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Abstract

Language model alignment (or, reinforcement learning) techniques that leverage active explo-
ration—deliberately encouraging the model to produce diverse, informative responses—ofter the
promise of super-human capabilities. However, current understanding of algorithm design primitives
for computationally efficient exploration with language models is limited. To better understand how
to leverage access to powerful pre-trained generative models to improve the efficiency of exploration,
we introduce a new computational framework for RL with language models, in which the learner in-
teracts with the model through a sampling oracle. Focusing on the linear softmax model parameteriza-
tion, we provide new results that reveal the computational-statistical tradeoffs of efficient exploration:

1. Necessity of coverage. Coverage refers to the extent to which the pre-trained model covers
near-optimal responses—a form of hidden knowledge. We show that coverage, while not
necessary for data efficiency, lower bounds the runtime of any algorithm in our framework.

2. Inference-time exploration. We introduce a new algorithm, SpannerSampling, which obtains
optimal data efficiency and is computationally efficient whenever the pre-trained model enjoys
sufficient coverage, matching our lower bound. SpannerSampling leverages inference-time
computation with the pre-trained model to reduce the effective search space for exploration.

3. Insufficiency of training-time interventions. We contrast (2) by showing that training-time in-
terventions that produce proper policies cannot achieve similar guarantees in polynomial time.

4. Computational benefits of multi-turn exploration. Finally, we show that under additional
representational assumptions, one can achieve improved runtime (replacing sequence-level
coverage with token-level coverage) through multi-turn exploration.

We view this as a step toward a computational theory of decision making with generative models.
Keywords: Language model, reinforcement learning, exploration, computational-statistical tradeoffs

1. Introduction

Language models are rapidly approaching human performance on a vast array of natural language
tasks [9, 65, 81, 63, 31], but current models are constrained by the limitations of passively generated
human training data. Domains where high-quality feedback is available (e.g., math and code) offer
the tantalizing possibility of overcoming these limitations: By iteratively generating new proposals
and refining them with human or super-human feedback (e.g., from a formal proof checker), a
language model could eventually discover novel, potentially super-human behaviors and capabilities.
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The central hurdles to achieving novel capabilities with this template are (1) the amount of
feedback—that is, the data efficiency—required by alignment/post-training, and (2) the computa-
tional efficiency. Both metrics are important, but since gathering feedback is often costly or slow (e.g.,
due to cost of gathering human labels, or high computational overhead of formal proof checkers), data
is often more tightly constrained than computation. Unfortunately, the most popular alignment tech-
niques, like PPO [73] and Online DPO [97, 32], are data-inefficient due to their reliance on passive
exploration. These techniques treat the pre-trained model as a policy and iteratively update it with
reinforcement learning, but since there is no explicit mechanism to promote novelty, they are unlikely
to generate positive responses (e.g., novel and correct proofs) by chance [94]. In principle, this issue
could be mitigated through active exploration techniques developed in the theory of reinforcement
learning, which deliberately generate diverse, informative responses [38, 2, 39, 27, 26]. However,
these techniques—while satisfactorily data-efficient—cannot be implemented in a computationally ef-
ficient fashion in their most general form [20, 41, 30]. Recent attempts to specialize active exploration
to language model alignment face the same issue: such methods require either (1) enumeration over
the (exponentially large) space of responses [18, 87, 102, 95]; or (2) non-convex training objectives
that are not known to be efficiently implementable in even the simplest settings [94, 13].

The role of the base model. Language model alignment features unique structure not present in
general reinforcement learning—most prominently, access to a powerful pre-trained base model (the
starting point from which alignment proceeds) that encodes substantial prior knowledge (e.g, whether
proofs or programs are at least syntactically valid, if not useful).! Yet, there is little understanding of
what properties of the base model are necessary for novel behaviors to emerge through RL [64, 22],
or whether this process can be accelerated through algorithmic interventions (e.g., the idea of di-
rectly using the base model to reduce the effective search space has appeared in many empirical
works [55, 33, 82, 101, 95, 99]). Meanwhile, the previously-mentioned theoretical works (based on
active exploration) only make superficial use of the base model, rendering the lack of computational
efficiency perhaps unsurprising. This motivates the central question we explore:

How can we best leverage access to powerful pre-trained generative models to improve
computational efficiency of exploration, and how should we evaluate algorithms that do so?

To address this question, we introduce a new computational framework for language reinforcement
learning in which access to the model is abstracted away through a sampling oracle, and provide new
algorithms and fundamental limits which elucidate essential properties—in particular, the notion of
coverage—of the pre-trained model for computationally efficient learning. In the process, we bring
clarity to computational benefits of algorithmic interventions that have been explored empirically
but are not yet fully understood, including (i) benefits of inference-time computation [8, 78, 93]; and
(i) benefits of multi-turn techniques that explore at the per-step level [53, 68, 47, 75, 74, 96, 43].

1.1. Background: Online Alignment from Reward-Based Feedback

To motivate our computational framework, we begin by formally introducing the statistical problem
of language model alignment. We adopt a contextual bandit formalism [70, 95] where the language
model is a policy 7 : X — A()Y) that maps a prompt (context) x € X to a response (action) y €
by sampling y ~ 7(- | ). We begin with a reference policy 7., which is typically obtained through
pre-training or supervised fine-tuning. From here, our alignment protocol proceeds as follows: We

1. Other features include (i) deterministic, known transition dynamics, (ii) regularization to the base model.
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receive Tprompt i.i.d. prompts z',..., 2" ~ p € A(X). For each prompt z*, we can select up to
N responses yi, ...,y € Y (the responses may be sampled from 7.er or from some alternative
sampling procedure [55, 45, 77]), with which we query a reward oracle for a reward r} € [0, Rpax].
We assume that E[r | z,y] = r*(x,y), where 7* : X x Y — [0, Rpay] is the underlying reward
function, which represents the feedback source (e.g, verifier or human labeler) that the algorithm
interacts with. All responses can be chosen adaptively based on prior feedback—this stands in
contrast to traditional offline alignment [102, 56, 36], which is the special case of our formulation in
which y! ~ 7rep(x?) for all .2 Once data collection concludes, we produce a final policy 7 with the
aim of achieving high reward. We define Tgata < N - Tprompt as the total number of reward queries
used by the algorithm. Note that in general, we can have Tyata < N - Tprompt, as the algorithm can
potentially abstain from querying the reward oracle for a given prompt.

As in prior work on alignment [95, 102, 94], we focus maximizing a KL-regularized reward
objective. Letting J(7) := Ey), yun(a) [T (7, y)] denote the average reward and Dk (7 || ref) 1=
Epp[DkL(m(x) || mrer(x))] denote KL-divergence, we define for regularization parameter 5 > 0:

Jg(m) = J(m) — B - Do (7 || mref). (1)

We measure the quality of the policy 7 via regret to the optimal KL-regularized policy: we desire
that Jg(m5) — Jg(7) < e, where 7 := arg max.x_,a(y) Jg() is the optimal policy, and £ > 0 is
small. This means that 7 achieves near-optimal reward, but does not drift too far from the base policy
Tref. We view [ as a fixed (but potentially small) problem-dependent parameter, so as to allow novel
responses that deviate non-trivially from 7e¢. We abbreviate Er[-] := Eypyn(fa)[-]-

Remark 1.1 (Autoregressive models). We focus on the abstract setting above, but our motivating
example is autoregressive sequence models of length H, where Y = AH represents the space of
token sequences over a vocabulary A. We will return to this specific setting in Section 5.

Statistical lens: How much reward data do we need? Since the underlying reward function r* is
unknown to the algorithm designer, the total number of reward queries Tq4,t5 used by an algorithm
reflects its data efficiency, i.e. how much data needs to be collected from the reward oracle to learn a
good policy. Collecting high-quality reward signals can be costly or time-consuming (e.g., when
human-generated, or when reward evaluation requires computationally intensive code execution or
formal verification), so data efficiency is critical. To give provable data efficiency guarantees, typical
alignment algorithms [95, 94] take as input a user-specified policy class II = {my | # € ©} for a
parameter space ©, and invoke the standard statistical assumption that the optimal policy lies in 11.

Assumption 1.1 (Policy realizability). The policy class 11 satisfies 7r2§ eIl

Remark 1.2 (Preference-based feedback). Our absolute reward formulation for language model
alignment has been used in prior work empirically [88, 89, 85, 96] and in theory [107, 84, 96].
This formulation is closely related to the widely-used theoretical model for RLHF where the learner
receives preference-based feedback. Our main algorithms use N = 2 and readily extend to the
preference-based setting, while our lower bounds allow for general N. See Appendix B.1.

2. Responses need not be chosen according to the order ¢; the algorithm can sample N’ < N responses for z*, then
/ . . . .
sample responses for another z* before to returning z* and sampling more. This generality makes our lower bounds
stronger; our algorithms use N = 2 and proceed in order however.
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1.2. A Computational Framework for Online Alignment

The response space ) in the online alignment framework can be exponentially large (e.g., Remark 1.1).
Without assumptions, there is no hope of learning a near-optimal policy without enumerating over
V. To address this, we assume that the learning algorithm has access to a certain sampling oracle.
Informally, we consider two different settings. (1) In the strong oracle setting, the learner can
draw conditional samples from 7y (- | ) for any prompt € X’ and parameter § € © (with the con-
vention that 0 € © and g = 7rer). (2) In the weak oracle setting, the learner can draw conditional
samples from 7res(- | ) for any prompt z € X'. We let Tonp denote the total number of sampling
oracle queries used by the algorithm throughout the learning process. See Section 2 for formal details.
Our algorithms only need the weak oracle, but our lower bounds apply even to the strong oracle.
We view access to the weak oracle as a minimal assumption: efficient conditional sampling is arguably
the defining property of autoregressive language models. We use the sampling oracle complexity Tomp
as an information-theoretic proxy for the computational efficiency of an alignment algorithm, one that
parallels the role of oracle/query complexity [61, 44], and is amenable to upper and lower bounds.
As an example, (reward-based) On1ineDPO [32], is a simple online alignment algorithm: For each
t € [Tprompt). the algorithm computes a parameter 6§ € © by optimizing a DPO objective (Eq. (6)) with
its current dataset D*, then samples a pair of responses i, y4 ~ mg: (- | ), observes corresponding
rewards (1}, ), and updates D' <— D' U { (2, v}, v4, 74, r5)}. This algorithm uses two (strong)
sampling oracle queries per round, so the computational cost is no worse than the cost of gathering
feedback: Ttomp = Tyata. Unfortunately, since On1ineDPO engages in purely passive exploration,
the algorithm’s data efficiency itself is unsatisfactory. We make this distinction quantitative below.

1.3. Linear Softmax Policy Parameterization

To understand when we can hope to achieve favorable data efficiency Ty t5 (€.g., through active
exploration) without entirely sacrificing computational efficiency Ttomp, We focus on perhaps the
simplest concrete choice of policy class: linearly parametrized softmax policies [95, 13].

Definition 1.1. Let © C R be a convex parameter set and let ¢ : X x Y — R? be a feature em-
bedding. The linear-softmax policy class is Il = {mg : 0 € O}, where mg : X — A()) is defined by

To(y | ©) o Trer(y | ) - exp (8710, d(x,y))). )

With this policy class, Assumption 1.1 becomes a natural assumption about the expressivity of the
feature embedding ¢: for example, if the reward function is linear in the features, i.e. 7*(z,y) =
(6%, ¢(x, 7)) for some 0* € RY, then the optimal regularized policy 77 is exactly g« [94], so that
Assumption 1.1 is satisfied so long as 8* € ©. In spite of the simplicity, Definition 1.1 is rich enough
to capture autoregressive sequence models where weights for all but the last layer are frozen; there is
some evidence [58] that post-training methods with deep models operate in this “lazy” regime.

For sequence modeling (Remark 1.1), the strong sampling oracle can be at odds with Defini-
tion 1.1: while the feature dimension d is bounded, ) is exponentially large, and even if 7. is an au-
toregressive sequence model, 7y may not admit an explicit autoregressive factorization for all 8. How-
ever, the weak sampling oracle is entirely natural for autoregressive sequence modeling; see Section 5.

3. Technically, On1ineDPO also requires observing the log-densities of the observed responses, though this requirement
simplifies for the linear softmax policy class that we consider in the sequel. See Section 2 for details.
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Tradeoffs between data and computational efficiency. Let Tyata(e,0) and Teomp(€, 0) denote the
reward and sampling oracle queries required for an algorithm to ensure Jg () — Jg(7) < & with
probability at least 1 — §. Even for linear softmax policies, all existing algorithms are unsatisfactory
with respect to Tgata(€, §) or Teomp (€, 0). On one hand, Xie et al. [94] show that if we define

m5(y | @)
Ceov(m5) :=  sup AL 3)
COV( B) reX yey 7"'ref(y ‘ J,‘)

as the coverage coefficient for ﬂg, then the On1ineDPO method in the prequel, while implementable

in polynomial time, must suffer Tyata(s,0) 2 min{Ccov (75), exp(Rgax) } when d = O(1) and
g,0 = Q(1). Informally, Ceoy (Wg) is represents the number of responses one must draw from 7 es
before high reward is observed by chance [8, 78, 93]. This is a form of hidden knowledge, but its
presence in 1,5 reflects passive exploration. On the other hand, Xie et al. [94] introduced a variant of
OnlineDPO called XPO (see Appendix B), which augments On1ineDPO with active exploration. This
allows XPO to achieve polynomial data efficiency, irrespective of whether m..¢ has favorable coverage:

d?log(61)

Tyata(e,0) S Ty )

€
Note that Ccov(ﬂg) > poly(d) in general, representing a benefit over passive exploration. Like
OnlineDPO, XPO uses the sampling oracle to generate two responses (y, y5) ~ ma: (- | #*) at each iter-
ation. Yet, while the objective XPO uses to update the policy 7g:+1 is amenable to gradient-based meth-
ods, it introduces non-convexity not present in the DPO objective, and it is not known whether it can
be minimized in polynomial time (nor with Tcomp (€, §) polynomial) for linear softmax policies, even
when |)| is small. Other active exploration algorithms are similarly unsatisfactory [18, 102, 95, 13].

1.4. Contributions

We develop a sharp understanding of computational-statistical tradeoffs for online alignment with
linear softmax policies, highlighting the central role of the base model (policy) 7 in enabling com-
putational efficiency, along with benefits of inference-time computation and multi-step exploration.

The (computational) necessity of coverage (Section 2). The coverage coefficient Ccov(wg) cap-
tures the extent to which 7ref covers near-optimal responses—a form of knowledge encoded in the
pre-trained model [8, 78, 93]. While coverage is not necessary for data efficiency (e.g., Eq. (4)), we
show that it is required for computational efficiency. Formally (Theorem 2.1), for any algorithm in
the sampling oracle framework, the number of sampling oracle calls (and runtime) is lower bounded

as Teomp(€,0) 2 min{C’COV(ﬂg), exp(%) } This serves as a skyline for algorithm design, and
contributes to a growing body of work that highlights the computational benefits of coverage [35].

Efficient inference-time exploration (Section 3). We give a new algorithm, SpannerSampling,
which (i) achieves near-optimal data efficiency Tyata(e, d) < poly(d, 371,71, log(671)) for both
rewards and prompts, and (ii) runs in polynomial time, achieving minimal oracle efficiency as
governed by the lower bound above: Teomp(e,d) S poly(Ceov (Wg), T4ata(g,0)) (Theorem 3.1).
SpannerSampling leverages inference-time computation to tilt learned policies toward an exploratory
distribution, using the base policy 7 to reduce the effective search space for exploration.
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Insufficiency of training-time interventions (Section 4). Active exploration algorithms based on
“training-time” interventions (e.g., modifications to the DPO objective, as in XPO) are typically proper in
the sense that they explore using a sequence 71, . . ., myr of iteratively computed linear softmax poli-
cies and ultimately output such a policy; meanwhile SpannerSampling, by invoking extra inference-
time computation, engages in improper exploration. We show (Theorem 4.1) that no data-efficient
proper exploration algorithm can run in polynomial time (incl. polynomial dependence on C’COV(W;)
and exp(Rpax//3)). This gives a separation between algorithms based on training-time interventions
and algorithms like SpannerSampling that explore improperly through inference-time computation.

Computational benefits of multi-turn exploration (Section 5). The preceding results, when
specialized to autoregressive modeling, engage in exploration at the sequence-level. As a final
result (Theorem 5.1), we show that under the additional representational condition that 77/*3 can be
represented as an autoregressive policy, it is possible to achieve substantially improved runtime and
oracle complexity Tcomp (replacing the coverage coefficient Ccoy (WE) with an token-level counterpart)
by appealing to multi-turn exploration at the per-step (token or sub-sequence) level [53, 68, 47, 75,
74, 96, 43]. This is achieved as a special case of a more general result: any MDP where the optimal
KL-regularized value function QE is linear can be efficiently learned in the reset access model.

2. Sampling Oracle Framework and Necessity of Coverage

In this section, we formally introduce our sampling oracle framework, then prove that coverage
for the base policy 7..r is necessary for computational efficiency in this framework. Henceforth
(until Section 5), we focus on the linear softmax parameterization in Definition 1.1 and make
Assumption 1.1. For statistical tractability, we make a (standard) norm bound assumption.

Assumption 2.1. We assume all 0 € O satisfy ||0|| < B for a parameter B > 0, and that
lo(x,y)|| < 1and (0%, ¢(x,y) — ¢(x,y')) € [—Rmax, Rmax) for all z € X, y,y' € Y. Furthermore,
we assume that 0 € ©.

We assume that 3 < Rpax < B without loss of generality.* We do not explicitly assume that
rewards are linear (i.e., r*(z,y) = (0*, #(z,y))), but under Assumption 1.1 we have (Lemma G.1):

T*($7y) - T*(l‘,y/) = <9*,¢($,y) - ¢(xay/)> Vo € XJ/J/ €. (5)

We write f = O(g) to denote that f = O(g - max{1, polylog(g)}) and a < b as shorthand for
a = O(b). We use B,(r) to denote the £,-ball of radius , and define ||z||% = (z, Lz) for X > 0.

2.1. Sampling Oracle Framework

We now formally define our computational framework for the linear softmax policy parameterization.
We assume the prompt space X, response space )/, and parameter space © are given to the alignment
protocol, but the feature embedding ¢ and the reference policy 7 are specified only implicitly (i.e.,
are “unknown” a-priori), and must be accessed through one of the following computational oracles.

Definition 2.1 (Sampling oracles). Setting I (strong oracle): In one query, the learner proposes a
prompt x € X and parameter § € ©, and receives a conditional sample y ~ (- | x), as well as the

4. If Ruax < B, 0nlineDPO itself is statistically efficient. Our main upper bounds depend on B only logarithmically.
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corresponding feature ¢(x,y) for the sampled response (note that mog = Tref).
Setting I1 (weak oracle): In one query, the learner proposes a prompt x € X and receives a
conditional sample y ~ mes (- | ), as well as the corresponding feature ¢(x,y).

Definition 2.2. An online alignment algorithm in the (strong/weak) setting is an algorithm that, given
parameters €,6 > 0, produces a policy T satisfying Jg (Wﬁ) Jg(T) < € with probability at least
1 — §. We write Tyata(e, 0) and Teomp (€, 9) to denote the total number of reward oracle queries and
(strong/weak) sampling oracle queries respectively.

Notice, any algorithm operating in our framework (i) must invoke the sampling oracle if it wishes
to query the reward oracle with some y ~ 7y(- | z'), and (ii) only has knowledge of the features
¢(z,y) that have previously been revealed by the sampling oracle. As an example, given a dataset
D' = {(2', 41,3, 71,73)};, of prompt/response/reward tuples, the (reward-based) OnlineDPO
update takes the form

i i i i 2
' —argmlnz<ﬁl M—ﬁlogW—(ri—ré)) ) (6)

ISe) Wref(yi | %) Tref (Y5 | ©°)

Since [log % Blog WG(E/?TIZ) = (0, 0(z",y}) — ¢(x', y5)) and this objective only evalu-
ates ¢(z, y) for previously drawn responses, we see that it can be implemented in the strong setting
(Definition 2.2), using the strong sampling oracle to draw (yi, y5) ~ me: (- | x*).

As we will discuss in Section 5, algorithms that use the weak oracle have important consequences
when we specialize our to autoregressive sequence modeling; our main algorithm, SpannerSampling
enjoys this property.See Appendix B for connections to classical oracles used in online learning and

decision making, and Appendix C for discussion about the framework’s generality.

2.2. Coverage is Necessary for Computational Efficiency

We now present the first of our main results, which shows that the coverage coefficient Ceoy(7) lower
bounds the number of sampling oracle queries (and hence runtime) of any algorithm in our framework.

Theorem 2.1 (Necessity of coverage). Let C*,Y > 2 be given. Let Alg be an online alignment algo-
rithm that uses Tyata (€, 0) reward oracle queries and Teomp (€, 9) strong sampling oracle queries when-
ever (i) the parameter space is © = By(1), (ii) Assumption 2.1 is satisfied with Ryax = B = 1, (iii)
CCOV(TFE) < C*, and (iv) the response space has size Y = |))|. Then, either Tyata(c,0) > Y/8, or

Teonp(2, 8) > Q(min{eb’?d/Q’65*1/270*}) o

For simplicity, consider the regime where d > 3. Then Theorem 2.1 shows that any al-
gorithm needs Teomp(e,d) > Q(min{eﬁfl/ 2 C’cov(wg)}) to achieve non-trivial data-efficiency

Tyata(g,8) < |V|; note that the presence of e’ ! in the lower bound is fundamental, as we al-
ways have Ccoy(7) < exp(finx/8). We emphasize that this construction uses a single prompt. The
intuition for the construction in Theorem 2.1 is as follows. There is a single “hidden” response * that
the algorithm must discover to achieve high reward. Because the base policy places low probability on
this response, we are unlikely to sample y* ~ 7y (- | ) unless (8,0*) > 1 — (3. This leaves the algo-
rithm designer with two options: (i) brute-force search over € Bo(1) until we find (6,60*) > 1 — £,
which requires an exponential number of oracle queries in the dimension d, or (ii) eat the cost of the
coverage coefficient by drawing roughly Ccoy(7;) responses y ~ mref (- | ) until we observe y*.

7
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3. Efficient Online Alignment via Inference-Time Exploration

Theorem 2.1 serves as a skyline, showing that coverage (hidden knowledge) for the base policy is
essential for computationally efficient alignment; note that various works have shown that existing pre-
trained models exhibit favorable coverage for tasks of interest [8, 78, 93]. We now present our main
algorithm, SpannerSampling, which achieves the computational skyline in Eq. (7) without sacrificing
the polynomial data-efficiency achieved by (inefficient) active exploration algorithms such as XPO.

3.1. Algorithm: SpannerSampling

SpannerSampling is displayed in Algorithm 3 (deferred to Appendix G.1 due to space constraints).
The algorithm consists of two phases, a spanner computation phase and an exploration phase.

Spanner phase. Define relative features via o(x,y,y’) = é(x,y) — é(x,y'); we use these features
throughout the algorithm because—per Eq. (5)—the difference in rewards r*(x, y) —r*(x, y) is linear
under Assumption 1.1. In the first phase, the algorithm aims to compute a spanner: a small collection
Wspan of tuples (2, y, y') such that the matrix Espan = Mg+, vew.,., (¥ ¥)e(z,y,y') cov-
ers the feature space in directions that have high probability under the optimal KL-regularized policy
772.5 To build the spanner, the algorithm proceeds in T} rompt rounds, where at each round ¢ € [Tprompt],
we sample ' ~ p, then for each i € [Tspan] sample an independent pair (y7°, y5") ~ mref(- | 2°)
and check if Hgo(xt, vt ys') ’Es}in > v for an accuracy parameter v; whenever this occurs, we query

the reward oracle for y;* and y5* to receive (r{,r5) and add (z*, yy", y5", 7}, %) to a dataset Dspan
for use in the second phase, then proceed to the next round ¢ + 1. This process ensures that: (i) the
matrix Yspan COVers 7r§ well, in the sense that

1 >V

E;,aan

-1 Ccov p
}Spoly(d,y )+ (75) )

/
Pa“wp’y’wrl*%('lm)’y,NW”f('M) [HQP(% vy )| Torompt Tspan

and (ii) the size of the spanner stays uniformly bounded as |Wspan| < poly(d, v~1). These properties
imply that if we estimate 60* using least squares on any dataset D O Dgpan, the resulting estimator
will have high accuracy on directions covered by ﬂ'é, up to the error term in Eq. (8). Critically,
the size of the spanner—and hence the number of reward queries Ty,+,—1is uniformly bounded by
poly(d, 1/*1), irrespective of Tspan. This means that the second error term in Eq. (8) can be made
arbitrarily small by increasing inference-time computation (i.e. Tspan), Without increasing the number
of reward oracle queries or prompts.

Exploration phase. In the exploration phase, SpannerSampling performs on-policy exploration
in order to “fill in” directions that are not well-covered by the spanner. This phase proceeds for Ty,
rounds, and alternates between (i) computing an estimate 6* in Line 16 via regression (Eq. (49))° and
(i) updating the dataset D¢, ,, by sampling a pair (y{, y5) (given x*) from a truncated softmax policy
parameterized by 6" and querying the reward oracle for (rf, 75). The truncated softmax policy Ty is
a new type of exploratory policy which—to our knowledge—is novel to this work, and induces a

joint distribution over a pair (y,vy) | « via Tg: (v, 9y | ) = Tt (v | 2,9y )Trer (v’ | ), where

Tor(y | 2,y) < Tres(y | @) - eXp<5*1<9t, (e, y)Hle(z,9,9) |5 <v ) ©

5. Our notion of spanner is average-case in nature compared to previous notions in the literature; see Remark G.1.
6. This is equivalent to minimizing the DPO loss: Y- (3 log mole) _ glog melvzln) () 7‘2))2.

mref (Y1 ]2) mref (Y2]2)
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Without the indicator in Eq. (9), this coincides with the standard softmax policy my:(y | x), but the
indicator “truncates” the reward in directions that are uncertain according to the spanner. Truncation
allows SpannerSampling to proceed using only a weak sampling oracle: whenever the spanner phase
succeeds, we are guaranteed that %‘;5)’) < Ceov(m) for “most” pairs (z,y") (Lemma G.6). This
means we can use rejection sampling (SoftmaxSampler; Algorithm 1) at inference-time to transform
samples from 7o into samples from 7y: (y | z,y"), with computational cost Teop, = O (Ceov (wg))
per round.” We write 7(y, y' | #) ~ 74 (y,3y’ | x) to denote the distribution induced by rejection
sampling with the Sof tmaxSampler subroutine, and let 7*(y | z) := Eyr (1) [T (y | 2,3')]. See
Appendix F for detailed background on SoftmaxSampler.

3.2. Guarantee for SpannerSampling
The main guarantee for SpannerSampling is as follows.
Theorem 3.1 (Guarantee for SpannerSampling). For anye > 0and § € (0,1), by choosing Tprompt,

Tspan, Texp appropriately, Algorithm 3 learns a policy with Be. . igz1 | 27ex) [J5 (m5) — Js(®)] <e
with probability at least 1 —§, and achieves the following data efficiency and oracle efficiency bounds:

A Rr% X d? 10g2 6! A * Rr% X
Tdata(ga 5) = O< /86 > ) min{s(,ﬂ})’ and Tcomp(575) = O<CCOV(7TB) : Bga ) ’ Td2ata(57 6)

prompts. For any x € X, one can generate a sample

~(%) d?log?(671)

The algorithm uses at most O 3 -

y ~ 7(- | x) from the returned policy using Teomp = 6(CCOV (7’['2;)) weak sampling oracle queries.

On the computational side, we observe that the number of sampling oracle queries Tcomp (€, 9) is
controlled by the coverage coefficient Coy (Wg) < exp(Rmax/ ), achieving the lower bound in The-
orem 2.1, and the total runtime of the algorithm scales as poly(d, Ceov(15), ", 571, log(61)).8
Furthermore, the algorithm only requires a weak sampling oracle (Definition 2.1), and hence can be
viewed as performing exploration purely at inference time, with an iteratively updated reward model.

On the statistical side, our bound on Tyat4 (e, §) matches the minimax rate for linear bandits in
terms of dependence on d and Rpax when € < [ [49], and is independent of the coverage coefficient,
reflecting active exploration. The number of prompts used by the algorithm is also independent of the
coverage coefficient, though it is slightly larger than the number of reward queries. We observe that
Theorem 3.1 achieves a fast rate in the sense that Tyata(e, 0) S é when € < 3, improving over the
Thata(g,0) < 5% rate for XPO (Eq. (4)) and other prior work [95, 94, 13]; this is a secondary benefit of
working with truncated policies (see Eq. (10)), and is facilitated by strong convexity induced by regu-
larization; we view it as analogous to ﬁ—type rates for bandits with gap-A [48, 49]. Concurrent work
of Zhao et al. [108] achieves a similar fast rate, but their algorithm is not computationally efficient.
Analysis techniques. The key algorithmic ideas to ensure that T¢onp (£, §)—but not the number of
reward queries and prompts—is controlled by CCOV(TFE) are: (i) even though Tspa, can grow with
C’COV(WE), the size of the spanner W,,, (and number of reward queries in the spanner phase) is

bounded as poly(d, 5 -1 Rnax); and (ii) the truncated policy construction ensures we can simulate

7. For a generic parameter 6, we have Ceov(mp) > Ceov(75). A central insight in our analysis is that we can control
the density ratio by Ctov () even when 6 # 0™ by building a spanner and using it to truncate.

8. Indeed, outside of queries to the sampling oracle, the only runtime overhead in SpannerSampling is (i) minimizing
the DPO loss (linear least squares), (ii) inverting the second moment matrix, and (iii) evaluating various inner products.
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Ty¢ using rejection sampling with O (Ceov(my)) draws from 7res. Our regret analysis makes use of
the following decomposition for truncated softmax policies, which may be of independent interest
(see Lemma G.7): Given a parameter 0, define £2,, := || — 9*||%Span, and for € > 0, let

Xspan(g) = {‘r X ‘ IED(y,y’)fvﬂ'ref(:)c) [HSO(wvyayl)HE_l > V] < 5}-

Then under Assumptions 1.1 and 2.1, if v < [3/estat, we have that for all ¢ > 0,

1 /
Jp(mg«) — J5(Tg) < 3 E(y )~ (-|2) [<9 — 0%, p(z,y,y )>2] (10
+ O(RmaXCcov(ﬂ'E)) e+ O(Rmax) . mep[x ?é Xspan (5)]

The first term above is controlled by the (on-policy) exploration phase; by virtue of the square, this

leads to the fast é rate. Meanwhile, the last two terms are controlled by the spanner construction:
1

o1
for egpan ~ T We have that P, [z ¢ Xspan(Espan)] S o

4. Training-Time Interventions Cannot Be Computationally Efficient

SpannerSampling (Algorithm 3) leverages inference-time computation with the pre-trained model
to reduce the effective search space for exploration. As a result, the algorithm is improper in the sense
that it does not use linear softmax policies 7y € II to draw the responses for which it queries the
reward oracle; this is true for the spanner phase (the algorithm samples y ~ 7e¢(- | ) properly, but
adaptively chooses whether or not to query the reward oracle ), and for the exploration phase (due to
the use of truncation and rejection sampling). We contrast this with the notion of proper exploration.

Definition 4.1 (Proper alignment algorithm). An online alignment algorithm is proper if, for each
t € [Torompt] and i € [N, the algorithm queries the reward oracle with y! ~ my: (- | ) for 0% € ©.°

Proper algorithms are closely related to the notion of fraining-time interventions for explo-
ration, in the sense that any algorithm that computes exploratory policies 7‘ by solving 6 =
arg mingcg Lp(6) for some loss function L%, (7) that depends on the dataset D collected so far will
inevitably be proper in the sense of Definition 4.1—no matter how clever we are about designing the
loss. This includes On1ineDPO [32], XPO [94, 13], and many others [106, 56, 28]. We show that under
the Exponential Time Hypothesis (ETH), no such algorithm can be simultaneously data-efficient
and computationally efficient.

Theorem 4.1 (Proper algorithms cannot be computationally efficient). Under the Randomized
ETH (Conjecture H.1), there is no proper alignment algorithm, even with a strong oracle, that
(i) has Tyata(g,9) < poly(d, 371,e71,671) and Teomp(e,6) < poly(d,exp(B871),e71,671) under
Assumption 2.1 (with Ryay = 1, B = v/d),'° and (ii) has runtime poly(d, exp(8~1),e~ 1,6 1).

Note that Definition 4.1 does not require the final output policy 7 to be proper; the restriction is
solely on the policies used to explore. For contrast, we recall that since Ceoy(75) < exp(f3 ~1) when
Ruax = 1, SpannerSampling achieves Tyata(g,6) < poly(d, 37 1,e71,671) and Teomp(e,d) <

9. The parameter 6] may be chosen adaptively based on the previously sampled responses and rewards.
10. Concretely, we use the parameter set © = {§ € R |10, < 1}.

10
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poly(d,exp(871),e71,6!) under the conditions of Theorem 4.1, and does so with time com-
plexity poly(d,exp(f~1),e1,671). Theorem 4.1 shows that no proper alignment algorithm can
achieve polynomial runtime in a similar fashion. In particular, while XPO [94] achieves Tyata(e, ) <
poly(d, 371,e71,671), Theorem 4.1 implies that it cannot be implemented efficiently for linear
softmax policies. This answers a question raised by Xie et al. [94], and gives a separation between
training-time interventions and algorithms like SpannerSampling that use additional inference-time
computation to explore improperly. Like Theorem 2.1, this lower bound uses only a single prompt.
To prove Theorem 4.1, we reduce from the Max-k-DNF problem, embedding a k-DNF formula in
o(x,y) so that responses correspond to clauses, and embedding a maximally satisfying assignment
in the hidden parameter 6*. Our construction ensures that any proper exploration policy 7y places all
but a vanishing fraction of mass on a “null” response yo = 0 (which is useless for gathering reward
information) unless @ corresponds to an assignment that satisfies a large fraction of clauses. Directly
finding such a 6 requires (approximately) maximizing the underlying k-DNF formula, and the
assumptions Tyata(e,6) < poly(d, 371,71, 671) and Teomp(g,6) < poly(d,exp(8~1),e71,671)
ensure that we will not sample a non-null response yg # 0 by chance (which could reveal information
about 6*); from here, the hardness follows. Interestingly, we use hardness of approximation for
Max-k-DNF in a somewhat non-standard parameter regime (Appendix H.5).

S. Autoregressive Policies and Computational Benefits of Multi-Turn Exploration

Our motivating example (Remark 1.1) is the autoregressive setting where ) = A for a token space
A and horizon H (so that responses y = (a1, ..., az) correspond to sequences of tokens), and where
Tref is explicitly represented as an autoregressive policy of the form mrer(y | ) = Tref(ar. | ) =
Hthl Thref(an | ,a1.5—1). In what follows, we show how to specialize SpannerSampling to this
setting, then derive algorithms with improved computational efficiency by alternatively viewing this
as a reinforcement learning problem in a token-level MDP where actions correspond to tokens [71].

5.1. Autoregressive Softmax Policies: Representational Issues and SpannerSampling

When the base policy 7r.r is autoregressive, it is natural to learn a policy with the same autore-

gressive structure. We consider the class Hayto := {73 = (Wi:"eto, . ,71'?_}"7%0) | 65 € ©), Vh} of

autoregressive linear softmax policies given by

Thoref(an | 2, a1:-1) exp (B~ Oh, dn (e, ar:p)))

e
a'€A Wh,ref(a/ | z, al:h—l) eXP(ﬁfl <9h7 ¢h($, a1:h—1, CL/)>)

)

, (1D

ap | x,a1.h-1) = 5

with 73" (a1.q | z) = e, T (ay, | z,a1.-1); we assume 60, € ©), C R? with ||6,|| < B
and ||¢n(z, ar.p)|| < 1, where each ©}, is convex. This parameterization corresponds to a standard
deep autoregressive model (e.g., GPT-2 architecture) in which the weights for all but the last layer
are frozen [69]. For this setting, we use the following computational oracle, which asserts that we
can sample from each conditional policy efficiently.

Definition 5.1 (Autoregressive sampling oracle). Setting I (strong oracle): In one query, the learner

proposes a prompt x € X, layer h € [H]|, prefix ay.;,—1 € A1 and parameter 0), € Oy, and
receives a conditional sample ap, ~ 73°%°(- | x, a1.5—1) and the corresponding feature ¢p(x, ar.p).
Setting II (weak oracle): In one query, the learner proposes a prompt x € X, layer h € [H]|, and

)

11



FOSTER MHAMMEDI ROHATGI

prefix ar.n—1 € AL, and receives a conditional sample aj, ~ Thref(- | ©,a1.5—1) and correspond-
ing feature ¢p(x,ay.p,). We let ng‘"fg denote the total number of autoregressive sampling queries."!

Efficient conditional sampling is arguably the defining property of autoregressive models, so
we view this as a minimal assumption. As before, our algorithmic results only use the weak oracle
(sampling from ), but the strong oracle will be useful for discussion. For rewards, we remain
in the setup of Section 1.1: For each prompt x* for ¢ € [Tprompt], the algorithm can query the reward
oracle for up to N responses yj,...,Yyy € Al

Representational issues. To make use of the class II,,to, We need to assume that wg € Il uto (As-
sumption 1.1). Perhaps the simplest setting where we might hope for this is when rewards are linear:

H
= (6}, ¢n(x, a1.0)) (12)
h=1
for some 0} € ©},. Here, the optimal KL-regularized policy 7 under Eq. (12) setting takes the form!?

Tref(a1:m | T) exp (5’1 S (0%, dn (=, a1;h)>>
Z(a’l,...,a}[)eAH 7rref(alle | :L') exp (/871 Z{z{:l<92’ d)h(xv a/1;h)>) '

s ary | @) =

This corresponds to the linear softmax policy in Definition 1.1 with sequence-level feature map
%9z, ar.p1) = (¢1(x,a1), ..., du(x,a1.5)) € R and parameter space ©%°9 := (O1,...,0p) C
R4 (the natural policy class is ITseq 1= {W;eq | 6 € @seq}). Unfortunately, sequence-level linear
softmax policies of this type cannot be represented as autoregressive linear softmax policies in gen-
eral; that is, there may not exist any 6§ = (61, ..., 0y) such that 7,09 = T3"*>—see Proposition .1."3

Applying SpannerSampling. Even though autoregressive realizability may not hold under Eq. (12),
we can still apply SpannerSampling efficiently under the sequence-level realizability assumption that
7TE € Ilseq (which is implied by Eq. (12)). In particular, a weak autoregressive oracle (Definition 5.1)

immediately gives a weak sequence-level sampling oracle (Definition 2.1) with ng;; < H - Teomp-

Corollary 5.1. Suppose Assumption 1.1 is satisfied for seq and (6%, ¢>*%(x, a1.17)) € [0, Rnax)-
SpannerSampling learns a policy with B i¢z1. . 7Tex) [JB (WE) — JB(%)] < & with probability
at least 1 — § when configured appropriately, and does so with:

R2 .\ d’H?log?(6~* HR?
Tdata(gaé) O( . > & ( )

/8 min{e ﬁ} ) and Tg;r?: (E 5) 0 <CC0V (ﬂ-é) 52max > 'Tanta (57 5)

For this result, the fact that SpannerSampling only uses a weak sequence-level sampling oracle
(Definition 2.1) is crucial: due to aforementioned representational issues, a strong sequence-level
sampling oracle (sampling from 7rseq for f € ©°°9) cannot necessarily be simulated by even a strong
autoregressive oracle (sampling frorn ﬁa‘jt").

11. Technically, our algorithm results also require query access to ¢y, for a fixed reference action—see Remark J.4.
12. By the chain rule, the sequence-level KL-regularizer in Eq. (1) is a equivalent to a sum of per-action regularizers (Eq. (69)).
13. 75 can always be represented as an autoregressive softmax policy applied to a certain KL-regularized value function

Q7 s—see Eq. (72)—but is not necessarily a linear softmax unless @}, s itself is linear.

12
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5.2. Improving Computational Efficiency through Multi-Turn Exploration

The guarantee in Corollary 5.1 depends on the sequence-level coverage coefficient Ccoy (7‘(’;) for 772,.
While various works have shown that existing pre-trained models may exhibit favorable coverage for
tasks of interest [8, 78, 93], it is natural to ask whether we can improve the computational efficiency
further, perhaps by exploiting the autoregressive structure of mr.¢. To this end, we will make the
autoregressive realizability assumption that 717; € Ilauto (i.e., there exists 6* = (07, ..., 603 ) such
that w3i*® = 7). As discussed above, this is not implied by sequence-level realizability in general,
but we will show that when it holds, we can achieve runtime guarantees that scale with the following
conditional (or, token-level/action-level) coverage coefficient:

T glan | @, a1:n—1
Ccond(ﬂ'é) ‘= Imax sup sup h,,B( ‘ ’ ) ‘
he[H] 2€X (ay....an)e AP Thref(an | T, a1:0-1)

13)

This coefficient can exponentially improve CCOV(TFE); we can have Ceong (772) < 2, yet Ceoy (7‘(’2) > 2H,

MultiTurnSpannerSampling. We introduce a multi-turn counterpart to SpannerSampling, MTSS
(Algorithm 4 in Appendix J). MTSS learns a policy in a multi-turn (dynamic programming) fashion
by fitting softmax policies for each layer h = H, ..., 1, while growing core-sets of informative sub-
sequences (x, a1.;) for which the algorithm can confidently estimate the parameter 6 (generalizing
the notion of spanner used in SpannerSampling). The use of dynamic programming in the algorithm
is motivated by the fact that whenever 7TE; is autoregressive (i.e., WE, € I.uto), a certain KL-regularized
state-action value function QE;(.I, ay.p,) is linear up to an action-independent shift. See Appendices I
and J for a detailed overview.

Theorem 5.1 (Guarantee for MTSS; special case of Theorem J.1). Suppose Assumption 1.1 is satisfied
for the class T auto. MTSS, when configured appropriately, returns T such that Jg(m3e*®) —Jg(T1.1) <
€ with probability at least 1 — 6, and does so with Tyata (e, 8) < poly(d, H, B,e~!,1og(6 1)) reward

queries and Ty (e, 6) < poly (Ccond(ﬂ'é), Tyatale, (5)) (weak) autoregressive sampling queries.

As discussed above, the action-level coverage coefficient Ccond(ﬂ'g) in this result can be exponen-
tially smaller than the sequence-level coverage coefficient. We view the assumption that WE € Iauto
as a fairly minimal representational assumption for working with autoregressive policies (i.e., for MTSS
to learn efficiently, all we require is that the base policy mr.¢ and the optimal policy 7'['2; are autoregres-
sive), analogous to the classical notion of Q*-realizability in linearly-parameterized RL [51, 103, 91].

We remark that while our exposition focuses on the token-level MDP, the results above also apply
to the more realistic setting where each action a;, represents a sub-sequence of tokens (e.g., a lemma
in a proof) rather than a single token (e.g., Xiong et al. [96]). Here, the fact that the runtime and
sample complexity for MTSS are independent of |.A| is essential.

Connection to reinforcement learning with linear ()*. MTSS can be applied beyond the token-
level MDP formulation above: Our presentation and guarantees for the algorithm in Part III of the
appendix apply to any MDP for which ﬂg is an “action-level” linear softmax policy (a generalization
of the assumption that the optimal KL-regularized value function Qg is linear), provided that resetting
to previously visited states is allowed. In this regard, the algorithm can be viewed as a counterpart
to a body of work which shows that MDPs with linear Q* and state-action gap A can be learned
under reset access [51, 103, 91]; the regularization parameter 3 plays a role analogous to the gap
A in facilitating favorable error propagation in our analysis.

13
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See Part 111 of the appendix for a formal presentation of the MTSS algorithm and guarantees
for learning autoregressive linear softmax policies in general MDPs (generalizing Theorem 5.1)

Future work. Due to space constraints, discussion and future work is deferred to Appendix A.
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Part I
Additional Results and Discussion

Appendix A. Discussion and Future Work

Our results—via the sampling oracle framework—reveal the computational, statistical, and represen-
tational tradeoffs inherent to language model exploration, highlighting the fundamental role of the
base model 7 in enabling computational efficiency. We view our results as an initial step toward a
computational foundation for language model exploration, and more broadly, for efficient decision
making with generative models. To this end, some natural questions are as follows.

Efficient exploration beyond linear softmax policies. While our lower bounds are relevant
beyond the linear softmax parameterization, our algorithms are specialized to this setting. Developing
algorithms to support general, nonlinear policy parameterizations is perhaps the most important
question left by our work. We expect that the basic principle behind our algorithms—expending
inference-time computation to identify “representative” responses with which to explore—to be
useful more broadly, but the specific notion of spanner used in our results will need to change.'*

Better representations for exploration. Our results in Section 4 show that training-time interven-
tions that produce softmax policies (e.g., modifications to the DPO loss) are insufficient for compu-
tationally efficient exploration. This raises the question of whether there exist training-time interven-
tions that induce different policy representations (e.g., based on alternative forms of regularization
[83, 36]) that more readily lend themselves to computationally efficient exploration. Our results in
Section 3 show that relatively simple modifications to the linear softmax parameterization (e.g., trun-
cation) have benefits for exploration, but are there more general principles beyond the linear setting?

Appendix B. Additional Related Work
In this section we discuss related work not already covered in detail.

Theoretical algorithms for online alignment. There is a large body of work on theoretical
algorithms for exploration in online alignment (as well as the more abstract problem of preference-
based contextual bandits and RL), but most prior algorithms are not computationally efficient when
the response space ) is large [98, 62, 66, 92, 105, 24, 21, 18, 87, 102, 95]. As discussed earlier, the
XPO algorithm of Xie et al. [94] (see also Cen et al. [13], Zhang et al. [106])" is perhaps the closest
to a satisfactory solution from prior work, as it achieves optimal data efficiency and only accesses the
response space through sampling from policies mg. However, our results in Section 4 show that the
XPO objective cannot be implemented efficiently in general. More broadly, even if the base model
mref has favorable properties such as coverage (in the sense of Eq. (3)), none of the aforementioned
algorithms can take advantage of it for improved computational efficiency. In this regard, we view
them as making somewhat superficial use of the base policy (i.e., it does not play a role in algorithm
design outside of being used to define the KL-regularized RL objective).

14. We expect it to be fairly straightforward to extend our results to accommodate policy classes with bounded eluder
dimension, but it is less clear how to address realistic classes based on, e.g., transformers..

15. Cen et al. [13], Zhang et al. [106] concurrently proposed similar algorithms to XPO, but did not provide non-trivial
theoretical guarantees (e.g., guarantees that indicate benefits over purely passive exploration).
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Many works consider the complementary problem of alignment in offline or hybrid settings
[110, 52, 95, 28, 15, 56, 13, 25, 37, 36, 107]. These works pay for coverage coefficients similar
to C’cov(wg) statistically (i.e., Tyata(g,0) = Q(CCOV(TFE))), and hence are not data-efficient by our
definition. One relevant work here is Bose et al. [6], who give a hybrid variant of XPO which obtains
statistical rates tighter than purely offline or online methods, but is still computationally inefficient.

Algorithms that use additional inference-time computation for exploration (e.g., via rejection
sampling) [46, 17, 76, 54, 40, 77] or multi-turn techniques that proceed at the per-step (e.g., token
or sub-sequence) level [53, 68, 47, 75, 74, 96, 43, 109] have been explored empirically, but most
results we aware of do not enjoy sample complexity guarantees. Shi et al. [77] explore the role of
various sampling schemes on top of OnlineDPO, but do not give sample complexity guarantees for
our setting. Gao et al. [29] provide a multi-turn algorithm with sample complexity guarantees, but it
engages in passive exploration and pays for coverage statistically.

Fast rates for regularized regret. Our algorithm SpannerSampling achieves a fast rate in the
sense that Tgata(e,0) < é when € < 3, improving over the Tyata(e, ) < E% rates found in prior
work [95, 94, 13] by exploiting strong convexity of the KL-regularized regret. Recent work of Zhao
et al. [107] achieves a similar fast rate, but requires access to an offline dataset satisfying a stringent
uniform coverage assumption (and pays for the coverage coefficient statistically), while concurrent
work of Zhao et al. [108] achieves fast rates in the purely online setting, but is not computationally
efficient in our framework. Also related is the work of Tiapkin et al. [79], which achieves fast rates
for regularized regret in tabular and linear MDPs, but is not efficient when the action space is large.

Connection to optimization oracles in bandits and online learning. There is a large body of
work on algorithms for linear contextual bandits with large response spaces ) in which the response
space is accessed through an optimization oracle which can solve

arg max (0, ¢(z, y))
yey

efficiently for any x € X and 0 € © [19, 10, 34, 16, 12, 42, 111]. Our formulation in Definition 2.1
can be viewed as an alternative, sampling-based computational framework for decision making with
large response spaces, one which may be of independent interest. Note that while there is a sense in
which sampling and optimization are polynomially equivalent when the set {¢(z,y)}, , is convex
[57], they are not equivalent in general.

Our sampling oracle framework is also related to the work of Huang et al. [35], who used a
similar abstraction for the complementary problem of language model self-improvement.

Algorithms for reinforcement learning with linear-Q)*. Our multi-turn algorithm, MTSS, can be
viewed as a counterpart to a body of work which shows that MDPs with linear Q* and state-action
gap A can be learned under reset access [51, 103, 91, 60, 59]. In particular, prior work has shown
that RL with linear-Q* and an action gap A is statistically intractable in the episodic RL protocol, but
is tractable under reset access [90, 51]. Our results show that the regularization parameter 3 plays a
similar role to the action gap A in enabling favorable error propagation, leading to tractability under
reset access. While MTSS draws inspiration from the works above—particularly Mhammedi et al. [60],
Mhammedi [59]—it requires fairly substantial modifications, both in design and analysis—to (i) lever-
age KL regularization, and (ii) achieve computational efficiency in the sampling oracle framework.

26



THE COMPUTATIONAL ROLE OF THE BASE MODEL IN EXPLORATION

B.1. Comparison to Preference-Based Feedback

Much of prior work on online alignment focuses on preference-based feedback. Here, the protocol
is as follows. At each round ¢t € [Tpompt|, We receive a prompt z* and sample two responses
(yi,y4) ~ (- | =), where 7" denotes the exploration policy for round t; the exploration policy may
be represented as a language model, or may correspond to an alternative sampler [55, 45, 77]. The
responses are then labeled as (v, y* ) based on a binary preference b* ~ P(y; > v5 | '), and added
to the preference dataset via D'*' <— D' U {(«, ¥,y )}, which can then be used to compute an
updated policy 7**'. The preference distribution P(y; > y2 | x) represents the underlying verifier or
oracle of interest; it is typically assumed that preferences follow the Bradley-Terry model [7], i.e.

exp(r*(z, y1))
exp(r*(z,y1)) + exp(r*(z,y2))’

P(y1 = y2 | @) = (14)

for an underlying reward function r* : X x ) — R. As with our setting, the goal is to use the
collected data Dpy.¢ to produce a final policy 7 with high KL-regularized reward Jg(7).

When N = 2, our absolute reward formulation in Section 1.1 is very closely related to this
formulation, and algorithms for one setting can easily be adapted to the other (typically the only
change is in the objective used to estimate the reward model). We use the absolute reward formu-
lation and general IV (as described Section 1.1) because (i) allowing for N > 2 makes our lower
bounds/impossibility results stronger, even though our algorithms themselves only use N = 2; and
(ii) the absolute reward formulation—which has been used in prior work empirically [88, 89, 85, 96]
and in theory [107, 84, 96]—is a more realistic model for the motivating problem of learning from a
strong oracle/verifier such as a proof checker.

Adapting preference-based algorithms to reward-based feedback. OnlineDPO [32] proceeds
iteratively for ¢ € [Tprompt] as follows:

1. Compute 7° := mg: by solving the DPO objective:

0" + arg min Z —log {a (ﬁ log M — Blog 7T9(y_l’)>} , (15)

99 (ayi .y )eDt Tref (Y4 | @) Tref(y— | )

exp(z)

is the sigmoid function.

2. Sample yi,y5 ~ mg:(- | ), then label as (y',,y" ) and update D**' < D' U {(z*, 3" ,y" )}

For our reward-based setting, we change Eq. (15) to

2
0" + arg min Z <ﬁ log M — Blog W —(r - r2)> . (16)

[2SC] (2,51 5311 572) €D 7T'ref(yl ‘ l‘) 7Tre\“”(yQ | x

Itis possible to show that this algorithm obtains Tyata (e, §) = poly(d, Ruax, Ceov (75), e~1,log(671))
for our linear softmax setting through standard arguments.
Similarly, at each step ¢, XPO [94] minimizes the objective

et%argmin{aZIOgﬂ-e(yé |];1)—|— Z —IOg |:0' (ﬁlogW_ﬁlogW>:|}7

0e6 i<t (2,91,y2,71,72) €D Trer (Y4 | @) Tref (Y- | @)
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for an optimism parameter « > 0, then samples y* ~ 7y (- | 2*) and v ~ 7ree (- | ') and updates
D' < D' U {(2",y%,y" )}. To adapt XPO to the reward-based setting, we analogously change the
objective to

2
Gt%argmin{aZInge(yé | =) + Z <Blog7ﬂ9(y1x)—ﬁ10gwe(y2|x))—(ﬁ—ﬁ)> }

0O i<t (201,531 o72) €D 7Tref(yl | l‘) 7Tref(yQ | €

7

The sample complexity bound Tyata(z, 8) < poly(Ruae) - 220 claimed in Eq. (4) follows
by (i) specializing the SEC-based bound in Xie et al. [94] to the linear softmax policy class, and
(ii) noting that the exp(Rpax) factor in the sample complexity guarantee in Xie et al. [94] can be
removed under reward-based feedback (as it arises due to converting between the logistic loss for
the Bradley-Terry model and the square loss); these calculations can be found in Theorem J.1 and
Lemmas J.4 and J.5 of Huang et al. [35].

Adapting SpannerSampling to preference-based feedback. To adapt SpannerSampling to
preference-based feedback, the only change required is to switch the reward estimation step in Eq. (49)

to the following DPO-like objective: § <— argming g Z(r,y%yf)eDéxpuDspan —logo((0, p(z,y+,y-))).
This leads to identical guarantees, except that the sample complexity will pay for a exp(Rpax) factor
due to conversion from logistic loss to square loss (e.g., Lemma C.8 in Xie et al. [94]).

Appendix C. Sampling Oracles: Beyond Linear Policies

We expect that our sampling oracle abstraction for the language model alignment problem will be of
use beyond the linear softmax policy parameterization we focus on. In this section, we briefly discuss
possibilities for extending Definition 2.1 beyond the linear setting, as well as challenges this entails.

Features versus log-probabilities. Recall that the sampling oracle in Definition 2.1 reveals the
features ¢(x, y) for responses y sampled from the oracle, but does not reveal the log-probabilities
log mp(y | =) themselves. As highlighted in Section 2, the observed features are closely related,

as they can be used to evaluate 3 log ﬁiifg’;g) — Blog gif%lﬁc)) = (0, p(x,y) — ¢(x,y’)), but they
cannot be used to compute log 7y(y | x) itself in general. We adopt this formalism because it
simplifies the coverage-based lower bounds in Section 2.2; our algorithmic results only make use of
the features ¢(x, y), and hence fall into the framework of Definition 2.1. But to move beyond linear

policies, it is more natural to directly allow the learner to query the log-probabilities.

Definition C.1 (Generalized sampling oracle framework). In one query, the learner proposes a
prompt x € X and parameter 6 € ©, and receives a conditional sample y ~ (- | x), as well as the
corresponding log-probability log 7y (y | x) for the sampled response (note that mog = Tref).

There is a technical subtlety here (and in Definition 2.1) as far as the learner’s a-priori knowledge.
In the linear softmax setting, if ¢ is known a-priori, then ruling out algorithms that enumerate over
the response space ) requires additionally assuming that each query y; made to the reward oracle
is a response that has previously been revealed by the sampling oracle. It seems more natural to
consider the features (and, in general, the parametrization 6 — 7y) to be unknown a-priori.

Proving lower bounds like Theorem 2.1 may be more challenging in the framework in Def-
inition C.1, as the log-probabilities can potentially provide more information than the features
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themselves. On the other hand, more assumptions are likely required to derive efficient algorithms.
For example, it is not clear that one can efficiently minimize the DPO objective under Definition C.1,
and so it might be necessary to assume an additional oracle for minimizing the objective. We leave a
detailed understanding for future work.
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Part I1
Proofs from Sections 2 through 4

Appendix D. Technical Tools

For a pair of probability measures IP and Q, we define the total variation distance as Dty (P, Q) =
5 [|dP — dQ|, and define Hellinger distance by D3(P,Q) = [(/dQ — v/dQ)?. We define KL
divergence by D (P || Q) = [dP log(%) if P < Q and Dy (P || Q) = +oco otherwise.

D.1. Tail Bounds

Lemma D.1 (Azuma-Hoeffding). Let (X;);<7 be a sequence of real-valued random variables
adapted to a filtration (F)i<7. If | Xt| < R almost surely, then with probability at least 1 — 0, for
allT' < T,

< R-+/8Tlog(26~1).

Lemma D.2 (Freedman’s inequality). Let (X;)i<1 be a real-valued martingale difference sequence
adapted to a filtration (Fi)i<r. If | Xt| < R almost surely, then for any n € (0,1/R), with
probability at least 1 — 6, forall T' < T,

T’ T

log(6~1
S X <Y B [xg) + 20
t=1 t=1

T/
> X —Ea X))
t=1

Ui

The next result is a standard consequence of Lemma D.2 (e.g., Foster et al. [27]).

Lemma D.3. Let (X;);<1 be a sequence of random variables adapted to a filtration (F)i<7. If

0 < Xy < R almost surely, then with probability at least 1 — 6, forall T' < T,

T’ T’
3
DX <5 D Ea[Xi] +4Rlog(207Y), (18)
2
t=1 t=1
and
T’ T’
> Eia[X] <2)  Xi+8Rlog(207"). (19)
t=1 t=1
D.2. Elliptic Potential
Lemma D.4 (e.g. Lemma 19.4 in Lattimore and Szepesvari [49]). Let v1,...,vr € R4 satisfy
|velly < Lforallt € [T). Fix A\ >0, andlet V, = X +,_, viv;'. Then
T T
Do loellf AL <2 log(1+ [fu[f,-1) < 2dlog(1+ A~'T/d). (20)
t=1 t=1
As a consequence, we have
T
D llvelly-1 AL < \/2dT log(1+ A~1T/d). 1)
t
t=1
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D.3. Miscellaneous Lemmas

Lemma D.5 (Sequential union bound). Let T, H € N and ¢ € (0,1) be given. Further, let I3; be
an algorithm that runs in T € N iterations. At each iteration, By makes a sequence of H calls to a
subroutine By. Let S denote the state space of algorithm By, the space capturing the values of all
the internal variables of Bi. Let S}, _ € S denote the random state of By immediately before the hth
call to By during the tth iteration; further, let S}, ht € S denote the random state of By immediately
after this call to Bo. Suppose that for any S} _ € S, there is an event &} (St _) C S such that

P[S;, . € &,(S;, )] = 1 —6. Then, wzthprobabtlzty atleast 1 — SHT, for all t € [T and h € [H],
we have S, | € &} (S}, ).

Proof. Let £ be the event defined by

T H
gzz{HH hoy € EN(SH, )}:1}. (22)

We need to show that P[E] > 1 — §HT'. To this end, we note that by the chain rule of probability, we
have

;g
N
=
=

E [P[S},+ € €4(Sh,-) [ Sh,-1]

I
I
=
i

I\

WV,
=
=
=
|
s}

(23)

Vv
"
=i
m»—*
(%)

where (23) follows by the fact that P[S; , € & (S} )] > 1 —d forall §; € S, and the
last inequality follows by the fact that for any sequence 1, ..., 7 € (0,1), [L;gir(1 — @) =

L= e @i
t

Lemma D.6. If x > 1 satisfies x < alog(1 + bx) for a,b > 3, then x < 2alog(1 + ab).

Proof of Lemma D.6. First, note that by reparameterizing « <— bx and ¢ < ab, it suffices to show
that x < clog(1+=z) forx > 1, ¢ > 3 implies < 2clog(1+c¢). Toward proving the latter statement,
we first note that if © > ¢, then x — x increases faster than = — clog(1 + z), so any point = > ¢ for
which z > 2clog(1 + x) gives a valid upper bound. Let us choose x = 2clog(1 + ¢). Then we have
clog(1+ z) < clog(1 + 2clog(1 + ¢)) < clog(1 + ¢?) < clog((1 + ¢)?) < 2clog(1 + ¢) = x as
desired, where the strict inequality uses that 2clog(1 + ¢) < ¢? for ¢ > 3.

[
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Appendix E. Proofs from Section 2
In this section we restate and prove Theorem 2.1.

Theorem 2.1 (Necessity of coverage). Let C*,Y > 2 be given. Let Alg be an online alignment algo-
rithm that uses Tyata(, 9) reward oracle queries and Teomp (€, 0) strong sampling oracle queries when-
ever (i) the parameter space is © = By(1), (ii) Assumption 2.1 is satisfied with Ryax = B = 1, (iii)
Ceov(ms) < C*, and (iv) the response space has size Y = |Y|. Then, either Tqata(€,0) > Y/8, or

Teomp(€,0) > Q(min{eﬂM/Q7 6,871/2’ C*}). %

Proof of Theorem 2.1. If 5 > 1/2 then the lower bound on Teomp (£, ) is vacuously true, so we may
assume henceforth that 5 < 1/2. Similarly, we may assume without loss of generality that Y > 9.
Let S be an arbitrary set of size Y — 1. We take prompt space X = { L} (and henceforth omit all
dependences on the prompt ). We take response space ) = {0} U S. We take parameter space
O =By(1).

For each 6* € By(1) and y* € S, we define an instance Z"¥" of the online alignment problem
(with linear softmax policy class) as follows:

y*

Yc(0) =1 —¢pf and 7 (y*) = £ef Where

* The reference policy is 7'(';1,1(1; € A(Y) defined by 7
Eref 1= max{1/C* e P /2],

* The feature mapping ¢ ¥ : ) — R? is defined by

* ok 9* lfy:y*
"V (y) = . L
0 ify#y

* The reward function 7%"¥" : ) — [0, 1] is defined by r%"¥"(y) = (8%, 07V (y)) = 1[y =
y*l
Note that X', ), and O are fixed, and do not depend on the choice of (6*, y*).

We make the following observations about Z%*¥". Since %" ¥" (y) = (0*, ¢?"¥" (y)) and 6* €
By(1) = ©, Assumption 1.1 is satisfied. In particular, the optimal KL-regularized policy is mg« (y) o
Trer(y) exp(B1(0*, 67" (y))). Itis straightforward to check that Assumption 2.1 is satisfied with
Ryax = B = 1. From Eq. (3), we have

1 1

Ceov(ms) = Ceov(me+) < max <
cov( ) cov( ) ye {0} Wref(@/) Eref

<c*

where the second inequality uses the fact that 1 — e, > £f (Which holds since C* > 2 and
B < 1/2). Finally, || = Y by construction. From the theorem assumptions, we conclude that
for all instances Z"¥", Alg uses Tyata(e, ) queries to the reward oracle and Teomp (€, 0) queries
to the strong sampling oracle, and with probability at least 1 — § returns a policy 7 satisfying
Ja(mex) — Jg(T) < e. Assume, for the sake of contradiction, that Tyata = Tyata(1/4,1/4) < Y/8
and Teomp = Teomp(1/4,1/4) < ¢ - min{e?*4/2 ¢f~/2 C*} for a universal constant ¢ > 0 to be
determined.

Now, consider the distribution over problem instances induced by sampling 6* uniformly from
the unit sphere in R?, and independently sampling y* ~ Unif(S). Then execute Alg on instance
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Z9"¥" with error tolerance ¢ = 1 /4 and failure probability 6 = 1/4. For the purposes of analysis,
for each ¢ > 0, let m[q] denote a modified version of algorithm where the first ¢ oracle queries are
answered with 0 € Y (for the sampling oracle) or 0 € R (for the reward oracle), and the algorithm is
run unmodified for subsequent steps. Let 7% denote the output of m[q]. On the one hand, since

rlg[o] = Alg, we know that

P[J(mgs) — Jg(7@) <e] >1 -6 (24)

where the probability is over the random choice of (6*,y*) and the randomness of ﬁg[o] (and
its oracle calls). On the other hand, since the problem parameters (X', ), ©) are independent of

(0%, y*) and all queries made by E[Tc"m”Jerata] are answered independently of (6*, y*), we have that

7lTeone+Tuata] is independent of (6*, y*). We use this to prove the following lower bound on the regret
for ;[-\[Tcomp‘i‘Tdata] .

Lemma E.1. Fore = § = 1/4, it holds that
P[Jg(mgs) — Jg(RlTeomt o]y < ¢] < 1/2. (25)
Proof of Lemma E.1. For any fixed (6*, *), in instance 79 v", we have
Jg(mgr) = o+ (y*) — BDkL(mox || Trer)

= Blog(1 — eref + rere” )

> Blog(erere” )

=1— plog(1/eref)

>1/2,
where the first equality is by definition of .J3 and the reward function r0"¥"; the second equality is

by explicit calculation; and the final inequality is €ef > %e*fg ~'/2. But we also have

JB (%\[Tcomp+Tdata} ) S %[Tcomp+Tdata} (y*)

by definition of Jz and non-negativity of KL-divergence. Since Tl Teompt+Tuata] jg independent of y*
and y* is uniformly distributed in S, we know that

[T Tl ()] < 1/},
and so by Markov’s inequality and the fact that |S| =Y — 1 > 8, we have
PRl Tl (y7) > 1/4] < 1/2.
Recalling that ¢ = 1/4, it follows that
P[J3(m) — JB(%[TcomerTdata}) <] < PlJg(ma) — FlTeom+Tuatal (%) < €] < 1/2.

O
From here, we proceed by relating the regret of 719 to that of 7lTeom+Tatal | Fix 0 < g < Teomp+Tdata-

The probability that m[q] deviates from m[qﬂ} is at most the probability that the response to

the (¢ + 1)-th oracle query by ﬁg[(ﬂ is non-zero. Since all previous oracle queries by Alg[(ﬂ were
answered independently of (6*, y*), the (¢ + 1)-th query (though not its answer) is independent as
well. Condition on this query; we distinguish two cases.
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1. If it is a sampling oracle query # € ©, then the probability that the execution of ﬁg[qﬂ]

deviates from Eg[q} (in the optimal coupling of their executions) is precisely the probability
that the sampling oracle y ~ 7y yields a non-zero answer y # y*, which is precisely 7y (y*).

Moreover, we can bound the expectation (over all randomness) of this probability:

*\1 Eref eXp(ﬁ_l<9> d)e*’y* (y*»)
I =B | e (37100, 6797 (0)) + 2t exp (310, 670" (7))
—F [ Eref exp(ﬂ_1<9, 9*>) :|
_1 — Eref + Evef eXp(ﬁ_1<67 9*>)
[ Eref eXp(,B_l HlaX( T? 0)) 2
<E _]_ — Eref T Eref eXp(ﬁfl maX(Hf» O)):| = O(Eref i exp(_ﬁ d/2))’

where the first inequality uses the fact that 6 is independent of 6* and hence (0, 8*) is stochas-
tically dominated by max(67,0), and the final inequality uses Lemma E.2 (stated and proven
in the sequel).

[

m[q] is precisely the probability that the reward oracle yields a non-zero answer, which is
r?"¥"(y) = 1]y = y*]. Since y is independent of 3*, we have P[r?"¥" () # 0] < 1/|S].

2. Ifitis areward query y € )/, then the probability that the execution of Alg 9+ deviates from

Therefore by the data processing inequality,
Pzl £ 7la+1] < Dy, (Law(m[q]), Law(ﬁg[q—’_l]))
< O(eres + exp(—f2d/2)) - P[(q + 1)-th query by Algl?) is sampling]

1
+ 5h P[(q + 1)-th query by Algl? is reward]
= O(eref + exp(—52d/2)) - P[(q + 1)-th query by AlglTeomw™Tetal is sampling]

1
*15) Flla+1)-th query by ALg!Teow ool is reward] (26)

where the equality uses the fact that the executions of Alg[‘ﬂ and Alg[TwmpJ’Tdata} are identically
distributed up to and including the (¢ 4 1)-th query. We conclude that
Tcomp+Tdata_1
P[Js(mor) — Jp(FY) < eref] < PlJg(mpe) — Jp(@IemwtTonl) <]+ >~ PRI 2 7lat1]
q=0

! Tyata < 3/4
| S‘ data ’
where the second inequality is by Egs. (25) and (26), and the third inequality is by the assumed
bounds on Tcomp, Tyata and holds so long as ¢y > 0 is a sufficiently small constant. This contradicts

Eq. (24), so it must be that either Tyata > Y/8 or Teomp > ¢o - min{eﬁgd/Q, 6_671/2, C*}. O

1
< 5 + O(gref + exp(_ﬁ2d/2))Tcomp +

Lemma E.2. Fixe € (0,1/2), 3 > 0, and d € N. Let X ~ Unif(S%1) where S~ is the unit
sphere in R%. Then

—!max
6-66 ax(X1,0) <6+@752d/2,

1 — e+ e ef ! max(X1,0)
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Proof of Lemma E.2. The quantity inside the expectation is always at most 1. Moreover, if X; < £,

~1 max(x ,0
then —<¢” Y19 < ¢ It follows that

1*64’6'6671 max(X1,0)

. ,Bflmax(XLO)
£e < e+ PXy > B < e+ e

1 — €+ e ef™H max(X1,0)

by a standard bound on the volume of a spherical cap [80]. O
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Appendix F. SoftmaxSampler Algorithm and Guarantees

Algorithm 1 SoftmaxSamplers s 5(f; @, Tref)

input: Function f, prompt x, base policy mef, parameter 3 > 0, rejection threshold M > 0,
failure probability § € (0, 1).

1: Let N := 4M log(45~1).
/* Estimate normalization constant */

2: Sample y1, ..., yn ~ Tref(- | @) i.i.d.

3: Set Z := 4 i exp(B7 f(z, ui)).
/* Rejection sampling */
4: for iteration: = 1,2,..., N do
5: Sample y ~ Tref(- | ) and & ~ Ber(exe(87"f(@w))/Zm).
6: If £ =1, return y.
7: return y ~ Wref(- | a:) // Failure event; occurs with low probability.

In this section, we give self-contained guarantees for the SoftmaxSampler algorithm (Algo-
rithm 1) used within SpannerSampling, as well as a slightly more general version of the algorithm,
SoftmaxSamplerDensity (Algorithm 2), which is used within MTSS (Appendix J). Both algorithms
take as input a function f(z,y) and use rejection sampling to generate samples from the softmax
policy

Ty | 2) o< Tree(y | ) exp (B~ f(,y)) 27)

given sample access to 7r. SoftmaxSamplerDensity only differs from SoftmaxSampler in that,
in addition to using rejection sampling to generate samples from (27), it also returns an estimate
for density ratio ;Z f(élrx)) for the sampled response; since the SoftmaxSampler algorithm already
estimates the normalization constant for the target policy, which is the only non-trivial part of the
density ratio to compute, this requires no change outside of explicitly returning the density ratio

estimate.

Algorithm overview. Let us briefly describe the algorithm. Line 4 of SoftmaxSampler and
SoftmaxSamplerDensity applies vanilla rejection sampling to generate samples from 7 ¢, sampling
multiple responses from 7..r and using the density ratio to decide whether to accept each response.
The only subtlety is that the density ratio

Ty lz)  exp(B7'f(x,y))

Wref(y | .’,U) - Ey,"’ﬂ'ref [exp(lﬁ_lf('x? y/))]7
depends on the normalization constant Z(z) := Ey/.r .. [exp(87" f(z,3'))], which is unknown. To
address this, Line 3 estimates the normalization constant via sampling from 7..s and computing the
empirical mean. The estimated normalization constant is then used to set the rejection threshold.
The main guarantee for Sof tmaxSamplerDensity is as follows.

Theorem F.1 (Guarantee for SoftmaxSamplerDensity). Let f : X x Y >R,z € X, and > 0
be given, and define

(| z)

mi(-| ) o mrer(- | ) exp(B7" (), and Cooi= 1V || 22

(28)

‘ oo
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Algorithm 2 SoftmaxSamplerDensity

input: Function f : X x ) — R, prompt x, base policy mrer : X — A()), parameter
B > 0, rejection threshold M > 0, failure probability § € (0, 1).
1: Let N := 4M log(45~1).
/* Estimate normalization constant */
2: Sample y1,...,yn ~ Trer(+ | @) 1.d.d.
3 Set Z := + i exp(B7 f(z, ui)).
/* Rejection sampling */
4: for iterationi = 1,2,..., N do

exp(B~Lf(z
> Sample y ~ Trer(- | ) and & ~ Ber(W)_

6: Setp% M ///)% exp(B l»v/wr‘.r/‘u"
Z Yy~ (- la) exp(fs '/u“uH,
7: If £ = 1, return (y, p).
-1
8: Sample y ~ Wref(' ’ gj) and set p < w.
9: return (y,p). // Failure event; occurs with low probability.

Fix 6 € (0,1), and suppose that M > 4C. There is an event Eyccept With P(Eaccept) > 1 — 6 under
which the output (y, p) of Sof tmaxSamplerDensitys as 5(f; @, Trer) satisfies

Py = | Laccept) = ms( | 2) (29)
and
I{M > 4C2%} - |log p — log milyl2) <Cx - \/7 (30)
Tref(y | ) M

Furthermore, if | f(-,-)| < Ruax, then p € [e~2Fnax/B  ¢2Bnax/B] \ith probability 1. The total number
of sampling queries y ~ mre(- | x) used by the algorithm is at most Teonp = 8M log(46~1) + 1.

We now state the guarantee for SoftmaxSampler, which follows immediately from Theorem F.1.

Theorem F.2 (Guarantee for SoftmaxSampler). Let f : X x Y = R, x € X, and 8 > 0 be given,
and define

(| )

1
Trer (-] 2) Gh

Ty | @) o Trer(y | @) exp(,ﬁ_lf(x,y)), and Cy =

o0

Fix 0 € (0,1), and suppose that M > 4Cw. There is an event Exccept With P(Eaccept) > 1 — 0 such
that the response y ~ SoftmaxSamplers s 5(f ; @, Trer) satisfies

P(y = - | Eaccept) = 7Tf(‘ | ). (32)

The total number of sampling queries y ~ Tres(- | ) used by the algorithm is at most Teonp =
8M log (46~ 1) + 1.
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Further guarantees. We now state some additional results, both of which are fairly straightforward
consequences of Theorems F.1 and F.2.

Lemma F.1. Let 7f(- | x) denote the distribution over y ~ SoftmaxSamplerg yss(f;x, Tref).
Suppose that | f(x,y)| < Rnax. Then under the conditions of Theorem F.2, it holds that

Dry(7y(x),mp(2)) <6, DEFs(z),mp(z)) <26, and Dy (Rp(z) | mp(x)) < 4<Rgax + logN>6.

In addition,

D (Tf(x) || mres(x)) — D (mf(x) || mres(x)) < 6<Rgax + logN>5

and 2y | 2)
Ty |z
————= < exp(Rnax/B) - N.
oy z) © PP/ B)
LemmaF2. Let f: X xY — R, x € X, and 8 > 0 be given, and define
(- |z
(- | x) o< mrer(- | @) exp([i’*lf(x, )), and Cy = ﬁ (33)
Tref (- | T) oo

Fix 6 € (0,1), and suppose that M > 4CZ2,. Consider a call to Sof tmaxSamplerDensitygs s 5(f; @, mref).
Let (y, p) denote its random output and let T¢(- | x) denote the probability distribution of y. Then,
we have

Ty | @) ” /2 <2B -1 >
Elo —E, oz, log ——— || < Cyx -4/ — + 4| — + log(4M log(46 0.
(34)
Finally, we have the following change-of-measure guarantee.
Lemma F.3. For any function g(x,y) € [0,1], let T(x) := SoftmaxSamplerDensityg rs 5(f; T, Trer)
denote the distribution over responses induced by Algorithm 2. Then for any p € A(X),
Exwp,yf\nrf (z) [g(x, y)] - Exwp,yw%(:r:) [g(m, y)]
<6+ Py M < 4Ccond(ms | )],

where Ceond(Ty | T) = Sup,cy :ﬁf(iyy@)

F.1. Proofs
Proof of Theorem F.1. Our starting point is the following standard guarantee for rejection sampling.

Lemma F.4 (Rejection sampling [5]). Let u € A(Y) be a proposal distribution, and let v denote a
< M. Consider the algorithm

o0

which, fori=1,2,..., N, samples X; ~ y, then samples & € {0,1} such thatP(¢; =1 | X;) =
ﬁg—;, and returns X; if & = 1; we return L if & = 0 for all i. If N > M log(d~1)), then & = 1 for
some i with probability at least 1 — §, and we have

P(XZ cA | gl = 1) = I/(A)

target distribution that we wish to sample from. Suppose that H g—Z‘
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bl

In what follows, we omit dependence on z. Let Z := Eyx . [exp(87'f(y))] denote the “true’

normalization constant for 77, and observe that we have

O — maXyey eXZp(ﬂlf(y))‘ (35)

We begin by giving a guarantee for the estimated normalization constant Z. We observe that by
Lemma D.3, there is an event £ of probability at least 1 — 4/2, under which

4 maxyey exp(8~" f(y)) log(40~1)

s 3
7 < -7
<7+ N |
and
7 <927+ 8 maxycy exp(81f(y)) log(46~1)
< ¥ '

Using Eq. (35), we can equivalently write this as
-~ 4 log(46~1 ~ log(45~1
Z<§Z+C"°(}§(5)-Z, and Zg22+8a'°°]\gf(5).z.

It follows that as long as N > 16C log(46~ 1) (or N > 4M log(46~1) if M > 4C), we have that

Z<Z7Z<2Z (36)

o |

Let us condition on £ until otherwise stated. To proceed, we observe that the for loop in Line 4
can be interpreted as applying the rejection sampling algorithm in Lemma F.4 with g = 7pef(-),

v = m¢(-), and threshold
£()

M = M- (37)

N[N

Hence, as long as M’ > || - f(()) = Cooand N > M'log(26~1), with probability at least 1 —§/2,
re o0
there will be some i such that §; = 1 and P(y = - | § = 1) = 7¢(+). Note that under Eq. (36), we

M =M Z¢ec|=2M

have N
A M
A 4 '

so setting M > 4C., and N > 2M log(25~!) suffices to prove that

Ply = - | Saccept) = Wf(' | ), (33)
under £. We now prove the second claim on the approximation of the density ratio.
Estimating the density ratio. 'We no longer condition on £. First, note that
—1 ¢/,
() _ eB f(). 39
Wref(') Z

39



FOSTER MHAMMEDI ROHATGI

81 f(y)
& " Thus, to get our

On the other hand, the output p of SoftmaxSamplerDensity satisfies p =
f((y;) ‘, it suffices to show that
(40)

f
2log(40—1)
< A .
<4Cu -y N

desired bound on |log p — log :

~

) Z
O —
&z
By Lemma D.1 (Hoeffding inequality), there is an event £’ of probability at least 1 — ¢/2, under
which

~ 8log (461

)Z— Z’ < maxexp(8~" f(y)) - %,

yey N
8log (461
=CoZ- Oggv ). 1)

We now condition on &’. Rearraning (41) and dividing by Z, we get that
8log(40—1 8log(40—1
R T ™)

Therefore, using that N > 16C2% log(40~!) together with the facts that log(1 + x) < x and

log(l —z) > 1 — 2z, forx € [0,1/2], we get
8log(46—1) Z [8log(46-1)
<log = <Cyx -/ ———=. 43
<log—=<C N 43)

—2C,, - —
This shows the desired bound on the log ratio log % after plugging-in the choice N = 4M log(46~1)

N N
N N
WY

Now, by the union bound, the probability of the event £ N £’ is at least 1 — §. Thus, the event

Eaccept = € N &' satisfies the desired properties.
(44)

Now, we no longer condition on &’. Note that p is of the form

B ()
N _g1f(y)"
% Zi:l 6'3 1f(yz)
Thus, when | f(-, )| < Ruax» we immediately have that p € [e~2Fnx/8  ¢2Fnax/B] a5 desired. O
Proof of Lemma F.1. It is an immediate consequence of Theorem F.2 that Dyy (7s(x), 7¢(x)) < 0

and D} (7 (), 7¢(z)) < 25. We begin by writing
Dy (7p(z) | mrer(2)) — Dri(mp(2) || mres(2))
=Ey 7@ og(ms(y | 2)/mree(y | 2))] — Eyr, ) log(mp(y | 2)/mres(y | 2))]
+Ey oz llog(ms(y | x)/mp(y [ 2))]
+ Eyzy @) log(@s(y | ) /ms(y | 2))],

< 2-Rmax(s
8
where the inequality uses that [log(7f(y | ) /Trer(y | #))| < Rnax/B. To proceed, we bound

Dio(7p(2) | mf(2)) = By () log (@ (y | ) /ms(y | 2))]
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We first note that

Ty | )

Trer(y [ ) = P/ 5

Ry ln) _ |
Wf(y | x) < p(Rmax/B>

The latter inequality is a standard property of rejection sampling: If we let )V denote the set of
responses the algorithm considers accepting, then we have 7¢(y | ) = Ey, [Tf(y | z,Yn)] <
Eyy[I{y € Yn}] < N - 7rer(y | ). From here, it follows from Lemma A.10 of Foster et al. [27]
that Dy (7 (z) || 77(2)) < 27 + log N) D3 (R (), my(2)) < 4B +log N)o.

O

Proof of Lemma F.2. Let (y, p) be the random output of SoftmaxSamplerDensity. First, by
Jensen’s inequality, we have that

Ty | @)

log p — log —————
7Tr‘ef(y | l‘)

and so, by letting E;ccept be the event Eyccept in Theorem F.1, we have

7rf(y | x)
—E|1 |egp —log T T
[ {€accept } - [log p — log Tref(y | @) ]
7rf(y | x)
E|(1-T o T
+ |:( {&accept }) - {log p — log Tref(y | @) ] ’
2  4Bd
< N T3

where the last inequality follows from Theorem F.1 and that p and :f f(éﬂﬁz) are in [e?P /B e—2B/B .
On the other hand, we have that

iyl | iyl x)
B [10g ey x)] = Byt [log Trer(y] 2) (*0)

= Byosytio 108 T L = DR L) g [2). @

Now, by Lemma F.1, we have that Dy (7f(- | z) || 7¢(- | 2)) < 4(% + log N) 9. Combining this
with (45) and the triangle inequality, we get the desired result.

O
Proof of Lemma F.3. By Jensen’s inequality and the triangle inequality, we have that
[Eonpmns[9(2,9)] = Evnpyzlgl@ )]
< Eanp | [Byn, (1[92, )] — By oylo (@, )]| - M 2 4Coona(n | 2)}
+ wap [M < 4Ccond(ﬂ'f | x)] ’
< 64 Pyp [M < 4Ccona(my | 2)] )
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where the last inequality follows from the fact that
Dry(w(- [ z),mp(- | 2)) <0,

for all « such that M > 4Ccond(7s | x), thanks to Theorem F.2. This completes the proof.
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Appendix G. SpannerSampling Algorithm and Guarantee (Proof of Theorem 3.1)

In this section of the appendix, we present the pseudocode for SpannerSampling (Appendix G.1),
present various intermediate technical results (Appendices G.2 and G.3), then combine these results
to prove the main guarantee for SpannerSampling, Theorem 3.1 (Appendix G.4).

G.1. SpannerSampling Pseudocode

Note that within Algorithm 3, we define 7*(y, v’ | «) as the distribution over (y,y’) | z, induced by
sampling 3 ~ Trer(- | ) and

y ~ SoftmaxSamplerg s 5., (' (2,y'); 2, Trer).

We further define,
T 2) = Byl [T (1,9 | 2)]

as the marginal distribution over y | 2 under this process.

Remark G.1 (Average-case vs. uniform spanners). Our usage of the term “spanner” is inspired
but technically different from the notion of an optimal design or barycentric spanner, which has
been widely used in the linear bandit literature [3, 34, 50]. These notions provide a small collection
of responses for which second moment matrix Y achieves uniform coverage in the sense that
maxy o ||¢(z,y,y)||s-1 < poly(d) or similar. For computational reasons, we cannot hope to
achieve such a uniform guarantee, and instead settle for average-case coverage with respect to Tg.

Remark G.2 (Anchor responses). Algorithm 3 can be slightly simplified as follows: Instead of
sampling yb ~ Tres (- | T°), we can set y = y V't for an arbitrary fixed “anchor response” y. This
leads to the same guarantee, but does not technically fall into the sampling oracle framework in
Definition 2.1, as it requires observing the features ¢(z',y) for all t. However, we use the anchor
technique within our multi-turn algorithm (MTSS; Algorithm 4) to simplify presentation.

G.2. Technical Lemmas

G.2.1. BASIC RESULTS

Lemma G.1 (Differences in rewards are linear). If Assumption 1.1 holds, then for all x € X and
/
v,y €,

(@, y) — (@ y) = (0%, 6(z,y) = b(x,y)). (51
Proof of Lemma G.1. If Assumption 1.1 holds, then forall z € X, m5(y | #) = mg« (y | x), where
Ty | z) oc mrer(y | ) exp (B71r*(x,y)) is the optimal KL-regularized policy. Taking logarithms,
this implies that forall z € X,y € ),
m5(y | )
Tref(y | )

where Z,.« (x) := Eymrrrer(a) [exp(ﬁ_lr*(a}, y))] and Zgp+ (1) := Eyorree(z) [exp(ﬁ_lw*, o(x, y)>)]
Picking any y, 3’ € Y and take the difference then implies that

T*(.I,y) - T*($7y/) = <9*,¢($,y) - (Z)(IL’,y/)>

— ¥ (,y) — log Z-(x) = flog W — (0%, ¢(x.y)) — log Zo- (x),

Blog
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Algorithm 3 SpannerSampling

input: Base policy mrer, KL-regularization parameter 5 > 0, number of spanner rounds
Tspan € N, number of exploration rounds Ty, € N, failure probability 6 € (0,1).

: Define estat 1= C - \/dRr%aX log(BRm_aIX(S—lTexp) for abs. constant ¢ > 0.

2: Set \ < (Rmax/B)2 and v := ,B/zfstat. // Spanner params.

b

R e A S

10:

12:

13:

14:
15:

16:

18:

19:
20:

21:

Set Mrej = 8e? - CCOV(TrE) and frej := Te_xpl)' // Rejection sampling params.
/* Spanner construction phase */
Initialize dataset Dspan <— {@} and Ugpan < {@} and set Lgpan < Mg
for iterationt = 1,2, ..., Tyrompt do
Observe prompt z* ~ p.
for iteration? = 1,2, ..., Tspan do
Sample (y",y5") ~ Trer(- | @*).
if ng(wt, ytl’i, yé’“) ‘EST)%n > v then /11 o(x,y1,y2) = o(x,y1) — d(x,y2).
Observe rewards (14, rb) for (z*, y7*, y5").
Update Dgpan < Dspan U {(z',y1"y5"rt,75)} and Wepan < Wgpan U
{5}
Sspan  Bspan + @(2', 91", 5" ) (@', y1", y5") T
break
/* Exploration phase */
Initialize dataset Dg,,, = {}.
for iteration t = 1,2, ..., Tey do
/* Estimate policy and reward model */
Fit reward model via regression:

0"« argmin >, ({8, (@, 41, 92)) — (r1 —12))*. (49)

0cO
€ (z’yl >y27rlyr2)€DéprDspan

/* Sample responses and update dataset */
Define truncated reward function:

(@, y,y') = (0 o,y v ) ||, 4. 9) |5y, < v} (50)
Observe prompt z* ~ p. Sample y4 ~ mrer(- | ') and observe reward r.
// Defines policy 7'(- | x) ~ SoftmaxSamplers s . 5. (7' (2, y); 2, Trer) for y' ~ mree(- | 7).
Sample yj ~ SoftmaxSamplers as 5., (7" (2", -, y5) ; &', Trer) and observe reward ry.

Update dataset: Dy} < Dgy, U {(", 91, 95,71, 75) )

return 7 ~ unif (7', ..., 77e®).
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as claimed. O

Lemma G.2 (Density ratio bound for softmax policies). For a function f : X x Y — R, let

Ty | @) o< Teer(y | 2) exp(87 f(x,y)), (52)
Then for all x € X, it holds that
m ‘oo < exp (51 (glea% f(@,y) = Eyor [ (2, y)]))- (53)
Proof of Lemma G.2. For any y € ), we can use Jensen’s inequality to bound
Ty |z) exp(B8~1f(z,y))
Teet (U | ) Byome(mlexp(B81f(z, 1))
 ep(B @ y) — Eyrn, ol (2,9)])
By [ex0 (B (f(2,y) — By wref(x [f(ﬂfay’)})]
exp(B7H(f (2, y) = By, e [f (2, 4)])
~ exXp(BTHEy e () [ (2 9)] = By () [ (z,9)])
=exp (B (f(2,9) = Eyrromoe () [f (2, 97)])-
as claimed. ]

G.2.2. GUARANTEES FOR LEAST SQUARES

The following result presents a standard guarantee for least squares with dependent data.

Lemma G.3. Consider a sequentially generated dataset {(x', y}, yb, i, ré)}te[T] in which for all t,
E[Tl - r2 | .ZU 7y17y21 ft 1] = <0*7¢(xt>yi) - ¢(xtayé)>7

where F'= = o ({(z", Y}, vy, 71, 7%) }i<y)- Define the least-squares estimator

—argmmz (', y1) — ¢z’ 3),0) — (ry —73))",

i<t

and let X' := 37, (6(2', yi) — o', y5))($(a', yi) — ¢(a', y4)) T Assume that v, 15 € [0, Finax]

almost surely, that 0* € ©, and that Assumption 2.1 holds with parameter B. Define A = ﬂ. Then
with probability at least 1 — 6, for all t € [T,

16" = 6*1% 401, < O(dR7o log(BRoy6'T)).

max
Proof of Lemma G.3. By a standard concentration result for well-specified regression (e.g., Lemma
39 in Jin et al. [39]), we have that with probability at least 1 — ¢, for all ¢ € [T7,

||9t - H*H%i = Z<0t - 9*7 ¢('xla yi) - ¢(xlvyé>> < O(dR%ax log(BRmax(S 1T))
i<t
By Assumption 2.1 and choice of A\, we have
10 — 0" 1100, = 116 — 612 + AI6" — 0712 < 16" — 07|13 + AAB® < [0 — 673 +4RZ,,,

and combining with the preceding bound completes the proof. O
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G.2.3. ELEMENTARY PROPERTIES OF KL-REGULARIZED REGRET

We now state some generic properties of the KL-regularized regret. Suppose the true reward is
f*(x,y) for an arbitrary function f*, and let

Jo(m; %, 1) = Byor(@)[f (@, y)] = BDkL(7 () || Tref ().
For a function f, let

mr(y | @) o< Tree(y | @) exp(87" f (),

and let Z; () := Eyor, (o) [exp(87' f(2,y))] denote the normalization constant. The following
result follows from elementary manipulations.

Lemma G4. Forall f : X xY — Rand x € X, it holds that

Ja(mpes [ @) = Jp(mys /5, @)
=B Dxe(myp(x) || wps ()
= 610g(Zf*(x)/Zf($)> + IEy~7rf(:z:) [f(.%', y) - f*(xv y)]

= BIOg (Eywﬂ'f(a;) exp(ﬁ_l(f*(:z, y) - f(xa y)))) + EyNT(f(:U) [f(aj, y) - f*(IL‘, y)}
Proof of Lemma G.4. We can directly calculate that
BDki(my || mpe) = BE[log(Zy+(x)/Z ¢ (2))] + By ) [f (2, ) — f7 (2, 9)],

where Z () := Eyor, .(x) [exp(87 f(2,9))]. The first identity now follows by noting that for any
/s

Jﬁ(ﬂf ) f*a 1‘) - Ey’\'ﬂf(l‘) [f*(.%', y)] - Eywrrf(x) [f(l', y)] + B log(Zf(x))'
We finally observe that
log(Zg+(2)/Z(x)) = 108 (Eyr, (o [exp (571 (F*(2,9) = fl,0))])

which completes the proof. O

G.3. KL-Regularized Regret Decomposition for Truncated Softmax Policies

This section gives tight bounds on the KL-regularized regret for truncated softmax policies of the
type used in SpannerSampling and formally defined below. The main results, Lemmas G.6 and G.7,
allow for fast 1/e-type rates by exploiting regularization, as well as efficient rejection sampling.

Truncated softmax policies. Let > > 0 be a given matrix and v > 0 be a parameter. Recalling
that p(z,y,y’) := ¢(z,y) — ¢(x, 1), define a truncated feature map by

e(z,y,y") = (@, y.y ){||e(z,y,9) || g1 < v}
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For a parameter § € R? we will define a truncated softmax policy 7y (y,y' | =) as follows. Fixing
x € X, first define To(y' | x) = 7rer(y' | ). Next, define

ﬁg(y ‘ IB,y/) X Wref(y ‘ .%') eXp(ﬁ_l<97@<$7y7y/)>>'

We use To(y | ©) = Eyor (o) [To(y | 2,9)] to denote the marginal over y given z. We will
overload notation slightly and use J3(7g) to denote the KL-regularized regret of the marginalized
policy Tg(y | ). We also define

T5(To) = Eonpy/momees () ymro () [T (25 4) = BDRL(To (- | 2,9") [| Tree (- | 2))]
and, for any x € X,
J5(To;2) = By o oo () g (o) [T (@ 4) — BDkL (To(- | 2,y") || wree (- | )]

We first give a bound on the regret of the truncated softmax policies that scales with (i) the
squared estimation error (allowing for fast 1/e-type rates), and (ii) truncation probability under
responses drawn from mpe¢ and mg«.

Lemma G.5 (Basic regret decomposition for truncated softmax policies). Fix xz € X and define
2= 110 — H*H%. Then under Assumptions 1.1 and 2.1, if v < [8/estat, we have

Jg(mor; x) — Jg(To; x) < Jg(mor; z) — J 3(To; @)
< B By yyemota) [<9* —0,¢(z,y, y’)}Q]
+ Fnax <Py~7r9* @)/ ~mrer(@) |02 09 || o0 > V]
+ Py yymmo lo@ v, 9| goa > 1/]).

Next, we show that the density ratio between 7y and 7ref can be bounded by the optimal density
ratio Coy (7~ ) for my«.

Lemma G.6 (Density ratio bound for truncated softmax policies). Fix x € X and y' € ). Define
2
5span($v y,) = ]P)y~7r9* (-]z) [H(p(ﬂf, Y, y,)HE—l > V]a and 5ztat = He - O*HE'
Suppose v < B /estat and espan(x,y') < 1/2. Then forally € ),
To(y | z,y) < 2€QCCOV(7TH*) “Tref (Y | ).

Finally Lemma G.5 and Lemma G.6 gives our main regret decomposition for truncated softmax
policies.

Lemma G.7 (Main regret decomposition for truncated softmax policies). Define £2,., = || — 6*| 22

and for any € > 0, define

Xepan(€) = {2 € X | Plyy)mmero) [ 0@ 4,951 > v] <€}
Then under Assumptions 1.1 and 2.1, if v < 8 /estat,
Jp(mo+) — J5(Te) < Jp(me) — J (7o)
< 5_1 E(yﬁy’)N%e(m) [<9* —0,0(z,vy, y/)>2} + 18 RnaxCeov (7o~ ) - € + 2RnaxP[z & Xspan(€)]-
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G.3.1. PROOF OF LEMMAS G.5 THROUGH G.7

Proof of Lemma G.5. To keep notation compact, in this proof we omit all dependence on the fixed
x € X (so that below, Jg(mg~ ) refers to Jg(mg~; ), my~ refers to my« (), etc.). We have

Ja(mo) — Ja(To)

= Eyrge [ (Y)] — Eymry [r* ()] — BDkL(mg+ || Trer) + BDKL(T || Trer)

< Byomrgs [Bymormge [ ()] = By 1y 7 ()] = BDkL(mg+ || Trer) + BDkL(To (- | ') || 7rer) ],
= Jg(me+) — J (7o)

since, by convexity of KL-divergence,

Dy (7o || mrer) = Dk (Ey’Nmef [ﬁG(’ | y,)} | 71'I"ef) < By [DKL (%9(‘ | 3//) I Wref)]-

Under Assumption 1.1, we can further write the quantity above as

*

Ey/"/ﬂ'ref[ Y~ To* [T y)

()] — y~7r9(\y)[ “(y)] = BDkL(mo+ || rer) + BDkL(To(- | y') || 7rer) ]

= By ormper [Eymrmge [77(0) = 7 ()] = Eyrp(yy 7" () — ()] — BDkL(7or || 7re) + BDKL(Ta(- | 4') || 7rer)]
=Eymes [Eymmye [(07, ¢(y, >] Eyro (1) [0, 0(y, )] — BDki(mox || mres) + BDkL(To(- | ¥) || Trer)]
< By By [(05,2(y,9) >] Eyro(ly) (0% @y, 4'))] — BDKL(mox || rer) + BDkL(To (- | ') || 7ref) ]

+ Bnax (Pyrorye e [[|00:8) |52 > V] + Py iy, [l 0w 0) |50 > v])
S Eynme [Eyw’re*('ly’) [<9*7 @(%Z/)ﬂ = Eymo(ly) Ke*v @(%Z/)ﬂ

— BDk (7o (- | ') || Trer) + BDkL (o (- | ¥') || Tref) ]
+ Bnax (Pymge e 1958|551 > v] + Py, [l ) |50 > ), (54)

where the first inequality is by definition of &, and the second is because for any fixed 3/, we have

Eyrgs (0%, 8(,9"))] — BDkL(7ex || Trer)

< e {Eyr [(0%,8(y,5/))] = BDKL(T || rer) }

= Eyrpe (1) [0 2y, 9))] — BDxL (To+ (- | ') || 7rer)-
With this upper bound, for any fixed 3/, we can interpret the quantity

Eyroe (19 [0 @0, 0 )] = By 1) [0, @y, )| — BDkL(Tox (- | ¥) | Trer) + BDL(Ta( | ') || 7rer)

in Eq. (54) as the KL-regularized regret of 7y(- | y') to Tg« (- | 3’) under the reward (0*, p(y,y)).
Consequently, Lemma G.4 allows us to bound this regret by

B10g (Bymry () ex (870" = 6,8(y,4)))) + Eyuropn [(0 — 05,00, 9))]. (59

Note that for all y, 4/’ € ), under the condition on v in the lemma statement,

(0= 0°, 0] < 101l 110 = 05 < veurar < B, (56)

48



THE COMPUTATIONAL ROLE OF THE BASE MODEL IN EXPLORATION

since @(y,y') = 0if [|o(y,y)| -1 < v does not hold. Hence, using that e* < 1 + 2 + 22 for all
z <1, we have

B1og By, 1y [exp (870" = 0, 8(y.4)))])

< B 10g<1 + /871 Ewag(-ly/) [<9* - 07 @(:% y/)>] + /872 ]EyNTrg(-|y/) [<9* - 97 @(ya y/)>2:|>

< By (ly) [<9* —0,8(y, y')>] +87 By zo(-ly) [<9* —0,2(y, y’)>2},
which we can substitute into the bound from Eq. (55) (cancelling out the linear term) to get the bound
Eype (1) [(0F @20, U'))] = By (1) [0 20, 4')) ] — BDL (o~ (- | 4) | Trer) + BDkL(To(- | 4') || Trer)
< 5_1 Ey~%g(-|y’) |:<9* - ‘9a @(ya y/)>2] .
Since this holds uniformly for all ' € ), returning to Eq. (54), we conclude that
To(mor) = Ja(Te) < BBy, (0% = 0,81’

t Bnax (Pyromge e |05 1) |51 > ] + Py iy, [l 0w 0) |50 > 2])

as claimed. O]

Proof of Lemma G.6. To keep notation compact, we again omit all dependence on z. Fix 3/ € ).
Then we have

oy |y) _ exp(871(0, 2(y.4))
7Tref(y) Zﬁe (y/) ’

where Zz,(y') := Eyr..[exp(87(0,&(y,y')))]. Note that for all y, 3’ € Y, under the conditions
in the lemma statement, we have

10 —0%,2(y,9"))| < 1@y, v)|| 51110 — 0% |5, < vestar < B. (57)

We begin by giving a lower bound on the normalization constant Zz,(y’). Observe that

Zry(¥) = Eyrmee [exp (8~ <9 v, 9)))]
> By [exp(871(0, 7 y’ >)]1{Hs0 W )5 < v
> e By, [exp(6” < By NI o, 1)1 < v}
= ¢ By [exp (87107 0y, 1)) K (v, 1) | o0 < v},
€™ By [exp (870", 0))) { ||y, v) || g1 < v} - exp(=B7(0%, 6(4))),

where the second inequality uses Eq. (57) and the second-to-last equality uses the definition of the
indicator. Now, define

Z7r9* = Eywwref [exp (5_1 <9*7 ¢(y)>)]

as the normalization constant for my~. We can write
Eymmeer [exp (870", o)) I [|0(y, ) |- < v}]
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= Znge — Eyome [exp(8710%, 0() I{ |0 (y: ) || 1 > v}
We can further bound

E?JNWref [eXp (571<0*7 ¢(y)>)]1{ H(p(:% y/)HE—l > V}]

o Jem(ae o))
T Y Tref Z7'r9*

= E?JNWQ* [H{ HSD(ya y/)Hz—l > V}] ) Zﬂ'e* .

H{HS"(% y/)Hz—l > V} ’ Zﬂ‘g*

It follows that as long as espan (2, ¥') = Eyor,. [I{||¢(v, ) |lg-1 > v}] < 1/2, we have

Dy

By (050 (5700 |00 50 < 1] 2 5

Combining this with the preceding steps gives

To(y | y) o, P80, 20y y)) + (07, 6(y))))
7"'ref(y) o Z7T9*
< 902, SR80, 2y, y) + (07 6(y)))
B Zrg

where the second inequality is by Eq. (57). To proceed, we consider two cases. First, if (6*, o(y,y')) >
0, then

(0%, 8(y,9")) + (0%, 0(y")) < (0%, 0(y,¥)) + (0%, 0(y")) = (0%, d()).
Otherwise,
0.8y, ) + (0%, 6(1)) < (6%, 6(¥)).

Combining these cases gives

exp (81 (0%, @y y) + (0% ¢(y))) . Jexp(871(0% 8(y))) exp(81(0% ¢(y))
Zry. - Ty ’ Ty
N { mo-(y) 7o (y) }
Tref y) 7Tref(y/)
< Ccov(ﬂ'ﬁ*)
which completes the proof. O

Proof of Lemma G.7. By Lemma G.5, taking expectation over © ~ p, we have
Ja(mor) — J3(Tg) < Jg(mp~) — J3(Tp)
- _ 2
< ﬁ ! Eer,(y,y’)NTrg(m) |:<9* -0, 90(337 Y, y/)> ]

+ RuaxPon py~mos ()4 ~rver () [H‘P(x’%y/)uz—l > v]
o(x,y,9)||g- > v]-

+ RmaxPpr,(y,y’)~ﬁg(:v) H
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We need to bound the second and third terms. Let £ > 0 be fixed, and let us abbreviate

Xspan = Xspan(g) = {33 S | IP)(y,y’)~7rref(a:) [HSO(%%Z/)H24 > V] < 5}'
For the second term, it is immediate that
Porpiymmgn @)/ ~rer(@) L[| 0@ 99 ) || 51 > V]
< Eanp[Pynrmge @)y/mrmrecta) 0@ 99| 51 > V] H{z € Xopan}] + Prplr & Xspan]

< Ccov(ﬂ-e*) ']E:ENp [P(y,y’)wﬂ,-ef(:v) [ng(xayay/)uzfl > V] H{I’ € Xspan}] + Psz[ZL' §é Xspan]
< Ccov(ﬂ'e*) -+ szp[-f ¢ Xspan]'

To handle the third term, define

N |

Zgood = {(Ly/) eXx)Y | wang*(~|z)[ng(l‘ayay/)uzfl > V] <

We can bound

P, )~moe) L1902, 59 |51 > V]

= Pomp s moves (L) ~ro Gl [ (238 [ g0 > V]

< Eopiymmrer () [Py mmo (o) (|, v, yl)Hz—l > v]{(2,y) € Zgood, = € Xspan}]
+ Eoopymmpe () L@, Y") & Zgoods T € Xspan}] + Pamplz & Xspan]-

For the first term, Lemma G.6 implies that when (z,9') € Zgo0d» To(y | 2,y") < 22Ceoy(mp+) -
Tref(y | ) for ally € Y, so we can bound

Eomopy/mres () [Pyt o sy [H‘P(x’%y/)Hz—l > v]I{(2,y') € Zgood, ¥ € Xspan}]

< 2€2Ccov(7T€*) 'Ezwp [P(y,y’)rvfrref(x) [Htp(ﬂf,y,y')HE_l > V] ]I{.T S Xspan}]

< QeQCcov(ﬂg*) ‘€.

For the second term, we can use Markov’s inequality to bound

Bapy e o) [{(2,8') & Zgoods @ € Xspan}] < 2By [Py (o) g/ mrmeee (o [ 000 3, ) [0 > V] € Xopan}]
< 2Ccov(m9+) - Eanp [P(y,y’)wwref(z) [ng(l'vyvyl)HE—l > V] {z € Xspa
S 20(;0\,(71'9*) - E.

Combining the preceding bounds completes the proof. O

G.4. Proof of Theorem 3.1 (Guarantee for SpannerSampling)
In this section we prove Theorem 3.1, restated below.

Theorem 3.1 (Guarantee for SpannerSampling). Forany e > 0and § € (0, 1), by choosing Tprompt,
Tspan, Texp appropriately, Algorithm 3 learns a policy with E%Nunif(%lwﬁnxp) [Jg (ﬂg) — Jg(%)] <eg
with probability at least 1 — 0§, and achieves the following data efficiency and oracle efficiency bounds:

Rrﬁax
52

P2 27020 5—1 _
Tdata(ga(s) = O<Rmax> . d IOg (5 ) and Tcomp(E,(S) = O<Ccov(772) .

2
ﬁ min{a,ﬁ} ) > : Tdata(gv 5)
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prompts. Forany x € X, one can generate a sample

~<%) d?log?(571)

The algorithm uses at most O 7 -

y ~ 7(- | ) from the returned policy using Teomp = 6(C’COV (WE)) weak sampling oracle queries.

Note that the high-probability bound is over the randomness of the policies 7', ..., 7 =, but 7
is chosen uniformly from these; a true high-probability bound on Jg(75) — J3(7) could be obtained
by estimating each Jg(7") and choosing 7 as the minimizer over ¢ € [T,4p] (as we do in MTSS), but
we omit this extra complication here. We begin by proving a number of intermediate results. We
then use these results to prove Theorem 3.1 in Section G.4.2.

G.4.1. INTERMEDIATE GUARANTEE FOR SPANNER CONSTRUCTION

In this section we give self-contained guarantees for Line 5 of Algorithm 3, which aims to construct a
spanner: a collection Ugp,n of tuples (x, y, y') for which 2 (@) Ve (T, v )o(x,y,y') covers
the feature space as least as well as (y,y') ~ mrer(- | ).

Concretely, let Wspan denote the collection of all tuples (z*,y;", y7*) for which the if statement
in Line 9 is triggered, so that Ygpan = Ay + Z(m,y,y’)e%pan o(x,y,y )p(z,y,y") when the outer for
loop completes. Our first lemma gives a bound on the size of Wepan.

Lemma G.8. Suppose that v, A < 1. With probability 1, we have

dlog(1+v=tA71)

|Wspan| S 2

Proof of Lemma G.8. Order Wepan as Wepan = {(2', 1, 45) ..., (2%, ¥}, ¥5)} and let

J
D= Myt Y ol vty el it up) -
=1

We will bound k& € N. From the standard elliptic potential lemma argument, we have
i kv?
log det T, —log det Ty > ) " log (1 + gO(:Ej,y{7y%)—r(rj,1)_lcp(l'j’y{,yé)) > klog(1412) > -

i=1

Moreover, ||¢| < 2,logdet 'y, < dlog(\ + 4k/d) (e.g., Lemma 10 of Abbasi-Yadkori et al. [1]),
whereas log det I'g = dlog A. Hence, we have

_ 2dlog(1 + 4k/(dN))

2 Y

k
v

< dlog(1+v~1\~1)
ST o

and Lemma D.6 further implies that k as claimed.

Our second lemma gives a guarantee on the quality of the spanner.
Lemma G.9. Let § € (0,1) be fixed, and define

8 log(4Tprompt5_1)
Tspan ‘

Espan ‘=
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With probability at least 1 — §, Algorithm 3 satisfies

dlog(1 +v=1A™1) N log(671)

Tprompt v? Tprompt

Ponp |Plyy)mmrer(f2) {H‘P(l” v, i V} > 5593”} S
Proof of Lemma G.9. Let 3, and ¥, denote the value of Ygpan and Wepan at the beginning of
the iteration ¢ of the for loop in Line 5. For each ¢ € [Tprompt], let i; denote the first index ¢ such that

the if statement in Line 9 is triggered, and let i; = Tspan otherwise. Using Lemma D.3 and a union
bound, we have that with probability at least 1 — §/2, for all t € [Tprompt],

it

. V} N 8log(4Tpromptd 1)

2 S
Pyt mrtlet) |0 0.8y 0 > 7] < 2 2Tl v ) sy

N span Zt
=1
Pt 8log(41, 51
<213 ola' y y ) sy > v ) + B oromed )
an t

If flo(@’, y™ y" )t y-1 < v forall i, then iy = Tspan, and consequently the right-hand side
pan

° -1
above is bounded by e¢pan 1= w. It follows that under the concentration event above,

span
we have that for all ¢ € [Tprompt],

span

H{P(y,y’)wﬂref(-|xt) [|‘¢($7y7y/)“(ggpan)—1 > V:| > Espan} < ]I{HZ : |’90(xtayt7i7ym)”(2tp )~ s V}'
Now, define
P’ ="Panp |:P(y7y/)"‘77ref('|x) M‘p(x’y?y/)u(zgpan)fl > V] > 5span}-

Then pTeromt+1 < plpromt < pl 50

T;
1 prompt
Pynp [%,y')mefux) [H@(%yay')\\z—l > V} > Espan] = plrew < > v
span prompt —7

Since X%, does not depend on z', Lemma D.3 implies that with probability at least 1 — /2,

span

jhrompt 7}rompt

Z P2 Z H{P(y,y’)Nwrewat)[“90(95’?/,?/,)”(23‘)3”)—1 > V} > 8span} +8log(4d~ 1)
t=1 t=1
Tprompt
<2 Z I[{Eli : \\cp(xt,yt’i,yt’i)H(Egpan)_l > V} + 8log(46™1)
t=1

< z‘mfgggpt“ + 8log(4d71).

From here, the result follows from Lemma G.8.
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G.4.2. PROOF OF THEOREM 3.1

Proof of Theorem 3.1. Recall that we define e5¢5t 1= C - \/ dR2,, log(BRnTaié—lTexp) for a

sufficiently large absolute constant ¢ > 0, and use the parameter settings A\ < (Bmx/B)2, v 1=
B/estats Mrej 1= 8e? - Ceov(mp+), and Orej 1= Texp We will show that under these settings, for any
choice of Tprompt, Lspan, and Texp, We have that with probability at least 1 — 9,

R2 <d2 log (5 1) dZRr%ax logQ((S_l) + Ceov(mp+) - 10g(5_1)>

E ] ) max
t~un1f([Texp])[J,3(7T9 ) J/B( )] 3 -0 Texp 52Tprompt Tspan

We will use this to give bounds on Tyata(e, §) and Teomp (€, 0) at the end of the proof.
Preliminaries: Least squares. We begin with some preliminary observations. First, for each

t € [Texp), define

St =Mat+ Y e ynw)e@hunye) T+ el us)e(a vl vs) T
(xvy17y2)€\1/span i<t

and by, = Mg+ 2, o'yt v5) (e, yh, ys)
We invoke Lemma G.3, which implies that for the choice of A in Line 2, we are guaranteed that
with probability at least 1 — §/3, for all t € [Texp)s

Het _9*’@)?” <c- dRrQnax log(BRmax(S 1T€XP) (58

2
=‘E5tat
for an absolute constant ¢ > (. We denote this event by E.onc and condition on it going forward. In
particular, under this event, we have

2 2 2 2
Hgt - G*HESpan < Estats and Het - e*Hngp < Estat- (59)
Preliminaries: Truncated policies. Next, recall that we define

sl <V} < @($7y7y1)>

span

r'(z,y,y) = (0", o(z, y, ' ))I{||e(z, 5,1/

in Line 17, where @(z,y,v') := ¢(z,y, v ) I{|l¢(z,y,y )Hzgpin < v}. It will be helpful to define
some intermediate policies. First, define

m(y | 2,y") o< meer(y | @) exp (B (2, y,9)) = mrer(y | &) exp(B7(0", (2,9, 9)))
be the softmax policy induced by r*(+, -, 3’). Clearly, we have
Ty 2,y) =To(y | 2,0),

where Ty (y | x,y’) is the truncated softmax policy defined in Appendix G.3 for parameters Ygpan
and v. We further define

m(y,y | @) =Toe(yy' | @) = Toe(y | 2,9) - Teer (y' | )
as the joint distribution over (y, y’) induced by sampling ¢’ ~ mref(- | ) and y ~ 7'(- | z,¥’), and
define 7°(y | ) = Toe (y | ) = Eyror ooy [7*(y | 2,9)] as the induced “marginal” policy over y.
Note that by definition of v, whenever Eonc holds, we have
(2, 9,9 < 110" = 0%, 82, 9,050 + €07, (@9, 9)|
< Vestat + Rnax < B+ Rpax < 2Rnax- (60)
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Preliminaries: Spanner construction. Define

~ 8log(12Tpromptd 1)
5span o Tspan .

Lemma G.9 implies that with probability at least 1 — §/3,

n-1 > V} > 5span:| < Eprompt (61)

span

Parcp | Byt yrer i) [0 :9)

for
dlog(1 +v=1A™1) N log(6—1)

Tpr"omptV2 Tprompt

Eprompt >

We denote this event by Epan and condition on it going forward. It will be convenient to define

Xspan = {:c € X | Ply,y) e (-f2) [Hw(x’y’y/)stggn > V] < 5span}

so that Eq. (61) can be equivalently written as P, (% & Xspan] < €prompt under this event.

Preliminaries: Rejection sampling. We define
7'(- | x,y') == SoftmaxSamplerg ps . 5. (' (-, -, y') ; 2, Trer)

denote the distribution over y} in Line 19 (given 2 = x and vy = y'), which aims to approximate
7ot (- | z,y'), and define

T(y,y | x)
as the law of y' ~ Trer(- | ) and y ~ SoftmaxSamplerg s . 5. (7'(-,+,y);®, Trer), using
Ty | ©) = By or, o (o) [T (y | 2,9")] to denote the marginal.

Define
/ / 1
Zgood = {(az,y) EX x)Y ’ waﬂ'g*(-w) [H@(a?,y,y )‘ E;pgn > V:| < 2}-
By Lemma G.6, we have that under Econe,
Ceov(Tge (- | 2, 1)) < 262Ceoy(mp+)  forall (z,9') € Zgo0d, (62)

so Theorem F.2 implies that for the choice for M5 in Line 3, we have
DTV(%t(' | JU,y/),Wt(' ‘ 513»?/,)) < 5rej (63)
for all (z,y’) € Zg00d. We can further derive the following consequence.

Lemma G.10. Under the event Econc, for any function f(z,y,y') € [0,1],

‘Eﬂ:Np,(y,y’)Nﬂt [f(x, Y y')] = Epop,(yy)~mt [f(x, Y y’)] ’
< 6rej + 2Ccov (71'6’*) - Espan 1 Eprompt -
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Proof of Lemma G.10. By Eq. (63), we can bound

B ()t L (@5, 9)] = Banp ymt [F (29,9

< Eppy e (o) [ Byt () [ (@58, 8)] = Bzt g [ (@, 5,90 [I{(2,5) € Zegood, & € Xspan ]
+ Popy/mmer(-|2) [[{(2,y") & Zgo0a}] + Ponplr & Xspan]

< bres + Eompyrmmes o) [1{ (%, Y') & Zgoods & € Xepan }| + Eprompt.-

Using Markov’s inequality, we can further bound
E oy momrer (o) (11 (2,5') & Zgood, & € Xspan }]
<2E. [Py’Nwref(-\x)7y~7re* (z) [Hgo(x, y»y/)st—pgn > V] Ha € Xspa”}]

‘E;pin > V] {x € Xspan}]

< 2Ccov (WG*) Exf\/p []P)(y,y/)’\/ﬂ'ref‘("f) |:HQO(LU, Y, y/)
< 2Ccov(7T6*) * Espany

where the final inequality follows from the definition of Xspan. O

Moving to idealized softmax policies. Our aim is to bound the regret

Texp
~ 1 ~
E it (1)) [T5(m0+) = Jp(T)] = > Jg(mes) = Ja(7).
Py

Define

jﬁ(’?m) = E;L’Np,y’wmef(-|ac),y~%g(-|ac,y’) [T‘*(l‘, y) - BDKL (7779(' ‘ z, y,) || ﬂ-f‘ef(' | x))] .

We invoke Lemma G.11 below (proven in the sequel) to bound

T, T,
1 exp R exp B
Texo Jg(mor) — Jp(7") S Tom Z Ja(mox) — Jg(Tgt) + Rmax 10g10g(Texp) - (Orej + Ceov (o) - Espan + Eprompt )-
t=1 t=1

(64)

Lemma G.11. Under the event Econc, for any drej € (0, 1), we have
jﬁﬁet) — Jp(7") S O(Rnax log 10%(5:%) *(6rej + Ceov(mo+) * Espan + Eprompt)-

Regret bound for truncated softmax policy. For the next step, we note that for the choice
of v = [/estat, under Econe, Our central regret decomposition for truncated softmax policies
(Lemma G.7) implies that

T
1 exp _
Jﬁ(ﬂ'@*) — Jg(fgt)
Texp tzz;
1 Texp 5
< Z Eacwp,(y,y’)w%et (x) [<9t - 9*7 95(1'3 Y, y/)> } + O(Rmax) : (Ccov(ﬂ'G*) * Espan T 5prompt)-

5Texp =1
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Using Eq. (59) and Eq. (60), we can bound

Texp

ZEINP(yy )~Tgt R‘gt 0%, o(x,y, y)> }
Texp

< 4ZEINPv(yvy/)Nﬁgt (z) [<9t — 0, 8(2,y, y’)> N Rr%ax]
T

2

< 4 Z ]Eatwp,(y,y’)wﬁet (x) |:€ztat H(p(ﬂj‘7 Y, y,) H (Eg N Rmaxi|

t=1

We can further use Lemma G.10 to bound
Texp
2
> B ) | st (@50 [Py y1 A B
Texp

2
S ZEwNp,(y,y’)N?t(a:) [EgtatH‘P(% Y y/)H(zg -1 A Rmax:| + O(RmaxTexp((Srej + Ceov(g+) - Espan + Eprompt))
—1

Texp
2
< gztat ZEpr,(y,y’)~ﬁt(x) |:H90(377 Y, y/)H(ngp)—l A 1] + O(Rr%ax exp((srej + Ccov(ﬂ'e*) €span T+ 5prompt))a
t=1

where the last inequality uses that €stat > Rnpax. Now, by Lemma D.3, we are guaranteed that with
probability at least 1 — §/3,

Texp Texp

. 2 3 . _
Z]Exrvp,(y,y’)rv?t(m) |:m1n{HSD(-CU,Z/,Z//)H(ngp),l, 1}i| < 5Zmln{”@(xtvyLy%)“é}éxp)—lv 1} +410g(6(5 1)'
t=1 t=1

Finally, since 334, = Mg + >, o(@', yi, y3) (', yi,y3) T, Lemma D.4 implies that

Texp
> min{llp(a, 5t 45) ey 1: 1} < 2d10g(L+ A Tonp/d).
t=1

Putting everything together: Final bounds on 7y,t, and T¢onp. Combining all of the preceding

inequalities and simplifying (using that estat > Rpax > B and Orej = eXp) we conclude that with
probability at least 1 — &,

Etunif([Tu)) [/8(T0x) — Jp(T")]

2 —1 —1 2
€ - dlog (A" Texpd R=. loglo 1
S Stat ,8( P ) + max gﬁ g( exp) . < + Ccov(Tr@*) * Espan + €prompt>
jexp jexp

< €200t - dlog(BRmaxTexp(S ) n dR2, log(BR,lv=1671)log log(Texp)

max

~ BTexp BV Tprompt
Rr%ax log(d_l) 10g log(Texp) : Ccov (77'9*)
6Tspan
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max

~ BTexp 63Tprompt
N Rr%ax log(61) log log(Texp) - Ceov(mox)
ﬁTspan ’

where the second inequality uses Eq. (61) and the third inequality uses that v := /eg¢at. Choosing

< star A10g(BRugTexpd ™) | 3y - dRiay 108(B Ry 167" 10g 105 (Texp)

R? Fa
én;x ) Texp>> and Tspan = @(CCOV(We*) ’ TeXp)

Tprompt = é(
suffices to give

ﬁTexp

~ (2. -dlog(6!
Bt ounit([Tu)) [ T8 (o) — Ja(T*)] < O( stat ( )) L
exp

5 (dQR%aX log2 (5_1) ) .

so that setting suffices to achieve E, i ([7.,,)) [/5(To+) — J5(7*)] < &. We now bound the number
of reward/prompt queries and sampling oracle queries. First, note that during the spanner construction
phase, the algorithm queries the reward oracle twice whenever it expands Wgpan, and does not query
it otherwise. Meanwhile, it queries the reward oracle twice at each round of the exploration phase.
Consequently, by Lemma G.8, we have

~/d ~(d®R2 log(671) d?R2,, log*(67!
Tdata(a,é) < 2(|\Ifspan‘ +Texp) < O<I/2 +Texp> < O( maxﬁ(;g( ) + ma ﬁf ( ) )

where we have used that v = [3/estat. We also observe that the number of prompts used by the
algorithm is

~ [ R? ~ [ d®R%, log? (671
Tprompt —+ Texp =0 </6mgx . Texp + Texp) = O( maxﬁge ( ) .

To bound the number of sampling oracle queries, we note that the algorithm queries the sam-
pling oracle twice during each inner loop iteration of the spanner construction phase, and calls it
O(Mrej log(5r_e§)) = O(Cov(mp+)) times during each round of the exploration phase (through the
invocation of SoftmaxSampler (Algorithm 1)). We can thus bound

2

_ ~ R2
Tcomp(57 5) < O(Tprompthpan + Ccov(ﬂ'é*) : Texp) < (0] <Ccov(7T9*) : /Bmg : Tepr)-

G.4.3. PROOFS FOR SUPPORTING LEMMAS

Proof of Lemma G.11. We begin by writing

T(Tot) = Jo(F') = Eumpymmper (o) ymrgs () [T (@, 4) = BDRL(Tor (- | 2, y") | Tret (- | 2))]
- ]Ezfvp,y’fvmef(-\x),yN%i(-|ac,y/)[7'*(377y)] + BEwNp[DKL(%t(' | @) || mrer (- | 2))]

58



THE COMPUTATIONAL ROLE OF THE BASE MODEL IN EXPLORATION

< By e (o) gy (L) [T (@5 9) — BDkL(Tor (- | 2,9) | mrer (- | 2))]
= Eampyfmomper )yt () [ (@, 9) = BDRL(E (- | 2,9 || 7ret (- | )]

where the inequality uses convexity of KL-divergence. We can further bound this by

Eoomp iy moteer (1) [(Engt(-m,y')[r*(w,y)] — Eyztagn (@ ) )I{ (2, 9) € Zgood}}
I
+ BE gy mmes () [(DRL(F (| 2,9") [ Teer (- | 2)) — D (Toe (- | 2, 9") | mrer (- | 2)))I{ (2, 4) € Zgoou ]
T
+ Epr,y’Nwref(-\m) [(Rmax + BDkL (%t( | $7y/) | 7rer(- | x)))]l{(xvy/) ¢ Zgood}] .

II1

For the first two terms above, our choice for Me; and Eq. (62) imply that whenever (z,y") € Zgo0ds
the conditions of Lemma F.1 apply, so we have

R _ _
I < 2Rpaxdrej, and IT<3- O< gax + log(Ceov (o) 10g<5re13'))> “Orej < O(Rpax0rejlog log((sreg))
as long as 8 < Rpax. Meanwhile, Lemma F.1 also implies that for all (x, /),

/BDKL(%t(' | xvy/) H Trref(' ‘ x)) < O(Rmax +ﬁ10g(ccov(77'€*) 10g(<5_1)) < O(Rmax loglog(é_l)),

rej rej

and hence

T < O(Rnax 108108 (0¢5)) * By clo) [I{ (2 9) & Zegooa}]-
To conclude, we use the definition of Xspa, to bound
ExN%y'NWref('\ﬂD) []I{ ('ra y/) ¢ Zgood”
B EINP,y’NWref('\x) [H{(xv y,) ¢ Zgood, T € Xspan}] + Eprompt
S 2E27Np |:]P>yl’\/7rref('|x)7y'\”ﬂ‘9* (|x) |:H()0(x7 Y, y/) HES—p;n > l/i| ]I{f[f S Xspan}:| —+ 5prompt

< 2Ccov(m0+) Eamop [P@,y')wrefuz) [H%ﬁ’(% y. 9]

< 2Ccov(7r9*) * Espan T Eprompt -

sol > V}H{x € Xspan}} + Eprompt

where the second inequality above is Markov’s inequality. O
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Appendix H. Proofs from Section 4

In this section we prove Theorem 4.1; we formally state the Randomized Exponential Time Hypothe-
sis and restate the theorem below.

Conjecture H.1 (Randomized Exponential Time Hypothesis [11]). There is no randomized algorithm
with time complexity 2°(") that, given a 3-SAT formula ¢ with n clauses, has the following guarantee:

o If ¢ is satisfiable, then the output is YES with probability at least 1/2.
» If v is unsatisfiable, then the output is NO.

Theorem 4.1 (Proper algorithms cannot be computationally efficient). Under the Randomized
ETH (Conjecture H.1), there is no proper alignment algorithm, even with a strong oracle, that
(i) has Tyata(e,9) < poly(d, 371,671, 671) and Teomp(e,6) < poly(d,exp(8~1),e71,671) under
Assumption 2.1 (with Ryay = 1, B = \/d),'® and (ii) has runtime poly(d,exp(8~1),e1,6~1).

Recall the definition of a proper alignment algorithm from Definition 4.1. We note in passing that
our proof shows that Theorem 4.1 holds in a stronger sampling oracle model where the algorithm
directly observes the log-probability log g (y | ) for each response sampled from the oracle.

Preliminaries. We say that Alg is an online alignment algorithm for linear softmax policies with
parameter set © if, for any givend € N, 8 > 0, and €, > 0, Alg solves any d-dimensional instance
with regularization parameter (3, regret ¢, and failure probability §. In order to be explicit, we write
Tyata(d, B, €,9) to denote the number of reward oracle queries used by Alg, and Tcomp(d, 3, €, 9) to
denote the number of strong sampling oracle queries.

H.1. Overview of Proof

Note that Theorem 4.1 does not require the output of the alignment algorithm to itself be proper, i.e.
lie in the policy class II; per the definition of a proper alignment algorithm (Definition 4.1), it only
requires the exploratory policies to be proper. To prove Theorem 4.1, the primary building block is
the following weaker result, Theorem H.1, which gives hardness under the additional assumption
that the output policy is required to lie in II. We deduce Theorem 4.1 from this result by showing
that one can use imitation learning to efficiently convert any improper output policy into a proper
one (Lemma H.4); this leverages the fact that behavior cloning with the log-loss is computationally
efficient for linearly parametrized softmax policies [72].

Theorem H.1. Under the Randomized Exponential Time Hypothesis (Conjecture H.1), there is no
proper alignment algorithm, even with a strong oracle and a Euclidean projection oracle for ©, that

(i) has Tyata(e,0) < poly (d,ﬁ_l,s_l,(s_l,log and

1
ming y mrer (y[2)

Teomo(e,0) < poly( d,exp(B71), 71,67, |V, log — >
co p( )—p y( p(ﬂ ) ‘ ‘ gmlnx7y7rref(y|x)

under Assumption 2.1 (with Rpax = 1, B = \/d), (ii) has runtime poly (d, exp(~1),e7 1,671 |V, log %>

ming y Trer (y|z)
and (iii) has output 7 € 1L

16. Concretely, we use the parameter set © = {§ € R |10, < 1}.
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We prove this hardness result in the simpler fixed-prompt setting (i.e. X = {_L}). For notational
convenience, we henceforth omit all dependencies on L, i.e. we write w(y) := m(y | L) and
r*(y) := r*(_L, y) for any response y € ). We prove the result for parameter set © := {# € R? :
10]|., < 1}, which is indeed contained in the Euclidean ball of radius B = v/d, and admits an
efficient Euclidean projection oracle. The proof is based on a reduction from the NP-hard Max-k-DNF
problem.

Definition H.1 (Max-k-DNF formula). Fix n,m, k € N. A Max-k-DNF formula with n variables
and m clauses is a tuple ¢ = (C1,...,Cy,), where each clause C; consists of a subset S; C [n| of
size |S;| < k, and a partial assignment f; : S; — {—1,1}. The value of v is

valpnr(p) = pefiax, valpnr(@; ),

where
m

valone (@) i= > 1[Vj € Si: @y = fi(j)].
i=1
The Max-k-DNF problem is to compute valpng (i) for a given formula ¢. Under the randomized
Exponential Time Hypothesis (Conjecture H.1), even approximating this value is computationally
hard — see Theorem H.2 in Appendix H.5 for the precise statement that we will need. This motivates
the following reduction, which shows that any proper online alignment algorithm for the linear
softmax policy class gives an approximation algorithm for Max-k-DNF.

Lemma H.1. Let Alg be a proper (Definition 4.1) online alignment algorithm for linear softmax
policies, in the strong oracle setting, with parameter set ©, which uses Tyata(+) reward oracle queries
and has time complexity bounded by Teonp(-). Suppose also that the output of Alg lies in I1. Define
8(k,5) ! d (ko) >
,0) 1= ————, and &(k,0):= —5—~.
k2log(16/6) 16k21og(16/0)

Then there is an algorithm Alg' for Max-k-DNF with the following guarantee: given any parameter

0 > 0 and Max-k-DNF formula © with d variables and m clauses,

o If valpnp(p) > 0m and Tyara(d, B(k, 6),e(k,6),1/4) < 2, then Alg' outputs YES with proba-
bility at least 1/4.

)
* I valone(¢) < o aatkaema iy then Alg’ outputs NO.

Moreover, the time complexity of Alg’ is poly(d, m) - Teomp(d, B(k,0),e(k,d),1/4).

Organization of appendix. In Appendix H.2, we prove Lemma H.1. In Appendix H.3, we use
this result to prove Theorem H.1: in particular, if the proper alignment algorithm hypothesized in
Theorem H.1 exists, then Lemma H.1 gives an algorithm for approximating Max-k-DNF that, by
Theorem H.2, violates the randomized Exponential Time Hypothesis (Conjecture H.1). Note that
in Lemma H.1, the approximation factor for Alg’ depends on the algorithm’s sample complexity
T4ata(d, B(k,0),e(k,0),1/4), and consequently the assumption that the algorithm is data-efficient
(i.e., Tyata does not scale with exp(3~1) or Ceov (%)) is essential for the argument to hold. Finally,
in Appendix H.4 we complete the proof of Theorem 4.1 by showing that properness of the output
policy is essentially without loss of generality from a computational perspective. The hardness of
approximation result for Max-k-DNF is deferred to Appendix H.5.
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H.2. Proof of Lemma H.1

Before proceeding to the proof of Theorem 4.1, we prove Lemma H.1 by introducing a method
for embedding a Max-k-DNF formula into an instance of the online alignment problem satisfying
r*(z,y) = (0*, ¢(x,y)) (and thus Assumption 1.1).

Embedding a DNF formula. Given a Max-k-DNF formula ¢ = (Cy,...,C,,) with d variables
and m clauses, and some 3 > 0, we define an instance Z(¢) of the online alignment problem
(Section 1.1) as follows. As discussed above, we set prompt space X’ := {_L} and omit dependences
on L henceforth. We set response space ) := {0} U [m]. We set the regularization parameter to
be 3. The reference policy mrer € A()) is defined by 7rer(0) := 1 — eref and mrer(i) 1= eref/m
for all i € [m|, where we write e = e~1/8. We consider the linear softmax policy class
= {m:0€cO}with® :={# € R%: 0], < 1}, and with feature mapping ¢ : J — R? defined

by ¢(0) := 0 and
o0 5D ifjes;
1); 1=
I 0 otherwise

for each ¢ € [m] and j € [d] (recall from Definition H.1 that S; and f; are the variable set
and partial assignment, respectively, corresponding to clause C;). Finally, the reward function
r* : Y — [~1,1] is defined by 7*(y) = (#(y), 0*) where 6* € {—1,1}¢ C © is any vector satisfy-
ing valpne(¢; 0*) = valpne(p). Since the reward is linear in 8*, Assumption 1.1 is satisfied, and
since [|o(y) |, < [l¢(v)||l; < 1forally € ¥ and O is contained in the Euclidean ball of radius v/d,
we see that Assumption 2.1 is satisfied with Rpax := 1 and B := Vd.l7

The following lemma relates the value of ¢ to the maximum likelihood (over all policies in the
policy class II) of observing some non-zero response. More precisely, it shows that if valpng(p)
is large, then 7y« (the optimal KL-regularized policy) puts non-trivial mass on non-zero responses;
conversely, if valpng() is small and f is sufficiently small, then no policy puts non-trivial mass on
NON-ZEro responses.

Lemma H.2. Suppose that < 1/log(2). It holds that )" | 7+ (i) > %ﬁi(‘p) and, for any
0o,

m

> mali) <2 <Va1DNF(‘p; en)) | el/<5k>> .
i=1

Proof of Lemma H.2. For each i € [m] such that the assignment 6* satisfies clause C;, we have by
definition that 67 = f;(j) for all j € S;; hence, by definition of ¢(i),

o5 0700) _ 15 Dies, i) _ /8

Since 6* satisfies valpnr(y; 0*) clauses, and mrer (i) = e~ /# /m for all i € [m], we get

m m N L% b(i * *
S e (i) = Sy e (i)e? O o _ valone(p;6%)/m _ valone(e; 6%)
=1 Trer(0) + ity Trer (i) 0 0D) T Trer(0) + valonr(; 6%) /m 2m

17. Technically, Assumption 2.1 requires the rewards to lie in [0, 1]. This is straightforward to fix by adding a constant
feature ¢(2)q+1 := 1/2, scaling all other features by a factor of 1/2, and setting 6}, ; = 1. With this modification,
Lemma H.2 still holds except the additive term e~/ (P%) becomes e~/ (2%) and the proof of Lemma H.1 goes
through unchanged so long as k > 2.
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where the first inequality uses monotonicity of z +—» and the final inequality uses that

7'rref"(%)‘f‘z’
mref(0) < 1 and valpng(p; 0%) < m.
1 .
Next, for any 6 € O, set x := sgn(f). For each i € [m], we have the bound e 2 <
1 .
e 519l lle@lh < el/B, Additionally, if the assignment = does not satisfy clause C;, then there is some

J* € S; such that ¢(i)+0;+ < 0, and thus

1 . 1 . k-1
e5020) < oBE Liespniy iU < o5

)

where the ﬁnal inequality uses that |f;(j)| < 1 and |#;] < 1 forall j € S; \ {j*}. Recalling that
Tref (1) = —75— for i € [m], it follows that

1 1 — 1 ;
§ :wref o3 000) < (me% n ValDNF@;x)el/ﬁ) _ valonr(@i®) 1k
el/Bm

m
Thus,
m m 5 (0.0(0)
S o) = o et @ TSR )00 < <Va1DNF(% ?) e—l/(ﬁk)>
i 7Tref( )+Z 17rref<) E<0¢(Z i=1 m
where the first inequality uses the bound 7 (0) = 1 — e /B > 1/2. O

The following lemma implies that approximately maximizing ) ;" | my(¢) is necessary in order
to obtain low (KL-regularized) regret.

Lemma H.3. Forany 7 € A()),

2
Jg(?re*) — JB(TF) = 6DK|_(7T H 7'('9*) >p (Z Zﬂ'g* ) i

=1

Proof of Lemma H.3. The inequality is a consequence of Pinsker’s inequality; the equality is via

140" 6(v))

the following standard manipulation. Define Zg» 1=}y, Tref(y)e .Forany y € ), we

have by definition of 7} (y) that

(0, 6(y)) — Blog 7). _ B10g 7.

71—ref’(y>

which is notably independent of y. Thus,

Jo(mg) = Jp(m) = B {<e*, é(y)) - Blog :iliyy))] " [W’ P = plos nﬂ(l@)}
B )  Blog T W) ] . e o W)
- E [<9,¢><y>> ﬁlgw(y)] s [<97¢<y>> Blgmef@)}
(y)
* yINETr [5 log T~ (:U)]

= BDkL (7 || o+ ).
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This completes the proof. O

Together, Lemmas H.2 and H.3 suggest that for appropriate parameter choices, solving the con-
structed online alignment problem necessitates solving the original Max-k-DNF problem. The remain-
ing (important!) subtlety is that it is impossible to efficiently simulate the data collection when only
given ¢, since the reward function r* depends on the maximally satisfying assignment 6*. Instead,
we approximately simulate the data collection by always producing reward 0. This is only incorrect
on non-zero responses, so in round ¢, it is unlikely to be incorrect unless >, 7(4) is already non-
negligible. In this event, the simulation may fail, but since A1g was assumed to be a proper-exploration
algorithm, we can apply Lemma H.2 to 7! = 7y, to show that valpng(; sgn(6;)) is a decent approxi-
mation for valpng (). Thus, we get a win-win reduction, where the approximation factor scales with
the number of data collection rounds. We make this argument formal below, proving Lemma H.1.

Proof of Lemma H.1. Given a proper online alignment algorithm Alg and a Max-k-DNF formula
¢ with d variables and m clauses, and a parameter 6 € (0, 1), we define Alg’ to have the below
behavior. Throughout the remainder of the proof, we abbreviate 5 := §(k, ) and € := e(k, §) for
simplicity:

1. Simulate Alg on the online alignment instance Z () defined above (with regularization pa-
rameter [3, error tolerance ¢, and failure probability 1/4), but use reward function 7(y) := 0
instead of r*. In particular:

* When Alg queries the sampling oracle with 6 € ©, Alg’ computes my € A()), samples
y ~ T, and passes response y to Alg.

* When Alg initiates data collection round ¢ with exploration policy 7! = my,, Alg/
computes 7y,, samples y ~ mp,, and passes response y and reward 0 to Alg.

Let ¢ denote the number of data collection rounds. Let @ = 7y, _ denote the final policy output
by Alg.

2. Compute

m

f:= argmax Zﬂ'g(i).
0€{01,....0¢,0imal} j—1

3. Set 7 :=sgn(f) € {—1, 1}4. A1g outputs YES if valpnr(¢; Z) > 650 ﬁ&%) ko)) and No
otherwise.

We now analyze Alg’. Suppose that val(p) > dm and Tyata(d, 8, ¢,1/4) < 2F. Let lﬁ/g/ denote
the idealized modification of Alg’ that simulates Alg with the true reward function 7* (which is
computationally hard to implement). Further, let @/ denote the idealized modification of Alg’ that

. . . . . . 1
simulates Alg with the true reward function only on queries 6, with > " | 7, (¢) > Ton (@B 17D

(and with reward 0 otherwise). We can couple the executions of Klvg,(w, 6) and A1g (¢, §) with the
execution of Alg'(p,d). Observe that the execution of Kl\él only deviates from the execution of

Alg if there is some round ¢ where Yo ma, (i) < m and yet the sample y ~ 7, is

non-zero. For any fixed ¢, this occurs with probability at most , s0 by a union bound

1
4TYata (d,ﬁ,e,1/4)
and the assumption that Alg uses at most Tyata(d, 5, €, 1/4) rounds, the two algorithms deviate with
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probability at most 1/4. Next, the execution of Alg deviates from the execution of Alg’ only if there

is some round ¢ such that " | g, (¢) > m. Thus,

P[ALg (p,0) # Alg'(,0)] < P[AIg (,6) # KIg (9,0)] + P[AIg (12, 6) # Alg (19, 0)]

1
]P)Alg
<3+ f?fzzZ”@ > Wmald p e /)

We distinguish two cases based on the value of .
* In the first case, if T is at most 1/4, then
—
P[Alg (p,0) # Alg/(p,0)] < 1/2.

By the guarantee of Alg, it holds with probability at least 3/4 over the execution of Iﬁé/ that
the output 6fin,) of the simulated Alg satisfies Jg(my) — Jg(mg,,,) < €. Hence, the same bound
holds with probability at least 1/4 over the execution of Alg’. Condition on this event. Then

= 1 §
;W >Z7Tef.na| Zﬂe \/7 va.;,:;(@_\/gzél

where the first inequality is by definition of 9, the second inequality is by Lemma H.3, the third
inequality is by Lemma H.2, and the fourth inequality is by assumption that valpng(p) > dm
and choice of ¢ = e(k, 5). It follows that

ValDNF(go, sgn k) < 1[0 s\ )
(1) — > (2 (2 > 2
Z” ¢ =2l1 " \16) | =16

where the first inequality is by Lemma H.2, and the second inequality is by choice of

¢ In the second case,

F

/ 1
+=PMe | max T >
1<]<QZ 9 4Tdata(d’5757 1/4)

Condition on the event within the probability occurring. In this event, which occurs with

probability at least 1/4, we have D ;" | m5(i) > m by definition of 8, and hence

m
valpnr (i3 sgn(0) }Z _(§) — o1/ (BR)
m 2 — 9

N 1 5\"

~ 8- Tyata(d, B,e,1/4) 16

0
>
16 - Tusea(d, B, 1/4)

where the first inequality is by Lemma H.2, the second is by the conditioning and the choice
of 3, and the third inequality is by the theorem assumption that Tyat4(d, 3,,1/4) < 2¥ and
J€(0,1).
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In both cases, the output of Alg’ is therefore YES with probability at least 1/4. On the other hand, if

valpnr(p) < 16-Tdata(d,ﬂ(§$),e(k’ 57172y then it is immediate that Alg’ outputs NO. Finally, the time

complexity of Alg’ is

1 &2
ly(d - T, d 1/4
poly(d, m) - Teom < " %2 1og(16/8) 16k2log(16/0) / )
by the assumed time complexity bound for Alg and the fact that for any given § € O, the distribution
mg can be explicitly computed from ¢ in time poly(d, m). O

H.3. Proof of Theorem H.1

We now prove Theorem H.1 by combining Lemma H.1 with a hardness of approximation result for
Max-k-DNF (Theorem H.2, stated and proven in Appendix H.5).

Proof of Theorem H.1. Suppose that there is a proper alignment algorithm Alg with proper output,
using a strong sampling oracle and a Euclidean projection oracle for ©, that has Tyata(d, 5,,0) <
poly(d, 371, e 1,671, log and has runtime bounded by

T e
ming,y Tref (y]2)

Teomp(d, B, €,6) = poly<d,e><p(ﬁ_1),€_1,5‘1, V], log — )
MNiNg 5 7'f'ref(y | 1‘)

The construction in Lemma H.1 uses ming , mrer(y | ) = 1/ (el/ B m) and, without loss of generality,
m < 24 (in the regime m > 2%, the Max-k-DNF problem can be solved in poly(m) time uncondition-
ally). Thus log(1/ ming , Tref(y | )) < poly(8~1, d). It follows from the assumed bound on Tyata
that for the problem instances constructed in the proof of Lemma H.1, there is a constant ¢; > 0 such
that Tyata(d, B,¢,1/4) < (d/(Be))*. Set§ = 6(d) := 1/dand k = k(d) := Cp5 - (4c1)? log(d).
Then, recalling the definitions of 5(k,d) and e(k, d) from Lemma H.1,

d401

47002 01
16dk log (16/5)) < O(C(fl)'(dg logﬁ(lﬁd))cl < ﬁ < 2k

52

Tunea(d, (%, 6), 2(k, ), 1/4) < (

where the third inequality holds for all sufficiently large d. By Lemma H.1, there is an algorithm
Alg’ with the following guarantees on an input k(d)-DNF formula ¢ with d variables and m clauses:

o If valpnp(p) > 0m = m/d, then Alg’ outputs YES with probability at least 1/4.

o If valpnp() < m/d*, then since 16 - Tyara(d, B(k,8),e(k, 8),1/4) < d** for sufficiently
large d, we have valpnp(p) < m/(16 - Tyata(d, B(k,0),e(k,8)),1/4), so Alg outputs NO.

Next we analyze the time complexity of Alg’. The construction in Lemma H.1 uses || = m and

ming , mref(y | ©) = 1/(e'/#m). Thus, Teon(d, B(k, ), e(k, 8),1/4) < poly(d, m,exp(1/8(k,d)),1/e(k,d)) <
poly(2o(log3(d)) ,m). So from Lemma H.1, we get that the time complexity of Alg’ is poly(2o(10g3(d)), m).
Hence, applying Theorem H.2 with parameter ¢ := 4c; and using that k(d) > Cp2(4c1)? log(d),
we get that the randomized Exponential Time Hypothesis is false (concretely, Theorem H.2 rules out

the possibility of time complexity poly(2°9(4"), m) for a constant 7 = 7(4c;)). O
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H.4. Proof of Theorem 4.1

We now prove Theorem 4.1 by combining Theorem H.1 with the following result, which shows that
any proper alignment algorithm with improper output can be efficiently bootstrapped to a proper
alignment algorithm with proper output. The proof of Lemma H.4 follows from an analysis of
log-loss behavior cloning due to [72].

Lemma H.4. Let Alg be a proper alignment algorithm with a strong sampling oracle and a Euclidean
projection oracle for ©, that uses Tyata(-) reward oracle queries and has time complexity Teomp(+),
under Assumption 2.1 with Ryayx := 1 and B = \/d. Suppose that the output of Alg is sampleable
in time T per prompt. Then, in the same setting, there is a proper alignment algorithm Alg' with
proper output 7@ € II, that uses T},,,(d, 5,¢€,0) = Tyata(d, B, €0, /2) reward oracle queries and
has sampling oracle complexity

1
Téomp(d7 ﬂa ) 5) = Tcomp(d, ﬁy €0, 5/2)+p01y (da D}|a B> Ta 6_17 IOg(5_1)7 lOg > )

min:p,y Tref (y | l‘)

where € 1= ) for a universal constant ¢ > 0, and we assume that € (0,1).

ce
Blog(1/ ming y Tref (Y|
Furthermore, the time complexity of Alg’ is polynomial in the time complexity of Alg with parameters

(da 67 €0, 5/2) and pOIY(da ’y‘7 B7 Tv 6717 log(éil% 10g %)

mina;,y 7rref(ylx)

Proof of Lemma H.4. Forany§ € ©,z € X,andy € ), observe that mp(y | ) > e 2Brer(y | ).

It follows that for any 7 : X — A())),

2B
max maxM < W .= — € .
zy 0e0 mo(y | x) ming , Tref(y | @)

We will use a slight generalization of Proposition D.2 in [72], which shows that there is an algorithm
that takes an integer n, the norm bound B from Assumption 2.1, some 6 € (0,1), and n i.i.d. samples
(«*,y")?_, from 7, and produces 6 € © satisfying, with probability at least 1 — 6,

(dlog(Bn) + log(W)) log(1/9)

Da (775, 7'(‘) < + log(W) - lgéiél Da (g, ). (65)
Additionally, the time complexity is poly(n, d, | Y|, B,log(1/9)) (to be precise, Proposition D.2 is
specialized to the case where mp¢ is uniform on )/, so that W = e2B /||, but this generalization
is immediate from inspecting the proof; also, in our setting the horizon parameter H from the
proposition is equal to one). The algorithm is essentially gradient ascent on the log-likelihood for a
set of i.i.d. samples from 7, which is concave in 6 [72].

This motivates defining Alg’ as follows. Execute Alg with parameters ¢y and §/2, and let
be the output. Then, for a parameter n to be determined, draw n samples (z*)}" ; from the prompt
distribution p, and for each draw y* ~ 7 (- | *). Execute the algorithm described above with failure
probability d/2, to compute 6 c0,and output 7 := 7.

We now analyze Alg’. With probability at least 1—4/2, it holds that 3Dk (7 || mg+ ) = J(mp« ) —
Jg(m) < €o, where the equality is by Lemma G.4. Also, by Eq. (65), with probability at least 1 — /2
it holds that

D{(7,m) < e + log(W) - Dii(mp:, ), (66)
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so long as n > poly(d, e, ', log(BW/3)). Condition on the event that both of these bounds hold.
Then

Ja(mg«) — Ja(7) = BDkL(T || o)
< Blog(W) - D (%, mp-)
< Blog(W) - (D (=, m) + D (m, mg+))
< Blog(W) - o + Blog? (W) D}y (, mg+)
< log(W) - €o + Blog?(W) Dy (w || mg+)
S log?(W) - €

where the equality is by Lemma G.4, the first inequality is by Lemma 4 of [100], the second inequality
uses the fact that Dy(+, -) is a metric, the third inequality is by Eq. (66), and the fourth inequality
uses e.g. (7.33) in [67] as well as the bound 5 < 1. By definition of W and ¢; (so long as the
constant ¢ > 0 is sufficiently small), we can bound the above by ¢, so Alg’ satisfies the correctness
desideratum of a proper alignment algorithm.

Since the second phase of Alg’ uses no reward oracle queries, the claimed bound on total reward
oracle queries is immediate from the parameter choices in the call to Alg. Additionally, the claimed
time complexity bound follows from the guarantee from [72], and the assumption that the output of
Alg is sampleable in time 7', so long as we choose n = poly(d, ¢, *, log( BW/4)). O

Proof of Theorem 4.1. Suppose that there is a proper alignment algorithm with access to a strong
sampling oracle and a Euclidean projection oracle for ©, that uses at most poly(d, 3 —lemls _1)
reward oracle queries and has time complexity at most poly(d, exp(5~!),e~1,671), under Assump-
tion 2.1 with Rpay := 1 and B := /d. Without loss of generality (assuming that the output policy is
represented by a circuit), the output policy is sampleable in time 7" := poly(d, exp(8~1),e~1,671).
Thus, by Lemma H.4 and choice of B, in the same setting, there is a proper alignment algorithm with
proper output that uses at most poly(d, 371,e71, 671 log(1/ min, , 7rer(y | 2))) reward oracle
queries and has time complexity at most poly(d, exp(8~1),e7 1,671, |V],log(1/ ming , Trer(y |
x))). Note that the time complexity also bounds the number of sampling oracle queries. It follows
from Theorem H.1 that the Randomized Exponential Time Hypothesis is false. O

H.5. Hardness of Approximation for Max-k-DNF

In this section we prove the following hardness of approximation result Theorem 4.1.

Theorem H.2. Fix any ¢ > 1 and function k : N — N. Suppose that k(n) > Cp.oc?log(n) for
a sufficiently large universal constant Cryo. There is 1 = n(c) > 0 with the following property.
Suppose that there is a time-poly (2", m) algorithm Alg that, given a k(n)-DNF formula o with n
variables and m clauses, has the following behavior:

1. Ifvalpne(e) > m/n, then Alg outputs YES with probability at least 1 /4.
2. If valpne(p) < m/n€, then Alg outputs NO.

Then the randomized Exponential Time Hypothesis is false.
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Essentially, the above result states that for a Max-k(n)-DNF formula with n variables, for any
constant ¢ > 1 and so long as k(n) is sufficiently large, it is computationally hard to distinguish
between the case that a := 1/n fraction of clauses are satisfiable versus b := 1/n¢ fraction of
clauses are satisfiable. For the application to Theorem 4.1, it is critical that the approximation
gap a/b is larger than 1/a, since the gap generated by the reduction Lemma H.1 scales with
T4ata(n, B(k,0),e(k,0),1/4), which in turn scales polynomially with 1/6 = 1/a. Additionally,
we remark that it is important for k to grow with n, since sampling a random assignment gives an
efficient 2*-approximation algorithm.

To prove Theorem H.2, we use a result by [14], which states that for any constant &, there is
a sparse k-predicate P so that Max-P (i.e. Max-k-CSP with predicate P) is hard to approximate
to any factor better than 2¥ /(2k). We then reduce Max-P to Max-k-DNF (using sparsity of P to
control the decay in satisfiability thresholds) and then apply serial repetition to boost the gap. To
make this approach formal, we start with the following definition.

Definition H.2 (Max-P formula). Fix n,m,k € Nand any P : {—1,1}* — {0,1}. A Max-P
formula with n variables and m clauses is a tuple ¢ = (C1, .. .,Cp,), where each clause C; is a tuple
(vi, b;) where v; € [n]* and b; € {—1,1}*. The value of ¢ is

valp(p) := xg?ﬁ?{l}n valp(p; x)
where .
valp(p;x) == Z L[P(biiTy,, s - - -5 bikTo,,) = 1].
i=1

We say that the set of accepting assignments of P is P~%(1).

Note, for example, that Definition H.1 corresponds to the predicate P(z1,...,zx) = 1jz; =
.-+ =z}, = 1]. The following hardness result is essentially due to [14].

Theorem H.3. Let k € N and ¢ > 0. There is a predicate P : {—1,1}¥ — {0, 1} with at most 2k
accepting assignments, and a real number v = y(k,e) € (0,1) such that the following property
holds: suppose that there is a time-O(2"") algorithm that, given a Max-P formula o with at most n
variables and n clauses, has the following behavior:

1. If p is at least (1 — €)-satisfiable, then it outputs YES with probability at least 1/2.
2. If @ is at most (2k/2F 4 ¢)-satisfiable, then it outputs NO.
Then the Randomized Exponential Time Hypothesis (Conjecture H.1) is false.

Proof of Theorem H.3. Corollary 1.2 of [14] states that for any positive integer k and any € > 0,
for the Hadamard predicate P : {—1,1}* — {0, 1}, which has at most 2k accepting assignments,
distinguishing between (1 — ¢)-satisfiability and (2k /2% + ¢)-satisfiability of a Max-P formula is
NP-hard.'® Thus, there is a polynomial-time reduction R that takes as input any 3SAT formula 7 with
n variables and n clauses, and produces a Max- P formula ¢ with m < poly(n) clauses such that
valp(p) > (1 —&)m if 7 is satisfiable, and valp () < (2k/2¥ 4+ &)m otherwise. There is a constant
C = C(k,e) > 0 such that R has time complexity O(n¢*2)). Now let v := 1/(2C(k,¢)) and

18. In fact, [14] shows that one can even take ¢ = o(1), but for our purposes a constant suffices.
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suppose that there is indeed a time-O(2"") randomized algorithm Alg with the behavior specified
in the theorem statement. Then on input 7 with n variables and 7 clauses, it follows from the time
complexity bound on R that the output ¢ of R has at most O(nc(kvs)) variables and clauses, so
Alg(¢p) runs in time 907 C5:2) _ go(n) by choice of . If 7 is satisfiable, then it outputs YES with
probability at least 1/2, and otherwise it outputs NO. This contradicts Conjecture H.1. O

Lemma H.5 (DNF embedding). Fix k € N and let P : {—1,1}¥ — {0, 1} be a predicate with {
accepting assignments. Then there is a poly(n, m)-time algorithm that takes as input a P-formula
© with n variables and m clauses, and outputs a Max-k-DNF formula ©' with n variables and {m
clauses, satisfying valp(p) = valpng(¢').

Proof of Lemma H.5. Given ¢ = (Cy,...,Cy,), we define ¢’ on the same variable set as follows.
For each clause C; = (v;, b;), for each y € P71(1), we add to ¢’ the clause (S; , fi,) defined by
Siy = {vi1, ., vir} and fiy(vij) = bijyij.

Since P has ¢ accepting assignments, ¢’ has ¢m clauses. Moreover, fix any assignment
r € {—1,1}" and clause C;. If z satisfies C; in ¢, then there is exactly one y € P~!(1) such
that (b1, - - - » DikTw,, ) = y. Equivalently, there is exactly one y € P~1(1) such that z, = fiy(a)
for all a € S;,. On the other hand, if = does not satisfy C;, then there is no such y. Thus,
valp(p; z) = valpnp(¢'; ). Since this holds for all z;, we get valp(p) = valpnge(¢’). Finally, it’s
clear that the reduction is polynomial-time in the input size. O

Lemma H.6 (Serial repetition). There is an algorithm that takes as input a Max-k-DNF formula o
with n variables and m clauses, and a parameter t € N, and outputs a kt-DNF formula ©' with n
variables and m® clauses, that has value valpng (') = (valpnp(@))t. Moreover, the time complexity
of the algorithm is poly(n, k, m?).

Proof of Lemma H.6. Given ¢ = (Cy,...,C,,), we define ¢’ on the same variable set as ¢, with
clauses defined as follows. For each ordered tuple (iy,...,i;) € [m]’, we introduce the clause
Ciyip = Ciy N--- ANC;, to ¢'. Then ¢ has exactly m! clauses. Moreover, for any assignment
x € {—1,1}" which satisfies some subset {C; : ¢ € S} of the original clauses, we have that =

satisfies C;, . ;, if and only if (i1,...,4;) € S*. Thus valpne(¢’; z) = valpne(; )t and so, since
x was arbitrary, valpnr (') = valpnr(¢)?. Finally, it’s clear that the reduction is polynomial-time
in the output size. O

Proof of Theorem H.2. Fix ko = ko(c) € N sufficiently large and g9 = g¢(c) € (0, 1) sufficiently
small that the following inequality holds:

1—¢ 2c
2k°+50§< 0). 67)

2ko

In particular, there is a universal constant C'; 5 so that we can always take ky < Cp2¢? and
g0 = 27026 Set ) == ~(kg,e0)/2, where v(ko,e0) € (0,1) is the parameter guaranteed by
Theorem H.3. Next, let P : {0,1}% — {0, 1} be the predicate guaranteed by Theorem H.3. We
define an algorithm Alg’ for Max- P that does the following, given a P-formula with n variables and
m clauses:
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1. Using Lemma H.5 and the fact that P has only 2k accepting assignments, construct a ko-DNF
formula ¢ with n variables, 2kom clauses, and with valpnge(¢’) = valp ().

2. Sett := b longo J . Using Lemma H.6, construct a kot-DNF formula ¢” with n variables,
0g 1—50

t = valp ()t

(2kom)? clauses, and with valpng(¢”) = valpnp (')
3. Apply Alg to ¢” and output whatever Alg outputs.

Notice that kot < Cp.oc?log(n) < k(n), so ¢ is a Max-k-DNF formula and hence the application
of Alg to ¢” is well-defined. If valp(¢) > (1 — g¢)m, then

1—e0\" _ (2kom)!
valpne(¢”) > (1 — go)'m! = (2kgm)* < 80) > (2kom)

2/€0 n
since t < 1 IO%ZO . Thus, Alg’ outputs YES in this case, with probability at least 1/4; we can boost
0g l—gq

this probability to 1/2 by running the algorithm independently O(1) times. On the other hand, if
valp(p) < (2ko/2F0 4 &9)m, then

valDNF(go//) < (2]{30/2]% + 60)tmt
< (Q_ko + 60)t(2k‘0m)t

1 €0 2ct
< t
~ < 2]{,‘0 ) (Qkom)

. 2c( —logn 1> 2c ¢ t
< <1 50) <10g12f€00 (2k0m)t _ ( 2]{;0 ) (Qkom) S (2k0m)

2kg 1—¢g n2c ne

where the third inequality is by Eq. (67), the fourth inequality is by definition of ¢, and the final
inequality holds so long as n > (2kg/(1 — £9))2. Thus, Alg’ outputs NO with probability 1 in this
case.

The time complexity of Alg’, dominated by the invocation of Alg on ¢”, is poly (2", (2kom)?).
For m < n, this is dominated by 2°("") for sufficiently large n, since t < log(n). Since
n = ~(ko,e0)/2, we conclude that Alg’ has time complexity at most 0(2”7%)), so by Theo-
rem H.3, the Randomized Exponential Time Hypothesis is false. O
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Part 111
Multi-Turn Exploration: Learning Autoregressive
Softmax Policies

This section of the appendix is dedicated to presenting and analyzing the MTSS algorithm (Algo-
rithm 4). MTSS learns a near-optimal policy for any Markov Decision Process in which the optimal
KL-regularized policy has autoregressive linear softmax structure (a generalization of linear—QE
realizability) under reset access. This formulation subsumes the setting in Section 5, encompassing
general Markov Decision Processes (MDPs) that extend well beyond the token-level MDP; we prove
Theorem 5.1, our main result for the multi-turn exploration setting in Section 5 as a special case. We
adopt this formulation because (i) it makes the essential ingredients in our algorithm and analysis
as clear as possible; and (ii) we believe the results are likely to be of interest more broadly, beyond
language modeling. This section is organized as follows:

» Appendix I: We introduce the general reinforcement learning setting and statistical assump-
tions.

» Appendix J: We present and describe the multi-turn algorithm, MultiTurnSpannerSampling
(MTSS; Algorithm 4), and state its main guarantee, Theorem J.1 (generalizing Theorem 5.1).

* Appendices F, K and L: We provide the main guarantees for the subroutines used within MTSS.

* Appendix M: We combine the preceding results to prove the main guarantee for MTSS (The-
orem J.1).

* Appendix N: Supporting technical lemmas for the proofs of the results above.

Appendix I. Preliminaries for Multi-Turn Exploration

In this section, we introduce formally introduce the setting and assumptions for our general multi-turn
exploration results. Recall that the language model alignment problem in Section 5 is a special case
of episodic reinforcement learning in a specific (‘“token-level”’) Markov Decision Process, where
actions are tokens or sub-sequences of tokens, and the state consists of the prompt and all of the
tokens generated so far, with the reward determined by the alignment objective. This is a rather
simple MDP, as the transition dynamics are deterministic, and are known a-priori.

Our results in this section encompass a more general setting where the MDP transitions are
unknown and stochastic, but where the agent has the ability to reset to previously observed states
during the learning process (in addition to standard episodic access); this setting is also known as
reinforcement learning with local simulator access [51, 103, 91, 60]. In the context of language
model alignment, the assumption of a local simulator is without loss of generality because the MDP
dynamics are known; resetting the state simply involves feeding the prompt and partial prefix of
tokens back into the policy [15]. We present our results for any stochastic MDP, provided that local
simulator access is available. To achieve statistical and computational efficiency, we make statistical
and computational assumptions that generalize Section 5, focusing on KL-regularized regret, and
assuming that the optimal regularized policy has linear softmax structure that generalizes Eq. (11).
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A remark on notation. Throughout Part III of the appendix, we use boldface notation (e.g., xy,
Y, and ap) to denote realizations of random variables. This allows certain arguments that require
conditioning to be presented in the clearest way possible.

I.1. MDP Setting and Multi-Turn Reinforcement Learning Framework

A Markov Decision Process (MDP) is a tuple M* = (X, A, H, P,r*,), where X is a (large or
potentially infinite) state space, A is the action space (we abbreviate A = | A|), H € N is the
horizon, r* = {r}}L| is the reward function (where 7} : X x A — [0,1]) and P = {P,}/L
is the transition distribution (where Py, : X x A — A(X)), with the convention that Py(- | @)
is the initial state distribution. A policy is a sequence of functions 7 = {7, : X — A(A)}L,.
When a policy 7 is executed, it generates a trajectory (&1, a1,71),. .., (TH,am, r,) via the process
ap ~ mh(xh), rH ~ 77 (Xh, an), Th1 ~ Pu( | @y, @), initialized from x; ~ Py(- | @) (we use
x4+ to denote a terminal state with zero reward). We write P [-] and E[-] to denote the law and
expectation under this process. We assume that r;, € [0, Rpay] for all h.

As discussed above, the token-level MDP formulation of language model reinforcement learning
(e.g., Rafailov et al. [71]) corresponds to the case where x; is the prompt, a, is the next token to
predict, and ;, = (x1, a1, ...,a,_1) is the concatenation of the prompt with all of the tokens so
far; the final response is y = (a1,...,ap). For the formulation in Section 5, we have rj = 0
for all h < H, and rJ; represents the reward for the complete response. A slightly more general
formulation (e.g., Xiong et al. [96]) which our setup also encompasses, is where each aj, represents
a sub-sequence of tokens rather than a single token (e.g., corresponding to a portion of a proof).

Online reinforcement learning framework. In the standard online reinforcement learning frame-
work, the learner repeatedly interacts with an unknown stochastic MDP (where the transition
distribution is not known) by executing a policy and observing the resulting trajectory, with the goal
of maximizing the total reward. We begin with a base policy mrer = {7Th7ref}hH:1. Formally, for each
episode t € [Tprompt), the learner selects a policy 7 = {m} }2L_, | executes it in the underlying MDP
M* and observes the trajectory {(z¢, a’, %)} . After all Tprompt episodes conclude, the goal of
the learner is to produce a policy 7 such that

sup Jg(m) — Jg(T) < e, (68)

for some ¢, 5 > 0, where Jg(m) = E, [Zthl 7] — BDKL(7 || Trer) denotes the regularized
cumulative reward, with

H

Do (7 || mree) := B | > Dir(a (@) [| 7hres (1)) | (69)
h=1

We define Fé = {WZ 5}hH:1 as the optimal KL-regularized policy: ﬂ'Z; = argmax, Jg().

Online RL with resets (local simulator access). We focus on online RL with state resetting (local
simulator access) [90, 51, 103, 91, 104, 60], which augments the online RL protocol as follows: At
each episode t € [Tprompt], instead of starting from a random initial state &1 ~ Py(- | @), the agent
can reset the MDP to any layer h € [H] and any state x;, previously encountered, and proceed with
a new episode starting from this point. As in the online RL protocol, the goal is to produce a policy
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7 € I that satisfies (68) with as few episodes of interaction as possible. Note that when M* is the
token-level MDP, this formulation precisely corresponds to the setting in Section 5.!°

Linear softmax policies. We consider the class of linear softmax policies given by

= {m) = {mno}L, |01, 0n € IB%d(B)}
for a parameter B > Rpax, where

Thola | x) o< mhrer(a | z) - exp(ﬁ_l(eh,¢h(x,a)>).

We assume that the feature map ¢ satisfies supy, ¢ (g1 (z,a)cxxA |on(2; @)|| < 1. Our main assump-
tion is that the optimal regularized policy is itself softmax-linear.

Assumption L1 (Linear 7). We assume that for all h € [H], there exists 0}, 5 € By(B) such that

V(z,a) € X X A, 7} g(a|x) o< mprer(a| ) - exp(ﬁ_1<9275, on(x,a))). (70)

KL-regularized dynamic programming. The KL-regularized RL formulation admits regularized
counterparts to the standard ()- and V'-value functions, defined as follows (e.g., Rafailov et al.
[71], Xie et al. [94]).

Definition I.1 (State-action value function). For any m1.;: X — A(A) and (x,a) € X x A, define

QZ»B(Z” a)
* - = me(ae | o)
= rh($’a)+E7T Z rf(wfaaf) _5 Z 10g— | Thp =x,ap =al . (71)
{=h+1 l=h+1 Trf,l‘ef(a’f | iUg)

Definition L.2 (KL-regularized value function (Qj, ). We define the optimal regularized state-action
value functions (Qj, 5)ne(m) via backward induction over h € [H| as follows: for all (x,a) € X x A,
Q’}{HB(:U,CL) =O0andforh=H,..., 1:

Q?L,ﬁ(l‘? a) = 7“2(55, CL) + 7;1,6[@2—',-1,,3] (.fL', (1),
where

Tnplfl(z,a) = Er , [Vi(xht1) | ®p = 7,08 = af,
and

Vi(z) = Blog » _ mrer(a | z) - ef@)/E,
acA

We show in Lemma N.4 that the optimal KL-regularized policy 7; satisfies

Tha( | @) o< Three (- | @) - exp(B7Q% 4(, ) (72)

and 7y 1 g 5 € argmax,, e Qf 5(z,a), forall (z,a) € X x Aand h € [H]. Consequently,
Assumption I.1 is equivalent to asserting that for all h,

Qh p(x,a) — Qf s(x,a) = (0} 5, pn(z,a) — dp(x,a’)). (73)

19. In particular, the KL-divergence in Eq. (69) coincides with the sequence-level KL used in Section 5 via the chain rule.
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Thus, Assumption 1.1 may be viewed as a KL-regularized analogue of the so-called linear-Q*
assumption explored throughout prior work [23, 86, 90, 51, 103, 91, 104, 60]. In particular, prior
work has shown that RL with linear-Q* and an action gap A is statistically intractable in the
episodic RL protocol, but is tractable under reset access [90, 51], motivating this access model. Our
results show that the regularization parameter 3 plays a similar role to the action gap A in enabling
tractability.

Non-triviality of autoregressive realizability. The following result, as mentioned in Section 5,
shows that Assumption 1.1 is a non-trivial assumption, in the sense that it may not be satisfied even if
the rewards themselves are linear.

Proposition 1.1. Consider the token-level MDP. Let X = {1}, A=1[2], H=d =2,and § = 1.
For any § € (0,1/2), there exist feature maps ¢5, € R with ||¢p(z,y1.1)|| < 1 and parameters
0% € R with ||07|| < B := log(3/3), so that (i) the optimal KL-regularized policy s for rewards

r*(z,y) = Y0105, (@, ar)) satisfies
1
772(11’3,91:2) — W;Sq(:E,yl:Q) Z 1- 5 > 5

for some y1.2 € Y, yet (ii) for all 0, € R, 7r3”t°(w, y1:2) < % In particular, this means there are no
05, € R? such that mgute = mplf,

Proof of Proposition 1.1. We adapt the proof of Proposition E.2 in Huang et al. [35]. Throughout,
we omit the dependence on the prompt L. Let 7j, re¢ := unif(A). Define ¢1 by ¢1(i) = ey, and

define ¢5 by:
. ep ifi=27=1
¢2(Zv.7) - { :

ey O.W.

For h € {1,2}, define 7 (y1.) = (0}, dn(y1:n)), Where 07 = 05 = B - ¢; for B > log (3/5). Then

we have -
e 1 1

x = 2 =1)= = = >

T =22 =)= G 3 F T 1130 F 1142

On the other hand, since ¢1(1) = ¢1(2) = B - e, all € R? have 73"®(y; = 2,y5 = 1) <

auto _ 1
Ty = 2) = 5. ]

1-6.

I.2. Sample Complexity, Computational Oracles, and Coverage

Recall that our goal is to design an algorithm that achieves the objective in (68) with as few episodes
of interaction with the environment as possible. We measure the sample efficiency of an algorithm in
terms of the total number Ty,t, of reward, transition, and local simulator (reset) queries required to
achieve (68) for € > 0. To allow for computationally efficient algorithms, we assume access to the
following sampling oracle for mef, generalizing Definition 5.1.

Definition 1.3 (Policy sampling oracle (weak version)). In one query, the learner can propose a
state x € X and layer h € [H], and receive a conditional sample ay, ~ T res (- | ) as well as the
corresponding feature ¢p,(z, ay,). Additionally, in one query the learner can propose a state x € X,
action a € A, and layer h € [H], and receive ¢p(x,a). We let Teom, denote the total number of
policy sampling queries used by the algorithm.
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For technical reasons, we require explicit query access to ¢p,(z, a) in this framework, whereas
in our original framework (Definition 2.1) we only required observing ¢(x,y) for sampled (z,y)
pairs. This is because our multi-turn algorithm MTSS uses an “anchor action” to normalize fea-
tures across all states; it may be possible to this avoid with a method similar to what is used by
SpannerSampling—see Remark J.4.

This technical point aside, note that Definition 1.3 is a generalization of the weak autoregressive
sampling oracle in Definition 5.1, which instantiates Definition 1.3 in the token-level MDP. An
analogue of the strong oracle in Definition 5.1 would be to allow sampling aj, ~ 7, ¢(- | ) in unit
time for any 6, but the weak oracle is all that is required by our main algorithm, MTSS.

Finally, our results depend on the following coverage coefficient, generalizing Eq. (13).

Definition 1.4 (Conditional Coverage). For any policy m = {Wh}thl and state x € X, the conditional
coverage of Trer = {7Th7ref}hH:1 relative to a reference policy Trer = at x is defined as:

Ceond(7 | ) :== sup max M. (74)
ac A he[H] Wh,ref(a | l‘)
Similarly, the conditional coverage of T relative to Tref is defined as:
_ m(a | x)

Ceond(m) == sup max ——————. (75)

(z,a)eX x A hE[H] ﬂ-h,ref(a ‘ x)

For h € [H], we occasionally overload notation and write Ceong(p,) and Ceond (73, | ) to indicate

.. D) mp (alz)
the quantities Sup,¢ 4 m and SUP(z,a)eXx A m

(74) and (75) without the max over h.

respectively, that is, the quantities in

Our goal is to ensure Tyata < poly(d, B, H, 371, e7 1, log(67 1)) and Teomp < poly(Ceond (75): Taata),
where d is the dimension of the feature map ¢ in Assumption 1.1, B is the bound on the parameter
norm, and Ceong (TI'E) is the coverage number of the optimal regularized policy.

Additional notation. For any m,n € N, we denote by [m .. n] the integer interval {m, ..., n}.
We also let [n] := [1..n]. For any (z,a) € X x A, we use the convention that
E[ |z =2,a0 =a]| =E[] and P[ |xp=2x,a0=a] =P[]. (76)
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Appendix J. MTSS Algorithm and Guarantees

In this section, we formally introduce our algorithm, MTSS, present some intuition behind its design,
and state its guarantee (Theorem J.1).

Algorithm 4 MTSS: Multi-Turn Spanner Sampling.

input: Base policy 7r.r. Parameters 3,6, € (0,1) and B > 0.

initialize: Set j <— 1, and ¥} < A\, Vh € [H].
1: Set Tprompt> Nreg Nspans Nspan, Myej, drej, A, v > 0 as in Section J.1.4.
2: SetC; < @, forall h € [0.. H], and set Cj <— Cy U {(z0, ap)} for arbitrary (z0,ag) € X x A.
3fort=1,...,T do

/* Fit state-action value function in a dynamic programming fashion. */

4: forh=H,...,1do
Update ¢, < FitValuey(Cj, 0 1.5 Xh41.15 B, @, Nreg, Mrej, Orej; Tref)-
6: Forall z € X, set

o

7, (- | @) oc SoftmaxSamplers s 5., ((Pn(T, ), 0p) ; T, Tref),

where @,(-, ) = ¢n () 'H{H‘Ph(" ')||?gz)71 < VQ} and @p (-, ) = n(-,-) — on(-, ).

/* Add uncertain state action pairs to the core set. */

. t+1 t t+1 t
7: Set Ci/yy = Ci.yand X277, < X754

8: forh=1,...,Hdo

9: (x},,a},) < UncertainStateAction,(C.p,_q, 7.5 EZ;NspamNspan). // Algorithm 6
10: Update C;L'H — C;LH U {(x;w aﬁl), (x;w a)}. //C;T' is a multiset.
11: Update T3 < S0 + g (2, a ) on(ah, al) T

/* If (z},,a},) is not too uncertain, 7' is a good candidate policy to return. x/

12:if maxp,ep H‘Ph(x27a2)|’%gz)—1 < 12 /4 then
13: j <« t.

. o~ _ AJ
14: return 7.y = 7.5

J.1. MTSS Pseudocode and Overview

Our main algorithm, MTSS (Algorithm 4), learns a policy in a dynamic programming fashion by fitting
value functions for each layer h = H, ..., 1, while maintaining a growing core-set of informative
state-action pairs. This core-set guides exploration, and is closely related to recent works on linearly
parameterized RL with local simulators [51, 103, 91, 60, 59]; of the works, the structure of MTSS is
most closely aligned with the Optimistic-PSDP algorithm introduced by [59] for the linearly-Q™
realizable RL setting, which itself builds on ideas from the classical Policy Search by Dynamic
Programming (PSDP) algorithm (see, e.g., [4]) and the Recursive Value Function Search (RVFS)
algorithm of Mhammedi et al. [60]. We combine this with the spanner technique and truncated
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softmax policies from SpannerSampling, which are critical to achieve computational efficiency
under the sampling oracle model in Definition [.3. At various points in the section, we will comment
on key similarities and differences between these approaches.

MTSS comprises three main subroutines: FitValue (Algorithm 5) and UncertainStateAction
(Algorithm 6). Before getting into the details of MTSS, we first provide an overview of the key
variables used in Algorithm 4.

J.1.1. KEY VARIABLES IN MTSS (ALGORITHM 4)

MTSS takes a fixed reference policy 7rer as input (e.g., a pre-trained language model) and runs for
Torompt = O(d) iterations. At each iteration ¢ € [Tprompt], the algorithm maintains the following key
variables:

* C}: A core-set of ¢ state-action pairs at layer h. The subroutine FitValuej, uses these state-action
pairs as starting points to generate rollout trajectories, which are then used to fit the parameters
of the optimal policy via regression. The core-set C; —generalizing the notion of spanner in
SpannerSampling—aims at provide sufficient coverage of the state-action space at layer h. Note
that C; is a multiset, allowing for multiple instances of the same state-action pair.

* a: A fixed, arbitrarily chosen “anchor” action used in the regression problem solved by FitValue.

* ¥} A “design matrix” for layer h, defined as the sum of outer products of feature differences
on(zh, an) = on(Th, an) — ¢n(xp, a) for the core-set states-action pairs (xp, ap) € Cj:

h=AMA D on(an an)en(@h,an)’ (77

(CC}“(],h)eC;’L
where A > 0 is a regularization parameter defined in Algorithm 4.
* 0;: An estimate of the parameter vector 0;7 5 associated with WZ’ 5 (Assumption L1).

+ 7},: The policy used to generate actions at layer i during iteration ¢. This policy is computed
using the SoftmaxSamplerDensity subroutine (Algorithm 2 in Appendix F) and approximates
the “truncated” policy:

T (| ) o Trer(- | ) - B @L @00 where 24 () = onl-, ) .]1{||¢h(., ')”?22)*1 < 1/2};
(78)

this notion generalizes the truncated softmax policies used in SpannerSampling. As ¢ in-

creases, ¢j, converges to 0} 5, and [l¢p (2, a)H%Zz j-1 decreases for all (x,a) pairs. Eventually,

lon(z, a) H?Et )1 becomes smaller than v? for “most” state-action pairs (z, a), ensuring that 7%,
h

(and thus 7} ) approximates the optimal policy 7} g

In each iteration ¢ € [Tprompt], MTSS computes the estimates 6}, in a dynamic programming
fashion by fitting the difference of value functions Qﬁtﬂ(-, )= Qﬁfﬁ( -, a) at each layer h (motivated
by Eq. (73)). In what follows, we describe the FitValue subroutine responsible for this step.
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Algorithm 5 FitValuey: Estimate KL-regularized value function using rollouts.

_
e

11:
12:

13:
14:
15:
16:

18:

R A U 4

input: Layer h, core set Cy, 0y+1.1, Xh+1.5, B > 0, fixed action a, and N, M, 5, Tref.

: Forall/ € [h+1..H] and x € X, define

Bul) = o) I{ el )3 <02

where @K('v ) = QZ)K(H ) - ¢f('a d).
/* Gather trajectory data. */

for (xh, ah) € Cp, do
Set D(xp, ap) + .
Setx}, = x} = xp, @}, = ap, and a] = a.
Setr), ~ 17 (x}, a;) and ) ~ 77 (x}), a}).
for N times do
for{=h+1,...,Hdo
Sample &), ~ P[- | xy_1 = x)_,,ap—1 = a)_,].
Sample &y ~ P[- | ®p_1 = x/_|,ap—1 = aj_,].
Set (ay, py) < SoftmaxSamplerDensity g\, s((@e(xy, ), 0e) s Tp, Tref)- 7
Algorithm 2.
Set (ay/, py) «— SoftmaxSamplerDensity, ,, s({Pe(x7, ), 0r) ;T , Tref).
Setr) ~ r}(x), ay) and ) ~ rj(xy, ay).
H
Compute y;, < 7, + >y, 4 (r; — Blog p)).
Compute yj < 7} + Zf:m_l (r) — Blog p}).
Set zp, <y}, — Yj.
Update D(zp,, ap) < D(xp,ap) U{zn}. // D is a multiset.

/* Fit value function. */

. . 2
: if D # & then 0, < argming g p) 2 (@nsan)ECh 2o zne€D(@nan) <<g0h(ach, ap),d) — zh) , else

5}1(—0.

return 0;,.

J.1.2. FitValue (ALGORITHM 5)

In each iteration ¢ € [Tprompt). starting from A = H and progressing down to i = 1, MTSS invokes
FitValuey, with the input (C}, 0}  .;;). This subroutine returns the vector ¢}, an estimate of the pa-
rameter vector 0}*% 3 for the optimal policy 7'(';; 3 (see Assumption I.1). To compute the estimate 0;,, for
each state-action pair (z, ap) € C}, FitValue generates multiple i.i.d. regression targets z;, by sam-
pling two trajectories (&), @), 7}, p, .- ., Ty, @y, Ty, Ply) and (], af vy, ...z, aly, v, pYr)
via the following process. Initialize ) = x) = x, a) = a, and a; = a (recall that a is a fixed,
arbitrary action defined in Algorithm 4), and sample 7}, ~ 7} (x}, ;) and 7} ~ 77 (x}, a} ). Then,
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for{ =h—+1,..., H, use SoftmaxSamplerDensity (Algorithm 2 in Appendix F) tao approximately
sample from the policy 7 as follows:

» Sample ) ~ P[- | /1 =x)_,,ap-1 =a,_;Jandx] ~P[- | @y =] |,a0_1 =aj_,|;
* Set (ay, py) < SoftmaxSamplerDensityg s . 5. ((Pp(xy; ), 0)) 5 Ty, Trer)s

* Set (ay, py) < SoftmaxSamplerDensityg ar.,. 5., ((Pp(x7, ), 0p) s XY, Trer);

* Sample rewards r, ~ 1} (x}, ay) and v ~ 7} (xy, a});

then, finally, set

H H
z=r+ Y (ri—Blogpy) —ri — > (r] —Blogp)).
(=h+1 t=h+1

7 (yylzy) T (yyl=y)
. . T¢,ref (yé |:l)2) Te,ref (yfﬂ./ ‘:1:2/)
zp, (up to small approximation error) corresponds to the difference

%i %t
Qh.(@n, an) — Qp g(zn, a).

We regress onto zj, with least squares, setting the vector ¢} as the minimizer of the sum of squared
errors across all (xp,, ap) € Cj.

Here, p, and pj approximate and , respectively, and the expected value of

Note that if we could somehow ensure 7 = 7*, the difference Qifﬂ(xh, ap)— Qifﬂ(xh, a) would
be linear in ¢y, (2, ap) by Eq. (73), but it is not guaranteed to be linear in general; this poses chal-
lenges for deriving a regression guarantee, as the regression problem may not realizable or even ap-
proximately realizable. Fortunately, the components of MTSS (in particular UncertainStateAction)
ensure that for sufficiently large Tprompt. there exists an iteration ¢ € [Tprompt| such that for all
h € [H] and state-action pairs (zp,ay) satisfying ||¢n(zp, an) H?zf -1 S O(1), the following
quantity is small: "

Qp (s an) — Qh 5(wn, a) — QF (zn. an) + Qf (z4,)] - (79)

Consequently, for such an iteration ¢, the regression problem becomes approximately linearly
realizable. This allows us to establish that for sufficiently large Tpompt. there exists an iteration
t € [Torompt) such that the subroutine FitValuey, returns 0, satisfying:

HH;L - Z,BH%Z =X+ Z <90h(xh7 ah)7 Q;L - 92,5>2 < EZega (80)

(fl‘h,ah)EC;l
with high probability, for some small £,¢g > 0.

Remark J.1 (Fitting the difference). The reason FitValue targets the difference Q?L’ 5( o) —

i a) rather than Q}, (-, -) directly is that the former (but not the latter) is linear in ¢p(-, -) —
on(+, a), as guaranteed by the softmax-linear assumption in Assumption I.1 and Lemma G.1. Without
additional assumptions, the same would not hold for the un-centered value Q}, 5 ().

The Optimistic-PSDP algorithm of Mhammedi [59] uses a subroutine similar to FitValue.
The difference is that Optimistic-PSDP fits optimistic value functions, whereas FitValue does not.
Optimism is not needed in our setting because we can effectively drive exploration using the core-sets
under reset/local simulator access.
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J.1.3. UncertainStateAction (ALGORITHM 6)

Algorithm 6 UncertainStateActiony: Identify uncertain state-action pair.

input: 1, Co.p,—1, 1.1y Sp, a, N, N.
/* Gathering candidate state action pairs. */

1: Set k < 0 and define ¢, (-, ) = ép(-, ) — dn(-, Q).

2: for{=0,...,h—1do
3: for (xg, ag) €Cydo
4: Initialize Dy(x¢, ar) < 2. // D, is a multiset (only used in the analysis).
5: for N times do
6: Sample (T¢y1,@pq1;- -, Th,an) ~ Pz, [ | o = 20,00 = ag).
// Above, we use the convention that Pz, [ | Zo = wo,a0 =ao] =Pz, ,[]-
7: Update Dy(xy, ag) < De(xp, ar) U {(zn, an)}.
8: if H@h(wh,ah)uxgl > k then
9: Set k< [|n(@n, an)l[g-1-
10: Set (Zp,, ap) < (xp, ap).
/* Testing N samples from m..¢ given x; */
11: Initialize ﬁg(mh). // D, is a multiset (only used in the analysis).
12: for N times do
13: Sample @y, ~ 7 e (- | Th).
14: Update Dy(xy) < Dy(xp) U{an}.
15: if ||on(xh, dh)||E;1 > x then
16: Set & « || on(xh, ELh)HE;L
17: Set (Zp,ap) < (xp, ap).

18: return (Zp,ap).

MTSS uses the subroutine UncertainStateAction to update the core-sets (C; ). When MTSS in-
vokes it with the input (Cj.;,_;, 7., X}.;,), UncertainStateActiony, uses 7}, to generate multiple
partial trajectories starting from the state-action pairs (x¢,a;) € C; at all layers £ € [0..h — 1]
and terminating at layer h. Among all state-action pairs reached at layer A through this pro-
cess, UncertainStateAction selects the pair (z},aj) that maximizes the elliptical objective
len(-, ) H(Eg)*l' As a result, the output (z} , a} ) of UncertainStateAction satisfies the following

property: with high probability, for all £ € [0.. h — 1] and (x¢, ay) € C},
it lon(@nsan) )0 > 12V (2len(@hs o)) 1) | @0 = 20, ar = ar] < espany (81

for some small e¢pan > 0O; this generalizes the spanner property used in SpannerSampling.

Using the definition of X} in (77), a standard elliptical potential argument (see the proof of
Lemma M.1) implies that for sufficiently large t = €2(d) in MTSS, the tuple (z},, aj,) returned by
UncertainStateAction must satisfy H@h(wﬁwaﬁz)ﬂ(zz)—l < v2. Substituting this into (81) ensures
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that for such ¢, the following holds for all £ € [0.. h — 1] and (2, a;) € C}:

i ||g0h(wh,ah)||%22)71 > v’ | g =z, a0 = ay| < Espan- (82)
This property is crucial in the analysis of FitValuey, as it allows us to bound the misspecification
error for the regression problems solved in FitValue (cf. Eq.(79)) at future layers h € [¢ + 1 .. H].
Concretely, using Holder’s inequality, we have for all (zy, a;) € C},

L [(on(@n, an), 6}, — 05 5)° | T¢ = x4, a0 = a)

<Eay, [len(@n an)lsg )+ | @ = 2 a0 = ac - 16, - 65,512,

< (P42 "Pay, [len(@nan)lid o | @ = a0 a0 = ad] ) - 104 — 05 5113
< (7 + A espan) < N10h — 07 5115, - (83)

where the last inequality follows from amin(EZ) > X and Assumption I.1. This bound is particularly
useful as it allows us to control the “on-policy” error:

%z+1:h [<90h(ilih, a’h)v 92 - 02,,8>2 ’ LTy = Ty,Qp = ag] ,

for all state-action pairs (x¢, as) € C}, in terms of the regression error at layer h.

Remark J.2. Optimistic-PSDP [59] features a subroutine similar to UncertainStateAction. The
key difference is that Optimistic-PSDP uses a core-set of policies rather than state-action pairs.
Consequently, its corresponding subroutine greedily selects the policy that maximizes the ellipti-
cal objective ||pp(xn, ap) H(zg )1, evaluated in expectation over the core-set of policies and the
algorithm’s current policy T},.
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J.1.4. PARAMETER CHOICES FOR MTSS

For ¢ = polylog(d, Ccond(7}), 1/, 1/, H, B) sufficiently large, we set the parameters in MTSS as:

2 *\22 24
, , =N Cloond (175)2 T2 ompe H2 B¢
Ereg =& V=1/2, Tprompt =dH"c, A= 52’ Myej = 5 ,
C €reg
2 4 p4 *

o — Ereg N B TpromptH B Ccond(ﬂ'g)f _ TpromptH2B4L‘
rej = 77253 , span — D) ) span — 3 )
H=B*Tromptt Efeg Efeq
2 p4
N H2BdT oy
reg — 62 .

reg

J.2. Main Guarantee for MTSS (Generalization of Theorem 5.1)

Building on the intuition in the prequel, the main guarantee for MTSS is as follows.

Theorem J.1 (Main guarantee for MTSS). Let 3,£,6 € (0,1), B > 0, and Tres be such that e < 32 /4
and suppose Assumption I.1 holds with B > 0. Then, the policy T returned by MTSS(3, 0, &, B, Tref)
(Algorithm 4) satisfies

Jp(ms) — Jp(w) < e.

Furthermore, the algorithm requires Tyata(e, ) < poly(d, B, H, 37!, e~ 1og(1/8)) reward, tran-
sition, and local simulator queries and Teomp(£,0) < poly Ccond(ﬂ'é), Thata(e, 5)) runtime and
sampling oracle queries.

Critically, we see that the sample complexity Tcomp (€, d) is polynomial in all of the relevant
problem parameters, and the runtime and oracle complexity Tcomp(e,d) scales with the action-
level coverage coefficient maxj,¢(g) Ccond(w;; B)' Theorem 5.1 is an immediate corollary. Over-
all, the polynomial dependence on other problem parameters is significantly worse than that of
SpannerSampling; this can likely be tightened with more effort, but we leave this for future work.

The remainder of Part I1I is dedicated to proving Theorem J.1. The main idea behind the proof
is to show that after a sufficient number of iterations, the linear regression problems solved by
FitValue become approximately realizabile, in the sense that the error

Qr 5(xn, an) — Qf g(an, a) — QF (zn, an) + QF (x4, a)

is small on average. For this, the key challenge is to show that misspecification errors propagate
favorably across the layers h € [H], avoiding the dreaded error amplification phenomenon [86]
in which misspecification errors compound exponentially. For this, our main insight is that the
regularization parameter 5 allows for benign error propagation, with errors at layer h + 1,..., H
only having a higher-order impact on the misspecification at layer h. This shows that regularization
enables statistical tractability in a similar way to the assumption of an action gap A found in prior
work on linearly-realizable Q* [90, 51, 60], an observation which we expect to find broader use.

We emphasize that while MTSS draws inspiration from prior work on the linear-Q* problem
and relatives—particularly Mhammedi et al. [60], Mhammedi [59]—it requires fairly substantial
modifications, both in design and analysis—to (i) leverage KL regularization, and (ii) achieve
computational efficiency in the sampling oracle framework.
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Remark J.3 (Action-level coverage). One can always choose Ty, ref (- | ) = unif (A), so maxy¢ (g Ccond(wg’ B) <
|A|. For the token-level MDP formulation described in Appendix I, where actions correspond to

tokens, this bound may be reasonable (though likely pessimistic). However, for the multi-turn lan-

guage modeling formulation (Xiong et al. [96]) where each action ay, represents a sub-sequence

of tokens rather than a single token (e.g., corresponding to a portion of a proof), paying for | A| is
unacceptable, and access to a base policy with good coverage is crucial.

Remark J.4 (On the anchor action). As discussed in Appendix 1.2, the sampling oracle used in
MTSS (Definition 1.3) goes slightly outside of the sampling oracle definition in Definition 5.1 by
assuming that we can query the features ¢y (xy, a) at an arbitrary fixed anchor action a for all of the
states xp, encountered by the algorithm. We use the anchor action a to regress onto differences in
regularized rewards, which is motivated by the fact that the difference Q}, 5(z,a) — Q}; 5(z,a) is
linear (per Eq. (73)), while Q,*L”B(x, a) itself may not be. This assumption of access to ¢p(xp,a) can
be avoided by incorporating “pairwise” truncated policies Ty of the type used in SpannerSampling
(see Eq.(9)), which can be thought of as sampling a fresh anchor action ay, ~ T ref(- | Tp) for
each state the algorithm encounters. We opt to use the fixed anchor approach—in spite of requiring
a slightly stronger oracle—to keep presentation as simple as possible, as the analysis of MTSS is
already quite involved. We mention in passing that the anchor action assumption can also be removed
if we directly assume that sz 3 (x, a) is linear, by regressing onto absolute rewards.
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Appendix K. Guarantee for UncertainStateAction

In this section, we present the main guarantee of UncertainStateAction (Algorithm 6) as a
standalone algorithm; see Lemma K.1. Then, in Lemma K.2, we provide its guarantee when used as
a subroutine within MTSS (Algorithm 4). For a discussion of the motivation for these results, we refer
back to Section J.1.3.

Lemma K.1. Consider a call to UncertainStateAction, (Co.n_1, ®1.n, 2n; a, N, N) (Algorithm 6)
for some given h,Co.;,_1, ®1:n, X, a € A, N, and N such that oin (X)) > N, for some X € (0,1).
Then, for any ' € (0,1) and ¢ € (0,1/2), with probability at least 1 — ¢', the output (Iy, ap) of
UncertainStateAction satisfies:

e Foralll € [0..h — 1] and (x4, ap) € Cy,

I3

Papiin [HsOh(mh,ah) s> 2 (C v ||90h(fha@h)||§;1> | @ = 20,00 = ay

41og (16H|Ch\)

_ 20'C
max ————~
~ helH] N ’

where op(-,-) = on(-,-) — (-, a).

o Furthermore, there exists Xp, span € X such that for all ¢ € [0..h — 1] and (x¢,a¢) € Cy,

4 32HN|C
Pﬁ£+1:h71[a}h € Xpspan | Tt = a0 = ap] > 1 — math[H]Nlog% and for all

Th € Xh,span"

(84)

4log (16H|Ch|

9 Y w12 No'C
Pa i) 000 O)E0 > 2 (CV llonCin, an)l )] < max ——

) . (85)
Proof of Lemma K.1. Fix ¢’ € (0,1) and ¢ € (0,1/2),and letT" := {(,2¢,..., [é\]C} Further,
for¢ € [0..h— 1] and (x¢, ap) € Cy, let Dy(xy, ay) be the dataset in Algorithm 6 when the algorithm
returns. Note that Dy(x, ay) consists of N i.i.d. pairs sampled from Pz, . [(zn,ap) = - | T =
xg, ay = ag]. Thus, by Freedman’s inequality (Lemma D.2) and the union bound over ¢ € [0.. h — 1],
(x¢,a¢) € Cy, and vy € T, there is an event £ of probability at least 1 — ¢’ /2 under which, for all

le [0..h — 1], (:Cg,ag) € Cy, and vy € I

Paoiin [H%(wha ah)”%;l > @ =200 = az}

2 4log(2H|C,||T| /6’
<2 Y {lea > o)+ PG
(z,a)€D¢(20,00)
410 16H\cg|>
2 9 g( 2o'C
< Y Hlerwa)ia > )+ ———, (86)

(x,0) €Dy (xg,a0)

IN

where the last step follows by the facts that |T'| < [%\], A€ (0,1),and ¢ € (0,1/2). Now, since
Omin(En) > A and sup(, gyexxca l|@n(- )| < 1 (Assumption I.1), we have that

4
sup H(ph(x,a)HQE},l < N

(r,a)eXxA
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Therefore, by the definition of I', we have that for all £ € [0.. h — 1] and (x¢, as) € Cy, there exists
ve(xg, ap) € T such that

2
max 2. a2 <~z a
(z,a) €D (x¢,a0) lon(a, )thl < (e, ag),

< max z,a 2 .+ ,
Wza)eve(u,w)”%( Mg +€

<2 (C \% max ||<ph(:c,a)]22_1> ,
( h

©,a)€Dy(z¢,a¢)
<2(CV lgn(@n an)lZ-1) (87)
where the last inequality follows by the fact that

2 PN 2
max max x,a < Th,Q _
x| max (@) S len(inanlg,

by definition of (Zy,, ap,) (see Algorithm 6). Substituting v¢(z¢, ag) for -y in (86) and using (87), we
get that under &, forall £ € [0.. h — 1] and (x¢, ap) € Cy:

4log (16H|Cg\)
2 NI A'¢
Pryin | lon(@ns an) 31> 2 (CV lon(@ns an)llEr ) | @e = 2, a0 = ag| £ ——Z=—
This shows that there is an event of probability at least 1 — ¢’ /2 under which (84) holds.

Second claim. We now prove the second claim of the lemma. Let (D)) be the datasets in
Algorithm 6 when the algorithm returns. Note that for ¢ € [0..h — 1], (x¢,a7) € Cp, and
(zp,an) € De(we, ar), the dataset Dy(zp,) consists of N i.i.d. actions sampled from 7y, rer (- | 2p)-
Thus, by Freedman’s inequality (Lemma D.2) and a union bound over ¢ € [h — 1], (z¢,as) € Cy,
(h,an) € Dy(z¢,as), and v € T, there is an event ' of probability at least 1 — ¢’ /4 under which
forall £ € [0..h —1], (x,ar) € Cp, (x,a) € D(xg,a0),andy € T = {(,2¢, ..., [&1¢}:

Pref [Hwh(mhaah)négl >y | @, = ;1;}

2

N

32HN|C,
4log< /\5’C‘ z|>

> Hlen@ali. >} + —— (88)

(_16'5@ (z)

<

Substituting ¢ (z¢, ag) for v in (88) and using (87), we get that under &', for all £ € [0..h — 1],
(xg, ag> € Cy, and (:L‘, a) € 'Dg(xg, ae):

4log (32HN|CZ|>
<

o A6'¢
P [llon(n an)li2 2 > 2 (CV lgn(in, a3 1) | =] < i~

On the other hand, since for all (x¢, ap) € Cy, Dy(xy, ay) consists of N i.i.d. pairs sampled from

Pz, .. [(®h; @) = - | ¢ = 24, a4 = ay], Freedman’s inequality (Lemma D.2) and a union bound

over £ € [0..h — 1], (z¢,ar) € Cy, and vy € T implies that there is an event £” of probability at least

1 — ¢'/4 under which forall £ € [0.. h — 1], (24, as) € Cy, and v € T we have that

1o (2534
N

(89)

Pz iny | Prre [H‘Ph(mh,ah)négl > | mh} > | 2o = xp,a0 = ay
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f1og (213161

N

2 2
S N Z ]1 ]P)Wref [||¢h(mh1ah)||2;1 > ’}/ | wh = x:| >
(z,a)€D¢(24,a0)
16H|C
4log( /\éflge‘)
N .

Substituting v,(x¢, a;) for v in (90) and using (89), we get that under &' N E”, forall £ € [0.. h — 1]
and (l’g, ag) € Cy:

N (90)

Pres [llon(@nan)ll2 s > 2 (CV ln(in,an)ll3 1 ) | @]
P- h h

To41:h—1 410g<32i\1é\f‘(cﬂ) Ly =Ty, Qp = Qy
— e
16H|C
_ 410g< /\5/‘<£|> (91)
< N )
We define
Prv [lon(@n, an)li2 s > 2 (CV len(@nan)2 1) | =]

A, span ‘= { T € X 32HN|C/| "

’ 4Llog<7m,gZ )

> #

By the union bound, P[€ N E' N E'] > 1 — &', which combined with (91) completes the proof. []

Lemma K.2 (Guarantee of UncertainStateAction for MTSS). Let 3,d,c € (0,1), B > 0, and Trer
be given and consider a call to MTSS([3, 0, &, B, Ttrer) (Algorithm 4). Let X\, v € (0,1) and Tprompt
be as in Algorithm 4. Then, there is an event E5P2" of probability at least 1 — & /2 under which for all
t € [Torompt| and h € [H], the output (x},, aj ) of UncertainStateActiony, in Line 9 satisfies

e Forall{ € [0..h — 1] and (x¢,as) € C},

Par, . [lon(@n anlits o > 02 v (2llen(ai a1 ) | @0 = 2, a0 = acl

32HTprom
8log (7)\51‘;5 "t)

Nspan ’
where op(+,-) = ¢n(-, ) — on(-,a) (a as in Algorithm 4) and 7 is as in Algorithm 4.

< Espan =

* Furthermore, there exists X}
P [cch S Xﬁ

span & X such that for all ¢ € [0..h — 1] and (x4, a0) € C,

span ‘ Ly = Ty, Qp = aé] > 1 — espan and

\V/:Eh € Xii,spana IED¢:l,~7rh,re1:(-|ach) ||80h(xhva)"?zz)fl > V2 \ (2”(10}1(1‘2?&;1)”%22)71)] < Espans

16 H T prompt
o2

_ _8
where g, = Mo

Proof of Lemma K.2. The result follows from Lemma K.1 with parameters
<Eha 5/7 C? Nv N) = ( ;w 5/<2HTPr0mPt)7 V2/27 NSDam Nspan)a

and Lemma D.5 (essentially the union bound over ¢ € [Tjrompt] and o € [H]), and the fact that
IC! | < 2T prompt, for all t € [Tprompt) and h € [H]. O

log
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Appendix L. Guarantee for FitValue

In this section, we present the main guarantee of FitValue (Algorithm 5) as a standalone algorithm,
as shown in Lemma L.1. In Appendix L.1, we state and prove supporting lemmas for Lemma L.1.
Then, in Appendix L.2, we describe the guarantee of FitValue when used as a subroutine within
MTSS (Algorithm 4). For a discussion of the significance of these results and their implications, refer
to Section J.1.2.

To state the result, we recall that

- AT _ - NT px
Tno( | @) o< Trer(- | ) - P08 and 7 5( | @) o< mpper(- | @) - P15 OslP(92)

with @y (z, ) == op(z, ) - 1 {ngh(m, NZ, < VZ} (with v as in Algorithm 4). Further, we recall
h

that 9,*% 5 and 7T;L’ 5 denote the optimal KL-regularized policy and corresponding parameter, as in
Assumption 1.1 and Definition 1.2.

Lemma L.1. Let h € [H], Cp, Opr1.5 C B(B), Zpa1.8, A 3, N, M, 8, and Trer be given and
suppose Assumption 1.1 holds with B > 0. Further, suppose that Cy, is a multiset of the form
Ch = Uienl(xi,ai), (z5,a)} for some sequence (x;,a;); C X x Aand n > 1. Consider a
call to Fitvaluey(Ch, Ops1.0, Zhr1.0; 3, N, M, 5, Tref) (Algorithm 5) and let D be the dataset
in the algorithm when it returns. Further, define @p(-,-) = ¢n(-,-) — dn(-,a) and Xy = A +
% Z(-Th:Hﬂh:Hy"'h:H)eD on(xn, ap)on(xn, ap) . Then, for any §' € (0, 1), with probability at least

o~

1 — &', the output 0, of FitValue satisfies:
) 2
16n — 65,5115,

H
C ~
S 4)\32 + Nl + 02(5 + Cg Z Z P%e [M < 160c0nd(fg’9 ‘ mg)Q | rp — Th,Ap = ah]
(;Uh,ah)GCh {=h+1

H
: _ [ 2
+ 2304HBB Z Z Eﬂ) !mln (1’Ccond(77'£,6' ‘ mg) . M> | Ty = Th,Ap — ah]

(zn,an)€Ch b=h+1

H
+ 19200Hﬂ2 Z Z E%e [DKL(WE’Q(- | ¢) || 77'26(- | CBg))Q | ¢, = zp,ap = ah]
(zn,an)€CH ¢=h+1

H
+ 7680HRﬁax Z Z E%e [Bg’g(wg)2 | Tp = Tph,ap = ah] 5 (93)
(Cch,ah)ech {=h+1

where
94)

We remark that for our application of this result within MTSS, the fact that the right-hand side

of Eq. (119) scales with the squared KL divergence Dy (f@’g(- | @) [| 75 (- | :1:4))2 is crucial in

enabling favorable error propagation across layers h.

Proof of Lemma L.1. Fix §’ € (0, 1). Throughout this proof, for any h € [H] and z € X, we let

Tho(- | ) denote the distribution of @, where (a, p) = SoftmaxSamplerDensity \/ s({@n(z, ), 0n) ; T, Trer).
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For (zp,ap) € Cp, let D(xp,ap) be as in Algorithm 5 when the algorithm returns. Note that
D(xp,ap) consists of N i.i.d. points z;, which are obtained by first sampling two trajectories
(x), ah, 7, Pl Ty, @y, vy, ply) and (x}, @l vy, ... &y, all, vy, pfy) via the following pro-
cess. Initialize ), = x] = x5, a), = ap, and a) = a, and sample r;, ~ r}(x),a)) and
ry ~ri(x),a}). Then, for{ =h+1,... H,

* Sample ) ~ P[- | xy_1 =, _;,ar-1 =ay_;|andx] ~P[ |21 =] 1, a1 = aj_,];
* Set (ay, pj) < SoftmaxSamplerDensity, ,, s({Pe(x), ), Or) 3 ), Tref);

* Set (ay, py) < SoftmaxSamplerDensity g\, s((@e(xy, -), ) s TY, Tref);

* Sample rewards r, ~ r}(x}, ay) and v ~ 7} (x}y, a});

then, finally, set

H H
zp(zn,an) =7+ Y (rp—Blogp) — vy — > (v} —Blogp)). 95)
f=h+1 {=h+1

For the rest of this proof, for any (xj, an, z5) € X x A x R, we define

Flan,an) = en(zn, ap) ' Oh,
fe(zn, an) = Q} g(zn, an) — Qf g(xn, ),
b(xn, an) = Qpls(wn, an) — Qpls(wn,a) — Qh 5(xn, an) — Qf 5(xn, ),
E@n, an, zn) = 20 — Q' (xn, an) + Q1’5 (xn, ). (96)

Further, for all f,g: X x A — R, define

L= . > (flmnan) — z)?

(xh,an)€ECh 2, €D (Th,an)

If=gl> =N > (fen an) — glan, an))®.
(zn,an)€Ch
Basic least squares analysis. 'We begin with a standard analysis of least squares. If 0, = ¢ for
all £ > h, then the conditional mean of zj, is equal to f*(zp,an) = Qj ﬁ(xh, ap) — Qj ﬁ(xh, a)
up to negligible error caused by approximate sampling via SoftmaxSamplerDensity, and hence

0 is solving (nearly) well-specified linear regression. The crux of the proof that follows will
be to bound the misspecification corresponding to the term b(zy,, ap, ), which reflects the fact that

Qifﬁ(xh, ap) — QZ?ﬁ(mh, a) may not be linear in general.

To begin, note that with the notation introduced so far, éh in Algorithm 5 satisfies

O, € argmin L({n(-, "), 0)). ©7)
6eB(B)

This, together with the facts that f,(z,a) = ¢(z,a) " 05 5 (by Assumption I.1 and Lemma G.1) and
05 5 € B(B) implies that

0> En(f) - Zn(f*)a
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=2 (fel@n, an) = 2n) - (F@n, an) = fulwn, an)) + I = fll*
(xh,an)€ECh 2 €D (xh,an)

Rearranging, we get that

IF = £ll?
<4 ) > (o= filansan)) - (Flan,an) = fulzn,an)) = I1F = £,

(zh,an)€ECh 2hE€ED(Th,an)

<4 > S7 (E@n an, z) + blan,an)) - (f(xn,an) — fulzn, an))

(xh,an)ECL 2 €D (2, an)
—If = £l
<4 > > &ananzn) - (Flan,an) = fulzn,an) = [IF = fll?

(xh,an)ECh 2n€D(zh,an)

+4 > > b(an, an) - (f(xnsan) — fol(zn, an)),

(xh,an)E€Ch zn€D(Th,an)

<4 Y > lananzn) - (@ an) = fulanan) = I = £IP

(zh,an)€ECh 2hE€ED(Th,an)

1 ~
+8 3 > bama)+ 5l - AP 98)

(zh,an)€ECh 2n€D(Than)
where the last inequality follows by AM-GM. Rearranging (98), we get that
IF-r2<s S S elonan ) Flanan) — folan an) — 207 — £l

(xh,an)E€Ch zn€D(Th,an)

+16 > > bz, an)?. (99)

(xh,an)ECh 2n€D(Th,an)

II

Bounding Term I. We first bound Term I, which reflects the (nearly) mean-zero noise in the
regression targets. Concretely, by Lemma L.2 (stated and proven in the sequel), we have for all
(.%'h, ah) € Cp:

\E[&(zh, an, zn(xn, an))]|

H
2
<B DY D Ez |{M > 4Ccona(Te | #0)*} - Ceona(Teo | @) - 4 A | &= Thean = a]

{=h+1 ae{ama}
+ 16 HB6 + 8H B log(4M log(461))o

H
+ 8B Z Z P?rg [M < 4Ccond(777£,0 | a’:g)2 ‘ Ty = Tp,ap = CL] 5 (100)
t=h+1ac{an,a}
where E[-] denotes the expectation over zj(x}, aj,) under the process in Eq. (98) (beginning from

(zp,ap)). Given this, we apply Freedman’s inequality (Lemma D.2), using
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» The union bound over an +-net of B(B) in || - |-distance;

¢ The fact that

max (|| flloos | */loos [1€]loc)

™ 7wy s(a ] @
<2BH +2BH max sup  max < logw 575(‘;
x

log | | ,
Ce[h+1.H] (3 a)exx A Tref(a | ) Tref(a | Z|

< 6HB, (101)

log , |log o}

)

since e~2B/8 < Teoll) \ TisCh) o FeoCl) |, misUl) o 28/8 g oy 0¢ € B(B), and for all

= Trer() " mrer () = mrer () T mrer([)

¢ € [H],7),r] €[0,B]and p), p|| € [e72B/8 ¢2B/8] (by Theorem F.1);

to conclude that with probability at least 1 — ¢,

S YT elanan ) (Flanan) — fulon, an))

(xh,an)ECh zn€D(Th,an)

<N Y Ele(zn, an zn(@n, an))] - (F@n,an) — fl@n, an))
(zh,an)ECh

~

| E[(ﬁ“’“hv%@haawf'(<xh7ah>—f*<xh,ah>>)2]

(zh,an)€Ch

+ 100B*H?dlog(3N/&') + 60H>B2|C|,

1~
<6HBN Y [E[¢(xn,an, zn(n, an))]| + - fell? +100B*H?d1og(3N/8') + 60H? B?(C|,

(xh,an)€ECH

and so by (100) and Lemma N.7 (and that Cy, is a multiset satisfying C, = (¢, { (s, ai), (x4, a)})
1 -~
<If- fell? + 100B2H%d10g(3N/8") + 60H?B?|Cy|

H

/2

+ 288N HBf E E Eﬁe ]I{M > 4Ccond(ﬁg79 ‘ IE@)Q} . Ccond(ﬁgyg ’ wg) . M | Ty = Th,Qp = ah]
(zh,an)ECh £=h+1

+ 384(Cy| N H2B25 + 48|Cy| N H2 B3 log(4M log(45~1))6

H
s Z Z Pz, [M < 4Ccond(Tep | ®e)” | @ = xn,an = ap] . (102)
(Ihvah)ech f=h+1

Using this together with the expression of Term I in (99), we have that with probability at least 1 — ¢,

Term I
< 800B*H?dlog(3N/§'") + 480 H? B?|Cy,|

H
[ 2
+ 2304NHBp Z Z E/ﬂ\'g H{M > 4Ccond(f€,9 | $€)2} : Ccond(ﬁ'éﬂ ‘ wﬁ) : M | Lh = Tp, Ay = ah]

(zh,an)€EC) =h+1
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+ 3072|Cp| N H2 B2 + 2304|Cp,| N H2 BB log(4M log (46 1))é

+2304NHB® ) > Pz, [M < 4Ccona(Teg | @0)* | @ = n, an = an) . (103)
(zh,an)€CH {=h+1

Bounding Term II. To bound the second term in (99), ~which reflects the misspecification level in
the regression problem, we need to bound b(zp,, ap) = Qh’ﬁ(mh, ap) — Qh B(xh, a)— Qhﬁ(:vh, ap)+

27 3 (zp,a) for (xp, ap) € Cp. By the performance difference lemma (Lemma N.6) and Lemma N.4,
we have that for any (xp,ap) € X x A:

@ (wns an) = Qs an)|

H
> Bz | > miglalme)- [ Qfs(mea) - B 1OgM | @), = xh, ap = ap
’ ' 7T€,ref<a ’ :13@)

{=h+1 acA
3 ~ . Tyo(a | )
— Y Ea | D Feolal ) | Qfplae,a)— B 108;W | Tp = zp, an = ap
(=ht1 aeA Teref (@ | Tt
H *
T g(a | @)
Z Ez, [Z WZ,ﬁ(a | x¢) - (QZB(“’&G) — B -log 7rﬁ(a|m)> | xh = xp, 0 = ah]
(=h+1 acA boref ¢
S Tro(a | @)
- 06 ¢
SN By | Auslal ) (Qzﬁ(mg,a) —5-log()> | @ = 2, ar, = ah]
t=h+1 acA Terefl@ | Te
H
+ > BBz, [Dki(Feo( | o) | Tro(- | Te) | Th = 2, an = an) . (104)
0=h+1

Now, by Lemma L.3 (stated and proven in the sequel), we can bound the KL term in (104) as follows:
forall £ € [H] and (xp,ap) € X x A:

Ez, [DkL(Teo(- | o) [| Teo(- | Te)) | TH = 2y ap = ag]

§4<RB (4M log(46~* >

+ Ez, [{M < Ceond(Te9 | )} - D (Teo(- | o) (| Teo(- | 20)) | T = xh, ap, = ap],
< 4<Rﬁ (4M log(4 )

+ Rgax log(4M log(46~")) - Pz, [M < 4Ccond(Te0 | @) | @h = zp, @ = ap) .

Now, since M > 1, we have that M < 4Ccong(Teg | @¢) only if M < 16Ccond(Te9 | /)2, and so
forall/ € [h+1...H]and (zp,ap) € X x A:

Pz, [M < 4Ccond(eg | 1) | T = Thyan, = ap) < Pz, [M < 16Ccond(Teg | To)? | 1 = 21y an = ap) -
(105)

Therefore, we have

Ez, [DxL(Teo(- | o) [| Teo(- | T0)) | ®H = 21y @ = ap)
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< 4<R;)aX + log(4M log(451))>5
Rm X = —
+ 7‘3 log(4M log(46™ 1)) - Pr, [M < 16Ccond(Te | Te)? | @ = zp.ap, = ap] . (106)

It remains to bound the absolute value term on the right-hand side of (104). As a starting point, note
thatforall ¢ € [h+1.. H],

Too(- | )
Toref(- | °)

‘ng(w) — B-log ‘ < HB+2HB sup logw < 5HB,
’ Ty ref(a | )

(z,0)eXxA

since e~2B/8 < M((H)) < e2B/B for all ¢, € B(B). Thus, by Lemma F.3, we have that for all

— Teref]t

¢elh+1. H]and (zp,ap) € X x A:

_ Teo(a | xp)
E/\ . * —_— .l 77 pr— p—
To ;TM,G(CL ‘ wé) <Qz75($£7 a) ,B og We,ref(a | :B[)) ‘ Tp Tp, ap ah]
Z _ Teg(a | xy)
_E/\ . * —_— . 1 77 pr— p—
" acA ﬂ-e’e(a ’ we) <Q€,B(mf7 a) 6 o8 ﬂ-&ref(a | .’L‘g)) ’ h o an ah]
<S5HBS +5HB - Ps, [M < 4Ceond(Trg | o) | Th = T4, an = ap),
<5HBS +5HB -Pay [M < 16Ccond(Tep | T0)? | Th =z an = ap) (107)

where the last inequality follows by (105). On the other hand, by Jensen’s inequality and the triangle
inequality, we have for all (z,,ap) € X x A:

H *
Z Ez, Z T gla | @) - (Qz,g(ﬂ%a) — p-log W) | ¢, = 2p, @) = ah]

7T&re’r’(a | Ty

{=h+1 acA
= _ . Teo(a | )
- Z Ez, Z Teg(a | @) - Qe,ﬁ(“%a) -B- 10gm | Th = T, ap = ap
{=h+1 acA Lref ¢
H *
Ty @(a | x¢)
< E- 7y g(a | xg) - | QF g(xp,a) — B - log ———
> ||S s erea 20

a Z Teola | @) - <QZ,8($£7&) —f-log W)‘ | zp = zp, @) = ah] ;

e W@,ref(a | Ly

and so by Lemma N.3, we have for By g as in the lemma statement:

H
<B Y Ea, [Dri(Feol- | o) | 750 | ®0) | @h = 2, an = an)

=h+1
H
+2Rnax > Bz, [Bro(ae) | Th = xn, an = az].
=ht1

Combining this with (104), (106), and (107), we get that for all (x5, ap) € X x A:

|b(zh, an)l
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< 2H (4Rpax + 481log(4M log(46~1)) + 5HB) - §

n <2Rmax log(4M log(45~1)) + 10HB) 3y Z Ps, [M < 16Ccons(Trg | ) | @h = wn, an = d
a€{ana} (=h+1

+28 ) Z Ez, [Dri(Teo(- | @) | T5a(- | o) | @ = 20, ap, = d]
ac{ap,a} {=h+1
H

+4Ru Y Y By [Buo(we) | @ = wn,a = a]. (108)
a€{an,a} =ht1

Thus, using Jensen’s inequality and Lemma N.7 (together with the fact that Cj, is multiset satisfying
Ch = Uie[n}{@«"z’a a;), (x;,a)}), we have

Z Z b(.%'h, ah)2

(xh,an)ECh 2n€D(zh,an)
= 20N|Cp| - (12R2,, + 4882 log(4M log(46~1))? + 75 H2B?) - 62
+6HN - (8RZ,, log(4M log(46 1)) + 200H> B?) (109)
H

_ 2
Z Z Pz, [M < 16Ccona(Te,0 | x0)? | T = zh,ap = an)
(zh,an)€C), =h+1
H

T = 2
+ 120NH52 Z Z Ez, [DKL(M,Q(- | 2¢) ”ﬁﬂ(. | iﬂz)) | @, = o, an = ap
(Ih:ah)ech f=h+1

H
+ 240NHR%3X Z Z Ez, [Bgﬁ(wg)Q | p = zp,ap = ah] . (110)
(zh,an)€EC) =h+1

Putting everything together. Combining (110) with (103) and (99), we get that with probability at
least 1 — ¢/,

If = £l
< Ci+ NCy
H

+ NCj Z Z Pz, [M < 160€0nd(fg79 | :Bg)z | xp = zp,ap = ah]
(Ih,ah)ECh {=h+1

H
2
+2304NHBS > > Ez, [H{M > 4Ccond(Te | #0)*} - Ceona(Teg | @) - 4/ 2 | &= Thean = ah]

(zh,an)ECh £=h+1

2
CoovE? Y Y E o [P (el |2 177 ( | 20)* | @h = 2nsan = an
(xh,an)€Ch t=h+1

H
+T680NHRS, Y Y Es, [Beo(@e)® | @ = anoan = az) -
(zn,an)€CH £=h+1
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where

C} = 6400B%H%d1og(3N/d") + 3840H2B?|Cy|,
Co = 19200(Cy| - (12RZ,, + 4853%log(4M log(46~1))? + 85H? B?) + 3072|Cp,| H? BB log(4M log(45™1)),
Cs = 16H - (8RZ, log(4M log(46~1))? + 200H? B?) + 3072HB>.

Combining this with the fact that
~ ~ 1, - .
16n = 055115, = Alln = 05517 + S I1F = £lI*, (b definition of 35)
1, - ~
< 4\B* + ~lIF - fl?,  (by Assumption I.1 and 6, € B(B)),

we obtain the desired result. It remains to prove Lemma L.2 and Lemma L.3.

L.1. Helper Lemmas for FitValue Guarantee

Lemma L.2. Consider the setting of Lemma L.1 and the notation in its proof. Let Op11.51 € R&(H—h)
be as Lemma L.1. Fix (zp,,ap) € Cp, and let zp(xp, ap) be the random variable in (95) in the proof
of Lemma L.1. Then, the function £ in (96) satisfies

\E[&(xh, an, zn(xh, ap))]]

H
2
<B D > Eay |{M > 4Ccons(Tep | 20)*} - Ceona(Tro | @) - 4/ A | B = Than = a]

t=h+1ac{ap,a}
+ 16HB6 + 8H B log(4M log(4671))é (112)

H
+4B Z Z Pz, [M < 4Ccond(Trp | ) | T = 7,0 = a] .
(=h+1 acf{ap,a}

Proof of Lemma L.2. Let (x5, ay) be fixed, as in the lemma statement. In addition to },41.57 as in
the lemma statement, fix 6., € R%. Let (x1, a1, p1,71),...,(xH, an, pm, 1) be the sequence
of random variables generated via the process

(an, pn) = SoftmaxSamplerDensity; \r s((Pn(@h, ), On) ; ®hs Trer), T ~ 1} (Xh, @n), Thir ~ Pul- [ Tn, an),

initialized from &1 ~ Py(- | &) (we use x 741 to denote a terminal state with zero reward). We write
Pz, [-] and Ez, [-] to denote the law and expectation under this process.
With this observe that £(xp,, ap, zn(h, ap)) satisfies

H
E[&(2h, an, zn(h, an))] =Bz, |rh+ Y (re—Blogpy) | @p = zp, ap = ah] — Qp%s(@n, an),
=t
H ~
—Fay |ra+ D> (re—Blogpy) | @p = xn, an = a| + Qpls(zn, a).
(=ht1

(113)
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Thus, to prove the claim, we will bound the absolute differences

H

rht Y, (re—Blogp) | @y = xp, ap = a] — Qpls(xn, a)
St

Ez,

)

for a € {ap, a}, and then apply the triangle inequality.
Forall € [h+1.. H] and a € A, we can write:

Ez, log pe | @n = xp, an = a] = Bz, [I{M > 4Ccona(Tr0 | @¢)*} -log py | T, = 4, ap = al
+ Ez, [{M < 4Ccona(Te0 | @0)?} -log py | T = xh,an = al .
(114)

Now, by Lemma F.2 (guarantee of SoftmaxSamplerDensity), for all £ € [h + 1.. H] there exists
Cr: A — Rsuchthat foralla € A

2
|Ce(a)] < Ez, [H{M > 4Ccond(Trp | 20)?} - Ceond(Frg | x0) - \ a7 | ), = xp, @ = a]

+ (8/‘;3 + 4log(4M 1og(45-1))> -9, (115)

and

Ez, [I{M > 4Ccona(7r | )} -log py | @h = zp, ap = a

Teo(ar | o)

=Ez, [H{M > 4Ccond(Te0 | T0)?} - log | ¢, = zp, ap = a] + Ce(a).
Wﬁ,ref(af | :Ug)

Plugging this into (114), we get that for all a € A:
Ez, log p¢ | ¢, = x5, ap = a]

_ Tog(ag | @y
= E%G ]I{M > 4C.:ond(7rg,9 | :Bg)2} - log g | Tp = Tp,ap = a:| + Cg(a)
L WZ,reF(aﬂ | mf)

+ Ez, [{M < 4Ccona(Teo | w0)*} -log py | T = 4, an = al ,
[ Teelae | x)

| rp = Tp,ap = a
o ref(@s | o)

= Eﬁg log

R
Feplae] @) | = a] +¢ela)
Fz,ref(a'f | :l}g)

+Ez, [{M < 4Ccona(Tr0 | T)*} - log py | wp = xp, @ = al .

—Ez, [H{M < 4C:cond(Teg | 20)?} - log

Thus, rearranging and using that py, eolalz) o [e=2B/B ¢2B/B) for all £ € [h + 1.. H] and

7I'l,ref(a|$)

(x,a) € X x A, we getthatforall /€ [h+1..H|and a € A:

Teo(ag | xp) | @ = oh, ap = a]
Ty ref(Qe | T¢) ’

Ez, [log pe — log (116)
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4B
< ?Pﬁg [M < 4Ccona(Te | T0)? | Th = x4y ap, = a] + [Ge(a)]-

Using this with (113) and the triangle inequality, we get that

H

B[ (xh, an, zn(zh, an)l| 4B Y Pz, [M < ACeona(Teg | ) | @n = 2h, an = ap]
=h+1

+ 4B Z ]Pﬁg [M < 4ccond(77‘g79 ‘ wg)Q | Tp = Th,Ap = J]

{=h+1
+H +H a|.
B e celan)l + HE | max [¢i(a)
Substituting the bound on (; in (115) completes the proof. O

Lemma L.3. Let h € [0.. H] be given. Under the setting of Lemma L.1 and the notation in its proof,
we have that for all ¢ € [h+ 1.. H] and (zp,ap) € X X A:

Ez, [DkL(Teo(- | ) | Teo(- | o)) | 0 = 21y @ = ap)

< 4(Rgax + log(4M log(45_1))>5

R x
;a 10g(4M10g(45 )) 7o [M < 4ccond(7'rgg | mg) | Tp = Th, Al = ah]

Proof of Lemma L.3. We have forall £ € [+ 1.. H] and (zp,ap) € X x A:

Ez, [Dke(Teo(- | ) | Teo(- | 20)) | 1 = 2y @ = ap
< Ez, [I{M > 4Ccond(Tr0 | Te)} - Dii(Too(- | o) | Teo(- | xe)) | h = 4, @, = ap)

+Ez, [{M < 4Ccond(Tep | o)} - DL (Tro(- | o) || Teo(- | ) | Th = xh, an = ap) .
(117)

Now, by Lemma F.1, we have that forallz € X' and £ € [h+1.. H], = e, 9% lf; < AMePnx/B log (45~ 1).

Combining this with (117) and using Lemma F.1, we get that for all E € [h+1..H]and (zp,ap) €
X x A:
Ezy [DeL(Teo(- | @) | Teo(- | ®0)) | @ = Thy @ = ap)

)
<4 (R;ax (4M 1og(451)))

5
+ Ez, [{M < 4Ccond(Tr0 | o)} - DL (Teo(- | @) || Too(- | @) | ®p = 2h, ap = ap),

< 4<Rmax (4M 1og(451)>>5
B
Rm X
,Ba IOg(4M lOg(45 )) Ty [M < 4Ccond(77€9 | mf) | Lp = Th,Ap = ah] (118)
This completes the proof. O
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L.2. Guarantee of FitValue for MTSS

Lemma L4. Let 3,0, € (0,1) and mrer be given and suppose that Assumption 1.1 holds with
B > 0. Consider a call to MTSS(3, 0, €, rer) (Algorithm 4) and let (X, v) and Tyrompt be as in MTSS.
Then, there is an event £ of probability at least 1 — § /4 under which for all t € [Tprompt] and
h € [H], the variables in Algorithm 4 satisfy:

165 — 65,5113

H
C
S 4AB2 + Nil -+ CQ(Srej -+ Cg Z Z ]P)%t [Mrej < 16‘C’COhd(7r§ ’ :]2@)2 ’ Iy = Th,Ap = ah]
reg t f—
(Ih,ah)ech {=h+1

H
. _ 2
+ 2304HBﬁ Z t Z ]Eﬁt min <17CC0nd(7T2 ’ iL'g) : Mrej> | Ty = Th,Ap — ah]
(xh.an)EC, t=h+1

H
_ _ 2
1920008 Y N Ear D (7l | @0) [ 775 | 20)* | @ = on, @ = a
(CU}“ah)ECZ t=h+1

H
+ 7680HRﬁax Z Z Ez¢ [Bé(we)2 | ¢, = xp, @) = ah] 7 (119)
(zh,an)ECy [tL=h+1

where Tt is as in Algorithm 4;

( |$) X Th, ref( | ) 6¢2($")T02/B; (120)

(| ) o e (- | @) - €0 (@) Ohs !B, (121)
@i, ) = en(@, ) - T{lon(a, g )1 < 2}

on(- ) = én(,-) — on(- a), (122)

with a as in Algorithm 4; and
Oy = 6400B*H?d1og(3N/&") + 3840 H? B* Tprompt;
Cy = 19200T prompt (12 R, + 487 log(4Mre; log(40..}))* + 85 H? B?)
+ 3072  prompt H B3 10g (4 Mrej log(40..5)),
C3 = 16H - (8Rp,, log(4Mre;log(46.}))* + 200H*B?) + 3072H B,
and forx € X:
Bj(z) == min (1, max Ceond(T | ) * Parry ot (o) [Hw(m a)ll? (zty-1 >V }) .
ne{ﬁg,ﬁl'ﬁ,nzﬁ

Proof of Lemma L.4. Note that from Line 10 of Algorithm 4, the set Cj, is a multiset of the form
C = Uien{(i,ai), (xi,a)}, and thus satisfies the precondition of Lemma L.1. The result of the
lemma thus follows from Lemma L.1 with

(0h+1:H7 Ch7 ZJh—i—l:Ha 57 M; 517 N) = ( i:H7 C;‘m ;H—l;Ha 5rej7 Mrej7 5/(4HTprompt)a Nreg)a
and Lemma D.5 (essentially the union bound over ¢ € [Tprompt] and h € [H)). O
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Appendix M. Proof of Theorem J.1

In this section, we provide the proof of the main guarantee for MTSS. Before presenting the proof,
we refine the guarantees of UncertainStateAction and FitValue by incorporating the parameter
choices from MTSS and combining the guarantees across layers h € [H]. The final guarantees for
UncertainStateAction and FitValue are stated in Lemma M.1 and Lemma M.2, respectively,
after which we proceed to prove Theorem J.1.

LemmaM.1. Let §,e,9 € (0,1), B > 0, and 7res be given and consider a call toMTSS(, 6, €, B, ref)
(Algorithm 4). Let (v, Tprompt) and (€span, Espans ") be as in Algorithm 4 and Lemma K.2, re-
spectively. Finally, let T := {t € [Tyrompt] : Hcph(gvh,ah)H(Et),1 < v?/4,Vh € [H]}, where

h
(x},, a},, X5, pn) are as in Algorithm 4 when the algorithm terminates. Then we have JP*" # @,
and under the event E£5°2", we have that for all j € J3P", the variables in Algorithm 4 satisfy:

* Forallh € [H), £ € [0..h —1], and (z¢,a;) € C,

P [H‘Ph(mhaah)H(EJ) > v | = w00 = af} = Espan (1239

* There exists X span & X such that forall € € [0.. h—1] and (z¢, ar) € Cpy Pai[zn € &) span |
Ty =Ty, Qp = aé] > 1 — €span, and for all xp, € X;L span”

Py ree(-|21) [HSOh(iL'haa)H?Z;l)—l > Vz] < Espan- (124)

Proof of Lemma M.1. We start by proving that 7°P®" £ @. Let (x},, aj,) be as in Algorithm 4 and
define

Vs € [Torompt)s  Uj, = @n(z,ay) and Vit € [Tpompt), Vh € [H], U = Zuh

Note that 3} = A\I + Uj, forall h € [H] and t € [Tprompt). By Lemma D.4, we have that:

S tallubllarey - < Hy 2 Tomptd108(1+ Torompe/A)- (125)
t€[Tprompt] hE[H]

Therefore, there exists an j € [Tprompt] such that for all b € [H]:

LA \\%H(,\IJFU}JL')—1 S Z Z [[wh | (AI+UE )~

prompt tE[Tprompt] h E[H

H\/ZTPromPtd log(l + Tprompt//\)
Tprompt

)
14
§§7

where the last inequality follows from the fact that Tprompt > 8~ *dH? log(1+Thprompt/\) (Section J.1.4).
Since v < 1 (Section J.1.4), (126) implies that:

(126)

Vh € [H], < (127)

AN

J .
HuhH(,\[_}_U’JL)f
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Using the definitions of ) and Uj, this shows that ||¢p,(27,, a}) . < v?/4,forall h € [H],

which implies that 75P3" #£ &,

We now prove (123) and (124) under £°P2". Fix j € 73" and condition on £3P?", Using
Lemma K.2 (and the conditioning on £52") and the definition of 72", we have that for all h € [H],
(e [0..h—1],and (z¢,ap) € Cj:

2 .
lsp)-

]P);T\g-‘rlth |:H(ph(xh’a’h>||?z‘}7l)_1 > Vz | wg = xe7 ae — a/[:|

= 2 2 iz ' B -

. PﬁH:h {”‘Ph(ﬂﬂh,ah)H(E%)_l sy (ZHUhH(AHUi)—l) | T = xp,a0 = aé} ;
= 2 2 g B 3

~ [Hcph(wmah)H(Ei)_l sy (2|’90h(f’f%va2)\l<zi;>—1) | @ = x4, a0 = aé} :
< €span-

Similarity, using Lemma K.2 and the definition of J°P?" once more, we have that there exists

X}ispan C X such that forall ¢ € [0..h — 1] and (z¢, a¢) € C), Prj[x), € Xg’ | Ty = 24,00 =

ag] > 1 — ggpan, and for all zj, € A7

span

span:
P 2 2
a~7rh7ref("l'h) ||80h('1"h’a’)”(2i)71 >v

< Pouryrrhen) |10 (@n @)l > w2V (2llen(@hap) Py )]
<eg

= Espan-*

This completes the proof. 0

Lemma M.2 (Estimation error). Let 3,¢,8 € (0,1), B > 0, and mrer be such that ¢ < 3% /4 and
suppose that Assumption 1.1 holds. Consider a call to MTSS(f3, 6, €, Trer) (Algorithm 4), and let
ETeE, £33 and T3P be as in Lemma L.4, Lemma K.2, and Lemma M. 1, respectively. Then, under
the event E°8 N E5PA", we have that for all j € J***" and h € [H], the parameter vector 63 in
Algorithm 4 satisfies

||9%L - 02,&’”;& < 52eg7

where X33 is as in Algorithm 4 at iteration j and %, = €.

As we will see shortly in the proof of Lemma M.2, the reason the result holds and why we do not
encounter compounding errors from future layers £ > h is due to the use of KL-regularization. The
regularization ensures that errors from subsequent layers are raised to the fourth power, resulting in
favorable error propagation across layers.

Proof of Lemma M.2. Let (€span,Espan) b€ as in Lemma K.2. In this proof, we condition on
EPan N Eree and fix j € J°P". We proceed via backward induction over { = H 4+ 1,...,1 to show
that

167 — 925”22%‘ < Eleg- (128)
The base case holds trivially by the convention that 67; 41 =051 5=0Lethe [H] and suppose
that (128) holds for £ = h + 1. We show that it holds for ¢ = h.
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By Lemma L.4 and the conditioning on £, we have that (with 7, ﬁfg 73, C1,C2,C3, and By as
in Lemma L.4)

163, - 65 5112,

< 4\B? +

H
+ C20rej +C3 Z Z Pzj [Mrej < 16Ccona(T) | x0)? | xp = zp,an = an]

re .
& ecj (=h+1

(Cl?h,dh)

H
, 2
+2304HBB > Y Ex min (1,Ccond(7r; | @) - ) | @), = ap, ap = ah]

M.
(zn,an)€C] (=ht1 rel

2
+19200H5 Y Z Eas | DL (7 | @) | 77 5 | 20)* | @ = wn, @ = an

(zh,an)€ cJ {=h+1

+ 7T680HR2,, Z Z E-; BJ (x0)? | ), =z, a@p = ah] . (129)

(Ih ,ah)ECZL t=h+1

We start by bounding the KL term on the right-hand side of (129), then bound the terms involving
(Bj(x¢)) and Ccong, which correspond to distribution shift.

Bj(z) = _max min <1,C’cond(7r | 2) - Parory rer (1) [Hw(m,a)“?zj)fl > 1/2]> ,
7r€{7r£,7rlzﬁ,7rzﬁ} L

for all z € X. We call (Bj) distribution shift terms because they reflect the event in which the
algorithm is surprised by a new direction in feature space when the rollout policy changes.

Bounding the KL term. By the induction hypothesis, Lemma N.1 applied to each ¢ > h (the
precondition [|67 5 — 0;|| < B/v of Lemma N.1 is satisfied thanks to the induction hypothesis and

Ereg = /2 < 3/2), and Jensen’s inequality, we have that for all (z},, a) € Ciandl € [h+1. H|

. . 2
Eer | De (il 120 1751 20)) |00 = 20,00 = an

2
< Ez <5 > mlal ®o) - @)@, a)| (51)- > | @ =2, an =an| (075 — 9§||§%-, (130)
acA

where @’ is as in Lemma L.4. Now, by Lemma F.3, we have that forany z € X and ¢ € [h +1.. H|:

S mla | ) 184wy, — S Al | 2) - 184 0l

acA ) acA
4 4 _
< Xérej +5 T{Mrej < 4Ccona(T) | )} - (131)

Plugging this into (130) and using Jensen’s inequality, we get that for all (x5,,a,) € Cj and
telh+1. Hl

. . 2
Eer | Du (il |20 1751 20)) | = 20,00 = an
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4 » -
7 Ex 18w ad) (g1 | @n = o, an = an] - 16— 0311

<
B
3262 32 m
+ ( )\2[;;3 + =5 52)\2 7rJ [Mrej < 4Ccond(7r( ’ ZL'g) ’ Lh = Th, Ap = ah ||GZB - eéHEZ’
vt 16

=g teE e llge(@e. a0y > v | @n = wnan = an] - 16 - 053,
3262 39
( AQéeQJ + W]P)%\J [Mre_‘J < 4Ccond(7rg ’ mg) ’ Tp = Th,Ap = ah ||€Zﬂ HJHZJ,
(132)

where the last inequality follows by the fact that omin (X)) > A and [¢(z,a)| < 2, for all

¢ € [H], (z,a) € X x A (follows by Assumption I.1). And so, by Lemma M.1 (in particular (123))

and the induction hypothesis again (to bound ||0; 5 — 9, ||‘;j), we have that for all (zy,, ap,) € Cj, and
’ ¢

telh+1. H:

. . 2
e | D (70 L2 |75 [20) T on = anan = an

Eéeg
62)\2 ’
(133)

()\2114 + 16€span + 325re3 + 32P~; [M,-ej < 4Ccond(ﬂj | iBg) | Tp = Tp,ap = ah}) .

We now bound the “distribution shift” terms (Bj) appearing in (133) and on the right-hand side of
(129).

Bounding the distribution shift terms. Let X; span and (€spans Espan) be as in Lemma M.1 and

Lemma K2, respectively. By Lemma M.1, we have that for all £ € [h + 1.. H] and (z, as) € Cy,
Pes |20 € ] | @0 = 0, = 0| 21— egpan, (134)

and for all z € X/

,span:
1

< 135
span — 4Ccond (7_‘_25)7 ( )

Parryrtle) |loe( @)y > 12| <

Algorithm 4). On the other hand, by Lemma M.3 (stated and proven in the sequel), we have that for

where the last inequality follows by the fact that NV, span > 4Ccond (Wg) (see parameter choices in

all¢ € [h+1..H]and (z,a) € X}, x A
Tlalo) | Fpln) ) gty mise])

7W,ref(a ‘ l’) W@,ref(a | .CL‘) W@,ref(a | .CU)’
T 5(a | @)

ke el 136
Torer(a | @) (136)

where the last step follows by the induction hypothesis and the fact that ereg < B/(4v). Therefore,
we have that forall £ € [h + 1. H],x € X, and 7 € {7}, T/ }:

£,span’®

Ceond( | ) < 2¢Ceona(} ). (137)
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Thus, combining (137) and (135), we get that for all z € X;

span®

Bj(z) = max min (1,C'cond(7r | ) - P — [HW(LG)”?E;')A > VD ,

mE{T T o o}
S min (1, 2€CC°nd(7TZ,B ’ .’I}) . Ea’\’ﬂé,ref('m) |:HSO@(.’L', CL)H?E%)_I > V:|) s
S QeCcond(ﬂ'Zﬁ) ° §span7

where the last step follows by (135) and that ¢
(e [h+1..H]and (zp,ap) € Ci:

< 1. Thus, using (134), we have that for all

span

Bz [Bi(®e) | @h =z, ap = ap)
< Ba s € 7 g} - Bile) | @ = on, @ =
+ E-; [H{wg 4 ij,span} - Bj(xy) | @, = xp, @), = ah} ,
< (14 26Ceand (T} 5)) - Zgpan- (138)

Now, by (136) and the fact that Myej > 32e(1V Ceong (7TZ 5)2) (see parameter choice in Section J.1.4),
we have that forall ¢ € [h 4+ 1.. H]: if x € X] ___ then

span
Mrej > (4Ccond(T) | ) V (16Ceond(7) | 2)?)
and so by (135), we have for all (z,a;) € C; and £ € [h +1.. H]:
1-— Espan < P;\rg‘ [mg € Xﬁj,span | Tp = Th,ap = CLh:| R
< Psi [Mrej > (4Ccond(T) | #0)) V (16Ccond(T) | £)%) | @h = ap0ap, = ay] -
This implies that for all ¢ € [h + 1.. H] and (x,,ap,) € C:

]P)ﬁj [Mrej < 4Ccond(77é ‘ wé) ‘ Ly = Th,Qp = ah] < Espan; (139)
and
Pﬁj [Mrej < 166’<:ond(fé | 376)2 ‘ Lh = Th, Ap = ah] < Espan- (140)

Finally, we have that for all € [h + 1.. H] and (x4, as,) € Cj.:

E;

) iy 2
min (LCcond(?T% | z¢) - Vi ) | &, = xp, ap = ah]
rej

) . . 2
<Es |{xy € XZJ,span} - min (1,Ccond(71'2 | @f) - 7 ) | xp, = zp,ap = ah]
rej
j : =i 2
+ E%‘j ]I{:I:g Q Xé,span} -min | 1, Ccond(ﬂ'[ ‘ :Eg) . M ‘ Ty = Tp,Ap = Gy | ,
rej
and so by (136) and (134):
* 2 J
S 2eccond(ﬂ'€76) . M . +]P)%j |:€Bg € XZ,span | Ty — Th,Ap = Clhi| N
rej

103



FOSTER MHAMMEDI ROHATGI

< 2€Ccond(772ﬁ) : + Espan- (141)

Mye;

Putting it all together. Combining (141), (139), (140), and (138) with (133) and (129) and using
that |C] | < 2T prompt, We get

167, = 03512,
1

Ch

< ANB? + + C2drej + C3H TpromptEspan

reg

2
+ 15366H236Tpr0mpt (max Ceond (7‘(’26) . + Espan>
€ Mrej

(e[H]
4
13
+ 3200H 2B Tprompt (A°V* + 16€span + 32075 + 32€span) - ﬂ;e;
+ 7680H2Riaprrompt(1 + 2eCC0nd (7725))2 ’ §zpan7
< Eleg:

where the last inequality follows by the parameter choices in Algorithm 4. This completes the
induction and implies the desired result. O

Lemma M.3 (Helper lemma for estimation error). Let h € [0.. H] be given. Consider the setting

of Lemma M.2 and let j € J***" with J°P*" as in Lemma M.1. Further, let X] span @1d (Espan; Espan)

be as in Lemma M.1 and Lemma K.2, respectively. Then, we have that for all { € [h +1.. H] and
(r,0) € X} x A:

¢,span

7(a | ) Ty 5(a | x) B %”9?*9%”25 mglal )

71'Z,ref(a | m) 7Tf,ref’(a | :C) o 7T£7re{-‘((l | x)

Proof of Lemma M.3. By Lemma M.1, we have that for all ¢ € [h + 1.. H] and (2, ap) € C,
Pﬁ-\j [xf € Xg,span ’ LTh = xhv ap = ah] Z 1 - 5span7 (142)

and for all z € X/

span”

Py ree(-|) [Hw(af, OL)II?E@_1 > Vﬂ <e (143)

where the last inequality follows by the fact that N span = 4Ccond(7TE) (see parameter choices in
Algorithm 4). Now, by Lemma N.2 and Lemma M.1, we have that for all £ € [h + 1.. H] and
(z,a) € X] . < A:

span

mla|z)  wlal )

Tyref(a | ) morer(a | x)
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4v 1pJ
5 1167=07 5l 5
6 4,8 Dy

71—26(& | :E) 823/5

< min : )
2 Wf,ref(a ‘ .CI})

1- Ccond(ﬂ-zﬁ) ’ PaNﬂ'[’re{-‘("J?) H‘pﬁ(‘ra a’)”?zi'),l >V
264””0] Ol Tiplal2)

, (144)
ﬂé,ref(a | :L‘)

where the last step follows by (143). O

Proof of Theorem J.1. In this proof, we let £¢&, £5P3" ‘and 7°P" be as in Lemma L.4, Lemma K.2,
and Lemma M.1, respectively, and we condition on £7°¢ N £°P3". Further, let j € [T be the index
Algorithm 4 for which the algorithm returns 77, and note that j € [7°P". By the performance
difference lemma (Lemma N.5) and Lemma N.4, the policy 77 satisfies

Ja(m5) — Jp(Ri.m)

H
Zﬂhﬁ (a | zn) (Qﬁ,/}(a’h,a) — B -log

Th, ref(a | xp)

H
- Ex lzﬂhamh <Q s@n,a) — B -log —+—— Wha‘mh

Th, ref a ‘ :17h

)]
)]
" a\wh )]
)

Z T pla | zp) - (Qﬁ,ﬁ(ﬁch,a) — - log

Th, ref(a | xp)

h=1 acA
- ~j * 7rh a | mh
- ZEﬁj Z m(a | zp) - | Q s(@Th,a) — B+ log —+———" @]
he1 acA Th, ref a :Eh
H
+Y B Eas [Duc (7 | o) [ 75 | 0))] (145)
/=1

where 77 is as in Lemma L.4. Now by Lemma L.3 (instantiated with h = 0, Ty = 77, and Ty = 7),
we can bound the KL term in (145) as follows: for all ¢ € [H],

Bz [Drc (R ([ o) [|75( | 20))]

Rua
< 4( 5 (4Mrej log(45rej))>6rej
LR _
gax log(4Mre;10g(46:})) - Prj [Mrej < 4Ccona(T) | )] - (146)

Now, note that for all ¢ € [H],

T 1)

Teref(- | )

Tep(a | )

lo
& Torer(a ] 2)

< 5BH,

Qip(-) — B log ‘ <BH +2Hf( sup

(z,a)eXxA
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since e 2B/8 < ;LF((H)) < e?B/8 for all §, € B(B). Thus, by Lemma E.3, we have that for all
(€ [H]: ’

E-; [Z T (a | @) - (Qzﬂ(a}g,a) — [ -log m>]

acA
—Ez [Z Tyla | ) - <Q§5(w5,a) — B -log M)] ‘
acA ’ T rer(a | @)
< 5BH6rej + 5BH - Pz [Mrej < 4Ccona(7) | )] - (147)

Combining this with (145) and (146), we get that

H X . T gla | xn)
SZE%J' > mhalal @) (Qhﬁ(mh’“)_ﬁ'log Whhff(almh))]

acA

acA
+4H (Rmax + BHB/4 + Blog(4Mye; log(45rej))> re;

+B <1og(4MreJ log(4572))) + 5H> Zpﬁj [Mrej < 4Ceona(®) | )], (148)
/=1

and so by Lemma N.3, we have

< BZE (DL (F L 17251 20) )]
Y AH (Rmax + 5HB/4 + Blog(4Mye; log(45rej))>  Bre;

+B (1og(4MreJ log(4071)) + 5H) Z Pas [Mres < 4Ceona(®) | )], (149)
/=1

where T 7rZ '8 is as in Lemma L.4. We start with bounding the KL terms in Eq. (149).

Bounding the KL term. We now bound the KL term in (149). The argument closely follows the
proof of Lemma M.2, where we bounded the expectation of the squared KL term. The key difference
here is that (149) does not include a squared term. By Lemma N.1 and Lemma M.2 (which implies
that [0} 5 — 6, ”253 < B /v—the precondition of Lemma N.1), we have that for all ¢ € [H]:

Er [DKL (fﬁ(' 2o [l 775 | W))}

< Ez !ﬁl > mla] ) \soé(me,aHfEWI 1075 = 03155 (150)
acA
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where @’ is as in Lemma L.4. Now by Lemma F.3, we have that for any x € X and ¢ € [H]:

S ma | ) 1@ )l — Y Al | o) g o)l

acA acA

4 4 -
< S 0res + 5 I{Mres < 4Ccona(T; | 2)} -

Plugging this into (150) and using Jensen inequality, we get that for all £ € [H]|:
Eas [Diw (7 2o 705 1 20) )]

1 . 2 112
< 5 B [18il@n a0l ] 107 — 0113,

40e; 4 7 Ls =0

—+ ( )\;J + ﬁpﬂ [Mrej < 4Ccond(7r% ‘ 934)]) ' HGZ,B B eé”;i’
2

1%

4 2 2 j * |12
<5t g B [ledaead iy, o > v 16— 13,

46rei 4 . _
+ (B2 5P [y < ACuma(y | 20)] ) - 105~ 012,
where the last inequality follows by the fact that Umm(Eé) > A\ and |pe(z,a)|| < 2, for all

¢ e [H], (z,a) € X x A (follows by Assumption I.1). And so, by Lemma M.1 and Lemma M.2, we
have that for all ¢ € [H]:

Ee [ D (7U- | 20) 175 L 20)) |
2

. Creg (151)
BN

We now bound the distribution shift terms (P5; [Mrej < 4Cond(T) | )])g in (151) and on the
right-hand side of (149).

< ()\V2 + 45span + 45rej + 4P§r\j [Mrej < 4Ccond(ﬁé | 336)])

Bounding the distribution shift terms. Let X span and (€span Espan) be as in Lemma M.1 and

Lemma K.2, respectively. By Lemma M. 1, we have that for all ¢ € [H] and (xg,a0) € X X A,

]P)%j |:mé € Xej7span:| = Pﬁ] |:w£ € ij’span | Lo = .',U(], apg = (I(]:| Z 1 - Espana (152)
where g4, is as in Lemma K.2, and for all x € x] span’
1
| — 2 P 1
a~y re (-|) ||505(1', a)H(E%)*l >V s Espan = 4Ccond(7TZ[3>’ ( 53)

where the last inequality follows by the fact that N span = 4Ccond (7r;§) (see parameter choices in
Algorithm 4). On the other hand, by Lemma M.3, we have that for all / € [H| and (z,a) €
Xéj,span x A:

m(alz)  Tpglalx) Bloi-0talyy  miplal2)

Torer(a] ) morer(al @) rer(a | )’
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Wz,ﬁ(a | z)

< 2e
Tyref(a | x)’

(154)

where the last step follows by Lemma M.2 and the fact that ereg < (3/(4v) (see choice of v in
Algorithm 4). Therefore, we have that for all ¢ € [H], z € X and w € {7}, 7 3 }:

£,span’
Ceond(7 | ) < 2€Ceond(77 5)- (155)

Now, by (154) and the fact that M; > Seccond(ﬂz ﬁ) (see Section J.1.4), we have that for all
(e [H):xeX]_,, onlyif Mrej > 4Ccond(T) | ) and so by (135), we have for all £ € [H]:

£,span

1 —éespan < Pz [mf € Xﬁj,span] < Pz [Mrej > 4Ccond(772 ’ ZL'Z)} .

This implies that for all £ € [H]:
Pz [Mrej < 4Ccond(77% | wé)] < Espan- (156)
Putting it all together. Combining (156) with (151) and (149), we get that

Ta(mh) = Js(Fi.p)

H 2
€reg

< Z ()\V2 + 4f'fspan + 4(5rej + 4Pﬁj [Mrej < 4C’cond(ﬁ% ’ xf)]) :
(=1
v 4H (Rmax + 5HB/4 + Blog(4Mye; 1og(45;e§.))) Bre;

H
+ B (log(4Mres 10g(407})) + 5H ) S Pay [Mres < 4Ceong(m} | @0)]
/=1
?
< H - (MW + despan + 40rej + 4€span) - %

V4H (Rmax + 5HB/4 + Blog(4Mye; 1og(45;e§))) e

rej

+B <10g(4M,-ej log(46-1)) + 5H> Hegpan,

<e (157)

)

where the last inequality follows by the choice of parameters in Algorithm 4. Combining this with the
fact that P[E%P2" N £7°€] > 1 — § (by Lemma L.4 and Lemma M.1 and the union bound) completes
the proof. O
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Appendix N. Technical Lemmas for Multi-Turn Exploration

In this section, we present and prove the technical results required for the proofs in the Multi-turn
setting. Some of the statements provided here are generalizations of those in Appendix G, originally
formulated for the contextual bandit setting.

Lemma N.1 (KL bound for truncated softmax policies). Let h € [H|, B,v > 0, (z,a) € X X A,
0y, € B(B), and %}, € R¥™? be given, and let oy (x,-) = én(x,) — ¢p(x,a). Further, define
)T eﬁilgh(‘zf)—re;,,ﬁ’ Where

Tno( | @) X Three(- | 2) - 7 o0 @) 0 and 75 (- | @) o Threr(- | @) -

on(x,-) = op(x,-) - ]I{H(ph(ac, -)]\2;1 < 1/2}. If 1165, 5 — Onlls, < B/v, then we have that
D (7ol | @) 1T | 2) < B Banm (o) 1802 a)[2-2] - 167 5 = Ol

Proof of Lemma N.1. Let h € [H], B,v >0, (z,a) € X x A, 0, € B(B), and X}, € R**? be as
in the lemma statement. We have for Zj, g(2) = Eqrr, ., (Ja) [eXD(8™ ' @n(z,a)"0)]:

DL (T | 2) |75 5(- | 2))
Zh; ,(2)
=Blog —=—"LL" " 4 By~ 1o |@n(z,a) (0, — 05 5)],
Blog N no(le) [@h(z ) (On h,ﬂ)}
= B10g (Eanr (o) [exp(8' (@) (85 = 00)| ) +Eanr o) | Pl@.@) " (0n = 5)] -
(158)
Now, by Holder’s inequality, we have that
[(@n(,a),05 5 — On)| < |1Bn(2,@)llg—1 - 16 5 — Onlls,,

<v-|0} 5= Onlls,,
< B, (159)

where the last inequality follows by the assumption made on ||0; 5 — 0|, . Combining (159) with
the fact that e* < 1 + z + 2, for all z < 1, we get that

5108 (Bar, o1a) [exp(8 5n(x, @) (05 5 — 00))])
< Eanro(fe) [(P1(2,@), 05 5 = On)] + B Banr, o) [(Pn(@, @), 0} 5 — 1)
S EU/“%h,&('M) |:<@h(f1:, a‘)7 9276 - 0h>:| =+ /BilEath’g(-lw) |:||@h($, a)‘|22;1i| ’ ||0;(L,ﬁ - ahH%h

Plugging this in to Eq. (158) gives the desired result. O

Lemma N.2 (Density ratio bound). Suppose Assumption I.1 holds and let h € [H|, B,v > 0,
(z,a) € XxA, ), € B(B), and %y, € R be given and let oy, (x,-) == ¢ (x,-)—op(x, a). Further,

define T o(- | x) o< 7 ref (- | w)~€¢h($")w/5, where @p(x, ) = op(z,-)-1 {||g0h(x, )||;,1 < 1/2}.
h
Then,

Thola | ) s gla| ) ¢ #10n=0} 5l
Yae A, ————— < min 3 . ( ),623/’3 ,
i

7"'h,ref(a ‘ ZE) 7"’h,ref‘(a ‘ :E) 1-— Ccond(ﬂ';;ﬁ ‘ l‘) * Psurprise
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where T}, 5 and 0}, 5 are as in Definition 1.2 and Assumption .1, respectively, and

Paurprise(t) = Pan o) | 1812, @130 > 2]

Proof of Lemma N.2. Let h € [H], B,v >0, (v,a) € X x A, 0, € B(B), and &}, € R™? be as
in the lemma statement, and fix a € A. We have

Thola|z)  exp(B'@n(z,a) b))

Wh,ref<a | ) B Zy, ’

where Zg == Eqr, (o) [eXP(B7'@n(x, @) 0)], for @ € R?. Therefore, we have that

Th g(a | x) 1
J — . 160
Thret(@12)  Eaomnore) XD~ (@ (@, @) — Bn (@, ), On))] (160)

On the other hand, we have
Earryrer(-2) [eXP(B™(Bn(x, @) — Bn(x, a), 0r))]
> Ea"\‘ﬁh7ref("$) _exp(ﬁ_1<<ﬁh(m, a) - @h(ma CL), 9h>) -1 {H@h('ra a)";;l < V2}:| y

)

and so by Holder’s inequality, we have

>E 510 =0h gl IPn (@) IEn @y 51 (a.0) 7 (w.0) 07 ) g, a2 92}],
h

a'\/ﬂ'h,ref("ﬁ)

> E

= a"‘ﬂ'h,ref("x)

2 * - _
e_ﬁ‘leh_eh,[;”Eh‘(Hﬂph(l’ya)uzgl+<Ph(xva)”251>eﬁ*1<¢h(:p,a) @n(x,0),05 5) {”‘Ph(l‘ G)HE L <v }] ,

3 o0, s
e B h,pl=h
B~ H@n(z,a).0
RN (Banm i [ W 1{lgn@ el <2 Y]).

— 210005 4lls
e B h,Bll>=p —1 0*

T n(wa)T 6}, (Z"Z,a ~ Eanry, rer (o) [6 (P (z.a).07,5) {Ilgoh(a: a)||2_1 > v H)
&

Zge - B 1007 gl B~ (@n(x,a).0 )
Y. 1-E c “ i@l >
— 571¢h(x7a)—r925 a~7rh7ref(-|:p) ZQ* Ph T, a E;l 14
e ; i

)

Zay - o~ 71003 4l ) )
N B Pn(za)TO} 4 b= Pawﬂz’ﬁ('m [H@h(%‘l)uzgl “v }> ’

and we can further lower bound by

_4v, _9*
Zoe o 100 5l
h,B

- eﬁflaﬁh(m a)T 02 8 1= Ccond(ﬂ'z’ﬁ ‘ .’IJ) ’ IP)‘7«N7Th,ref(‘|l‘) [H@h(xa a’)”é}jl > Vz}) )

2110007, 5l
Thref(a | z) - € hp T _
_ Torerl@] ) (1~ ool 1) By i 1500, )22 > )
Th,B (a]z) h

where the last equality follows by Assumption I.1 and Lemma N.4. Using this with (160) and the
fact that Ty g(a | ) /7h rer(a | x) is at most e2B/B we get the desired result. d
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Lemma N.3 (Two-sided bound for truncated policies). Suppose Assumption I.1 holds and let h € [H],

v>0, (z,a) € X x A 0, € R% and ), € R™? be given and let op,(-,-) = ¢p(-,-) — on(-, ).

Let WZ, 5 and 9}*% g are as in Definition 1.2 and Assumption I.1, respectively. Further, define

@n(w, )Te ﬁ/xB
(161)

_ 5 (2.7 _
Tho(- | T) o< Threr(- | ) - ePr(@>) 0/6, and W276(~ | 2) o< T res(- | ) - €%

where @p(x,-) = pp(z,-) - 1 {Hgoh(x, NE, < V2}. Then, we have
h

Zﬂzﬂ(am)'<Q2,B($aa)—5'10gW) Zﬂhetﬂm (QZ,B(a:,a)—ﬂ-logW>‘

acA Thref(a | 2) acA Threr(a | 2)
< BDkL(Tho(- | 2) |7 5(- | 2))
2B max  min (1, Coong(m | 2) P, (i) [lion( )30 > ] ).

Tl’e{ﬂ‘hyg,fz’ﬁ,ﬂ‘;ﬂ}

Proof of Lemma N.3. Leth € [H],v >0, (z,a) € X x A, 0, € R%, and &, € R%*? be as in the
lemma statement. We define @} 5(-,-) = @} 5(-,-) — Qj, 5(-; a). Note that by Assumption L1, we
have that for all (z/,a') € X x A:

éz,ﬂ(lj? CL,) = Qph(l‘/a a/)TH;(L,Bv

where ¢y, is as in the lemma statement. Now, observe that by the definition of @j, we have for any
T e ll,

o [on(@nian) 05 | @ = o] ~ Ex [Gn(@n,an) O | @ = ]|

< B P [lipn(@ns an)ll o > v* | @n = 2] . (162)

Instantiating this with m = 7}, 9 and using Assumption 1.1, we get that

>~ nola|2)- Qi p(@.0) = Eny o |@nl@n an) 0 5 | @ = 2
acA

< Runae Pryy lon(@n, an) [0 > v? | @n = @],

< R min (1, Ceona(Frg | 2) - Pry [0n(@nan)lfn > 02 [@n=a]).  (163)

Now, instantiating (162) with 7 = 7}, ; and using Assumption L1, we get that

* Ax ﬂ-*, (CL | :L‘)
;WW(@ | &) - (Qh,ﬁ(% @) — Blog 7Thhﬁf(a|$)>

<En, [@h(a:h’ah)ng,B |z = ﬂ?} — BDkL (7 5( | @) || Threr (- | 2))

+ Fana Py [llon(@n an)s > 0% | @n = 2]
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<Er  |Bn(mn,an) 05 5| @ = 2| — BDL(m) 5(- | 2) | Three (- | 7))
h,B 7ﬁ 7ﬁ
+ Rmax - min (17 Ccond('/rzwg ’ :U) . Pﬂ'ref |:H(ph(wh7 ah)”gjgl > V2 ’ Lh = .T):|> 5
< Er:  |@n(@n,an) 045 | @n = x| — BDL (T 50 | 2) || Thores (- | 2))
h,ﬁ 76 ’B
+ Ry - min (1, Coond(7} 5 | @) - Pr; [ngh(mh, an)[3-1 > v* | @ = xD ,(164)

where in the last step we used the fact that

Ths(- | ¥) € argmax {Z m(a) - gn(x,a)" 05 5 — BDL(() || e (- | x))} , (165

INEVI Gy

which follows from the definition of 77 3 Using (162) with Assumption 1.1 again, we have that for
all m € II:

> o 0) (hote) - 1o 20

= Thref(a | )
> Erx [@h(whaah)wﬁ,g |z, = x} = BDkL(m (- [ ) [| Three (- | 2))
— Ruax - Px [||90h($h,ah)||22;1 > 2@y, = :c} .
Thus, taking the maximum over 7 on both sides and using the definition of 7'(';;, 5 we get
*
> wiala | 2)- (@zm, ) - Blog m>
> max {Ex | Gn(@n, an) 05 | @n = 2| = BDkL((- | @) || h s (- | 2))

R Pr [llon(@n, an)lig 1 > v | @ = x|}

Y%
=
t‘:!*

510 |P(@n, an) 075 | @ = 2] = BDKL(Rh5( | 2) | Threr (- | )

— Riax szﬂ [Hcph(ach,ah)HQE;l > y2 | xp = 3;'] s

v

Ex; [@h(%ah) Ohp | Th = w} — BDkL (7 5(- | @) || Three(- | 7))
_ Rmax - min (17 Ccond(ﬁ';;’ﬂ | :17) . Pﬂ’ref [Hgoh(mh, ah)H;}tl > 1/2 | xp = x}) . (166)

By combining (163), (164), and (166), we get that

Suearh,ae | )« (Qhplea) = 6 log ”w(‘”@)

7rh ref(a‘w)
~ Saeatnola | 2) - (Qf 5lw,0) — - log 2l
~ 7r s(alz)
| Saeamislal 2) - (@ plwa) - - log 22
~ Saeatnola] 2) - (@ plr,a) - - log Zu2ll)
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< |Ex , [@h(mhvah)—rez,ﬁ | zp, = 4 — BDkL(Th 5 | &) | Three (- | 2))

~ Bryy [Pn(@i0n) 055 | @ = 2] + BDkL(Fnol | @) | mrer (- | 2))]

I3

+2 max Rpax min (1, Ceond(7 | ) - Pr., [Haph(:ch, ap) -1 > 2 | xp, = azD

WE{%]—L’Q,%Z’B,T(;,B
—Ery , [#n(@ns an) 05 | @n = 2] = BDKL(Fha( | @) | 7 e | 2)
~Ex,o [ @1, an) 05 | o = 2| + BDKL o (- | 2) | mnrer (- | )

+ 2 _ max Rmax min (11 Ccond(Tr ’ 33) ’ ]P)Trmf |:ngh(mh7 ah)H;71 7 V2 | o :L{|> |
7r€{7rh,077r;*1,577"}*z,/3 h

= BDkL(Fro(- | @) | 756 | 2))

+2 max Rpnax min (1, Ceond( | ) - Pr.., [Hcph(:ch,ah)HQE;l >V | ay, = xD ,

= T—x *
TI'E{T(hﬂ,ﬂ'h’B,T(h’ﬁ

where the second-to-last step follows by (165), and the last step is a standard manipulation of
KL-divergence. O

Lemma N.4. The state-action value functions (Q}, 5) and policies (7}, ;) in Definition 1.2 satisfy:
forallh € [H| and (z,a) € X x A,

sup QF g(x.a) = Qpy(x.a) = Qf y(x,a);
Thit:H: X—A(A)
and
m(a’)
T ) € arg max (Q* z,a') — Blog ), (167)
hal | 2) TEA(A) a% hp(@:@) Thref(a’ | T)

where (O} is as in Definition I.1.

Proof of Lemma N.4. We prove the result via backward induction over { = H + 1,...,1 that and
(x,a) € X x A,
sup  Qf p(a,a) = Qp(e.a) = Qf (. a); (168)
Te+1:H* X—)A(.A)
and
m(a’)
75 5(- | #) € arg max <Q* (z,a') — Blog ) . (169)
. TEA(A) % 48 Ty ref(a’ | @)

The base case ¢ = H + 1 is immediate. Now, suppose that (168) and (169) hold for ¢ = h € [2.. H 4+
1]. We show that they hold for £ = h — 1. Fix (z,a) € X x A. Forany 7 : X — A(.A), we have

Qh-14(,a)

- o milag | @)
=ry_1(z,a) +E; Zr Xy, ay) Zlog S )|mh1:x,ah1:a],
(=h t=h

Ty ref(@r | g
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mn(an | zn)

—————— | Tp_1 =T, ap1 = a] ,
Thref(@n | h)

— (@) + Ex [Qzﬁ(wh, an) — Blog

= T:L—l(xa CL)

Z mp(d | zp) <Qzﬁ(mh,a’) — Blog W) | xp1 =z,ap_1 = a] .

+E ;
aed 7"’h,ref’(a | Tp

Therefore, we have

max T z,a)=r1r}_4(z,a
ﬂh:H:XﬁA(A)Qh_l’B( ’ ) h—l( ’ )

/
+E max(A) Z mn(d | zp) < max W Qﬁyﬁ(ash,a’) — Blog ﬂ-h(a’wh)> | @h_ 1 =2, ap1 = a] 7

T X —A P Thytl:H:X—A TFh,ref‘(a/ ‘ wh)

and so using the induction assumption (in particular (168) for £ = h), we get

= 7“2,1(3},&)
m(a | xp)
+E max m(d | (Q* xzp,d) — Blog————"" | |xp_1 =x,ap1 =a,
T XA (A) a% ( ‘ ) h,ﬁ( ) g Wh,ref(a, ‘ wh) ’ 1 1
=r;_q(x,a)+E Z Thres(d | ) - o@h.5(®na)/B | zh1 =2, ap_1 = a] ,
a'eA
= T;L—l(x7 a) + 771:5[@2,5] ($7 CL),
= Qo). (170)

This shows (168) for £ = h — 1. Finally, (169) for £ = h — 1 follows from a direct calculation. [

Lemma N.5 (Performance difference lemma for KL-regularized regret). For all m1.p, 7T1: g C
{m: X = A(A)}, we have

u m(a | z)
Ja(r) — Ja(r') = > B !Z mia | zp) - <Q;;ﬁ(xh,a) — B-log h")]
h=1

7"'h,ref(a | mh)

acA
— EH:IEW/ Z m(a | xp) - (Qzﬁ(wh,a) — [ -log M) , (171)
h=1 acA ’ Thref(a | Tn)

where Jg(m) = 31 By [ (x4, an)] — BDkL(7 || Trer)-

Proof of Lemma N.5. Corollary of Lemma N.6 with A = 1, taking expectation over 1 ~ p. [

Lemma N.6 (Performance difference lemma (generalized version)). Forall h € [H], z € X, and
Th, Ty C{m: X = A(A)}:
H

H
E. Zr;(xg,ag) —ﬁZlogM | xp, = o
t=h

= 7 mirer(ar | @)
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E i *( ) ﬁil 7T2(G,5|$g) |
—Eu ry (o, ap) — og ——~————“_ |z} =2
LRI DL 1 ag ()
H
Tl |
=> Ev m(a | @) - <QZB($12,CL) — B -log M) K Zx]
—h acA lrefl@ 14
S B | rital @) (@Fs(era) - 5-10g LR
- - my(a | xp) - ¢,a) — fB-log———— | |z}, = x| .
i P oo Tyref(a | @)

Proof of Lemma N.6. First, forany 7.y C {7: X — A(A)}, (z,a) € X x A, h € [H]|, define

H
Zr}r(wg,ag) | xp =z,ap = a]

{=h

mh(a | z)

TRATT)  and QT o(z,0) = E
Threr(a] 2) hp(@:0)

(@, a) = rj(z,a) - Blog

and note that

= mp(a | x)

Q7 5(x,a) = QF 5(x,a) + Blog ———————.
hp(T,a) = Qp 5(7,a) g Trer (@] 2)

We need to show that for all h € [H|, z € X, and 7p. 57, 7).y C {m: X = A(A)}:

H H
/
ZT? (T, ap) | T = x]

Zr}r(wg,ag) | xp, =
t=h t=h

H
= ™ g _ela | @) _
_ezzh LEZAW'”) <Qf’5(“’"a)_ﬁ o ) mh_w]

Fix h € [H ], z € X, and m.gq, 7.y C {m: X - A(A)}. We now show via induction over
j=h,...,H+1that
H

Zr?(a:g,ag) |z, =z

l=h

J—1
" [Z mola | @) - Qpplwea) — > mila | @) - Qf (e, a) | @) = x]
{=h acA acA
j—1
+6) En
{=h

(172)

]Eﬂ"Ohﬂ‘

Eﬂ’ohﬂ'

H
—En [Z 7 (z0, a0) | @p = .CC]

l=h

&=

log‘w)\wh—x]
¢ | o)

H
+ Erro;n Zr?(xg,ag) |z, =x| —Eyp Zr@rl(x@,af) | xp = x| . (173)
=j (=j

The base case j = h is trivial. Now assume that (173) holds for j € {h,..., H 4+ 1}; we show it
holds for j + 1:

H H
!
Errojn ng(a:g,ag) |xp =2 —Ex Zr? (g, ap) | Tp = x
=j t=j



FOSTER MHAMMEDI ROHATGI

H H
!
=Eror | > 17 (@t a0) | wh = 2| —Buoyn [17 (@e,a0) + Y rf(@e,a0) | Th =2
l=j3 l=j+1
H H
/ !
+ ETA’/O]'+17T T? (wg,ag) + Z T?(a}g,ag) | Thp=x| — Eﬂ-/ ZT? (:Bg,ag) | Thp =,
t=j+1 (=j
H
!
=Eoyr | Y 17(@0a0) | Th =2 | —Ewoyn 17 (@, a0) + Y i (@, aq) @y =2
(=j (=j+1
H H
+ Erron Z ri(xp,ap) | xp =2 —Ep Z ry (I:g,ag )| xp =2,
l=j+1 +1
H H
=Epoyr | Y 17 (T0,a0) | Th =2 | —Enroy,yn ZT (T, ap) | zp =
=y =j

+Ev |17 (20, a0) =17 (@1,a0) | 2h = <

H H
+ Erioj i Z ri(xe,ar) |, =z | —Ep Z i (g, ap) |y = x|
(=j+1 (=j+1
:ETI'O [ZT"] a|$g (mja )—Zﬂ'é'(a‘$j)‘éz/j($j,a)|$h:ZL‘
acA acA

m(a; | x;
mj(a; | z;)

H H
+ Ew’ojw Z T?(il)g,ag) ‘ Thp =T | — Eﬂ/ Z Tgl(a:g,ag) ‘ Ty =2 | . (174)
l=j+1 f=j+1

This shows that (173) holds with j replaced by j + 1 and completes the induction. Instantiating (173)
with £ = H + 1 shows that

H H
Eropr Zr?(wg,ag) | xp, = x] —En [Z 7 (zo,a) | T =
{=h {=h
- ~ / A my(ae | z¢)
= Z Z me(a | ze) - Qp (e, a) — Z m(a | ze) - QF p(xe, a) + 5logm | xp, =
{=h acA acA e\ ¢
Combining this with (172) implies the desired result. 0
Lemma N.7. Let C C X x A be a multiset of the form
C= U {(xiaai)a(xiva)}a (175)

1€[N]
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for N > 1. Then, for any non-negative f: X x A — R, we have
Y. fwa)+ Y fl@a)<3 Y flxa) (176)
(z,a)eC (z,a)eC (z,a)eC
Proof of Lemma N.7. Because C is a multiset satisfying (175) and f is non-negative, we have

Yo fwa) = D flwa+ ) flwa),

(z,a)eC (z,a)€C:a#a (z,a)eC:a#a

> ) fwa). (177)

(z,a)€C:a#a
On the other hand, we also have that

Z f(:l:aa): Z f(x’a)+ Z f(x,d),

(z,a)eC (z,a)€C:aa (z,a)€C:a=a

> Y f@a), (178)

(z,0)€C:a=a

Combining (1) and (2) implies that

Z f(l’,a): Z f(x’a)+ Z f(x’a)v

(z,a)eC (z,a)eC:a=a (z,a)€C:a#a
<2 > f(z,a),
(z,a)eC
which implies (176) after adding 3, ¢ f(2, ) on both sides. O
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