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Abstract
Label distribution learning (LDL) is effective for addressing label ambiguity. In LDL, 
ground-truth label distributions are hardly available due to the high annotation cost, 
whereas it is relatively easy to obtain examples with logical labels. Hence, label enhance-
ment (LE) is proposed to automatically transform logical labels into label distributions. 
Most existing LE methods employ discriminative approaches. However, discriminative 
approaches specialize in obtaining better predictive performance under supervised learn-
ing, and their capability is limited in LE that lacks supervisory information. Therefore, 
we propose a generative LE model, and infer label distributions by the variational Bayes 
capable of preserving the label ranking within the logical label vector. Our method consists 
of a generation process and an inference process. In the generation process, we treat label 
distributions as latent variables, and assume that label distributions generate logical labels 
and feature values of the instance itself and logical labels of the neighbors of this instance. 
In the inference process, we design a function, which mines the label correlation and pre-
serves the label ranking within the logical label vector, to parameterize the variational pos-
terior. Finally, we conduct extensive experiments to validate our proposal.
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1  Introduction

Label ambiguity is ubiquitous in real-world tasks. Multi-label learning (Tsoumakas & 
Katakis, 2007; Zhang & Zhou, 2014) is an effective learning paradigm that deals with label 
ambiguity by assigning multiple labels to an instance. However, it can only answer the 
question “which labels can describe the instance?”, but not “how much does each label 
describe the instance?”. Hence, a learning paradigm called label distribution learning 
(LDL) is proposed to solve this problem (Geng, 2016). In LDL, an instance is annotated 
by a real-valued vector with probabilistic form. This real-valued vector is also called label 
distribution. LDL has been applied in many fields, such as age estimation (Gao et al., 2018; 
Hou et al., 2017; Wen et al., 2020; Geng et al., 2013; Deng et al., 2020; Chen et al., 2016), 
head pose estimation (Geng & Xia, 2014), crowd counting (Ling & Geng, 2019; Zhang 
et al., 2015), visual sentiment distribution prediction (Yang et al., 2017), emotion analysis 
from texts (Zhou et al., 2016), and so on.

A critical bottleneck limiting LDL is the availability of the ground-truth label distri-
butions. Most existing datasets only contain the logical labels, and manually annotating 
instances with label distributions is costly. To alleviate these problems, a process called 
label enhancement (LE) (Xu et al., 2018) is proposed to transform logical labels into label 
distributions automatically.

Generally speaking, LE studies how to recover the label distributions with the help of 
the features and logical labels of the instances. This problem can be addressed in discrimi-
native or generative approaches. Most existing studies employ the discriminative approach. 
They directly treat the latent label distribution values as conditional probabilities of logical 
labels conditioned on features, and then exploit some additional information to “guess” 
(due to the lack of ground-truth label distributions) the conditional probabilities. Typically, 
they leverage the information from two main aspects. One is the neighborhood relation 
of instances (relation between the instance and its neighbors), such as the low-rank rep-
resentation (Tang et al., 2020), feature manifold reconstruction (Hou et al., 2016), and K 
nearest neighbors (Xu et al., 2018). The other is the co-occurrence relation of labels, such 
as the local and global correlations between labels (Jia et  al., 2023). The discriminative 
approach specializes in obtaining better predictive performance under supervised learning 
(Jebara, 2012), while the label enhancement task lacks the ground-truth label distribution 
as supervisory information, which limits the capability of the discriminative model. Com-
pared with the discriminative approach, generative approach is concerned with describing 
the generation process of observations in a principled way and mining the underlying pat-
terns of observations, which is more essential for unsupervised learning (Jebara, 2012), 
and thus is more suitable for label enhancement (an unsupervised task). Variational label 
enhancement (LEVI) (Xu et al., 2020) for the first time demonstrates the effectiveness of 
the generative approach for the LE task. It treats the label confidence1 as the latent repre-
sentation of the feature vector and the logical label vector, and uses the auto-encoding vari-
ational Bayes (AEVB) (Kingma & Welling, 2014) framework to learn the representation.

However, as is illustrated in Fig. 1, due to the assumption that the logical labels are 
generated by a Bernoulli distribution Ber(y|MLP(z)) , where MLP is a multilayer percep-
tron, LEVI fails to preserve the label ranking within the logical label vector, while the 

1  The LE methods usually normalize a real-valued vector, whose elements take values between 0 and 1 and 
may not sum to 1, to the form of label distribution. We call this unnormalized real-valued vector the label 
confidence.
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correct label ranking is a prerequisite for label distribution to induce optimal decisions 
in subsequent tasks (Jia et al., 2023; Wang & Geng, 2021; Wang et al., 2022; Wang & 
Geng, 2019, 2021). Besides, LEVI ignores the neighborhood relation and the label rela-
tion, which are also essential to LE.

In this paper, we propose GLERB, a novel Generative Label Enhancement model, 
in which the latent label confidence is inferred by a Ranking-preserved variational 
Bayes. As shown in Fig. 2, our method consists of a generation process and an inference 
process.

Generation process. The generation process describes how the observed variables 
(features and logical labels) are generated. First, the label confidence z is generated 
from the Beta prior. Next, we take the linear transformation of the label confidence as 
the mean of a Gaussian distribution and use this Gaussian to generate the feature values 
of the instance, which follows a similar assumption to LEVI that label confidence is the 
low-dimensional representation of the feature vector. Besides, inspired by the assump-
tion that the labels of neighboring instances are sampled from a common distribution 
(Liu et al., 2019; Weerasooriya et al., 2020), we make the label confidence of instance 
x to generate not only the logical labels of itself but also those of its neighbors, i.e., the 
logical labels of an instance is generated jointly by its own label confidence and that of 

Fig. 1   An example of ranking 
inconsistency between the label 
confidence and the logical labels 
caused by MLP. Typically, we 
expect that the label confidence 
of [0.9, 0.1]⊤ tends to generate 
logical labels of [1, 0]⊤ , whereas 
after an MLP transformation, the 
label confidence tends to gener-
ate logical labels of [0, 1]⊤
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Fig. 2   Overview of our method. The input is the observation of feature variables x and logical labels y . 
The output is the label distribution calculated by the posterior of label confidence. The prior and variational 
posterior of label confidence z are Beta distribution Beta(z|1, 1) and Kumaraswamy distribution �(z|a, b) , 
respectively. During the variational inference, a and b are modeled by a function of features and logical 
labels, which encodes the label co-occurrence relation by message passing. During the generation process, 
a function of label confidence �(zi;�) and an identity matrix Ic are treated as the parameters of the Gaussian 
for generating feature vectors. Based on the generated feature vectors, we can obtain the neighbors of the 
instance xi (including xi itself), i.e., |�i| , and use their label confidence to generate the logical labels for xi
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its neighbors. Accordingly, we mix the label confidence of the neighbors of an instance 
to model the parameters of a Bernoulli distribution, and use this Bernoulli to generate 
the logical labels of this instance.

Inference process. To infer the label confidence, we modify the traditional AEVB 
framework by imposing the restriction about label co-occurrence and label ranking on it. 
Specifically, we model the varitional family as Kumaraswamy distribution (Kumaraswamy, 
1980). The reasons for this choice are twofold: (1) Kumaraswamy, which has closed-form 
inverse cumulative density function, make the reparameterization easy; (2) Kumaraswa-
my’s Kullback–Leibler divergence from the Beta prior can be obtained in closed-form. 
These two aspects, i.e., reparameterization and closed-form KL divergence from the prior, 
are necessary for AEVB. Other candidate probability distributions with a support of (0, 1) 
either cannot apply the reparameterization (e.g., Beta distribution) or have no closed-form 
KL divergence from the prior (e.g., logistic-normal distribution).2 Then we design a func-
tion based on label co-occurrence to model the parameters of the Kumaraswamy, rather 
than a multilayer perceptron. This function, which we call the label propagation function, 
is derived from the message propagation on the graph whose nodes and edges represent 
labels and label co-occurrence probabilities, respectively. Furthermore, we conceptually 
and theoretically illustrate the reason why label propagation function can preserve the 
ranking consistency between label confidence and logical labels.

Based on the above generation and inference processes, we derive the Monte Carlo 
approximate of the ELBO (evidence lower bound), and derive the lower bound of ELBO 
to avoid the troublesome gradients caused by the log of summation expression. Finally, we 
compare our method with several state-of-the-art algorithms on 14 real-world datasets. The 
experimental results validate the effectiveness of our proposal. The main contributions of 
our work are summarized as follows:

•	 We propose a novel generative model for label enhancement task, which encodes the 
relationships among logical labels, features, label confidence, and neighbors in a prin-
cipled way.

•	 We adapt the traditional auto-encoding variational Bayes to our generative label 
enhancement model, which makes the label confidence incorporated with the label 
co-occurrence information and theoretically guarantees the label ranking consistency 
between the label confidence and logical label vector.

•	 We derive the Monte Carlo approximate of the ELBO for our generative label enhance-
ment model, which allows any gradient-based optimization algorithm to be applied; we 
also derive the lower bound of ELBO, which avoids the troublesome gradients caused 
by the log of summation.

2 � Related work

The current works on LE can be roughly divided into two groups: one is the discriminative 
LE methods, and the other is the generative LE methods.

2  In Appendix, we discuss the demerits of more distributions w.r.t. modelling the variational posterior for 
the variable with Beta prior.
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The discriminative LE methods aim to learn the mapping from features to labels directly. 
Typically, they study how to enhance the labels using the information from three main aspects: 
the instance relation, the label relation, and the label embedding. To leverage the instance rela-
tion, some LE algorithms, e.g., ML2 (Hou et al., 2016), L2 (Liu et al., 2021), WSMLLE (Lv 
et al., 2019), LEMLL (Shao et al., 2018), LESC (Tang et al., 2020), SLE-SSE (Wen et al., 
2022), MLFE (Zhang et al., 2018), and gLESC (Zheng et al., 2023), reconstruct the feature 
vector of each instance by the linear combination of the feature vector of its neighbors, and 
assume that the label distribution for each instance can also be reconstructed by the same lin-
ear combination. More specifically, ML2 , LEMLL, and L2 only require that the coefficients of 
the linear combination sum to one; SLE-SSE, LSEC, and gLESC assume that the coefficient 
matrix of linear combinations of all instances should be of low-rank; MLFE and WSMLLE 
assume the coefficient vectors of the linear combination to be sparse. There are also some 
algorithms, e.g., GLLE (Xu et al., 2018), PLLE (Xu et al., 2019), BDLE (Liu et al., 2021), 
RELIAB (Li et al., 2015), that achieve the consistency of instance relations between feature 
space and label distribution space leveraging the Laplacian regularization of instance rela-
tion graph. Besides, PLEML (Zhu et  al., 2020) captures the complex structural relation of 
instance through a multi-label learning model, which is an implicit way to mine the informa-
tion of instance relation, and it avoids the noise introduced by manual graph construction; 
To leverage the label relation, WSMLLE (Lv et al., 2019) and the extend GLLE (Xu et al., 
2021) regularize the recovered label distribution by the Graph Laplacian of label correlation 
graph; LEPNLR (Jia et al., 2023) enhances the labels by maintaining the rank relation of logi-
cal labels. The discriminative LE methods based on label embedding recovers the label distri-
bution by mining the vector representation of label semantics. For example, FCMLE (Gayar 
et al., 2006), KMLE (Jiang et al., 2006), and FLE (Wang et al., 2023) find the representative 
point in the feature space for each label, and then calculate the similarity between the feature 
vector of the instance and the representative point of the label, which in turn is used to con-
struct the label distribution; LCM (Guo et al., 2021), LEBS (Liu et al., 2021), and EWLLE 
(Zeng et al., 2021) embed the feature vector and logical label vector of an instance into a com-
mon space, and calculate the similarity between the embeddings of features and labels in the 
common space, which in turn is used to construct the label distribution.

The above LE methods all use discriminative approach. Discriminative approach special-
izes at obtaining better predictive performance under supervised task, and this predictive 
performance relys on accurate supervisory information. However, since LE is unsupervised, 
the above methods all use logical labels as inaccurate supervisory information, which intro-
duces additional error. Compared with the discriminative approach, generative approach is 
good at describing the generation process of observations in a principled way and mining the 
underlying patterns of observations, which is more essential for LE task. To the best of our 
knowledge, LEVI (Xu et al., 2020) is currently the only generative LE method. It treats the 
label confidence as the latent variable which generate features and logical labels, and uses the 
variational approach to infer the posterior of label confidence. Although LEVI is a successful 
application of generative approach to LE task, it fails to guarantee the label ranking within the 
logical label vector.
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3 � Preliminary

In this section, we first introduce some notations and formulate LDL and LE problems. Then, 
we introduce the background of variational inference and AEVB framework. Finally, we intro-
duce the Kumaraswamy distribution.

3.1 � Notations and problem formulation

We denote the matrix of observed feature variables by X ∈ ℝ
n×c , where n and c denote the 

number of observations and features, respectively; the i-th feature vector is denoted by xi . Let 
Y ∈ {0, 1}n×m denote the matrix of observed logical label variables, where m is the number 
of labels; the i-th logical label vector is denoted by yi ; the j-th logical value of yi is denoted 
by yij . The matrix of latent label confidence is denoted by Z ∈ ℝ

n×m
+

 ; the i-th label confidence 
vector is denoted by zi ; the j-th label confidence of zi is denoted by zij . The matrix of latent 
label distributions is denoted by D ∈ ℝ

n×m
+

 ; the i-th label distribution is di ; the j-th element of 
di is dij , which satisfies dij > 0 and 

∑m

j=1
dij = 1 . Actually, dij is equal to the normalized label 

confidence (
∑m

t=1
zit)

−1zij.
The goal of label distribution learning is to learn a mapping from the feature vector to the 

label distribution according to the dataset (X,D) in which each instance xi is associated with a 
label distribution di ; the learned mapping can in turn be used to predict label distributions for 
unseen instances.

Since the ground-truth label distributions are usually unavailable due to the expensive 
annotation cost, the goal of label enhancement (i.e., the goal of this paper) is to recover the 
label confidence Z (or label distribution D ) from the logical labels Y , and thus transforming 
the dataset (X,Y) into the LDL-applicable dataset (X,D).

3.2 � Variational inference and AEVB framework

Here, we introduce the background of variational inference and AEVB framework.
Given the observed variables o and the corresponding latent variables z , we are interested 

in inferring the posterior p(z|o) . In practice, the exact inference of p(z|o) is typically intrac-
table due to the computationally intractable integral. Therefore, variational inference is intro-
duced to provide an approximate inference of p(z|o) . Variational inference tries to find a sim-
ple distribution q(z|o) to approximate the intractable posterior p(z|o):

where DKL denotes the Kullback–Leibler divergence, Q denotes a family of variational pos-
terior. Since the posterior p(z|o) is intractable, and the following equation holds

Therefore, Eq. (1) is equivalent to:

(1)q⋆(z�o) = argmin
q(z�o)∈Q

DKL(q(z�o)‖p(z�o)),

(2)log p(o) = ∫ q(z�o) log p(z, o)

q(z�o) dz + DKL(q(z�o)‖p(z�o)).

(3)q⋆(z|o) = argmax
q(z|o)∈Q ∫ q(z|o) log p(z, o)

q(z|o) dz = argmax
q(z|o)∈Q

LELBO,
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where the integral term is called evidence lower bound (ELBO), abbreviated as LELBO . 
AEVB is a popular framework for solving the optimization problem in Eq.  (3). First, 
AEVB rewrites the LELBO as the reconstruction term minus prior regularization term:

Second, AEVB reparameterize the latent variable z ∼ q(z|o) by a differentiable transforma-
tion fq of observed variables o and an auxiliary noise variable �:

Finally, the reconstruction term can be estimated by Monte Carlo samples, and the prior 
regularization term can be derived analytically:

where �(t) ∼ p(�) and T is the number of Monte Carlo samples. Equation (6) can be maxi-
mized by the gradient-based optimization algorithms, and the posterior of the latent vari-
able can be obtained.

3.3 � Kumaraswamy distribution

The density function of the Kumaraswamy distribution with two shape parameters a and b 
is:

where v ∈ (0, 1) is a random variable. The median of Kumaraswamy distribution is:

If a random variable v ∼ �(v|a, b) , then the reparameterization trick can be applied by

where � ∼ Uniform(0, 1) . The KL divergence of Kumaraswamy distribution from Beta dis-
tribution is given as follows:

where �e is Euler’s constant; ϝ is the digamma function; B is the Beta function. In par-
ticular, if aB = 1 and bB = 1 , the KL divergence of �(v|a� , b�) from Beta(v|aB, bB) can be 
simplified as

(4)
LELBO = �q(z�o)

�
log p(o�z)�

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
reconstruction

−DKL(q(z�o)‖p(z))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
prior regularization

.

(5)z̃ = fq(o, 𝜖), 𝜖 ∼ p(𝜖).

(6)LELBO ≈
1

T

T�
t=1

log p(o�fq(o, �(t))) − DKL(q(z�o)‖p(z)),

(7)�(v|a, b) = abva−1(1 − va)b−1,

(8)��(v|a,b)[v] = (1 − 2
−

1

b )
1

a , i.e., a =
log(1 − 2

−
1

b )

log��(v|a,b)[v]
.

(9)v = (1 − �
1

b )
1

a ,

(10)

DKL(�(v�a� , b�)‖Beta(v�aB, bB)) = log(B(aB, bB)a�b�) −
b� − 1

b�
+

a� − aB

a�

�
− �e − ϝ(b�) − 1

b�

�
+ (bB − 1)b�

∞�
i=1

1

i + a�b�
B

�
i

a�
, b�

�
,
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4 � Generation process

In this section, we formally describe the generation process of the observed variables. We 
assume that the observations of logical label vector y and feature vector x of an instance 
arise from the following process whose plate notation is shown as Fig. 3: 

1.	 Generate label confidence Z from a Beta prior: 

2.	 Generate feature matrix X from a Gaussian distribution: 

 where �(zi;�) is a linear function of zi with the learnable parameter �.
3.	 Generate logical labels. We assume that the logical label vector of an instance is gener-

ated from its own label confidence and that of its neighbors: 

(11)
DKL(�(v�a� , b�)‖Beta(v�1, 1)) = log(a�b�)+

a−1
�

�
(1 − a�)ϝ(b�) + b−1

�
+ �e

�
+ const.

(12)p(Z) =

n∏
i=1

m∏
j=1

Beta(zij|1, 1).

(13)p(X|Z) =
n∏
i=1

N(xi|�(zi;�), Ic),

(14)p(Y|Z,X) =
n∏
i=1

m∏
j=1

Ber
(
yij
|||
1

|�i|
∑
t∈�i

ztj

)
,

Fig. 3   Grapical representation of the generative model
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 where �i ≜ {j ∣ xi ∈ KNN(xj)} , KNN(xj) is the set of indices of the K-nearest neighbors 
(including itself) of instance xj , K is the neighborhood size.

According to the above generation process, the joint density of the complete-data can be 
factorized as:

5 � Inference of label confidence

In this section, we use the AEVB framework to infer the posterior of label confidence. 
Specifically, we assume the mean-field variational posterior q(Z|X,Y) which factorizes 
as q(Z�X,Y) = ∏n

i=1
q(zi�xi, yi) , and use a differentiable function of observations xi, yi to 

model q(zi|xi, yi) . Then we maximize the LELBO of our model to obtain the approximate 
posterior of label confidence:

In order to estimate and maximize Eq. (16), we need to specify three elements: (1) the vari-
ational family, (2) the reconstruction term �q(Z|X,Y)

[
log p(X,Y|Z)] , and (3) the prior regu-

larization term DKL(q(Z�X,Y)‖p(Z)) . Therefore, we derive these elements in the following 
three subsections and give the detailed algorithm in the last subsection.

5.1 � Variational family

We represent the posterior of the label confidence as the Kumaraswamy distribution whose 
median is given by a function of feature vector and logical label vector, i.e.,

where f is a deterministic function on xi and yi , � is the learnable parameter of f, fj(⋅;�) 
denotes the j-th component of f (⋅;�) , and �(⋅;�) is given by a linear model with the learn-
able parameter of � . It should be noted that f (⋅;�) can also be used as the expectation of 
the Kumaraswamy distribution; however, the calculation of Kumaraswamy’s expectation 
involves the integration, which makes it difficult to express the shape parameters as a sim-
ple function of f (xi, yi;�) by solving equation �

[
zij
]
= fj(xi, yi;�) . In contrast, the median 

has a simple formula, so we turn to use f (⋅;�) as the median. Furthermore, instead of speci-
fying f (⋅;�) as the MLP, we design a function which encodes the label co-occurrence. Spe-
cifically, we propagate the label co-occurrence message among all labels on a graph whose 
nodes and edges encode the labels and label co-occurrence probabilities, respectively.

(15)p(X,Y,Z) = p(Y|Z,X)p(X|Z)p(Z).

(16)LELBO = �q(Z�X,Y)
�
log p(X,Y�Z)� − DKL(q(Z�X,Y)‖p(Z)).

(17)

q(Z|X,Y) =
n∏
i=1

m∏
j=1

�(zij|aij, bij),

aij =
log(1 − 2

−
1

bij )

log
(
fj(xi, yi;�)

) , bij = exp(�j(xi;�)),
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Next, we first derive the label propagation function, then illustrate conceptually and 
theoretically the effectiveness of this function w.r.t. preserving the label ranking consist-
ency between label confidence and logical labels, and finally give the variational family 
formally.

5.1.1 � Label propagation function

First, we give the co-occurrence probability of i-th and j-th labels:

where �(⋅) is the indicator function; the co-occurrence probabilities of all pairs of labels 
form the co-occurrence matrix G whose (i, j) entry is gij . Then, the spectral graph convo-
lution (Kipf & Welling, 2017) of G can be obtained by P = diag(G1m)

−
1

2Gdiag(G1m)
−

1

2 , 
where 1m is an m-dimensional all-one vector. Let v(0) = y be the initial vector, the message 
passing on the label co-occurrence graph can be formulated as:

where v(t) denotes the result of the t-th iteration, � ∈ (0, 1) controls the extent to which 
label co-occurrence information affects the results. Running the Eq. (19) iteratively yields 
the result of the message passing process:

Since P can be eigendecomposed as U�U⊤ , where � = diag([𝛾1,⋯ , 𝛾m]
⊤) is a diagonal 

matrix whose entries are the eigenvalues of P , U = [u1, u2,⋯ , um] is an orthogonal matrix, 
ui is the (column) eigenvector corresponding to the eigenvalue �i . Without loss of general-
ity, we assume that �1 ≥ �2 ≥ ⋯ ≥ �m . Since P is the symmetrically normalized Laplacian 
for an undirected graph (where each node has a self-loop), the spectral radius (i.e., the 
maximum of the absolute values of eigenvalues) of P is 1, and any eigenvalue is positive. 
Then the limits of the two terms in Eq. (20) become:

Therefore, the convergence result of Eq. (19) is

Finally, we can define the label propagation function as:

(18)gij =

∑N

n=1
�(yni = 1 and ynj = 1))

∑N

n=1
�(yni = 1 or ynj = 1)

,

(19)v(t+1) = �Pv(t) + (1 − �)y,

(20)v(t+1) = (�P)t+1y + (1 − �)

t∑
i=0

(�P)iy.

(21)lim
t→∞

(𝛼P)t+1y = lim
t→∞

U(𝛼�)tU⊤y = 0, lim
t→∞

t∑
j=0

(𝛼P)jy = (Im − 𝛼P)−1y.

(22)v⋆ = (1 − 𝛼)(Im − 𝛼P)−1y =

m∑
i=1

1 − 𝛼

1 − 𝛼𝛾i
uiu

⊤

i
y.

(23)𝜑(y, 𝛼) =

m∑
i=1

1 − 𝛼

1 − 𝛼𝛾i
uiu

⊤

i
y.
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5.1.2 � Understanding the label propagation function

Here we clarify intuitively and theoretically why label propagation function can preserve 
the label ranking within the logical label vector.

Intuitive explaination. Let us consider the example of three-dimensional logical label 
vectors. We transform logical label vectors into real-valued vectors by the label propaga-
tion function and multilayer perceptron, respectively, and normalize them to label distribu-
tions; the parameter values of both label propagation function and multilayer perceptron 
are arbitrary. As shown in Fig. 4, these three-dimensional label distributions are visualized 
on the 2-simplex (triangle). Figure 4a shows the normalized outputs (i.e., label distribu-
tions) of the label propagation function, where parameter � takes random values between 
0 and 1, and Laplacian matrix P is derived from the label graph having random co-occur-
rence probabilities. Figure 4b shows the normalized outputs of the multilayer perceptron 
having a sigmoid activation function. Each dashed line in the two simplexes divides each 
simplex into two parts, which indicate the areas where the outputs corresponding to one 
label are smaller or larger than the outputs corresponding to another label, respectively. For 
example, the left (or right) side of the vertical dashed line indicates that the outputs cor-
responding to the 1st label are larger (or smaller) than the outputs corresponding to the 2nd 
label. As shown in the legend of Fig. 4, points with different colors indicate different logi-
cal label vector. In Fig. 4a, the higher transparency of a point indicates a larger value of �.

Intuitively, points of the same color in Fig.  4b (i.e., the multilayer perceptron output 
of the same logical label vector) may be distributed anywhere. In contrast, the point clus-
ter with the same color in Fig. 4a (i.e., the label propagation function output of the same 
logical label vector) roughly crosses only one dashed line. More specifically, for the logical 
label vector with the same logical value at the i-th and j-th labels, the output area of label 
propagation function roughly crosses only the dashed line segmenting the i-th and j-th 
labels. This intuitively shows that the output of the label propagation function can roughly 
maintain the ranking consistency with the logical label vector. In addition, it can be found 
that the points with higher transparency (i.e., the larger � ) in Fig. 4a are closer to the trian-
gle center and appear to be more likely to cross more dashed lines (i.e., violating the label 
ranking).

Fig. 4   Output comparison between label propagation function and MLP
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Theoretical analysis. Motivated by the above observation, we next theoretically answer 
“what range of � always preserves label ranking?”. We first give a formal definition:

Definition 1  Given a label confidence vector v and a logical label vector y , we say that v 
preserves the label ranking underlying y , denoted by v ≃ y , if vi < vj holds for any i and j 
satisfying yi = 0 and yj = 1.

Then we give a theorem to answer “what range of � will always preserve the label 
ranking?”.

Theorem 1  Suppose that y is any logical label vector, P is the symmetrically normalized 
Laplacian of any label co-occurrence graph, v = �(y, �) (as defined in Eq. (23)). Then we 
have v ≃ y if 𝛼 ∈ (0, 𝛼⋆

y
) , where 𝛼⋆

y
= inf(� ∪ {1}),

Fig. 5   Distributions of 𝛼⋆
y

 in 14 datasets shown in Table 1

Table 1   Datasets statistics No. Dataset # Instances # Features # Labels

1 SJAFFE (sj) 213 243 6
2 SBU-3DFE (3dfe) 2500 243 6
3 Twitter-LDL (twit) 11150 168 8
4 Flickr-LDL (flic) 10045 168 8
5 Emotion6 (emo6) 1980 168 7
6 Natural Scene (ns) 2000 294 9
7 Movie (mov) 7755 1869 5
8 Human Gene (gene) 30542 36 68
9 Yeast-alpha (alpha) 2465 24 18
10 Yeast-heat (heat) 2465 24 6
11 Yeast-spo (spo) 2465 24 6
12 Yeast-diau (diau) 2465 24 7
13 Yeast-cdc (cdc) 2465 24 15
14 Yeast-elu (elu) 2465 24 14
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The proof can be found in Appendix. We visualizes the distributions of the upper bound 
of � computed from the 14 datasets (shown in Table 1) in Fig. 5. It is worth noting that the 
equation �i(y, �) = �j(y, �) in Eq. (24) is essentially polynomial, and there are many math-
ematical tools that can be used to efficiently obtain the numerical solution of � . To shed 
light on the calculation of 𝛼⋆

y
 , we give an example in Appendix.

5.1.3 � Modeling variational family

Based on the above analysis, we use the following logistic function to model � in Eq. (23):

where 𝛼⋆
y

 is defined in Eq. (24), h(⋅) is a linear function with learnable parameter � . Obvi-
ously, 0 < 𝛼̃(x, y;�) < 𝛼⋆

y
 . Further, we can use 𝜑(y, 𝛼̃(x, y;�)) to represent f (x, y;�) , which 

can preserve the label ranking. According to Eq. (17), the variational family can be speci-
fied as:

where the functions �(⋅) and 𝛼̃(⋅) are defined in Eqs. (23) and (25), respectively.

5.2 � Reconstruction term

Here, we use the reparameterization trick to estimate the reconstruction term 
�q(Z|X,Y)

[
log p(X,Y|Z)] . According to the generation process, the log likelihood log p(X,Y|Z) 

is:

It is worth noting that the Gaussian likelihood and Bernoulli likelihood may differ con-
siderably w.r.t. the order of magnitude; in this case, the likelihood function of the feature 
vector and the likelihood function of the logical label vector may differ considerably in 
their contributions to ELBO, which leads to poor reconstruction of some variables (Kend-
all et al., 2018). Therefore, we use a hyperparameter � to reweight the likelihood for logical 
labels. Formally, the reconstruction term can be rewritten as:

(24)
� =

⋃
i ∈ {i ∣ yi = 1}

j ∈ {j ∣ yj = 0}

{
1

2
≤ 𝛼 < 1 ∣ 𝜑i(y, 𝛼) = 𝜑j(y, 𝛼)

}
.

(25)𝛼̃(x, y;�) =
(
1 + e−h(x;�)

)−1
𝛼⋆

y
,

(26)

q(Z|X,Y) =
n∏
i=1

m∏
j=1

𝜅(zij|aij, bij),

aij =
log(1 − 2

−
1

bij )

log
(
𝜑j(yi, 𝛼̃(xi;�))

) , bij = exp(𝜓j(xi;�)),

(27)log p(X,Y|Z) =
n∑
i=1

logN(xi|�(zi;�), Ic) +
m∑
j=1

logBer
(
yij
|||
1

|�i|
∑
t∈�i

ztj

)
.
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In addition, it is difficult to compute derivatives of the log of summation expression con-
cerning model parameters; therefore, we consider the lower bound of Eq. (28). By applying 
the Jensen’s inequality, we have log p(X,Y|Z) ≥ log p̌(X,Y|Z) , where

To ensure the full differentiability of our model, according to Eqs. (9) and (26), we have 

zij = (1 − �
1

bij )
1

aij , where � ∼ Uniform(�|0, 1) , aij and bij are defined by Eq.  (26). Then the 
expectation of log likelihood can be approximated by:

where z(t)
ij

= (1 − (�(t))
1

bij )
1

aij , �(t) ∼ Uniform(�|0, 1) , T is the number of Monte Carlo 
samples.

5.3 � Prior regularization term

As shown in Eq.  (12), we assume a non-informative prior for latent variable z , i.e., 
p(Z) =

∏n

i=1

∏m

j=1
Beta(zij�1, 1) . Then we can analytically derive the KL divergence of the 

variational posterior q(Z|X,Y) from the prior p(Z) according to Eq. (11):

where ϝ is the digamma function, �e is the Euler’s constant, aij and bij are defined in 
Eq. (26).

(28)

log p(X,Y�Z) = const +

n�
i=1

−
1

2
‖xi − �(zi;�)‖22+

�

m�
j=1

yij log

��
t∈�i

ztj

��i�
�
+ (1 − yij) log

�
1 −

�
t∈�i

ztj

��i�
�
.

(29)

log p̌(X,Y�Z) = const +

n�
i=1

−
1

2
‖xi − 𝜇(zi;�)‖22

+
𝜆

�𝛿i�
m�
j=1

�
t∈𝛿i

yij log(ztj) + (1 − yij) log(1 − ztj).

(30)

�q(Z�X,Y)
�
log p̌(X,Y�Z)� ≈ 1

T

T�
t=1

n�
i=1

−
1

2
‖xi − 𝜇(z

(t)

i
;�)‖2

2

+
𝜆

�𝛿i�
m�
j=1

�
t∈𝛿i

yij log(z
(t)

tj
) + (1 − yij) log(1 − z

(t)

tj
) + const,

(31)

DKL(q(Z�X,Y)‖p(Z)) = ∫
n�
i=1

m�
j=1

q(zij) log

�∏n

i=1

∏m

j=1
q(zij)∏n

i=1

∏m

j=1
p(zij)

�
dZ

=

n�
i=1

m�
j=1

log(aijbij) +

�
(1 − aij)ϝ(bij) + b−1

ij
+ �e

�

aij
,
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5.4 � Variational learning objective

According to Eqs.  (26),  (30) and  (31), we obtain the optimization objective, i.e., the lower 
bound of LELBO:

where �(z(t)
i
;�) is a linear function of z(t)

i
 with the parameter of � , z(t)

ij
= (1 − (�(t))

1

bij )
1

aij ; aij 
and bij are defined in Eq. (26); �(t) ∼ Uniform(�|0, 1) , T is the number of Monte Carlo sam-
ples; ϝ is the digamma function; �e is the Euler’s constant; �i = {j ∣ xi ∈ KNN(xj)} ; K is the 
neighborhood size; 𝜆 > 0 is a hyperparameter. Equation (32) can be maximized by Adam 
algorithm (Kingma & Ba, 2015).

Once obtaining the optimal parameters, we use the median of variational posterior as 
the label confidence and normalize it to recover the label distributions:

6 � Experiment

6.1 � Experimental configuration

(32)

argmax
�,�,�

n�
i=1

1

T

� T�
t=1

−
1

2
‖xi − �(z

(t)

i
;�)‖2

2
+

�

��i�
m�
j=1

�
k∈�i

yij log(z
(t)

kj
)+

(1 − yij) log(1 − z
(t)

kj
)

�
−

m�
j=1

log(aijbij) +

�
(1 − aij)ϝ(bij) + b−1

ij
+ �e

�

aij
,

(33)dij =
𝜑j(yi, 𝛼̃(xi;�))∑m

k=1
𝜑k(yi, 𝛼̃(xi;�))

.
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6.1.1 � Datasets and evaluation measures

The datasets used in our experiments are summarized in Table 1. These datasets involve 
areas such as sentiment analysis (No. 1-5), natural landscape recognition (No. 6), crowd 
opinion on movies (No. 7), biological research (No. 8-14).3 Notably, for the “twit”, “flic” 
(Yang et al., 2017) and “emo6” (Peng et al., 2015) datasets, we use the preprocessed ver-
sions (Ren et al., 2019). Besides, to accelerate the convergence, we use min-max normali-
zation to preprocess the feature matrices of all datasets.

We consider six distance or similarity-based measures (i.e., Chebyshev distance, Clark 
distance, Canberra metric, Kullback-Leibler divergence, cosine coefficient and intersec-
tion similarity) suggested by literature (Geng, 2016) and one ranking-based measure (i.e., 
Spearman’s Rho) suggested by literature (Jia et  al., 2023). Cheb (Chebyshev distance), 
Clark (Clark distance), Canber (Canberra metric) and KL (Kullback–Leibler divergence) 
assess the distance between the estimated label distributions and ground-truth; Cosine 
(cosine coefficient) and Intersec (intersection similarity) assess the similarity between the 
estimated label distributions and ground-truth; Rho (Spearman’s Rho) assess the similarity 
between the label ranking w.r.t. the estimated label distribution and that w.r.t. the ground-
truth. The lower values of Cheb, Canber, Clark, and KL indicate better performances. The 
higher values of Cosine, Intersec and Rho indicate better performances. The formulas of 
these measures can be found in their respective literature (Geng, 2016; Jia et  al., 2023). 
Due to page limitation, we do not show the performance on the Canber and Clark meas-
ures, which are similar to the results on Cheb.

3  Since label relation plays a vital role in this paper, we ignore the Yeast datasets which contain less than 
five label variables.
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6.1.2 � Experimental procedure

We evaluate the performance of LE methods using the experimental procedure suggested 
by Xu et al. (2018). Briefly speaking, the experiments consists of two parts. The first part 
is the recovery experiment. We run different LE algorithms with the same random seed to 
recover the label distributions, compare the recovered label distributions with the ground-
truth label distributions, and record the performances on multiple LDL measures. The 
above process is repeated ten times, and the averaged performances are reported. The sec-
ond part is the predictive experiment. We use different LE methods to recover the label 
distributions of training instances and use these recovered distributions to train an LDL 
model, whose performance on test instances will be reported. AAkNN (Geng, 2016) with 
parameter K = 7 is used as the LDL model in this paper. We randomly partition the whole 
dataset into two equal chunks. One chunk is used as the training set and the other is used 
as the test set. We repeat the above process 10 times and report the average and variance of 
the results. The experimental procedures of recovery experiment and predictive experiment 
are shown in Algorithm 2.

6.1.3 � Comparison algorithms

We compare our approach with six recently proposed LE algorithms, i.e., LESC (Tang 
et al., 2020), LEVI (Xu et al., 2020), BDLE (Liu et al., 2021), FLE (Wang et al., 2023), 
PLEA (Tan et al., 2022), and gLESC (Zheng et al., 2023). For each comparison algorithm, 
we adopt the hyperparameter configuration or hyperparameter tuning scheme suggested in 
their literature. For LESC, the parameters �1 and �2 are selected among {10−4, 10−3, ..., 10} . 
For LEVI, the MLPs were constructed with two hidden layers, each with 500 hidden units 
and softplus activation functions. For BDLE, the parameters � and � are both set to 10−2 . For 
FLE, the parameters �, �, �, � are selected among {10−4, 5 × 10−4, 10−3,⋯ , 5 × 102, 103} . 
For gLESC, the parameters �1 and �2 are selected among {10−4, 10−3,⋯ , 101} . For our 
method GLERB, the hyperparameters are set as � = 50,K = 8 , the learning rate and the 
number of iterations (of the Adam optimizer) are set as 10−3 and 200, respectively, other 
configurations of Adam follows the default settings given by pytorch.4

6.2 � Performance of recovery and prediction

Here, we show the performance of different LE methods on the recovery experiment 
and the predictive experiment. The recovery performance is shown in Tables 2 and 3. 
The predictive performance is shown in Fig. 6. The average ranks of each LE algorithms 
on the recovery experiment and predictive experiment are shown in Tables  4 and  5, 
respectively. Besides, for predictive experiment, we conduct a pairwise two-tailed 
t-test with 0.05 significance level, whose results are summarized in Table  6. Overall, 
our method achieves competitive performance. It is worth highlighting the outstanding 
performance of our algorithm on the Rho metric. In terms of the Rho metric, not only 
does our algorithm achieve the first place on all datasets, but it also outperforms the 
second place by more than 10% on some datasets (e.g., 38% on emo6 and 13% on flic, 
ns, and mov). This strongly supports the effectiveness of our designed label propagation 

4  https://​pytor​ch.​org/​docs/1.​13/​gener​ated/​torch.​optim.​Adam.​html.

https://pytorch.org/docs/1.13/generated/torch.optim.Adam.html
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Table 2   Recovery performance (value (rank)) on 7 datasets (No. 1-7)

Bold values indicate the best performance

sj 3dfe emo6 twit flic ns mov

Cheb ( ↓)
 GLERB 0.070 (1) 0.097 (3) 0.225 (1) 0.209 (1) 0.175 (1) 0.272 (2) 0.105 (1)
 gLESC 0.070 (2) 0.123 (4) 0.332 (6) 0.505 (6) 0.419 (5) 0.344 (6) 0.133 (3)
 PLEA 0.122 (7) 0.145 (7) 0.320 (3) 0.308 (2) 0.331 (2) 0.363 (7) 0.162 (6)
 LESC 0.075 (4) 0.124 (5) 0.329 (5) 0.508 (7) 0.423 (6) 0.342 (5) 0.140 (4)
 LEVI 0.073 (3) 0.092 (1) 0.271 (2) 0.468 (4) 0.374 (3) 0.324 (3) 0.109 (2)
 BDLE 0.078 (5) 0.130 (6) 0.324 (4) 0.478 (5) 0.405 (4) 0.339 (4) 0.167 (7)
 FLE 0.083 (6) 0.092 (1) 0.360 (7) 0.325 (3) 0.447 (7) 0.268 (1) 0.153 (5)

KL ( ↓)
 GLERB 0.025 (1) 0.054 (3) 0.351 (1) 0.445 (1) 0.363 (1) 0.651 (2) 0.061 (1)
 gLESC 0.028 (2) 0.068 (4) 0.638 (6) 1.128 (6) 0.924 (6) 1.011 (7) 0.111 (3)
 PLEA 0.083 (7) 0.115 (7) 0.624 (4) 0.719 (3) 0.753 (3) 1.008 (6) 0.204 (7)
 LESC 0.030 (3) 0.070 (5) 0.628 (5) 1.142 (7) 0.942 (7) 1.005 (5) 0.123 (4)
 LEVI 0.032 (4) 0.041 (2) 0.474 (2) 0.987 (4) 0.783 (4) 0.924 (3) 0.081 (2)
 BDLE 0.033 (5) 0.085 (6) 0.618 (3) 1.047 (5) 0.903 (5) 0.971 (4) 0.171 (6)
 FLE 0.033 (5) 0.039 (1) 0.995 (7) 0.662 (2) 0.612 (2) 0.648 (1) 0.143 (5)

Cosine ( ↑)
 GLERB 0.974 (1) 0.951 (3) 0.885 (1) 0.933 (1) 0.939 (1) 0.848 (2) 0.965 (1)
 gLESC 0.973 (2) 0.933 (4) 0.695 (6) 0.598 (6) 0.632 (6) 0.656 (6) 0.929 (3)
 PLEA 0.923 (7) 0.895 (7) 0.696 (5) 0.802 (3) 0.733 (3) 0.632 (7) 0.886 (6)
 LESC 0.971 (3) 0.931 (5) 0.703 (4) 0.590 (7) 0.621 (7) 0.661 (5) 0.919 (4)
 LEVI 0.969 (4) 0.958 (2) 0.814 (2) 0.683 (4) 0.725 (4) 0.713 (3) 0.954 (2)
 BDLE 0.968 (5) 0.919 (6) 0.708 (3) 0.642 (5) 0.644 (5) 0.676 (4) 0.883 (7)
 FLE 0.967 (6) 0.959 (1) 0.601 (7) 0.875 (2) 0.821 (2) 0.849 (1) 0.905 (5)

Intersec ( ↑)
 GLERB 0.912 (1) 0.865 (3) 0.685 (1) 0.716 (1) 0.735 (1) 0.562 (2) 0.873 (1)
 gLESC 0.905 (2) 0.856 (4) 0.550 (7) 0.381 (6) 0.450 (6) 0.409 (7) 0.818 (3)
 PLEA 0.845 (7) 0.827 (7) 0.564 (3) 0.612 (2) 0.561 (2) 0.438 (4) 0.784 (6)
 LESC 0.904 (3) 0.854 (5) 0.554 (6) 0.377 (7) 0.444 (7) 0.411 (6) 0.807 (4)
 LEVI 0.896 (6) 0.884 (2) 0.621 (2) 0.416 (4) 0.494 (4) 0.442 (3) 0.850 (2)
 BDLE 0.898 (5) 0.840 (6) 0.559 (4) 0.404 (5) 0.464 (5) 0.426 (5) 0.774 (7)
 FLE 0.900 (4) 0.892 (1) 0.558 (5) 0.546 (3) 0.553 (3) 0.573 (1) 0.786 (5)

Rho ( ↑)
 GLERB 0.856 (1) 0.782 (1) 0.751 (1) 0.569 (1) 0.602 (1) 0.698 (1) 0.861 (1)
 gLESC 0.814 (2) 0.394 (4) 0.353 (5) 0.466 (5) 0.429 (5) 0.457 (6) 0.732 (4)
 PLEA 0.167 (7) 0.153 (7) 0.298 (7) 0.499 (4) 0.408 (6) 0.363 (7) 0.644 (6)
 LESC 0.800 (3) 0.364 (5) 0.399 (4) 0.456 (6) 0.400 (7) 0.491 (4) 0.659 (5)
 LEVI 0.755 (4) 0.736 (2) 0.422 (3) 0.423 (7) 0.452 (3) 0.550 (3) 0.755 (3)
 BDLE 0.376 (6) 0.318 (6) 0.341 (6) 0.500 (3) 0.435 (4) 0.480 (5) 0.644 (7)
 FLE 0.755 (5) 0.733 (3) 0.541 (2) 0.561 (2) 0.534 (2) 0.626 (2) 0.760 (2)
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Table 3   Recovery performance (value (rank)) on 7 datasets (No. 8-14)

Bold values indicate the best performance

gene alpha heat spo diau cdc elu

Cheb ( ↓)
 GLERB 0.052 (1) 0.014 (2) 0.040 (2) 0.054 (3) 0.033 (2) 0.013 (1) 0.013 (1)
 gLESC 0.053 (3) 0.018 (5) 0.047 (3) 0.061 (4) 0.040 (3) 0.017 (4) 0.019 (4)
 PLEA 0.054 (5) 0.033 (6) 0.052 (4) 0.065 (5) 0.083 (6) 0.026 (5) 0.027 (5)
 LESC 0.789 (7) 0.047 (7) 0.257 (7) 0.243 (7) 0.104 (7) 0.039 (7) 0.054 (7)
 LEVI 0.052 (2) 0.018 (3) 0.053 (5) 0.054 (2) 0.044 (4) 0.016 (3) 0.018 (3)
 BDLE 0.059 (6) 0.018 (3) 0.073 (6) 0.081 (6) 0.050 (5) 0.034 (6) 0.037 (6)
 FLE 0.053 (4) 0.014 (1) 0.032 (1) 0.048 (1) 0.032 (1) 0.015 (2) 0.017 (2)
 KL ( ↓)
 GLERB 0.205 (1) 0.005 (1) 0.011 (2) 0.022 (2) 0.011 (2) 0.004 (1) 0.004 (1)
 gLESC 0.223 (3) 0.011 (4) 0.016 (3) 0.027 (4) 0.015 (3) 0.008 (3) 0.008 (3)
 PLEA 0.244 (5) 0.031 (6) 0.017 (4) 0.032 (5) 0.071 (6) 0.019 (5) 0.019 (5)
 LESC 25.626 (7) 0.064 (7) 0.435 (7) 0.377 (7) 0.093 (7) 0.042 (7) 0.069 (7)
 LEVI 0.207 (2) 0.011 (3) 0.028 (5) 0.025 (3) 0.024 (4) 0.013 (4) 0.014 (4)
 BDLE 0.316 (6) 0.012 (5) 0.037 (6) 0.047 (6) 0.024 (4) 0.031 (6) 0.033 (6)
 FLE 0.236 (4) 0.006 (2) 0.007 (1) 0.017 (1) 0.009 (1) 0.005 (2) 0.006 (2)

Cosine ( ↑)
 GLERB 0.859 (1) 0.995 (1) 0.989 (2) 0.980 (2) 0.990 (2) 0.996 (1) 0.996 (1)
 gLESC 0.845 (3) 0.989 (4) 0.985 (3) 0.975 (4) 0.986 (3) 0.992 (3) 0.992 (3)
 PLEA 0.829 (5) 0.977 (6) 0.983 (4) 0.970 (5) 0.942 (6) 0.982 (5) 0.982 (5)
 LESC 0.119 (7) 0.940 (7) 0.774 (7) 0.782 (7) 0.923 (7) 0.961 (7) 0.939 (7)
 LEVI 0.857 (2) 0.990 (3) 0.976 (5) 0.978 (3) 0.981 (4) 0.988 (4) 0.987 (4)
 BDLE 0.778 (6) 0.989 (5) 0.966 (6) 0.957 (6) 0.977 (5) 0.970 (6) 0.969 (6)
 FLE 0.835 (4) 0.995 (2) 0.993 (1) 0.984 (1) 0.992 (1) 0.995 (2) 0.994 (2)

Intersec ( ↑)
 GLERB 0.813 (1) 0.964 (1) 0.946 (2) 0.926 (2) 0.946 (2) 0.967 (1) 0.969 (1)
 gLESC 0.797 (3) 0.944 (3) 0.932 (3) 0.912 (3) 0.936 (3) 0.954 (3) 0.951 (3)
 PLEA 0.778 (5) 0.922 (6) 0.930 (4) 0.900 (5) 0.844 (6) 0.921 (5) 0.924 (5)
 LESC 0.045 (7) 0.867 (7) 0.663 (7) 0.680 (7) 0.840 (7) 0.891 (7) 0.864 (7)
 LEVI 0.810 (2) 0.933 (5) 0.895 (5) 0.904 (4) 0.909 (4) 0.927 (4) 0.925 (4)
 BDLE 0.734 (6) 0.941 (4) 0.895 (5) 0.882 (6) 0.909 (4) 0.904 (6) 0.902 (6)
 FLE 0.786 (4) 0.962 (2) 0.957 (1) 0.937 (1) 0.953 (1) 0.967 (2) 0.958 (2)

Rho ( ↑)
 GLERB 0.657 (1) 0.777 (1) 0.780 (1) 0.776 (1) 0.772 (1) 0.781 (1) 0.786 (1)
 gLESC 0.628 (3) 0.195 (6) 0.190 (5) 0.183 (6) 0.349 (7) 0.175 (6) 0.205 (5)
 PLEA 0.145 (5) 0.200 (5) 0.098 (7) 0.200 (5) 0.382 (5) 0.191 (5) 0.202 (7)
 LESC 0.004 (7) 0.182 (7) 0.179 (6) 0.167 (7) 0.367 (6) 0.173 (7) 0.203 (6)
 LEVI 0.628 (3) 0.754 (3) 0.761 (3) 0.739 (3) 0.760 (3) 0.767 (2) 0.753 (3)
 BDLE 0.097 (6) 0.236 (4) 0.199 (4) 0.213 (4) 0.418 (4) 0.217 (4) 0.244 (4)
 FLE 0.654 (2) 0.777 (2) 0.771 (2) 0.771 (2) 0.762 (2) 0.747 (3) 0.771 (2)
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function in preserving label rankings. In addition, it can be seen that the performance 
on “Rho” in the predictive experiment seems to be unsatisfactory. This is caused by the 
LDL algorithm (AAkNN) itself. For example, given a test instance xi with ground-truth 
di = [0.5, 0.5]⊤ and neighbors xi1 , xi2 , then the predicted label distribution d̂i for xi based 
on the ground-truth ( di1 and di2 ) and recovered label distributions ( ̃di1 and d̃i2 ) of these 
neighbors may be as follows:

Fig. 6   Predictive performance on 14 datasets

Table 4   Average ranks of 
different LE algorithms on 
the recovery experiment. The 
boldface denotes the best 
performance

Bold values indicate the best performance

GLERB gLESC PLEA LESC LEVI BDLE FLE

Cheb 1.57 4.14 5.00 6.07 2.93 5.25 3.04
KL 1.43 4.07 5.21 6.07 3.32 5.29 2.61
Cosine 1.43 4.00 5.29 6.00 3.29 5.36 2.64
Intersec 1.43 4.00 4.79 6.21 3.71 5.36 2.50
Rho 1.00 4.96 5.93 5.71 3.25 4.79 2.36
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It can be seen that the ground-truth derives a wrong label distribution, which explains why 
in some datasets our method achieves good recovery performance but mediocre predictive 
performance. Likewise, this also explains why the performance of AAkNN trained on the 
ground-truth label distributions is worse on some datasets than that trained on the recov-
ered label distributions. According to the above example, the main reason is that the pre-
dictive performance of AAkNN depends not only on the quality of the label distributions 
in the training set, but also on whether the k-nearest neighbors of the test instance xi in the 

di1 = [0.2, 0.8]⊤, di2 = [0.4, 0.6]⊤ ⟹ d̂i = [0.3, 0.7]⊤,

d̃i1 = [0.7, 0.3]⊤, d̃i2 = [0.3, 0.7]⊤ ⟹ d̂i = [0.5, 0.5]⊤.

Table 5   Average ranks of different LE algorithms on the predictive experiment. The boldface denotes the 
best performance

Bold values indicate the best performance

GLERB Ground-Truth gLESC LESC LEVI PLEA BDLE FLE

Cheb 2.14 2.18 4.61 5.36 5.57 6.50 5.46 4.18
Cosine 2.07 2.21 4.64 5.39 5.50 6.54 5.29 4.36
Intersec 2.14 2.18 4.54 5.46 5.61 6.25 5.50 4.32
KL 2.07 3.61 4.07 5.14 5.18 5.93 5.07 4.93
Rho 2.96 3.07 4.07 4.11 6.93 5.46 3.04 6.36

Table 6   Counts of win/tie/loss for predictive experiments under pairwise two-tailed t-test with 0.05 signifi-
cance level

Ground-Truth gLESC LESC LEVI PLEA BDLE FLE

Cheb 2/3/9 8/6/0 11/3/0 11/3/0 13/1/0 13/1/0 5/8/1
KL 6/4/4 8/5/1 12/2/0 11/3/0 14/0/0 12/2/0 5/7/2
Cosine 4/4/6 9/5/0 12/2/0 11/3/0 13/1/0 12/2/0 6/7/1
Intersec 3/2/9 9/4/1 13/1/0 12/2/0 14/0/0 13/1/0 6/6/2
Rho 3/7/4 8/3/3 8/4/2 14/0/0 11/2/1 7/2/5 14/0/0

Fig. 7   Distributions over the label variance of the instances. The first nine are low-variance datasets and the 
last five are high-variance datasets
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feature space can well reflect xi . If the k-nearest neighbors of the test instance xi can well 
reflect xi , the LE algorithm with better recovery quality will strongly lead to good predic-
tive performance; otherwise, the quality of LE algorithms may not definitively affect on the 
good prediction performance.

With a further observation, compared to other methods, our method slightly improves 
performance on the Yeast datasets (No. 9-14 in Table 1), “sj”, “3dfe”, and “gene” datasets 
(low-variance group), but outperforms the other methods by a considerable advantage on 
the “emo6”, “twit”, “flic”, “ns” and “mov” datasets (high-variance group). This is due to 
the different distributions over the label variance of each dataset; the label variance of an 
instance is the variance of the elements in this instance’s label distribution. As shown in 
Fig. 7, in the datasets in low-variance group, instances tend to be concentrated in the region 
with very low label variance. In contrast, in the datasets in high-variance group, instances 
tend to spread over the region with a wide range of label variance. Obviously, when deal-
ing with a new task (dataset), our method can stably recover trustworthy label distribu-
tions, regardless of whether this dataset has a distribution of high or low label variances.

6.3 � Parameter analysis and ablation study

Here we study the effectiveness of our proposed modules (i.e., the label propagation func-
tion and neighbor generation assumption) via parameter analysis and ablation experiment.

6.3.1 � Parameter analysis

Here, we analyze the effects of hyperparameters on the recovery performance on six 
datasets (including four datasets in low-variance group and two datasets in high-variance 
group).

Neighborhood size. Figure 8 shows the effect of increasing the neighborhood size 
to the recovery performance. The values of K are taken in {20, 21,⋯ , 27} , where K = 1 

Fig. 8   Recovery performance on varying K 
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denotes the case without using the knowledge of instance neighbors. Overall, an appro-
priate increase on the number of nearest neighbors can always improve the recovery 
performance, which verifies that considering the instance neighbor relation is beneficial 
to recover the ground-truth label distributions. With a further observation, the recovery 
performance measured by Cheb, Canber, KL, Cosine and Intersec gets better first and 
then gets worse or stays unchanged when K increases, which is in line with our expecta-
tions. The reason why recovery performance is poor when K is large (beyond a certain 
threshold) is that the large K causes many non-neighboring instances to be treated as 
neighbors, thus making the neighborhood information very noisy.

As can be seen from Fig. 8, an appropriate K plays an important role in the recovery 
performance. Hence, we next discuss the selection criterion of K. We first define a met-
ric called mean neighborhood divergence:

where �i denotes the K-nearest neighbors of the instance xi (excluding xi itself). Roughly 
speaking, MND can measure the quality of K-nearest neighbors, whose lower value 
denotes the higher quality (Fig.  9). Further, we compute {MND(X, 2k)}7

k=0
 for multiple 

datasets. The results are shown in Fig. 10. It can be seen that the optimal MND for each 
dataset appears roughly at K = 2 , K = 3 , or K = 4 , and the MND values corresponding to 

(34)MND(X,K) =
1

n

n∑
i=1

‖‖‖xi −
1

K

∑
j∈�i

xj
‖‖‖
2

2
,

Fig. 9   Recovery performance on varying �

Fig. 10   MND values of different 
K 
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these three cases are almost identical. Besides, according to Fig. 8, the optimal recovery 
performance also falls in these three cases, and the trend of recovery performance is con-
sistent with MND. Therefore, we can empirically choose the hyperparameter K according 
to the value of MND.

Weight of logical labels. Figure 9 shows the effect of increasing the weight of logical 
labels to the recovery performance. The values of � are taken in {10−1, 100,⋯ , 104} . Over-
all, the recovery performance gets better or stays unchanged when � increases. This sug-
gests that the larger contribution of neighborhood knowledge to model learning can lead to 
the better recovery performance.

6.3.2 � Ablation study

To test the effectiveness our designed label propagation function and k-nearest neigh-
bors generation, we use five reduced versions of our proposed method as comparison, 
which are denoted as GLERB-LPF, GLERB-LPF-kNN, Pointwise, Pairwise, and List-
wise. “GLERB-LPF” uses an MLP to represent f (xi, yi;�) rather than 𝜑(yi, 𝛼̃(xi;�)) , i.e., 

Fig. 11   Ablation study on 14 datasets
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the label co-occurrence information is not used and the label ranking is not preserved; 
this MLP has one hidden layer (with 128 hidden units), and its activation function is 
sigmoid function; Besides f (xi, yi;�) , all other configurations of GLERB-LPF are the 
same as GLERB. “GLERB-LPF-KNN” is the version of GLERB-LPF with K = 1 , i.e., 
the neighbor generation assumption is also ignored.

Actually, there are many off-the-shelf ranking loss functions in the field of LTR 
(learning to rank) that can be used to maintain label ranking. Therefore, we integrate 
different ranking loss functions with GLERB-LPF. The loss functions in LTR can be 
divided into three categories in general, i.e., pointwise loss, pairwise loss, and listwise 
loss. Hence, we choose a representative from each of these categories. Specifically, 
we choose RankNet loss (Burges et al., 2005) as pairwise loss, ordinal regression loss 
(Crammer & Singer, 2001) as pointwise loss, and negative log-likelihood of Plackett-
Luce distribution (Guiver & Snelson, 2009) as listwise loss. The trade-off hyperparame-
ter of each ranking loss term is selected from {10−5, 10−4,⋯ , 105} . Other configurations 
are the same as Ours-LPF. Ours-LPF that have been modified by these three ranking 
loss terms are denoted by “Pointwise”, “Pairwise” and “Listwise”, respectively.

Figure  11 shows the results. Overall, our designed label propagation function can 
effectively improves the recovery performance. Besides, it is worth mentioning that 
although label propagation function has little effect on the Cheb, KL, Cosine, and 
Intersec measures w.r.t. the Yeast datasets, it can significantly improve the Rho meas-
ure. In general, the models with ranking loss terms are better than both Ours-LPF and 
Ours-LPF-kNN on the Rho measure due to their focus on ranking, but still inferior to 
GLERB. It can be seen that our proposed GLERB algorithm significantly outperforms 
the models with ranking loss on all metrics.

7 � Conclusion

In this paper, we propose a novel generative label enhancement model, and infer the 
latent label distribution by a restricted auto-encoding variational Bayes. Our method 
consists of a generation process and an inference process. The generation process not 
only mines the relationship between label confidence and observed data (i.e., features 
and logical labels), but also captures the neighborhood relation of instances in the fea-
ture space. The inference process is restricted by label co-occurrence relation thereby 
capturing label correlation, which can preserve the label ranking. Besides, we derive 
the evidence lower bound for the model, and introduce the Kumaraswamy distribution 
(which can be easily reparameterized) to ensure full differentiability of the optimization 
objective. Extensive experiments on the real-world datasets show the effectiveness of 
our method.

Appendix

Why choose Kumaraswamy distribution

Here we discuss in more detail the rationale for modeling the variational posterior as 
Kumaraswamy distribution. We briefly show several probability distributions with a sup-
port of (0, 1) as follow:
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In addition to the probability distributions listed in Eq. (35), there are also some probability 
distribution with complicated form, such as truncated normal distribution, U-quadratic dis-
tribution, triangular distribution and trapezoidal distribution. Using these probability dis-
tributions to model variational posteriors may result in some problems. For example, the 
shape of “Arcsine” and “Uniform” cannot be controlled by the learnable function; “PERT” 
is difficult to apply the reparameterization trick; “Logit-normal” and truncated normal dis-
tribution do not have closed-form KL divergence w.r.t. the prior distribution (Beta distri-
bution); Triangular distribution and trapezoidal distribution have segmented density func-
tions, which are not conducive to gradient-based optimization; U-quadratic distribution is 
difficult to express the case that mean value is around 0.5. Among all these probability 
distributions, only the Kumaraswamy distribution is the most suitable for modeling the 
variational posterior of the variable with Beta prior because it not only allows easy imple-
mentation of the reparameterization trick but also has closed-form KL divergence w.r.t. the 
Beta prior.

Proof of Theorem 1

Suppose that y is any logical label vector, P is the symmetrically normalized Lapla-
cian of any label co-occurrence graph, v = �(y, �) . Then we have v ≃ y if 𝛼 ∈ (0, 𝛼⋆

y
) , 

where 𝛼⋆
y
= inf(� ∪ {1}),

Proof  Let [u]+ ≜ inf{ui ∣ yi = 1} and [u]− ≜ sup{ui ∣ yi = 0} , where u is a m-dimensional 
vector.

1) Proving that v ≃ y holds for any � ∈ (0, 2−1) . We consider the source of v = �(y, �) , 
i.e., v(t+1) = �Pv(t) + (1 − �)y . Suppose that v(t) ∈ [0, 1]m , we have Pv(t) ∈ [0, 1]m , and 
v(t+1) = �Pv(t) + (1 − �)y ∈ [0, 1]m . Since v(0) = y , we have v(t) ∈ [0, 1]m holds for 
any t ≥ 0 . Since v(t) ∈ [0, 1]m implies [�Pv(t)]+ = 0 and [�Pv(t)]− = � , we can obtain 
[v(t+1)]+ = 1 − � and [v(t+1)]− = � ; since 0 < 𝛼 < 0.5 , we have [v(t+1)]+ > [v(t+1)]− . There-
fore, [v(t)]+ > [v(t)]− holds for any t ≥ 0 , i.e., v ≃ y.

2) Proving that v ≃ y holds for any 𝛼 ∈ [2−1, 𝛼⋆
y
) . Say there exists 𝛼0 ∈ [2−1, 𝛼⋆

y
) such that 

vi < vj , where i ∈ {i ∣ yi = 1} and j ∈ {j ∣ yj = 0} , then there must exist �� ∈ [2−1, �0) such 

(35)

Beta(x��, �) = x�−1(1 − x)�−1

Beta(�, �)

Arcsine(x) =
1

�
√
x(1 − x)

PERT(x) =
(x − a)�−1(c − x)�−1

B(�, �)(c − a)�+�−1

Logit-normal(x) =
1

�
√
2�

e
−

(logit(x)−�)2

2�2
1

x(1 − x)

Kumaraswamy(x�a, b) = abxa−1(1 − xa)b−1

� =
⋃

i ∈ {i ∣ yi = 1}

j ∈ {j ∣ yj = 0}

{
1

2
≤ 𝛼 < 1 ∣ 𝜑i(y, 𝛼) = 𝜑j(y, 𝛼)

}
.
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that vi = vj (since vi > vj always holds for 0 < 𝛼 < 2−1 , and v = �(y, �) is continuous), which 
contradicts the fact that 𝛼⋆

y
 is the minimum of the roots (between 2−1 and 1) of all equations 

vi = vj (where (i, j) ∈ {(i, j) ∣ yi = 1 ∧ yj = 0} ). Therefore, v ≃ y holds for any 𝛼 ∈ (2−1, 𝛼⋆
y
).

Therefore, v ≃ y holds for any 𝛼 ∈ (0, 𝛼⋆
y
) . 	�  ◻

Example of calculating ̨ ⋆

y
 in Theorem 1

Suppose that y = [1, 0, 1]⊤ , Laplacian matrix P of the label co-occurrence graph can be 
factorized as:

Then, we have:

Finally, solving v1 = v2 or v3 = v2 both yield � ∈ ∅ (when 0.5 < 𝛼 < 1 ), then we have 
� = ∅ , 𝛼⋆

y
= min(� ∪ {1}) = 1.
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