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Abstract
Language model alignment (or, reinforcement learning) techniques that leverage active explo-

ration—deliberately encouraging the model to produce diverse, informative responses—offer the
promise of super-human capabilities. However, current understanding of algorithm design primitives
for computationally efficient exploration with language models is limited. To better understand how
to leverage access to powerful pre-trained generative models to improve the efficiency of exploration,
we introduce a new computational framework for RL with language models, in which the learner in-
teracts with the model through a sampling oracle. Focusing on the linear softmax model parameteriza-
tion, we provide new results that reveal the computational-statistical tradeoffs of efficient exploration:
1. Necessity of coverage. Coverage refers to the extent to which the pre-trained model covers

near-optimal responses—a form of hidden knowledge. We show that coverage, while not
necessary for data efficiency, lower bounds the runtime of any algorithm in our framework.

2. Inference-time exploration. We introduce a new algorithm, SpannerSampling, which obtains
optimal data efficiency and is computationally efficient whenever the pre-trained model enjoys
sufficient coverage, matching our lower bound. SpannerSampling leverages inference-time
computation with the pre-trained model to reduce the effective search space for exploration.

3. Insufficiency of training-time interventions. We contrast (2) by showing that training-time in-
terventions that produce proper policies cannot achieve similar guarantees in polynomial time.

4. Computational benefits of multi-turn exploration. Finally, we show that under additional
representational assumptions, one can achieve improved runtime (replacing sequence-level
coverage with token-level coverage) through multi-turn exploration.

We view this as a step toward a computational theory of decision making with generative models.
Keywords: Language model, reinforcement learning, exploration, computational-statistical tradeoffs

1. Introduction

Language models are rapidly approaching human performance on a vast array of natural language
tasks [9, 65, 81, 63, 31], but current models are constrained by the limitations of passively generated
human training data. Domains where high-quality feedback is available (e.g., math and code) offer
the tantalizing possibility of overcoming these limitations: By iteratively generating new proposals
and refining them with human or super-human feedback (e.g., from a formal proof checker), a
language model could eventually discover novel, potentially super-human behaviors and capabilities.

© 2025 D.J. Foster, Z. Mhammedi & D. Rohatgi.



FOSTER MHAMMEDI ROHATGI

The central hurdles to achieving novel capabilities with this template are (1) the amount of
feedback—that is, the data efficiency—required by alignment/post-training, and (2) the computa-
tional efficiency. Both metrics are important, but since gathering feedback is often costly or slow (e.g.,
due to cost of gathering human labels, or high computational overhead of formal proof checkers), data
is often more tightly constrained than computation. Unfortunately, the most popular alignment tech-
niques, like PPO [73] and Online DPO [97, 32], are data-inefficient due to their reliance on passive
exploration. These techniques treat the pre-trained model as a policy and iteratively update it with
reinforcement learning, but since there is no explicit mechanism to promote novelty, they are unlikely
to generate positive responses (e.g., novel and correct proofs) by chance [94]. In principle, this issue
could be mitigated through active exploration techniques developed in the theory of reinforcement
learning, which deliberately generate diverse, informative responses [38, 2, 39, 27, 26]. However,
these techniques—while satisfactorily data-efficient—cannot be implemented in a computationally ef-
ficient fashion in their most general form [20, 41, 30]. Recent attempts to specialize active exploration
to language model alignment face the same issue: such methods require either (1) enumeration over
the (exponentially large) space of responses [18, 87, 102, 95]; or (2) non-convex training objectives
that are not known to be efficiently implementable in even the simplest settings [94, 13].

The role of the base model. Language model alignment features unique structure not present in
general reinforcement learning—most prominently, access to a powerful pre-trained base model (the
starting point from which alignment proceeds) that encodes substantial prior knowledge (e.g, whether
proofs or programs are at least syntactically valid, if not useful).1 Yet, there is little understanding of
what properties of the base model are necessary for novel behaviors to emerge through RL [64, 22],
or whether this process can be accelerated through algorithmic interventions (e.g., the idea of di-
rectly using the base model to reduce the effective search space has appeared in many empirical
works [55, 33, 82, 101, 95, 99]). Meanwhile, the previously-mentioned theoretical works (based on
active exploration) only make superficial use of the base model, rendering the lack of computational
efficiency perhaps unsurprising. This motivates the central question we explore:

How can we best leverage access to powerful pre-trained generative models to improve
computational efficiency of exploration, and how should we evaluate algorithms that do so?

To address this question, we introduce a new computational framework for language reinforcement
learning in which access to the model is abstracted away through a sampling oracle, and provide new
algorithms and fundamental limits which elucidate essential properties—in particular, the notion of
coverage—of the pre-trained model for computationally efficient learning. In the process, we bring
clarity to computational benefits of algorithmic interventions that have been explored empirically
but are not yet fully understood, including (i) benefits of inference-time computation [8, 78, 93]; and
(ii) benefits of multi-turn techniques that explore at the per-step level [53, 68, 47, 75, 74, 96, 43].

1.1. Background: Online Alignment from Reward-Based Feedback

To motivate our computational framework, we begin by formally introducing the statistical problem
of language model alignment. We adopt a contextual bandit formalism [70, 95] where the language
model is a policy π : X → ∆(Y) that maps a prompt (context) x ∈ X to a response (action) y ∈ Y
by sampling y ∼ π(· | x). We begin with a reference policy πref, which is typically obtained through
pre-training or supervised fine-tuning. From here, our alignment protocol proceeds as follows: We

1. Other features include (i) deterministic, known transition dynamics, (ii) regularization to the base model.
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receive Tprompt i.i.d. prompts x1, . . . , xT ∼ ρ ∈ ∆(X ). For each prompt xt, we can select up to
N responses yt

1, . . . , y
t
N ∈ Y (the responses may be sampled from πref or from some alternative

sampling procedure [55, 45, 77]), with which we query a reward oracle for a reward rt
i ∈ [0, Rmax].

We assume that E[r | x, y] = r⋆(x, y), where r⋆ : X × Y → [0, Rmax] is the underlying reward
function, which represents the feedback source (e.g, verifier or human labeler) that the algorithm
interacts with. All responses can be chosen adaptively based on prior feedback—this stands in
contrast to traditional offline alignment [102, 56, 36], which is the special case of our formulation in
which yt

i ∼ πref(x
t) for all t.2 Once data collection concludes, we produce a final policy π̂ with the

aim of achieving high reward. We define Tdata ≤ N · Tprompt as the total number of reward queries
used by the algorithm. Note that in general, we can have Tdata ≪ N · Tprompt, as the algorithm can
potentially abstain from querying the reward oracle for a given prompt.

As in prior work on alignment [95, 102, 94], we focus maximizing a KL-regularized reward
objective. Letting J(π) := Ex∼ρ,y∼π(x)[r

⋆(x, y)] denote the average reward and DKL(π ∥πref) :=
Ex∼ρ[DKL(π(x) ∥πref(x))] denote KL-divergence, we define for regularization parameter β > 0:

Jβ(π) := J(π)− β ·DKL(π ∥πref). (1)

We measure the quality of the policy π̂ via regret to the optimal KL-regularized policy: we desire
that Jβ(π⋆

β)− Jβ(π̂) ≤ ε, where π⋆
β := argmaxπ:X→∆(Y) Jβ(π) is the optimal policy, and ε > 0 is

small. This means that π̂ achieves near-optimal reward, but does not drift too far from the base policy
πref. We view β as a fixed (but potentially small) problem-dependent parameter, so as to allow novel
responses that deviate non-trivially from πref. We abbreviate Eπ[·] := Ex∼ρ,y∼π(·|x)[·].

Remark 1.1 (Autoregressive models). We focus on the abstract setting above, but our motivating
example is autoregressive sequence models of length H , where Y = AH represents the space of
token sequences over a vocabulary A. We will return to this specific setting in Section 5.

Statistical lens: How much reward data do we need? Since the underlying reward function r⋆ is
unknown to the algorithm designer, the total number of reward queries Tdata used by an algorithm
reflects its data efficiency, i.e. how much data needs to be collected from the reward oracle to learn a
good policy. Collecting high-quality reward signals can be costly or time-consuming (e.g., when
human-generated, or when reward evaluation requires computationally intensive code execution or
formal verification), so data efficiency is critical. To give provable data efficiency guarantees, typical
alignment algorithms [95, 94] take as input a user-specified policy class Π = {πθ | θ ∈ Θ} for a
parameter space Θ, and invoke the standard statistical assumption that the optimal policy lies in Π.

Assumption 1.1 (Policy realizability). The policy class Π satisfies π⋆
β ∈ Π.

Remark 1.2 (Preference-based feedback). Our absolute reward formulation for language model
alignment has been used in prior work empirically [88, 89, 85, 96] and in theory [107, 84, 96].
This formulation is closely related to the widely-used theoretical model for RLHF where the learner
receives preference-based feedback. Our main algorithms use N = 2 and readily extend to the
preference-based setting, while our lower bounds allow for general N . See Appendix B.1.

2. Responses need not be chosen according to the order t; the algorithm can sample N ′ < N responses for xt, then
sample responses for another xt′ before to returning xt and sampling more. This generality makes our lower bounds
stronger; our algorithms use N = 2 and proceed in order however.
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1.2. A Computational Framework for Online Alignment

The response spaceY in the online alignment framework can be exponentially large (e.g., Remark 1.1).
Without assumptions, there is no hope of learning a near-optimal policy without enumerating over
Y . To address this, we assume that the learning algorithm has access to a certain sampling oracle.

Informally, we consider two different settings. (1) In the strong oracle setting, the learner can
draw conditional samples from πθ(· | x) for any prompt x ∈ X and parameter θ ∈ Θ (with the con-
vention that 0 ∈ Θ and π0 = πref). (2) In the weak oracle setting, the learner can draw conditional
samples from πref(· | x) for any prompt x ∈ X . We let Tcomp denote the total number of sampling
oracle queries used by the algorithm throughout the learning process. See Section 2 for formal details.

Our algorithms only need the weak oracle, but our lower bounds apply even to the strong oracle.
We view access to the weak oracle as a minimal assumption: efficient conditional sampling is arguably
the defining property of autoregressive language models. We use the sampling oracle complexity Tcomp

as an information-theoretic proxy for the computational efficiency of an alignment algorithm, one that
parallels the role of oracle/query complexity [61, 44], and is amenable to upper and lower bounds.

As an example, (reward-based) OnlineDPO [32], is a simple online alignment algorithm: For each
t ∈ [Tprompt], the algorithm computes a parameter θt ∈ Θ by optimizing a DPO objective (Eq. (6)) with
its current dataset Dt, then samples a pair of responses yt

1, y
t
2 ∼ πθt(· | xt), observes corresponding

rewards (rt
1, r

t
2), and updates Dt+1 ← Dt ∪ {(xt, yt

1, y
t
2, r

t
1, r

t
2)}. This algorithm uses two (strong)

sampling oracle queries per round, so the computational cost is no worse than the cost of gathering
feedback: Tcomp = Tdata.3 Unfortunately, since OnlineDPO engages in purely passive exploration,
the algorithm’s data efficiency itself is unsatisfactory. We make this distinction quantitative below.

1.3. Linear Softmax Policy Parameterization

To understand when we can hope to achieve favorable data efficiency Tdata (e.g., through active
exploration) without entirely sacrificing computational efficiency Tcomp, we focus on perhaps the
simplest concrete choice of policy class: linearly parametrized softmax policies [95, 13].

Definition 1.1. Let Θ ⊂ Rd be a convex parameter set and let ϕ : X × Y → Rd be a feature em-
bedding. The linear-softmax policy class is Π = {πθ : θ ∈ Θ}, where πθ : X → ∆(Y) is defined by

πθ(y | x) ∝ πref(y | x) · exp
(
β−1⟨θ, ϕ(x, y)⟩

)
. (2)

With this policy class, Assumption 1.1 becomes a natural assumption about the expressivity of the
feature embedding ϕ: for example, if the reward function is linear in the features, i.e. r⋆(x, y) =
⟨θ⋆, ϕ(x, y)⟩ for some θ⋆ ∈ Rd, then the optimal regularized policy π⋆

β is exactly πθ⋆ [94], so that
Assumption 1.1 is satisfied so long as θ⋆ ∈ Θ. In spite of the simplicity, Definition 1.1 is rich enough
to capture autoregressive sequence models where weights for all but the last layer are frozen; there is
some evidence [58] that post-training methods with deep models operate in this “lazy” regime.

For sequence modeling (Remark 1.1), the strong sampling oracle can be at odds with Defini-
tion 1.1: while the feature dimension d is bounded, Y is exponentially large, and even if πref is an au-
toregressive sequence model, πθ may not admit an explicit autoregressive factorization for all θ. How-
ever, the weak sampling oracle is entirely natural for autoregressive sequence modeling; see Section 5.

3. Technically, OnlineDPO also requires observing the log-densities of the observed responses, though this requirement
simplifies for the linear softmax policy class that we consider in the sequel. See Section 2 for details.
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Tradeoffs between data and computational efficiency. Let Tdata(ε, δ) and Tcomp(ε, δ) denote the
reward and sampling oracle queries required for an algorithm to ensure Jβ(π

⋆
β)− Jβ(π̂) ≤ ε with

probability at least 1− δ. Even for linear softmax policies, all existing algorithms are unsatisfactory
with respect to Tdata(ε, δ) or Tcomp(ε, δ). On one hand, Xie et al. [94] show that if we define

Ccov(π
⋆
β) := sup

x∈X ,y∈Y

π⋆
β(y | x)

πref(y | x)
(3)

as the coverage coefficient for π⋆
β , then the OnlineDPO method in the prequel, while implementable

in polynomial time, must suffer Tdata(ε, δ) ≳ min
{
Ccov(π

⋆
β), exp

(
Rmax
β

)}
when d = O(1) and

ε, δ = Ω(1). Informally, Ccov(π
⋆
β) is represents the number of responses one must draw from πref

before high reward is observed by chance [8, 78, 93]. This is a form of hidden knowledge, but its
presence in Tdata reflects passive exploration. On the other hand, Xie et al. [94] introduced a variant of
OnlineDPO called XPO (see Appendix B), which augments OnlineDPO with active exploration. This
allows XPO to achieve polynomial data efficiency, irrespective of whether πref has favorable coverage:

Tdata(ε, δ) ≲
d2 log(δ−1)

ε2
. (4)

Note that Ccov(π
⋆
β) ≫ poly(d) in general, representing a benefit over passive exploration. Like

OnlineDPO, XPO uses the sampling oracle to generate two responses (yt
1, y

t
2) ∼ πθt(· | xt) at each iter-

ation. Yet, while the objective XPO uses to update the policy πθt+1 is amenable to gradient-based meth-
ods, it introduces non-convexity not present in the DPO objective, and it is not known whether it can
be minimized in polynomial time (nor with Tcomp(ε, δ) polynomial) for linear softmax policies, even
when |Y| is small. Other active exploration algorithms are similarly unsatisfactory [18, 102, 95, 13].

1.4. Contributions

We develop a sharp understanding of computational-statistical tradeoffs for online alignment with
linear softmax policies, highlighting the central role of the base model (policy) πref in enabling com-
putational efficiency, along with benefits of inference-time computation and multi-step exploration.

The (computational) necessity of coverage (Section 2). The coverage coefficient Ccov(π
⋆
β) cap-

tures the extent to which πref covers near-optimal responses—a form of knowledge encoded in the
pre-trained model [8, 78, 93]. While coverage is not necessary for data efficiency (e.g., Eq. (4)), we
show that it is required for computational efficiency. Formally (Theorem 2.1), for any algorithm in
the sampling oracle framework, the number of sampling oracle calls (and runtime) is lower bounded
as Tcomp(ε, δ) ≳ min

{
Ccov(π

⋆
β), exp

(
Rmax
β

)}
. This serves as a skyline for algorithm design, and

contributes to a growing body of work that highlights the computational benefits of coverage [35].

Efficient inference-time exploration (Section 3). We give a new algorithm, SpannerSampling,
which (i) achieves near-optimal data efficiency Tdata(ε, δ) ≲ poly(d, β−1, ε−1, log(δ−1)) for both
rewards and prompts, and (ii) runs in polynomial time, achieving minimal oracle efficiency as
governed by the lower bound above: Tcomp(ε, δ) ≲ poly(Ccov(π

⋆
β), Tdata(ε, δ)) (Theorem 3.1).

SpannerSampling leverages inference-time computation to tilt learned policies toward an exploratory
distribution, using the base policy πref to reduce the effective search space for exploration.
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Insufficiency of training-time interventions (Section 4). Active exploration algorithms based on
“training-time” interventions (e.g., modifications to the DPO objective, as in XPO) are typically proper in
the sense that they explore using a sequence πθ1 , . . . , πθT of iteratively computed linear softmax poli-
cies and ultimately output such a policy; meanwhile SpannerSampling, by invoking extra inference-
time computation, engages in improper exploration. We show (Theorem 4.1) that no data-efficient
proper exploration algorithm can run in polynomial time (incl. polynomial dependence on Ccov(π

⋆
β)

and exp(Rmax/β)). This gives a separation between algorithms based on training-time interventions
and algorithms like SpannerSampling that explore improperly through inference-time computation.

Computational benefits of multi-turn exploration (Section 5). The preceding results, when
specialized to autoregressive modeling, engage in exploration at the sequence-level. As a final
result (Theorem 5.1), we show that under the additional representational condition that π⋆

β can be
represented as an autoregressive policy, it is possible to achieve substantially improved runtime and
oracle complexity Tcomp (replacing the coverage coefficient Ccov(π

⋆
β) with an token-level counterpart)

by appealing to multi-turn exploration at the per-step (token or sub-sequence) level [53, 68, 47, 75,
74, 96, 43]. This is achieved as a special case of a more general result: any MDP where the optimal
KL-regularized value function Q⋆

β is linear can be efficiently learned in the reset access model.

2. Sampling Oracle Framework and Necessity of Coverage

In this section, we formally introduce our sampling oracle framework, then prove that coverage
for the base policy πref is necessary for computational efficiency in this framework. Henceforth
(until Section 5), we focus on the linear softmax parameterization in Definition 1.1 and make
Assumption 1.1. For statistical tractability, we make a (standard) norm bound assumption.

Assumption 2.1. We assume all θ ∈ Θ satisfy ∥θ∥ ≤ B for a parameter B > 0, and that
∥ϕ(x, y)∥ ≤ 1 and ⟨θ⋆, ϕ(x, y)− ϕ(x, y′)⟩ ∈ [−Rmax, Rmax] for all x ∈ X , y, y′ ∈ Y . Furthermore,
we assume that 0 ∈ Θ.

We assume that β ≤ Rmax ≤ B without loss of generality.4 We do not explicitly assume that
rewards are linear (i.e., r⋆(x, y) = ⟨θ⋆, ϕ(x, y)⟩), but under Assumption 1.1 we have (Lemma G.1):

r⋆(x, y)− r⋆(x, y′) =
〈
θ⋆, ϕ(x, y)− ϕ(x, y′)

〉
∀x ∈ X , y, y′ ∈ Y. (5)

We write f = Õ(g) to denote that f = O(g · max{1,polylog(g)}) and a ≲ b as shorthand for
a = O(b). We use Bp(r) to denote the ℓp-ball of radius r, and define ∥x∥2Σ = ⟨x,Σx⟩ for Σ ≻ 0.

2.1. Sampling Oracle Framework

We now formally define our computational framework for the linear softmax policy parameterization.
We assume the prompt space X , response space Y , and parameter space Θ are given to the alignment
protocol, but the feature embedding ϕ and the reference policy πref are specified only implicitly (i.e.,
are “unknown” a-priori), and must be accessed through one of the following computational oracles.

Definition 2.1 (Sampling oracles). Setting I (strong oracle): In one query, the learner proposes a
prompt x ∈ X and parameter θ ∈ Θ, and receives a conditional sample y ∼ πθ(· | x), as well as the

4. If Rmax < β, OnlineDPO itself is statistically efficient. Our main upper bounds depend on B only logarithmically.
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corresponding feature ϕ(x, y) for the sampled response (note that π0 = πref).
Setting II (weak oracle): In one query, the learner proposes a prompt x ∈ X and receives a
conditional sample y ∼ πref(· | x), as well as the corresponding feature ϕ(x, y).

Definition 2.2. An online alignment algorithm in the (strong/weak) setting is an algorithm that, given
parameters ε, δ > 0, produces a policy π̂ satisfying Jβ(π

⋆
β)− Jβ(π̂) ≤ ε with probability at least

1− δ. We write Tdata(ε, δ) and Tcomp(ε, δ) to denote the total number of reward oracle queries and
(strong/weak) sampling oracle queries respectively.

Notice, any algorithm operating in our framework (i) must invoke the sampling oracle if it wishes
to query the reward oracle with some y ∼ πθ(· | xt), and (ii) only has knowledge of the features
ϕ(x, y) that have previously been revealed by the sampling oracle. As an example, given a dataset
Dt = {(xi, yi

1, y
i
2, r

i
1, r

i
2)}i<t of prompt/response/reward tuples, the (reward-based) OnlineDPO

update takes the form

θt = argmin
θ∈Θ

∑
i<t

(
β log

πθ(y
i
1 | xi)

πref(yi
1 | xi)

− β log
πθ(y

i
2 | xi)

πref(yi
2 | xi)

− (ri
1 − ri

2)

)2

. (6)

Since β log
πθ(y

i
1|xi)

πref(y
i
1|xi)
− β log

πθ(y
i
2|xi)

πref(y
i
2|xi)

= ⟨θ, ϕ(xi, yi
1)− ϕ(xi, yi

2)⟩ and this objective only evalu-
ates ϕ(x, y) for previously drawn responses, we see that it can be implemented in the strong setting
(Definition 2.2), using the strong sampling oracle to draw (yt

1, y
t
2) ∼ πθt(· | xt).

As we will discuss in Section 5, algorithms that use the weak oracle have important consequences
when we specialize our to autoregressive sequence modeling; our main algorithm, SpannerSampling
enjoys this property.See Appendix B for connections to classical oracles used in online learning and
decision making, and Appendix C for discussion about the framework’s generality.

2.2. Coverage is Necessary for Computational Efficiency

We now present the first of our main results, which shows that the coverage coefficient Ccov(π
⋆
β) lower

bounds the number of sampling oracle queries (and hence runtime) of any algorithm in our framework.

Theorem 2.1 (Necessity of coverage). Let C⋆, Y ≥ 2 be given. Let Alg be an online alignment algo-
rithm that uses Tdata(ε, δ) reward oracle queries and Tcomp(ε, δ) strong sampling oracle queries when-
ever (i) the parameter space is Θ = B2(1), (ii) Assumption 2.1 is satisfied with Rmax = B = 1, (iii)
Ccov(π

⋆
β) ≤ C⋆, and (iv) the response space has size Y = |Y|. Then, either Tdata(ε, δ) ≥ Y/8, or

Tcomp(ε, δ) ≥ Ω
(
min

{
eβ

2d/2, eβ
−1/2, C⋆

})
. (7)

For simplicity, consider the regime where d ≥ β−3. Then Theorem 2.1 shows that any al-
gorithm needs Tcomp(ε, δ) ≥ Ω

(
min

{
eβ

−1/2, Ccov(π
⋆
β)
})

to achieve non-trivial data-efficiency

Tdata(ε, δ) ≪ |Y|; note that the presence of eβ
−1

in the lower bound is fundamental, as we al-
ways have Ccov(π

⋆
β) ≤ exp(Rmax/β). We emphasize that this construction uses a single prompt. The

intuition for the construction in Theorem 2.1 is as follows. There is a single “hidden” response y⋆ that
the algorithm must discover to achieve high reward. Because the base policy places low probability on
this response, we are unlikely to sample y⋆ ∼ πθ(· | x) unless ⟨θ, θ⋆⟩ ≥ 1− β. This leaves the algo-
rithm designer with two options: (i) brute-force search over θ ∈ B2(1) until we find ⟨θ, θ⋆⟩ ≥ 1− β,
which requires an exponential number of oracle queries in the dimension d, or (ii) eat the cost of the
coverage coefficient by drawing roughly Ccov(π

⋆
β) responses y ∼ πref(· | x) until we observe y⋆.

7
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3. Efficient Online Alignment via Inference-Time Exploration

Theorem 2.1 serves as a skyline, showing that coverage (hidden knowledge) for the base policy is
essential for computationally efficient alignment; note that various works have shown that existing pre-
trained models exhibit favorable coverage for tasks of interest [8, 78, 93]. We now present our main
algorithm, SpannerSampling, which achieves the computational skyline in Eq. (7) without sacrificing
the polynomial data-efficiency achieved by (inefficient) active exploration algorithms such as XPO.

3.1. Algorithm: SpannerSampling

SpannerSampling is displayed in Algorithm 3 (deferred to Appendix G.1 due to space constraints).
The algorithm consists of two phases, a spanner computation phase and an exploration phase.
Spanner phase. Define relative features via φ(x, y, y′) = ϕ(x, y)−ϕ(x, y′); we use these features
throughout the algorithm because—per Eq. (5)—the difference in rewards r⋆(x, y)−r⋆(x, y′) is linear
under Assumption 1.1. In the first phase, the algorithm aims to compute a spanner: a small collection
Ψspan of tuples (x, y, y′) such that the matrix Σspan = λId+

∑
(x,y,y′)∈Ψspan

φ(x, y, y′)φ(x, y, y′) cov-
ers the feature space in directions that have high probability under the optimal KL-regularized policy
π⋆
β .5 To build the spanner, the algorithm proceeds in Tprompt rounds, where at each round t ∈ [Tprompt],

we sample xt ∼ ρ, then for each i ∈ [Tspan] sample an independent pair (yt,i

1 , yt,i

2 ) ∼ πref(· | xt)
and check if

∥∥φ(xt, yt,i

1 , yt,i

2 )
∥∥
Σ−1

span
≥ ν for an accuracy parameter ν; whenever this occurs, we query

the reward oracle for yt,i

1 and yt,i

2 to receive (rt
1, r

t
2) and add (xt, yt,i

1 , yt,i

2 , rt
1, r

t
2) to a dataset Dspan

for use in the second phase, then proceed to the next round t+ 1. This process ensures that: (i) the
matrix Σspan covers π⋆

β well, in the sense that

Px∼ρ,y∼π⋆
β(·|x),y′∼πref(·|x)

[∥∥φ(x, y, y′)∥∥
Σ−1

span
> ν

]
≲

poly(d, ν−1)

Tprompt
+

Ccov(π
⋆
β)

Tspan
, (8)

and (ii) the size of the spanner stays uniformly bounded as |Ψspan| ≤ poly(d, ν−1). These properties
imply that if we estimate θ⋆ using least squares on any dataset D ⊃ Dspan, the resulting estimator
will have high accuracy on directions covered by π⋆

β , up to the error term in Eq. (8). Critically,
the size of the spanner—and hence the number of reward queries Tdata—is uniformly bounded by
poly(d, ν−1), irrespective of Tspan. This means that the second error term in Eq. (8) can be made
arbitrarily small by increasing inference-time computation (i.e. Tspan), without increasing the number
of reward oracle queries or prompts.

Exploration phase. In the exploration phase, SpannerSampling performs on-policy exploration
in order to “fill in” directions that are not well-covered by the spanner. This phase proceeds for Texp

rounds, and alternates between (i) computing an estimate θt in Line 16 via regression (Eq. (49))6 and
(ii) updating the dataset Dt

exp, by sampling a pair (yt
1, y

t
2) (given xt) from a truncated softmax policy

parameterized by θt and querying the reward oracle for (rt
1, r

t
2). The truncated softmax policy πθt is

a new type of exploratory policy which—to our knowledge—is novel to this work, and induces a
joint distribution over a pair (y, y′) | x via πθt(y, y

′ | x) = πθt(y | x, y′)πref(y′ | x), where

πθt(y | x, y′) ∝ πref(y | x) · exp
(
β−1

〈
θt, φ(x, y, y′)

〉
I
{∥∥φ(x, y, y′)∥∥

Σ−1
span
≤ ν

})
. (9)

5. Our notion of spanner is average-case in nature compared to previous notions in the literature; see Remark G.1.
6. This is equivalent to minimizing the DPO loss:

∑(
β log πθ(y1|x)

πref(y1|x)
− β log πθ(y2|x)

πref(y2|x)
− (r1 − r2)

)2.

8
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Without the indicator in Eq. (9), this coincides with the standard softmax policy πθt(y | x), but the
indicator “truncates” the reward in directions that are uncertain according to the spanner. Truncation
allows SpannerSampling to proceed using only a weak sampling oracle: whenever the spanner phase
succeeds, we are guaranteed that πθt (y|x,y

′)
πref(y|x) ≲ Ccov(π

⋆
β) for “most” pairs (x, y′) (Lemma G.6). This

means we can use rejection sampling (SoftmaxSampler; Algorithm 1) at inference-time to transform
samples from πref into samples from πθt(y | x, y′), with computational cost Tcomp = Õ(Ccov(π

⋆
β))

per round.7 We write π̂t(y, y′ | x) ≈ πθt(y, y
′ | x) to denote the distribution induced by rejection

sampling with the SoftmaxSampler subroutine, and let π̂t(y | x) := Ey′∼πref(·|x)[π̂
t(y | x, y′)]. See

Appendix F for detailed background on SoftmaxSampler.

3.2. Guarantee for SpannerSampling

The main guarantee for SpannerSampling is as follows.

Theorem 3.1 (Guarantee for SpannerSampling). For any ε > 0 and δ ∈ (0, 1), by choosing Tprompt,
Tspan, Texp appropriately, Algorithm 3 learns a policy with Eπ̂∼unif(π̂1,...,π̂Texp )

[
Jβ(π

⋆
β)−Jβ(π̂)

]
≤ ε

with probability at least 1−δ, and achieves the following data efficiency and oracle efficiency bounds:

Tdata(ε, δ) = Õ

(
R2

max

β

)
· d

2 log2(δ−1)

min{ε, β}
, and Tcomp(ε, δ) = Õ

(
Ccov(π

⋆
β) ·

R2
max

β2

)
· T 2

data(ε, δ).

The algorithm uses at most Õ
(
R4

max
β3

)
· d

2 log2(δ−1)
ε prompts. For any x ∈ X , one can generate a sample

y ∼ π̂(· | x) from the returned policy using Tcomp = Õ
(
Ccov(π

⋆
β)
)

weak sampling oracle queries.

On the computational side, we observe that the number of sampling oracle queries Tcomp(ε, δ) is
controlled by the coverage coefficient Ccov(π

⋆
β) ≤ exp(Rmax/β), achieving the lower bound in The-

orem 2.1, and the total runtime of the algorithm scales as poly(d,Ccov(π
⋆
β), ε

−1, β−1, log(δ−1)).8

Furthermore, the algorithm only requires a weak sampling oracle (Definition 2.1), and hence can be
viewed as performing exploration purely at inference time, with an iteratively updated reward model.

On the statistical side, our bound on Tdata(ε, δ) matches the minimax rate for linear bandits in
terms of dependence on d and Rmax when ε ≤ β [49], and is independent of the coverage coefficient,
reflecting active exploration. The number of prompts used by the algorithm is also independent of the
coverage coefficient, though it is slightly larger than the number of reward queries. We observe that
Theorem 3.1 achieves a fast rate in the sense that Tdata(ε, δ) ≲ 1

βε when ε ≤ β, improving over the
Tdata(ε, δ) ≲ 1

ε2
rate for XPO (Eq. (4)) and other prior work [95, 94, 13]; this is a secondary benefit of

working with truncated policies (see Eq. (10)), and is facilitated by strong convexity induced by regu-
larization; we view it as analogous to 1

∆ε -type rates for bandits with gap-∆ [48, 49]. Concurrent work
of Zhao et al. [108] achieves a similar fast rate, but their algorithm is not computationally efficient.
Analysis techniques. The key algorithmic ideas to ensure that Tcomp(ε, δ)—but not the number of
reward queries and prompts—is controlled by Ccov(π

⋆
β) are: (i) even though Tspan can grow with

Ccov(π
⋆
β), the size of the spanner Ψspan (and number of reward queries in the spanner phase) is

bounded as poly(d, β−1, Rmax); and (ii) the truncated policy construction ensures we can simulate

7. For a generic parameter θ, we have Ccov(πθ) ≫ Ccov(π
⋆
β). A central insight in our analysis is that we can control

the density ratio by Ccov(π
⋆
β) even when θ ̸= θ⋆ by building a spanner and using it to truncate.

8. Indeed, outside of queries to the sampling oracle, the only runtime overhead in SpannerSampling is (i) minimizing
the DPO loss (linear least squares), (ii) inverting the second moment matrix, and (iii) evaluating various inner products.

9
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πθt using rejection sampling with Õ(Ccov(π
⋆
β)) draws from πref. Our regret analysis makes use of

the following decomposition for truncated softmax policies, which may be of independent interest
(see Lemma G.7): Given a parameter θ, define ε2stat := ∥θ − θ⋆∥2Σspan

, and for ε > 0, let

Xspan(ε) :=
{
x ∈ X | P(y,y′)∼πref(x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
≤ ε
}
.

Then under Assumptions 1.1 and 2.1, if ν ≤ β/εstat, we have that for all ε > 0,

Jβ(πθ⋆)− Jβ(πθ) ≤
1

β
E(y,y′)∼πθ(·|x)

[〈
θ − θ⋆, φ(x, y, y′)

〉2] (10)

+O
(
RmaxCcov(π

⋆
β)
)
· ε+O(Rmax) · Px∼ρ[x /∈ Xspan(ε)].

The first term above is controlled by the (on-policy) exploration phase; by virtue of the square, this
leads to the fast 1

βε rate. Meanwhile, the last two terms are controlled by the spanner construction:
for εspan ≈ 1

Tspan
, we have that Px∼ρ[x /∈ Xspan(εspan)] ≲ 1

Tprompt
.

4. Training-Time Interventions Cannot Be Computationally Efficient

SpannerSampling (Algorithm 3) leverages inference-time computation with the pre-trained model
to reduce the effective search space for exploration. As a result, the algorithm is improper in the sense
that it does not use linear softmax policies πθ ∈ Π to draw the responses for which it queries the
reward oracle; this is true for the spanner phase (the algorithm samples y ∼ πref(· | x) properly, but
adaptively chooses whether or not to query the reward oracle y), and for the exploration phase (due to
the use of truncation and rejection sampling). We contrast this with the notion of proper exploration.

Definition 4.1 (Proper alignment algorithm). An online alignment algorithm is proper if, for each
t ∈ [Tprompt] and i ∈ [N ], the algorithm queries the reward oracle with yt

i ∼ πθti (· | x
t) for θt

i ∈ Θ.9

Proper algorithms are closely related to the notion of training-time interventions for explo-
ration, in the sense that any algorithm that computes exploratory policies πt by solving θ =
argminθ∈Θ LD(θ) for some loss function Lt

D(π) that depends on the dataset D collected so far will
inevitably be proper in the sense of Definition 4.1—no matter how clever we are about designing the
loss. This includes OnlineDPO [32], XPO [94, 13], and many others [106, 56, 28]. We show that under
the Exponential Time Hypothesis (ETH), no such algorithm can be simultaneously data-efficient
and computationally efficient.

Theorem 4.1 (Proper algorithms cannot be computationally efficient). Under the Randomized
ETH (Conjecture H.1), there is no proper alignment algorithm, even with a strong oracle, that
(i) has Tdata(ε, δ) ≤ poly(d, β−1, ε−1, δ−1) and Tcomp(ε, δ) ≤ poly(d, exp(β−1), ε−1, δ−1) under
Assumption 2.1 (with Rmax = 1, B =

√
d),10 and (ii) has runtime poly(d, exp(β−1), ε−1, δ−1).

Note that Definition 4.1 does not require the final output policy π̂ to be proper; the restriction is
solely on the policies used to explore. For contrast, we recall that since Ccov(π

⋆
β) ≤ exp(β−1) when

Rmax = 1, SpannerSampling achieves Tdata(ε, δ) ≤ poly(d, β−1, ε−1, δ−1) and Tcomp(ε, δ) ≤

9. The parameter θt
i may be chosen adaptively based on the previously sampled responses and rewards.

10. Concretely, we use the parameter set Θ =
{
θ ∈ Rd | ∥θ∥∞ ≤ 1

}
.

10
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poly(d, exp(β−1), ε−1, δ−1) under the conditions of Theorem 4.1, and does so with time com-
plexity poly(d, exp(β−1), ε−1, δ−1). Theorem 4.1 shows that no proper alignment algorithm can
achieve polynomial runtime in a similar fashion. In particular, while XPO [94] achieves Tdata(ε, δ) ≤
poly(d, β−1, ε−1, δ−1), Theorem 4.1 implies that it cannot be implemented efficiently for linear
softmax policies. This answers a question raised by Xie et al. [94], and gives a separation between
training-time interventions and algorithms like SpannerSampling that use additional inference-time
computation to explore improperly. Like Theorem 2.1, this lower bound uses only a single prompt.
To prove Theorem 4.1, we reduce from the Max-k-DNF problem, embedding a k-DNF formula in
ϕ(x, y) so that responses correspond to clauses, and embedding a maximally satisfying assignment
in the hidden parameter θ⋆. Our construction ensures that any proper exploration policy πθ places all
but a vanishing fraction of mass on a “null” response y0 = 0 (which is useless for gathering reward
information) unless θ corresponds to an assignment that satisfies a large fraction of clauses. Directly
finding such a θ requires (approximately) maximizing the underlying k-DNF formula, and the
assumptions Tdata(ε, δ) ≤ poly(d, β−1, ε−1, δ−1) and Tcomp(ε, δ) ≤ poly(d, exp(β−1), ε−1, δ−1)
ensure that we will not sample a non-null response y0 ̸= 0 by chance (which could reveal information
about θ⋆); from here, the hardness follows. Interestingly, we use hardness of approximation for
Max-k-DNF in a somewhat non-standard parameter regime (Appendix H.5).

5. Autoregressive Policies and Computational Benefits of Multi-Turn Exploration

Our motivating example (Remark 1.1) is the autoregressive setting where Y = AH for a token space
A and horizon H (so that responses y = (a1, . . . , aH) correspond to sequences of tokens), and where
πref is explicitly represented as an autoregressive policy of the form πref(y | x) = πref(a1:H | x) =∏H

h=1 πh,ref(ah | x, a1:h−1). In what follows, we show how to specialize SpannerSampling to this
setting, then derive algorithms with improved computational efficiency by alternatively viewing this
as a reinforcement learning problem in a token-level MDP where actions correspond to tokens [71].

5.1. Autoregressive Softmax Policies: Representational Issues and SpannerSampling

When the base policy πref is autoregressive, it is natural to learn a policy with the same autore-
gressive structure. We consider the class Πauto :=

{
πauto
θ = (πauto

1,θ , . . . , πauto
H,θ ) | θh ∈ Θh ∀h

}
of

autoregressive linear softmax policies given by

πauto
h,θ (ah | x, a1:h−1) =

πh,ref(ah | x, a1:h−1) exp
(
β−1⟨θh, ϕh(x, a1:h)⟩

)∑
a′∈A πh,ref(a′ | x, a1:h−1) exp(β−1⟨θh, ϕh(x, a1:h−1, a′)⟩)

, (11)

with πauto
θ (a1:H | x) :=

∏H
h=1 π

auto
h,θ (ah | x, a1:h−1); we assume θh ∈ Θh ⊂ Rd with ∥θh∥ ≤ B

and ∥ϕh(x, a1:h)∥ ≤ 1, where each Θh is convex. This parameterization corresponds to a standard
deep autoregressive model (e.g., GPT-2 architecture) in which the weights for all but the last layer
are frozen [69]. For this setting, we use the following computational oracle, which asserts that we
can sample from each conditional policy efficiently.

Definition 5.1 (Autoregressive sampling oracle). Setting I (strong oracle): In one query, the learner
proposes a prompt x ∈ X , layer h ∈ [H], prefix a1:h−1 ∈ Ah−1, and parameter θh ∈ Θh, and
receives a conditional sample ah ∼ πauto

h,θ (· | x, a1:h−1) and the corresponding feature ϕh(x, a1:h).
Setting II (weak oracle): In one query, the learner proposes a prompt x ∈ X , layer h ∈ [H], and

11
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prefix a1:h−1 ∈ Ah−1, and receives a conditional sample ah ∼ πh,ref(· | x, a1:h−1) and correspond-
ing feature ϕh(x, a1:h). We let T auto

comp denote the total number of autoregressive sampling queries.11

Efficient conditional sampling is arguably the defining property of autoregressive models, so
we view this as a minimal assumption. As before, our algorithmic results only use the weak oracle
(sampling from πref), but the strong oracle will be useful for discussion. For rewards, we remain
in the setup of Section 1.1: For each prompt xt for t ∈ [Tprompt], the algorithm can query the reward
oracle for up to N responses yt

1, . . . , y
t
N ∈ AH .

Representational issues. To make use of the class Πauto, we need to assume that π⋆
β ∈ Πauto (As-

sumption 1.1). Perhaps the simplest setting where we might hope for this is when rewards are linear:

r⋆(x, y) =
H∑

h=1

⟨θ⋆h, ϕh(x, a1:h)⟩ (12)

for some θ⋆h ∈ Θh. Here, the optimal KL-regularized policy π⋆
β under Eq. (12) setting takes the form12

πseq
θ⋆ (a1:H | x) :=

πref(a1:H | x) exp
(
β−1

∑H
h=1⟨θ⋆h, ϕh(x, a1:h)⟩

)
∑

(a′1,...,a
′
H)∈AH πref(a′1:H | x) exp

(
β−1

∑H
h=1

〈
θ⋆h, ϕh(x, a

′
1:h)
〉) .

This corresponds to the linear softmax policy in Definition 1.1 with sequence-level feature map
ϕseq(x, a1:H) := (ϕ1(x, a1), . . . , ϕH(x, a1:H)) ∈ RdH and parameter space Θseq := (Θ1, . . . ,ΘH) ⊂
RdH (the natural policy class is Πseq :=

{
πseq
θ | θ ∈ Θseq

}
). Unfortunately, sequence-level linear

softmax policies of this type cannot be represented as autoregressive linear softmax policies in gen-
eral; that is, there may not exist any θ = (θ1, . . . , θH) such that πseq

θ⋆ = πauto
θ —see Proposition I.1.13

Applying SpannerSampling. Even though autoregressive realizability may not hold under Eq. (12),
we can still apply SpannerSampling efficiently under the sequence-level realizability assumption that
π⋆
β ∈ Πseq (which is implied by Eq. (12)). In particular, a weak autoregressive oracle (Definition 5.1)

immediately gives a weak sequence-level sampling oracle (Definition 2.1) with T auto
comp ≤ H · Tcomp.

Corollary 5.1. Suppose Assumption 1.1 is satisfied for Πseq and ⟨θ⋆, ϕseq(x, a1:H)⟩ ∈ [0, Rmax].
SpannerSampling learns a policy with Eπ̂∼unif(π̂1,...,π̂Texp )

[
Jβ(π

⋆
β)− Jβ(π̂)

]
≤ ε with probability

at least 1− δ when configured appropriately, and does so with:

Tdata(ε, δ) = Õ

(
R2

max

β

)
·d

2H2 log2(δ−1)

min{ε, β}
, and T auto

comp (ε, δ) = Õ

(
Ccov(π

⋆
β) ·

HR2
max

β2

)
·T 2

data(ε, δ).

For this result, the fact that SpannerSampling only uses a weak sequence-level sampling oracle
(Definition 2.1) is crucial: due to aforementioned representational issues, a strong sequence-level
sampling oracle (sampling from πseq

θ for θ ∈ Θseq) cannot necessarily be simulated by even a strong
autoregressive oracle (sampling from πauto

h,θ ).

11. Technically, our algorithm results also require query access to ϕh for a fixed reference action—see Remark J.4.
12. By the chain rule, the sequence-level KL-regularizer in Eq. (1) is a equivalent to a sum of per-action regularizers (Eq. (69)).
13. π⋆

β can always be represented as an autoregressive softmax policy applied to a certain KL-regularized value function
Q⋆

h,β—see Eq. (72)—but is not necessarily a linear softmax unless Q⋆
h,β itself is linear.

12
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5.2. Improving Computational Efficiency through Multi-Turn Exploration

The guarantee in Corollary 5.1 depends on the sequence-level coverage coefficient Ccov(π
⋆
β) for π⋆

β .
While various works have shown that existing pre-trained models may exhibit favorable coverage for
tasks of interest [8, 78, 93], it is natural to ask whether we can improve the computational efficiency
further, perhaps by exploiting the autoregressive structure of πref. To this end, we will make the
autoregressive realizability assumption that π⋆

β ∈ Πauto (i.e., there exists θ⋆ = (θ⋆1, . . . , θ
⋆
H) such

that πauto
θ⋆ = π⋆

β). As discussed above, this is not implied by sequence-level realizability in general,
but we will show that when it holds, we can achieve runtime guarantees that scale with the following
conditional (or, token-level/action-level) coverage coefficient:

Ccond(π
⋆
β) := max

h∈[H]
sup
x∈X

sup
(a1,...,ah)∈Ah

π⋆
h,β(ah | x, a1:h−1)

πh,ref(ah | x, a1:h−1)
. (13)

This coefficient can exponentially improve Ccov(π
⋆
β); we can have Ccond(π

⋆
β) ≤ 2, yet Ccov(π

⋆
β) ≥ 2H .

MultiTurnSpannerSampling. We introduce a multi-turn counterpart to SpannerSampling, MTSS
(Algorithm 4 in Appendix J). MTSS learns a policy in a multi-turn (dynamic programming) fashion
by fitting softmax policies for each layer h = H, . . . , 1, while growing core-sets of informative sub-
sequences (x, a1:h) for which the algorithm can confidently estimate the parameter θ⋆h (generalizing
the notion of spanner used in SpannerSampling). The use of dynamic programming in the algorithm
is motivated by the fact that whenever π⋆

β is autoregressive (i.e., π⋆
β ∈ Πauto), a certain KL-regularized

state-action value function Q⋆
β(x, a1:h) is linear up to an action-independent shift. See Appendices I

and J for a detailed overview.

Theorem 5.1 (Guarantee for MTSS; special case of Theorem J.1). Suppose Assumption 1.1 is satisfied
for the class Πauto. MTSS, when configured appropriately, returns π̂ such that Jβ(πauto

θ⋆ )−Jβ(π̂1:H) ≤
ε with probability at least 1−δ, and does so with Tdata(ε, δ) ≤ poly(d,H,B, ε−1, log(δ−1)) reward
queries and T auto

comp (ε, δ) ≤ poly
(
Ccond(π

⋆
β), Tdata(ε, δ)

)
(weak) autoregressive sampling queries.

As discussed above, the action-level coverage coefficient Ccond(π
⋆
β) in this result can be exponen-

tially smaller than the sequence-level coverage coefficient. We view the assumption that π⋆
β ∈ Πauto

as a fairly minimal representational assumption for working with autoregressive policies (i.e., for MTSS
to learn efficiently, all we require is that the base policy πref and the optimal policy π⋆

β are autoregres-
sive), analogous to the classical notion of Q⋆-realizability in linearly-parameterized RL [51, 103, 91].

We remark that while our exposition focuses on the token-level MDP, the results above also apply
to the more realistic setting where each action ah represents a sub-sequence of tokens (e.g., a lemma
in a proof) rather than a single token (e.g., Xiong et al. [96]). Here, the fact that the runtime and
sample complexity for MTSS are independent of |A| is essential.

Connection to reinforcement learning with linear Q⋆. MTSS can be applied beyond the token-
level MDP formulation above: Our presentation and guarantees for the algorithm in Part III of the
appendix apply to any MDP for which π⋆

β is an “action-level” linear softmax policy (a generalization
of the assumption that the optimal KL-regularized value function Q⋆

β is linear), provided that resetting
to previously visited states is allowed. In this regard, the algorithm can be viewed as a counterpart
to a body of work which shows that MDPs with linear Q⋆ and state-action gap ∆ can be learned
under reset access [51, 103, 91]; the regularization parameter β plays a role analogous to the gap
∆ in facilitating favorable error propagation in our analysis.

13
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See Part III of the appendix for a formal presentation of the MTSS algorithm and guarantees
for learning autoregressive linear softmax policies in general MDPs (generalizing Theorem 5.1)

Future work. Due to space constraints, discussion and future work is deferred to Appendix A.
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Part I

Additional Results and Discussion
Appendix A. Discussion and Future Work

Our results—via the sampling oracle framework—reveal the computational, statistical, and represen-
tational tradeoffs inherent to language model exploration, highlighting the fundamental role of the
base model πref in enabling computational efficiency. We view our results as an initial step toward a
computational foundation for language model exploration, and more broadly, for efficient decision
making with generative models. To this end, some natural questions are as follows.

Efficient exploration beyond linear softmax policies. While our lower bounds are relevant
beyond the linear softmax parameterization, our algorithms are specialized to this setting. Developing
algorithms to support general, nonlinear policy parameterizations is perhaps the most important
question left by our work. We expect that the basic principle behind our algorithms—expending
inference-time computation to identify “representative” responses with which to explore—to be
useful more broadly, but the specific notion of spanner used in our results will need to change.14

Better representations for exploration. Our results in Section 4 show that training-time interven-
tions that produce softmax policies (e.g., modifications to the DPO loss) are insufficient for compu-
tationally efficient exploration. This raises the question of whether there exist training-time interven-
tions that induce different policy representations (e.g., based on alternative forms of regularization
[83, 36]) that more readily lend themselves to computationally efficient exploration. Our results in
Section 3 show that relatively simple modifications to the linear softmax parameterization (e.g., trun-
cation) have benefits for exploration, but are there more general principles beyond the linear setting?

Appendix B. Additional Related Work

In this section we discuss related work not already covered in detail.

Theoretical algorithms for online alignment. There is a large body of work on theoretical
algorithms for exploration in online alignment (as well as the more abstract problem of preference-
based contextual bandits and RL), but most prior algorithms are not computationally efficient when
the response space Y is large [98, 62, 66, 92, 105, 24, 21, 18, 87, 102, 95]. As discussed earlier, the
XPO algorithm of Xie et al. [94] (see also Cen et al. [13], Zhang et al. [106])15 is perhaps the closest
to a satisfactory solution from prior work, as it achieves optimal data efficiency and only accesses the
response space through sampling from policies πθ. However, our results in Section 4 show that the
XPO objective cannot be implemented efficiently in general. More broadly, even if the base model
πref has favorable properties such as coverage (in the sense of Eq. (3)), none of the aforementioned
algorithms can take advantage of it for improved computational efficiency. In this regard, we view
them as making somewhat superficial use of the base policy (i.e., it does not play a role in algorithm
design outside of being used to define the KL-regularized RL objective).

14. We expect it to be fairly straightforward to extend our results to accommodate policy classes with bounded eluder
dimension, but it is less clear how to address realistic classes based on, e.g., transformers..

15. Cen et al. [13], Zhang et al. [106] concurrently proposed similar algorithms to XPO, but did not provide non-trivial
theoretical guarantees (e.g., guarantees that indicate benefits over purely passive exploration).
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Many works consider the complementary problem of alignment in offline or hybrid settings
[110, 52, 95, 28, 15, 56, 13, 25, 37, 36, 107]. These works pay for coverage coefficients similar
to Ccov(π

⋆
β) statistically (i.e., Tdata(ε, δ) = Ω(Ccov(π

⋆
β))), and hence are not data-efficient by our

definition. One relevant work here is Bose et al. [6], who give a hybrid variant of XPO which obtains
statistical rates tighter than purely offline or online methods, but is still computationally inefficient.

Algorithms that use additional inference-time computation for exploration (e.g., via rejection
sampling) [46, 17, 76, 54, 40, 77] or multi-turn techniques that proceed at the per-step (e.g., token
or sub-sequence) level [53, 68, 47, 75, 74, 96, 43, 109] have been explored empirically, but most
results we aware of do not enjoy sample complexity guarantees. Shi et al. [77] explore the role of
various sampling schemes on top of OnlineDPO, but do not give sample complexity guarantees for
our setting. Gao et al. [29] provide a multi-turn algorithm with sample complexity guarantees, but it
engages in passive exploration and pays for coverage statistically.

Fast rates for regularized regret. Our algorithm SpannerSampling achieves a fast rate in the
sense that Tdata(ε, δ) ≲ 1

βε when ε ≤ β, improving over the Tdata(ε, δ) ≲ 1
ε2

rates found in prior
work [95, 94, 13] by exploiting strong convexity of the KL-regularized regret. Recent work of Zhao
et al. [107] achieves a similar fast rate, but requires access to an offline dataset satisfying a stringent
uniform coverage assumption (and pays for the coverage coefficient statistically), while concurrent
work of Zhao et al. [108] achieves fast rates in the purely online setting, but is not computationally
efficient in our framework. Also related is the work of Tiapkin et al. [79], which achieves fast rates
for regularized regret in tabular and linear MDPs, but is not efficient when the action space is large.

Connection to optimization oracles in bandits and online learning. There is a large body of
work on algorithms for linear contextual bandits with large response spaces Y in which the response
space is accessed through an optimization oracle which can solve

argmax
y∈Y

⟨θ, ϕ(x, y)⟩

efficiently for any x ∈ X and θ ∈ Θ [19, 10, 34, 16, 12, 42, 111]. Our formulation in Definition 2.1
can be viewed as an alternative, sampling-based computational framework for decision making with
large response spaces, one which may be of independent interest. Note that while there is a sense in
which sampling and optimization are polynomially equivalent when the set {ϕ(x, y)}y∈Y is convex
[57], they are not equivalent in general.

Our sampling oracle framework is also related to the work of Huang et al. [35], who used a
similar abstraction for the complementary problem of language model self-improvement.

Algorithms for reinforcement learning with linear-Q⋆. Our multi-turn algorithm, MTSS, can be
viewed as a counterpart to a body of work which shows that MDPs with linear Q⋆ and state-action
gap ∆ can be learned under reset access [51, 103, 91, 60, 59]. In particular, prior work has shown
that RL with linear-Q⋆ and an action gap ∆ is statistically intractable in the episodic RL protocol, but
is tractable under reset access [90, 51]. Our results show that the regularization parameter β plays a
similar role to the action gap ∆ in enabling favorable error propagation, leading to tractability under
reset access. While MTSS draws inspiration from the works above—particularly Mhammedi et al. [60],
Mhammedi [59]—it requires fairly substantial modifications, both in design and analysis—to (i) lever-
age KL regularization, and (ii) achieve computational efficiency in the sampling oracle framework.
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B.1. Comparison to Preference-Based Feedback

Much of prior work on online alignment focuses on preference-based feedback. Here, the protocol
is as follows. At each round t ∈ [Tprompt], we receive a prompt xt and sample two responses
(yt

1, y
t
2) ∼ πt(· | xt), where πt denotes the exploration policy for round t; the exploration policy may

be represented as a language model, or may correspond to an alternative sampler [55, 45, 77]. The
responses are then labeled as (yt

+, y
t
−) based on a binary preference bt ∼ P(yt

1 ≻ yt
2 | xt), and added

to the preference dataset via Dt+1 ← Dt ∪ {(xt, yt
+, y

t
−)}, which can then be used to compute an

updated policy πt+1. The preference distribution P(y1 ≻ y2 | x) represents the underlying verifier or
oracle of interest; it is typically assumed that preferences follow the Bradley-Terry model [7], i.e.

P(y1 ≻ y2 | x) =
exp(r⋆(x, y1))

exp(r⋆(x, y1)) + exp(r⋆(x, y2))
, (14)

for an underlying reward function r⋆ : X × Y → R. As with our setting, the goal is to use the
collected data Dpref to produce a final policy π̂ with high KL-regularized reward Jβ(π̂).

When N = 2, our absolute reward formulation in Section 1.1 is very closely related to this
formulation, and algorithms for one setting can easily be adapted to the other (typically the only
change is in the objective used to estimate the reward model). We use the absolute reward formu-
lation and general N (as described Section 1.1) because (i) allowing for N > 2 makes our lower
bounds/impossibility results stronger, even though our algorithms themselves only use N = 2; and
(ii) the absolute reward formulation—which has been used in prior work empirically [88, 89, 85, 96]
and in theory [107, 84, 96]—is a more realistic model for the motivating problem of learning from a
strong oracle/verifier such as a proof checker.

Adapting preference-based algorithms to reward-based feedback. OnlineDPO [32] proceeds
iteratively for t ∈ [Tprompt] as follows:

1. Compute πt := πθt by solving the DPO objective:

θt ← argmin
θ∈Θ

∑
(x,y+,y−)∈Dt

− log

[
σ

(
β log

πθ(y+ | x)
πref(y+ | x)

− β log
πθ(y− | x)
πref(y− | x)

)]
, (15)

where σ(z) := exp(z)
1+exp(z) is the sigmoid function.

2. Sample yt
1, y

t
2 ∼ πθt(· | xt), then label as (yt

+, y
t
−) and update Dt+1 ← Dt ∪ {(xt, yt

+, y
t
−)}.

For our reward-based setting, we change Eq. (15) to

θt ← argmin
θ∈Θ

∑
(x,y1,y2,r1,r2)∈Dt

(
β log

πθ(y1 | x)
πref(y1 | x)

− β log
πθ(y2 | x)
πref(y2 | x)

− (r1 − r2)

)2

. (16)

It is possible to show that this algorithm obtains Tdata(ε, δ) = poly(d,Rmax, Ccov(π
⋆
β), ε

−1, log(δ−1))
for our linear softmax setting through standard arguments.

Similarly, at each step t, XPO [94] minimizes the objective

θt ← argmin
θ∈Θ

α
∑
i<t

log πθ(y
i

2 | xi) +
∑

(x,y1,y2,r1,r2)∈Dt

− log

[
σ

(
β log

πθ(y+ | x)
πref(y+ | x)

− β log
πθ(y− | x)
πref(y− | x)

)],
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for an optimism parameter α > 0, then samples yt ∼ πθt(· | xt) and yt
2 ∼ πref(· | xt) and updates

Dt+1 ← Dt ∪ {(xt, yt
+, y

t
−)}. To adapt XPO to the reward-based setting, we analogously change the

objective to

θt ← argmin
θ∈Θ

α
∑
i<t

log πθ(y
i

2 | xi) +
∑

(x,y1,y2,r1,r2)∈Dt

(
β log

πθ(y1 | x)
πref(y1 | x)

− β log
πθ(y2 | x)
πref(y2 | x)

− (r1 − r2)

)2
.

(17)

The sample complexity bound Tdata(ε, δ) ≲ poly(Rmax) · d
2 log(δ−1)

ε2
claimed in Eq. (4) follows

by (i) specializing the SEC-based bound in Xie et al. [94] to the linear softmax policy class, and
(ii) noting that the exp(Rmax) factor in the sample complexity guarantee in Xie et al. [94] can be
removed under reward-based feedback (as it arises due to converting between the logistic loss for
the Bradley-Terry model and the square loss); these calculations can be found in Theorem J.1 and
Lemmas J.4 and J.5 of Huang et al. [35].

Adapting SpannerSampling to preference-based feedback. To adapt SpannerSampling to
preference-based feedback, the only change required is to switch the reward estimation step in Eq. (49)
to the following DPO-like objective: θt ← argminθ∈Θ

∑
(x,y+,y−)∈Dt

exp∪Dspan
− log σ(⟨θ, φ(x, y+, y−)⟩).

This leads to identical guarantees, except that the sample complexity will pay for a exp(Rmax) factor
due to conversion from logistic loss to square loss (e.g., Lemma C.8 in Xie et al. [94]).

Appendix C. Sampling Oracles: Beyond Linear Policies

We expect that our sampling oracle abstraction for the language model alignment problem will be of
use beyond the linear softmax policy parameterization we focus on. In this section, we briefly discuss
possibilities for extending Definition 2.1 beyond the linear setting, as well as challenges this entails.

Features versus log-probabilities. Recall that the sampling oracle in Definition 2.1 reveals the
features ϕ(x, y) for responses y sampled from the oracle, but does not reveal the log-probabilities
log πθ(y | x) themselves. As highlighted in Section 2, the observed features are closely related,
as they can be used to evaluate β log πθ(y|x)

πref(y|x) − β log πθ(y
′|x)

πref(y′|x) = ⟨θ, ϕ(x, y)− ϕ(x, y′)⟩, but they
cannot be used to compute log πθ(y | x) itself in general. We adopt this formalism because it
simplifies the coverage-based lower bounds in Section 2.2; our algorithmic results only make use of
the features ϕ(x, y), and hence fall into the framework of Definition 2.1. But to move beyond linear
policies, it is more natural to directly allow the learner to query the log-probabilities.

Definition C.1 (Generalized sampling oracle framework). In one query, the learner proposes a
prompt x ∈ X and parameter θ ∈ Θ, and receives a conditional sample y ∼ πθ(· | x), as well as the
corresponding log-probability log πθ(y | x) for the sampled response (note that π0 = πref).

There is a technical subtlety here (and in Definition 2.1) as far as the learner’s a-priori knowledge.
In the linear softmax setting, if ϕ is known a-priori, then ruling out algorithms that enumerate over
the response space Y requires additionally assuming that each query yt

i made to the reward oracle
is a response that has previously been revealed by the sampling oracle. It seems more natural to
consider the features (and, in general, the parametrization θ 7→ πθ) to be unknown a-priori.

Proving lower bounds like Theorem 2.1 may be more challenging in the framework in Def-
inition C.1, as the log-probabilities can potentially provide more information than the features
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themselves. On the other hand, more assumptions are likely required to derive efficient algorithms.
For example, it is not clear that one can efficiently minimize the DPO objective under Definition C.1,
and so it might be necessary to assume an additional oracle for minimizing the objective. We leave a
detailed understanding for future work.
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Part II

Proofs from Sections 2 through 4
Appendix D. Technical Tools

For a pair of probability measures P and Q, we define the total variation distance as DTV(P,Q) =
1
2

∫
|dP − dQ|, and define Hellinger distance by D2

H(P,Q) =
∫
(
√
dQ −

√
dQ)2. We define KL

divergence by DKL(P ∥Q) =
∫
dP log

(
dP
dQ
)

if P≪ Q and DKL(P ∥Q) = +∞ otherwise.

D.1. Tail Bounds

Lemma D.1 (Azuma-Hoeffding). Let (Xt)t≤T be a sequence of real-valued random variables
adapted to a filtration (Ft)t≤T . If |Xt| ≤ R almost surely, then with probability at least 1− δ, for
all T ′ ≤ T , ∣∣∣∣∣

T ′∑
t=1

Xt − Et−1[Xt]

∣∣∣∣∣ ≤ R ·
√
8T log(2δ−1).

Lemma D.2 (Freedman’s inequality). Let (Xt)t≤T be a real-valued martingale difference sequence
adapted to a filtration (Ft)t≤T . If |Xt| ≤ R almost surely, then for any η ∈ (0, 1/R), with
probability at least 1− δ, for all T ′ ≤ T ,

T ′∑
t=1

Xt ≤ η

T ′∑
t=1

Et−1

[
X2

t

]
+

log(δ−1)

η
.

The next result is a standard consequence of Lemma D.2 (e.g., Foster et al. [27]).

Lemma D.3. Let (Xt)t≤T be a sequence of random variables adapted to a filtration (Ft)t≤T . If
0 ≤ Xt ≤ R almost surely, then with probability at least 1− δ, for all T ′ ≤ T ,

T ′∑
t=1

Xt ≤
3

2

T ′∑
t=1

Et−1[Xt] + 4R log(2δ−1), (18)

and
T ′∑
t=1

Et−1[Xt] ≤ 2
T ′∑
t=1

Xt + 8R log(2δ−1). (19)

D.2. Elliptic Potential

Lemma D.4 (e.g. Lemma 19.4 in Lattimore and Szepesvári [49]). Let v1, . . . , vT ∈ Rd satisfy
∥vt∥2 ≤ 1 for all t ∈ [T ]. Fix λ > 0, and let Vt = λI +

∑
i<t viv

⊤
i . Then

T∑
t=1

∥vt∥2V −1
t
∧ 1 ≤ 2

T∑
t=1

log(1 + ∥vt∥2V −1
t

) ≤ 2d log
(
1 + λ−1T/d

)
. (20)

As a consequence, we have
T∑
t=1

∥vt∥V −1
t
∧ 1 ≤

√
2dT log(1 + λ−1T/d). (21)
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D.3. Miscellaneous Lemmas

Lemma D.5 (Sequential union bound). Let T,H ∈ N and δ ∈ (0, 1) be given. Further, let B1 be
an algorithm that runs in T ∈ N iterations. At each iteration, B1 makes a sequence of H calls to a
subroutine B2. Let S denote the state space of algorithm B1; the space capturing the values of all
the internal variables of B1. Let St

h,− ∈ S denote the random state of B1 immediately before the hth
call to B2 during the tth iteration; further, let St

h,+ ∈ S denote the random state of B1 immediately
after this call to B2. Suppose that for any St

h,− ∈ S, there is an event E t
h(S

t
h,−) ⊂ S such that

P[St
h,+ ∈ E t

h(S
t
h,−)] ≥ 1− δ. Then, with probability at least 1− δHT , for all t ∈ [T ] and h ∈ [H],

we have St
h,+ ∈ E t

h(S
t
h,−).

Proof. Let E be the event defined by

E :=

{
T∏
t=1

H∏
h=1

I{St
h,+ ∈ E t

h(S
t
h,−)} = 1

}
. (22)

We need to show that P[E ] ≥ 1− δHT . To this end, we note that by the chain rule of probability, we
have

P[E ] =
T∏
t=1

H∏
h=1

E
[
P[St

h,+ ∈ E t
h(S

t
h,−) | St

h,−]
]
,

≥
T∏
t=1

H∏
h=1

(1− δ) , (23)

≥ 1− THδ,

where (23) follows by the fact that P[St
h,+ ∈ E t

h(S
t
h,−)] ≥ 1 − δ for all St

h,− ∈ S, and the
last inequality follows by the fact that for any sequence x1, . . . , xT ∈ (0, 1),

∏
i∈[T ](1 − xi) ≥

1−
∑

i∈[T ] xi.

Lemma D.6. If x ≥ 1 satisfies x ≤ a log(1 + bx) for a, b ≥ 3, then x ≤ 2a log(1 + ab).

Proof of Lemma D.6. First, note that by reparameterizing x← bx and c← ab, it suffices to show
that x ≤ c log(1+x) for x ≥ 1, c ≥ 3 implies x ≤ 2c log(1+c). Toward proving the latter statement,
we first note that if x ≥ c, then x 7→ x increases faster than x 7→ c log(1+ x), so any point x ≥ c for
which x > 2c log(1 + x) gives a valid upper bound. Let us choose x = 2c log(1 + c). Then we have
c log(1 + x) ≤ c log(1 + 2c log(1 + c)) < c log(1 + c2) ≤ c log((1 + c)2) ≤ 2c log(1 + c) = x as
desired, where the strict inequality uses that 2c log(1 + c) ≤ c2 for c ≥ 3.
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Appendix E. Proofs from Section 2

In this section we restate and prove Theorem 2.1.

Theorem 2.1 (Necessity of coverage). Let C⋆, Y ≥ 2 be given. Let Alg be an online alignment algo-
rithm that uses Tdata(ε, δ) reward oracle queries and Tcomp(ε, δ) strong sampling oracle queries when-
ever (i) the parameter space is Θ = B2(1), (ii) Assumption 2.1 is satisfied with Rmax = B = 1, (iii)
Ccov(π

⋆
β) ≤ C⋆, and (iv) the response space has size Y = |Y|. Then, either Tdata(ε, δ) ≥ Y/8, or

Tcomp(ε, δ) ≥ Ω
(
min

{
eβ

2d/2, eβ
−1/2, C⋆

})
. (7)

Proof of Theorem 2.1. If β > 1/2 then the lower bound on Tcomp(ε, δ) is vacuously true, so we may
assume henceforth that β ≤ 1/2. Similarly, we may assume without loss of generality that Y ≥ 9.
Let S be an arbitrary set of size Y − 1. We take prompt space X = {⊥} (and henceforth omit all
dependences on the prompt ⊥). We take response space Y = {0} ∪ S. We take parameter space
Θ = B2(1).

For each θ⋆ ∈ B2(1) and y⋆ ∈ S, we define an instance Iθ⋆,y⋆ of the online alignment problem
(with linear softmax policy class) as follows:

• The reference policy is πy⋆

ref ∈ ∆(Y) defined by πy⋆

ref(0) = 1− εref and πy⋆

ref(y
⋆) = εref where

εref := max{1/C⋆, e−β−1/2}.

• The feature mapping ϕθ⋆,y⋆ : Y → Rd is defined by

ϕθ⋆,y⋆(y) =

{
θ⋆ if y = y⋆

0 if y ̸= y⋆
.

• The reward function rθ
⋆,y⋆ : Y → [0, 1] is defined by rθ

⋆,y⋆(y) = ⟨θ⋆, ϕθ⋆,y⋆(y)⟩ = 1[y =
y⋆].

Note that X , Y , and Θ are fixed, and do not depend on the choice of (θ⋆, y⋆).
We make the following observations about Iθ⋆,y⋆ . Since rθ

⋆,y⋆(y) = ⟨θ⋆, ϕθ⋆,y⋆(y)⟩ and θ⋆ ∈
B2(1) = Θ, Assumption 1.1 is satisfied. In particular, the optimal KL-regularized policy is πθ⋆(y) ∝
πref(y) exp

(
β−1

〈
θ⋆, ϕθ⋆,y⋆(y)

〉)
. It is straightforward to check that Assumption 2.1 is satisfied with

Rmax = B = 1. From Eq. (3), we have

Ccov(πθ⋆) = Ccov(πθ⋆) ≤ max
y∈{0,y⋆}

1

πref(y)
≤ 1

εref
≤ C⋆

where the second inequality uses the fact that 1 − εref ≥ εref (which holds since C⋆ ≥ 2 and
β ≤ 1/2). Finally, |Y| = Y by construction. From the theorem assumptions, we conclude that
for all instances Iθ⋆,y⋆ , Alg uses Tdata(ε, δ) queries to the reward oracle and Tcomp(ε, δ) queries
to the strong sampling oracle, and with probability at least 1 − δ returns a policy π̂ satisfying
Jβ(πθ⋆)− Jβ(π̂) ≤ ε. Assume, for the sake of contradiction, that Tdata := Tdata(1/4, 1/4) < Y/8

and Tcomp := Tcomp(1/4, 1/4) < c0 ·min{eβ2d/2, eβ
−1/2, C⋆} for a universal constant c0 > 0 to be

determined.
Now, consider the distribution over problem instances induced by sampling θ⋆ uniformly from

the unit sphere in Rd, and independently sampling y⋆ ∼ Unif(S). Then execute Alg on instance
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Iθ⋆,y⋆ with error tolerance ε = 1/4 and failure probability δ = 1/4. For the purposes of analysis,
for each q ≥ 0, let Alg[q] denote a modified version of algorithm where the first q oracle queries are
answered with 0 ∈ Y (for the sampling oracle) or 0 ∈ R (for the reward oracle), and the algorithm is
run unmodified for subsequent steps. Let π̂[q] denote the output of Alg[q]. On the one hand, since
Alg

[0]
= Alg, we know that

P[Jβ(πθ⋆)− Jβ(π̂
[0]) ≤ ε] ≥ 1− δ (24)

where the probability is over the random choice of (θ⋆, y⋆) and the randomness of Alg[0] (and
its oracle calls). On the other hand, since the problem parameters (X ,Y,Θ) are independent of
(θ⋆, y⋆) and all queries made by Alg

[Tcomp+Tdata] are answered independently of (θ⋆, y⋆), we have that
π̂[Tcomp+Tdata] is independent of (θ⋆, y⋆). We use this to prove the following lower bound on the regret
for π̂[Tcomp+Tdata].

Lemma E.1. For ε = δ = 1/4, it holds that

P[Jβ(πθ⋆)− Jβ(π̂
[Tcomp+Tdata]) ≤ ε] ≤ 1/2. (25)

Proof of Lemma E.1. For any fixed (θ⋆, y⋆), in instance Iθ⋆,y⋆ , we have

Jβ(πθ⋆) = πθ⋆(y
⋆)− βDKL(πθ⋆ ∥πref)

= β log(1− εref + εrefe
β−1

)

≥ β log(εrefe
β−1

)

= 1− β log(1/εref)

≥ 1/2,

where the first equality is by definition of Jβ and the reward function rθ
⋆,y⋆ ; the second equality is

by explicit calculation; and the final inequality is εref ≥ 1
2e

−β−1/2. But we also have

Jβ(π̂
[Tcomp+Tdata]) ≤ π̂[Tcomp+Tdata](y⋆)

by definition of Jβ and non-negativity of KL-divergence. Since π̂[Tcomp+Tdata] is independent of y⋆

and y⋆ is uniformly distributed in S, we know that

E[π̂[Tcomp+Tdata](y⋆)] ≤ 1/|S|,

and so by Markov’s inequality and the fact that |S| = Y − 1 ≥ 8, we have

P[π̂[Tcomp+Tdata](y⋆) ≥ 1/4] ≤ 1/2.

Recalling that ε = 1/4, it follows that

P[Jβ(πa)− Jβ(π̂
[Tcomp+Tdata]) ≤ ε] ≤ P[Jβ(πa)− π̂[Tcomp+Tdata](y⋆) ≤ ε] ≤ 1/2.

From here, we proceed by relating the regret of π̂[0] to that of π̂[Tcomp+Tdata]. Fix 0 ≤ q < Tcomp+Tdata.
The probability that Alg[q] deviates from Alg

[q+1] is at most the probability that the response to
the (q + 1)-th oracle query by Alg

[q] is non-zero. Since all previous oracle queries by Alg
[q] were

answered independently of (θ⋆, y⋆), the (q + 1)-th query (though not its answer) is independent as
well. Condition on this query; we distinguish two cases.
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1. If it is a sampling oracle query θ ∈ Θ, then the probability that the execution of Alg[q+1]

deviates from Alg
[q] (in the optimal coupling of their executions) is precisely the probability

that the sampling oracle y ∼ πθ yields a non-zero answer y ̸= y⋆, which is precisely πθ(y
⋆).

Moreover, we can bound the expectation (over all randomness) of this probability:

E[πθ(y⋆)] = E
[

εref exp(β
−1⟨θ, ϕθ⋆,y⋆(y⋆)⟩)

(1− εref) exp(β−1⟨θ, ϕθ⋆,y⋆(0)⟩) + εref exp(β−1⟨θ, ϕθ⋆,y⋆(y⋆)⟩)

]
= E

[
εref exp(β

−1⟨θ, θ⋆⟩)
1− εref + εref exp(β−1⟨θ, θ⋆⟩)

]
≤ E

[
εref exp(β

−1max(θ⋆1, 0))

1− εref + εref exp(β−1max(θ⋆1, 0))

]
≤ O(εref + exp(−β2d/2)),

where the first inequality uses the fact that θ is independent of θ⋆ and hence ⟨θ, θ⋆⟩ is stochas-
tically dominated by max(θ⋆1, 0), and the final inequality uses Lemma E.2 (stated and proven
in the sequel).

2. If it is a reward query y ∈ Y , then the probability that the execution of Alg[q+1] deviates from
Alg

[q] is precisely the probability that the reward oracle yields a non-zero answer, which is
rθ

⋆,y⋆(y) = 1[y = y⋆]. Since y is independent of y⋆, we have P[rθ⋆,y⋆(y) ̸= 0] ≤ 1/|S|.
Therefore by the data processing inequality,

P[π̂[q] ̸= π̂[q+1]] ≤ DTV

(
Law(Alg

[q]
),Law(Alg

[q+1]
)
)

≤ O(εref + exp(−β2d/2)) · P[(q + 1)-th query by Alg[q] is sampling]

+
1

|S|
· P[(q + 1)-th query by Alg[q] is reward]

= O(εref + exp(−β2d/2)) · P[(q + 1)-th query by Alg[Tcomp+Tdata] is sampling]

+
1

|S|
· P[(q + 1)-th query by Alg[Tcomp+Tdata] is reward] (26)

where the equality uses the fact that the executions of Alg[q] and Alg[Tcomp+Tdata] are identically
distributed up to and including the (q + 1)-th query. We conclude that

P[Jβ(πθ⋆)− Jβ(π̂
[0]) ≤ εref ] ≤ P[Jβ(πθ⋆)− Jβ(π̂

[Tcomp+Tdata]) ≤ εref ] +

Tcomp+Tdata−1∑
q=0

P[π̂[q] ̸= π̂[q+1]]

≤ 1

2
+O(εref + exp(−β2d/2))Tcomp +

1

|S|
Tdata < 3/4,

where the second inequality is by Eqs. (25) and (26), and the third inequality is by the assumed
bounds on Tcomp, Tdata and holds so long as c0 > 0 is a sufficiently small constant. This contradicts
Eq. (24), so it must be that either Tdata ≥ Y/8 or Tcomp ≥ c0 ·min{eβ2d/2, e−β−1/2, C⋆}.

Lemma E.2. Fix ϵ ∈ (0, 1/2), β > 0, and d ∈ N. Let X ∼ Unif(Sd−1) where Sd−1 is the unit
sphere in Rd. Then

E

[
ϵ · eβ−1 max(X1,0)

1− ϵ+ ϵ · eβ−1 max(X1,0)

]
≲ ϵ+ e−β2d/2.
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Proof of Lemma E.2. The quantity inside the expectation is always at most 1. Moreover, if X1 ≤ β,

then ϵ·eβ−1 max(X1,0)

1−ϵ+ϵ·eβ−1 max(X1,0)
≲ ϵ. It follows that

E

[
ϵ · eβ−1 max(X1,0)

1− ϵ+ ϵ · eβ−1 max(X1,0)

]
≲ ϵ+ P[X1 > β] ≤ ϵ+ e−β2d/2

by a standard bound on the volume of a spherical cap [80].
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Appendix F. SoftmaxSampler Algorithm and Guarantees

Algorithm 1 SoftmaxSamplerβ,M,δ(f ;x, πref)

input: Function f , prompt x, base policy πref, parameter β > 0, rejection threshold M > 0,
failure probability δ ∈ (0, 1).

1: Let N := 4M log(4δ−1).
/* Estimate normalization constant */

2: Sample y1, . . . , yN ∼ πref(· | x) i.i.d.
3: Set Ẑ := 1

N

∑n
i=1 exp

(
β−1f(x, yi)

)
.

/* Rejection sampling */

4: for iteration i = 1, 2, . . . , N do
5: Sample y ∼ πref(· | x) and ξ ∼ Ber

(
exp(β−1f(x,y))/ẐM

)
.

6: If ξ = 1, return y.
7: return y ∼ πref(· | x). // Failure event; occurs with low probability.

In this section, we give self-contained guarantees for the SoftmaxSampler algorithm (Algo-
rithm 1) used within SpannerSampling, as well as a slightly more general version of the algorithm,
SoftmaxSamplerDensity (Algorithm 2), which is used within MTSS (Appendix J). Both algorithms
take as input a function f(x, y) and use rejection sampling to generate samples from the softmax
policy

πf (y | x) ∝ πref(y | x) exp
(
β−1f(x, y)

)
(27)

given sample access to πref. SoftmaxSamplerDensity only differs from SoftmaxSampler in that,
in addition to using rejection sampling to generate samples from (27), it also returns an estimate
for density ratio πf (y|x)

πref(y|x) for the sampled response; since the SoftmaxSampler algorithm already
estimates the normalization constant for the target policy, which is the only non-trivial part of the
density ratio to compute, this requires no change outside of explicitly returning the density ratio
estimate.

Algorithm overview. Let us briefly describe the algorithm. Line 4 of SoftmaxSampler and
SoftmaxSamplerDensity applies vanilla rejection sampling to generate samples from πf , sampling
multiple responses from πref and using the density ratio to decide whether to accept each response.
The only subtlety is that the density ratio

πf (y | x)
πref(y | x)

=
exp
(
β−1f(x, y)

)
Ey′∼πref

[exp(β−1f(x, y′))]
,

depends on the normalization constant Z(x) := Ey′∼πref

[
exp(β−1f(x, y′))

]
, which is unknown. To

address this, Line 3 estimates the normalization constant via sampling from πref and computing the
empirical mean. The estimated normalization constant is then used to set the rejection threshold.

The main guarantee for SoftmaxSamplerDensity is as follows.

Theorem F.1 (Guarantee for SoftmaxSamplerDensity). Let f : X × Y → R, x ∈ X , and β > 0
be given, and define

πf (· | x) ∝ πref(· | x) exp
(
β−1f(x, ·)

)
, and C∞ := 1 ∨

∥∥∥∥ πf (· | x)
πref(· | x)

∥∥∥∥
∞
. (28)
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Algorithm 2 SoftmaxSamplerDensity

input: Function f : X × Y → R, prompt x, base policy πref : X → ∆(Y), parameter
β > 0, rejection threshold M > 0, failure probability δ ∈ (0, 1).

1: Let N := 4M log(4δ−1).
/* Estimate normalization constant */

2: Sample y1, . . . , yN ∼ πref(· | x) i.i.d.
3: Set Ẑ := 1

N

∑n
i=1 exp

(
β−1f(x, yi)

)
.

/* Rejection sampling */

4: for iteration i = 1, 2, . . . , N do

5: Sample y ∼ πref(· | x) and ξ ∼ Ber

(
exp(β−1f(x,y))

ẐM

)
.

6: Set ρ← exp(β−1f(x,y))

Ẑ
. // ρ ≈ exp(β−1f(x,y))

Ey∼πref(·|x)[exp(β−1f(x,y))]
.

7: If ξ = 1, return (y, ρ).
8: Sample y ∼ πref(· | x) and set ρ← exp(β−1f(x,y))

Ẑ
.

9: return (y, ρ). // Failure event; occurs with low probability.

Fix δ ∈ (0, 1), and suppose that M ≥ 4C∞. There is an event Eaccept with P(Eaccept) ≥ 1− δ under
which the output (y, ρ) of SoftmaxSamplerDensityβ,M,δ(f ;x, πref) satisfies

P(y = · | Eaccept) = πf (· | x) (29)

and

I{M ≥ 4C2
∞} ·

∣∣∣∣log ρ− log
πf (y | x)
πref(y | x)

∣∣∣∣ ≤ C∞ ·
√

2

M
. (30)

Furthermore, if |f(·, ·)| ≤ Rmax, then ρ ∈ [e−2Rmax/β, e2Rmax/β] with probability 1. The total number
of sampling queries y ∼ πref(· | x) used by the algorithm is at most Tcomp = 8M log(4δ−1) + 1.

We now state the guarantee for SoftmaxSampler, which follows immediately from Theorem F.1.

Theorem F.2 (Guarantee for SoftmaxSampler). Let f : X × Y → R, x ∈ X , and β > 0 be given,
and define

πf (y | x) ∝ πref(y | x) exp
(
β−1f(x, y)

)
, and C∞ :=

∥∥∥∥ πf (· | x)
πref(· | x)

∥∥∥∥
∞
. (31)

Fix δ ∈ (0, 1), and suppose that M ≥ 4C∞. There is an event Eaccept with P(Eaccept) ≥ 1− δ such
that the response y ∼ SoftmaxSamplerβ,M,δ(f ;x, πref) satisfies

P(y = · | Eaccept) = πf (· | x). (32)

The total number of sampling queries y ∼ πref(· | x) used by the algorithm is at most Tcomp =
8M log(4δ−1) + 1.
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Further guarantees. We now state some additional results, both of which are fairly straightforward
consequences of Theorems F.1 and F.2.

Lemma F.1. Let π̂f (· | x) denote the distribution over y ∼ SoftmaxSamplerβ,M,δ(f ;x, πref).
Suppose that |f(x, y)| ≤ Rmax. Then under the conditions of Theorem F.2, it holds that

DTV(π̂f (x), πf (x)) ≤ δ, D2
H(π̂f (x), πf (x)) ≤ 2δ, and DKL(π̂f (x) ∥πf (x)) ≤ 4

(
Rmax

β
+ logN

)
δ.

In addition,

DKL(π̂f (x) ∥πref(x))−DKL(πf (x) ∥πref(x)) ≤ 6

(
Rmax

β
+ logN

)
δ

and
π̂f (y | x)
πf (y | x)

≤ exp(Rmax/β) ·N.

Lemma F.2. Let f : X × Y → R, x ∈ X , and β > 0 be given, and define

πf (· | x) ∝ πref(· | x) exp
(
β−1f(x, ·)

)
, and C∞ :=

∥∥∥∥ πf (· | x)
πref(· | x)

∥∥∥∥
∞
. (33)

Fix δ ∈ (0, 1), and suppose that M ≥ 4C2
∞. Consider a call to SoftmaxSamplerDensityβ,M,δ(f ;x, πref).

Let (y, ρ) denote its random output and let π̂f (· | x) denote the probability distribution of y. Then,
we have∣∣∣∣E [log ρ]− Ey′∼π̂f (·|x)

[
log

π̂f (y
′ | x)

πref(y′ | x)

]∣∣∣∣ ≤ C∞ ·
√

2

M
+ 4

(
2B

β
+ log(4M log(4δ−1))

)
δ.

(34)

Finally, we have the following change-of-measure guarantee.

Lemma F.3. For any function g(x, y) ∈ [0, 1], let π̂(x) := SoftmaxSamplerDensityβ,M,δ(f ;x, πref)
denote the distribution over responses induced by Algorithm 2. Then for any ρ ∈ ∆(X ),∣∣∣Ex∼ρ,y∼πf (x)[g(x, y)]− Ex∼ρ,y∼π̂(x)[g(x, y)]

∣∣∣
≤ δ + Px∼ρ[M < 4Ccond(πf | x)],

where Ccond(πf | x) := supy∈Y
πf (y|x)
πref(y|x) .

F.1. Proofs

Proof of Theorem F.1. Our starting point is the following standard guarantee for rejection sampling.

Lemma F.4 (Rejection sampling [5]). Let µ ∈ ∆(Y) be a proposal distribution, and let ν denote a
target distribution that we wish to sample from. Suppose that

∥∥∥dν
dµ

∥∥∥
∞
≤M . Consider the algorithm

which, for i = 1, 2, . . . , N , samples Xi ∼ µ, then samples ξi ∈ {0, 1} such that P(ξi = 1 | Xi) =
1
M

dν
dµ , and returns Xi if ξi = 1; we return ⊥ if ξi = 0 for all i. If N ≥M log(δ−1)), then ξi = 1 for

some i with probability at least 1− δ, and we have

P(Xi ∈ A | ξi = 1) = ν(A).
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In what follows, we omit dependence on x. Let Z := Ey∼πref

[
exp(β−1f(y))

]
denote the “true”

normalization constant for πf , and observe that we have

C∞ =
maxy∈Y exp(β−1f(y))

Z
. (35)

We begin by giving a guarantee for the estimated normalization constant Ẑ. We observe that by
Lemma D.3, there is an event E of probability at least 1− δ/2, under which

Ẑ ≤ 3

2
Z +

4maxy∈Y exp(β−1f(y)) log(4δ−1)

N
,

and

Z ≤ 2Ẑ +
8maxy∈Y exp(β−1f(y)) log(4δ−1)

N
.

Using Eq. (35), we can equivalently write this as

Ẑ ≤ 3

2
Z +

4C∞ log(4δ−1)

N
· Z, and Z ≤ 2Ẑ +

8C∞ log(4δ−1)

N
· Z.

It follows that as long as N ≥ 16C∞ log(4δ−1) (or N ≥ 4M log(4δ−1) if M ≥ 4C∞), we have that

1

4
Z ≤ Ẑ ≤ 2Z. (36)

Let us condition on E until otherwise stated. To proceed, we observe that the for loop in Line 4
can be interpreted as applying the rejection sampling algorithm in Lemma F.4 with µ = πref(·),
ν = πf (·), and threshold

M ′ := M · Ẑ
Z
. (37)

Hence, as long as M ′ ≥
∥∥∥ πf (·)
πref(·)

∥∥∥
∞

= C∞ and N ≥M ′ log(2δ−1), with probability at least 1−δ/2,

there will be some i such that ξi = 1 and P(y = · | ξi = 1) = πf (·). Note that under Eq. (36), we
have

M ′ = M · Ẑ
Z
∈
[
M

4
, 2M

]
.

so setting M ≥ 4C∞ and N ≥ 2M log(2δ−1) suffices to prove that

P(y = · | Eaccept) = πf (· | x), (38)

under E . We now prove the second claim on the approximation of the density ratio.

Estimating the density ratio. We no longer condition on E . First, note that

πf (·)
πref(·)

=
eβ

−1f(·)

Z
. (39)
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On the other hand, the output ρ of SoftmaxSamplerDensity satisfies ρ = eβ
−1f(y)

Ẑ
. Thus, to get our

desired bound on
∣∣∣log ρ− log

πf (y)
πref(y)

∣∣∣, it suffices to show that∣∣∣∣∣log Ẑ

Z

∣∣∣∣∣ ≤ 4C∞ ·
√

2 log(4δ−1)

N
. (40)

By Lemma D.1 (Hoeffding inequality), there is an event E ′ of probability at least 1 − δ/2, under
which ∣∣∣Ẑ − Z

∣∣∣ ≤ max
y∈Y

exp(β−1f(y)) ·
√

8 log(4δ−1)

N
,

= C∞Z ·
√

8 log(4δ−1)

N
. (41)

We now condition on E ′. Rearraning (41) and dividing by Z, we get that

Ẑ

Z
≤ 1 + C∞ ·

√
8 log(4δ−1)

N
, and

Ẑ

Z
≥ 1− C∞ ·

√
8 log(4δ−1)

N
. (42)

Therefore, using that N ≥ 16C2
∞ log(4δ−1) together with the facts that log(1 + x) ≤ x and

log(1− x) ≥ 1− 2x, for x ∈ [0, 1/2], we get

−2C∞ ·
√

8 log(4δ−1)

N
≤ log

Ẑ

Z
≤ C∞ ·

√
8 log(4δ−1)

N
. (43)

This shows the desired bound on the log ratio log Ẑ
Z after plugging-in the choice N = 4M log(4δ−1).

Now, by the union bound, the probability of the event E ∩ E ′ is at least 1 − δ. Thus, the event
Eaccept = E ∩ E ′ satisfies the desired properties.

Now, we no longer condition on E ′. Note that ρ is of the form

eβ
−1f(y)

1
N

∑N
i=1 e

β−1f(yi)
. (44)

Thus, when |f(·, ·)| ≤ Rmax, we immediately have that ρ ∈ [e−2Rmax/β, e2Rmax/β] as desired.

Proof of Lemma F.1. It is an immediate consequence of Theorem F.2 that DTV(π̂f (x), πf (x)) ≤ δ
and D2

H(π̂f (x), πf (x)) ≤ 2δ. We begin by writing

DKL(π̂f (x) ∥πref(x))−DKL(πf (x) ∥πref(x))
= Ey∼π̂f (x)[log(πf (y | x)/πref(y | x))]− Ey∼πf (x)[log(πf (y | x)/πref(y | x))]
+ Ey∼π̂f (x)[log(π̂f (y | x)/πf (y | x))]

≤ 2Rmaxδ

β
+ Ey∼π̂f (x)[log(π̂f (y | x)/πf (y | x))],

where the inequality uses that |log(πf (y | x)/πref(y | x))| ≤ Rmax/β. To proceed, we bound

DKL(π̂f (x) ∥πf (x)) = Ey∼π̂f (x)[log(π̂f (y | x)/πf (y | x))]
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We first note that

π̂f (y | x)
πf (y | x)

≤ exp(Rmax/β) ·
π̂f (y | x)
πref(y | x)

≤ exp(Rmax/β) ·N.

The latter inequality is a standard property of rejection sampling: If we let YN denote the set of
responses the algorithm considers accepting, then we have π̂f (y | x) = EYN

[π̂f (y | x,YN )] ≤
EYN

[I{y ∈ YN}] ≤ N · πref(y | x). From here, it follows from Lemma A.10 of Foster et al. [27]
that DKL(π̂f (x) ∥πf (x)) ≤ 2(Rmax

β + logN)D2
H(π̂f (x), πf (x)) ≤ 4(Rmax

β + logN)δ.

Proof of Lemma F.2. Let (y, ρ) be the random output of SoftmaxSamplerDensity. First, by
Jensen’s inequality, we have that∣∣∣∣E [log ρ]− E

[
log

πf (y | x)
πref(y | x)

]∣∣∣∣ ≤ E
[∣∣∣∣log ρ− log

πf (y | x)
πref(y | x)

∣∣∣∣] ,
and so, by letting Eaccept be the event Eaccept in Theorem F.1, we have

= E
[
I{Eaccept} ·

∣∣∣∣log ρ− log
πf (y | x)
πref(y | x)

∣∣∣∣]
+ E

[
(1− I{Eaccept}) ·

∣∣∣∣log ρ− log
πf (y | x)
πref(y | x)

∣∣∣∣] ,
≤ C∞ ·

√
2

M
+

4Bδ

β
, (45)

where the last inequality follows from Theorem F.1 and that ρ and πf (y|x)
πref(y|x) are in [e2B/β , e−2B/β ].

On the other hand, we have that

E
[
log

πf (y | x)
πref(y | x)

]
= Ey∼π̂f (·|x)

[
log

πf (y | x)
πref(y | x)

]
(46)

= Ey∼π̂f (·|x)

[
log

π̂f (y | x)
πref(y | x)

]
−DKL(π̂f (· | x) ∥πf (· | x)). (47)

Now, by Lemma F.1, we have that DKL(π̂f (· | x) ∥πf (· | x)) ≤ 4
(
Rmax
β + logN

)
δ. Combining this

with (45) and the triangle inequality, we get the desired result.

Proof of Lemma F.3. By Jensen’s inequality and the triangle inequality, we have that∣∣Ex∼ρ,y∼πf
[g(x, y)]− Ex∼ρ,y∼π̂[g(x, y)]

∣∣
≤ Ex∼ρ

[∣∣∣Ey∼πf (·|x)[g(x, y)]− Ey∼π̂(·|x)[g(x, y)]
∣∣∣ · I{M ≥ 4Ccond(πf | x)}

]
+ Px∼ρ [M < 4Ccond(πf | x)] ,
≤ δ + Px∼ρ [M < 4Ccond(πf | x)] , (48)
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where the last inequality follows from the fact that

DTV(π̂(· | x), πf (· | x)) ≤ δ,

for all x such that M ≥ 4Ccond(πf | x), thanks to Theorem F.2. This completes the proof.
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Appendix G. SpannerSampling Algorithm and Guarantee (Proof of Theorem 3.1)

In this section of the appendix, we present the pseudocode for SpannerSampling (Appendix G.1),
present various intermediate technical results (Appendices G.2 and G.3), then combine these results
to prove the main guarantee for SpannerSampling, Theorem 3.1 (Appendix G.4).

G.1. SpannerSampling Pseudocode

Note that within Algorithm 3, we define π̂t(y, y′ | x) as the distribution over (y, y′) | x, induced by
sampling y′ ∼ πref(· | x) and

y ∼ SoftmaxSamplerβ,Mrej,δrej(r
t(x, ·, y′) ;x, πref).

We further define,
π̂t(y | x) := Ey′∼πref(·|x)

[
π̂t(y, y′ | x)

]
as the marginal distribution over y | x under this process.

Remark G.1 (Average-case vs. uniform spanners). Our usage of the term “spanner” is inspired
but technically different from the notion of an optimal design or barycentric spanner, which has
been widely used in the linear bandit literature [3, 34, 50]. These notions provide a small collection
of responses for which second moment matrix Σ achieves uniform coverage in the sense that
maxx,y,y′∥φ(x, y, y′)∥Σ−1 ≤ poly(d) or similar. For computational reasons, we cannot hope to
achieve such a uniform guarantee, and instead settle for average-case coverage with respect to πθ⋆ .

Remark G.2 (Anchor responses). Algorithm 3 can be slightly simplified as follows: Instead of
sampling yt

2 ∼ πref(· | xt), we can set yt
2 = y ∀t for an arbitrary fixed “anchor response” y. This

leads to the same guarantee, but does not technically fall into the sampling oracle framework in
Definition 2.1, as it requires observing the features ϕ(xt, y) for all t. However, we use the anchor
technique within our multi-turn algorithm (MTSS; Algorithm 4) to simplify presentation.

G.2. Technical Lemmas

G.2.1. BASIC RESULTS

Lemma G.1 (Differences in rewards are linear). If Assumption 1.1 holds, then for all x ∈ X and
y, y′ ∈ Y ,

r⋆(x, y)− r⋆(x, y′) =
〈
θ⋆, ϕ(x, y)− ϕ(x, y′)

〉
. (51)

Proof of Lemma G.1. If Assumption 1.1 holds, then for all x ∈ X , π⋆
β(y | x) = πθ⋆(y | x), where

π⋆
β(y | x) ∝ πref(y | x) exp

(
β−1r⋆(x, y)

)
is the optimal KL-regularized policy. Taking logarithms,

this implies that for all x ∈ X , y ∈ Y ,

β log
π⋆
β(y | x)

πref(y | x)
= r⋆(x, y)− logZr⋆(x) = β log

πθ⋆(y | x)
πref(y | x)

= ⟨θ⋆, ϕ(x, y)⟩ − logZθ⋆(x),

where Zr⋆(x) := Ey∼πref(x)

[
exp
(
β−1r⋆(x, y)

)]
and Zθ⋆(x) := Ey∼πref(x)

[
exp
(
β−1⟨θ⋆, ϕ(x, y)⟩

)]
.

Picking any y, y′ ∈ Y and take the difference then implies that

r⋆(x, y)− r⋆(x, y′) =
〈
θ⋆, ϕ(x, y)− ϕ(x, y′)

〉
.
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Algorithm 3 SpannerSampling

input: Base policy πref, KL-regularization parameter β > 0, number of spanner rounds
Tspan ∈ N, number of exploration rounds Texp ∈ N, failure probability δ ∈ (0, 1).

1: Define εstat := c ·
√

dR2
max log(BR−1

maxδ−1Texp) for abs. constant c > 0.
2: Set λ← (Rmax/B)2 and ν := β/εstat. // Spanner params.

3: Set Mrej := 8e2 · Ccov(π
⋆
β) and δrej := T−1

exp . // Rejection sampling params.

/* Spanner construction phase */

4: Initialize dataset Dspan ← {∅} and Ψspan ← {∅} and set Σspan ← λId.
5: for iteration t = 1, 2, . . . , Tprompt do
6: Observe prompt xt ∼ ρ.
7: for iteration i = 1, 2, . . . , Tspan do
8: Sample (yt,i

1 , yt,i

2 ) ∼ πref(· | xt).
9: if

∥∥φ(xt, yt,i

1 , yt,i

2 )
∥∥
Σ−1

span
> ν then // φ(x, y1, y2) := ϕ(x, y1)− ϕ(x, y2).

10: Observe rewards (rt
1, r

t
2) for (xt, yt,i

1 , yt,i

2 ).
11: Update Dspan ← Dspan ∪

{
(xt, yt,i

1 , yt,i

2 , rt
1, r

t
2)
}

and Ψspan ← Ψspan ∪{
(xt, yt,i

1 , yt,i

2 )
}

.
12: Σspan ← Σspan + φ(xt, yt,i

1 , yt,i

2 )φ(xt, yt,i

1 , yt,i

2 )⊤.
13: break

/* Exploration phase */

14: Initialize dataset D1
exp = {∅}.

15: for iteration t = 1, 2, . . . , Texp do
/* Estimate policy and reward model */

16: Fit reward model via regression:

θt ← argmin
θ∈Θ

∑
(x,y1,y2,r1,r2)∈Dt

exp∪Dspan

(⟨θ, φ(x, y1, y2)⟩ − (r1 − r2))
2
. (49)

/* Sample responses and update dataset */

17: Define truncated reward function:

rt(x, y, y′) :=
〈
θt, φ(x, y, y′)

〉
I
{∥∥φ(x, y, y′)∥∥

Σ−1
span
≤ ν

}
. (50)

18: Observe prompt xt ∼ ρ. Sample yt
2 ∼ πref(· | xt) and observe reward rt

2.
// Defines policy π̂t(· | x) ∼ SoftmaxSamplerβ,Mrej,δrej

(rt(x, ·, y′) ;x, πref) for y′ ∼ πref(· | x).
19: Sample yt

1 ∼ SoftmaxSamplerβ,Mrej,δrej(r
t(xt, ·, yt

2) ;x
t, πref) and observe reward rt

1.
20: Update dataset: Dt+1

exp ← Dt
exp ∪ {(xt, yt

1, y
t
2, r

t
1, r

t
2)}.

21: return π̂ ∼ unif(π̂1, . . . , π̂Texp).
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as claimed.

Lemma G.2 (Density ratio bound for softmax policies). For a function f : X × Y → R, let

πf (y | x) ∝ πref(y | x) exp(β−1f(x, y)), (52)

Then for all x ∈ X , it holds that∥∥∥∥ πf (· | x)
πref(· | x)

∥∥∥∥
∞
≤ exp

(
β−1

(
max
y∈Y

f(x, y)− Ey∼πref(x)[f(x, y)]

))
. (53)

Proof of Lemma G.2. For any y ∈ Y , we can use Jensen’s inequality to bound

πf (y | x)
πref(y | x)

=
exp
(
β−1f(x, y)

)
Ey′∼πref(x)[exp(β

−1f(x, y′))]

=
exp
(
β−1(f(x, y)− Ey′′∼πref(x)[f(x, y

′′)]
)

Ey′∼πref(x)

[
exp
(
β−1(f(x, y′)− Ey′′∼πref(x)[f(x, y

′)]
)]

≤
exp
(
β−1(f(x, y)− Ey′′∼πref(x)[f(x, y

′′)]
)

exp
(
β−1(Ey′∼πref(x)[f(x, y

′)]− Ey′′∼πref(x)[f(x, y
′)]
)

= exp
(
β−1(f(x, y)− Ey′′∼πref(x)

[
f(x, y′′)

])
.

as claimed.

G.2.2. GUARANTEES FOR LEAST SQUARES

The following result presents a standard guarantee for least squares with dependent data.

Lemma G.3. Consider a sequentially generated dataset {(xt, yt
1, y

t
2, r

t
1, r

t
2)}t∈[T ] in which for all t,

E[rt
1 − rt

2 | xt, yt
1, y

t
2,F

t−1] = ⟨θ⋆, ϕ(xt, yt
1)− ϕ(xt, yt

2)⟩,
where F t−1 := σ

(
{(xi, yi

1, y
i
2, r

i
1, r

i
2)}i<t

)
. Define the least-squares estimator

θt = argmin
θ∈Θ

∑
i<t

(⟨ϕ(xi, yi
1)− ϕ(xi, yi

2), θ⟩ − (ri
1 − ri

2))
2,

and let Σt :=
∑

i<t(ϕ(x
i, yi

1)− ϕ(xi, yi
2))(ϕ(x

i, yi
1)− ϕ(xi, yi

2))
⊤. Assume that rt

1, r
t
2 ∈ [0, Rmax]

almost surely, that θ⋆ ∈ Θ, and that Assumption 2.1 holds with parameter B. Define λ = R2
max
B2 . Then

with probability at least 1− δ, for all t ∈ [T ],

∥θt − θ⋆∥2Σt+λId
≤ O(dR2

max log(BR−1
maxδ

−1T )).

Proof of Lemma G.3. By a standard concentration result for well-specified regression (e.g., Lemma
39 in Jin et al. [39]), we have that with probability at least 1− δ, for all t ∈ [T ],

∥θt − θ⋆∥2Σt =
∑
i<t

⟨θt − θ⋆, ϕ(xi, yi
1)− ϕ(xi, yi

2)⟩
2 ≲ O(dR2

max log(BR−1
maxδ

−1T )).

By Assumption 2.1 and choice of λ, we have

∥θt − θ⋆∥2Σt+λId
= ∥θt − θ⋆∥2Σt + λ∥θt − θ⋆∥2 ≤ ∥θt − θ⋆∥2Σt + 4λB2 ≤ ∥θt − θ⋆∥2Σt + 4R2

max,

and combining with the preceding bound completes the proof.
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G.2.3. ELEMENTARY PROPERTIES OF KL-REGULARIZED REGRET

We now state some generic properties of the KL-regularized regret. Suppose the true reward is
f⋆(x, y) for an arbitrary function f⋆, and let

Jβ(π ; f⋆, x) = Ey∼π(x)[f
⋆(x, y)]− βDKL(π(x) ∥πref(x)).

For a function f , let

πf (y | x) ∝ πref(y | x) exp(β−1f(x, y)),

and let Zf (x) := Ey∼πref(·|x)
[
exp
(
β−1f(x, y)

)]
denote the normalization constant. The following

result follows from elementary manipulations.

Lemma G.4. For all f : X × Y → R and x ∈ X , it holds that

Jβ(πf⋆ ; f⋆, x)− Jβ(πf ; f
⋆, x)

= β ·DKL(πf (x) ∥πf⋆(x))

= β log(Zf⋆(x)/Zf (x)) + Ey∼πf (x)[f(x, y)− f⋆(x, y)].

= β log
(
Ey∼πf (x) exp

(
β−1(f⋆(x, y)− f(x, y))

))
+ Ey∼πf (x)[f(x, y)− f⋆(x, y)].

Proof of Lemma G.4. We can directly calculate that

βDKL(πf ∥πf⋆) = β E[log(Zf⋆(x)/Zf (x))] + Ey∼πf (x)[f(x, y)− f⋆(x, y)],

where Zf (x) := Ey∼πref(x)

[
exp(β−1f(x, y))

]
. The first identity now follows by noting that for any

f ,

Jβ(πf ; f
⋆, x) = Ey∼πf (x)[f

⋆(x, y)]− Ey∼πf (x)[f(x, y)] + β log(Zf (x)).

We finally observe that

log(Zf⋆(x)/Zf (x)) = log
(
Ey∼πf (x)

[
exp(β−1(f⋆(x, y)− f(x, y)))

])
which completes the proof.

G.3. KL-Regularized Regret Decomposition for Truncated Softmax Policies

This section gives tight bounds on the KL-regularized regret for truncated softmax policies of the
type used in SpannerSampling and formally defined below. The main results, Lemmas G.6 and G.7,
allow for fast 1/ε-type rates by exploiting regularization, as well as efficient rejection sampling.

Truncated softmax policies. Let Σ ≻ 0 be a given matrix and ν > 0 be a parameter. Recalling
that φ(x, y, y′) := ϕ(x, y)− ϕ(x, y′), define a truncated feature map by

φ(x, y, y′) = φ(x, y, y′)I
{∥∥φ(x, y, y′)∥∥

Σ−1 ≤ ν
}
.
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For a parameter θ ∈ Rd we will define a truncated softmax policy πθ(y, y
′ | x) as follows. Fixing

x ∈ X , first define πθ(y
′ | x) = πref(y

′ | x). Next, define

πθ(y | x, y′) ∝ πref(y | x) exp
(
β−1

〈
θ, φ(x, y, y′)

〉)
.

We use πθ(y | x) = Ey′∼πref(·|x)[πθ(y | x, y′)] to denote the marginal over y given x. We will
overload notation slightly and use Jβ(πθ) to denote the KL-regularized regret of the marginalized
policy πθ(y | x). We also define

Jβ(πθ) = Ex∼ρ,y′∼πref(·|x),y∼πθ(·|x,y′)
[
r⋆(x, y)− βDKL

(
πθ(· | x, y′) ∥πref(· | x)

)]
and, for any x ∈ X ,

Jβ(πθ;x) = Ey′∼πref(·|x),y∼πθ(·|x,y′)
[
r⋆(x, y)− βDKL

(
πθ(· | x, y′) ∥πref(· | x)

)]
.

We first give a bound on the regret of the truncated softmax policies that scales with (i) the
squared estimation error (allowing for fast 1/ε-type rates), and (ii) truncation probability under
responses drawn from πref and πθ⋆ .

Lemma G.5 (Basic regret decomposition for truncated softmax policies). Fix x ∈ X and define
ε2stat := ∥θ − θ⋆∥2Σ. Then under Assumptions 1.1 and 2.1, if ν ≤ β/εstat, we have

Jβ(πθ⋆ ;x)− Jβ(πθ;x) ≤ Jβ(πθ⋆ ;x)− Jβ(πθ;x)

≤ β−1 E(y,y′)∼πθ(x)

[〈
θ⋆ − θ, φ(x, y, y′)

〉2]
+Rmax

(
Py∼πθ⋆ (x),y

′∼πref(x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
+ P(y,y′)∼πθ(x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

])
.

Next, we show that the density ratio between πθ and πref can be bounded by the optimal density
ratio Ccov(πθ⋆) for πθ⋆ .

Lemma G.6 (Density ratio bound for truncated softmax policies). Fix x ∈ X and y′ ∈ Y . Define

εspan(x, y
′) := Py∼πθ⋆ (·|x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
, and ε2stat := ∥θ − θ⋆∥2Σ.

Suppose ν ≤ β/εstat and εspan(x, y
′) ≤ 1/2. Then for all y ∈ Y ,

πθ(y | x, y′) ≤ 2e2Ccov(πθ⋆) · πref(y | x).

Finally Lemma G.5 and Lemma G.6 gives our main regret decomposition for truncated softmax
policies.

Lemma G.7 (Main regret decomposition for truncated softmax policies). Define ε2stat := ∥θ − θ⋆∥2Σ,
and for any ε > 0, define

Xspan(ε) :=
{
x ∈ X | P(y,y′)∼πref(x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
≤ ε
}
.

Then under Assumptions 1.1 and 2.1, if ν ≤ β/εstat,

Jβ(πθ⋆)− Jβ(πθ) ≤ Jβ(πθ⋆)− Jβ(πθ)

≤ β−1 E(y,y′)∼πθ(x)

[〈
θ⋆ − θ, φ(x, y, y′)

〉2]
+ 18RmaxCcov(πθ⋆) · ε+ 2RmaxP[x /∈ Xspan(ε)].
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G.3.1. PROOF OF LEMMAS G.5 THROUGH G.7

Proof of Lemma G.5. To keep notation compact, in this proof we omit all dependence on the fixed
x ∈ X (so that below, Jβ(πθ⋆) refers to Jβ(πθ⋆ ;x), πθ⋆ refers to πθ⋆(x), etc.). We have

Jβ(πθ⋆)− Jβ(πθ)

= Ey∼πθ⋆
[r⋆(y)]− Ey∼πθ

[r⋆(y)]− βDKL(πθ⋆ ∥πref) + βDKL(πθ ∥πref)
≤ Ey′∼πref

[
Ey∼πθ⋆

[r⋆(y)]− Ey∼πθ(·|y′)[r
⋆(y)]− βDKL(πθ⋆ ∥πref) + βDKL

(
πθ(· | y′) ∥πref

)]
,

= Jβ(πθ⋆)− Jβ(πθ)

since, by convexity of KL-divergence,

DKL(πθ ∥πref) = DKL

(
Ey′∼πref

[
πθ(· | y′)

]
∥πref

)
≤ Ey′∼πref

[
DKL

(
πθ(· | y′) ∥πref

)]
.

Under Assumption 1.1, we can further write the quantity above as

Ey′∼πref

[
Ey∼πθ⋆

[r⋆(y)]− Ey∼πθ(·|y′)[r
⋆(y)]− βDKL(πθ⋆ ∥πref) + βDKL

(
πθ(· | y′) ∥πref

)]
= Ey′∼πref

[
Ey∼πθ⋆

[
r⋆(y)− r⋆(y′)

]
− Ey∼πθ(·|y′)

[
r⋆(y)− r⋆(y′)

]
− βDKL(πθ⋆ ∥πref) + βDKL

(
πθ(· | y′) ∥πref

)]
= Ey′∼πref

[
Ey∼πθ⋆

[〈
θ⋆, φ(y, y′)

〉]
− Ey∼πθ(·|y′)

[〈
θ⋆, φ(y, y′)

〉]
− βDKL(πθ⋆ ∥πref) + βDKL

(
πθ(· | y′) ∥πref

)]
≤ Ey′∼πref

[
Ey∼πθ⋆

[〈
θ⋆, φ(y, y′)

〉]
− Ey∼πθ(·|y′)

[〈
θ⋆, φ(y, y′)

〉]
− βDKL(πθ⋆ ∥πref) + βDKL

(
πθ(· | y′) ∥πref

)]
+Rmax

(
Py∼πθ⋆ ,y

′∼πref

[∥∥φ(y, y′)∥∥
Σ−1 > ν

]
+ P(y,y′)∼πθ

[∥∥φ(y, y′)∥∥
Σ−1 > ν

])
≤ Ey′∼πref

[
Ey∼πθ⋆ (·|y′)

[〈
θ⋆, φ(y, y′)

〉]
− Ey∼πθ(·|y′)

[〈
θ⋆, φ(y, y′)

〉]
− βDKL

(
πθ⋆(· | y′) ∥πref

)
+ βDKL

(
πθ(· | y′) ∥πref

)]
+Rmax

(
Py∼πθ⋆ ,y

′∼πref

[∥∥φ(y, y′)∥∥
Σ−1 > ν

]
+ P(y,y′)∼πθ

[∥∥φ(y, y′)∥∥
Σ−1 > ν

])
, (54)

where the first inequality is by definition of φ, and the second is because for any fixed y′, we have

Ey∼πθ⋆

[〈
θ⋆, φ(y, y′)

〉]
− βDKL(πθ⋆ ∥πref)

≤ max
π:X→∆(Y)

{
Ey∼π

[〈
θ⋆, φ(y, y′)

〉]
− βDKL(π ∥πref)

}
= Ey∼πθ⋆ (·|y′)

[〈
θ⋆, φ(y, y′)

〉]
− βDKL

(
πθ⋆(· | y′) ∥πref

)
.

With this upper bound, for any fixed y′, we can interpret the quantity

Ey∼πθ⋆ (·|y′)
[〈
θ⋆, φ(y, y′)

〉]
− Ey∼πθ(·|y′)

[〈
θ⋆, φ(y, y′)

〉]
− βDKL

(
πθ⋆(· | y′) ∥πref

)
+ βDKL

(
πθ(· | y′) ∥πref

)
in Eq. (54) as the KL-regularized regret of πθ(· | y′) to πθ⋆(· | y′) under the reward ⟨θ⋆, φ(y, y′)⟩.
Consequently, Lemma G.4 allows us to bound this regret by

β log
(
Ey∼πθ(·|y′) exp

(
β−1

〈
θ⋆ − θ, φ(y, y′)

〉))
+ Ey∼πθ(·|y′)

[〈
θ − θ⋆, φ(y, y′)

〉]
. (55)

Note that for all y, y′ ∈ Y , under the condition on ν in the lemma statement,∣∣〈θ − θ⋆, φ(y, y′)
〉∣∣ ≤ ∥∥φ(y, y′)∥∥

Σ−1∥θ − θ⋆∥Σ ≤ νεstat ≤ β, (56)
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since φ(y, y′) = 0 if ∥φ(y, y′)∥Σ−1 ≤ ν does not hold. Hence, using that ez ≤ 1 + z + z2 for all
z ≤ 1, we have

β log
(
Ey∼πθ(·|y′)

[
exp
(
β−1

〈
θ⋆ − θ, φ(y, y′)

〉)])
≤ β log

(
1 + β−1 Ey∼πθ(·|y′)

[〈
θ⋆ − θ, φ(y, y′)

〉]
+ β−2 Ey∼πθ(·|y′)

[〈
θ⋆ − θ, φ(y, y′)

〉2])
≤ Ey∼πθ(·|y′)

[〈
θ⋆ − θ, φ(y, y′)

〉]
+ β−1 Ey∼πθ(·|y′)

[〈
θ⋆ − θ, φ(y, y′)

〉2]
,

which we can substitute into the bound from Eq. (55) (cancelling out the linear term) to get the bound

Ey∼πθ⋆ (·|y′)
[〈
θ⋆, φ(y, y′)

〉]
− Ey∼πθ(·|y′)

[〈
θ⋆, φ(y, y′)

〉]
− βDKL

(
πθ⋆(· | y′) ∥πref

)
+ βDKL

(
πθ(· | y′) ∥πref

)
≤ β−1 Ey∼πθ(·|y′)

[〈
θ⋆ − θ, φ(y, y′)

〉2]
.

Since this holds uniformly for all y′ ∈ Y , returning to Eq. (54), we conclude that

Jβ(πθ⋆)− Jβ(πθ) ≤ β−1 E(y,y′)∼πθ

[〈
θ⋆ − θ, φ(y, y′)

〉2]
+Rmax

(
Py∼πθ⋆ ,y

′∼πref

[∥∥φ(y, y′)∥∥
Σ−1 > ν

]
+ P(y,y′)∼πθ

[∥∥φ(y, y′)∥∥
Σ−1 > ν

])
as claimed.

Proof of Lemma G.6. To keep notation compact, we again omit all dependence on x. Fix y′ ∈ Y .
Then we have

πθ(y | y′)
πref(y)

=
exp
(
β−1⟨θ, φ(y, y′)⟩

)
Zπθ

(y′)
,

where Zπθ
(y′) := Ey∼πref

[
exp
(
β−1⟨θ, φ(y, y′)⟩

)]
. Note that for all y, y′ ∈ Y , under the conditions

in the lemma statement, we have∣∣〈θ − θ⋆, φ(y, y′)
〉∣∣ ≤ ∥∥φ(y, y′)∥∥

Σ−1∥θ − θ⋆∥Σ ≤ νεstat ≤ β. (57)

We begin by giving a lower bound on the normalization constant Zπθ
(y′). Observe that

Zπθ
(y′) := Ey∼πref

[
exp
(
β−1

〈
θ, φ(y, y′)

〉)]
≥ Ey∼πref

[
exp
(
β−1

〈
θ, φ(y, y′)

〉)
I
{∥∥φ(y, y′)∥∥

Σ−1 ≤ ν
}]

≥ e−1 Ey∼πref

[
exp
(
β−1

〈
θ⋆, φ(y, y′)

〉)
I
{∥∥φ(y, y′)∥∥

Σ−1 ≤ ν
}]

= e−1 Ey∼πref

[
exp
(
β−1

〈
θ⋆, φ(y, y′)

〉)
I
{∥∥φ(y, y′)∥∥

Σ−1 ≤ ν
}]
,

= e−1 Ey∼πref

[
exp
(
β−1⟨θ⋆, ϕ(y)⟩

)
I
{∥∥φ(y, y′)∥∥

Σ−1 ≤ ν
}]
· exp

(
−β−1

〈
θ⋆, ϕ(y′)

〉)
,

where the second inequality uses Eq. (57) and the second-to-last equality uses the definition of the
indicator. Now, define

Zπθ⋆
= Ey∼πref

[
exp
(
β−1⟨θ⋆, ϕ(y)⟩

)]
as the normalization constant for πθ⋆ . We can write

Ey∼πref

[
exp
(
β−1⟨θ⋆, ϕ(y)⟩

)
I
{∥∥φ(y, y′)∥∥

Σ−1 ≤ ν
}]
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= Zπθ⋆
− Ey∼πref

[
exp
(
β−1⟨θ⋆, ϕ(y)⟩

)
I
{∥∥φ(y, y′)∥∥

Σ−1 > ν
}]
.

We can further bound

Ey∼πref

[
exp
(
β−1⟨θ⋆, ϕ(y)⟩

)
I
{∥∥φ(y, y′)∥∥

Σ−1 > ν
}]

= Ey∼πref

[
exp
(
β−1⟨θ⋆, ϕ(y)⟩

)
Zπθ⋆

I
{∥∥φ(y, y′)∥∥

Σ−1 > ν
}]
· Zπθ⋆

= Ey∼πθ⋆

[
I
{∥∥φ(y, y′)∥∥

Σ−1 > ν
}]
· Zπθ⋆

.

It follows that as long as εspan(x, y′) := Ey∼πθ⋆
[I{∥φ(y, y′)∥Σ−1 > ν}] ≤ 1/2, we have

Ey∼πref

[
exp
(
β−1⟨θ⋆ϕ(y)⟩

)
I
{∥∥φ(y, y′)∥∥

Σ−1 ≤ ν
}]
≥ 1

2
Zπθ⋆

.

Combining this with the preceding steps gives

πθ(y | y′)
πref(y)

≤ 2e ·
exp
(
β−1(⟨θ, φ(y, y′)⟩+ ⟨θ⋆, ϕ(y′)⟩)

)
Zπθ⋆

≤ 2e2 ·
exp
(
β−1(⟨θ⋆, φ(y, y′)⟩+ ⟨θ⋆, ϕ(y′)⟩)

)
Zπθ⋆

where the second inequality is by Eq. (57). To proceed, we consider two cases. First, if ⟨θ⋆, φ(y, y′)⟩ ≥
0, then 〈

θ⋆, φ(y, y′)
〉
+
〈
θ⋆, ϕ(y′)

〉
≤
〈
θ⋆, φ(y, y′)

〉
+
〈
θ⋆, ϕ(y′)

〉
= ⟨θ⋆, ϕ(y)⟩.

Otherwise, 〈
θ⋆, φ(y, y′)

〉
+
〈
θ⋆, ϕ(y′)

〉
≤
〈
θ⋆, ϕ(y′)

〉
.

Combining these cases gives

exp
(
β−1(⟨θ⋆, φ(y, y′)⟩+ ⟨θ⋆, ϕ(y′)⟩)

)
Zπθ⋆

≤ max

{
exp
(
β−1⟨θ⋆, ϕ(y)⟩

)
Zπθ⋆

,
exp
(
β−1⟨θ⋆, ϕ(y′)⟩

)
Zπθ⋆

}

= max

{
πθ⋆(y)

πref(y)
,
πθ⋆(y

′)

πref(y′)

}
≤ Ccov(πθ⋆)

which completes the proof.

Proof of Lemma G.7. By Lemma G.5, taking expectation over x ∼ ρ, we have

Jβ(πθ⋆)− Jβ(πθ) ≤ Jβ(πθ⋆)− Jβ(πθ)

≤ β−1 Ex∼ρ,(y,y′)∼πθ(x)

[〈
θ⋆ − θ, φ(x, y, y′)

〉2]
+RmaxPx∼ρ,y∼πθ⋆ (x),y

′∼πref(x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
+RmaxPx∼ρ,(y,y′)∼πθ(x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
.
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We need to bound the second and third terms. Let ε > 0 be fixed, and let us abbreviate

Xspan ≡ Xspan(ε) =
{
x ∈ X | P(y,y′)∼πref(x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
≤ ε
}
.

For the second term, it is immediate that

Px∼ρ,y∼πθ⋆ (x),y
′∼πref(x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
≤ Ex∼ρ

[
Py∼πθ⋆ (x),y

′∼πref(x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
I{x ∈ Xspan}

]
+ Px∼ρ[x /∈ Xspan]

≤ Ccov(πθ⋆) · Ex∼ρ

[
P(y,y′)∼πref(x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
I{x ∈ Xspan}

]
+ Px∼ρ[x /∈ Xspan]

≤ Ccov(πθ⋆) · ε+ Px∼ρ[x /∈ Xspan].

To handle the third term, define

Zgood :=

{
(x, y′) ∈ X × Y | Py∼πθ⋆ (·|x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
≤ 1

2

}
.

We can bound

Px∼ρ,(y,y′)∼πθ(x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
= Px∼ρ,y′∼πref(·|x),y′∼πθ(·|x,y′)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
≤ Ex∼ρ,y′∼πref(·|x)

[
Py′∼πθ(·|x,y′)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
I{(x, y′) ∈ Zgood, x ∈ Xspan}

]
+ Ex∼ρ,y′∼πref(·|x)

[
I{(x, y′) /∈ Zgood, x ∈ Xspan}

]
+ Px∼ρ[x /∈ Xspan].

For the first term, Lemma G.6 implies that when (x, y′) ∈ Zgood, πθ(y | x, y′) ≤ 2e2Ccov(πθ⋆) ·
πref(y | x) for all y ∈ Y , so we can bound

Ex∼ρ,y′∼πref(·|x)
[
Py′∼πθ(·|x,y′)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
I{(x, y′) ∈ Zgood, x ∈ Xspan}

]
≤ 2e2Ccov(πθ⋆) · Ex∼ρ

[
P(y,y′)∼πref(x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
I{x ∈ Xspan}

]
≤ 2e2Ccov(πθ⋆) · ε.

For the second term, we can use Markov’s inequality to bound

Ex∼ρ,y′∼πref(·|x)
[
I{(x, y′) /∈ Zgood, x ∈ Xspan}

]
≤ 2Ex∼ρ

[
Py∼πθ⋆ (·|x),y′∼πref(·|x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
I{x ∈ Xspan}

]
≤ 2Ccov(πθ⋆) · Ex∼ρ

[
P(y,y′)∼πref(x)

[∥∥φ(x, y, y′)∥∥
Σ−1 > ν

]
I{x ∈ Xspan}

]
≤ 2Ccov(πθ⋆) · ε.

Combining the preceding bounds completes the proof.

G.4. Proof of Theorem 3.1 (Guarantee for SpannerSampling)

In this section we prove Theorem 3.1, restated below.

Theorem 3.1 (Guarantee for SpannerSampling). For any ε > 0 and δ ∈ (0, 1), by choosing Tprompt,
Tspan, Texp appropriately, Algorithm 3 learns a policy with Eπ̂∼unif(π̂1,...,π̂Texp )

[
Jβ(π

⋆
β)−Jβ(π̂)

]
≤ ε

with probability at least 1−δ, and achieves the following data efficiency and oracle efficiency bounds:

Tdata(ε, δ) = Õ

(
R2

max

β

)
· d

2 log2(δ−1)

min{ε, β}
, and Tcomp(ε, δ) = Õ

(
Ccov(π

⋆
β) ·

R2
max

β2

)
· T 2

data(ε, δ).
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The algorithm uses at most Õ
(
R4

max
β3

)
· d

2 log2(δ−1)
ε prompts. For any x ∈ X , one can generate a sample

y ∼ π̂(· | x) from the returned policy using Tcomp = Õ
(
Ccov(π

⋆
β)
)

weak sampling oracle queries.

Note that the high-probability bound is over the randomness of the policies π̂1, . . . , π̂Texp , but π̂
is chosen uniformly from these; a true high-probability bound on Jβ(π

⋆
β)− Jβ(π̂) could be obtained

by estimating each Jβ(π̂
t) and choosing π̂ as the minimizer over t ∈ [Texp] (as we do in MTSS), but

we omit this extra complication here. We begin by proving a number of intermediate results. We
then use these results to prove Theorem 3.1 in Section G.4.2.

G.4.1. INTERMEDIATE GUARANTEE FOR SPANNER CONSTRUCTION

In this section we give self-contained guarantees for Line 5 of Algorithm 3, which aims to construct a
spanner: a collection Ψspan of tuples (x, y, y′) for which

∑
(x,y,y′)∈Ψspan

φ(x, y, y′)φ(x, y, y′) covers
the feature space as least as well as (y, y′) ∼ πref(· | x).

Concretely, let Ψspan denote the collection of all tuples (xt, yt,i

1 , yt,i

1 ) for which the if statement
in Line 9 is triggered, so that Σspan = λId +

∑
(x,y,y′)∈Ψspan

φ(x, y, y′)φ(x, y, y′) when the outer for
loop completes. Our first lemma gives a bound on the size of Ψspan.

Lemma G.8. Suppose that ν, λ ≤ 1. With probability 1, we have

|Ψspan| ≲
d log(1 + ν−1λ−1)

ν2
.

Proof of Lemma G.8. Order Ψspan as Ψspan = {(x1, y1
1, y

1
2) . . . , (x

k, yk
1, y

k
2)} and let

Γj = λId +

j∑
i=1

φ(xi, yi
1, y

i
2)φ(x

i, yi
1, y

i
2)

⊤.

We will bound k ∈ N. From the standard elliptic potential lemma argument, we have

log det Γk−log det Γ0 ≥
k∑

j=1

log
(
1 + φ(xj, yj

1, y
j

2)
⊤(Γj−1)

−1φ(xj, yj

1, y
j

2)
)
≥ k log(1+ν2) ≥ kν2

2
.

Moreover, ∥φ∥ ≤ 2, log det Γk ≤ d log(λ+ 4k/d) (e.g., Lemma 10 of Abbasi-Yadkori et al. [1]),
whereas log det Γ0 = d log λ. Hence, we have

k ≤ 2d log(1 + 4k/(dλ))

ν2
,

and Lemma D.6 further implies that k ≲ d log(1+ν−1λ−1)
ν2

as claimed.

Our second lemma gives a guarantee on the quality of the spanner.

Lemma G.9. Let δ ∈ (0, 1) be fixed, and define

εspan :=
8 log(4Tpromptδ

−1)

Tspan
.
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With probability at least 1− δ, Algorithm 3 satisfies

Px∼ρ

[
P(y,y′)∼πref(·|x)

[∥∥φ(x, y, y′)∥∥
Σ−1

span
> ν

]
> εspan

]
≲

d log(1 + ν−1λ−1)

Tpromptν2
+

log(δ−1)

Tprompt
.

Proof of Lemma G.9. Let Σt
span and Ψt

span denote the value of Σspan and Ψspan at the beginning of
the iteration t of the for loop in Line 5. For each t ∈ [Tprompt], let it denote the first index i such that
the if statement in Line 9 is triggered, and let it = Tspan otherwise. Using Lemma D.3 and a union
bound, we have that with probability at least 1− δ/2, for all t ∈ [Tprompt],

P(y,y′)∼πref(·|xt)

[∥∥φ(x, y, y′)∥∥
(Σt

span)
−1 > ν

]
≤ 2

it

it∑
i=1

I
{
∥φ(xt, yt,i, yt,i)∥(Σt

span)
−1 > ν

}
+

8 log(4Tpromptδ
−1)

it

≤ 2I
{
∃i : ∥φ(xt, yt,i, yt,i)∥(Σt

span)
−1 > ν

}
+

8 log(4Tpromptδ
−1)

it
.

If ∥φ(xt, yt,i, yt,i)∥(Σt
span)

−1 ≤ ν for all i, then it = Tspan, and consequently the right-hand side

above is bounded by εspan :=
8 log(4Tpromptδ−1)

Tspan
. It follows that under the concentration event above,

we have that for all t ∈ [Tprompt],

I
{
P(y,y′)∼πref(·|xt)

[∥∥φ(x, y, y′)∥∥
(Σt

span)
−1 > ν

]
> εspan

}
≤ I
{
∃i : ∥φ(xt, yt,i, yt,i)∥(Σt

span)
−1 > ν

}
.

Now, define

pt = Px∼ρ

[
P(y,y′)∼πref(·|x)

[∥∥φ(x, y, y′)∥∥
(Σt

span)
−1 > ν

]
> εspan

]
.

Then pTprompt+1 ≤ pTprompt ≤ . . . p1, so

Px∼ρ

[
P(y,y′)∼πref(·|x)

[∥∥φ(x, y, y′)∥∥
Σ−1

span
> ν

]
> εspan

]
= pTprompt+1 ≤ 1

Tprompt

Tprompt∑
t=1

pt.

Since Σt
span does not depend on xt, Lemma D.3 implies that with probability at least 1− δ/2,

Tprompt∑
t=1

pt ≤ 2

Tprompt∑
t=1

I
{
P(y,y′)∼πref(·|xt)

[∥∥φ(x, y, y′)∥∥
(Σt

span)
−1 > ν

]
> εspan

}
+ 8 log(4δ−1)

≤ 2

Tprompt∑
t=1

I
{
∃i : ∥φ(xt, yt,i, yt,i)∥(Σt

span)
−1 > ν

}
+ 8 log(4δ−1)

≤ 2
∣∣∣ΨTprompt+1

span

∣∣∣+ 8 log(4δ−1).

From here, the result follows from Lemma G.8.
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G.4.2. PROOF OF THEOREM 3.1

Proof of Theorem 3.1. Recall that we define εstat := c ·
√

dR2
max log(BR−1

maxδ−1Texp) for a
sufficiently large absolute constant c > 0, and use the parameter settings λ ← (Rmax/B)2, ν :=
β/εstat, Mrej := 8e2 · Ccov(πθ⋆), and δrej := T−1

exp . We will show that under these settings, for any
choice of Tprompt, Tspan, and Texp, we have that with probability at least 1− δ,

Et∼unif([Texp])[Jβ(πθ⋆)− Jβ(π̂
t)] ≲

R2
max

β
·Õ

(
d2 log2

(
δ−1
)

Texp
+

d2R2
max log

2(δ−1)

β2Tprompt
+

Ccov(πθ⋆) · log(δ−1)

Tspan

)
.

We will use this to give bounds on Tdata(ε, δ) and Tcomp(ε, δ) at the end of the proof.

Preliminaries: Least squares. We begin with some preliminary observations. First, for each
t ∈ [Texp], define

Σt
full = λId +

∑
(x,y1,y2)∈Ψspan

φ(xt, y1, y2)φ(x
t, y1, y2)

⊤ +
∑
i<t

φ(xt, yt
1, y

t
2)φ(x

t, yt
1, y

t
2)

⊤

and Σt
exp = λId +

∑
i<t φ(x

t, yt
1, y

t
2)φ(x

t, yt
1, y

t
2)

⊤.
We invoke Lemma G.3, which implies that for the choice of λ in Line 2, we are guaranteed that

with probability at least 1− δ/3, for all t ∈ [Texp],

∥θt − θ⋆∥2Σt
full
≤ c · dR2

max log(BR−1
maxδ

−1Texp)︸ ︷︷ ︸
=:ε2stat

. (58)

for an absolute constant c > 0. We denote this event by Econc and condition on it going forward. In
particular, under this event, we have

∥θt − θ⋆∥2Σspan
≤ ε2stat, and ∥θt − θ⋆∥2Σt

exp
≤ ε2stat. (59)

Preliminaries: Truncated policies. Next, recall that we define

rt(x, y, y′) :=
〈
θt, φ(x, y, y′)

〉
I
{∥∥φ(x, y, y′)∥∥

Σ−1
span
≤ ν

}
=
〈
θt, φ(x, y, y′)

〉
in Line 17, where φ(x, y, y′) := φ(x, y, y′)I

{
∥φ(x, y, y′)∥Σ−1

span
≤ ν

}
. It will be helpful to define

some intermediate policies. First, define

πt(y | x, y′) ∝ πref(y | x) exp
(
β−1rt(x, y, y′)

)
= πref(y | x) exp

(
β−1

〈
θt, φ(x, y, y′)

〉)
be the softmax policy induced by rt(·, ·, y′). Clearly, we have

πt(y | x, y′) = πθt(y | x, y′),

where πθ(y | x, y′) is the truncated softmax policy defined in Appendix G.3 for parameters Σspan

and ν. We further define

πt(y, y′ | x) := πθt(y, y
′ | x) = πθt(y | x, y′) · πref(y′ | x)

as the joint distribution over (y, y′) induced by sampling y′ ∼ πref(· | x) and y ∼ πt(· | x, y′), and
define πt(y | x) = πθt(y | x) := Ey′∼πref(·|x)[π

t(y | x, y′)] as the induced “marginal” policy over y.
Note that by definition of ν, whenever Econc holds, we have∣∣rt(x, y, y′)

∣∣ ≤ ∥θt − θ⋆∥Σspan

∥∥φ(x, y, y′)∥∥
Σ−1

span
+
∣∣〈θ⋆, φ(x, y, y′)〉∣∣

≤ νεstat +Rmax ≤ β +Rmax ≤ 2Rmax. (60)
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Preliminaries: Spanner construction. Define

εspan :=
8 log(12Tpromptδ

−1)

Tspan
.

Lemma G.9 implies that with probability at least 1− δ/3,

Px∼ρ

[
P(y,y′)∼πref(·|x)

[∥∥φ(x, y, y′)∥∥
Σ−1

span
> ν

]
> εspan

]
≤ εprompt (61)

for

εprompt ≲
d log(1 + ν−1λ−1)

Tpromptν2
+

log(δ−1)

Tprompt
.

We denote this event by Espan and condition on it going forward. It will be convenient to define

Xspan :=
{
x ∈ X | P(y,y′)∼πref(·|x)

[∥∥φ(x, y, y′)∥∥
Σ−1

span
> ν

]
≤ εspan

}
so that Eq. (61) can be equivalently written as Px∼ρ[x /∈ Xspan] ≤ εprompt under this event.

Preliminaries: Rejection sampling. We define

π̂t(· | x, y′) := SoftmaxSamplerβ,Mrej,δrej(r
t(·, ·, y′) ;x, πref)

denote the distribution over yt
1 in Line 19 (given xt = x and yt

2 = y′), which aims to approximate
πθt(· | x, y′), and define

π̂t(y, y′ | x)

as the law of y′ ∼ πref(· | x) and y ∼ SoftmaxSamplerβ,Mrej,δrej(r
t(·, ·, y′) ;x, πref), using

π̂t(y | x) = Ey′∼πref(·|x)[π̂
t(y | x, y′)] to denote the marginal.

Define

Zgood :=

{
(x, y′) ∈ X × Y | Py∼πθ⋆ (·|x)

[∥∥φ(x, y, y′)∥∥
Σ−1

span
> ν

]
≤ 1

2

}
.

By Lemma G.6, we have that under Econc,

Ccov(πθt(· | x, y′)) ≤ 2e2Ccov(πθ⋆) for all (x, y′) ∈ Zgood, (62)

so Theorem F.2 implies that for the choice for Mrej in Line 3, we have

DTV

(
π̂t(· | x, y′), πt(· | x, y′)

)
≤ δrej (63)

for all (x, y′) ∈ Zgood. We can further derive the following consequence.

Lemma G.10. Under the event Econc, for any function f(x, y, y′) ∈ [0, 1],∣∣Ex∼ρ,(y,y′)∼πt

[
f(x, y, y′)

]
− Ex∼ρ,(y,y′)∼π̂t

[
f(x, y, y′)

]∣∣
≤ δrej + 2Ccov(πθ⋆) · εspan + εprompt.
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Proof of Lemma G.10. By Eq. (63), we can bound∣∣Ex∼ρ,(y,y′)∼πt

[
f(x, y, y′)

]
− Ex∼ρ,(y,y′)∼π̂t

[
f(x, y, y′)

]∣∣
≤ Ex∼ρ,y′∼πref(·|x)

[∣∣Ey∼πt(·|x,y′)
[
f(x, y, y′)

]
− Ey∼π̂t(·|x,y′)

[
f(x, y, y′)

]∣∣I{(x, y′) ∈ Zgood, x ∈ Xspan

}]
+ Px∼ρ,y′∼πref(·|x)

[
I
{
(x, y′) /∈ Zgood

}]
+ Px∼ρ[x /∈ Xspan]

≤ δrej + Ex∼ρ,y′∼πref(·|x)
[
I
{
(x, y′) /∈ Zgood, x ∈ Xspan

}]
+ εprompt.

Using Markov’s inequality, we can further bound

Ex∼ρ,y′∼πref(·|x)
[
I
{
(x, y′) /∈ Zgood, x ∈ Xspan

}]
≤ 2Ex∼ρ

[
Py′∼πref(·|x),y∼πθ⋆ (x)

[∥∥φ(x, y, y′)∥∥
Σ−1

span
> ν

]
I{x ∈ Xspan}

]
≤ 2Ccov(πθ⋆)Ex∼ρ

[
P(y,y′)∼πref(·|x)

[∥∥φ(x, y, y′)∥∥
Σ−1

span
> ν

]
I{x ∈ Xspan}

]
≤ 2Ccov(πθ⋆) · εspan,

where the final inequality follows from the definition of Xspan.

Moving to idealized softmax policies. Our aim is to bound the regret

Et∼unif([Texp])[Jβ(πθ⋆)− Jβ(π̂
t)] =

1

Texp

Texp∑
t=1

Jβ(πθ⋆)− Jβ(π̂
t).

Define

Jβ(πθ) = Ex∼ρ,y′∼πref(·|x),y∼πθ(·|x,y′)
[
r⋆(x, y)− βDKL

(
πθ(· | x, y′) ∥πref(· | x)

)]
.

We invoke Lemma G.11 below (proven in the sequel) to bound

1

Texp

Texp∑
t=1

Jβ(πθ⋆)− Jβ(π̂
t) ≲

1

Texp

Texp∑
t=1

Jβ(πθ⋆)− Jβ(πθt) +Rmax log log(Texp) · (δrej + Ccov(πθ⋆) · εspan + εprompt).

(64)

Lemma G.11. Under the event Econc, for any δrej ∈ (0, 1), we have

Jβ(πθt)− Jβ(π̂
t) ≲ O(Rmax log log(δ

−1
rej) · (δrej + Ccov(πθ⋆) · εspan + εprompt).

Regret bound for truncated softmax policy. For the next step, we note that for the choice
of ν = β/εstat, under Econc, our central regret decomposition for truncated softmax policies
(Lemma G.7) implies that

1

Texp

Texp∑
t=1

Jβ(πθ⋆)− Jβ(πθt)

≤ 1

βTexp

Texp∑
t=1

Ex∼ρ,(y,y′)∼πθt (x)

[〈
θt − θ⋆, φ(x, y, y′)

〉2]
+O(Rmax) · (Ccov(πθ⋆) · εspan + εprompt).
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Using Eq. (59) and Eq. (60), we can bound

Texp∑
t=1

Ex∼ρ,(y,y′)∼πθt (x)

[〈
θt − θ⋆, φ(x, y, y′)

〉2]

≤ 4

Texp∑
t=1

Ex∼ρ,(y,y′)∼πθt (x)

[〈
θt − θ⋆, φ(x, y, y′)

〉2 ∧R2
max

]

≤ 4

Texp∑
t=1

Ex∼ρ,(y,y′)∼πθt (x)

[
ε2stat

∥∥φ(x, y, y′)∥∥2
(Σt

exp)
−1 ∧R2

max

]
.

We can further use Lemma G.10 to bound

Texp∑
t=1

Ex∼ρ,(y,y′)∼πθt (x)

[
ε2stat

∥∥φ(x, y, y′)∥∥2
(Σt

exp)
−1 ∧R2

max

]

≤
Texp∑
t=1

Ex∼ρ,(y,y′)∼π̂t(x)

[
ε2stat

∥∥φ(x, y, y′)∥∥2
(Σt

exp)
−1 ∧R2

max

]
+O(R2

maxTexp(δrej + Ccov(πθ⋆) · εspan + εprompt))

≤ ε2stat

Texp∑
t=1

Ex∼ρ,(y,y′)∼π̂t(x)

[∥∥φ(x, y, y′)∥∥2
(Σt

exp)
−1 ∧ 1

]
+O(R2

maxTexp(δrej + Ccov(πθ⋆) · εspan + εprompt)),

where the last inequality uses that εstat ≥ Rmax. Now, by Lemma D.3, we are guaranteed that with
probability at least 1− δ/3,

Texp∑
t=1

Ex∼ρ,(y,y′)∼π̂t(x)

[
min

{∥∥φ(x, y, y′)∥∥2
(Σt

exp)
−1 , 1

}]
≤ 3

2

Texp∑
t=1

min
{
∥φ(xt, yt

1, y
t
2)∥

2
(Σt

exp)
−1 , 1

}
+ 4 log(6δ−1).

Finally, since Σt
exp = λId +

∑
i<t φ(x

i, yi
1, y

i
2)φ(x

i, yi
1, y

i
2)

⊤, Lemma D.4 implies that

Texp∑
t=1

min
{
∥φ(xt, yt

1, y
t
2)∥

2
(Σt)−1 , 1

}
≤ 2d log

(
1 + λ−1Texp/d

)
.

Putting everything together: Final bounds on Tdata and Tcomp. Combining all of the preceding
inequalities and simplifying (using that εstat ≥ Rmax ≥ β and δrej = T−1

exp), we conclude that with
probability at least 1− δ,

Et∼unif([Texp])[Jβ(πθ⋆)− Jβ(π̂
t)]

≲
ε2stat · d log

(
λ−1Texpδ

−1
)

βTexp
+

R2
max log log(Texp)

β
·
(

1

Texp
+ Ccov(πθ⋆) · εspan + εprompt

)
≲

ε2stat · d log
(
BR−1

maxTexpδ
−1
)

βTexp
+

dR2
max log(BR−1

maxν
−1δ−1) log log(Texp)

βν2Tprompt

+
R2

max log(δ
−1) log log(Texp) · Ccov(πθ⋆)

βTspan
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≲
ε2stat · d log

(
BR−1

maxTexpδ
−1
)

βTexp
+

ε2stat · dR2
max log(BR−1

maxν
−1δ−1) log log(Texp)

β3Tprompt

+
R2

max log(δ
−1) log log(Texp) · Ccov(πθ⋆)

βTspan
,

where the second inequality uses Eq. (61) and the third inequality uses that ν := β/εstat. Choosing

Tprompt = Θ̃

(
R2

max

β2
· Texp

)
, and Tspan = Θ̃(Ccov(πθ⋆) · Texp)

suffices to give

Et∼unif([Texp])[Jβ(πθ⋆)− Jβ(π̂
t)] ≤ Õ

(
ε2stat · d log

(
δ−1
)

βTexp

)
= Õ

(
d2R2

max log
2
(
δ−1
)

βTexp

)
.

so that setting suffices to achieve Et∼unif([Texp])[Jβ(πθ⋆)− Jβ(π̂
t)] ≤ ε. We now bound the number

of reward/prompt queries and sampling oracle queries. First, note that during the spanner construction
phase, the algorithm queries the reward oracle twice whenever it expands Ψspan, and does not query
it otherwise. Meanwhile, it queries the reward oracle twice at each round of the exploration phase.
Consequently, by Lemma G.8, we have

Tdata(ε, δ) ≤ 2(|Ψspan|+ Texp) ≤ Õ

(
d

ν2
+ Texp

)
≤ Õ

(
d2R2

max log(δ
−1)

β2
+

d2R2
max log

2
(
δ−1
)

βε

)
.

where we have used that ν = β/εstat. We also observe that the number of prompts used by the
algorithm is

Tprompt + Texp = Õ

(
R2

max

β2
· Texp + Texp

)
= Õ

(
d2R4

max log
2
(
δ−1
)

β3ε

)
.

To bound the number of sampling oracle queries, we note that the algorithm queries the sam-
pling oracle twice during each inner loop iteration of the spanner construction phase, and calls it
O(Mrej log(δ

−1
rej)) = Õ(Ccov(πθ⋆)) times during each round of the exploration phase (through the

invocation of SoftmaxSampler (Algorithm 1)). We can thus bound

Tcomp(ε, δ) ≤ Õ(TpromptTspan + Ccov(πθ⋆) · Texp) ≤ Õ

(
Ccov(πθ⋆) ·

R2
max

β2
· T 2

exp

)
.

G.4.3. PROOFS FOR SUPPORTING LEMMAS

Proof of Lemma G.11. We begin by writing

Jβ(πθt)− Jβ(π̂
t) = Ex∼ρ,y′∼πref(·|x),y∼πθt (·|x,y′)

[
r⋆(x, y)− βDKL

(
πθt(· | x, y′) ∥πref(· | x)

)]
− Ex∼ρ,y′∼πref(·|x),y∼π̂t(·|x,y′)[r

⋆(x, y)] + β Ex∼ρ[DKL(π̂
t(· | x) ∥πref(· | x))]
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≤ Ex∼ρ,y′∼πref(·|x),y∼πθt (·|x,y′)
[
r⋆(x, y)− βDKL

(
πθt(· | x, y′) ∥πref(· | x)

)]
− Ex∼ρ,y′∼πref(·|x),y∼π̂t(·|x,y′)

[
r⋆(x, y)− βDKL

(
π̂t(· | x, y′) ∥πref(· | x)

)]
,

where the inequality uses convexity of KL-divergence. We can further bound this by

Ex∼ρ,y′∼πref(·|x)

[
(Ey∼πθt (·|x,y′)[r

⋆(x, y)]− Ey∼π̂t(·|x,y′)[r
⋆(x, y)])I

{
(x, y′) ∈ Zgood

}]
︸ ︷︷ ︸

I

+ β Ex∼ρ,y′∼πref(·|x)
[
(DKL

(
π̂t(· | x, y′) ∥πref(· | x)

)
−DKL

(
πθt(· | x, y′) ∥πref(· | x)

)
)I
{
(x, y′) ∈ Zgood

}]︸ ︷︷ ︸
II

+ Ex∼ρ,y′∼πref(·|x)
[
(Rmax + βDKL

(
π̂t(· | x, y′) ∥πref(· | x)

)
)I
{
(x, y′) /∈ Zgood

}]︸ ︷︷ ︸
III

.

For the first two terms above, our choice for Mrej and Eq. (62) imply that whenever (x, y′) ∈ Zgood,
the conditions of Lemma F.1 apply, so we have

I ≤ 2Rmaxδrej, and II ≤ β ·O
(
Rmax

β
+ log(Ccov(πθ⋆) log(δ

−1
rej))

)
· δrej ≤ O(Rmaxδrej log log(δ

−1
rej))

as long as β ≤ Rmax. Meanwhile, Lemma F.1 also implies that for all (x, y′),

βDKL

(
π̂t(· | x, y′) ∥πref(· | x)

)
≤ O(Rmax + β log(Ccov(πθ⋆) log(δ

−1
rej)) ≤ O(Rmax log log(δ

−1
rej)),

and hence

III ≤ O(Rmax log log(δ
−1
rej)) · Ex∼ρ,y′∼πref(·|x)

[
I
{
(x, y′) /∈ Zgood

}]
.

To conclude, we use the definition of Xspan to bound

Ex∼ρ,y′∼πref(·|x)
[
I
{
(x, y′) /∈ Zgood

}]
≤ Ex∼ρ,y′∼πref(·|x)

[
I
{
(x, y′) /∈ Zgood, x ∈ Xspan

}]
+ εprompt

≤ 2Ex∼ρ

[
Py′∼πref(·|x),y∼πθ⋆ (·|x)

[∥∥φ(x, y, y′)∥∥
Σ−1

span
> ν

]
I{x ∈ Xspan}

]
+ εprompt

≤ 2Ccov(πθ⋆)Ex∼ρ

[
P(y,y′)∼πref(·|x)

[∥∥φ(x, y, y′)∥∥
Σ−1

span
> ν

]
I{x ∈ Xspan}

]
+ εprompt

≤ 2Ccov(πθ⋆) · εspan + εprompt.

where the second inequality above is Markov’s inequality.
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Appendix H. Proofs from Section 4

In this section we prove Theorem 4.1; we formally state the Randomized Exponential Time Hypothe-
sis and restate the theorem below.

Conjecture H.1 (Randomized Exponential Time Hypothesis [11]). There is no randomized algorithm
with time complexity 2o(n) that, given a 3-SAT formula φ with n clauses, has the following guarantee:

• If φ is satisfiable, then the output is YES with probability at least 1/2.

• If φ is unsatisfiable, then the output is NO.

Theorem 4.1 (Proper algorithms cannot be computationally efficient). Under the Randomized
ETH (Conjecture H.1), there is no proper alignment algorithm, even with a strong oracle, that
(i) has Tdata(ε, δ) ≤ poly(d, β−1, ε−1, δ−1) and Tcomp(ε, δ) ≤ poly(d, exp(β−1), ε−1, δ−1) under
Assumption 2.1 (with Rmax = 1, B =

√
d),16 and (ii) has runtime poly(d, exp(β−1), ε−1, δ−1).

Recall the definition of a proper alignment algorithm from Definition 4.1. We note in passing that
our proof shows that Theorem 4.1 holds in a stronger sampling oracle model where the algorithm
directly observes the log-probability log πθ(y | x) for each response sampled from the oracle.

Preliminaries. We say that Alg is an online alignment algorithm for linear softmax policies with
parameter set Θ if, for any given d ∈ N, β > 0, and ε, δ > 0, Alg solves any d-dimensional instance
with regularization parameter β, regret ε, and failure probability δ. In order to be explicit, we write
Tdata(d, β, ε, δ) to denote the number of reward oracle queries used by Alg, and Tcomp(d, β, ε, δ) to
denote the number of strong sampling oracle queries.

H.1. Overview of Proof

Note that Theorem 4.1 does not require the output of the alignment algorithm to itself be proper, i.e.
lie in the policy class Π; per the definition of a proper alignment algorithm (Definition 4.1), it only
requires the exploratory policies to be proper. To prove Theorem 4.1, the primary building block is
the following weaker result, Theorem H.1, which gives hardness under the additional assumption
that the output policy is required to lie in Π. We deduce Theorem 4.1 from this result by showing
that one can use imitation learning to efficiently convert any improper output policy into a proper
one (Lemma H.4); this leverages the fact that behavior cloning with the log-loss is computationally
efficient for linearly parametrized softmax policies [72].

Theorem H.1. Under the Randomized Exponential Time Hypothesis (Conjecture H.1), there is no
proper alignment algorithm, even with a strong oracle and a Euclidean projection oracle for Θ, that
(i) has Tdata(ε, δ) ≤ poly

(
d, β−1, ε−1, δ−1, log 1

minx,y πref(y|x)

)
and

Tcomp(ε, δ) ≤ poly

(
d, exp(β−1), ε−1, δ−1, |Y|, log 1

minx,y πref(y | x)

)
under Assumption 2.1 (with Rmax = 1, B =

√
d), (ii) has runtime poly

(
d, exp(β−1), ε−1, δ−1, |Y|, log 1

minx,y πref(y|x)

)
,

and (iii) has output π̂ ∈ Π.

16. Concretely, we use the parameter set Θ =
{
θ ∈ Rd | ∥θ∥∞ ≤ 1

}
.
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We prove this hardness result in the simpler fixed-prompt setting (i.e. X = {⊥}). For notational
convenience, we henceforth omit all dependencies on ⊥, i.e. we write π(y) := π(y | ⊥) and
r⋆(y) := r⋆(⊥, y) for any response y ∈ Y . We prove the result for parameter set Θ := {θ ∈ Rd :
∥θ∥∞ ≤ 1}, which is indeed contained in the Euclidean ball of radius B =

√
d, and admits an

efficient Euclidean projection oracle. The proof is based on a reduction from the NP-hard Max-k-DNF
problem.

Definition H.1 (Max-k-DNF formula). Fix n,m, k ∈ N. A Max-k-DNF formula with n variables
and m clauses is a tuple φ = (C1, . . . , Cm), where each clause Ci consists of a subset Si ⊆ [n] of
size |Si| ≤ k, and a partial assignment fi : Si → {−1, 1}. The value of φ is

valDNF(φ) := max
x∈{−1,1}n

valDNF(φ;x),

where

valDNF(φ;x) :=
m∑
i=1

1[∀j ∈ Si : xj = fi(j)].

The Max-k-DNF problem is to compute valDNF(φ) for a given formula φ. Under the randomized
Exponential Time Hypothesis (Conjecture H.1), even approximating this value is computationally
hard – see Theorem H.2 in Appendix H.5 for the precise statement that we will need. This motivates
the following reduction, which shows that any proper online alignment algorithm for the linear
softmax policy class gives an approximation algorithm for Max-k-DNF.

Lemma H.1. Let Alg be a proper (Definition 4.1) online alignment algorithm for linear softmax
policies, in the strong oracle setting, with parameter set Θ, which uses Tdata(·) reward oracle queries
and has time complexity bounded by Tcomp(·). Suppose also that the output of Alg lies in Π. Define

β(k, δ) :=
1

k2 log(16/δ)
, and ε(k, δ) :=

δ2

16k2 log(16/δ)
.

Then there is an algorithm Alg′ for Max-k-DNF with the following guarantee: given any parameter
δ > 0 and Max-k-DNF formula φ with d variables and m clauses,

• If valDNF(φ) ≥ δm and Tdata(d, β(k, δ), ε(k, δ), 1/4) ≤ 2k, then Alg′ outputs YES with proba-
bility at least 1/4.

• If valDNF(φ) ≤ δm
16·Tdata(d,β(k,δ),ε(k,δ),1/4)

, then Alg′ outputs NO.

Moreover, the time complexity of Alg′ is poly(d,m) · Tcomp(d, β(k, δ), ε(k, δ), 1/4).

Organization of appendix. In Appendix H.2, we prove Lemma H.1. In Appendix H.3, we use
this result to prove Theorem H.1: in particular, if the proper alignment algorithm hypothesized in
Theorem H.1 exists, then Lemma H.1 gives an algorithm for approximating Max-k-DNF that, by
Theorem H.2, violates the randomized Exponential Time Hypothesis (Conjecture H.1). Note that
in Lemma H.1, the approximation factor for Alg′ depends on the algorithm’s sample complexity
Tdata(d, β(k, δ), ε(k, δ), 1/4), and consequently the assumption that the algorithm is data-efficient
(i.e., Tdata does not scale with exp(β−1) or Ccov(π

⋆
β)) is essential for the argument to hold. Finally,

in Appendix H.4 we complete the proof of Theorem 4.1 by showing that properness of the output
policy is essentially without loss of generality from a computational perspective. The hardness of
approximation result for Max-k-DNF is deferred to Appendix H.5.
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H.2. Proof of Lemma H.1

Before proceeding to the proof of Theorem 4.1, we prove Lemma H.1 by introducing a method
for embedding a Max-k-DNF formula into an instance of the online alignment problem satisfying
r⋆(x, y) = ⟨θ⋆, ϕ(x, y)⟩ (and thus Assumption 1.1).

Embedding a DNF formula. Given a Max-k-DNF formula φ = (C1, . . . , Cm) with d variables
and m clauses, and some β > 0, we define an instance I(φ) of the online alignment problem
(Section 1.1) as follows. As discussed above, we set prompt space X := {⊥} and omit dependences
on ⊥ henceforth. We set response space Y := {0} ∪ [m]. We set the regularization parameter to
be β. The reference policy πref ∈ ∆(Y) is defined by πref(0) := 1 − εref and πref(i) := εref/m
for all i ∈ [m], where we write εref := e−1/β . We consider the linear softmax policy class
Π = {πθ : θ ∈ Θ} with Θ := {θ ∈ Rd : ∥θ∥∞ ≤ 1}, and with feature mapping ϕ : Y → Rd defined
by ϕ(0) := 0 and

ϕ(i)j :=

{
fi(j)
k if j ∈ Si

0 otherwise

for each i ∈ [m] and j ∈ [d] (recall from Definition H.1 that Si and fi are the variable set
and partial assignment, respectively, corresponding to clause Ci). Finally, the reward function
r⋆ : Y → [−1, 1] is defined by r⋆(y) = ⟨ϕ(y), θ⋆⟩ where θ⋆ ∈ {−1, 1}d ⊂ Θ is any vector satisfy-
ing valDNF(φ; θ

⋆) = valDNF(φ). Since the reward is linear in θ⋆, Assumption 1.1 is satisfied, and
since ∥ϕ(y)∥2 ≤ ∥ϕ(y)∥1 ≤ 1 for all y ∈ Y and Θ is contained in the Euclidean ball of radius

√
d,

we see that Assumption 2.1 is satisfied with Rmax := 1 and B :=
√
d.17

The following lemma relates the value of φ to the maximum likelihood (over all policies in the
policy class Π) of observing some non-zero response. More precisely, it shows that if valDNF(φ)
is large, then πθ⋆ (the optimal KL-regularized policy) puts non-trivial mass on non-zero responses;
conversely, if valDNF(φ) is small and β is sufficiently small, then no policy puts non-trivial mass on
non-zero responses.

Lemma H.2. Suppose that β ≤ 1/ log(2). It holds that
∑m

i=1 πθ⋆(i) ≥
valDNF(φ)

2m and, for any
θ ∈ Θ,

m∑
i=1

πθ(i) ≤ 2

(
valDNF(φ; sgn(θ))

m
+ e−1/(βk)

)
.

Proof of Lemma H.2. For each i ∈ [m] such that the assignment θ⋆ satisfies clause Ci, we have by
definition that θ⋆j = fi(j) for all j ∈ Si; hence, by definition of ϕ(i),

e
1
β
⟨θ⋆,ϕ(i)⟩

= e
1
kβ

∑
j∈Si

fi(j)θ
⋆
j = e1/β.

Since θ⋆ satisfies valDNF(φ; θ
⋆) clauses, and πref(i) = e−1/β/m for all i ∈ [m], we get

m∑
i=1

πθ⋆(i) =

∑m
i=1 πref(i)e

1
β
⟨θ⋆,ϕ(i)⟩

πref(0) +
∑m

i=1 πref(i)e
1
β
⟨θ⋆,ϕ(i)⟩

≥ valDNF(φ; θ
⋆)/m

πref(0) + valDNF(φ; θ⋆)/m
≥ valDNF(φ; θ

⋆)

2m

17. Technically, Assumption 2.1 requires the rewards to lie in [0, 1]. This is straightforward to fix by adding a constant
feature ϕ(i)d+1 := 1/2, scaling all other features by a factor of 1/2, and setting θ⋆d+1 = 1. With this modification,
Lemma H.2 still holds except the additive term e−1/(βk) becomes e−1/(2βk), and the proof of Lemma H.1 goes
through unchanged so long as k ≥ 2.
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where the first inequality uses monotonicity of z 7→ z
πref(0)+z , and the final inequality uses that

πref(0) ≤ 1 and valDNF(φ; θ
⋆) ≤ m.

Next, for any θ ∈ Θ, set x := sgn(θ). For each i ∈ [m], we have the bound e
1
β
⟨θ,ϕ(i)⟩ ≤

e
1
β
∥θ∥∞∥ϕ(i)∥1 ≤ e1/β . Additionally, if the assignment x does not satisfy clause Ci, then there is some

j⋆ ∈ Si such that ϕ(i)j⋆θj⋆ ≤ 0, and thus

e
1
β
⟨θ,ϕ(i)⟩ ≤ e

1
βk

∑
j∈Si\{j⋆}

fi(j)θj ≤ e
k−1
kβ ,

where the final inequality uses that |fi(j)| ≤ 1 and |θj | ≤ 1 for all j ∈ Si \ {j⋆}. Recalling that
πref(i) =

1
e1/βm

for i ∈ [m], it follows that

m∑
i=1

πref(i)e
1
β
⟨θ,ϕ(i)⟩ ≤ 1

e1/βm

(
me

k−1
kβ + valDNF(φ;x)e

1/β
)
=

valDNF(φ;x)

m
+ e−1/(βk).

Thus,

m∑
i=1

πθ(i) =

∑m
i=1 πref(i)e

1
β
⟨θ,ϕ(i)⟩

πref(0) +
∑m

i=1 πref(i)e
1
β
⟨θ,ϕ(i)⟩

≤ 2
m∑
i=1

πref(i)e
1
β
⟨θ,ϕ(i)⟩ ≤ 2

(
valDNF(φ;x)

m
+ e−1/(βk)

)

where the first inequality uses the bound πref(0) = 1− e−1/β ≥ 1/2.

The following lemma implies that approximately maximizing
∑m

i=1 πθ(i) is necessary in order
to obtain low (KL-regularized) regret.

Lemma H.3. For any π ∈ ∆(Y),

Jβ(πθ⋆)− Jβ(π) = βDKL(π ∥πθ⋆) ≥ β

(
m∑
i=1

π(i)−
m∑
i=1

πθ⋆(i)

)2

.

Proof of Lemma H.3. The inequality is a consequence of Pinsker’s inequality; the equality is via
the following standard manipulation. Define Zθ⋆ :=

∑
y∈Y πref(y)e

1
β
⟨θ⋆,ϕ(y)⟩. For any y ∈ Y , we

have by definition of π⋆
θ(y) that

⟨θ⋆, ϕ(y)⟩ − β log
πθ⋆(y)

πref(y)
= β logZθ⋆

which is notably independent of y. Thus,

Jβ(πθ⋆)− Jβ(π) = E
y∼πθ⋆

[
⟨θ⋆, ϕ(y)⟩ − β log

πθ⋆(y)

πref(y)

]
− E

y∼π

[
⟨θ⋆, ϕ(y)⟩ − β log

π(y)

πref(y)

]
= E

y∼πθ⋆

[
⟨θ⋆, ϕ(y)⟩ − β log

πθ⋆(y)

πref(y)

]
− E

y∼π

[
⟨θ⋆, ϕ(y)⟩ − β log

πθ⋆(y)

πref(y)

]
+ E

y∼π

[
β log

π(y)

πθ⋆(y)

]
= βDKL(π ∥πθ⋆).
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This completes the proof.

Together, Lemmas H.2 and H.3 suggest that for appropriate parameter choices, solving the con-
structed online alignment problem necessitates solving the original Max-k-DNF problem. The remain-
ing (important!) subtlety is that it is impossible to efficiently simulate the data collection when only
given φ, since the reward function r⋆ depends on the maximally satisfying assignment θ⋆. Instead,
we approximately simulate the data collection by always producing reward 0. This is only incorrect
on non-zero responses, so in round t, it is unlikely to be incorrect unless

∑m
i=1 π

t(i) is already non-
negligible. In this event, the simulation may fail, but since Algwas assumed to be a proper-exploration
algorithm, we can apply Lemma H.2 to πt = πθt to show that valDNF(φ; sgn(θt)) is a decent approxi-
mation for valDNF(φ). Thus, we get a win-win reduction, where the approximation factor scales with
the number of data collection rounds. We make this argument formal below, proving Lemma H.1.

Proof of Lemma H.1. Given a proper online alignment algorithm Alg and a Max-k-DNF formula
φ with d variables and m clauses, and a parameter δ ∈ (0, 1), we define Alg′ to have the below
behavior. Throughout the remainder of the proof, we abbreviate β := β(k, δ) and ε := ε(k, δ) for
simplicity:

1. Simulate Alg on the online alignment instance I(φ) defined above (with regularization pa-
rameter β, error tolerance ε, and failure probability 1/4), but use reward function r̂(y) := 0
instead of r⋆. In particular:

• When Alg queries the sampling oracle with θ ∈ Θ, Alg′ computes πθ ∈ ∆(Y), samples
y ∼ πθ, and passes response y to Alg.

• When Alg initiates data collection round t with exploration policy πt = πθt , Alg
′

computes πθt , samples y ∼ πθt , and passes response y and reward 0 to Alg.

Let q denote the number of data collection rounds. Let π̂ = πθfinal denote the final policy output
by Alg.

2. Compute

θ̂ := argmax
θ∈{θ1,...,θq ,θfinal}

m∑
i=1

πθ(i).

3. Set x̂ := sgn(θ̂) ∈ {−1, 1}d. Alg′ outputs YES if valDNF(φ; x̂) >
δm

16·S(d,β(k,δ),ε(k,δ)) and NO

otherwise.

We now analyze Alg′. Suppose that val(φ) ≥ δm and Tdata(d, β, ε, 1/4) ≤ 2k. Let Ãlg
′

denote
the idealized modification of Alg′ that simulates Alg with the true reward function r⋆ (which is
computationally hard to implement). Further, let Alg′ denote the idealized modification of Alg′ that
simulates Alg with the true reward function only on queries θt with

∑m
i=1 πθt(i) >

1
4Tdata(d,β,ε,1/4)

(and with reward 0 otherwise). We can couple the executions of Ãlg
′
(φ, δ) and Alg

′
(φ, δ) with the

execution of Alg′(φ, δ). Observe that the execution of Ãlg
′

only deviates from the execution of
Alg

′ if there is some round t where
∑m

i=1 πθt(i) ≤
1

4Tdata(d,β,ε,1/4)
and yet the sample y ∼ πθt is

non-zero. For any fixed t, this occurs with probability at most 1
4Tdata(d,β,ε,1/4)

, so by a union bound
and the assumption that Alg uses at most Tdata(d, β, ε, 1/4) rounds, the two algorithms deviate with
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probability at most 1/4. Next, the execution of Alg′ deviates from the execution of Alg′ only if there
is some round t such that

∑m
i=1 πθt(i) >

1
4Tdata(d,β,ε,1/4)

. Thus,

P[Ãlg′(φ, δ) ̸= Alg′(φ, δ)] ≤ P[Ãlg′(φ, δ) ̸= Alg
′
(φ, δ)] + P[Alg′(φ, δ) ̸= Alg′(φ, δ)]

≤ 1

4
+ PAlg′

[
max
1≤j≤q

m∑
i=1

πθj (i) >
1

4Tdata(d, β, ε, 1/4)

]
︸ ︷︷ ︸

†

.

We distinguish two cases based on the value of †.

• In the first case, if † is at most 1/4, then

P[Ãlg′(φ, δ) ̸= Alg′(φ, δ)] ≤ 1/2.

By the guarantee of Alg, it holds with probability at least 3/4 over the execution of Ãlg
′

that
the output θfinal of the simulated Alg satisfies Jβ(π⋆

θ)−Jβ(πθfinal) ≤ ε. Hence, the same bound
holds with probability at least 1/4 over the execution of Alg′. Condition on this event. Then

m∑
i=1

π
θ̂
(i) ≥

m∑
i=1

πθfinal(i) ≥
m∑
i=1

π⋆
θ(i)−

√
ε

β
≥ valDNF(φ)

2m
−
√

ε

β
≥ δ

4

where the first inequality is by definition of θ̂, the second inequality is by Lemma H.3, the third
inequality is by Lemma H.2, and the fourth inequality is by assumption that valDNF(φ) ≥ δm
and choice of ε = ε(k, δ). It follows that

valDNF(φ; sgn(θ̂))

m
≥ 1

2

m∑
i=1

π
θ̂
(i)− e−1/(βk) ≥ 1

2

(
δ

4
−
(

δ

16

)k
)
≥ δ

16
,

where the first inequality is by Lemma H.2, and the second inequality is by choice of
β = β(k, δ).

• In the second case,

† = PAlg′

[
max
1≤j≤q

m∑
i=1

πθj (i) >
1

4Tdata(d, β, ε, 1/4)

]
>

1

4
.

Condition on the event within the probability occurring. In this event, which occurs with
probability at least 1/4, we have

∑m
i=1 πθ̂(i) ≥

1
4·Tdata(d,β,ε,1/4)

by definition of θ̂, and hence

valDNF(φ; sgn(θ̂))

m
≥ 1

2

m∑
i=1

π
θ̂
(i)− e−1/(βk)

≥ 1

8 · Tdata(d, β, ε, 1/4)
−
(

δ

16

)k

>
δ

16 · Tdata(d, β, ε, 1/4)

where the first inequality is by Lemma H.2, the second is by the conditioning and the choice
of β, and the third inequality is by the theorem assumption that Tdata(d, β, ε, 1/4) ≤ 2k and
δ ∈ (0, 1).
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In both cases, the output of Alg′ is therefore YES with probability at least 1/4. On the other hand, if
valDNF(φ) ≤ δm

16·Tdata(d,β(k,δ),ε(k,δ),1/4)
, then it is immediate that Alg′ outputs NO. Finally, the time

complexity of Alg′ is

poly(d,m) · Tcomp

(
d,

1

k2 log(16/δ)
,

δ2

16k2 log(16/δ)
, 1/4

)
by the assumed time complexity bound for Alg and the fact that for any given θ ∈ Θ, the distribution
πθ can be explicitly computed from φ in time poly(d,m).

H.3. Proof of Theorem H.1

We now prove Theorem H.1 by combining Lemma H.1 with a hardness of approximation result for
Max-k-DNF (Theorem H.2, stated and proven in Appendix H.5).

Proof of Theorem H.1. Suppose that there is a proper alignment algorithm Alg with proper output,
using a strong sampling oracle and a Euclidean projection oracle for Θ, that has Tdata(d, β, ε, δ) ≤
poly(d, β−1, ε−1, δ−1, log 1

minx,y πref(y|x)) and has runtime bounded by

Tcomp(d, β, ε, δ) = poly

(
d, exp(β−1), ε−1, δ−1, |Y|, log 1

minx,y πref(y | x)

)
.

The construction in Lemma H.1 uses minx,y πref(y | x) = 1/(e1/βm) and, without loss of generality,
m ≤ 2d (in the regime m > 2d, the Max-k-DNF problem can be solved in poly(m) time uncondition-
ally). Thus log(1/minx,y πref(y | x)) ≤ poly(β−1, d). It follows from the assumed bound on Tdata

that for the problem instances constructed in the proof of Lemma H.1, there is a constant c1 > 0 such
that Tdata(d, β, ε, 1/4) ≤ (d/(βε))c1 . Set δ = δ(d) := 1/d and k = k(d) := CH.2 · (4c1)2 log(d).
Then, recalling the definitions of β(k, δ) and ε(k, δ) from Lemma H.1,

Tdata(d, β(k, δ), ε(k, δ), 1/4) ≤
(
16dk4 log2(16/δ)

δ2

)c1

≤ O(cc11 ) · (d3 log6(16d))c1 ≤ d4c1

16
≤ 2k

where the third inequality holds for all sufficiently large d. By Lemma H.1, there is an algorithm
Alg′ with the following guarantees on an input k(d)-DNF formula φ with d variables and m clauses:

• If valDNF(φ) ≥ δm = m/d, then Alg′ outputs YES with probability at least 1/4.

• If valDNF(φ) ≤ m/d4c1 , then since 16 · Tdata(d, β(k, δ), ε(k, δ), 1/4) ≤ d4c1 for sufficiently
large d, we have valDNF(φ) ≤ m/(16 · Tdata(d, β(k, δ), ε(k, δ)), 1/4), so Alg′ outputs NO.

Next we analyze the time complexity of Alg′. The construction in Lemma H.1 uses |Y| = m and
minx,y πref(y | x) = 1/(e1/βm). Thus, Tcomp(d, β(k, δ), ε(k, δ), 1/4) ≤ poly(d,m, exp(1/β(k, δ)), 1/ε(k, δ)) ≤
poly(2O(log3(d)),m). So from Lemma H.1, we get that the time complexity of Alg′ is poly(2O(log3(d)),m).
Hence, applying Theorem H.2 with parameter c := 4c1 and using that k(d) ≥ CH.2(4c1)

2 log(d),
we get that the randomized Exponential Time Hypothesis is false (concretely, Theorem H.2 rules out
the possibility of time complexity poly(2O(dη),m) for a constant η = η(4c1)).
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H.4. Proof of Theorem 4.1

We now prove Theorem 4.1 by combining Theorem H.1 with the following result, which shows that
any proper alignment algorithm with improper output can be efficiently bootstrapped to a proper
alignment algorithm with proper output. The proof of Lemma H.4 follows from an analysis of
log-loss behavior cloning due to [72].

Lemma H.4. Let Alg be a proper alignment algorithm with a strong sampling oracle and a Euclidean
projection oracle for Θ, that uses Tdata(·) reward oracle queries and has time complexity Tcomp(·),
under Assumption 2.1 with Rmax := 1 and B :=

√
d. Suppose that the output of Alg is sampleable

in time T per prompt. Then, in the same setting, there is a proper alignment algorithm Alg′ with
proper output π̂ ∈ Π, that uses T ′

data(d, β, ϵ, δ) = Tdata(d, β, ϵ0, δ/2) reward oracle queries and
has sampling oracle complexity

T ′
comp(d, β, ϵ, δ) = Tcomp(d, β, ϵ0, δ/2)+poly

(
d, |Y|, B, T, ϵ−1, log(δ−1), log

1

minx,y πref(y | x)

)
,

where ϵ0 := cϵ
B log(1/minx,y πref(y|x)) for a universal constant c > 0, and we assume that β ∈ (0, 1).

Furthermore, the time complexity of Alg′ is polynomial in the time complexity of Alg with parameters
(d, β, ϵ0, δ/2) and poly

(
d, |Y|, B, T, ϵ−1, log(δ−1), log 1

minx,y πref(y|x)

)
.

Proof of Lemma H.4. For any θ ∈ Θ, x ∈ X , and y ∈ Y , observe that πθ(y | x) ≥ e−2Bπref(y | x).
It follows that for any π : X → ∆(Y),

max
x,y

max
θ∈Θ

π(y | x)
πθ(y | x)

≤W :=
e2B

minx,y πref(y | x)
.

We will use a slight generalization of Proposition D.2 in [72], which shows that there is an algorithm
that takes an integer n, the norm bound B from Assumption 2.1, some δ ∈ (0, 1), and n i.i.d. samples
(xi, yi)ni=1 from π, and produces θ̂ ∈ Θ satisfying, with probability at least 1− δ,

D2
H

(
π
θ̂
, π
)
≲

(d log(Bn) + log(W )) log(1/δ)

n
+ log(W ) ·min

θ∈Θ
D2

H(πθ, π). (65)

Additionally, the time complexity is poly(n, d, |Y|, B, log(1/δ)) (to be precise, Proposition D.2 is
specialized to the case where πref is uniform on Y , so that W = e2B/|Y|, but this generalization
is immediate from inspecting the proof; also, in our setting the horizon parameter H from the
proposition is equal to one). The algorithm is essentially gradient ascent on the log-likelihood for a
set of i.i.d. samples from π, which is concave in θ [72].

This motivates defining Alg′ as follows. Execute Alg with parameters ϵ0 and δ/2, and let π
be the output. Then, for a parameter n to be determined, draw n samples (xi)ni=1 from the prompt
distribution ρ, and for each draw yi ∼ π(· | xi). Execute the algorithm described above with failure
probability δ/2, to compute θ̂ ∈ Θ, and output π̂ := π

θ̂
.

We now analyze Alg′. With probability at least 1−δ/2, it holds that βDKL(π ∥πθ⋆) = Jβ(πθ⋆)−
Jβ(π) ≤ ϵ0, where the equality is by Lemma G.4. Also, by Eq. (65), with probability at least 1− δ/2
it holds that

D2
H(π̂, π) ≲ ϵ0 + log(W ) ·D2

H(πθ⋆ , π), (66)
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so long as n ≥ poly(d, ϵ−1
0 , log(BW/δ)). Condition on the event that both of these bounds hold.

Then

Jβ(πθ⋆)− Jβ(π̂) = βDKL(π̂ ∥πθ⋆)
≲ β log(W ) ·D2

H(π̂, πθ⋆)

≲ β log(W ) · (D2
H(π̂, π) +D2

H(π, πθ⋆))

≲ β log(W ) · ϵ0 + β log2(W )D2
H(π, πθ⋆)

≤ log(W ) · ϵ0 + β log2(W )DKL(π ∥πθ⋆)
≲ log2(W ) · ϵ0

where the equality is by Lemma G.4, the first inequality is by Lemma 4 of [100], the second inequality
uses the fact that DH(·, ·) is a metric, the third inequality is by Eq. (66), and the fourth inequality
uses e.g. (7.33) in [67] as well as the bound β ≤ 1. By definition of W and ϵ0 (so long as the
constant c > 0 is sufficiently small), we can bound the above by ϵ, so Alg′ satisfies the correctness
desideratum of a proper alignment algorithm.

Since the second phase of Alg′ uses no reward oracle queries, the claimed bound on total reward
oracle queries is immediate from the parameter choices in the call to Alg. Additionally, the claimed
time complexity bound follows from the guarantee from [72], and the assumption that the output of
Alg is sampleable in time T , so long as we choose n = poly(d, ϵ−1

0 , log(BW/δ)).

Proof of Theorem 4.1. Suppose that there is a proper alignment algorithm with access to a strong
sampling oracle and a Euclidean projection oracle for Θ, that uses at most poly(d, β−1, ε−1, δ−1)
reward oracle queries and has time complexity at most poly(d, exp(β−1), ε−1, δ−1), under Assump-
tion 2.1 with Rmax := 1 and B :=

√
d. Without loss of generality (assuming that the output policy is

represented by a circuit), the output policy is sampleable in time T := poly(d, exp(β−1), ε−1, δ−1).
Thus, by Lemma H.4 and choice of B, in the same setting, there is a proper alignment algorithm with
proper output that uses at most poly(d, β−1, ε−1, δ−1, log(1/minx,y πref(y | x))) reward oracle
queries and has time complexity at most poly(d, exp(β−1), ε−1, δ−1, |Y|, log(1/minx,y πref(y |
x))). Note that the time complexity also bounds the number of sampling oracle queries. It follows
from Theorem H.1 that the Randomized Exponential Time Hypothesis is false.

H.5. Hardness of Approximation for Max-k-DNF

In this section we prove the following hardness of approximation result Theorem 4.1.

Theorem H.2. Fix any c > 1 and function k : N → N. Suppose that k(n) ≥ CH.2c
2 log(n) for

a sufficiently large universal constant CH.2. There is η = η(c) > 0 with the following property.
Suppose that there is a time-poly(2n

η
,m) algorithm Alg that, given a k(n)-DNF formula φ with n

variables and m clauses, has the following behavior:

1. If valDNF(φ) ≥ m/n, then Alg outputs YES with probability at least 1/4.

2. If valDNF(φ) ≤ m/nc, then Alg outputs NO.

Then the randomized Exponential Time Hypothesis is false.
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Essentially, the above result states that for a Max-k(n)-DNF formula with n variables, for any
constant c > 1 and so long as k(n) is sufficiently large, it is computationally hard to distinguish
between the case that a := 1/n fraction of clauses are satisfiable versus b := 1/nc fraction of
clauses are satisfiable. For the application to Theorem 4.1, it is critical that the approximation
gap a/b is larger than 1/a, since the gap generated by the reduction Lemma H.1 scales with
Tdata(n, β(k, δ), ε(k, δ), 1/4), which in turn scales polynomially with 1/δ = 1/a. Additionally,
we remark that it is important for k to grow with n, since sampling a random assignment gives an
efficient 2k-approximation algorithm.

To prove Theorem H.2, we use a result by [14], which states that for any constant k, there is
a sparse k-predicate P so that Max-P (i.e. Max-k-CSP with predicate P ) is hard to approximate
to any factor better than 2k/(2k). We then reduce Max-P to Max-k-DNF (using sparsity of P to
control the decay in satisfiability thresholds) and then apply serial repetition to boost the gap. To
make this approach formal, we start with the following definition.

Definition H.2 (Max-P formula). Fix n,m, k ∈ N and any P : {−1, 1}k → {0, 1}. A Max-P
formula with n variables and m clauses is a tuple φ = (C1, . . . , Cm), where each clause Ci is a tuple
(vi, bi) where vi ∈ [n]k and bi ∈ {−1, 1}k. The value of φ is

valP (φ) := max
x∈{−1,1}n

valP (φ;x)

where

valP (φ;x) :=

m∑
i=1

1[P (bi1xvi1 , . . . , bikxvik) = 1].

We say that the set of accepting assignments of P is P−1(1).

Note, for example, that Definition H.1 corresponds to the predicate P (x1, . . . , xk) = 1[x1 =
· · · = xk = 1]. The following hardness result is essentially due to [14].

Theorem H.3. Let k ∈ N and ε > 0. There is a predicate P : {−1, 1}k → {0, 1} with at most 2k
accepting assignments, and a real number γ = γ(k, ε) ∈ (0, 1) such that the following property
holds: suppose that there is a time-O(2n

γ
) algorithm that, given a Max-P formula φ with at most n

variables and n clauses, has the following behavior:

1. If φ is at least (1− ε)-satisfiable, then it outputs YES with probability at least 1/2.

2. If φ is at most (2k/2k + ε)-satisfiable, then it outputs NO.

Then the Randomized Exponential Time Hypothesis (Conjecture H.1) is false.

Proof of Theorem H.3. Corollary 1.2 of [14] states that for any positive integer k and any ε > 0,
for the Hadamard predicate P : {−1, 1}k → {0, 1}, which has at most 2k accepting assignments,
distinguishing between (1− ε)-satisfiability and (2k/2k + ε)-satisfiability of a Max-P formula is
NP-hard.18 Thus, there is a polynomial-time reductionR that takes as input any 3SAT formula τ with
n variables and n clauses, and produces a Max-P formula φ with m ≤ poly(n) clauses such that
valP (φ) ≥ (1− ε)m if τ is satisfiable, and valP (φ) ≤ (2k/2k + ε)m otherwise. There is a constant
C = C(k, ε) > 0 such that R has time complexity O(nC(k,ε)). Now let γ := 1/(2C(k, ε)) and

18. In fact, [14] shows that one can even take ε = o(1), but for our purposes a constant suffices.
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suppose that there is indeed a time-O(2n
γ
) randomized algorithm Alg with the behavior specified

in the theorem statement. Then on input τ with n variables and n clauses, it follows from the time
complexity bound on R that the output φ of R has at most O(nC(k,ε)) variables and clauses, so
Alg(φ) runs in time 2O(nγ·C(k,ε)) = 2o(n) by choice of γ. If τ is satisfiable, then it outputs YES with
probability at least 1/2, and otherwise it outputs NO. This contradicts Conjecture H.1.

Lemma H.5 (DNF embedding). Fix k ∈ N and let P : {−1, 1}k → {0, 1} be a predicate with ℓ
accepting assignments. Then there is a poly(n,m)-time algorithm that takes as input a P -formula
φ with n variables and m clauses, and outputs a Max-k-DNF formula φ′ with n variables and ℓm
clauses, satisfying valP (φ) = valDNF(φ

′).

Proof of Lemma H.5. Given φ = (C1, . . . , Cm), we define φ′ on the same variable set as follows.
For each clause Ci = (vi, bi), for each y ∈ P−1(1), we add to φ′ the clause (Si,y, fi,y) defined by
Si,y = {vi1, . . . , vik} and fi,y(vij) = bijyij .

Since P has ℓ accepting assignments, φ′ has ℓm clauses. Moreover, fix any assignment
x ∈ {−1, 1}n and clause Ci. If x satisfies Ci in φ, then there is exactly one y ∈ P−1(1) such
that (bi1xvi1 , . . . , bikxvik) = y. Equivalently, there is exactly one y ∈ P−1(1) such that xa = fi,y(a)
for all a ∈ Si,y. On the other hand, if x does not satisfy Ci, then there is no such y. Thus,
valP (φ;x) = valDNF(φ

′;x). Since this holds for all x, we get valP (φ) = valDNF(φ
′). Finally, it’s

clear that the reduction is polynomial-time in the input size.

Lemma H.6 (Serial repetition). There is an algorithm that takes as input a Max-k-DNF formula φ
with n variables and m clauses, and a parameter t ∈ N, and outputs a kt-DNF formula φ′ with n
variables and mt clauses, that has value valDNF(φ

′) = (valDNF(φ))
t. Moreover, the time complexity

of the algorithm is poly(n, k,mt).

Proof of Lemma H.6. Given φ = (C1, . . . , Cm), we define φ′ on the same variable set as φ, with
clauses defined as follows. For each ordered tuple (i1, . . . , it) ∈ [m]t, we introduce the clause
Ci1,...,it := Ci1 ∧ · · · ∧ Cit to φ′. Then φ′ has exactly mt clauses. Moreover, for any assignment
x ∈ {−1, 1}n which satisfies some subset {Ci : i ∈ S} of the original clauses, we have that x
satisfies Ci1,...,it if and only if (i1, . . . , it) ∈ St. Thus valDNF(φ

′;x) = valDNF(φ;x)
t and so, since

x was arbitrary, valDNF(φ
′) = valDNF(φ)

t. Finally, it’s clear that the reduction is polynomial-time
in the output size.

Proof of Theorem H.2. Fix k0 = k0(c) ∈ N sufficiently large and ε0 = ε0(c) ∈ (0, 1) sufficiently
small that the following inequality holds:

2−k0 + ε0 ≤
(
1− ε0
2k0

)2c

. (67)

In particular, there is a universal constant CH.2 so that we can always take k0 ≤ CH.2c
2 and

ε0 = 2−CH.2c
2
. Set η := γ(k0, ε0)/2, where γ(k0, ε0) ∈ (0, 1) is the parameter guaranteed by

Theorem H.3. Next, let P : {0, 1}k0 → {0, 1} be the predicate guaranteed by Theorem H.3. We
define an algorithm Alg′ for Max-P that does the following, given a P -formula with n variables and
m clauses:
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1. Using Lemma H.5 and the fact that P has only 2k0 accepting assignments, construct a k0-DNF
formula φ′ with n variables, 2k0m clauses, and with valDNF(φ

′) = valP (φ).

2. Set t :=
⌊

logn

log
2k0
1−ε0

⌋
. Using Lemma H.6, construct a k0t-DNF formula φ′′ with n variables,

(2k0m)t clauses, and with valDNF(φ
′′) = valDNF(φ

′)t = valP (φ)
t.

3. Apply Alg to φ′′ and output whatever Alg outputs.

Notice that k0t ≤ CH.2c
2 log(n) ≤ k(n), so φ′′ is a Max-k-DNF formula and hence the application

of Alg to φ′′ is well-defined. If valP (φ) ≥ (1− ε0)m, then

valDNF(φ
′′) ≥ (1− ε0)

tmt = (2k0m)t
(
1− ε0
2k0

)t

≥ (2k0m)t

n

since t ≤ logn

log
2k0
1−ε0

. Thus, Alg′ outputs YES in this case, with probability at least 1/4; we can boost

this probability to 1/2 by running the algorithm independently O(1) times. On the other hand, if
valP (φ) ≤ (2k0/2

k0 + ε0)m, then

valDNF(φ
′′) ≤ (2k0/2

k0 + ε0)
tmt

≤ (2−k0 + ε0)
t(2k0m)t

≤
(
1− ε0
2k0

)2ct

(2k0m)t

≤
(
1− ε0
2k0

)2c

(
logn

log
2k0
1−ε0

−1

)
(2k0m)t =

(
2k0

1− ε0

)2c (2k0m)t

n2c
≤ (2k0m)t

nc

where the third inequality is by Eq. (67), the fourth inequality is by definition of t, and the final
inequality holds so long as n ≥ (2k0/(1− ε0))

2. Thus, Alg′ outputs NO with probability 1 in this
case.

The time complexity of Alg′, dominated by the invocation of Alg on φ′′, is poly(2n
η
, (2k0m)t).

For m ≤ n, this is dominated by 2O(nη) for sufficiently large n, since t ≤ log(n). Since
η = γ(k0, ε0)/2, we conclude that Alg′ has time complexity at most O(2n

γ(k0)), so by Theo-
rem H.3, the Randomized Exponential Time Hypothesis is false.
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Part III

Multi-Turn Exploration: Learning Autoregressive
Softmax Policies
This section of the appendix is dedicated to presenting and analyzing the MTSS algorithm (Algo-
rithm 4). MTSS learns a near-optimal policy for any Markov Decision Process in which the optimal
KL-regularized policy has autoregressive linear softmax structure (a generalization of linear-Q⋆

β

realizability) under reset access. This formulation subsumes the setting in Section 5, encompassing
general Markov Decision Processes (MDPs) that extend well beyond the token-level MDP; we prove
Theorem 5.1, our main result for the multi-turn exploration setting in Section 5 as a special case. We
adopt this formulation because (i) it makes the essential ingredients in our algorithm and analysis
as clear as possible; and (ii) we believe the results are likely to be of interest more broadly, beyond
language modeling. This section is organized as follows:

• Appendix I: We introduce the general reinforcement learning setting and statistical assump-
tions.

• Appendix J: We present and describe the multi-turn algorithm, MultiTurnSpannerSampling
(MTSS; Algorithm 4), and state its main guarantee, Theorem J.1 (generalizing Theorem 5.1).

• Appendices F, K and L: We provide the main guarantees for the subroutines used within MTSS.

• Appendix M: We combine the preceding results to prove the main guarantee for MTSS (The-
orem J.1).

• Appendix N: Supporting technical lemmas for the proofs of the results above.

Appendix I. Preliminaries for Multi-Turn Exploration

In this section, we introduce formally introduce the setting and assumptions for our general multi-turn
exploration results. Recall that the language model alignment problem in Section 5 is a special case
of episodic reinforcement learning in a specific (“token-level”) Markov Decision Process, where
actions are tokens or sub-sequences of tokens, and the state consists of the prompt and all of the
tokens generated so far, with the reward determined by the alignment objective. This is a rather
simple MDP, as the transition dynamics are deterministic, and are known a-priori.

Our results in this section encompass a more general setting where the MDP transitions are
unknown and stochastic, but where the agent has the ability to reset to previously observed states
during the learning process (in addition to standard episodic access); this setting is also known as
reinforcement learning with local simulator access [51, 103, 91, 60]. In the context of language
model alignment, the assumption of a local simulator is without loss of generality because the MDP
dynamics are known; resetting the state simply involves feeding the prompt and partial prefix of
tokens back into the policy [15]. We present our results for any stochastic MDP, provided that local
simulator access is available. To achieve statistical and computational efficiency, we make statistical
and computational assumptions that generalize Section 5, focusing on KL-regularized regret, and
assuming that the optimal regularized policy has linear softmax structure that generalizes Eq. (11).
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A remark on notation. Throughout Part III of the appendix, we use boldface notation (e.g., xh,
yh, and ah) to denote realizations of random variables. This allows certain arguments that require
conditioning to be presented in the clearest way possible.

I.1. MDP Setting and Multi-Turn Reinforcement Learning Framework

A Markov Decision Process (MDP) is a tuple M⋆ = (X ,A, H, P, r⋆, ), where X is a (large or
potentially infinite) state space, A is the action space (we abbreviate A = |A|), H ∈ N is the
horizon, r⋆ = {r⋆h}Hh=1 is the reward function (where r⋆h : X × A → [0, 1]) and P = {Ph}Hh=0

is the transition distribution (where Ph : X × A → ∆(X )), with the convention that P0(· | ∅)
is the initial state distribution. A policy is a sequence of functions π = {πh : X → ∆(A)}Hh=1.
When a policy π is executed, it generates a trajectory (x1,a1, r1), . . . , (xH ,aH , rh) via the process
ah ∼ πh(xh), rh ∼ r⋆h(xh,ah),xh+1 ∼ Ph(· | xh,ah), initialized from x1 ∼ P0(· | ∅) (we use
xH+1 to denote a terminal state with zero reward). We write Pπ[·] and Eπ[·] to denote the law and
expectation under this process. We assume that rh ∈ [0, Rmax] for all h.

As discussed above, the token-level MDP formulation of language model reinforcement learning
(e.g., Rafailov et al. [71]) corresponds to the case where x1 is the prompt, ah is the next token to
predict, and xh = (x1,a1, . . . ,ah−1) is the concatenation of the prompt with all of the tokens so
far; the final response is y = (a1, . . . ,aH). For the formulation in Section 5, we have r⋆h = 0
for all h < H , and r⋆H represents the reward for the complete response. A slightly more general
formulation (e.g., Xiong et al. [96]) which our setup also encompasses, is where each ah represents
a sub-sequence of tokens rather than a single token (e.g., corresponding to a portion of a proof).

Online reinforcement learning framework. In the standard online reinforcement learning frame-
work, the learner repeatedly interacts with an unknown stochastic MDP (where the transition
distribution is not known) by executing a policy and observing the resulting trajectory, with the goal
of maximizing the total reward. We begin with a base policy πref = {πh,ref}Hh=1. Formally, for each
episode t ∈ [Tprompt], the learner selects a policy πt = {πt

h}Hh=1, executes it in the underlying MDP
M⋆ and observes the trajectory {(xt

h,a
t
h, r

t
h)}Hh=1. After all Tprompt episodes conclude, the goal of

the learner is to produce a policy π̂ such that

sup
π

Jβ(π)− Jβ(π̂) ≤ ε, (68)

for some ε, β > 0, where Jβ(π) := Eπ

[∑H
h=1 rh

]
− βDKL(π ∥πref) denotes the regularized

cumulative reward, with

DKL(π ∥πref) := Eπ

[
H∑

h=1

DKL(πh(xh) ∥πh,ref(xh))

]
. (69)

We define π⋆
β =

{
π⋆
h,β

}H
h=1

as the optimal KL-regularized policy: π⋆
β = argmaxπ Jβ(π).

Online RL with resets (local simulator access). We focus on online RL with state resetting (local
simulator access) [90, 51, 103, 91, 104, 60], which augments the online RL protocol as follows: At
each episode t ∈ [Tprompt], instead of starting from a random initial state x1 ∼ P0(· | ∅), the agent
can reset the MDP to any layer h ∈ [H] and any state xh previously encountered, and proceed with
a new episode starting from this point. As in the online RL protocol, the goal is to produce a policy
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π̂ ∈ Π that satisfies (68) with as few episodes of interaction as possible. Note that whenM⋆ is the
token-level MDP, this formulation precisely corresponds to the setting in Section 5.19

Linear softmax policies. We consider the class of linear softmax policies given by

Π =
{
πθ = {πh,θ}Hh=1 | θ1, . . . , θH ∈ Bd(B)

}
for a parameter B ≥ Rmax, where

πh,θ(a | x) ∝ πh,ref(a | x) · exp(β−1⟨θh, ϕh(x, a)⟩).

We assume that the feature map ϕ satisfies suph,∈[H],(x,a)∈X×A ∥ϕh(x, a)∥ ≤ 1. Our main assump-
tion is that the optimal regularized policy is itself softmax-linear.

Assumption I.1 (Linear π⋆
β). We assume that for all h ∈ [H], there exists θ⋆h,β ∈ Bd(B) such that

∀(x, a) ∈ X ×A, π⋆
h,β(a | x) ∝ πh,ref(a | x) · exp(β−1⟨θ⋆h,β, ϕh(x, a)⟩). (70)

KL-regularized dynamic programming. The KL-regularized RL formulation admits regularized
counterparts to the standard Q- and V -value functions, defined as follows (e.g., Rafailov et al.
[71], Xie et al. [94]).

Definition I.1 (State-action value function). For any π1:H : X → ∆(A) and (x, a) ∈ X ×A, define

Qπ
h,β(x, a)

:= r⋆h(x, a) + Eπ

[
H∑

ℓ=h+1

r⋆ℓ (xℓ,aℓ)− β
H∑

ℓ=h+1

log
πℓ(aℓ | xℓ)

πℓ,ref(aℓ | xℓ)
| xh = x,ah = a

]
. (71)

Definition I.2 (KL-regularized value function (Q⋆
h,β)). We define the optimal regularized state-action

value functions (Q⋆
h,β)h∈[H] via backward induction over h ∈ [H] as follows: for all (x, a) ∈ X ×A,

Q⋆
H+1,β(x, a) = 0 and for h = H, . . . , 1:

Q⋆
h,β(x, a) = r⋆h(x, a) + Th,β[Q⋆

h+1,β](x, a),

where

Th,β[f ](x, a) := Eπref [Vf (xh+1) | xh = x,ah = a] ,

and

Vf (x) := β log
∑
a∈A

πref(a | x) · ef(x,a)/β.

We show in Lemma N.4 that the optimal KL-regularized policy π⋆
β satisfies

π⋆
h,β(· | x) ∝ πh,ref(· | x) · exp

(
β−1Q⋆

h,β(x, ·)
)

(72)

and π⋆
h+1:H,β ∈ argmaxπh+1:H∈ΠQπ

h,β(x, a), for all (x, a) ∈ X × A and h ∈ [H]. Consequently,
Assumption I.1 is equivalent to asserting that for all h,

Q⋆
h,β(x, a)−Q⋆

h,β(x, a
′) =

〈
θ⋆h,β, ϕh(x, a)− ϕh(x, a

′)
〉
. (73)

19. In particular, the KL-divergence in Eq. (69) coincides with the sequence-level KL used in Section 5 via the chain rule.
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Thus, Assumption I.1 may be viewed as a KL-regularized analogue of the so-called linear-Q⋆

assumption explored throughout prior work [23, 86, 90, 51, 103, 91, 104, 60]. In particular, prior
work has shown that RL with linear-Q⋆ and an action gap ∆ is statistically intractable in the
episodic RL protocol, but is tractable under reset access [90, 51], motivating this access model. Our
results show that the regularization parameter β plays a similar role to the action gap ∆ in enabling
tractability.

Non-triviality of autoregressive realizability. The following result, as mentioned in Section 5,
shows that Assumption I.1 is a non-trivial assumption, in the sense that it may not be satisfied even if
the rewards themselves are linear.

Proposition I.1. Consider the token-level MDP. Let X = {⊥}, A = [2], H = d = 2, and β = 1.
For any δ ∈ (0, 1/2), there exist feature maps ϕh ∈ Rd with ∥ϕh(x, y1:h)∥ ≤ 1 and parameters
θ⋆h ∈ Rd with ∥θ⋆h∥ ≤ B := log(3/δ), so that (i) the optimal KL-regularized policy π⋆

β for rewards
r⋆(x, y) =

∑2
h=1⟨θ⋆h, ϕh(x, a1:h)⟩ satisfies

π⋆
β(x, y1:2) = πseq

θ⋆ (x, y1:2) ≥ 1− δ >
1

2

for some y1:2 ∈ Y , yet (ii) for all θh ∈ Rd, πauto
θ (x, y1:2) ≤ 1

2 . In particular, this means there are no
θh ∈ Rd such that πauto

θ = πseq
θ⋆ .

Proof of Proposition I.1. We adapt the proof of Proposition E.2 in Huang et al. [35]. Throughout,
we omit the dependence on the prompt ⊥. Let πh,ref := unif(A). Define ϕ1 by ϕ1(i) = e1, and
define ϕ2 by:

ϕ2(i, j) =

{
e1 if i = 2, j = 1

e2 o.w.
.

For h ∈ {1, 2}, define r⋆h(y1:h) = ⟨θ⋆h, ϕh(y1:h)⟩, where θ⋆1 = θ⋆2 = B · ei for B ≥ log (3/δ). Then
we have

π⋆
β(y1 = 2, y2 = 1) =

e2B

e2B + 3eB
=

1

1 + 3e−B
=

1

1 + δ
≥ 1− δ.

On the other hand, since ϕ1(1) = ϕ1(2) = B · e1, all θ ∈ Rd have πauto
θ (y1 = 2, y2 = 1) ≤

πauto
θ (y1 = 2) = 1

2 .

I.2. Sample Complexity, Computational Oracles, and Coverage

Recall that our goal is to design an algorithm that achieves the objective in (68) with as few episodes
of interaction with the environment as possible. We measure the sample efficiency of an algorithm in
terms of the total number Tdata of reward, transition, and local simulator (reset) queries required to
achieve (68) for ε > 0. To allow for computationally efficient algorithms, we assume access to the
following sampling oracle for πref, generalizing Definition 5.1.

Definition I.3 (Policy sampling oracle (weak version)). In one query, the learner can propose a
state x ∈ X and layer h ∈ [H], and receive a conditional sample ah ∼ πh,ref(· | x) as well as the
corresponding feature ϕh(x,ah). Additionally, in one query the learner can propose a state x ∈ X ,
action a ∈ A, and layer h ∈ [H], and receive ϕh(x, a). We let Tcomp denote the total number of
policy sampling queries used by the algorithm.
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For technical reasons, we require explicit query access to ϕh(x, a) in this framework, whereas
in our original framework (Definition 2.1) we only required observing ϕ(x, y) for sampled (x, y)
pairs. This is because our multi-turn algorithm MTSS uses an “anchor action” to normalize fea-
tures across all states; it may be possible to this avoid with a method similar to what is used by
SpannerSampling—see Remark J.4.

This technical point aside, note that Definition I.3 is a generalization of the weak autoregressive
sampling oracle in Definition 5.1, which instantiates Definition I.3 in the token-level MDP. An
analogue of the strong oracle in Definition 5.1 would be to allow sampling ah ∼ πh,θ(· | x) in unit
time for any θ, but the weak oracle is all that is required by our main algorithm, MTSS.

Finally, our results depend on the following coverage coefficient, generalizing Eq. (13).

Definition I.4 (Conditional Coverage). For any policy π = {πh}Hh=1 and state x ∈ X , the conditional
coverage of πref = {πh,ref}Hh=1 relative to a reference policy πref = at x is defined as:

Ccond(π | x) := sup
a∈A

max
h∈[H]

πh(a | x)
πh,ref(a | x)

. (74)

Similarly, the conditional coverage of π relative to πref is defined as:

Ccond(π) := sup
(x,a)∈X×A

max
h∈[H]

πh(a | x)
πh,ref(a | x)

. (75)

For h ∈ [H], we occasionally overload notation and write Ccond(πh) and Ccond(πh | x) to indicate
the quantities supa∈A

πh(a|x)
πh,ref(a|x) and sup(x,a)∈X×A

πh(a|x)
πh,ref(a|x) , respectively; that is, the quantities in

(74) and (75) without the max over h.

Our goal is to ensure Tdata ≤ poly(d,B,H, β−1, ε−1, log(δ−1)) and Tcomp ≤ poly(Ccond(π
⋆
β), Tdata),

where d is the dimension of the feature map ϕ in Assumption I.1, B is the bound on the parameter
norm, and Ccond(π

⋆
β) is the coverage number of the optimal regularized policy.

Additional notation. For any m,n ∈ N, we denote by [m.. n] the integer interval {m, . . . , n}.
We also let [n] := [1 .. n]. For any (x, a) ∈ X ×A, we use the convention that

E[· | x0 = x,a0 = a] ≡ E[·] and P[· | x0 = x,a0 = a] ≡ P[·]. (76)
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Appendix J. MTSS Algorithm and Guarantees

In this section, we formally introduce our algorithm, MTSS, present some intuition behind its design,
and state its guarantee (Theorem J.1).

Algorithm 4 MTSS: Multi-Turn Spanner Sampling.

input: Base policy πref. Parameters β, δ, ε ∈ (0, 1) and B > 0.
initialize: Set j ← 1, and Σ1

h ← λI , ∀h ∈ [H].
1: Set Tprompt, Nreg Nspan, Nspan, Mrej, δrej, λ, ν > 0 as in Section J.1.4.
2: Set C1h ← ∅, for all h ∈ [0 .. H], and set C10 ← C10 ∪ {(x0, a0)} for arbitrary (x0, a0) ∈ X ×A.
3: for t = 1, . . . , T do

/* Fit state-action value function in a dynamic programming fashion. */

4: for h = H, . . . , 1 do
5: Update θt

h ← FitValueh(Cth, θt
h+1:H ,Σt

h+1:H ;B, a, Nreg,Mrej, δrej, πref).
6: For all x ∈ X , set

π̂t
h(· | x) ∝ SoftmaxSamplerβ,Mrej,δrej(⟨φh(x, ·), θt

h⟩ ;x, πref),

where φt
h(·, ·) = φh(·, ·) · I

{
∥φh(·, ·)∥2(Σt

h)
−1 ≤ ν2

}
and φh(·, ·) := ϕh(·, ·)− ϕh(·, a).

/* Add uncertain state action pairs to the core set. */

7: Set Ct+1

1:H ← Ct1:H and Σt+1

1:H ← Σt
1:H .

8: for h = 1, . . . ,H do
9: (xt

h, a
t
h)← UncertainStateActionh(Ct0:h−1, π̂

t
1:h,Σ

t
h;Nspan, Nspan). // Algorithm 6

10: Update Ct+1

h ← Ct+1

h ∪ {(xt
h, a

t
h), (x

t
h, a)}. // Ct+1

h is a multiset.

11: Update Σt+1

h ← Σt+1

h + φh(x
t
h, a

t
h)φh(x

t
h, a

t
h)

⊤.

/* If (xt
h, a

t
h) is not too uncertain, π̂t is a good candidate policy to return. */

12: if maxh∈[H] ∥φh(x
t
h, a

t
h)∥2(Σt

h)
−1 ≤ ν2/4 then

13: j ← t.

14: return π̂1:H = π̂j

1:H .

J.1. MTSS Pseudocode and Overview

Our main algorithm, MTSS (Algorithm 4), learns a policy in a dynamic programming fashion by fitting
value functions for each layer h = H, . . . , 1, while maintaining a growing core-set of informative
state-action pairs. This core-set guides exploration, and is closely related to recent works on linearly
parameterized RL with local simulators [51, 103, 91, 60, 59]; of the works, the structure of MTSS is
most closely aligned with the Optimistic-PSDP algorithm introduced by [59] for the linearly-Qπ

realizable RL setting, which itself builds on ideas from the classical Policy Search by Dynamic
Programming (PSDP) algorithm (see, e.g., [4]) and the Recursive Value Function Search (RVFS)
algorithm of Mhammedi et al. [60]. We combine this with the spanner technique and truncated
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softmax policies from SpannerSampling, which are critical to achieve computational efficiency
under the sampling oracle model in Definition I.3. At various points in the section, we will comment
on key similarities and differences between these approaches.

MTSS comprises three main subroutines: FitValue (Algorithm 5) and UncertainStateAction
(Algorithm 6). Before getting into the details of MTSS, we first provide an overview of the key
variables used in Algorithm 4.

J.1.1. KEY VARIABLES IN MTSS (ALGORITHM 4)

MTSS takes a fixed reference policy πref as input (e.g., a pre-trained language model) and runs for
Tprompt = Õ(d) iterations. At each iteration t ∈ [Tprompt], the algorithm maintains the following key
variables:

• Cth: A core-set of t state-action pairs at layer h. The subroutine FitValueh uses these state-action
pairs as starting points to generate rollout trajectories, which are then used to fit the parameters
of the optimal policy via regression. The core-set Cth—generalizing the notion of spanner in
SpannerSampling—aims at provide sufficient coverage of the state-action space at layer h. Note
that Cth is a multiset, allowing for multiple instances of the same state-action pair.

• a: A fixed, arbitrarily chosen “anchor” action used in the regression problem solved by FitValue.

• Σt
h: A “design matrix” for layer h, defined as the sum of outer products of feature differences

φh(xh, ah) := ϕh(xh, ah)− ϕh(xh, a) for the core-set states-action pairs (xh, ah) ∈ Cth:

Σt
h = λI +

∑
(xh,ah)∈Ct

h

φh(xh, ah)φh(xh, ah)
⊤, (77)

where λ > 0 is a regularization parameter defined in Algorithm 4.

• θt
h: An estimate of the parameter vector θ⋆h,β associated with π⋆

h,β (Assumption I.1).

• π̂t
h: The policy used to generate actions at layer h during iteration t. This policy is computed

using the SoftmaxSamplerDensity subroutine (Algorithm 2 in Appendix F) and approximates
the “truncated” policy:

πt
h(· | x) ∝ πref(· | x) · eβ

−1·⟨φt
h(x,·),θ

t
h⟩, where φt

h(·, ·) = φh(·, ·) · I
{
∥φh(·, ·)∥2(Σt

h)
−1 ≤ ν2

}
;

(78)

this notion generalizes the truncated softmax policies used in SpannerSampling. As t in-
creases, θt

h converges to θ⋆h,β , and ∥φh(x, a)∥2(Σt
h)

−1 decreases for all (x, a) pairs. Eventually,

∥φh(x, a)∥2(Σt
h)

−1 becomes smaller than ν2 for “most” state-action pairs (x, a), ensuring that πt
h

(and thus π̂t
h) approximates the optimal policy π⋆

h,β .

In each iteration t ∈ [Tprompt], MTSS computes the estimates θt
1:H in a dynamic programming

fashion by fitting the difference of value functions Qπ̂t

h,β(·, ·)−Qπ̂t

h,β(·, a) at each layer h (motivated
by Eq. (73)). In what follows, we describe the FitValue subroutine responsible for this step.
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Algorithm 5 FitValueh: Estimate KL-regularized value function using rollouts.

input: Layer h, core set Ch, θh+1:H , Σh+1:H , B > 0, fixed action a, and N , M , δ̃, πref.
1: For all ℓ ∈ [h+ 1 .. H] and x ∈ X , define

φℓ(·, ·) = φℓ(·, ·) · I
{
∥φℓ(·, ·)∥2Σ−1

ℓ

≤ ν2
}
,

where φℓ(·, ·) := ϕℓ(·, ·)− ϕℓ(·, a).
/* Gather trajectory data. */

2: for (xh, ah) ∈ Ch do
3: Set D(xh, ah)← ∅.
4: Set x′

h = x′′
h = xh, a′

h = ah, and a′′
h = a.

5: Set r′h ∼ r⋆h(x
′
h,a

′
h) and r′′h ∼ r⋆h(x

′′
h,a

′′
h).

6: for N times do
7: for ℓ = h+ 1, . . . ,H do
8: Sample x′

ℓ ∼ P[· | xℓ−1 = x′
ℓ−1,aℓ−1 = a′

ℓ−1].
9: Sample x′′

ℓ ∼ P[· | xℓ−1 = x′′
ℓ−1,aℓ−1 = a′′

ℓ−1].
10: Set (a′

ℓ,ρ
′
ℓ)← SoftmaxSamplerDensityβ,M,δ̃(⟨φℓ(x

′
ℓ, ·), θℓ⟩ ;x′

ℓ, πref). //

Algorithm 2.

11: Set (a′′
ℓ ,ρ

′′
ℓ )← SoftmaxSamplerDensityβ,M,δ̃(⟨φℓ(x

′′
ℓ , ·), θℓ⟩ ;x′′

ℓ , πref).
12: Set r′ℓ ∼ r⋆ℓ (x

′
ℓ,a

′
ℓ) and r′′ℓ ∼ r⋆ℓ (x

′′
ℓ ,a

′′
ℓ ).

13: Compute y′
h ← r′h +

∑H
ℓ=h+1 (r

′
ℓ − β logρ′

ℓ). // ρ′
ℓ ≈

πℓ,θ(y
′
ℓ|x

′
ℓ)

πℓ,ref(y
′
ℓ
|x′

ℓ
)
.

14: Compute y′′
h ← r′′h +

∑H
ℓ=h+1 (r

′′
ℓ − β logρ′′

ℓ ). // ρ′′
ℓ ≈ πℓ,θ(y

′′
ℓ |x′′

ℓ )

πℓ,ref(y
′′
ℓ
|x′′

ℓ
)
.

15: Set zh ← y′
h − y′′

h.
16: Update D(xh, ah)← D(xh, ah) ∪ {zh}. //D is a multiset.

/* Fit value function. */

17: if D ≠ ∅ then θ̂h ← argminθ̃∈B(B)

∑
(xh,ah)∈Ch

∑
zh∈D(xh,ah)

(
⟨φh(xh, ah), θ̃⟩ − zh

)2
, else

θ̂h ← 0.
18: return θ̂h.

J.1.2. FitValue (ALGORITHM 5)

In each iteration t ∈ [Tprompt], starting from h = H and progressing down to h = 1, MTSS invokes
FitValueh with the input (Cth, θt

h+1:H). This subroutine returns the vector θt
h, an estimate of the pa-

rameter vector θ⋆h,β for the optimal policy π⋆
h,β (see Assumption I.1). To compute the estimate θt

h, for
each state-action pair (xh, ah) ∈ Cth, FitValue generates multiple i.i.d. regression targets zh by sam-
pling two trajectories (x′

h,a
′
h, r

′
h,ρ

′
h, . . . ,x

′
H ,a′

H , r′H ,ρ′
H) and (x′′

h,a
′′
h, r

′′
h, . . . ,x

′′
H ,a′′

H , r′′H ,ρ′′
H)

via the following process. Initialize x′
h = x′′

h = xh, a′
h = ah, and a′′

h = a (recall that a is a fixed,
arbitrary action defined in Algorithm 4), and sample r′h ∼ r⋆h(x

′
h,a

′
h) and r′′h ∼ r⋆h(x

′′
h,a

′′
h). Then,
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for ℓ = h+1, . . . ,H , use SoftmaxSamplerDensity (Algorithm 2 in Appendix F) tao approximately
sample from the policy πt as follows:

• Sample x′
ℓ ∼ P[· | xℓ−1 = x′

ℓ−1,aℓ−1 = a′
ℓ−1] and x′′

ℓ ∼ P[· | xℓ−1 = x′′
ℓ−1,aℓ−1 = a′′

ℓ−1];

• Set (a′
ℓ,ρ

′
ℓ)← SoftmaxSamplerDensityβ,Mrej,δrej(⟨φ

t
ℓ(x

′
ℓ, ·), θt

ℓ⟩ ;x′
ℓ, πref);

• Set (a′′
ℓ ,ρ

′′
ℓ )← SoftmaxSamplerDensityβ,Mrej,δrej(⟨φ

t
ℓ(x

′′
ℓ , ·), θt

ℓ⟩ ;x′′
ℓ , πref);

• Sample rewards r′ℓ ∼ r⋆ℓ (x
′
ℓ,a

′
ℓ) and r′′ℓ ∼ r⋆ℓ (x

′′
ℓ ,a

′′
ℓ );

then, finally, set

zh = r′h +
H∑

ℓ=h+1

(
r′ℓ − β logρ′

ℓ

)
− r′′h −

H∑
ℓ=h+1

(
r′′ℓ − β logρ′′

ℓ

)
.

Here, ρ′
ℓ and ρ′′

ℓ approximate πt
ℓ(y

′
ℓ|x

′
ℓ)

πℓ,ref(y
′
ℓ|x

′
ℓ)

and πt
ℓ(y

′′
ℓ |x

′′
ℓ )

πℓ,ref(y
′′
ℓ |x

′′
ℓ )

, respectively, and the expected value of
zh (up to small approximation error) corresponds to the difference

Qπ̂t

h,β(xh, ah)−Qπ̂t

h,β(xh, a).

We regress onto zh with least squares, setting the vector θt
h as the minimizer of the sum of squared

errors across all (xh, ah) ∈ Cth.
Note that if we could somehow ensure π̂t = π⋆, the difference Qπ̂t

h,β(xh, ah)−Qπ̂t

h,β(xh, a) would
be linear in φh(xh, ah) by Eq. (73), but it is not guaranteed to be linear in general; this poses chal-
lenges for deriving a regression guarantee, as the regression problem may not realizable or even ap-
proximately realizable. Fortunately, the components of MTSS (in particular UncertainStateAction)
ensure that for sufficiently large Tprompt, there exists an iteration t ∈ [Tprompt] such that for all
h ∈ [H] and state-action pairs (xh, ah) satisfying ∥φh(xh, ah)∥2(Σt

h)
−1 ≤ O(1), the following

quantity is small: ∣∣∣Q⋆
h,β(xh, ah)−Q⋆

h,β(xh, a)−Qπ̂t

h (xh, ah) +Qπ̂t

h (xh, a)
∣∣∣ . (79)

Consequently, for such an iteration t, the regression problem becomes approximately linearly
realizable. This allows us to establish that for sufficiently large Tprompt, there exists an iteration
t ∈ [Tprompt] such that the subroutine FitValueh returns θt

h satisfying:

∥θt
h − θ⋆h,β∥2Σt

h
= λI +

∑
(xh,ah)∈Ct

h

⟨φh(xh, ah), θ
t
h − θ⋆h,β⟩2 ≤ ε2reg, (80)

with high probability, for some small εreg > 0.

Remark J.1 (Fitting the difference). The reason FitValue targets the difference Q⋆
h,β(·, ·) −

Q⋆
h,β(·, a) rather than Q⋆

h,β(·, ·) directly is that the former (but not the latter) is linear in ϕh(·, ·)−
ϕh(·, a), as guaranteed by the softmax-linear assumption in Assumption I.1 and Lemma G.1. Without
additional assumptions, the same would not hold for the un-centered value Q⋆

h,β(·, ·).

The Optimistic-PSDP algorithm of Mhammedi [59] uses a subroutine similar to FitValue.
The difference is that Optimistic-PSDP fits optimistic value functions, whereas FitValue does not.
Optimism is not needed in our setting because we can effectively drive exploration using the core-sets
under reset/local simulator access.
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J.1.3. UncertainStateAction (ALGORITHM 6)

Algorithm 6 UncertainStateActionh: Identify uncertain state-action pair.

input: h, C0:h−1, π̂1:h, Σh, a, N , N .
/* Gathering candidate state action pairs. */

1: Set κ← 0 and define φh(·, ·) = ϕh(·, ·)− ϕh(·, a).
2: for ℓ = 0, . . . , h− 1 do
3: for (xℓ, aℓ) ∈ Cℓ do
4: Initialize Dℓ(xℓ, aℓ)← ∅. //Dℓ is a multiset (only used in the analysis).

5: for N times do
6: Sample (xℓ+1,aℓ+1, . . . ,xh,ah) ∼ Pπ̂ℓ+1:h

[· | xℓ = xℓ,aℓ = aℓ].
// Above, we use the convention that Pπ̂ℓ+1:h

[· | x0 = x0,a0 = a0] ≡ Pπ̂ℓ+1:h
[·].

7: Update Dℓ(xℓ, aℓ)← Dℓ(xℓ, aℓ) ∪ {(xh,ah)}.
8: if ∥φh(xh,ah)∥Σ−1

h
> κ then

9: Set κ← ∥φh(xh,ah)∥Σ−1
h

.
10: Set (x̂h, âh)← (xh,ah).

/* Testing N samples from πref given xh */

11: Initialize Dℓ(xh). //Dℓ is a multiset (only used in the analysis).

12: for N times do
13: Sample āh ∼ πh,ref(· | xh).
14: Update Dℓ(xh)← Dℓ(xh) ∪ {āh}.
15: if ∥φh(xh, āh)∥Σ−1

h
> κ then

16: Set κ← ∥φh(xh, āh)∥Σ−1
h

.
17: Set (x̂h, âh)← (xh, āh).

18: return (x̂h, âh).

MTSS uses the subroutine UncertainStateAction to update the core-sets (Cth). When MTSS in-
vokes it with the input (Ct0:h−1, π̂

t
1:h,Σ

t
1:h), UncertainStateActionh uses π̂t

1:h to generate multiple
partial trajectories starting from the state-action pairs (xℓ, aℓ) ∈ Ctℓ at all layers ℓ ∈ [0 .. h − 1]
and terminating at layer h. Among all state-action pairs reached at layer h through this pro-
cess, UncertainStateAction selects the pair (xt

h, a
t
h) that maximizes the elliptical objective

∥φh(·, ·)∥(Σt
h)

−1 . As a result, the output (xt
h, a

t
h) of UncertainStateAction satisfies the following

property: with high probability, for all ℓ ∈ [0 .. h− 1] and (xℓ, aℓ) ∈ Ctℓ,

Pπ̂t
ℓ+1:h

[
∥φh(xh,ah)∥2(Σt

h)
−1 > ν2 ∨

(
2∥φh(x

t
h, a

t
h)∥2(Σt

h)
−1

)
| xℓ = xℓ,aℓ = aℓ

]
≤ εspan, (81)

for some small εspan > 0; this generalizes the spanner property used in SpannerSampling.
Using the definition of Σt

h in (77), a standard elliptical potential argument (see the proof of
Lemma M.1) implies that for sufficiently large t = Ω(d) in MTSS, the tuple (xt

h, a
t
h) returned by

UncertainStateAction must satisfy ∥φh(x
t
h, a

t
h)∥(Σt

h)
−1 ≤ ν2. Substituting this into (81) ensures
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that for such t, the following holds for all ℓ ∈ [0 .. h− 1] and (xℓ, aℓ) ∈ Ctℓ:

Pπ̂t
ℓ+1:h

[
∥φh(xh,ah)∥2(Σt

h)
−1 > ν2 | xℓ = xℓ,aℓ = aℓ

]
≤ εspan. (82)

This property is crucial in the analysis of FitValueℓ, as it allows us to bound the misspecification
error for the regression problems solved in FitValue (cf. Eq. (79)) at future layers h ∈ [ℓ+ 1 .. H].
Concretely, using Hölder’s inequality, we have for all (xℓ, aℓ) ∈ Ctℓ,

Eπ̂t
ℓ+1:h

[
⟨φh(xh,ah), θ

t
h − θ⋆h,β⟩2 | xℓ = xℓ,aℓ = aℓ

]
≤ Eπ̂t

ℓ+1:h

[
∥φh(xh,ah)∥2(Σt

h)
−1 | xℓ = xℓ,aℓ = aℓ

]
· ∥θt

h − θ⋆h,β∥2Σt
h
,

≤
(
ν2 + λ−1Pπ̂t

ℓ+1:h

[
∥φh(xh,ah)∥2(Σt

h)
−1 | xℓ = xℓ,aℓ = aℓ

])
· ∥θt

h − θ⋆h,β∥2Σt
h
,

≤
(
ν2 + λ−1εspan

)
· ∥θt

h − θ⋆h,β∥2Σt
h
. (83)

where the last inequality follows from σmin(Σ
t
h) ≥ λ and Assumption I.1. This bound is particularly

useful as it allows us to control the “on-policy” error:

Eπ̂t
ℓ+1:h

[
⟨φh(xh,ah), θ

t
h − θ⋆h,β⟩2 | xℓ = xℓ,aℓ = aℓ

]
,

for all state-action pairs (xℓ, aℓ) ∈ Ctℓ, in terms of the regression error at layer h.

Remark J.2. Optimistic-PSDP [59] features a subroutine similar to UncertainStateAction. The
key difference is that Optimistic-PSDP uses a core-set of policies rather than state-action pairs.
Consequently, its corresponding subroutine greedily selects the policy that maximizes the ellipti-
cal objective ∥ϕh(xh,ah)∥(Σt

h)
−1 , evaluated in expectation over the core-set of policies and the

algorithm’s current policy π̂t
h.
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J.1.4. PARAMETER CHOICES FOR MTSS

For c = polylog(d,Ccond(π
⋆
β), 1/δ, 1/ε,H,B) sufficiently large, we set the parameters in MTSS as:

ε2reg = ε, ν = 1/2, Tprompt = dH2c, λ =
ε2reg
cB2

, Mrej =
Ccond(π

⋆
β)

2T 2
promptH

2B4c

ε2reg
,

δrej =
ε2reg

H2B3Tpromptc
, Nspan =

TpromptH
4B4Ccond(π

⋆
β)c

ε2reg
, Nspan =

TpromptH
2B4c

ε2reg
,

Nreg =
H2B4dTpromptc

ε2reg
.

J.2. Main Guarantee for MTSS (Generalization of Theorem 5.1)

Building on the intuition in the prequel, the main guarantee for MTSS is as follows.

Theorem J.1 (Main guarantee for MTSS). Let β, ε, δ ∈ (0, 1), B > 0, and πref be such that ε ≤ β2/4
and suppose Assumption I.1 holds with B > 0. Then, the policy π̂ returned by MTSS(β, δ, ε, B, πref)
(Algorithm 4) satisfies

Jβ(π
⋆
β)− Jβ(π̂) ≤ ε.

Furthermore, the algorithm requires Tdata(ε, δ) ≤ poly(d,B,H, β−1, ε−1 log(1/δ)) reward, tran-
sition, and local simulator queries and Tcomp(ε, δ) ≤ poly

(
Ccond(π

⋆
β), Tdata(ε, δ)

)
runtime and

sampling oracle queries.

Critically, we see that the sample complexity Tcomp(ε, δ) is polynomial in all of the relevant
problem parameters, and the runtime and oracle complexity Tcomp(ε, δ) scales with the action-
level coverage coefficient maxh∈[H]Ccond(π

⋆
h,β). Theorem 5.1 is an immediate corollary. Over-

all, the polynomial dependence on other problem parameters is significantly worse than that of
SpannerSampling; this can likely be tightened with more effort, but we leave this for future work.

The remainder of Part III is dedicated to proving Theorem J.1. The main idea behind the proof
is to show that after a sufficient number of iterations, the linear regression problems solved by
FitValue become approximately realizabile, in the sense that the error∣∣∣Q⋆

h,β(xh, ah)−Q⋆
h,β(xh, a)−Qπ̂t

h (xh, ah) +Qπ̂t

h (xh, a)
∣∣∣

is small on average. For this, the key challenge is to show that misspecification errors propagate
favorably across the layers h ∈ [H], avoiding the dreaded error amplification phenomenon [86]
in which misspecification errors compound exponentially. For this, our main insight is that the
regularization parameter β allows for benign error propagation, with errors at layer h+ 1, . . . ,H
only having a higher-order impact on the misspecification at layer h. This shows that regularization
enables statistical tractability in a similar way to the assumption of an action gap ∆ found in prior
work on linearly-realizable Q⋆ [90, 51, 60], an observation which we expect to find broader use.

We emphasize that while MTSS draws inspiration from prior work on the linear-Q⋆ problem
and relatives—particularly Mhammedi et al. [60], Mhammedi [59]—it requires fairly substantial
modifications, both in design and analysis—to (i) leverage KL regularization, and (ii) achieve
computational efficiency in the sampling oracle framework.
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Remark J.3 (Action-level coverage). One can always choose πh,ref(· | x) = unif(A), so maxh∈[H]Ccond(π
⋆
h,β) ≤

|A|. For the token-level MDP formulation described in Appendix I, where actions correspond to
tokens, this bound may be reasonable (though likely pessimistic). However, for the multi-turn lan-
guage modeling formulation (Xiong et al. [96]) where each action ah represents a sub-sequence
of tokens rather than a single token (e.g., corresponding to a portion of a proof), paying for |A| is
unacceptable, and access to a base policy with good coverage is crucial.

Remark J.4 (On the anchor action). As discussed in Appendix I.2, the sampling oracle used in
MTSS (Definition I.3) goes slightly outside of the sampling oracle definition in Definition 5.1 by
assuming that we can query the features ϕh(xh, a) at an arbitrary fixed anchor action a for all of the
states xh encountered by the algorithm. We use the anchor action a to regress onto differences in
regularized rewards, which is motivated by the fact that the difference Q⋆

h,β(x, a) −Q⋆
h,β(x, a) is

linear (per Eq. (73)), while Q⋆
h,β(x, a) itself may not be. This assumption of access to ϕh(xh, a) can

be avoided by incorporating “pairwise” truncated policies πθ of the type used in SpannerSampling
(see Eq. (9)), which can be thought of as sampling a fresh anchor action ah ∼ πh,ref(· | xh) for
each state the algorithm encounters. We opt to use the fixed anchor approach—in spite of requiring
a slightly stronger oracle—to keep presentation as simple as possible, as the analysis of MTSS is
already quite involved. We mention in passing that the anchor action assumption can also be removed
if we directly assume that Q⋆

h,β(x, a) is linear, by regressing onto absolute rewards.
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Appendix K. Guarantee for UncertainStateAction

In this section, we present the main guarantee of UncertainStateAction (Algorithm 6) as a
standalone algorithm; see Lemma K.1. Then, in Lemma K.2, we provide its guarantee when used as
a subroutine within MTSS (Algorithm 4). For a discussion of the motivation for these results, we refer
back to Section J.1.3.

Lemma K.1. Consider a call to UncertainStateActionh(C0:h−1, π̂1:h,Σh; a, N,N) (Algorithm 6)
for some given h, C0:h−1, π̂1:h,Σh, a ∈ A, N , and N such that σmin(Σh) ≥ λ, for some λ ∈ (0, 1).
Then, for any δ′ ∈ (0, 1) and ζ ∈ (0, 1/2), with probability at least 1 − δ′, the output (x̂h, âh) of
UncertainStateAction satisfies:

• For all ℓ ∈ [0 .. h− 1] and (xℓ, aℓ) ∈ Cℓ,

Pπ̂ℓ+1:h

[
∥φh(xh,ah)∥2Σ−1

h

> 2
(
ζ ∨ ∥φh(x̂h, âh)∥2Σ−1

h

)
| xℓ = xℓ,aℓ = aℓ

]
≤ max

h∈[H]

4 log
(
16H|Ch|
λδ′ζ

)
N

, (84)

where φh(·, ·) := ϕh(·, ·)− ϕh(·, a).

• Furthermore, there exists Xh,span ⊆ X such that for all ℓ ∈ [0 .. h − 1] and (xℓ, aℓ) ∈ Cℓ,
Pπ̂ℓ+1:h−1

[xh ∈ Xh,span | xℓ = xℓ,aℓ = aℓ] ≥ 1 − maxh∈[H]
4
N log 32HN |Ch|

λδ′ζ and for all
xh ∈ Xh,span:

Pa∼πh,ref(·|xh)

[
∥φh(xh,a)∥2Σ−1

h

> 2
(
ζ ∨ ∥φh(x̂h, âh)∥2Σ−1

h

)]
≤ max

h∈[H]

4 log
(
16H|Ch|
λδ′ζ

)
N

. (85)

Proof of Lemma K.1. Fix δ′ ∈ (0, 1) and ζ ∈ (0, 1/2), and let Γ := {ζ, 2ζ, . . . , ⌈ 4
ζλ⌉ζ}. Further,

for ℓ ∈ [0 .. h− 1] and (xℓ, aℓ) ∈ Cℓ, let Dℓ(xℓ, aℓ) be the dataset in Algorithm 6 when the algorithm
returns. Note that Dℓ(xℓ, aℓ) consists of N i.i.d. pairs sampled from Pπ̂ℓ+1:h

[(xh,ah) = · | xℓ =
xℓ,aℓ = aℓ]. Thus, by Freedman’s inequality (Lemma D.2) and the union bound over ℓ ∈ [0 .. h− 1],
(xℓ, aℓ) ∈ Cℓ, and γ ∈ Γ, there is an event E of probability at least 1 − δ′/2 under which, for all
ℓ ∈ [0 .. h− 1], (xℓ, aℓ) ∈ Cℓ, and γ ∈ Γ:

Pπ̂ℓ+1:h

[
∥φh(xh,ah)∥2Σ−1

h

≥ γ | xℓ = xℓ,aℓ = aℓ

]
≤ 2

N

∑
(x,a)∈Dℓ(xℓ,aℓ)

I
{
∥φh(x, a)∥2Σ−1

h

> γ
}
+

4 log(2H|Cℓ||Γ|/δ′)
N

,

≤ 2

N

∑
(x,a)∈Dℓ(xℓ,aℓ)

I
{
∥φh(x, a)∥2Σ−1

h

> γ
}
+

4 log
(
16H|Cℓ|
λδ′ζ

)
N

, (86)

where the last step follows by the facts that |Γ| ≤ ⌈ 4
ζλ⌉, λ ∈ (0, 1), and ζ ∈ (0, 1/2). Now, since

σmin(Σh) ≥ λ and sup(x,a)∈X×A ∥ϕh(·, ·)∥ ≤ 1 (Assumption I.1), we have that

sup
(x,a)∈X×A

∥φh(x, a)∥2Σ−1
h

≤ 4

λ
.
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Therefore, by the definition of Γ, we have that for all ℓ ∈ [0 .. h− 1] and (xℓ, aℓ) ∈ Cℓ, there exists
γℓ(xℓ, aℓ) ∈ Γ such that

max
(x,a)∈Dℓ(xℓ,aℓ)

∥φh(x, a)∥2Σ−1
h

≤ γℓ(xℓ, aℓ),

≤ max
(x,a)∈Dℓ(xℓ,aℓ)

∥φh(x, a)∥2Σ−1
h

+ ζ,

≤ 2

(
ζ ∨ max

(x,a)∈Dℓ(xℓ,aℓ)
∥φh(x, a)∥2Σ−1

h

)
,

≤ 2
(
ζ ∨ ∥φh(x̂h, âh)∥2Σ−1

h

)
, (87)

where the last inequality follows by the fact that

max
ℓ∈[0..h−1]

max
(x,a)∈Dℓ(xℓ,aℓ)

∥φh(x, a)∥2Σ−1
h

≤ ∥φh(x̂h, âh)∥2Σ−1
h

by definition of (x̂h, âh) (see Algorithm 6). Substituting γℓ(xℓ, aℓ) for γ in (86) and using (87), we
get that under E , for all ℓ ∈ [0 .. h− 1] and (xℓ, aℓ) ∈ Cℓ:

Pπ̂ℓ+1:h

[
∥φh(xh,ah)∥2Σ−1

h

> 2
(
ζ ∨ ∥φh(x̂h, âh)∥2Σ−1

h

)
| xℓ = xℓ,aℓ = aℓ

]
≤

4 log
(
16H|Cℓ|
λδ′ζ

)
N

.

This shows that there is an event of probability at least 1− δ′/2 under which (84) holds.

Second claim. We now prove the second claim of the lemma. Let (D′
ℓ) be the datasets in

Algorithm 6 when the algorithm returns. Note that for ℓ ∈ [0 .. h − 1], (xℓ, aℓ) ∈ Cℓ, and
(xh, ah) ∈ Dℓ(xℓ, aℓ), the dataset Dℓ(xh) consists of N i.i.d. actions sampled from πh,ref(· | xh).
Thus, by Freedman’s inequality (Lemma D.2) and a union bound over ℓ ∈ [h − 1], (xℓ, aℓ) ∈ Cℓ,
(xh, ah) ∈ Dℓ(xℓ, aℓ), and γ ∈ Γ, there is an event E ′ of probability at least 1− δ′/4 under which
for all ℓ ∈ [0 .. h− 1], (xℓ, aℓ) ∈ Cℓ, (x, a) ∈ D(xℓ, aℓ), and γ ∈ Γ = {ζ, 2ζ, . . . , ⌈ 4

ζλ⌉ζ}:

Pπref

[
∥φh(xh,ah)∥2Σ−1

h

> γ | xh = x
]

≤ 2

N

∑
ā∈Dℓ(x)

I
{
∥φh(x, ā)∥2Σ−1

h

> γ
}
+

4 log
(
32HN |Cℓ|

λδ′ζ

)
N

. (88)

Substituting γℓ(xℓ, aℓ) for γ in (88) and using (87), we get that under E ′, for all ℓ ∈ [0 .. h − 1],
(xℓ, aℓ) ∈ Cℓ, and (x, a) ∈ Dℓ(xℓ, aℓ):

Pπref

[
∥φh(xh,ah)∥2Σ−1

h

> 2
(
ζ ∨ ∥φh(x̂h, âh)∥2Σ−1

h

)
| xh = x

]
≤

4 log
(
32HN |Cℓ|

λδ′ζ

)
N

. (89)

On the other hand, since for all (xℓ, aℓ) ∈ Cℓ, Dℓ(xℓ, aℓ) consists of N i.i.d. pairs sampled from
Pπ̂ℓ+1:h

[(xh,ah) = · | xℓ = xℓ,aℓ = aℓ], Freedman’s inequality (Lemma D.2) and a union bound
over ℓ ∈ [0 .. h− 1], (xℓ, aℓ) ∈ Cℓ, and γ ∈ Γ implies that there is an event E ′′ of probability at least
1− δ′/4 under which for all ℓ ∈ [0 .. h− 1], (xℓ, aℓ) ∈ Cℓ, and γ ∈ Γ we have that

Pπ̂ℓ+1:h−1

Pπref

[
∥φh(xh,ah)∥2Σ−1

h

> γ | xh

]
>

4 log
(
32HN |Cℓ|

λδ′ζ

)
N

| xℓ = xℓ,aℓ = aℓ


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≤ 2

N

∑
(x,a)∈Dℓ(xℓ,aℓ)

I

Pπref

[
∥φh(xh,ah)∥2Σ−1

h

> γ | xh = x
]
>

4 log
(
32HN |Cℓ|

λδ′ζ

)
N


+

4 log
(
16H|Cℓ|
λδ′ζ

)
N

. (90)

Substituting γℓ(xℓ, aℓ) for γ in (90) and using (89), we get that under E ′ ∩ E ′′, for all ℓ ∈ [0 .. h− 1]
and (xℓ, aℓ) ∈ Cℓ:

Pπ̂ℓ+1:h−1

 Pπref

[
∥φh(xh,ah)∥2Σ−1

h

> 2
(
ζ ∨ ∥φh(x̂h, âh)∥2Σ−1

h

)
| xh

]
>

4 log
(

32HN|Cℓ|
λδ′ζ

)
N

∣∣∣∣∣∣xℓ = xℓ,aℓ = aℓ


≤

4 log
(
16H|Cℓ|
λδ′ζ

)
N

. (91)

We define

Xh,span :=

x ∈ X :
Pπref

[
∥φh(xh,ah)∥2Σ−1

h

> 2
(
ζ ∨ ∥φh(x̂h, âh)∥2Σ−1

h

)
| xh = x

]
>

4 log
(

32HN|Cℓ|
λδ′ζ

)
N

 .

By the union bound, P[E ∩ E ′ ∩ E ′′] ≥ 1− δ′, which combined with (91) completes the proof.

Lemma K.2 (Guarantee of UncertainStateAction for MTSS). Let β, δ, ε ∈ (0, 1), B > 0, and πref
be given and consider a call to MTSS(β, δ, ε, B, πref) (Algorithm 4). Let λ, ν ∈ (0, 1) and Tprompt

be as in Algorithm 4. Then, there is an event Espan of probability at least 1− δ/2 under which for all
t ∈ [Tprompt] and h ∈ [H], the output (xt

h, a
t
h) of UncertainStateActionh in Line 9 satisfies

• For all ℓ ∈ [0 .. h− 1] and (xℓ, aℓ) ∈ Ctℓ,

Pπ̂t
ℓ+1:h

[
∥φh(xh,ah)∥2(Σt

h)
−1 > ν2 ∨

(
2∥φh(x

t
h, a

t
h)∥2(Σt

h)
−1

)
| xℓ = xℓ,aℓ = aℓ

]
≤ εspan :=

8 log
(
32HTprompt

λδν2

)
Nspan

,

where φh(·, ·) := ϕh(·, ·)− ϕh(·, a) (a as in Algorithm 4) and π̂t is as in Algorithm 4.

• Furthermore, there exists X t
h,span ⊆ X such that for all ℓ ∈ [0 .. h − 1] and (xℓ, aℓ) ∈ Ctℓ,

Pπ̂t [xh ∈ X t
h,span | xℓ = xℓ,aℓ = aℓ] ≥ 1− εspan and

∀xh ∈ X t
h,span, Pa∼πh,ref(·|xh)

[
∥φh(xh,a)∥2(Σt

h)
−1 > ν2 ∨

(
2∥φh(x

t
h, a

t
h)∥2(Σt

h)
−1

)]
≤ εspan,

where εspan :=
8

Nspan
log

16HTprompt

λδν2
.

Proof of Lemma K.2. The result follows from Lemma K.1 with parameters

(Σh, δ
′, ζ,N,N) = (Σt

h, δ/(2HTprompt), ν
2/2, Nspan, Nspan),

and Lemma D.5 (essentially the union bound over t ∈ [Tprompt] and h ∈ [H]), and the fact that
|Cth| ≤ 2Tprompt, for all t ∈ [Tprompt] and h ∈ [H].
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Appendix L. Guarantee for FitValue

In this section, we present the main guarantee of FitValue (Algorithm 5) as a standalone algorithm,
as shown in Lemma L.1. In Appendix L.1, we state and prove supporting lemmas for Lemma L.1.
Then, in Appendix L.2, we describe the guarantee of FitValue when used as a subroutine within
MTSS (Algorithm 4). For a discussion of the significance of these results and their implications, refer
to Section J.1.2.

To state the result, we recall that

πh,θ(· | x) ∝ πh,ref(· | x) · eφh(x,·)⊤θ/β ; and π⋆
h,β(· | x) ∝ πh,ref(· | x) · eφh(x,·)⊤θ⋆h,β/β, (92)

with φh(x, ·) := φh(x, ·) · I
{
∥φh(x, ·)∥2Σ−1

h

≤ ν2
}

(with ν as in Algorithm 4). Further, we recall

that θ⋆h,β and π⋆
h,β denote the optimal KL-regularized policy and corresponding parameter, as in

Assumption I.1 and Definition I.2.

Lemma L.1. Let h ∈ [H], Ch, θh+1:H ⊂ B(B), Σh+1:H , λ, a, N , M, δ̃, and πref be given and
suppose Assumption I.1 holds with B > 0. Further, suppose that Ch is a multiset of the form
Ch =

⋃
i∈n{(xi, ai), (xi, a)} for some sequence (xi, ai)i ⊂ X × A and n ≥ 1. Consider a

call to FitValueh(Ch, θh+1:H ,Σh+1:H ; a, N,M, δ̃, πref) (Algorithm 5) and let D be the dataset
in the algorithm when it returns. Further, define φh(·, ·) := ϕh(·, ·) − ϕh(·, a) and Σh := λI +
1
N

∑
(xh:H ,ah:H ,rh:H)∈D φh(xh, ah)φh(xh, ah)

⊤. Then, for any δ′ ∈ (0, 1), with probability at least

1− δ′, the output θ̂h of FitValue satisfies:

∥θ̂h − θ⋆h,β∥2Σh

≤ 4λB2 +
C1

N
+ C2δ̃ + C3

∑
(xh,ah)∈Ch

H∑
ℓ=h+1

Pπ̂θ

[
M < 16Ccond(πℓ,θ | xℓ)

2 | xh = xh,ah = ah
]

+ 2304HBβ
∑

(xh,ah)∈Ch

H∑
ℓ=h+1

Eπ̂θ

[
min

(
1, Ccond(πℓ,θ | xℓ) ·

√
2

M

)
| xh = xh,ah = ah

]

+ 19200Hβ2
∑

(xh,ah)∈Ch

H∑
ℓ=h+1

Eπ̂θ

[
DKL

(
πℓ,θ(· | xℓ) ∥π⋆

ℓ,β(· | xℓ)
)2 | xh = xh,ah = ah

]

+ 7680HR2
max

∑
(xh,ah)∈Ch

H∑
ℓ=h+1

Eπ̂θ

[
Bℓ,θ(xℓ)

2 | xh = xh,ah = ah
]
, (93)

where

(94)

We remark that for our application of this result within MTSS, the fact that the right-hand side

of Eq. (119) scales with the squared KL divergence DKL

(
πℓ,θ(· | xℓ) ∥π⋆

ℓ,β(· | xℓ)
)2

is crucial in
enabling favorable error propagation across layers h.
Proof of Lemma L.1. Fix δ′ ∈ (0, 1). Throughout this proof, for any h ∈ [H] and x ∈ X , we let
π̂h,θ(· | x) denote the distribution of a, where (a,ρ) = SoftmaxSamplerDensityβ,M,δ̃(⟨φh(x, ·), θh⟩ ;x, πref).
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For (xh, ah) ∈ Ch, let D(xh, ah) be as in Algorithm 5 when the algorithm returns. Note that
D(xh, ah) consists of N i.i.d. points zh which are obtained by first sampling two trajectories
(x′

h,a
′
h, r

′
h,ρ

′
h, . . . ,x

′
H ,a′

H , r′H ,ρ′
H) and (x′′

h,a
′′
h, r

′′
h, . . . ,x

′′
H ,a′′

H , r′′H ,ρ′′
H) via the following pro-

cess. Initialize x′
h = x′′

h = xh, a′
h = ah, and a′′

h = a, and sample r′h ∼ r⋆h(x
′
h,a

′
h) and

r′′h ∼ r⋆h(x
′′
h,a

′′
h). Then, for ℓ = h+ 1, . . . ,H ,

• Sample x′
ℓ ∼ P[· | xℓ−1 = x′

ℓ−1,aℓ−1 = a′
ℓ−1] and x′′

ℓ ∼ P[· | xℓ−1 = x′′
ℓ−1,aℓ−1 = a′′

ℓ−1];

• Set (a′
ℓ,ρ

′
ℓ)← SoftmaxSamplerDensityβ,M,δ̃(⟨φℓ(x

′
ℓ, ·), θℓ⟩ ;x′

ℓ, πref);

• Set (a′′
ℓ ,ρ

′′
ℓ )← SoftmaxSamplerDensityβ,M,δ̃(⟨φℓ(x

′′
ℓ , ·), θℓ⟩ ;x′′

ℓ , πref);

• Sample rewards r′ℓ ∼ r⋆ℓ (x
′
ℓ,a

′
ℓ) and r′′ℓ ∼ r⋆ℓ (x

′′
ℓ ,a

′′
ℓ );

then, finally, set

zh(xh, ah) = r′h +
H∑

ℓ=h+1

(
r′ℓ − β logρ′

ℓ

)
− r′′h −

H∑
ℓ=h+1

(
r′′ℓ − β logρ′′

ℓ

)
. (95)

For the rest of this proof, for any (xh, ah, zh) ∈ X ×A× R, we define

f̂(xh, ah) := φh(xh, ah)
⊤θ̂h,

f⋆(xh, ah) := Q⋆
h,β(xh, ah)−Q⋆

h,β(xh, a),

b(xh, ah) := Qπ̂θ
h,β(xh, ah)−Qπ̂θ

h,β(xh, a)−Q⋆
h,β(xh, ah)−Q⋆

h,β(xh, a),

ξ(xh, ah, zh) := zh −Qπ̂θ
h,β(xh, ah) +Qπ̂θ

h,β(xh, a). (96)

Further, for all f, g : X ×A → R, define

L̂(f) =
∑

(xh,ah)∈Ch

∑
zh∈D(xh,ah)

(f(xh, ah)− zh)
2,

|||f − g|||2 := N
∑

(xh,ah)∈Ch

(f(xh, ah)− g(xh, ah))
2.

Basic least squares analysis. We begin with a standard analysis of least squares. If θℓ = θ⋆ℓ for
all ℓ > h, then the conditional mean of zh is equal to f⋆(xh, ah) = Q⋆

h,β(xh, ah) − Q⋆
h,β(xh, a)

up to negligible error caused by approximate sampling via SoftmaxSamplerDensity, and hence
θh is solving (nearly) well-specified linear regression. The crux of the proof that follows will
be to bound the misspecification corresponding to the term b(xh, ah), which reflects the fact that
Qπ̂θ

h,β(xh, ah)−Qπ̂θ
h,β(xh, a) may not be linear in general.

To begin, note that with the notation introduced so far, θ̂h in Algorithm 5 satisfies

θ̂h ∈ argmin
θ̃∈B(B)

L̂(⟨φh(·, ·), θ̃⟩). (97)

This, together with the facts that f⋆(x, a) = φ(x, a)⊤θ⋆h,β (by Assumption I.1 and Lemma G.1) and
θ⋆h,β ∈ B(B) implies that

0 ≥ L̂n(f̂)− L̂n(f⋆),
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= 2
∑

(xh,ah)∈Ch

∑
zh∈D(xh,ah)

(f⋆(xh, ah)− zh) · (f̂(xh, ah)− f⋆(xh, ah)) + |||f̂ − f⋆|||2.

Rearranging, we get that

|||f̂ − f⋆|||2

≤ 4
∑

(xh,ah)∈Ch

∑
zh∈D(xh,ah)

(zh − f⋆(xh, ah)) · (f̂(xh, ah)− f⋆(xh, ah))− |||f̂ − f⋆|||2,

≤ 4
∑

(xh,ah)∈Ch

∑
zh∈D(xh,ah)

(ξ(xh, ah, zh) + b(xh, ah)) · (f̂(xh, ah)− f⋆(xh, ah))

− |||f̂ − f⋆|||2,

≤ 4
∑

(xh,ah)∈Ch

∑
zh∈D(xh,ah)

ξ(xh, ah, zh) · (f̂(xh, ah)− f⋆(xh, ah))− |||f̂ − f⋆|||2

+ 4
∑

(xh,ah)∈Ch

∑
zh∈D(xh,ah)

b(xh, ah) · (f̂(xh, ah)− f⋆(xh, ah)),

≤ 4
∑

(xh,ah)∈Ch

∑
zh∈D(xh,ah)

ξ(xh, ah, zh) · (f̂(xh, ah)− f⋆(xh, ah))− |||f̂ − f⋆|||2

+ 8
∑

(xh,ah)∈Ch

∑
zh∈D(xh,ah)

b(xh, ah)
2 +

1

2
|||f̂ − f⋆|||2, (98)

where the last inequality follows by AM-GM. Rearranging (98), we get that

|||f̂ − f⋆|||2 ≤ 8
∑

(xh,ah)∈Ch

∑
zh∈D(xh,ah)

ξ(xh, ah, zh) · (f̂(xh, ah)− f⋆(xh, ah))− 2|||f̂ − f⋆|||2︸ ︷︷ ︸
I

+ 16
∑

(xh,ah)∈Ch

∑
zh∈D(xh,ah)

b(xh, ah)
2

︸ ︷︷ ︸
II

. (99)

Bounding Term I. We first bound Term I, which reflects the (nearly) mean-zero noise in the
regression targets. Concretely, by Lemma L.2 (stated and proven in the sequel), we have for all
(xh, ah) ∈ Ch:

|E[ξ(xh, ah, zh(xh, ah))]|

≤ β
H∑

ℓ=h+1

∑
a∈{ah,a}

Eπ̂θ

[
I{M ≥ 4Ccond(πℓ,θ | xℓ)

2} · Ccond(πℓ,θ | xℓ) ·
√

2

M
| xh = xh,ah = a

]
+ 16HBδ̃ + 8Hβ log(4M log(4δ̃−1))δ̃

+ 8B
H∑

ℓ=h+1

∑
a∈{ah,a}

Pπ̂θ

[
M < 4Ccond(πℓ,θ | xℓ)

2 | xh = xh,ah = a
]
, (100)

where E[·] denotes the expectation over zh(xh, ah) under the process in Eq. (98) (beginning from
(xh, ah)). Given this, we apply Freedman’s inequality (Lemma D.2), using
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• The union bound over an 1
N -net of B(B) in ∥ · ∥-distance;

• The fact that

max(∥f̂∥∞, ∥f⋆∥∞, ∥ξ∥∞)

≤ 2BH + 2βH max
ℓ∈[h+1..H]

sup
(x,a)∈X×A

max

(∣∣∣∣log πℓ,θ(a | x)
πref(a | x)

∣∣∣∣ ,
∣∣∣∣∣log π⋆

ℓ,β(a | x)
πref(a | x)

∣∣∣∣∣ , ∣∣logρ′
ℓ

∣∣ , ∣∣logρ′′
ℓ

∣∣) ,

≤ 6HB, (101)

since e−2B/β ≤ π̂ℓ,θ(·|·)
πref(·|·) ∧

π⋆
ℓ,β(·|·)

πref(·|·) ≤
π̂ℓ,θ(·|·)
πref(·|·) ∨

π⋆
ℓ,β(·|·)

πref(·|·) ≤ e2B/β for all θℓ ∈ B(B), and for all

ℓ ∈ [H], r′ℓ, r
′′
ℓ ∈ [0, B] and ρ′

ℓ,ρ
′′
ℓ ∈ [e−2B/β , e2B/β ] (by Theorem F.1);

to conclude that with probability at least 1− δ′,∑
(xh,ah)∈Ch

∑
zh∈D(xh,ah)

ξ(xh, ah, zh) · (f̂(xh, ah)− f⋆(xh, ah))

≤ N
∑

(xh,ah)∈Ch

E[ξ(xh, ah, zh(xh, ah))] · (f̂(xh, ah)− f⋆(xh, ah))

+
N

144B2H2

∑
(xh,ah)∈Ch

E
[(

ξ(xh, ah, zh(xh, ah))
2 · (f̂(xh, ah)− f⋆(xh, ah))

)2]
+ 100B2H2d log(3N/δ′) + 60H2B2|Ch|,

≤ 6HBN
∑

(xh,ah)∈Ch

|E[ξ(xh, ah, zh(xh, ah))]|+
1

4
|||f̂ − f⋆|||2 + 100B2H2d log(3N/δ′) + 60H2B2|Ch|,

and so by (100) and Lemma N.7 (and that Ch is a multiset satisfying Ch =
⋃

i∈n{(xi, ai), (xi, a)})

≤ 1

4
|||f̂ − f⋆|||2 + 100B2H2d log(3N/δ′) + 60H2B2|Ch|

+ 288NHBβ
∑

(xh,ah)∈Ch

H∑
ℓ=h+1

Eπ̂θ

[
I{M ≥ 4Ccond(πℓ,θ | xℓ)

2} · Ccond(πℓ,θ | xℓ) ·
√

2

M
| xh = xh,ah = ah

]
+ 384|Ch|NH2B2δ̃ + 48|Ch|NH2Bβ log(4M log(4δ̃−1))δ̃

+ 288NHB2
∑

(xh,ah)∈Ch

H∑
ℓ=h+1

Pπ̂θ

[
M < 4Ccond(πℓ,θ | xℓ)

2 | xh = xh,ah = ah
]
. (102)

Using this together with the expression of Term I in (99), we have that with probability at least 1− δ′,

Term I

≤ 800B2H2d log(3N/δ′) + 480H2B2|Ch|

+ 2304NHBβ
∑

(xh,ah)∈Ch

H∑
ℓ=h+1

Eπ̂θ

[
I{M ≥ 4Ccond(πℓ,θ | xℓ)

2} · Ccond(πℓ,θ | xℓ) ·
√

2

M
| xh = xh,ah = ah

]
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+ 3072|Ch|NH2B2δ̃ + 2304|Ch|NH2Bβ log(4M log(4δ̃−1))δ̃

+ 2304NHB2
∑

(xh,ah)∈Ch

H∑
ℓ=h+1

Pπ̂θ

[
M < 4Ccond(πℓ,θ | xℓ)

2 | xh = xh,ah = ah
]
. (103)

Bounding Term II. To bound the second term in (99), which reflects the misspecification level in
the regression problem, we need to bound b(xh, ah) = Qπ̂θ

h,β(xh, ah)−Qπ̂θ
h,β(xh, a)−Q⋆

h,β(xh, ah)+
Q⋆

h,β(xh, a) for (xh, ah) ∈ Ch. By the performance difference lemma (Lemma N.6) and Lemma N.4,
we have that for any (xh, ah) ∈ X ×A:∣∣∣Q⋆

h,β(xh, ah)−Qπ̂θ
h,β(xh, ah)

∣∣∣
≤

∣∣∣∣∣
H∑

ℓ=h+1

Eπ̂θ

[∑
a∈A

π⋆
ℓ,β(a | xℓ) ·

(
Q⋆

ℓ,β(xℓ, a)− β · log
π⋆
ℓ,β(a | xℓ)

πℓ,ref(a | xℓ)

)
| xh = xh,ah = ah

]

−
H∑

ℓ=h+1

Eπ̂θ

[∑
a∈A

π̂ℓ,θ(a | xℓ) ·
(
Q⋆

ℓ,β(xℓ, a)− β · log
π̂ℓ,θ(a | xℓ)

πℓ,ref(a | xℓ)

)
| xh = xh,ah = ah

]∣∣∣∣∣ ,
≤

∣∣∣∣∣
H∑

ℓ=h+1

Eπ̂θ

[∑
a∈A

π⋆
ℓ,β(a | xℓ) ·

(
Q⋆

ℓ,β(xℓ, a)− β · log
π⋆
ℓ,β(a | xℓ)

πℓ,ref(a | xℓ)

)
| xh = xh,ah = ah

]

−
H∑

ℓ=h+1

Eπ̂θ

[∑
a∈A

π̂ℓ,θ(a | xℓ) ·
(
Q⋆

ℓ,β(xℓ, a)− β · log
πℓ,θ(a | xℓ)

πℓ,ref(a | xℓ)

)
| xh = xh,ah = ah

]∣∣∣∣∣
+

H∑
ℓ=h+1

β · Eπ̂θ
[DKL(π̂ℓ,θ(· | xℓ) ∥πℓ,θ(· | xℓ)) | xh = xh,ah = ah] . (104)

Now, by Lemma L.3 (stated and proven in the sequel), we can bound the KL term in (104) as follows:
for all ℓ ∈ [H] and (xh, ah) ∈ X ×A:

Eπ̂θ
[DKL(π̂ℓ,θ(· | xℓ) ∥πℓ,θ(· | xℓ)) | xh = xh,ah = ah]

≤ 4

(
Rmax

β
+ log(4M log(4δ̃−1))

)
δ̃

+ Eπ̂θ
[I{M < Ccond(πℓ,θ | xℓ)} ·DKL(π̂ℓ,θ(· | xℓ) ∥πℓ,θ(· | xℓ)) | xh = xh,ah = ah] ,

≤ 4

(
Rmax

β
+ log(4M log(4δ̃−1))

)
δ̃

+
Rmax

β
log(4M log(4δ̃−1)) · Pπ̂θ

[M < 4Ccond(πℓ,θ | xℓ) | xh = xh,ah = ah] .

Now, since M ≥ 1, we have that M < 4Ccond(πℓ,θ | xℓ) only if M < 16Ccond(πℓ,θ | xℓ)
2, and so

for all ℓ ∈ [h+ 1 . . . H] and (xh, ah) ∈ X ×A:

Pπ̂θ
[M < 4Ccond(πℓ,θ | xℓ) | xh = xh,ah = ah] ≤ Pπ̂θ

[
M < 16Ccond(πℓ,θ | xℓ)

2 | xh = xh,ah = ah
]
.

(105)

Therefore, we have

Eπ̂θ
[DKL(π̂ℓ,θ(· | xℓ) ∥πℓ,θ(· | xℓ)) | xh = xh,ah = ah]

92



THE COMPUTATIONAL ROLE OF THE BASE MODEL IN EXPLORATION

≤ 4

(
Rmax

β
+ log(4M log(4δ̃−1))

)
δ̃

+
Rmax

β
log(4M log(4δ̃−1)) · Pπ̂θ

[
M < 16Ccond(πℓ,θ | xℓ)

2 | xh = xh,ah = ah
]
. (106)

It remains to bound the absolute value term on the right-hand side of (104). As a starting point, note
that for all ℓ ∈ [h+ 1 .. H],∣∣∣∣Q⋆

ℓ,β(·, ·)− β · log
πℓ,θ(· | ·)
πℓ,ref(· | ·)

∣∣∣∣ ≤ HB + 2Hβ sup
(x,a)∈X×A

∣∣∣∣log πℓ,θ(a | x)
πℓ,ref(a | x)

∣∣∣∣ ≤ 5HB,

since e−2B/β ≤ πℓ,θ′ (·|·)
πℓ,ref(·|·) ≤ e2B/β for all θ′ℓ ∈ B(B). Thus, by Lemma F.3, we have that for all

ℓ ∈ [h+ 1 .. H] and (xh, ah) ∈ X ×A:∣∣∣∣∣Eπ̂θ

[∑
a∈A

π̂ℓ,θ(a | xℓ) ·
(
Q⋆

ℓ,β(xℓ, a)− β · log
πℓ,θ(a | xℓ)

πℓ,ref(a | xℓ)

)
| xh = xh,ah = ah

]

−Eπ̂θ

[∑
a∈A

πℓ,θ(a | xℓ) ·
(
Q⋆

ℓ,β(xℓ, a)− β · log
πℓ,θ(a | xℓ)

πℓ,ref(a | xℓ)

)
| xh = xh,ah = ah

]∣∣∣∣∣
≤ 5HBδ̃ + 5HB · Pπ̂θ

[M < 4Ccond(πℓ,θ | xℓ) | xh = xh,ah = ah] ,

≤ 5HBδ̃ + 5HB · Pπ̂θ

[
M < 16Ccond(πℓ,θ | xℓ)

2 | xh = xh,ah = ah
]
, (107)

where the last inequality follows by (105). On the other hand, by Jensen’s inequality and the triangle
inequality, we have for all (xh, ah) ∈ X ×A:∣∣∣∣∣

H∑
ℓ=h+1

Eπ̂θ

[∑
a∈A

π⋆
ℓ,β(a | xℓ) ·

(
Q⋆

ℓ,β(xℓ, a)− β · log
π⋆
ℓ,β(a | xℓ)

πℓ,ref(a | xℓ)

)
| xh = xh,ah = ah

]

−
H∑

ℓ=h+1

Eπ̂θ

[∑
a∈A

πℓ,θ(a | xℓ) ·
(
Q⋆

ℓ,β(xℓ, a)− β · log
πℓ,θ(a | xℓ)

πℓ,ref(a | xℓ)

)
| xh = xh,ah = ah

]∣∣∣∣∣
≤

H∑
ℓ=h+1

Eπ̂θ

[∣∣∣∣∣∑
a∈A

π⋆
ℓ,β(a | xℓ) ·

(
Q⋆

ℓ,β(xℓ, a)− β · log
π⋆
ℓ,β(a | xℓ)

πℓ,ref(a | xℓ)

)

−
∑
a∈A

πℓ,θ(a | xℓ) ·
(
Q⋆

ℓ,β(xℓ, a)− β · log
πℓ,θ(a | xℓ)

πℓ,ref(a | xℓ)

)∣∣∣∣∣ | xh = xh,ah = ah

]
,

and so by Lemma N.3, we have for Bℓ,θ as in the lemma statement:

≤ β
H∑

ℓ=h+1

Eπ̂θ

[
DKL

(
πℓ,θ(· | xℓ) ∥π⋆

ℓ,β(· | xℓ)
)
| xh = xh,ah = ah

]
+ 2Rmax

H∑
ℓ=h+1

Eπ̂θ
[Bℓ,θ(xℓ) | xh = xh,ah = ah] .

Combining this with (104), (106), and (107), we get that for all (xh, ah) ∈ X ×A:

|b(xh, ah)|
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≤ 2H
(
4Rmax + 4β log(4M log(4δ̃−1)) + 5HB

)
· δ̃

+
(
2Rmax log(4M log(4δ̃−1)) + 10HB

) ∑
a∈{ah,a}

H∑
ℓ=h+1

Pπ̂θ

[
M < 16Ccond(πℓ,θ | xℓ)

2 | xh = xh,ah = a
]

+ 2β
∑

a∈{ah,a}

H∑
ℓ=h+1

Eπ̂θ

[
DKL

(
πℓ,θ(· | xℓ) ∥π⋆

ℓ,β(· | xℓ)
)
| xh = xh,ah = a

]
+ 4Rmax

∑
a∈{ah,a}

H∑
ℓ=h+1

Eπ̂θ
[Bℓ,θ(xℓ) | xh = xh,ah = a] . (108)

Thus, using Jensen’s inequality and Lemma N.7 (together with the fact that Ch is multiset satisfying
Ch =

⋃
i∈[n]{(xi, ai), (xi, a)}), we have∑

(xh,ah)∈Ch

∑
zh∈D(xh,ah)

b(xh, ah)
2

= 20N |Ch| ·
(
12R2

max + 48β2 log(4M log(4δ̃−1))2 + 75H2B2
)
· δ̃2

+ 6HN ·
(
8R2

max log(4M log(4δ̃−1))2 + 200H2B2
)

(109)

·
∑

(xh,ah)∈Ch

H∑
ℓ=h+1

Pπ̂θ

[
M < 16Ccond(πℓ,θ | xℓ)

2 | xh = xh,ah = ah
]2

+ 120NHβ2
∑

(xh,ah)∈Ch

H∑
ℓ=h+1

Eπ̂θ

[
DKL

(
πℓ,θ(· | xℓ) ∥π⋆

ℓ,β(· | xℓ)
)2 | xh = xh,ah = ah

]

+ 240NHR2
max

∑
(xh,ah)∈Ch

H∑
ℓ=h+1

Eπ̂θ

[
Bℓ,θ(xℓ)

2 | xh = xh,ah = ah
]
. (110)

Putting everything together. Combining (110) with (103) and (99), we get that with probability at
least 1− δ′,

|||f̂ − f⋆|||2

≤ C1 +NC2δ̃

+NC3

∑
(xh,ah)∈Ch

H∑
ℓ=h+1

Pπ̂θ

[
M < 16Ccond(πℓ,θ | xℓ)

2 | xh = xh,ah = ah
]

+ 2304NHBβ
∑

(xh,ah)∈Ch

H∑
ℓ=h+1

Eπ̂θ

[
I{M ≥ 4Ccond(πℓ,θ | xℓ)

2} · Ccond(πℓ,θ | xℓ) ·
√

2

M
| xh = xh,ah = ah

]

+ 19200NHβ2
∑

(xh,ah)∈Ch

H∑
ℓ=h+1

Eπ̂θ

[
DKL

(
πℓ,θ(· | xℓ) ∥π⋆

ℓ,β(· | xℓ)
)2 | xh = xh,ah = ah

]

+ 7680NHR2
max

∑
(xh,ah)∈Ch

H∑
ℓ=h+1

Eπ̂θ

[
Bℓ,θ(xℓ)

2 | xh = xh,ah = ah
]
, (111)
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where

C1 := 6400B2H2d log(3N/δ′) + 3840H2B2|Ch|,
C2 := 19200|Ch| ·

(
12R2

max + 48β2 log(4M log(4δ̃−1))2 + 85H2B2
)
+ 3072|Ch|H2Bβ log(4M log(4δ̃−1)),

C3 := 16H ·
(
8R2

max log(4M log(4δ̃−1))2 + 200H2B2
)
+ 3072HB2.

Combining this with the fact that

∥θ̂h − θ⋆h,β∥2Σh
= λ∥θ̂h − θ⋆h,β∥2 +

1

N
|||f̂ − f⋆|||2, (by definition of Σh)

≤ 4λB2 +
1

N
|||f̂ − f⋆|||2, (by Assumption I.1 and θ̂h ∈ B(B)),

we obtain the desired result. It remains to prove Lemma L.2 and Lemma L.3.

L.1. Helper Lemmas for FitValue Guarantee

Lemma L.2. Consider the setting of Lemma L.1 and the notation in its proof. Let θh+1:H ∈ Rd·(H−h)

be as Lemma L.1. Fix (xh, ah) ∈ Ch, and let zh(xh, ah) be the random variable in (95) in the proof
of Lemma L.1. Then, the function ξ in (96) satisfies

|E[ξ(xh, ah, zh(xh, ah))]|

≤ β
H∑

ℓ=h+1

∑
a∈{ah,a}

Eπ̂θ

[
I{M ≥ 4Ccond(πℓ,θ | xℓ)

2} · Ccond(πℓ,θ | xℓ) ·
√

2

M
| xh = xh,ah = a

]
+ 16HBδ̃ + 8Hβ log(4M log(4δ̃−1))δ̃ (112)

+ 4B

H∑
ℓ=h+1

∑
a∈{ah,a}

Pπ̂θ

[
M < 4Ccond(πℓ,θ | xℓ)

2 | xh = x,ah = a
]
.

Proof of Lemma L.2. Let (xh, ah) be fixed, as in the lemma statement. In addition to θh+1:H as in
the lemma statement, fix θ1:h ∈ Rdh. Let (x1,a1,ρ1, r1), . . . , (xH ,aH ,ρH , rh) be the sequence
of random variables generated via the process

(ah,ρh) = SoftmaxSamplerDensityβ,M,δ̃(⟨φh(xh, ·), θh⟩ ;xh, πref), rh ∼ r⋆h(xh,ah), xh+1 ∼ Ph(· | xh,ah),

initialized from x1 ∼ P0(· | ∅) (we use xH+1 to denote a terminal state with zero reward). We write
Pπ̂θ

[·] and Eπ̂θ
[·] to denote the law and expectation under this process.

With this observe that ξ(xh, ah, zh(xh, ah)) satisfies

E[ξ(xh, ah, zh(xh, ah))] = Eπ̂θ

[
rh +

H∑
ℓ=h+1

(rℓ − β logρℓ) | xh = xh,ah = ah

]
−Qπ̂θ

h,β(xh, ah),

− Eπ̂θ

[
rh +

H∑
ℓ=h+1

(rℓ − β logρℓ) | xh = xh,ah = a

]
+Qπ̂θ

h,β(xh, a).

(113)
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Thus, to prove the claim, we will bound the absolute differences∣∣∣∣∣Eπ̂θ

[
rh +

H∑
ℓ=h+1

(rℓ − β logρℓ) | xh = xh,ah = a

]
−Qπ̂θ

h,β(xh, a)

∣∣∣∣∣ ,
for a ∈ {ah, a}, and then apply the triangle inequality.

For all ℓ ∈ [h+ 1 .. H] and a ∈ A, we can write:

Eπ̂θ
[logρℓ | xh = xh,ah = a] = Eπ̂θ

[
I{M ≥ 4Ccond(πℓ,θ | xℓ)

2} · logρℓ | xh = xh,ah = a
]

+ Eπ̂θ

[
I{M < 4Ccond(πℓ,θ | xℓ)

2} · logρℓ | xh = xh,ah = a
]
.

(114)

Now, by Lemma F.2 (guarantee of SoftmaxSamplerDensity), for all ℓ ∈ [h+ 1 .. H] there exists
ζℓ : A → R such that for all a ∈ A

|ζℓ(a)| ≤ Eπ̂θ

[
I{M ≥ 4Ccond(πℓ,θ | xℓ)

2} · Ccond(πℓ,θ | xℓ) ·
√

2

M
| xh = xh,ah = a

]

+

(
8B

β
+ 4 log(4M log(4δ̃−1))

)
· δ̃, (115)

and

Eπ̂θ

[
I{M ≥ 4Ccond(πℓ,θ | xℓ)

2} · logρℓ | xh = xh,ah = a
]

= Eπ̂θ

[
I{M ≥ 4Ccond(πℓ,θ | xℓ)

2} · log
π̂ℓ,θ(aℓ | xℓ)

πℓ,ref(aℓ | xℓ)
| xh = xh,ah = a

]
+ ζℓ(a).

Plugging this into (114), we get that for all a ∈ A:

Eπ̂θ
[logρℓ | xh = xh,ah = a]

= Eπ̂θ

[
I{M ≥ 4Ccond(πℓ,θ | xℓ)

2} · log
π̂ℓ,θ(aℓ | xℓ)

πℓ,ref(aℓ | xℓ)
| xh = xh,ah = a

]
+ ζℓ(a)

+ Eπ̂θ

[
I{M < 4Ccond(πℓ,θ | xℓ)

2} · logρℓ | xh = xh,ah = a
]
,

= Eπ̂θ

[
log

π̂ℓ,θ(aℓ | xℓ)

πℓ,ref(aℓ | xℓ)
| xh = xh,ah = a

]
− Eπ̂θ

[
I{M < 4Ccond(πℓ,θ | xℓ)

2} · log
π̂ℓ,θ(aℓ | xℓ)

πℓ,ref(aℓ | xℓ)
| xh = xh,ah = a

]
+ ζℓ(a)

+ Eπ̂θ

[
I{M < 4Ccond(πℓ,θ | xℓ)

2} · logρℓ | xh = xh,ah = a
]
.

Thus, rearranging and using that ρℓ,
π̂ℓ,θ(a|x)
πℓ,ref(a|x) ∈ [e−2B/β , e2B/β ], for all ℓ ∈ [h + 1 .. H] and

(x, a) ∈ X ×A, we get that for all ℓ ∈ [h+ 1 .. H] and a ∈ A:∣∣∣∣Eπ̂θ

[
logρℓ − log

π̂ℓ,θ(aℓ | xℓ)

πℓ,ref(aℓ | xℓ)
| xh = xh,ah = a

]∣∣∣∣ (116)
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≤ 4B

β
Pπ̂θ

[
M < 4Ccond(πℓ,θ | xℓ)

2 | xh = xh,ah = a
]
+ |ζℓ(a)|.

Using this with (113) and the triangle inequality, we get that

|E[ξ(xh, ah, zh(xh, ah))]| ≤ 4B
H∑

ℓ=h+1

Pπ̂θ

[
M < 4Ccond(πℓ,θ | xℓ)

2 | xh = xh,ah = ah
]

+ 4B
H∑

ℓ=h+1

Pπ̂θ

[
M < 4Ccond(πℓ,θ | xℓ)

2 | xh = xh,ah = a
]

+Hβ max
ℓ∈[h+1..H]

|ζℓ(ah)|+Hβ max
ℓ∈[h+1..H]

|ζℓ(a)|.

Substituting the bound on ζℓ in (115) completes the proof.

Lemma L.3. Let h ∈ [0 .. H] be given. Under the setting of Lemma L.1 and the notation in its proof,
we have that for all ℓ ∈ [h+ 1 .. H] and (xh, ah) ∈ X ×A:

Eπ̂θ
[DKL(π̂ℓ,θ(· | xℓ) ∥πℓ,θ(· | xℓ)) | xh = xh,ah = ah]

≤ 4

(
Rmax

β
+ log(4M log(4δ̃−1))

)
δ̃

+
Rmax

β
log(4M log(4δ̃−1)) · Pπ̂θ

[M < 4Ccond(πℓ,θ | xℓ) | xh = xh,ah = ah] .

Proof of Lemma L.3. We have for all ℓ ∈ [h+ 1 .. H] and (xh, ah) ∈ X ×A:

Eπ̂θ
[DKL(π̂ℓ,θ(· | xℓ) ∥πℓ,θ(· | xℓ)) | xh = xh,ah = ah]

≤ Eπ̂θ
[I{M ≥ 4Ccond(πℓ,θ | xℓ)} ·DKL(π̂ℓ,θ(· | xℓ) ∥πℓ,θ(· | xℓ)) | xh = xh,ah = ah]

+ Eπ̂θ
[I{M < 4Ccond(πℓ,θ | xℓ)} ·DKL(π̂ℓ,θ(· | xℓ) ∥πℓ,θ(· | xℓ)) | xh = xh,ah = ah] .

(117)

Now, by Lemma F.1, we have that for all x ∈ X and ℓ ∈ [h+1 .. H], π̂ℓ,θ(·|x)
πℓ,θ(·|x) ≤ 4MeRmax/β log(4δ̃−1).

Combining this with (117) and using Lemma F.1, we get that for all ℓ ∈ [h+ 1 .. H] and (xh, ah) ∈
X ×A:

Eπ̂θ
[DKL(π̂ℓ,θ(· | xℓ) ∥πℓ,θ(· | xℓ)) | xh = xh,ah = ah]

≤ 4

(
Rmax

β
+ log(4M log(4δ̃−1))

)
δ̃

+ Eπ̂θ
[I{M < 4Ccond(πℓ,θ | xℓ)} ·DKL(π̂ℓ,θ(· | xℓ) ∥πℓ,θ(· | xℓ)) | xh = xh,ah = ah] ,

≤ 4

(
Rmax

β
+ log(4M log(4δ̃−1))

)
δ̃

+
Rmax

β
log(4M log(4δ̃−1)) · Pπ̂θ

[M < 4Ccond(πℓ,θ | xℓ) | xh = xh,ah = ah] . (118)

This completes the proof.
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L.2. Guarantee of FitValue for MTSS

Lemma L.4. Let β, δ, ε ∈ (0, 1) and πref be given and suppose that Assumption I.1 holds with
B > 0. Consider a call to MTSS(β, δ, ε, πref) (Algorithm 4) and let (λ, ν) and Tprompt be as in MTSS.
Then, there is an event Ereg of probability at least 1 − δ/4 under which for all t ∈ [Tprompt] and
h ∈ [H], the variables in Algorithm 4 satisfy:

∥θt
h − θ⋆h,β∥2Σt

h

≤ 4λB2 +
C1

Nreg
+ C2δrej + C3

∑
(xh,ah)∈Ct

h

H∑
ℓ=h+1

Pπ̂t

[
Mrej < 16Ccond(π

t
ℓ | xℓ)

2 | xh = xh,ah = ah
]

+ 2304HBβ
∑

(xh,ah)∈Ct
h

H∑
ℓ=h+1

Eπ̂t

[
min

(
1, Ccond(π

t
ℓ | xℓ) ·

√
2

Mrej

)
| xh = xh,ah = ah

]

+ 19200Hβ2
∑

(xh,ah)∈Ct
h

H∑
ℓ=h+1

Eπ̂t

[
DKL

(
πt
ℓ(· | xℓ) ∥π⋆

ℓ,β(· | xℓ)
)2 | xh = xh,ah = ah

]

+ 7680HR2
max

∑
(xh,ah)∈Ch

∫
t

H∑
ℓ=h+1

Eπ̂t

[
Bt

ℓ(xℓ)
2 | xh = xh,ah = ah

]
, (119)

where π̂t is as in Algorithm 4;

πt
h(· | x) ∝ πh,ref(· | x) · eφ

t
h(x,·)

⊤θth/β; (120)

πt,⋆
h,β(· | x) ∝ πh,ref(· | x) · eφ

t
h(x,·)

⊤θ⋆h,β/β; (121)

φt
h(x, ·) := φh(x, ·) · I

{
∥φh(x, ·)∥2(Σt

h)
−1 ≤ ν2

}
;

φh(·, ·) := ϕh(·, ·)− ϕh(·, a), (122)

with a as in Algorithm 4; and

C1 := 6400B2H2d log(3N/δ′) + 3840H2B2Tprompt,

C2 := 19200Tprompt

(
12R2

max + 48β2 log(4Mrej log(4δ
−1
rej))

2 + 85H2B2
)

+ 3072TpromptH
2Bβ log(4Mrej log(4δ

−1
rej)),

C3 := 16H ·
(
8R2

max log(4Mrej log(4δ
−1
rej))

2 + 200H2B2
)
+ 3072HB2,

and for x ∈ X :

Bt
ℓ(x) := min

(
1, max

π∈{πt
ℓ,π

t,⋆
ℓ,β ,π

⋆
ℓ,β}

Ccond(π | x) · Pa∼πℓ,ref(·|x)

[
∥φℓ(x,a)∥2(Σt

ℓ)
−1 > ν2

])
.

Proof of Lemma L.4. Note that from Line 10 of Algorithm 4, the set Cth is a multiset of the form
C =

⋃
i∈n{(xi, ai), (xi, a)}, and thus satisfies the precondition of Lemma L.1. The result of the

lemma thus follows from Lemma L.1 with

(θh+1:H , Ch,Σh+1:H , δ̃,M, δ′, N) = (θt
1:H , Cth,Σt

h+1:H , δrej,Mrej, δ/(4HTprompt), Nreg),

and Lemma D.5 (essentially the union bound over t ∈ [Tprompt] and h ∈ [H]).
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Appendix M. Proof of Theorem J.1

In this section, we provide the proof of the main guarantee for MTSS. Before presenting the proof,
we refine the guarantees of UncertainStateAction and FitValue by incorporating the parameter
choices from MTSS and combining the guarantees across layers h ∈ [H]. The final guarantees for
UncertainStateAction and FitValue are stated in Lemma M.1 and Lemma M.2, respectively,
after which we proceed to prove Theorem J.1.

Lemma M.1. Let β, ε, δ ∈ (0, 1), B > 0, and πref be given and consider a call to MTSS(β, δ, ε, B, πref)
(Algorithm 4). Let (ν, Tprompt) and (εspan, εspan, Espan) be as in Algorithm 4 and Lemma K.2, re-
spectively. Finally, let J span := {t ∈ [Tprompt] : ∥φh(x

t
h, a

t
h)∥2(Σt

h)
−1 ≤ ν2/4,∀h ∈ [H]}, where

(xt
h, a

t
h,Σ

t
h, φh) are as in Algorithm 4 when the algorithm terminates. Then we have J span ̸= ∅,

and under the event Espan, we have that for all j ∈ J span, the variables in Algorithm 4 satisfy:

• For all h ∈ [H], ℓ ∈ [0 .. h− 1], and (xℓ, aℓ) ∈ Cjℓ ,

P
π̂j
ℓ+1:h

[
∥φh(xh,ah)∥2(Σj

h)
−1 > ν2 | xℓ = xℓ,aℓ = aℓ

]
≤ εspan; (123)

• There existsX j

h,span ⊆ X such that for all ℓ ∈ [0 .. h−1] and (xℓ, aℓ) ∈ Cjℓ , Pπ̂j [xh ∈ X j

h,span |
xℓ = xℓ,aℓ = aℓ] ≥ 1− εspan, and for all xh ∈ X j

h,span:

Pa∼πh,ref(·|xh)

[
∥φh(xh,a)∥2(Σj

h)
−1 > ν2

]
≤ εspan. (124)

Proof of Lemma M.1. We start by proving that J span ̸= ∅. Let (xt
h, a

t
h) be as in Algorithm 4 and

define

∀s ∈ [Tprompt], us
h := φh(x

s
h, a

s
h) and ∀t ∈ [Tprompt], ∀h ∈ [H], U t

h :=
t−1∑
s=1

us
h(u

s
h)

⊤.

Note that Σt
h = λI + U t

h, for all h ∈ [H] and t ∈ [Tprompt]. By Lemma D.4, we have that:∑
t∈[Tprompt]

∑
h∈[H]

1 ∧ ∥ut
h∥(λI+Ut

h)
−1 ≤ H

√
2Tpromptd log(1 + Tprompt/λ). (125)

Therefore, there exists an j ∈ [Tprompt] such that for all h ∈ [H]:

1 ∧ ∥uj

h∥(λI+Uj
h)

−1 ≤
1

Tprompt

∑
t∈[Tprompt]

∑
h′∈[H]

∥ut
h′∥(λI+Ut

h′ )
−1 ,

≤
H
√

2Tpromptd log(1 + Tprompt/λ)

Tprompt
,

≤ ν

2
, (126)

where the last inequality follows from the fact that Tprompt ≥ 8ν−4dH2 log(1+Tprompt/λ) (Section J.1.4).
Since ν < 1 (Section J.1.4), (126) implies that:

∀h ∈ [H], ∥uj

h∥(λI+Uj
h)

−1 ≤
ν

2
. (127)
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Using the definitions of uj

h and U j

h, this shows that ∥φh(x
j

h, a
j

h)∥
2
(Σj

h)
−1
≤ ν2/4, for all h ∈ [H],

which implies that J span ̸= ∅.
We now prove (123) and (124) under Espan. Fix j ∈ J span and condition on Espan. Using

Lemma K.2 (and the conditioning on Espan) and the definition of J span, we have that for all h ∈ [H],
ℓ ∈ [0 .. h− 1], and (xℓ, aℓ) ∈ Cjℓ :

P
π̂j
ℓ+1:h

[
∥φh(xh,ah)∥2(Σj

h)
−1 > ν2 | xℓ = xℓ,aℓ = aℓ

]
= P

π̂j
ℓ+1:h

[
∥φh(xh,ah)∥2(Σj

h)
−1 > ν2 ∨

(
2∥uj

h∥
2
(λI+Uj

h)
−1

)
| xℓ = xℓ,aℓ = aℓ

]
,

= P
π̂j
ℓ+1:h

[
∥φh(xh,ah)∥2(Σj

h)
−1 > ν2 ∨

(
2∥φh(x

j

h, a
j

h)∥
2
(Σj

h)
−1

)
| xℓ = xℓ,aℓ = aℓ

]
,

≤ εspan.

Similarity, using Lemma K.2 and the definition of J span once more, we have that there exists
X j

h,span ⊆ X such that for all ℓ ∈ [0 .. h− 1] and (xℓ, aℓ) ∈ Cjℓ , Pπj [xh ∈ X j

h,span | xℓ = xℓ,aℓ =

aℓ] ≥ 1− εspan, and for all xh ∈ X j

h,span:

Pa∼πh,ref(·|xh)

[
∥φh(xh,a)∥2(Σj

h)
−1 > ν2

]
≤ Pa∼πh,ref(·|xh)

[
∥φh(xh,a)∥2(Σj

h)
−1 > ν2 ∨

(
2∥φh(x

j

h, a
j

h)∥
2
(Σj

h)
−1

)]
,

≤ εspan.

This completes the proof.

Lemma M.2 (Estimation error). Let β, ε, δ ∈ (0, 1), B > 0, and πref be such that ε ≤ β2/4 and
suppose that Assumption I.1 holds. Consider a call to MTSS(β, δ, ε, πref) (Algorithm 4), and let
Ereg, Espan, and J span be as in Lemma L.4, Lemma K.2, and Lemma M.1, respectively. Then, under
the event Ereg ∩ Espan, we have that for all j ∈ J span and h ∈ [H], the parameter vector θj

h in
Algorithm 4 satisfies

∥θj

h − θ⋆h,β∥2Σj
h

≤ ε2reg,

where Σj

h is as in Algorithm 4 at iteration j and ε2reg := ε.

As we will see shortly in the proof of Lemma M.2, the reason the result holds and why we do not
encounter compounding errors from future layers ℓ > h is due to the use of KL-regularization. The
regularization ensures that errors from subsequent layers are raised to the fourth power, resulting in
favorable error propagation across layers.
Proof of Lemma M.2. Let (εspan, εspan) be as in Lemma K.2. In this proof, we condition on
Espan ∩ Ereg. and fix j ∈ J span. We proceed via backward induction over ℓ = H + 1, . . . , 1 to show
that

∥θj

ℓ − θ⋆ℓ,β∥2Σj
ℓ

≤ ε2reg. (128)

The base case holds trivially by the convention that θj

H+1 = θ⋆H+1,β = 0. Let h ∈ [H] and suppose
that (128) holds for ℓ = h+ 1. We show that it holds for ℓ = h.
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By Lemma L.4 and the conditioning on Ereg, we have that (with πj

ℓ, π
j,⋆
ℓ,β, C1, C2, C3, and Bj

ℓ as
in Lemma L.4)

∥θj

h − θ⋆h,β∥2Σj
h

≤ 4λB2 +
C1

Nreg
+ C2δrej + C3

∑
(xh,ah)∈Cj

h

H∑
ℓ=h+1

Pπ̂j

[
Mrej < 16Ccond(π

j

ℓ | xℓ)
2 | xh = xh,ah = ah

]

+ 2304HBβ
∑

(xh,ah)∈Cj
h

H∑
ℓ=h+1

Eπ̂j

[
min

(
1, Ccond(π

j

ℓ | xℓ) ·

√
2

Mrej

)
| xh = xh,ah = ah

]

+ 19200Hβ2
∑

(xh,ah)∈Cj
h

H∑
ℓ=h+1

Eπ̂j

[
DKL

(
πj

ℓ(· | xℓ) ∥π⋆
ℓ,β(· | xℓ)

)2 | xh = xh,ah = ah

]

+ 7680HR2
max

∑
(xh,ah)∈Cj

h

H∑
ℓ=h+1

Eπ̂j

[
Bj

ℓ(xℓ)
2 | xh = xh,ah = ah

]
. (129)

We start by bounding the KL term on the right-hand side of (129), then bound the terms involving
(Bj

ℓ(xℓ)) and Ccond, which correspond to distribution shift.

Bj

ℓ(x) := max
π∈{πj

ℓ ,π
j,⋆
ℓ,β ,π

⋆
ℓ,β}

min
(
1, Ccond(π | x) · Pa∼πℓ,ref(·|x)

[
∥φℓ(x,a)∥2(Σj

ℓ)
−1 > ν2

])
,

for all x ∈ X . We call (Bj

ℓ) distribution shift terms because they reflect the event in which the
algorithm is surprised by a new direction in feature space when the rollout policy changes.

Bounding the KL term. By the induction hypothesis, Lemma N.1 applied to each ℓ > h (the
precondition ∥θ⋆ℓ,β − θj

ℓ∥ ≤ β/ν of Lemma N.1 is satisfied thanks to the induction hypothesis and
εreg = ε1/2 ≤ β/2), and Jensen’s inequality, we have that for all (xh, ah) ∈ Cjh and ℓ ∈ [h+ 1 .. H]:

Eπ̂j

[
DKL

(
πj

ℓ(· | xℓ) ∥πj,⋆
ℓ,β(· | xℓ)

)2
| xh = xh,ah = ah

]

≤ Eπ̂j

(β−1
∑
a∈A

πj

ℓ(a | xℓ) · ∥φj

ℓ(xℓ, a)∥2(Σj
ℓ)

−1

)2

| xh = xh,ah = ah

 ∥θ⋆ℓ,β − θj

ℓ∥
4
Σj

ℓ

, (130)

where φj is as in Lemma L.4. Now, by Lemma F.3, we have that for any x ∈ X and ℓ ∈ [h+ 1 .. H]:∣∣∣∣∣∑
a∈A

πj

ℓ(a | x) · ∥φ
j

ℓ(x, a)∥
2
(Σj

ℓ)
−1 −

∑
a∈A

π̂j

ℓ(a | x) · ∥φ
j

ℓ(x, a)∥
2
(Σj

ℓ)
−1

∣∣∣∣∣
≤ 4

λ
δrej +

4

λ
· I
{
Mrej < 4Ccond(π

j

ℓ | x)
}
. (131)

Plugging this into (130) and using Jensen’s inequality, we get that for all (xh, ah) ∈ Cjh and
ℓ ∈ [h+ 1 .. H]:

Eπ̂j

[
DKL

(
πj

ℓ(· | xℓ) ∥πj,⋆
ℓ,β(· | xℓ)

)2
| xh = xh,ah = ah

]
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≤ 4

β2
· Eπ̂j

[
∥φj

ℓ(xℓ,aℓ)∥4(Σj
ℓ)

−1 | xh = xh,ah = ah

]
· ∥θ⋆ℓ,β − θj

ℓ∥
4
Σj

ℓ

+

(
32δ2rej
λ2β2

+
32

β2λ2
Pπ̂j

[
Mrej < 4Ccond(π

j

ℓ | xℓ) | xh = xh,ah = ah
])
· ∥θ⋆ℓ,β − θj

ℓ∥
4
Σj

ℓ

,

≤ ν4

β2
+

16

λ2β2
· Pπ̂j

[
∥φℓ(xℓ,aℓ)∥2(Σj

ℓ)
−1 > ν2 | xh = xh,ah = ah

]
· ∥θj

ℓ − θ⋆ℓ,β∥4Σj
ℓ

+

(
32δ2rej
λ2β2

+
32

β2λ2
Pπ̂j

[
Mrej < 4Ccond(π

j

ℓ | xℓ) | xh = xh,ah = ah
])
· ∥θ⋆ℓ,β − θj

ℓ∥
4
Σj

ℓ

,

(132)

where the last inequality follows by the fact that σmin(Σ
j

ℓ) ≥ λ and ∥φℓ(x, a)∥ ≤ 2, for all
ℓ ∈ [H], (x, a) ∈ X ×A (follows by Assumption I.1). And so, by Lemma M.1 (in particular (123))
and the induction hypothesis again (to bound ∥θ⋆ℓ,β − θj

ℓ∥
4
Σj

ℓ

), we have that for all (xh, ah) ∈ Cjh and

ℓ ∈ [h+ 1 .. H]:

Eπj

[
DKL

(
πj

ℓ(· | xℓ) ∥πj,⋆
ℓ,β(· | xℓ)

)2
| xh = xh,ah = ah

]
≤
(
λ2ν4 + 16εspan + 32δ2rej + 32Pπ̂j

[
Mrej < 4Ccond(π

j

ℓ | xℓ) | xh = xh,ah = ah
])
·
ε4reg
β2λ2

.

(133)

We now bound the “distribution shift” terms (Bj

ℓ) appearing in (133) and on the right-hand side of
(129).

Bounding the distribution shift terms. Let X j

ℓ,span and (εspan, εspan) be as in Lemma M.1 and
Lemma K.2, respectively. By Lemma M.1, we have that for all ℓ ∈ [h+ 1 .. H] and (xh, ah) ∈ Cjh,

Pπ̂j

[
xℓ ∈ X j

ℓ,span | xh = xh,ah = ah

]
≥ 1− εspan, (134)

and for all x ∈ X j

ℓ,span:

Pa∼πℓ,ref(·|x)

[
∥φℓ(x,a)∥2(Σj

ℓ)
−1 > ν2

]
≤ εspan ≤

1

4Ccond(π⋆
ℓ,β)

, (135)

where the last inequality follows by the fact that Nspan ≥ 4Ccond(π
⋆
β) (see parameter choices in

Algorithm 4). On the other hand, by Lemma M.3 (stated and proven in the sequel), we have that for
all ℓ ∈ [h+ 1 .. H] and (x, a) ∈ X j

ℓ,span ×A:

πj

ℓ(a | x)
πℓ,ref(a | x)

∨
πj,⋆
ℓ,β(a | x)

πℓ,ref(a | x)
≤ 2e

4ν
β
∥θjℓ−θ⋆ℓ,β∥Σj

ℓ ·
π⋆
ℓ,β(a | x)

πℓ,ref(a | x)
,

≤ 2e
π⋆
ℓ,β(a | x)

πℓ,ref(a | x)
, (136)

where the last step follows by the induction hypothesis and the fact that εreg ≤ β/(4ν). Therefore,
we have that for all ℓ ∈ [h+ 1 .. H], x ∈ X j

ℓ,span, and π ∈ {πj

ℓ, π
j,⋆
ℓ,β}:

Ccond(π | x) ≤ 2eCcond(π
⋆
ℓ,β). (137)
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Thus, combining (137) and (135), we get that for all x ∈ X j

ℓ,span:

Bj

ℓ(x) = max
π∈{πj

ℓ ,π
j,⋆
ℓ,β ,π

⋆
ℓ,β}

min
(
1, Ccond(π | x) · Ea∼πℓ,ref(·|x)

[
∥φℓ(x,a)∥2(Σj

ℓ)
−1 > ν

])
,

≤ min
(
1, 2eCcond(π

⋆
ℓ,β | x) · Ea∼πℓ,ref(·|x)

[
∥φℓ(x,a)∥2(Σj

ℓ)
−1 > ν

])
,

≤ 2eCcond(π
⋆
ℓ,β) · εspan,

where the last step follows by (135) and that εspan ≤ 1. Thus, using (134), we have that for all
ℓ ∈ [h+ 1 .. H] and (xh, ah) ∈ Cjh:

Eπ̂j

[
Bj

ℓ(xℓ) | xh = xh,ah = ah
]

≤ Eπ̂j

[
I{xℓ ∈ X j

ℓ,span} ·B
j

ℓ(xℓ) | xh = xh,ah = ah

]
+ Eπ̂j

[
I{xℓ ̸∈ X j

ℓ,span} ·B
j

ℓ(xℓ) | xh = xh,ah = ah

]
,

≤ (1 + 2eCcond(π
⋆
ℓ,β)) · εspan. (138)

Now, by (136) and the fact that Mrej ≥ 32e(1∨Ccond(π
⋆
ℓ,β)

2) (see parameter choice in Section J.1.4),
we have that for all ℓ ∈ [h+ 1 .. H]: if x ∈ X j

ℓ,span then

Mrej ≥ (4Ccond(π
j

ℓ | x)) ∨ (16Ccond(π
j

ℓ | x)
2)

and so by (135), we have for all (xh, ah) ∈ Cjh and ℓ ∈ [h+ 1 .. H]:

1− εspan ≤ Pπ̂j

[
xℓ ∈ X j

ℓ,span | xh = xh,ah = ah

]
,

≤ Pπ̂j

[
Mrej ≥ (4Ccond(π

j

ℓ | xℓ)) ∨ (16Ccond(π
j

ℓ | xℓ)
2) | xh = xh,ah = ah

]
.

This implies that for all ℓ ∈ [h+ 1 .. H] and (xh, ah) ∈ Cjh:

Pπ̂j

[
Mrej < 4Ccond(π

j

ℓ | xℓ) | xh = xh,ah = ah
]
≤ εspan, (139)

and

Pπ̂j

[
Mrej < 16Ccond(π

j

ℓ | xℓ)
2 | xh = xh,ah = ah

]
≤ εspan. (140)

Finally, we have that for all ℓ ∈ [h+ 1 .. H] and (xh, ah) ∈ Cjh:

Eπ̂j

[
min

(
1, Ccond(π

j

ℓ | xℓ) ·

√
2

Mrej

)
| xh = xh,ah = ah

]

≤ Eπ̂j

[
I{xℓ ∈ X j

ℓ,span} ·min

(
1, Ccond(π

j

ℓ | xℓ) ·

√
2

Mrej

)
| xh = xh,ah = ah

]

+ Eπ̂j

[
I{xℓ ̸∈ X j

ℓ,span} ·min

(
1, Ccond(π

j

ℓ | xℓ) ·

√
2

Mrej

)
| xh = xh,ah = ah

]
,

and so by (136) and (134):

≤ 2eCcond(π
⋆
ℓ,β) ·

√
2

Mrej
+ Pπ̂j

[
xℓ ̸∈ X j

ℓ,span | xh = xh,ah = ah

]
,
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≤ 2eCcond(π
⋆
ℓ,β) ·

√
2

Mrej
+ εspan. (141)

Putting it all together. Combining (141), (139), (140), and (138) with (133) and (129) and using
that |Cjh| ≤ 2Tprompt, we get

∥θj

h − θ⋆h,β∥2Σj
h

≤ 4λB2 +
C1

Nreg
+ C2δrej + C3HTpromptεspan

+ 1536eH2BβTprompt

(
max
ℓ∈[H]

Ccond(π
⋆
ℓ,β) ·

√
2

Mrej
+ εspan

)

+ 3200H2β2Tprompt

(
λ2ν4 + 16εspan + 32δ2rej + 32εspan

)
·
ε4reg
β2λ2

+ 7680H2R2
maxTprompt(1 + 2eCcond(π

⋆
ℓ,β))

2 · ε2span,
≤ ε2reg,

where the last inequality follows by the parameter choices in Algorithm 4. This completes the
induction and implies the desired result.

Lemma M.3 (Helper lemma for estimation error). Let h ∈ [0 .. H] be given. Consider the setting
of Lemma M.2 and let j ∈ J span with J span as in Lemma M.1. Further, let X j

ℓ,span and (εspan, εspan)
be as in Lemma M.1 and Lemma K.2, respectively. Then, we have that for all ℓ ∈ [h+ 1 .. H] and
(x, a) ∈ X j

ℓ,span ×A:

πj

ℓ(a | x)
πℓ,ref(a | x)

∨
πj,⋆
ℓ,β(a | x)

πℓ,ref(a | x)
≤ 2e

4ν
β
∥θjℓ−θ⋆ℓ,β∥Σj

ℓ ·
π⋆
ℓ,β(a | x)

πℓ,ref(a | x)
.

Proof of Lemma M.3. By Lemma M.1, we have that for all ℓ ∈ [h+ 1 .. H] and (xh, ah) ∈ Cjh,

Pπ̂j

[
xℓ ∈ X j

ℓ,span | xh = xh,ah = ah

]
≥ 1− εspan, (142)

and for all x ∈ X j

ℓ,span:

Pa∼πℓ,ref(·|x)

[
∥φℓ(x,a)∥2(Σj

ℓ)
−1 > ν2

]
≤ εspan ≤

1

4Ccond(π⋆
ℓ,β)

, (143)

where the last inequality follows by the fact that Nspan ≥ 4Ccond(π
⋆
β) (see parameter choices in

Algorithm 4). Now, by Lemma N.2 and Lemma M.1, we have that for all ℓ ∈ [h + 1 .. H] and
(x, a) ∈ X j

ℓ,span ×A:

πj

ℓ(a | x)
πℓ,ref(a | x)

∨
πj,⋆
ℓ,β(a | x)

πℓ,ref(a | x)
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≤ min


e

4ν
β
∥θjℓ−θ⋆ℓ,β∥Σj

ℓ

1− Ccond(π⋆
ℓ,β) · Pa∼πℓ,ref(·|x)

[
∥φℓ(x,a)∥2

(Σj
ℓ)

−1
> ν2

] · π⋆
ℓ,β(a | x)

πℓ,ref(a | x)
, e2B/β

 ,

≤ 2e
4ν
β
∥θjℓ−θ⋆ℓ,β∥Σj

ℓ ·
π⋆
ℓ,β(a | x)

πℓ,ref(a | x)
, (144)

where the last step follows by (143).

Proof of Theorem J.1. In this proof, we let Ereg, Espan, and J span be as in Lemma L.4, Lemma K.2,
and Lemma M.1, respectively, and we condition on Ereg ∩ Espan. Further, let j ∈ [T ] be the index
Algorithm 4 for which the algorithm returns π̂j , and note that j ∈ J span. By the performance
difference lemma (Lemma N.5) and Lemma N.4, the policy π̂j satisfies

Jβ(π
⋆
β)− Jβ(π̂

j

1:H)

=

H∑
h=1

Eπ̂j

[∑
a∈A

π⋆
h,β(a | xh) ·

(
Q⋆

h,β(xh, a)− β · log
π⋆
h,β(a | xh)

πh,ref(a | xh)

)]

−
H∑

h=1

Eπ̂j

[∑
a∈A

π̂j

h(a | xh) ·
(
Q⋆

h,β(xh, a)− β · log
π̂j

h(a | xh)

πh,ref(a | xh)

)]
,

=
H∑

h=1

Eπ̂j

[∑
a∈A

π⋆
h,β(a | xh) ·

(
Q⋆

h,β(xh, a)− β · log
π⋆
h,β(a | xh)

πh,ref(a | xh)

)]

−
H∑

h=1

Eπ̂j

[∑
a∈A

π̂j

h(a | xh) ·
(
Q⋆

h,β(xh, a)− β · log
πj

h(a | xh)

πh,ref(a | xh)

)]

+
H∑
ℓ=1

β · Eπ̂j

[
DKL

(
π̂j

ℓ(· | xℓ) ∥πj

ℓ(· | xℓ)
)]

, (145)

where πj is as in Lemma L.4. Now by Lemma L.3 (instantiated with h = 0, π̂θ = π̂j , and πθ = πj),
we can bound the KL term in (145) as follows: for all ℓ ∈ [H],

Eπ̂j

[
DKL

(
π̂j

ℓ(· | xℓ) ∥πj

ℓ(· | xℓ)
)]

≤ 4

(
Rmax

β
+ log(4Mrej log(4δ

−1
rej))

)
δrej

+
Rmax

β
log(4Mrej log(4δ

−1
rej)) · Pπ̂j

[
Mrej < 4Ccond(π

j

ℓ | xℓ)
]
. (146)

Now, note that for all ℓ ∈ [H],

∣∣∣∣Q⋆
ℓ,β(·, ·)− β · log

πj

ℓ(· | ·)
πℓ,ref(· | ·)

∣∣∣∣ ≤ BH + 2Hβ sup
(x,a)∈X×A

∣∣∣∣log πℓ,θ(a | x)
πℓ,ref(a | x)

∣∣∣∣ ≤ 5BH,
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since e−2B/β ≤ πℓ,θ(·|·)
πℓ,ref(·|·) ≤ e2B/β for all θℓ ∈ B(B). Thus, by Lemma F.3, we have that for all

ℓ ∈ [H]: ∣∣∣∣∣Eπ̂j

[∑
a∈A

π̂j

ℓ(a | xℓ) ·
(
Q⋆

ℓ,β(xℓ, a)− β · log
πj

ℓ(a | xℓ)

πℓ,ref(a | xℓ)

)]

−Eπ̂j

[∑
a∈A

πj

ℓ(a | xℓ) ·
(
Q⋆

ℓ,β(xℓ, a)− β · log
πj

ℓ(a | xℓ)

πℓ,ref(a | xℓ)

)]∣∣∣∣∣
≤ 5BHδrej + 5BH · Pπ̂j

[
Mrej < 4Ccond(π

j

ℓ | x)
]
. (147)

Combining this with (145) and (146), we get that

Jβ(π
⋆
β)− Jβ(π̂

j

1:H)

≤
H∑

h=1

Eπ̂j

[∑
a∈A

π⋆
h,β(a | xh) ·

(
Q⋆

h,β(xh, a)− β · log
π⋆
h,β(a | xh)

πh,ref(a | xh)

)]

−
H∑

h=1

Eπ̂j

[∑
a∈A

πj

h(a | xh) ·
(
Q⋆

h,β(xh, a)− β · log
πj

h(a | xh)

πh,ref(a | xh)

)]
+ 4H

(
Rmax + 5HB/4 + β log(4Mrej log(4δ

−1
rej))

)
· δrej

+B
(
log(4Mrej log(4δ

−1
rej)) + 5H

) H∑
ℓ=1

Pπ̂j

[
Mrej < 4Ccond(π

j

ℓ | xℓ)
]
, (148)

and so by Lemma N.3, we have

≤ β
H∑
ℓ=1

Eπ̂j

[
DKL

(
πj

ℓ(· | xℓ) ∥πj,⋆
ℓ,β(· | xℓ)

)]
+ 4H

(
Rmax + 5HB/4 + β log(4Mrej log(4δ

−1
rej))

)
· δrej

+B
(
log(4Mrej log(4δ

−1
rej)) + 5H

) H∑
ℓ=1

Pπ̂j

[
Mrej < 4Ccond(π

j

ℓ | xℓ)
]
, (149)

where πj,⋆
ℓ,β is as in Lemma L.4. We start with bounding the KL terms in Eq. (149).

Bounding the KL term. We now bound the KL term in (149). The argument closely follows the
proof of Lemma M.2, where we bounded the expectation of the squared KL term. The key difference
here is that (149) does not include a squared term. By Lemma N.1 and Lemma M.2 (which implies
that ∥θ⋆ℓ,β − θj

ℓ∥Σj
ℓ
≤ β/ν—the precondition of Lemma N.1), we have that for all ℓ ∈ [H]:

Eπ̂j

[
DKL

(
πj

ℓ(· | xℓ) ∥πj,⋆
ℓ,β(· | xℓ)

)]
≤ Eπ̂j

[
β−1

∑
a∈A

πj

ℓ(a | xℓ) · ∥φj

ℓ(xℓ, a)∥2(Σj
ℓ)

−1

]
· ∥θ⋆ℓ,β − θj

ℓ∥
2
Σj

ℓ

, (150)
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where φj is as in Lemma L.4. Now by Lemma F.3, we have that for any x ∈ X and ℓ ∈ [H]:∣∣∣∣∣∑
a∈A

πj

ℓ(a | x) · ∥φ
j

ℓ(x, a)∥
2
(Σj

ℓ)
−1 −

∑
a∈A

π̂j

ℓ(a | x) · ∥φ
j

ℓ(x, a)∥
2
(Σj

ℓ)
−1

∣∣∣∣∣
≤ 4

λ
δrej +

4

λ
· I
{
Mrej < 4Ccond(π

j

ℓ | x)
}
.

Plugging this into (150) and using Jensen inequality, we get that for all ℓ ∈ [H]:

Eπ̂j

[
DKL

(
πj

ℓ(· | xℓ) ∥πj,⋆
ℓ,β(· | xℓ)

)]
≤ 1

β
· Eπ̂j

[
∥φj

ℓ(xℓ,aℓ)∥2(Σj
ℓ)

−1

]
· ∥θ⋆ℓ,β − θj

ℓ∥
2
Σj

ℓ

+

(
4δrej
λβ

+
4

βλ
Pπ̂j

[
Mrej < 4Ccond(π

j

ℓ | xℓ)
])
· ∥θ⋆ℓ,β − θj

ℓ∥
2
Σj

ℓ

,

≤ ν2

β
+

4

λβ
· Pπ̂j

[
∥φℓ(xℓ,aℓ)∥2(Σj

ℓ)
−1 > ν2

]
· ∥θj

ℓ − θ⋆ℓ,β∥2Σj
ℓ

+

(
4δrej
λβ

+
4

βλ
Pπ̂j

[
Mrej < 4Ccond(π

j

ℓ | xℓ)
])
· ∥θ⋆ℓ,β − θj

ℓ∥
2
Σj

ℓ

,

where the last inequality follows by the fact that σmin(Σ
j

ℓ) ≥ λ, and ∥φℓ(x, a)∥ ≤ 2, for all
ℓ ∈ [H], (x, a) ∈ X ×A (follows by Assumption I.1). And so, by Lemma M.1 and Lemma M.2, we
have that for all ℓ ∈ [H]:

Eπj

[
DKL

(
πj

ℓ(· | xℓ) ∥πj,⋆
ℓ,β(· | xℓ)

)]
≤
(
λν2 + 4εspan + 4δrej + 4Pπ̂j

[
Mrej < 4Ccond(π

j

ℓ | xℓ)
])
·
ε2reg
βλ

. (151)

We now bound the distribution shift terms (Pπ̂j

[
Mrej < 4Ccond(π

j

ℓ | ·)
]
)ℓ in (151) and on the

right-hand side of (149).

Bounding the distribution shift terms. Let X j

ℓ,span and (εspan, εspan) be as in Lemma M.1 and
Lemma K.2, respectively. By Lemma M.1, we have that for all ℓ ∈ [H] and (x0, a0) ∈ X ×A,

Pπ̂j

[
xℓ ∈ X j

ℓ,span

]
= Pπ̂j

[
xℓ ∈ X j

ℓ,span | x0 = x0,a0 = a0

]
≥ 1− εspan, (152)

where εspan is as in Lemma K.2, and for all x ∈ X j

ℓ,span:

Pa∼πℓ,ref(·|x)

[
∥φℓ(x,a)∥2(Σj

ℓ)
−1 > ν2

]
≤ εspan ≤

1

4Ccond(π⋆
ℓ,β)

, (153)

where the last inequality follows by the fact that Nspan ≥ 4Ccond(π
⋆
β) (see parameter choices in

Algorithm 4). On the other hand, by Lemma M.3, we have that for all ℓ ∈ [H] and (x, a) ∈
X j

ℓ,span ×A:

πj

ℓ(a | x)
πℓ,ref(a | x)

∨
πj,⋆
ℓ,β(a | x)

πℓ,ref(a | x)
≤ 2e

4ν
β
∥θjℓ−θ⋆ℓ,β∥Σj

ℓ ·
π⋆
ℓ,β(a | x)

πℓ,ref(a | x)
,
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≤ 2e
π⋆
ℓ,β(a | x)

πℓ,ref(a | x)
, (154)

where the last step follows by Lemma M.2 and the fact that εreg ≤ β/(4ν) (see choice of ν in
Algorithm 4). Therefore, we have that for all ℓ ∈ [H], x ∈ X j

ℓ,span, and π ∈ {πj

ℓ, π
j,⋆
ℓ,β}:

Ccond(π | x) ≤ 2eCcond(π
⋆
ℓ,β). (155)

Now, by (154) and the fact that Mrej ≥ 8eCcond(π
⋆
ℓ,β) (see Section J.1.4), we have that for all

ℓ ∈ [H]: x ∈ X j

ℓ,span only if Mrej ≥ 4Ccond(π
j

ℓ | x) and so by (135), we have for all ℓ ∈ [H]:

1− εspan ≤ Pπ̂j

[
xℓ ∈ X j

ℓ,span

]
≤ Pπ̂j

[
Mrej ≥ 4Ccond(π

j

ℓ | xℓ)
]
.

This implies that for all ℓ ∈ [H]:

Pπ̂j

[
Mrej < 4Ccond(π

j

ℓ | xℓ)
]
≤ εspan. (156)

Putting it all together. Combining (156) with (151) and (149), we get that

Jβ(π
⋆
β)− Jβ(π̂

j

1:H)

≤
H∑
ℓ=1

(
λν2 + 4εspan + 4δrej + 4Pπ̂j

[
Mrej < 4Ccond(π

j

ℓ | xℓ)
])
·
ε2reg
λ

+ 4H
(
Rmax + 5HB/4 + β log(4Mrej log(4δ

−1
rej))

)
· δrej

+B
(
log(4Mrej log(4δ

−1
rej)) + 5H

) H∑
ℓ=1

Pπ̂j

[
Mrej < 4Ccond(π

j

ℓ | xℓ)
]
,

≤ H ·
(
λν2 + 4εspan + 4δrej + 4εspan

)
·
ε2reg
λ

+ 4H
(
Rmax + 5HB/4 + β log(4Mrej log(4δ

−1
rej))

)
· δrej

+B
(
log(4Mrej log(4δ

−1
rej)) + 5H

)
Hεspan,

≤ ε, (157)

where the last inequality follows by the choice of parameters in Algorithm 4. Combining this with the
fact that P[Espan ∩ Ereg] ≥ 1− δ (by Lemma L.4 and Lemma M.1 and the union bound) completes
the proof.
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Appendix N. Technical Lemmas for Multi-Turn Exploration

In this section, we present and prove the technical results required for the proofs in the Multi-turn
setting. Some of the statements provided here are generalizations of those in Appendix G, originally
formulated for the contextual bandit setting.

Lemma N.1 (KL bound for truncated softmax policies). Let h ∈ [H], B, ν > 0, (x, a) ∈ X × A,
θh ∈ B(B), and Σh ∈ Rd×d be given, and let φh(x, ·) := ϕh(x, ·) − ϕh(x, a). Further, define
πh,θ(· | x) ∝ πh,ref(· | x) · eβ

−1φh(x,·)⊤θ and π⋆
h,β(· | x) ∝ πh,ref(· | x) · eβ

−1φh(x,·)⊤θ⋆h,β , where

φh(x, ·) := φh(x, ·) · I
{
∥φh(x, ·)∥2Σ−1

h

≤ ν2
}

. If ∥θ⋆h,β − θh∥Σh
≤ β/ν, then we have that

DKL

(
πh,θ(· | x) ∥π⋆

h,β(· | x)
)
≤ β−1Ea∼πh,θ(·|x)

[
∥φh(x,a)∥2Σ−1

h

]
· ∥θ⋆h,β − θh∥2Σh

.

Proof of Lemma N.1. Let h ∈ [H], B, ν > 0, (x, a) ∈ X ×A, θh ∈ B(B), and Σh ∈ Rd×d be as
in the lemma statement. We have for Zh,θ(x) := Ea∼πh,ref(·|x)

[
exp(β−1φh(x,a)

⊤θ)
]
:

DKL

(
πh,θ(· | x) ∥π⋆

h,β(· | x)
)

= β log
Zh,θ⋆h,β

(x)

Zh,θh(x)
+ Ea∼πh,θ(·|x)

[
φh(x,a)

⊤(θh − θ⋆h,β)
]
,

= β log
(
Ea∼πh,θ(·|x)

[
exp(β−1φh(x,a)

⊤(θ⋆h,β − θh))
])

+ Ea∼πh,θ(·|x)

[
φh(x,a)

⊤(θh − θ⋆h,β)
]
.

(158)

Now, by Hölder’s inequality, we have that∣∣⟨φh(x,a), θ
⋆
h,β − θh⟩

∣∣ ≤ ∥φh(x,a)∥Σ−1
h
· ∥θ⋆h,β − θh∥Σh

,

≤ ν · ∥θ⋆h,β − θh∥Σh
,

≤ β, (159)

where the last inequality follows by the assumption made on ∥θ⋆h,β − θh∥Σh
. Combining (159) with

the fact that ex ≤ 1 + x+ x2, for all x ≤ 1, we get that

β log
(
Ea∼πh,θ(·|x)

[
exp(β−1φh(x,a)

⊤(θ⋆h,β − θh))
])

≤ Ea∼πh,θ(·|x)
[
⟨φh(x,a), θ

⋆
h,β − θh⟩

]
+ β−1Ea∼πh,θ(·|x)

[
⟨φh(x,a), θ

⋆
h,β − θh⟩2

]
,

≤ Ea∼πh,θ(·|x)
[
⟨φh(x,a), θ

⋆
h,β − θh⟩

]
+ β−1Ea∼πh,θ(·|x)

[
∥φh(x,a)∥2Σ−1

h

]
· ∥θ⋆h,β − θh∥2Σh

.

Plugging this in to Eq. (158) gives the desired result.

Lemma N.2 (Density ratio bound). Suppose Assumption I.1 holds and let h ∈ [H], B, ν > 0,
(x, a) ∈ X×A, θh ∈ B(B), and Σh ∈ Rd×d be given and let φh(x, ·) := ϕh(x, ·)−ϕh(x, a). Further,
define πh,θ(· | x) ∝ πh,ref(· | x) ·eφh(x,·)⊤θ/β , where φh(x, ·) := φh(x, ·) ·I

{
∥φh(x, ·)∥2Σ−1

h

≤ ν2
}

.

Then,

∀a ∈ A,
πh,θ(a | x)
πh,ref(a | x)

≤ min

(
π⋆
h,β(a | x)

πh,ref(a | x)
· e

4ν
β
∥θh−θ⋆h,β∥Σh

1− Ccond(π⋆
h,β | x) · psurprise(x)

, e2B/β

)
,
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where π⋆
h,β and θ⋆h,β are as in Definition I.2 and Assumption I.1, respectively, and

psurprise(x) := Pa∼πh,ref(·|x)

[
∥φh(x,a)∥2Σ−1

h

> ν2
]
.

Proof of Lemma N.2. Let h ∈ [H], B, ν > 0, (x, a) ∈ X ×A, θh ∈ B(B), and Σh ∈ Rd×d be as
in the lemma statement, and fix a ∈ A. We have

πh,θ(a | x)
πh,ref(a | x)

=
exp(β−1φh(x, a)

⊤θh)

Zθh

,

where Zθ := Ea∼πh,ref(·|x)
[
exp(β−1φh(x,a)

⊤θ)
]
, for θ ∈ Rd. Therefore, we have that

πh,θ(a | x)
πh,ref(a | x)

=
1

Ea∼πh,ref(·|x) [exp(β
−1⟨φh(x,a)− φh(x, a), θh⟩)]

. (160)

On the other hand, we have

Ea∼πh,ref(·|x)
[
exp(β−1⟨φh(x,a)− φh(x, a), θh⟩)

]
≥ Ea∼πh,ref(·|x)

[
exp(β−1⟨φh(x,a)− φh(x, a), θh⟩) · I

{
∥φh(x,a)∥2Σ−1

h

≤ ν2
}]

,

and so by Hölder’s inequality, we have

≥ Ea∼πh,ref(·|x)

[
e
− 2

β
∥θh−θ⋆h,β∥Σh

·∥φh(x,a)−∥φh(x,a)∥Σ−1
h eβ

−1⟨φh(x,a)−φh(x,a),θ
⋆
h,β⟩ · I

{
∥φh(x,a)∥2Σ−1

h

≤ ν2
}]

,

≥ Ea∼πh,ref(·|x)

[
e
− 2

β
∥θh−θ⋆h,β∥Σh

·
(
∥φh(x,a)∥Σ−1

h
+φh(x,a)∥Σ−1

h

)
eβ

−1⟨φh(x,a)−φh(x,a),θ
⋆
h,β⟩ · I

{
∥φh(x,a)∥2Σ−1

h

≤ ν2
}]

,

≥ e
− 4ν

β
·∥θh−θ⋆h,β∥Σh

eβ
−1φh(x,a)⊤θ⋆h,β

(
Ea∼πh,ref(·|x)

[
eβ

−1⟨φh(x,a),θ
⋆
h,β⟩ · I

{
∥φh(x,a)∥2Σ−1

h

≤ ν2
}])

,

=
e
− 4ν

β
·∥θh−θ⋆h,β∥Σh

eβ
−1φh(x,a)⊤θ⋆h,β

(
Zθ⋆h,β

− Ea∼πh,ref(·|x)

[
eβ

−1⟨φh(x,a),θ
⋆
h,β⟩ · I

{
∥φh(x,a)∥2Σ−1

h

> ν2
}])

,

=
Zθ⋆h,β

· e−
4ν
β
·∥θh−θ⋆h,β∥Σh

eβ
−1φh(x,a)⊤θ⋆h,β

(
1− Ea∼πh,ref(·|x)

[
eβ

−1⟨φh(x,a),θ
⋆
h,β⟩

Zθ⋆h,β

· I
{
∥φh(x,a)∥2Σ−1

h

> ν2
}])

,

=
Zθ⋆h,β

· e−
4ν
β
·∥θh−θ⋆h,β∥Σh

eβ
−1φh(x,a)⊤θ⋆h,β

(
1− Pa∼π⋆

h,β(·|x)

[
∥φh(x,a)∥2Σ−1

h

> ν2
])

,

and we can further lower bound by

≥
Zθ⋆h,β

· e−
4ν
β
·∥θh−θ⋆h,β∥Σh

eβ
−1φh(x,a)⊤θ⋆h,β

(
1− Ccond(π

⋆
h,β | x) · Pa∼πh,ref(·|x)

[
∥φh(x,a)∥2Σ−1

h

> ν2
])

,

=
πh,ref(a | x) · e−

4ν
β
·∥θh−θ⋆h,β∥Σh

π⋆
h,β(a | x)

(
1− Ccond(π

⋆
h,β | x) · Pa∼πh,ref(·|x)

[
∥φh(x,a)∥2Σ−1

h

> ν2
])

,

where the last equality follows by Assumption I.1 and Lemma N.4. Using this with (160) and the
fact that πh,θ(a | x)/πh,ref(a | x) is at most e2B/β , we get the desired result.
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Lemma N.3 (Two-sided bound for truncated policies). Suppose Assumption I.1 holds and let h ∈ [H],
ν > 0, (x, a) ∈ X × A, θh ∈ Rd, and Σh ∈ Rd×d be given and let φh(·, ·) := ϕh(·, ·) − ϕh(·, a).
Let π⋆

h,β and θ⋆h,β are as in Definition I.2 and Assumption I.1, respectively. Further, define

πh,θ(· | x) ∝ πh,ref(· | x) · eφh(x,·)⊤θ/β , and π⋆
h,β(· | x) ∝ πh,ref(· | x) · eφh(x,·)⊤θ⋆h,β/β,

(161)

where φh(x, ·) := φh(x, ·) · I
{
∥φh(x, ·)∥2Σ−1

h

≤ ν2
}

. Then, we have∣∣∣∣∣∑
a∈A

π⋆
h,β(a | x) ·

(
Q⋆

h,β(x, a)− β · log
π⋆
h,β(a | x)

πh,ref(a | x)

)
−
∑
a∈A

πh,θ(a | x) ·
(
Q⋆

h,β(x, a)− β · log
πh,θ(a | x)
πh,ref(a | x)

)∣∣∣∣∣
≤ βDKL

(
πh,θ(· | x) ∥π⋆

h,β(· | x)
)

+ 2Rmax max
π∈{πh,θ,π

⋆
h,β ,π

⋆
h,β}

min
(
1, Ccond(π | x) · Pa∼πh,ref(·|x)

[
∥φh(x,a)∥2Σ−1

h

> ν2
])

.

Proof of Lemma N.3. Let h ∈ [H], ν > 0, (x, a) ∈ X ×A, θh ∈ Rd, and Σh ∈ Rd×d be as in the
lemma statement. We define Q̃⋆

h,β(·, ·) := Q⋆
h,β(·, ·)−Q⋆

h,β(·, a). Note that by Assumption I.1, we
have that for all (x′, a′) ∈ X ×A:

Q̃⋆
h,β(x

′, a′) = φh(x
′, a′)⊤θ⋆h,β,

where φh is as in the lemma statement. Now, observe that by the definition of φh, we have for any
π ∈ Π, ∣∣∣Eπ

[
φh(xh,ah)

⊤θ⋆h,β | xh = x
]
− Eπ

[
φh(xh,ah)

⊤θ⋆h,β | xh = x
]∣∣∣

≤ Rmax · Pπ

[
∥φh(xh,ah)∥2Σ−1

h

> ν2 | xh = x
]
. (162)

Instantiating this with π = πh,θ and using Assumption I.1, we get that∣∣∣∣∣∑
a∈A

πh,θ(a | x) · Q̃⋆
h,β(x, a)− Eπh,θ

[
φh(xh,ah)

⊤θ⋆h,β | xh = x
]∣∣∣∣∣

≤ Rmax · Pπh,θ

[
∥φh(xh,ah)∥2Σ−1

h

> ν2 | xh = x
]
,

≤ Rmax ·min
(
1, Ccond(πh,θ | x) · Pπref

[
∥φh(xh,ah)∥2Σ−1

h

> ν2 | xh = x
])

. (163)

Now, instantiating (162) with π = π⋆
h,β and using Assumption I.1, we get that

∑
a∈A

π⋆
h,β(a | x) ·

(
Q̃⋆

h,β(x, a)− β log
π⋆
h,β(a | x)

πh,ref(a | x)

)
≤ Eπ⋆

h,β

[
φh(xh,ah)

⊤θ⋆h,β | xh = x
]
− βDKL

(
π⋆
h,β(· | x) ∥πh,ref(· | x)

)
+Rmax · Pπ⋆

h,β

[
∥φh(xh,ah)∥2Σ−1

h

> ν2 | xh = x
]
,
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≤ Eπ⋆
h,β

[
φh(xh,ah)

⊤θ⋆h,β | xh = x
]
− βDKL

(
π⋆
h,β(· | x) ∥πh,ref(· | x)

)
+Rmax ·min

(
1, Ccond(π

⋆
h,β | x) · Pπref

[
∥φh(xh,ah)∥2Σ−1

h

> ν2 | xh = x
])

,

≤ Eπ⋆
h,β

[
φh(xh,ah)

⊤θ⋆h,β | xh = x
]
− βDKL

(
π⋆
h,β(· | x) ∥πh,ref(· | x)

)
+Rmax ·min

(
1, Ccond(π

⋆
h,β | x) · Pπref

[
∥φh(xh,ah)∥2Σ−1

h

> ν2 | xh = x
])

, (164)

where in the last step we used the fact that

π⋆
h,β(· | x) ∈ argmax

π∈∆(A)

{∑
a∈A

π(a) · φh(x, a)
⊤θ⋆h,β − βDKL(π(·) ∥πh,ref(· | x))

}
, (165)

which follows from the definition of π⋆
h,β . Using (162) with Assumption I.1 again, we have that for

all π ∈ Π: ∑
a∈A

π(a | x) ·
(
Q̃⋆

h,β(x, a)− β log
π(a | x)

πh,ref(a | x)

)
≥ Eπ

[
φh(xh,ah)

⊤θ⋆h,β | xh = x
]
− βDKL(π(· | x) ∥πh,ref(· | x))

−Rmax · Pπ

[
∥φh(xh,ah)∥2Σ−1

h

> ν2 | xh = x
]
.

Thus, taking the maximum over π on both sides and using the definition of π⋆
h,β we get

∑
a∈A

π⋆
h,β(a | x) ·

(
Q̃⋆

h,β(x, a)− β log
π⋆
h,β(a | x)

πh,ref(a | x)

)
≥ max

π

{
Eπ

[
φh(xh,ah)

⊤θ⋆h,β | xh = x
]
− βDKL(π(· | x) ∥πh,ref(· | x))

−Rmax · Pπ

[
∥φh(xh,ah)∥2Σ−1

h

> ν2 | xh = x
]}

,

≥ Eπ⋆
h,β

[
φh(xh,ah)

⊤θ⋆h,β | xh = x
]
− βDKL

(
π⋆
h,β(· | x) ∥πh,ref(· | x)

)
−Rmax · Pπ⋆

h,β

[
∥φh(xh,ah)∥2Σ−1

h

> ν2 | xh = x
]
,

≥ Eπ⋆
h,β

[
φh(xh,ah)

⊤θ⋆h,β | xh = x
]
− βDKL

(
π⋆
h,β(· | x) ∥πh,ref(· | x)

)
−Rmax ·min

(
1, Ccond(π

⋆
h,β | x) · Pπref

[
∥φh(xh,ah)∥2Σ−1

h

> ν2 | xh = x
])

. (166)

By combining (163), (164), and (166), we get that∣∣∣∣∣∣
∑

a∈A π⋆
h,β(a | x) ·

(
Q⋆

h,β(x, a)− β · log π⋆
h,β(a|x)

πh,ref(a|x)

)
−
∑

a∈A πh,θ(a | x) ·
(
Q⋆

h,β(x, a)− β · log πh,θ(a|x)
πh,ref(a|x)

)
∣∣∣∣∣∣

=

∣∣∣∣∣∣
∑

a∈A π⋆
h,β(a | x) ·

(
Q̃⋆

h,β(x, a)− β · log π⋆
h,β(a|x)

πh,ref(a|x)

)
−
∑

a∈A πh,θ(a | x) ·
(
Q̃⋆

h,β(x, a)− β · log πh,θ(a|x)
πh,ref(a|x)

)
∣∣∣∣∣∣
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≤
∣∣∣Eπ⋆

h,β

[
φh(xh,ah)

⊤θ⋆h,β | xh = x
]
− βDKL

(
π⋆
h,β(· | x) ∥πh,ref(· | x)

)
− Eπh,θ

[
φh(xt,ah)

⊤θ⋆h,β | xh = x
]
+ βDKL(πh,θ(· | x) ∥πh,ref(· | x))

∣∣∣
+ 2 max

π∈{πh,θ,π
⋆
h,β ,π

⋆
h,β}

Rmaxmin
(
1, Ccond(π | x) · Pπref

[
∥φh(xh,ah)∥2Σ−1

h

> ν2 | xh = x
])

,

= Eπ⋆
h,β

[
φh(xh,ah)

⊤θ⋆h,β | xh = x
]
− βDKL

(
π⋆
h,β(· | x) ∥πh,ref(· | x)

)
− Eπh,θ

[
φh(xt,ah)

⊤θ⋆h,β | xh = x
]
+ βDKL(πh,θ(· | x) ∥πh,ref(· | x))

+ 2 max
π∈{πh,θ,π

⋆
h,β ,π

⋆
h,β}

Rmaxmin
(
1, Ccond(π | x) · Pπref

[
∥φh(xh,ah)∥2Σ−1

h

> ν2 | xh = x
])

,

= βDKL

(
πh,θ(· | x) ∥π⋆

h,β(· | x)
)

+ 2 max
π∈{πh,θ,π

⋆
h,β ,π

⋆
h,β}

Rmaxmin
(
1, Ccond(π | x) · Pπref

[
∥φh(xh,ah)∥2Σ−1

h

> ν2 | xh = x
])

,

where the second-to-last step follows by (165), and the last step is a standard manipulation of
KL-divergence.

Lemma N.4. The state-action value functions (Q⋆
h,β) and policies (π⋆

h,β) in Definition I.2 satisfy:
for all h ∈ [H] and (x, a) ∈ X ×A,

sup
πh+1:H : X→∆(A)

Qπ
h,β(x, a) = Q

π⋆
β

h,β(x, a) = Q⋆
h,β(x, a);

and

π⋆
h,β(· | x) ∈ argmax

π∈∆(A)

∑
a′∈A

π(a′) ·
(
Q⋆

h,β(x, a
′)− β log

π(a′)

πh,ref(a′ | x)

)
, (167)

where Qπ
h is as in Definition I.1.

Proof of Lemma N.4. We prove the result via backward induction over ℓ = H + 1, . . . , 1 that and
(x, a) ∈ X ×A,

sup
πℓ+1:H : X→∆(A)

Qπ
ℓ,β(x, a) = Q

π⋆
β

ℓ,β(x, a) = Q⋆
ℓ,β(x, a); (168)

and

π⋆
ℓ,β(· | x) ∈ argmax

π∈∆(A)

∑
a′∈A

π(a′) ·
(
Q⋆

ℓ,β(x, a
′)− β log

π(a′)

πℓ,ref(a′ | x)

)
. (169)

The base case ℓ = H+1 is immediate. Now, suppose that (168) and (169) hold for ℓ = h ∈ [2 .. H+
1]. We show that they hold for ℓ = h− 1. Fix (x, a) ∈ X ×A. For any π : X → ∆(A), we have

Qπ
h−1,β(x, a)

= r⋆h−1(x, a) + Eπ

[
H∑
ℓ=h

r⋆ℓ (xℓ,aℓ)− β
H∑
ℓ=h

log
πℓ(aℓ | xℓ)

πℓ,ref(aℓ | xℓ)
| xh−1 = x,ah−1 = a

]
,
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= r⋆h−1(x, a) + Eπ

[
Qπ

h,β(xh,ah)− β log
πh(ah | xh)

πh,ref(ah | xh)
| xh−1 = x,ah−1 = a

]
,

= r⋆h−1(x, a)

+ E

[∑
a′∈A

πh(a
′ | xh)

(
Qπ

h,β(xh, a
′)− β log

πh(a
′ | xh)

πh,ref(a′ | xh)

)
| xh−1 = x,ah−1 = a

]
.

Therefore, we have

max
πh:H :X→∆(A)

Qπ
h−1,β(x, a) = r⋆h−1(x, a)

+ E

[
max

πh:X→∆(A)

∑
a′∈A

πh(a
′ | xh)

(
max

πh+1:H :X→∆(A)
Qπ

h,β(xh, a
′)− β log

πh(a
′ | xh)

πh,ref(a′ | xh)

)
| xh−1 = x,ah−1 = a

]
,

and so using the induction assumption (in particular (168) for ℓ = h), we get

= r⋆h−1(x, a)

+ E

[
max

πh:X→∆(A)

∑
a′∈A

πh(a
′ | xh)

(
Q⋆

h,β(xh, a
′)− β log

πh(a
′ | xh)

πh,ref(a′ | xh)

)
| xh−1 = x,ah−1 = a

]
,

= r⋆h−1(x, a) + E

[∑
a′∈A

πh,ref(a
′ | xh) · eQ

⋆
h,β(xh,a

′)/β | xh−1 = x,ah−1 = a

]
,

= r⋆h−1(x, a) + Th,β[Q⋆
h,β](x, a),

= Q⋆
h,β(x, a). (170)

This shows (168) for ℓ = h− 1. Finally, (169) for ℓ = h− 1 follows from a direct calculation.

Lemma N.5 (Performance difference lemma for KL-regularized regret). For all π1:H , π′
1:H ⊂

{π : X → ∆(A)}, we have

Jβ(π)− Jβ(π
′) =

H∑
h=1

Eπ′

[∑
a∈A

πh(a | xh) ·
(
Qπ

h,β(xh, a)− β · log πh(a | xh)

πh,ref(a | xh)

)]

−
H∑

h=1

Eπ′

[∑
a∈A

π′
h(a | xh) ·

(
Qπ

h,β(xh, a)− β · log
π′
h(a | xh)

πh,ref(a | xh)

)]
, (171)

where Jβ(π) :=
∑H

h=1 Eπ [r
⋆
h(xh,ah)]− βDKL(π ∥πref).

Proof of Lemma N.5. Corollary of Lemma N.6 with h = 1, taking expectation over x1 ∼ ρ.

Lemma N.6 (Performance difference lemma (generalized version)). For all h ∈ [H], x ∈ X , and
πh:H , π′

h:H ⊂ {π : X → ∆(A)}:

Eπ

[
H∑
ℓ=h

r⋆ℓ (xℓ,aℓ)− β
H∑
ℓ=h

log
πℓ(aℓ | xℓ)

πℓ,ref(aℓ | xℓ)
| xh = x

]
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− Eπ′

[
H∑
ℓ=h

r⋆ℓ (xℓ,aℓ)− β
H∑
ℓ=h

log
π′
ℓ(aℓ | xℓ)

πℓ,ref(aℓ | xℓ)
| xh = x

]

=

H∑
ℓ=h

Eπ′

[∑
a∈A

πℓ(a | xℓ) ·
(
Qπ

ℓ,β(xℓ, a)− β · log πℓ(a | xℓ)

πℓ,ref(a | xℓ)

)
| xh = x

]

−
H∑
ℓ=h

Eπ′

[∑
a∈A

π′
ℓ(a | xℓ) ·

(
Qπ

ℓ,β(xℓ, a)− β · log
π′
ℓ(a | xℓ)

πℓ,ref(a | xℓ)

)
| xh = x

]
.

Proof of Lemma N.6. First, for any π1:H ⊂ {π : X → ∆(A)}, (x, a) ∈ X ×A, h ∈ [H], define

rπh(x, a) := r⋆h(x, a)− β log
πh(a | x)

πh,ref(a | x)
, and Qπ

h,β(x, a) = Eπ

[
H∑
ℓ=h

rπℓ (xℓ,aℓ) | xh = x,ah = a

]
and note that

Qπ
h,β(x, a) = Qπ

h,β(x, a) + β log
πh(a | x)

πh,ref(a | x)
. (172)

We need to show that for all h ∈ [H], x ∈ X , and πh:H , π′
h:H ⊂ {π : X → ∆(A)}:

Eπ′◦hπ

[
H∑
ℓ=h

rπℓ (xℓ,aℓ) | xh = x

]
− Eπ′

[
H∑
ℓ=h

rπ
′

ℓ (xℓ,aℓ) | xh = x

]

=
H∑
ℓ=h

Eπ′

[∑
a∈A

πℓ(a | xℓ) ·
(
Qπ

ℓ,β(xℓ, a)− β · log πℓ(a | xℓ)

πℓ,ref(a | xℓ)

)
| xh = x

]

−
H∑
ℓ=h

Eπ′

[∑
a∈A

π′
ℓ(a | xℓ) ·

(
Qπ

ℓ,β(xℓ, a)− β · log
π′
ℓ(a | xℓ)

πℓ,ref(a | xℓ)

)
| xh = x

]
.

Fix h ∈ [H], x ∈ X , and π1:H , π′
1:H ⊂ {π : X → ∆(A)}. We now show via induction over

j = h, . . . ,H + 1 that

Eπ′◦hπ

[
H∑
ℓ=h

rπℓ (xℓ,aℓ) | xh = x

]
− Eπ′

[
H∑
ℓ=h

rπ
′

ℓ (xℓ,aℓ) | xh = x

]

=

j−1∑
ℓ=h

Eπ′

[∑
a∈A

πℓ(a | xℓ) ·Q
π
ℓ,β(xℓ, a)−

∑
a∈A

π′
ℓ(a | xℓ) ·Qπ

ℓ,β(xℓ, a) | xh = x

]

+ β

j−1∑
ℓ=h

Eπ′

[
log

π′
ℓ(aℓ | xℓ)

πℓ(aℓ | xℓ)
| xh = x

]

+ Eπ′◦jπ

 H∑
ℓ=j

rπℓ (xℓ,aℓ) | xh = x

− Eπ′

 H∑
ℓ=j

rπ
′

ℓ (xℓ,aℓ) | xh = x

 . (173)

The base case j = h is trivial. Now assume that (173) holds for j ∈ {h, . . . ,H + 1}; we show it
holds for j + 1:

Eπ′◦jπ

 H∑
ℓ=j

rπℓ (xℓ,aℓ) | xh = x

− Eπ′

 H∑
ℓ=j

rπ
′

ℓ (xℓ,aℓ) | xh = x


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= Eπ′◦jπ

 H∑
ℓ=j

rπℓ (xℓ,aℓ) | xh = x

− Eπ′◦j+1π

rπ′
ℓ (xℓ,aℓ) +

H∑
ℓ=j+1

rπℓ (xℓ,aℓ) | xh = x


+ Eπ′◦j+1π

rπ′
ℓ (xℓ,aℓ) +

H∑
ℓ=j+1

rπℓ (xℓ,aℓ) | xh = x

− Eπ′

 H∑
ℓ=j

rπ
′

ℓ (xℓ,aℓ) | xh = x

 ,

= Eπ′◦jπ

 H∑
ℓ=j

rπℓ (xℓ,aℓ) | xh = x

− Eπ′◦j+1π

rπ′
ℓ (xℓ,aℓ) +

H∑
ℓ=j+1

rπℓ (xℓ,aℓ) | xh = x


+ Eπ′◦jπ

 H∑
ℓ=j+1

rπℓ (xℓ,aℓ) | xh = x

− Eπ′

 H∑
ℓ=j+1

rπ
′

ℓ (xℓ,aℓ) | xh = x

 ,

= Eπ′◦jπ

 H∑
ℓ=j

rπℓ (xℓ,aℓ) | xh = x

− Eπ′◦j+1π

 H∑
ℓ=j

rπℓ (xℓ,aℓ) | xh = x


+ Eπ′

[
rπℓ (xℓ,aℓ)− rπ

′
ℓ (xℓ,aℓ) | xh = x

]
+ Eπ′◦j+1π

 H∑
ℓ=j+1

rπℓ (xℓ,aℓ) | xh = x

− Eπ′

 H∑
ℓ=j+1

rπ
′

ℓ (xℓ,aℓ) | xh = x

 ,

= Eπ′◦jπ

[∑
a∈A

πj(a | xℓ) ·Q
π
j,β(xj , a)−

∑
a∈A

π′
j(a | xj) ·Qπ

j,β(xj , a) | xh = x

]

+ βEπ′

[
log

π′
j(aj | xj)

πj(aj | xj)
| xh = x

]

+ Eπ′◦jπ

 H∑
ℓ=j+1

rπℓ (xℓ,aℓ) | xh = x

− Eπ′

 H∑
ℓ=j+1

rπ
′

ℓ (xℓ,aℓ) | xh = x

 . (174)

This shows that (173) holds with j replaced by j +1 and completes the induction. Instantiating (173)
with ℓ = H + 1 shows that

Eπ′◦hπ

[
H∑
ℓ=h

rπℓ (xℓ,aℓ) | xh = x

]
− Eπ′

[
H∑
ℓ=h

rπ
′

ℓ (xℓ,aℓ) | xh = x

]

=
H∑
ℓ=h

Eπ′

[∑
a∈A

πℓ(a | xℓ) ·Q
π
ℓ,β(xℓ, a)−

∑
a∈A

π′
ℓ(a | xℓ) ·Qπ

ℓ,β(xℓ, a) + β log
π′
ℓ(aℓ | xℓ)

πℓ(aℓ | xℓ)
| xh = x

]
.

Combining this with (172) implies the desired result.

Lemma N.7. Let C ⊂ X ×A be a multiset of the form

C =
⋃

i∈[N ]

{(xi, ai), (xi, a)}, (175)
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for N ≥ 1. Then, for any non-negative f : X ×A → R, we have∑
(x,a)∈C

f(x, a) +
∑

(x,a)∈C

f(x, a) ≤ 3
∑

(x,a)∈C

f(x, a). (176)

Proof of Lemma N.7. Because C is a multiset satisfying (175) and f is non-negative, we have∑
(x,a)∈C

f(x, a) ≥
∑

(x,a)∈C:a̸=a

f(x, a) +
∑

(x,a)∈C:a̸=a

f(x, a),

≥
∑

(x,a)∈C:a̸=a

f(x, a). (177)

On the other hand, we also have that∑
(x,a)∈C

f(x, a) =
∑

(x,a)∈C:a̸=a

f(x, a) +
∑

(x,a)∈C:a=a

f(x, a),

≥
∑

(x,a)∈C:a=a

f(x, a). (178)

Combining (1) and (2) implies that∑
(x,a)∈C

f(x, a) =
∑

(x,a)∈C:a=a

f(x, a) +
∑

(x,a)∈C:a̸=a

f(x, a),

≤ 2
∑

(x,a)∈C

f(x, a),

which implies (176) after adding
∑

(x,a)∈C f(x, a) on both sides.
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