

x̂i∥2 ≤
∑

ϕ̸=S⊂{1,...,n}

(∏
i∈S

εi

)
E∥
⊗
j /∈S

x̃j∥2

=
∑

ϕ̸=S⊂{1,...,n}

(∏
i∈S

εi

)∏
j /∈S

Bj

=

n∏
i=1

(Bi + εi)−
n∏

i=1

Bi.

We use the FFN to implement the Kronecker product in our proof; therefore, the universal approxi-
mation property of FFNs is also required.

Definition F.6 (Barron space ([55, 86, 56])). Consider functions f : X → R that admit the following
representation: f(x) =

∫
Ω
aσ(b⊤x+ c)ρ(da,db, dc), x ∈ X . For any p ∈ [1,+∞], we define the

Barron norm as ∥f∥Bp := infρ

(
Eρ [|a|p(∥b∥1 + |c|)p]

)1/p
. Then the Barron space are defined as:

Bp := {f ∈ C : ∥f∥Bp < +∞}.

Lemma F.7 ([56]). For any f ∈ B, there exists a two-layer ReLU neural network FFN(x) =
K∑

k=1

akσ(b
⊤
k x+ ck) with M neurons such that

∥f − FFN∥L∞[−2,2] ≤ O
(
∥f∥B

√
logK√
K

)
.

We now present the approximation and tradeoff result:

Theorem F.8 (Tradeoff for Nonlinear Target). Consider the n-th order Volterra term

Ht(X) =

∞∑
τ1=0

· · ·
∞∑

τn=0

H(n)(τ1, . . . , τn)
(
xt−τ1 ⊗ · · · ⊗ xt−τn

)
.
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Suppose that we have Hm heads of dimension dm ≤ d for m = 1, . . . ,M , and that the model
dimension

D =

M∑
m=1

Hmdm

is fixed.

For m ∈ [M ], define

γm := I{dm<d}

(√
1− dm

d
+ C

√
log(2M/δ)

d

)
,

and

ηm := B
1.3e0.02m

Hm
.

For the current token, which is preserved by the residual connection, set
γ0 = η0 = 0.

Then, with probability at least 1− δ,

ED(X) ≤
M∑

τ1=0

· · ·
M∑

τn=0

∥∥H(n)(τ1, . . . , τn)
∥∥
2

[
Bn

n∑
j=1

γτj +

n∏
j=1

(
B + ητj

)
−Bn

]
+ εH + εFFN.

(7)
Here,

εH := sup
t

∥∥∥∥∥
∞∑

τ1=0

· · ·
∞∑

τn=0

H(n)(τ1, . . . , τn)
(
xt−τ1 ⊗ · · · ⊗ xt−τn

)
−

M∑
τ1=0

· · ·
M∑

τn=0

H(n)(τ1, . . . , τn)
(
xt−τ1 ⊗ · · · ⊗ xt−τn

)∥∥∥∥∥
2

,

(8)

and εFFN denotes the approximation error incurred when the FFN implements the required Kronecker-
product operations.
Corollary F.9 (Parameter allocation via trade-offs). Under the same conditions as Theorem F.8, a
principled parameter allocation can be obtained by solving

min
M,{Hm,dm}M

m=1

M∑
τ1=0

· · ·
M∑

τn=0

∥∥H(n)(τ1, . . . , τn)
∥∥
2

[
Bn

n∑
j=1

γτj

+

n∏
j=1

(
B + ητj

)
−Bn

]
+ εH(M)

s.t.

M∑
m=1

Hmdm = D,

M,Hm, dm ∈ N+, dm ≤ d,

(9)

where

γm = I{dm<d}

(√
1− dm

d
+ C

√
log(2M/δ)

d

)
, ηm = B

1.3e0.02m

Hm
,

with γ0 = η0 = 0. If εFFN is fixed independently of the allocation, it can be omitted from the
optimization objective.

Proof. The construction of the embedding layer and the multi-head attention layer follows the same
procedure as in the proof of Theorem 3.1. After these two steps, for each token we obtain

x̃t

0
...
0

 −→


x̃t

x̃t−1

...
x̃t−M

0

 := x
(1/2)
t .
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For each m ∈ [M ], let Pm ∈ Rdm×d be the random projection used in the proof of Theorem 3.1,
and define Πm = P⊤

mPm. By Lemma C.3 and a union bound over the M projection groups, with
probability at least 1− δ,

∥(I −Πm)x∥2 ≤ B

[
I{dm<d}

√
1− dm

d
+ C

√
log(2M/δ)

d

]
, m ∈ [M ].

Define

γδ := I{dmin<d}

√
1− dmin

d
+ C

√
log(2M/δ)

d
, dmin := min

m∈[M ]
dm.

Then, for every m ∈ [M ],
∥(I −Πm)x∥2 ≤ Bγδ.

For any (τ1, . . . , τn) ∈ {0, . . . ,M}n, the difference between the original and projected tensor
representations admits the telescoping decomposition

xt−τ1 ⊗ · · · ⊗ xt−τn − x̃t−τ1 ⊗ · · · ⊗ x̃t−τn

=

n∑
j=1

x̃t−τ1 ⊗ · · · ⊗ x̃t−τj−1
⊗
(
xt−τj − x̃t−τj

)
⊗ xt−τj+1

⊗ · · · ⊗ xt−τn .

Since ∥xt∥2 ≤ B and orthogonal projection is non-expansive, ∥x̃t∥2 ≤ B. Therefore,

∥xt−τ1 ⊗ · · · ⊗ xt−τn − x̃t−τ1 ⊗ · · · ⊗ x̃t−τn∥2 ≤ nBnγδ.

Furthermore, by Lemma C.2,

∥x̃t−τ1 ⊗ · · · ⊗ x̃t−τn − x̂t−τ1 ⊗ · · · ⊗ x̂t−τn∥2 ≤ (B + εAttn)
n −Bn,

where

εAttn = max
m∈[M ]

1.3e0.02m

Hm
.

Combining the projection error, attention-extraction error, kernel truncation error εH , and FFN
approximation error εFFN, with probability at least 1− δ,

ED(X) ≤
M∑

τ1=0

· · ·
M∑

τn=0

∥∥∥H(n)(τ1, . . . , τn)
∥∥∥
2
[nBnγδ + (B + εAttn)

n −Bn]

+ εH + εFFN.

G Additional Experiments

G.1 Inspiration of Parameter Allocation

The former work [40] empirically investigated how the head trade-off is influenced by the memory
structure and the difficulty of the target relationship in Figure 14. As illustrated in Figure 4 of their
work, the trade-off depends on both the underlying memory structure and the level of task difficulty.
Each subfigure corresponds to a specific memory structure, with the plots showing loss as a function
of the number of heads. The color of the curves encodes the parameter α, which reflects task difficulty.
The results indicate that, for certain tasks, the trade-off remains consistent across different levels
of difficulty (Figure (c)). In tasks (a) and (b), when the task is relatively easy, no clear trade-off is
observed. However, in task (c), a trade-off appears consistently, regardless of task difficulty.
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Figure 14: Linear Convolution Tradeoff

Table 1: Jacobian spectral norm at different query positions.
Query position l ∈ [L] Mean Jacobian spectral norm ∥Jl∥2 l∥Jl∥2

2 4.512× 10−1 0.9024
4 2.792× 10−1 1.1168
8 1.506× 10−1 1.2048

16 7.413× 10−2 1.1861
32 3.582× 10−2 1.1462
64 1.753× 10−2 1.1219

128 1.122× 10−2 1.4362
256 5.718× 10−3 1.4638
512 3.312× 10−3 1.6957
1024 1.650× 10−3 1.6896

G.2 Verification of Theorem 4.1 and Corollary 4.2

To verify Theorem 4.1: We rerun Figure 2 for a complementary evaluation protocol. In the original
manuscript, we varied the sequence length L and computed the Jacobian (spectral) norm associated
with the last query. Here, under the same model and data setting, we instead fix L = 1024 and
compute the Jacobian (spectral) norm associated with the l-th query (averaged over 10 sampled
sequences) as follows. It is clearly to have l∥Jl∥2 ∈ [0.9, 1.7] across reported positions, verifying the
O(1/l)-bound.

Consistency between Corollary 4.2 and Figure 3: An implication of Corollary 4.2 is, for most of
queries at larger positions (say l ≥ 0.1L), the distillation error per query scales like O(1/L) → 0
(L ≫ 1); while for a small portion of queries at smaller positions (say l ≤ 0.1L), the corresponding
Jacobian mapping is highly degenerated (rank(Jl) ≤ l ≤ 0.1L) and hence controls the distillation
error incurred by truncated SVD. This makes the SVD initialization a warm start, but also need further
refinements to reduce the distillation error corresponding to earlier queries. Both steps together form
Algorithm 1, which is implemented and verified in Figure 3.

G.3 Role of Layers in Figure 4

We further evaluate layer-wise head-dimension reduction on LLAMA-3-8B, measured by perplexity
(PPL), by separately compressing the deepest layers (21–24) and several early layers (2, 3, and 4).
The results are reported in Table 2.
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Table 2: Layer-wise head-dimension reduction on LLAMA-3-8B, evaluated by perplexity (PPL).
Reduced rank dh Deepest layers 21–24 Layer 2 Layer 3 Layer 4

1 4.72 6.02 4.69 4.75
4 4.72 5.61 4.61 4.76
8 4.71 5.41 4.59 4.67
16 4.68 5.22 4.57 4.58
32 4.61 4.88 4.52 4.52
64 4.51 4.57 4.45 4.47

128 4.41 4.41 4.41 4.41

These results confirm a clear layer dependence of model reduction. Compressing the deepest layers
causes almost no perplexity degradation even at very small ranks. Layers 3 and 4 are similarly robust,
whereas layer 2 is moderately more sensitive. We will add these new experiments in the revision to
emphasize that even the saturation behavior is layer-dependent, it is particularly pronounced in deep
layers and hence leads to lossless later-layer model reduction.

G.4 Reducing Budget on Number of Heads

We conducted a systematic investigation of Transformer architectural hyperparameters on the
WikiText-103 language modeling task. The goal was to understand how attention head dimen-
sion and number of heads affect model performance in next-token prediction.

The models were 6-layer GPT-style Transformer decoders with learned token and positional em-
beddings (sequence length 256), RMSNorm, SwiGLU feed-forward networks, residual connections,
and weight-tied output projections. Two hyperparameter sweeps were performed: (1) varying head
dimension with 8 attention heads fixed, and (2) varying the number of heads (1–32) with head
dimension fixed at 64. The model dimension dmodel was set as the product of number of heads and
head dimension.

Training was performed on 1% of WikiText-103 ( 1M tokens) for 2 epochs using AdamW (learning
rate 3×10−4, weight decay 0.1) with cosine scheduling, 200-step warmup, gradient clipping, dropout
0.1, and mixed precision. Models were evaluated on validation and test sets using cross-entropy loss
and perplexity. Each configuration recorded training curves, validation losses, and test performance
for analysis.

Comparative analysis reveals that cutting head dimension is a more effective way to reduce model
parameters than reducing the number of heads, which incurs higher loss. The study highlights how
architectural choices influence performance and parameter efficiency in language modeling, offering
insights for balancing model capacity and computational budget.

Figure 15: Loss vs Number of Heads

Figure 16: Logits Norm vs L
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G.5 Analysis of Attention Logits Norms

In Figure 16, we investigate how the ℓ2 norm of attention logits (pre-softmax) varies with sequence
length. For each sequence length L, we randomly sampled 10 text sequences from the Wikitext-103
dataset and performed forward passes using the TinyLlama-1.1B model. We focused on the logits
of the first attention head in the first layer (layer 0, head 0) and computed the ℓ2 norm at the middle
token of each sequence (index = L/2).

This analysis has several theoretical motivations:

• Gradient stability: The magnitude of logits directly affects the softmax gradients. Exces-
sively large norms may cause gradient explosion, while very small norms lead to overly
uniform attention distributions.

• Numerical stability: Extreme logits values can result in numerical overflow, impacting
training stability.

• Attention concentration: Differences in logits magnitudes indicate the degree of attention
focus, with larger variations corresponding to more concentrated attention.

By analyzing the logits norm at the middle token, we avoid boundary effects and ensure comparability
across sequences of different lengths. We hypothesize that the logits norm exhibits a specific scaling
behavior with sequence length and should remain relatively stable to support effective gradient
propagation. These observations provide insights into the internal mechanisms of Transformers when
handling long sequences and can guide design choices for long-sequence modeling.

G.6 Controlled Ablations for the Two-stage Reduction Pipeline

We conduct controlled ablations on the corrected permanent low-rank implementation. The reported
sweep uses seed 42. The main comparison fixes layers 5–12 and dh = 16, while all other settings
remain unchanged.

Table 3: Controlled ablation at layers 5–12 and dh = 16. WikiText-2 losses are evaluated immediately
after initialization and after Stage I; SST-2 accuracy is evaluated after Stage II (or without Stage II
when it is disabled).

Initialization Stage I Stage II Init. loss Stage-I loss SST-2 Acc. (%)

SVD ✓ ✓ 5.072 3.215 93.81
Kaiming ✓ ✓ 7.180 3.582 91.74
SVD × ✓ 5.072 5.072 91.86
SVD ✓ × 5.072 3.215 47.48

Table 4: SST-2 validation accuracy (%) for Kaiming initialization + Stage I + Stage II.
Layers \ dh 2 4 8 16 32 64

1–8 77.87 79.93 83.03 86.81 87.96 88.30
5–12 88.65 91.06 91.63 91.74 92.66 92.78
9–16 93.35 93.23 93.23 93.58 93.00 94.61
Odd layers 81.77 84.63 88.19 89.91 90.37 90.83
1–16 78.10 80.16 82.45 84.40 87.16 88.07

Table 5: SST-2 validation accuracy (%) for SVD initialization + Stage II, without Stage I.
Layers \ dh 2 4 8 16 32 64

1–8 71.79 79.93 81.65 86.70 89.91 94.50
5–12 89.68 91.28 91.63 91.86 94.04 94.84
9–16 91.86 93.69 94.38 94.38 94.95 95.07
Odd layers 82.22 88.88 90.14 91.63 93.12 94.84
1–16 76.03 81.77 84.06 87.73 90.60 95.53
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Table 6: SST-2 validation accuracy (%) for SVD initialization + Stage I, without Stage II.
Layers \ dh 2 4 8 16 32 64

1–8 48.28 49.89 47.94 47.59 47.71 48.51
5–12 48.39 47.82 48.85 47.48 47.71 48.74
9–16 49.54 48.28 50.11 48.51 48.51 49.08
Odd layers 46.22 47.36 46.79 47.94 48.28 49.08
1–16 47.25 48.74 47.13 47.94 47.13 48.28
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