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Abstract

The low-rank quaternion matrix approximation has been successfully applied in many

applications involving signal processing and color image processing. However, the cost

of quaternion models for generating low-rank quaternion matrix approximation is some-

times considerable due to the computation of the quaternion singular value decomposition

(QSVD), which limits their application to real large-scale data. To address this deficiency,

an efficient quaternion matrix CUR (QMCUR) method for low-rank approximation is sug-

gested, which provides significant acceleration in color image processing. We first explore

the QMCUR approximation method, which uses actual columns and rows of the given

quaternion matrix, instead of the costly QSVD. Additionally, two different sampling strate-

gies are used to sample the above-selected columns and rows. Then, the perturbation

analysis is performed on the QMCUR approximation of noisy versions of low-rank quater-

nion matrices. Extensive experiments on both synthetic and real data further reveal the

superiority of the proposed algorithm compared with other algorithms for getting low-rank

approximation, in terms of both efficiency and accuracy.

Keywords: Quaternion matrix, quaternion CUR decomposition, low-rank approximation, color

image processing
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1 Introduction

Quaternion [1] as a mathematical concept was originally introduced by Hamilton in 1843. As

an extension of complex numbers, a quaternion number consists of one real part and three

imaginary parts. A quaternion matrix is a generalization of a complex matrix in quaternion

algebra. By now, quaternions and quaternion matrices have a wide range of applications in

signal processing [2–4], machine learning [5, 6], and particularly in color image processing

[7–11]. By encoding the red, green, and blue channel pixel values of a color image on the three

imaginary parts of quaternion matrices, this method perfectly fits the color image structure

and effectively preserves the inter-relationship between the color channels [12].

As an emerging mathematical tool, low-rank quaternion matrix approximation (LRQA)

has attracted much attention in the field of color image processing, such as color face recog-

nition [13, 14], color image inpainting [15–17], and color image denoising [18, 19]. A variety

of LRQA-based variants are achieved by using different rank approximation regularizers [20–

22]. Notably, Chen et al. [23] proposed the quaternion nuclear norm (QNN)-based LRQA for

color image denoising and inpainting. This method fully utilizes the high correlation among

RGB channels by extending low-rank matrix approximation into the quaternion domain.

Yu et al. [24] further extended the weighted nuclear norm minimization (WNNM) into

the quaternion domain and proposed the quaternion-based WNNM method for color image

restoration. Additionally, in [25] and [26], the authors employed quaternion truncated nuclear

norm and logarithmic norm to achieve a more accurate low-rank approximation. However,

a key limitation of these methods for generating low-rank quaternion matrix approximation

is that they need to compute the quaternion singular value decompositions (QSVD) in each

iteration and suffer from computational deficiency, especially for large-scale data.

In addition to rank minimization, recent studies have utilized quaternion matrix decom-

position and randomized techniques to improve the performance of LRQA [17, 27, 28].

For instance, Miao et al. [29] suggested the matrix factorization for the target quaternion

matrix, followed by three quaternion-based bilinear factor matrix norm factorization meth-

ods for low-rank quaternion matrix completion, which can avoid expensive calculations. Liu

et al. [30] presented a randomized QSVD algorithm for low-rank matrix approximation.

The randomized QSVD algorithm reduces the computational cost compared to traditional

QSVD for large-scale data. Is there any method with lower computational cost for low-rank

approximation of a quaternion matrix?

In recent years, the matrix CUR (MCUR) method [31–33] for fast low-rank approxima-

tion of real matrices has been actively investigated because of its ability to efficiently handle

large-scale problems. The MCUR method approximates a low-rank matrix by directly sam-

pling a subset of columns and rows from the original matrix and representing it as a product

of three small-scale matrices. Owing to the random column/row selection strategy, the MCUR

decomposition shows great potential for reducing the computational costs and preserving the

properties of the original data matrix compared with other methods [34, 35].

To further enhance the approximation performance and boost the computational effi-

ciency of LRQA, we consider the efficient quaternion matrix CUR (QMCUR) method for

low-rank approximation. Precisely, the QMCUR approximation of a quaternion matrix is

obtained by utilizing the actual rows and columns of the original quaternion matrix. Addi-

tionally, we employ two different sampling strategies to sample the above-selected columns

and rows. In summary, the introduction of the QMCUR approximation and the utilization of
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sampling strategies offer promising avenues for achieving low-rank approximation. The main

contributions of this paper are twofold:

• We consider the QMCUR method for low-rank approximation of a quaternion matrix.

This approach helps to reduce computational costs and improve the precision of low-rank

approximation.

• The perturbation error bound of the proposed approximation method is studied and

demonstrated under the spectral norm. Experimental results for synthetic data and color

images demonstrate that the proposed QMCUR approximation method achieves a substantial

speed-up while maintaining accuracy compared with other methods.

The rest of the paper is organized as follows. The main notation and preliminary for

quaternions are presented in Section 2. Section 3 presents the proposed quaternion CUR

approximation method and analyzes its perturbation error bound. We provide numerical

experiments to illustrate the effectiveness of the proposed method in Section 5. Finally, some

concluding remarks will be given in Section 6.

2 Preliminaries

2.1 Notation

Throughout this paper, R and H respectively denote the real and quaternion spaces. The set

of all positive integers is denoted by N, and the symbol [n] represents the set of integers

{1, . . . , n} for any n ∈ N. A scalar, vector, and matrix are written as a, a, and A, respectively.

We use A(I, :) and A(:, J) to denote the row and column submatrices with indices I and

J , respectively. Here, (·)∗, (·)T , (·)H , and (·)† represent the conjugate, transpose, conjugate

transpose, and Moore-Penrose inverse, respectively. | · | and ∥·∥F represent the absolute value

or modulus and the Frobenius norm, respectiv

2.2 Quaternion and quaternion matrices

The set of quaternions H is a linear space over R, with an ordered basis of 1, i, j, and k. Here,

i, j, and k are three imaginary units with the multiplication laws: i2 = j2 = k2 = ijk = −1,

ij = −ji = k, jk = −kj = i, ki = −ik = j. An element a of the set of quaternions H is of

the form a = a0+a1i+a2j+a3k ∈H with a0, a1, a2, a3 ∈ R. In particular, a is called a pure

quaternion if the real component a0 equals 0. The conjugate and modulus of a are defined as

a∗ = a0 − a1i− a2j− a3k and |a| =
√

a20 + a21 + a22 + a23, respectively.

For an arbitrary quaternion matrix A = A0 + A1i + A2j + A3k = (ast) ∈ H
m×n

with A0,A1,A2,A3 ∈ R
m×n, AH = (a∗ts) ∈ H

n×m denotes the conjugate transpose of A.

Moreover, the Frobenius norm of a quaternion matrix A ∈ H
m×n is ∥A∥F =

√

Tr(AHA) =
√

∑m

s=1

∑n

t=1 |ast|
2, where Tr(·) is the trace operator, and the spectral norm ∥A∥2 is defined

as ∥A∥2 = maxx∈Hn,∥x∥2=1 ∥Ax∥2.

The quaternion singular value decomposition (QSVD) [36] of a quaternion matrix A ∈
H

m×n is defined as A = WΣVH , where W ∈ H
m×m and V ∈ H

n×n are unitary, and

Σ = diag(σ1, σ2, · · · , σl) ∈ R
m×n with σi ≥ 0 denoting the i-th largest singular value of

A and l = min{m,n}. The truncated QSVD of a quaternion matrix A with rank k will be

denoted by Ak = WkΣkV
H
k , where W ∈ H

m×k and V ∈ H
n×k are the m× k and n× k

submatrices of W and V, respectively, corresponding to choosing the first k columns of each,
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and Σk is a k × k matrix containing the largest k singular values. More information about

quaternion matrices can be found in [12, 36, 37].

3 Proposed approach

In this section, we first present the QMCUR method, which is designed to efficiently com-

pute a low-rank approximation of a large-scale quaternion matrix with low computational

costs and comparable accuracy. Then we provide the perturbation estimates for the QMCUR

approximation of the noisy version of low-rank matrices.

Algorithm 1 Main steps of QMCUR approximation

Input: X ∈ H
m×n: the quaternion matrix; k: predefined rank; |I|, |J |: number of rows

and columns to sample; {pj}, {qi}: sampling probability distribution, j = 1, . . . , n, and

i = 1, . . . ,m.

1: Draw sampling column indices J ⊆ [n] based on the sampling probability pj and

construct C ∈ H
m×|J|;

2: Draw sampling row indices I ⊆ [m] based on the sampling probability qi and construct

R ∈ H
|I|×n;

3: Compute U: U = C†XR† ∈ H
|I|×|J|;

Output: C,U,R such that X ≈ CUR.

3.1 QMCUR-based low-rank approximation method

We now present the QMCUR approximation method. Let X ∈ H
m×n be a low-rank quater-

nion matrix with a predefined rank k. Consider row indices I ⊆ [m] and column indices

J ⊆ [n] satisfying |I|, |J | ≥ k. Denote a column submatrix C = X(:, J) whose columns

span the column space of X and a row submatrix R = X(I, :) whose rows span the row

space of X. Then the QMCUR approximation of X is a product of the form

X ≈ CUR, (1)

where C ∈ H
m×|J| with |J | columns from the quaternion matrix X and R ∈ H

|I|×n with |I|
rows from the quaternion matrix X. It’s obvious that the core quaternion matrix U ∈ H

|J|×|I|

should be computed to yield the smallest error. The optimal choice for the core quaternion

matrix U in the least-squares sense is U = C†XR† [38] because

C†XR† = argmin
U∈H|J|×|I|

∥X−CUR∥2F . (2)

Note that one may replace C† in (1) by C†XR† to improve the approximation, resulting in

the QMCUR approximation CC†XR†R. Algorithm 1 summarizes the overall process of the

QMCUR approximation.

To implement the QMCUR approximation method, we set the size of C to be m×k log k
and R to be k log k×n for the QMCUR approximation method. The indices used to determine
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C and R are sampled using two different strategies [39, 40]. In the first strategy, the sampling

probabilities pcol
j and qrow

i for each column j and row i of the quaternion matrix X are based

on the Euclidean norm of the columns and rows, which are respectively defined as pcol
j :=

∥X(:,j)∥2

2

∥X∥2

F

where j = 1, 2, . . . , n and qrow
i :=

∥X(i,:)∥2

2

∥X∥2

F

, where i = 1, 2, . . . ,m. This strategy

is referred to as QMCUR_length. In the second strategy, the sampling probabilities punif
j and

qunif
i are respectively defined as punif

j := 1
n

and qunif
i := 1

m
. This approach is referred to as

QMCUR_uniform.

3.2 Perturbation Estimates for CUR Approximation

In practical applications, quaternion matrix data is often perturbed, such as noise in pictures,

which may cause huge errors. In this section, we present the perturbation analysis suggested

by the QMCUR approximation described above. Our main task will be to consider matrices

in the form of

X̃ = X+E, (3)

where X ∈ H
m×n has rank k with k ≥ {m,n}, and E ∈ H

m×n is an arbitrary noise

quaternion matrix drawn from a certain distribution.

Before analyzing the perturbation, we will first introduce some notation. Let C̃ = X̃(:
, J) ∈ H

m×|J|, R̃ = X̃(I, :) ∈ H
|I|×n, and Ũ = C̃†X̃R̃† ∈ H

|J|×|I| for selected index sets

I , J . Then we can express this as

C̃ = C+E, R̃ = R+E, Ũ = U+E, (4)

where C = X(:, J), R = X(I, :), and U = C†XR†. For simplicity, we write EJ = E(:, J)
and EI = E(I, :). The following theorem provides a perturbation estimate for the QMCUR

approximation.

Theorem 1 Let X̃ = X + E for a fixed but arbitrary E ∈ H
m×n. Using the notation in (4),

then the following holds:

∥X− C̃C̃†X̃R̃†R̃∥ ≤ ∥EI∥∥XR†∥+ ∥EJ∥∥C
†X∥+ 3∥E∥. (5)

Furthermore,

∥X− C̃C̃†X̃R̃†R̃∥ ≤ ∥E∥(∥W†
k,I∥+ ∥V

†
k,J∥+ 3). (6)

where Wk,I = Wk(I, :) ∈ H
|I|×k and Vk,J = Vk(J, :) ∈ H

|J|×k for index sets I, J .

In a word, Theorem 3.1 shows that the error estimation in the QMCUR method is con-

trolled by the pseudoinverses of the submatrices of the orthogonal singular vectors and is

linear in the norm of the noise E. To establish Theorem 3.1, we will introduce the following

lemmas.

Lemma 1 Suppose that X ∈ H
m×n has rank k with the QMCUR approximation: X ≈

CUR, where C = X(:, J) with selected column indices J , R = X(I, :) with selected row

indices I , and U = C†XR†. Then we have

rank(C) = rank(R) = rank(X). (7)
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Proof. Recall that C = X(:, J). Thus, span(C) ⊂ span(X). On account of the fact that

X = CC†XR†R, we have span(X) ⊂ span(C). A similar argument shows that span(RH )

⊂ span(XH ). The conclusion follows.

Lemma 2 The following hold:

∥X− C̃C̃†X̃∥ ≤ ∥EJ∥∥C
†X∥+ ∥E∥, ∥X− X̃R̃†R̃∥ ≤ ∥EI∥∥XR†∥+ ∥E∥. (8)

Proof. Note that

∥(I− C̃C̃†)C∥ = ∥(I− C̃C̃†)C̃− (I− C̃C̃†)EJ∥

≤ ∥(I− C̃C̃†)C̃∥+ ∥(I− C̃C̃†)EJ∥

≤ ∥EJ∥.

(9)

The final inequality holds because the first norm term is 0 by identity of the MoorePen-

rose pseudoinverse and ∥I − C̃C̃†∥2 ≤ 1 as this is an orthogonal projection operator. Since

rank(C) = rank(X), we have X = CC†X. Then

∥X− C̃C̃†X̃∥ ≤ ∥(I− C̃C̃†)X∥+ ∥E∥

= ∥(I− C̃C̃†)CC†X∥+ ∥E∥

≤ ∥EJ∥∥C
†X∥+ ∥E∥,

(10)

The second inequality is derived by mimicking the above argument. The conclusion follows.

Lemma 3 Suppose that X ∈ H
m×n has rank k and its truncated QSVD is X = WkΣkV

H
k .

Let C and R be submatrices of X (with selected row and column indexes I and J ,

respectively) and U = C†XR† such that X = CUR. Then the following hold:

∥XR†∥ = ∥W†
k,I∥, ∥C

†X∥ = ∥(VH
k,J )

†∥. (11)

where Wk,I = Wk(I, :) ∈ H
|I|×k and Vk,J = Vk(J, :) ∈ H

|J|×k for selected index sets

I, J .

Proof. Begin with the fact that R = Wk(I, :)ΣkV
H
k = Wk,IΣkV

H
k . Then we have

AR† = WkΣkV
H
k (Wk,IΣkV

H
k )†. (12)

Notice that Wk,I has full column rank, Σk is a k × k matrix with full rank, and VH
k has

orthogonal rows (i.e., (VH
k )† = Vk). In this case,

(Wk,IΣkV
H
k )† = (VH

k )†Σ−1
k W

†
k,I = VkΣ

−1
k W

†
k,I . (13)
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Consequently, the following holds:

∥XR†∥ = ∥WkΣkV
H
k VkΣ

−1
k W

†
k,I∥

= ∥ΣkV
H
k VkΣ

−1
k W

†
k,I∥

= ∥ΣkΣ
−1
k W

†
k,I∥

= ∥W†
k,I∥.

(14)

The second equality above follows from the unitary invariance of the norm [37]. Similarly,

we have

∥C†X∥ = ∥(VH
k,J )

†∥, (15)

whereupon the conclusion follows from the fact that ∥(VH
k,J )

† = (V†
k,J )

H which has the

same norm as V
†
k,J . The conclusion follows.

Proof of Theorem 1. First note that

∥X− C̃C̃†X̃R̃†R̃∥ = ∥X− C̃C̃†X̃+ C̃C̃†X̃(I−R†R)∥

≤ ∥X− C̃C̃†X̃∥+ ∥C̃C̃†∥∥X̃(I−R†R)∥

≤ ∥X− C̃C̃†X̃∥+ ∥X̃(I−R†R)∥.

(16)

The second inequality follows from the fact that ∥CC†∥F = 1. Next, using the formula

X̃ = X + E, we have ∥X̃(Ĩ − R̃†R̃)∥ ≤ ∥X(Ĩ − R̃†R̃)∥ + ∥E∥ since ∥I − R̃†R̃∥2 ≤ 1.

Then applying Lemma 2, we obtain

∥X− C̃C̃†X̃R̃†R̃∥ ≤ ∥X− C̃C̃†X̃∥+ ∥X(Ĩ− R̃†R̃)∥+ ∥E∥

≤ ∥EI∥∥XR†∥+ ∥EJ∥∥C
†X∥+ 3∥E∥.

(17)

Moreover, from Lemma 3, it follows that

∥X− C̃C̃†X̃R̃†R̃∥ ≤ ∥E∥(∥W†
k,I∥+ ∥V

†
k,J∥+ 3). (18)

4 Numerical experiments

In this section, we conduct numerical experiments to assess the accuracy and computation

time of the proposed QMCUR method for computing low-rank approximation of a quaternion

data matrix. Several real-world datasets are employed to demonstrate our proposed algorithm.

Example 4.1 In this experiment, we will demonstrate error estimation in Theorem 1

using simulation data. We randomly generate a quaternion matrix X as a product X =
WkΣkV

H
k ∈ H

m×m and set its rank k to be 50, where Wk ∈ H
m×k,Vk ∈ H

m×k are uni-

tary matrices, and Σk is a diagonal k×k matrix with positive diagonal elements. In addition,

the random noise quaternion matrix is given by E = E0+E1i+E2j+E3k ∈ H
m×n, where

the entries of Et(t = 0, 1, 2, 3) are i.i.d. Gaussian variables with mean zero and variance σ.

Then we obtain the perturbed quaternion matrix

7



Fig. 1 ∥X− C̃ŨR̃∥2 vs. ∥E∥2.

σ = 10
−1

σ = 10
−4

σ−7 σ = 0

Fig. 2 Comparison of low rank quaternion matrix approximation methods under different noise levels σ. Rank

10 is used in all tests and m varies from 50 to 500. Top row: relative approximation errors vs. quaternion matrix

dimensions. Bottom row: running time vs. quaternion matrix dimensions.

X̃ = X+E. (19)

In this experiment, we assume that m = 500 and k = 50. By applying Algorithm 1

to compute the rank-k approximation of X̃ with σ = 10−1, 10−2, . . . , 10−6, Fig. 1 shows

the results. From this, we observe that the error ∥X − C̃ŨR̃∥2 increases linearly as ∥E∥2
increases, which confirms the conclusion of Theorem 1.

Example 4.2 In this experiment, through simulation data, we will show the efficiency

and accuracy of the QMCUR method by comparison with the QSVD method. We also con-

sider the perturbed quaternion matrix X̃ in Example 4.1.For all methods, the relative error

∥B−X∥F /∥X∥F and the running time (in second) are used as metrics to measure approxi-

mate solutions, where B is obtained by QSVD, QMCUR_length, and QMCUR_uniform.

In Fig. 2, we present the relative error and running time for the synthetic data with vary-

ing size m, where the rank k is set to 10. One can see that both variations of the proposed

QMCUR approximation are significantly faster than QSVD when m is sufficiently large. In

the noiseless case (i.e., when σ = 0), the errors for QMCUR_uniform are smaller than those

obtained by the QSVD algorithm. However, when additive noise appears, the proposed meth-

ods exhibit slightly worse but still good approximation accuracy. In summary, the proposed

8



Fig. 3 Numerical simulation results of QSVD and QMCUR with different sampling strategies to color images with

different rank k. From top to bottom: Image01 and Image02, respectively.

methods achieve a substantial speed-up while maintaining accuracy compared to QSVD,

especially when m is sufficiently large.

Example 4.3 In this example, we evaluate the performance of the proposed QMCUR

method for color image compression. The dataset used in this example is the Set271 and two

images are shown in Fig. 4. Since the size of all images is 683 × 1024 × 3, each image

can be represented by a pure quaternion matrix X = Ri + Gj + Bk, where R, G, and B

represent the RGB (red, green, blue) channels of the color image. The elements of X are

xij = riji + gijj + bijk, where rij , gij , and bij denote the red, green, and blue pixel values

at the position (i, j) of the color image, respectively.

Fig. 3 illustrates the relative error and running time of all methods for various selected

ranks. From Fig. 3, we can observe that the performance of the proposed methods is supe-

rior to that of QSVD in terms of relative error when k is set to a suitable size. In terms of

running time, the proposed methods are much faster than QSVD. In Fig. 4, we present the

reconstructed image quality for various target ranks. It is evident that there is little difference

in the visual effect between each original image and the approximate image obtained by the

proposed methods and the QSVD.

Example 4.4 In this part, the proposed models are applied to the recovery of color images.

The problem of recovering color images can be formulated as a quaternion matrix completion

1https://github.com/Huang-chao-yan/dataset.
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k = 40 k = 40 k =40

k = 100 k = 100 k = 100

k = 70 k = 70 k = 70

k = 110 k = 110 k = 110

Original QSVD QMCUR_length QMCUR_uniform

Fig. 4 Low-rank color image reconstruction. From top to bottom: Image01 and Image02, respectively.

problem, aiming to find its missing entries through the following optimization.

min
X

rank(X), s.t. PΩ(X) = PΩ(Y), (20)

where rank(·) denotes the rank function, X ∈ H
I1×I2 and Y ∈ H

I1×I2 represent the

recovered and observed quaternion matrices, respectively. Ω represents the set of observed

elements, and PΩ(X) is a projection operator defined as PΩ(X)ij = Xij if (i, j) ∈ Ω and

0 otherwise. The rank minimization problem of a quaternion matrix can be expressed as the

quaternion nuclear norm minimization (QNNM) [23]. However, the algorithm that utilizes

QNNM involves the QSVD of quaternion matrices, which results in high time complexity.

The QNNM method can be more effectively replaced by the concept of quaternion decom-

position. The quaternion matrix decomposition variant of formulation (20) is presented as

follows

min
X

∥PΩ(X)− PΩ(Y)∥2F , s.t. rank(X) = k, (21)

where we assume that the unknown quaternion matrix X has a low-rank matrix represen-

tation. By introducing an auxiliary tensor variable M, the optimization problem (21) can be

10



Algorithm 2 Quaternion matrix-CUR approximation from partially observed entries

Input: An incomplete quaternion matrix Y ∈ H
m×n, observation locations Ω, rows and

columns (i.e., I and J) indices that define R ∈ H
|I|×n and C ∈ H

m×|J| respectively,

and maximal iteration tmax=200.

Output: The recovered quaternion matrix X∗.
1: X0 = Y ∈ H

|I|×|J| is the observed quaternion matrix with missing pixels.

2: M0 ∈ H
|I|×|J| is a zero quaternion matrix.

3: For t = 0, 1, 2, . . . do

4: Mt+1 ← compute QMCUR approximation of the data matrix Xt using Algorithm 1

5: Xt+1 = (Mt+1)Ωc +YΩ, where Ωc denotes the complementary set of Ω
6: If ∥Ẋt+1 − Ẋt∥F /∥Ẋ

t∥F ≤ 10−4, or t ≥ tmax then

7: X∗ = Xt+1 and break

8: end

9: end

expressed as follows

min
X

∥X−M∥2F , s.t. rank(X) = k, PΩ(X) = PΩ(Y). (22)

Therefore, we can alternatively solve the optimization problem (21) over the variables X and

M. The solution to the minimization problem (21) can be approximated using the following

iterative procedures.

Mt ← L(Xt), (23)

Xt+1 ← Ω⊛Y + (1− Ω)⊛Mt, (24)

where t represents the iteration number, L is an operator used to calculate a low-rank

quaternion matrix approximation of the quaternion matrix X, which can be achieved by the

QMCUR technique, and 1 is a matrix in which all components are equal to one. The algo-

rithm consists of two main steps: low-rank quaternion matrix approximation (Eq. 23) and

masking computation (Eq. 24). We summarize the proposed method in Algorithm 2. It starts

with the initial incomplete data X0 and iteratively enhances the approximate solution until a

stopping criterion is satisfied or the maximum number of iterations is reached.

We test our algorithm using four-color images of size 512×768×3 from the Kodak Pho-

toCD Dataset2 under the random missing scenario. The missing ratio (MR) is defined as the

ratio of the number of missing elements to the total number of elements. The quality of the

restoration results is measured using peak signal-to-noise rate (PSNR), structural similar-

ity (SSIM), and running time per iteration (in seconds). Several low-rank matrix completion

methods are compared in the experiments, including LRQA-1 [23], QLNF [26], and Q-DFN

[29]. The numerical results of the color images recovered using various methods for different

MRs are presented in Table 1, and the visualized results are depicted in Fig. 5.

From these results, the following observations are made. First, the PSNR results of

the proposed methods (QMCUR_length and QMCUR_uniform) and three other methods

(LRQA-1, QLNF, and Q-DFN) indicate that QMCUR_length and QMCUR_uniform achieve

the best recovery performance in most cases. Furthermore, the proposed QMCUR_uniform is

2http://r0k.us/graphics/kodak/
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Table 1 PSNR, SSIM, and running time per iteration (in second) of results by different methods with different

MRs on color images. The best and second best values are respectively highlighted in boldface and underlined.

Data Method
MR=90% MR=80% MR=70%

PSNR SSIM Time PSNR SSIM Time PSNR SSIM Time

Image03

Observed 9.18 0.038 0.000 9.69 0.104 0.000 10.26 0.184 0.000

LRQA-1 24.71 0.954 0.460 26.73 0.967 0.446 28.07 0.975 0.503

DFN 24.89 0.953 0.348 27.04 0.967 0.280 28.51 0.976 0.350

QLNF 24.63 0.949 0.738 26.53 0.964 1.178 27.98 0.972 3.999

QMCUR_length 25.12 0.951 0.226 27.20 0.967 0.257 28.63 0.976 0.316

QMCUR_uniform 24.99 0.950 0.159 27.23 0.968 0.166 28.66 0.976 0.265

Image04

Observed 8.00 0.024 0.000 8.50 0.050 0.000 9.09 0.082 0.000

LRQA-1 22.79 0.771 0.456 25.50 0.868 0.498 27.24 0.905 0.478

DFN 23.10 0.757 0.270 25.96 0.852 0.350 27.79 0.889 0.326

QLNF 23.25 0.772 1.188 25.87 0.854 2.727 27.15 0.856 3.768

QMCUR_length 23.49 0.776 0.184 26.23 0.858 0.321 27.88 0.889 0.346

QMCUR_uniform 23.67 0.776 0.135 26.36 0.848 0.277 27.98 0.883 0.322

Image05

Observed 7.22 0.022 0.000 7.73 0.045 0.000 8.30 0.072 0.000

LRQA-1 21.85 0.725 0.478 23.98 0.798 0.451 25.41 0.841 0.542

DFN 21.86 0.702 0.362 24.13 0.783 0.335 25.60 0.825 0.349

QLNF 21.85 0.690 1.483 23.83 0.764 1.583 18.75 0.648 2.867

QMCUR_length 22.04 0.690 0.220 24.20 0.779 0.349 25.50 0.824 0.351

QMCUR_uniform 22.15 0.688 0.165 24.22 0.769 0.283 25.62 0.822 0.247

Image06

Observed 7.20 0.026 0.000 7.71 0.058 0.000 8.29 0.095 0.000

LRQA-1 21.75 0.815 0.434 24.85 0.894 0.512 26.84 0.927 0.501

DFN 22.58 0.830 0.286 25.46 0.900 0.318 27.57 0.930 0.362

QLNF 22.37 0.810 1.310 25.02 0.883 2.789 26.44 0.907 4.110

QMCUR_length 22.76 0.819 0.230 25.50 0.892 0.283 27.51 0.923 0.341

QMCUR_uniform 22.98 0.829 0.168 25.60 0.894 0.227 27.55 0.924 0.327

Original Observed LRQA-1 DFN QLNF QMCUR_length QMCUR_uniform

Fig. 5 Visual comparison of various methods for color image recovery. From top to bottom: Image03, Image04,

Image05, and Image06, respectively.
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the fastest, demonstrating its scalability on large-scale color images. As shown in Fig. 5, the

visual effect of the QMCUR_length and QMCUR_uniform methods is superior to the com-

parative methods with MR = 80%, which is consistent with our quantitative results. Both of

these findings further demonstrate the superiority of our methods over comparative methods

for handling large-scale data.

5 Conclusion

This work presented an efficient quaternion matrix CUR method for computing low-rank

approximation of a quaternion data matrix. The QMCUR approximation offers a balance

between accuracy and computational costs by selecting specific column and row submatrices

of a given quaternion matrix. Next, we conducted a perturbation analysis of this approxima-

tion and concluded that the error in the quaternion spectral norm is correlated with the noise

quaternion matrix in the first order. Computational experiments illustrated that the QMCUR

approximation methods are significantly faster than comparative low-rank quaternion matrix

approximation methods, without sacrificing the quality of reconstruction on both synthetic

and color image datasets.
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