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Abstract
Fuzzy cognitive map (FCM) has been successfully applied to time series prediction due to its
powerful dynamic systemmodeling and inference ability. Although many FCM-based meth-
ods have been proposed, their performance is far from satisfactory. The existing FCM-based
methods have two limitations: First, the feature extraction of some methods is unreasonable
and even leads to overfitting. Second, most methods ignore the local temporal features of time
series. In this work, we propose a novel framework for time series prediction based on long
short-term memory (LSTM) and high-order FCMs (HFCM) with an attention mechanism,
termed LSTM-HFCMAM. To overcome the first limitation, different from other FCM-based
methods that use Autoencoder to forcibly decompose each point of the time series into mul-
tiple points to represent the original sequences, we use a sliding window to preprocess the
original time series and use the Encoder-Decoder framework to represent the sequences. This
way makes the model has better generalization and interpretability. Then, HFCM is used to
predict representations of sequences due to its powerful causal inference ability. Finally,
self-attention is applied to restore the predicted sliding window data with focus, effectively
improving the performance. To overcome the second limitation, we use the LSTM to learn
the temporal features of time series fragments, thereby learning the local features of the
whole time series. We validate the performance of LSTM-HFCMAM on twelve benchmark
datasets. Compared with current methods, LSTM-HFCMAM has a maximum improvement
of 51.02%. The experimental results demonstrate the effectiveness of LSTM-HFCMAM and
overcome the above limitations.
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1 Introduction

Fuzzy cognitive maps (FCMs) originated from fuzzy logic theory, neural networks, and soft
computing techniques [1]. FCM [2] is a graph structure composed of vertices and directed
weighted edges. Vertices represent abstract concepts in the real world, and directed weighted
edges represent relationships between concepts. As a powerful tool for uncertainty expression
and causalmodeling [3–7], FCMs have beenwidely used inmany fields, including time series
prediction [8, 9], pattern recognition [10, 11], gene regulatory network reconstruction [12, 13]
and medical diagnosis [14, 15]. In time series prediction, FCMs’ ability of fuzzy modeling
makes its prediction not only at the numerical level but also at the linguistic level [16]. The
ability of FCMs to mine the potential causality of data improves the accuracy of prediction.
These advantages make FCMs get more and more attention in time series prediction. FCM
not only demonstrates good performance in numerical prediction but also contributes to
modeling complex systems [12, 13].

In a general sense, a time series is a sequence observed in order from a system, denoted as
X = {x1, x2,..., xt} [14]. Time series prediction is to predict the value at time t + 1 in the future
based on the original time series X observed in history. The modeling process of the existing
prediction methods based on FCM can be divided into three parts: feature extraction, FCM
construction, and prediction output. First, the methods transform the original time series into
multiple sequences by feature extraction. Then, FCMs utilize the interaction among concepts
for inference and prediction. The process of feature extraction plays an important role in
the prediction accuracy of FCM-based methods. Fuzzy C-means clustering [17], wavelet
transform [18], kernel mapping [19], empirical mode decomposition (EMD) [20], sparse
autoencoder (SAE) [21], or other methods have all been applied to extract features from
original time series. Although these methods have been successful in time series prediction,
there are still some limitations that affect the prediction performance.

Feature extraction in these methods has one or more limitations: First, some existing
methods are unreasonable in feature extraction. The unreasonablemethodmakes the acquired
features not comprehensive, resulting in low accuracy of actual prediction, and even the risk
of falling into over-fitting. For example, SAE has a strong representation ability of time series
and performs better than other methods. SAE-HFCM [21] forcibly decomposes each point
value of the time series into multiple points and uses each point to learn network structure.
Even if a sparse structure is added, it will inevitably fall into overfitting. Meanwhile, the
decomposition process of SAE for a single point value is less interpretable (Fig. 1b). Secondly,
most of the existing methods cannot effectively use the local temporal features of the original
time series. Most of them may only focus on extracting a certain aspect of the whole time
series. For example, wavelet transform [18] only focuses on the global frequency and time
domain information of the time series, but ignores the trend, state, and especially local feature
representation of the time series. In practice, local temporal features are important.

To overcome the limitation of the FCM-based predictor mentioned above, we propose
a novel framework, which is based on long short-term memory (LSTM) and high-order
FCMs (HFCM)with attentionmechanism (AM).The framework is termedLSTM-HFCMAM.
Existing methods based on FCM and autoencoder decompose individual time points, as
illustrated in Fig. 1b. The rationale behind this approach (SAE-HFCM) is being questioned,
as it fails to capture the trends and seasonality in the time series, thus unable to extract
relationships between preceding and succeeding time points. Despite exhibiting good fitting
performance for individual nodes, predictive performance on the test set is significantly
diminished. To alleviate this overfitting phenomenon, as shown in Fig. 1a,we employ a sliding
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Fig. 1 Comparison of algorithm flowchart. a Our proposed method and b SAE-HFCM

window to partition the entire time series into contiguous sequence fragments. Compared
to decomposing individual time point, the sliding window approach can to some extent
preserve the integrity of temporal features. This facilitates subsequent feature extraction and
enhances predictive performance on the test set. Subsequently, we utilize LSTM to extract
local temporal features from these segments. This way of characteristic representation makes
the model preserve local temporal and has better interpretability. Then, HFCM is applied
to predict representations of time series due to its ability to mine hidden information and
powerful causal inference ability. Since we use the sliding window segmentation sequence as
input, the predicted slidingwindowdata T ′

i is obtained after the Encoder-Decoder framework.
Then we need to restore the sliding window data to the actual predicted value. The restore
process is shown in Fig. 1a, Pi is a vector composed of different Xi components, and we
need to fit the prediction target value from Pi. We average each value of Pi vector or use
Multi-layer Perceptron (MLP) to fit the results, but the performance is still not satisfactory.
Since the restore process is sensitive to the contribution of this segment to the target value,
and the position of this segment is constantly changing, how to restore the window sequence
predicted by HFCM reasonably becomes the key to the problem.

Since the self-attention mechanism pays more attention to the importance degree inside
the sequence and ignores the influence of position, we innovatively apply the self-attention
mechanism to restore the predicted value of the corresponding position of the sliding window
with focus. When the time series is non-stationary, complex, rapid, and changeable, the
abovemechanism has better generalization and interpretability in the actual prediction, which
improves the prediction accuracy and effectively overcomes the first limitation. The Encoder-
Decoder framework has been proven to be effective in feature extraction [22] and can extract
meaningful representations in the process of decomposition and reconstruction, not limited
to a single aspect. We add LSTM into the Encoder-Decoder framework to learn all sequence
fragments. By utilizing the structural features of LSTM gates, we can effectively learn the
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local temporal features of the whole time series, which overcomes the second limitation
mentioned above. The main contributions of this work can be summarized as follows:

1. Innovatively apply the self-attention mechanism to the FCM-based model. The slid-
ing window and self-attention mechanism are used to divide the original time series
and restore the predicted results with focus, which effectively preserves local temporal,
increases interpretability, and improves the accuracy of the model prediction.

2. We pay attention to the impact of local information of the original time series on the
FCM-based prediction model and use the structure of LSTM gates to mine local temporal
features of the original time series, thereby further improving the prediction accuracy of
the model.

3. We validate the performance of LSTM-HFCMAM with current methods on twelve bench-
mark datasets. The experimental results prove the effectiveness of LSTM-HFCMAM on
large-scale and non-stationary time series, which effectively overcomes the above limita-
tions.Meanwhile, we also verify the influence of LSTMand the self-attentionmechanism
on the prediction accuracy of the model.

The remainder of this paper is organized as follows. Section 2 presents the related work
and the basic knowledge related to LSTM-HFCMAM. Section 3 introduces the details of
LSTM-HFCMAM. Section 4 compares LSTM-HFCMAM with state-of-the-art methods and
discusses the experimental results. Section 5 concludes the work in this paper.

2 RelatedWork

In this section, we introduce the basic knowledge of FCM, LSTM, and the self-attention
mechanism. The related work about the FCM-based time series prediction methods is given.
For convenience, the symbols employed in this paper are described in Table 1.

2.1 Fuzzy Cognitive Maps

An FCM is a graph structure composed of concept nodes and directed weighted edges that
represent the relationship between concept nodes [2]. An FCM consists of Nc concept nodes
whose state values are denoted as vector C:

C= [C1,C2,C3,...,CNc ] (1)

Each node has a state value of [0, 1] (or [−1, 1]). The state value represents the degree of
activation of each node. The directed edge between the concept nodes represents the causal
relationship from the start node to the target node. The relationship between nodes can be
expressed as an Nc × Nc weight matrix W :

W=

⎡
⎢⎢⎢⎣

w11 w12 ... w1Nc

w21 w22 ... w2Nc

...
...

...
...

wNc1 wNc2 · · · wNcNc

⎤
⎥⎥⎥⎦ (2)

where the value range of wij is [−1, 1], i, j = 1, 2, 3, …, N . wij represents the relationship
from the j-th node pointing to the i-th node.

Figure 2a shows the topology of an FCM with 5 concept nodes, and the corresponding
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Table 1 The symbols used in this paper

Parameters Definition

X The training data of the original time series;

N The length of training data;

L The length of the sliding window;

T The data is processed after the sliding window;

D The number of units in the LSTM layer;

hi The hidden states of LSTM at the time step i;

Wenc All the weights of LSTM in the encoder;

Wdec All the weights of LSTM in the decoder;

denc All the bias of LSTM in encoder;

ddec All the bias of LSTM in the decoder;

M Features sequences generated from the Encoder-Decoder framework;

W The weight matrix of HFCM;

Nc The number of nodes in HFCM(Nc = D);

k The order of HFCM;

C The output of HFCM;

2 The regularization parameter;

T ′ The predicted window sequence;

P The input vector of the self-attention mechanism;

WQ The weights that correspond to the query;

WK The weights that correspond to the key;

WV The weights that correspond to the value;

A The attention matrix;

X̂ The prediction sequence of the LSTM-HFCMAM framework;

0 -0.35 0 0 0.54

0 0 0.98 0 0

0 0 0 0.5 0

0.78 0 0 0 0

0 0 0 0 0.25

��
�� � ��
��� �
��
��
�� �	

W

(a) (b)

Fig. 2 An example FCM with 5 concept nodes. a Topological structure. b weight matrix
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weight matrix is shown in Fig. 2b. For example, w15 = 0.54 denotes that node 5 has a
promoting effect on node 1. w45 = 0 means that there is no interaction between nodes 4 and
5. w55 = 0.25 indicates node 5 has positive feedback on itself. The state vector C(t + 1) at
the (t + 1)-th iteration is determined by the t-th iteration vector C(t) and the weight matrix
W of FCM, and its dynamic process can be expressed as:

Ci (t + 1) = f

⎛
⎝

Nc∑
j=1

wi jC j (t)

⎞
⎠ (3)

where Ci(t) is the activation level of node i at the t-th iteration, and f (•) is a transfer function
that is used to bound the activation degree to the range of [-1, 1]. The transfer function is
defined as follows:

f (x) = tanh(x) = ex − e−x

ex + e−x
(4)

In the traditional FCMs, the state value of each concept node at the (t + 1)-th iteration is
only affected by the previous iteration. A k–order HFCM [18] utilizes information from the
previous k iteration and can be expressed as:

Ci (t + 1) = f (
N∑
j=1

w1
i jC j (t) + w2

i jC j (t − 1) + · · · + wk
i jC j (t − k + 1) + b) (5)

where wk
i j is the weight between nodes pointing from j-th node to i-th node at time step t-k

+ 1, and b is the constant bias.

2.2 LSTM.

The LSTM network is a special RNN [23]. Different from the common RNN structure,
LSTM treats the hidden layer as a memory unit, which can obtain the long-term and short-
term features of the sequence. The structure of the memory unit is shown in Fig. 3.

There are three gate structures in memory, which are input gate, the forget gate, and the
output gate. The function of an input gate is to filter Xt inputs and bring more important

Fig. 3 The memory unit of LSTM

123



Time Series Prediction Based on LSTM and High-Order Fuzzy… Page 7 of 26 237

information into the structure. The function of the forgetting gate is to select the output state
Ct-1 of the previous node, which simply means to forget the unimportant information and
remember the important ones. The output gate is used to control the output of the current
memory unit. Two transfer functions, tanh, and sigmoid, are used in the LSTMmemory unit,
as shown in Eqs. (4) and (6).

σ(x) = sigmoid(x) = 1

1 + e−x
(6)

In Fig. 3, the three gates in the memory unit work as follows. The working process of the
forget gate is shown in Eq. (7).

ft = σ(W f [ht−1, Xt ] + b f ) (7)

whereXt represents the state of the input, and ht-1 represents the short-termmemory generated
by the previous memory unit of LSTM.Wf represents a coefficient matrix of the forget gate.
bf is the constant bias and f t is the output of the forget gate. The principle of the input gate
is expressed as

it = σ(Wi [ht−1, xt ] + bi ) (8)

C̃t = tanh(Wi [ht−1, xt ] + bi ) (9)

Ct = ft × Ct−1 + it × C̃t (10)

where C̃t is a candidate vector for the update, and Ct is the new state of long-term memory.
The output gate finally outputs the new state ht , and the process is shown in Eqs. (11) and
(12).

ot = σ(Wo[ht−1, xt ] + bo) (11)

ht = ot × tanh(Ct ) (12)

where Ot is the switch of the output gate in the current state. Through the gate structure of
LSTM, we can use the LSTM to obtain the temporal features of the time series.

2.3 Self-Attention

Self-attention mechanism has been successfully applied in natural language processing [24,
25], and has also shown great power in sequential modeling [26]. Self-attention is a special
attention mechanism, which can find relationships within sequences without relying on the
Encoder-Decoder framework.

The details of self-attention mechanism are shown in Fig. 4, and the calculation process
is similar to that in a database query operation, where the query statement is used to find the
value that matches the key. Query (Q), key (K), and value (V) can be obtained by Eqs. (13),
(14), and (15), where WQ, WK , andWV are matrices that need to be optimized.

Q = Xatt · WQ (13)

K = Xatt · WK (14)

V = Xatt · WV (15)
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Fig. 4 Schematic diagram of self-attention

The degree of correlation between the vectors in self-attention is achieved through the
following steps. Firstly, the similarity between query (Q) and key (K) is calculated by dot
multiplication.After scaling the result, theweight of the self-attentionmechanism is obtained,
and then the final output of the self-attentionmechanism is obtained bymultiplying theweight
by value (V). The whole process is shown in Eq. (16)

Attention(Q, K , V ) = softmax(
Q · KT

√
dk

) · V (16)

where
√
dk is the scaling factor. The essence of self-attention mechanism is to calculate the

correlation in a sequence and find out the parts of the sequence that deserve more attention.

2.4 RelatedWork to Time Series Prediction Based on FCM

In this section, we summarize the existing FCM-based methods for time series prediction
and the limitations of these methods. Most FCM-based methods have similar frameworks.
Firstly, the univariate time series is transformed into fuzzy time series by feature extraction.

123



Time Series Prediction Based on LSTM and High-Order Fuzzy… Page 9 of 26 237

Then, the fuzzy time series is used to model FCMs. Finally, the value at t + 1 is predicted
by combining the output of FCMs and the output of the predictor.

Stach et al. [16] first proposed a prediction algorithm based on granular FCMs, in which
the time series was transformed into granular time series, and then the granular time series
was used to learn FCMs. This method can predict at both numerical and linguistic levels.
The models Pedrycz et al. in [27, 28] are similar to [16]. This type of model represents the
original sequence as a granular time series by using fuzzy clustering method. Then, FCM
was developed from granular time series. These methods can capture the essential temporal
features and have strong interpretability, but the accuracy of prediction is low. In addition,
in these methods, feature extraction and FCM construction are optimized separately. The
optimal solution for each part may not be the optimal solution for the whole model.

Other typical FCM-based time series prediction models include: Song et al. [29] proposed
a method to combine the FCMs with automatically determined membership function, and
used the fuzzy neural network to improve the learning ability of FCMs. Froelich et al. [30]
designed a time series method based on evolutionary algorithm and FCM, and applied it to
the prostate cancer problem. Salmeron et al. [31] proposed an algorithm of dynamic learning
fuzzy cognitive map for time series prediction, which could select concepts before each
prediction. Papageorgiou et al. [32] proposed a two-stage prediction method based on ANN
and FCMs. These methods have made great progress in time series prediction, but their
accuracy is far from satisfactory.

In recent years, with the focus on HFCM, prediction accuracy has been greatly improved.
Yang et al. [18] proposed a method combining wavelet transform and HFCM. The wavelet
method is used to extract the features of the original sequence, which greatly improves the
prediction performance. Subsequently, Yuan et al. [19] proposed a time series prediction
algorithm based on kernel mapping and HFCM, and used kernel mapping to select features
of time series. Mohammadi et al. [8] used empirical wavelet transform and HFCM for time
series prediction. Liu et al. [20] proposed a robust time series prediction algorithm based on
EMD andHFCM.Xia et al. [35] utilized variational mode decomposition (VMD) andHFCM
to achieve short-term accurate PV generation forecasting. Hu et al. [36] proposed a novel
method that integrates VMD, SAE, and FCM and applies it to wind speed forecasting. Wu
et al. [21] proposed a prediction algorithm based on SAE and HFCM, using SAE to extract
the latent features of time series.

Although the prediction accuracy of methods in [18, 20] has been improved, feature
extraction relies on traditional signal processingmethods and only focuses on a certain aspect
of the time series. The method in [21] used a machine learning algorithm to effectively mine
potential features, but due to unreasonable feature decomposition, the method is prone to
overfitting.Meanwhile,most of the abovemethods do not consider the local temporal features
of time series. To solve these problems, we propose a framework of LSTM-HFCMAM in this
paper.

3 LSTM-HFCMAM

3.1 Overall Process

In this section, we introduce the details of the proposed LSTM-HFCMAM. We divide the
framework into three parts: feature extraction by LSTM, modeling and prediction by HFCM,
and restoring data by self-attention, as shown in Fig. 5. The original time series can be

123



237 Page 10 of 26 Y. Teng et al.

Fig. 5 The process of time series prediction by LSTM-HFCMAM

expressed as X = {x1, x2,..., xN}, where N is the total length of the original time series.
After processing in the sliding window, the data can be expressed as T ∈ R(N−L+1)L , where
L is the length of the sliding window. First, we take T as the input and the target to train
the Encoder-Decoder framework with LSTM, where the number of units in the LSTM layer
is D. Through the Encoder-Decoder framework, we can get the features M ∈ R(N−L+1)×D

from the original time series. Then, we use featuresM to learn the weightsW of HFCM and
get the final output C of HFCM. Next, we input C into the decoder to obtain the predicted
window sequence T ′, which corresponds to T. Finally, we use the self-attention mechanism
to restore the window sequences T ′ with focus to obtain the final predicted value. The details
of LSTM-HFCMAM are shown in the following subsections.

3.2 Local Temporal Feature Extraction by Encoder-Decoder Framework with LSTM

In this subsection, we apply Encoder-Decoder framework with LSTM to extract the local
temporal features of the original time series X , which can extract the hidden features of
the original information in the process of making the output equal to the input. Due to the
sensitivity of LSTM gate structure to temporal features, the Encoder-Decoder framework is
combined with the LSTM. To avoid model overfitting, we decompose the original sequence
X by the sliding window to get T ∈ R(N−L+1)L , and then take T as the input of LSTM cell
in the encoder. The output of LSTM in the encoder is

hE
i = LSTMenc(h

E
i−1, Ti ;Wenc, benc) (17)

To facilitate the description of the model, the principle of LSTM is simplified as LSTM(·)
in Eq. (17), where hE

i denotes the hidden states at the time step i, i = 1, 2, …, L; LSTMenc

denotes LSTM cells that extract temporal sequence features.Wenc and benc denote the LSTM
weight matrix and bias in the encoder. When we give the number of unitsD in the LSTM, we
input a sequence of length L into the encoder, and get hE

i with dimensionD. Therefore, when
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we input N−L + 1 sequences into the encoder, we can obtain a matrix M ∈ R(N−L+1)×D

composed of feature sequences.
During thedecodingprocess, featuresM is input into the decoderwithLSTMto reconstruct

the window sequence T. The output formula of the decoding process is shown as follows:

hD
i = LSTMdec(h

D
i−1, Mi ;Wdec, bdec) (18)

where hD
i denotes the hidden states of LSTM in the decoder. Corresponding to the structure

in the encoder, the LSTMdec reconstructs feature M to obtain T̂ . To optimize these weights
and biases, the mean square error used as the cost function is shown in Eq. (19),

L(Wlstm, blstm)= 1

N − L + 1

N−L+1∑
s=1

T̂s − T 2
s (19)

whereWlstm and blstm represent all weights and biases in the Encoder-Decoder framework.
We use adaptive moment estimation (Adam) [33] optimization technique to minimize L(·).
The output M of the hidden layer is extracted by LSTM to represent the local temporal
features of the input data.

3.3 Modeling Features by HFCM

After the Encoder-Decoder framework with LSTM, we can obtain local temporal featuresM
from the original time series. Then, we used the powerful causal inference ability of HFCM
as a predictor and used featuresM to model HFCM.M is composed of D components, each
of which corresponds to a concept node in HFCM. The state values of concept nodes update
can be denoted by Eq. (5). which is nonlinear and can be obtained by linear transformation
as follows:

f −1(Ci (t + 1)) =
Nc∑
j=1

(w1
i jC j (t) + w2

i jC j (t − 1) + · · · + wk
i jC j (t − k + 1) + b) (20)

where Nc is the concept node number, k is the order of HFCM, and f −1(·) is the inverse
function of the transfer function f (·) in (4). Equation (20) can be written as follows:

Fi = CWi (21)

whereFi is a vector consistingof f −1(Ci (t + 1)) at different iteration,C is amatrix composed
of the state vectors of all nodes in different iterations, andWi is the weight vector between the
i-th node and all nodes. Take the 2-order HFCM as an example. The variables are expressed
as follows:

Fi =

⎡
⎢⎢⎢⎣

f −1(Ci (3))
f −1(Ci (4))

...

f −1(Ci (N ))

⎤
⎥⎥⎥⎦ (22)
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C =

⎡
⎢⎢⎢⎣

C1(2) C1(1) C2(2) C2(1) · · · CNc (2) CNc (1) 1
C1(3) C1(2) C2(3) C2(2) · · · CNc (3) CNc (2) 1

...
...

...
...

. . .
...

...
...

C1(N − 1) C1(N − 2) C2(N − 1) C2(N − 2) · · · CNc (N − 1) CNc (N − 2) 1

⎤
⎥⎥⎥⎦

(23)

WT
i = [w1

i1, w
2
i1, w

1
i2, w

2
i2, ..., w

1
i Nc

, w2
i Nc

, wi0] (24)

Yang et al. [18] applied ridge regression to optimize HFCM and achieved good perfor-
mance while avoiding the problem of model overfitting. Local connections for each node are
optimized as follows:

min{ 1

2N
||Fi − CWi ||22 + ε||Wi ||2} ε > 0 (25)

where ε is the regularization parameter.
Wu et al. [12, 34] proposed that the process of learning FCMmatrix could be decomposed

into optimizing the weight vectors of each concept point, and finally, all the weight vectors
could be combined. The i-th node can get its corresponding weight vector Wi ∈ RNc×k+1

by optimizing (20). Repeat this process for all Nc nodes to produce the weight matrix
W ∈ RNc×(Nc×k+1) of HFCM, and we can obtain the output C of HFCM.

Algorithm 1 Training of the LSTM-HFCMAM model

3.4 Restore theWindow Sequence by Self-attention

In the previous step, features M is used to model HFCM, and the output C of HFCM is
obtained. In this subsection, we need to restore the predicted stateC to achieve the purpose of
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the original time series prediction.We inputC into the decoder to obtain the predictedwindow
sequence T ′. The corresponding relationship between the predicted T ′ and the original time
series X is shown in Fig. 1. Since the restore process is sensitive to the contribution of this
segment to the target value, and the position of this segment is constantly changing, we chose
the self-attention mechanism to reconstruct the predicted value.

We can divide T ′ according to the window length into the vector Pi shown in Fig. 1. First,
we take Pi as input Xatt in Eqs. (13), (14), and (15). After randomly initializing WQ, WK ,
andWV , we can get Q, K , and V . Then, we get the attention matrix A according to Eq. (16).
Finally, the output result of the attention mechanism is shown as follows:

X̂i = Pi A (26)

OptimizeWQ,WK , andWV by minimizing the loss function, which is defined as follows:

Loss =
N∑
i=1

(X − X̂)2 (27)

where X̂ is the final output of the LSTM-HFCMAM. The detailed steps of the training phase
are shown in Algorithm 1.

4 Experiments and Discussion

In this section, we compare the LSTM-HFCMAM with state-of-the-art methods on twelve
benchmark datasets to demonstrate its performance. Then, we validate and analyze the effects
of LSTM, the self-attention mechanism, and hyper-parameters on the framework. The source
code and dataset are available at https://github.com/IngeTeng/LSTM-HFCM_AM.

4.1 Data Sets and Experiment Setup

We use twelve benchmark datasets with different characteristics to demonstrate the effective-
ness of LSTM-HFCMAM. Datasets I-X are the same as those used by these methods [18–21].
We added datasets XI and XII to verify the performance of LSTM-HFCMAM on large-scale
datasets. The description of these datasets is shown in Table 2. For ease of comparison, the
division of the dataset is consistent with [18]-[21], as shown in Table 3. In this experiment,
the MG time series dataset is obtained by solving (28) using the fourth-order Runge–Kutta
algorithm.

ẋ(t) = 0.2 × (t − τ)

1 + x10(t − τ)
− 0.1 × (t) (28)

where the initial condition x(0) is set to 1.2 and τ is set to 17. The transfer function of HFCM
is tanh, which can map the value into the interval of [−1, 1]. Thus, we can use the following
equation to map the training and test set values to [−1, 1], respectively.

x = x − xmin

xmax − xmin
(xh − xl) + xl (29)

where xmax and xmin represent the maximum and minimum values of the original time series,
and xh and xl represent the maximum and minimum values of the normalized range.
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Table 2 The descriptions of twelve benchmarks in this paper

ID Dataset Description

I Sunspot [37] From 1700 to 1987, the annual number of
sunspots, with a total of 288 records;

II MG [38] By using the fourth-order Runge–Kutta
algorithm to solve formula (28), a total of
1000 points of data from t = 124 to t = 1123
are obtained

III Dow-Jones [39] From Aug. 1968 to Aug. 1981, the monthly
closing of the Dow-Jones industrial index,
with a total of 291 records;

IV S&P500 [40] from Jun. 1, 2016, to Jun. 1, 2017, the daily
open price of S&P 500 stock index, with a
total of 251 records;

V Radio [41] From May. 1934 to Apr. 1954, the highest
radio frequencies available for broadcast in
Washington, D.C., containing a total of 240
records;

VI Lake [42] From 1921 to 1970, monthly Lake Erie level,
containing 600 records;

VII TNX From Jan. 1962 to Sept. 2019, the monthly
Treasury yield 10 year time series, a total of
694 records;

VIII RUT From Sept. 2016 to Sept. 2019, the weekly
Russell 2000 time series, a total of 753
records;

IX N225 From Jan. 1965 to Sept. 2019, the monthly
Nikkei 225 time series, a total of 657 records;

X Istanbul stock Records the daily returns of the Istanbul stock
exchange national 100 index from Jun. 5.
2009, to Feb. 22, 2011, totaling 536 records;

XI ACEG [43] From Jan. 1 to Jan. 31, 2020, the total actual
consumption of electricity from the German
grid, a total of 2976 records;

XII PGEM [44] From Jan. 1 to Jan. 31, 2020, the day-ahead
prices of the German electricity market, a
total of 1440 records;

The root means square error (RMSE) is used to evaluate the performance of the prediction
model and is defined as follows:

RMSE =
√√√√ 1

N

N∑
n=1

(xn − x̂n)2 (30)

where xn and x̂n represent the original time series and predicted time series, and N is the
length of time series.

In our experiment, we compare LSTM-HFCMAM with the FCM-based method [18]-
[21], the classical neural network method [23, 45], and the traditional time series prediction
method [47–49]. Hyper-parameters play an important role in classical neural network, and
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Table 3 Size division of each dataset

Dataset Total length Training Validation Test

Sunspot 288 177 44 67

MG 1000 400 100 500

Dow-Jones 291 175 43 73

S&P500 251 120 30 101

Radio 240 184 36 20

Lake 600 368 92 140

TNX 694 388 97 209

RUT 753 422 105 226

N225 657 368 91 198

Istanbul stock 536 343 85 108

ACEG 2976 1667 417 892

PGEM 1440 806 202 432

determining the appropriate hyper-parameters is a challenging task. We apply grid search in
LSTM,GRU, andCNN to determine the appropriate hyper-parameters. Themainly considers
hyper-parameters include the number of layers, the length of the input, and the number of
neurons in the hidden layer. The number of layers is selected from [1, 3]. The length of the
input is selected from {5, 10, 20, 40}. The number of neurons is selected from {10, 20, 40,
60}. In the process of training LSTM, GRU, and CNN models, the maximum number of
epochs is set to 1000.

4.2 Comparison of LSTM-HFCMAM with Other Methods

In this subsection, we validate the performance of LSTM-HFCMAM on benchmark datasets,
and the original and the predicted time series by LSTM-HFCMAM are shown in Fig. 6. The
red lines represent the original time series, and the blue ones represent the predicted time
series. According to Fig. 6, it can be seen that the predictive ability of LSTM-HFCMAM is
excellent. To numerically evaluate the predictive performance of our proposed framework,
LSTM-HFCMAM is compared SAE-HFCM [21], EMD-HFCM [20], Wavelet-HFCM [18],
LSTM [23], GRU [45], CNN, ANFIS [46], MAR [47], AR [48], and ANN [49] in terms
of RMSE. From Table 4, our method shows an improvement of about 50% over state-of-art
results in 7 out of 12 cases.

The optimal parameters of LSTM-HFCMAM on each dataset are given in Table 5 and
the RMSE of LSTM-HFCMAM on different subsets are given in Table 6. From Table 4,
LSTM-HFCMAM outperforms the other methods in 10 out of 12 cases. SAE-HFCM innova-
tively combines Autoencoder with FCM, and shows very good performance. Compared with
SAE-HFCM, our proposed framework outperforms it in 11 out of 12 cases. It can be seen
that on large-scale dataset ACEG, LSTM-HFCMAM performs significantly better than other
algorithms. Although our proposed framework does not perform as well as SAE-HFCM on
the MG time series, the gap between the two is relatively small, with an RMSE difference
of only 0.0003. Datasets similar to MG, such as Sunspot, Radio, and Lake, Istanbul stock,
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Fig. 6 Original time series and predicted time series by LSTM-HFCMAM of a Sunspot, bMG, c Dow-Jones,
d S&P 500 index, e Radio, f Lake, g TNX, h RUT, i N225, j Istanbul stock, k ACEG, and l PGEM
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Fig. 6 continued

ACEG, PGEM, all exhibit strong local periodic features. Our method demonstrates signifi-
cant performance across these datasets. However, the S&P 500 dataset lacks distinct periodic
features, resulting in the slightly weaker performance of our method on it.

Compared to classical neural network algorithms (i.e., LSTM, GRU, CNN), our proposed
method demonstrates superior performance. This is because LSTM-HFCMAM combines
neural networks with FCM, where FCM exhibits strong capabilities in modeling complex
systems. LSTM-HFCMAM is not only for time series prediction; it can also model complex
systems that generate time series, facilitating predictions of the system’s next state. Therefore,
our proposed method combines the advantages of neural networks and FCM, and the specific
roles of each component can be validated through subsequent ablation experiments.

To verify that our method effectively alleviates overfitting issues, we compared the RMSE
of LSTM-HFCMAM and SAE-HFCM on both training and testing sets across two group
datasets. In Fig. 7, SAE-HFCM demonstrates testing errors greater than training errors on
both group datasets, indicating a clear overfitting problem. Particularly noteworthy is the
significant disparity observed in the Lake and Radio datasets, indicating a limitation in the
generalization capability of SAE-HFCM. In Fig. 7, in comparison, our proposed method
(LSTM-HFCMAM) demonstrates testing errors smaller than training errors on the majority
of datasets, with only the RUT and Sunspot datasets being exceptions. However, the perfor-
mance metrics on these two datasets are significantly superior to those of SAE-HFCM. This
demonstrates that our algorithm effectively mitigated overfitting issues.

To validate the effect of LSTM on our proposed framework, AE-HFCMAM is used as a
control experiment. To control variables, the sliding window and self-attention mechanism
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Table 5 Optimal parameters of LSTM-HFCMAM on each dataset

Dataset L Nc k ε

Sunspot 4 6 5 1e-09

MG 6 6 4 1e-12

Dow-Jones 6 6 4 1e-18

S&P500 2 10 4 1e-05

Radio 4 8 5 1e-05

Lake 4 4 5 1e-16

TNX 8 8 5 1e-07

RUT 4 5 6 1e-13

N225 4 4 12 1e-05

Istanbul stock 2 10 6 1e-05

ACEG 2 30 4 1e-07

PGEM 2 10 4 1e-13

Table 6 RMSE of
LSTM-HFCMAM on different
subsets

Dataset Training Validation Test

Sunspot 5.813 6.621 10.071

MG 0.0013 0.0014 0.0012

Dow-Jones 13.583 11.645 11.873

S&P500 8.513 8.207 10.642

Radio 0.331 0.418 0.240

Lake 0.172 0.231 0.128

TNX 0.179 0.134 0.166

RUT 6.296 7.477 9.442

N225 548.104 586.868 474.408

Istanbul stock 0.0016 0.0027 0.0009

ACEG 39.412 42.980 46.226

PGEM 1.808 1.850 2.417

in AE-HFCMAM are not changed. From Table 4, the performance of AE-HFCMAM is infe-
rior to LSTM-HFCMAM to varying degrees on all datasets. Therefore, it can be concluded
that adding LSTM into the time series feature extraction can effectively improve prediction
accuracy. AE-HFCMAM performs better than SAE-HFCM in 10 of 12 cases and performs
the same in Istanbul stock data. It can be seen from the result that the sliding window and
self-attention mechanism in our proposed framework play an important role in improving
the prediction accuracy of the model. In the following part, we discuss the effect of the
self-attention mechanism on the framework.
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Fig. 7 Comparison of LSTM-HFCMAM and SAE-HFCM on RMSE

4.3 Effects of Self-Attention on LSTM-HFCMAM

In this section, we discuss the effect of the self-attention mechanism on our proposed frame-
work. We used the method of averaging the values in vector Pi in Fig. 1 or the method of
MLP fitting the final result to restore the window sequence, but the results were not sat-
isfactory. We divide the numerically similar datasets into two groups to experiment with
the self-attention mechanism, MLP, and averaging method. It is worth noting that, in the
comparison, we replaced the self-attention mechanism in the LSTM-HFCMAM framework
with MLP and averaging methods for the purpose of ablation experiments, to validate the
effectiveness of self-attention. The results are shown in Fig. 8, in which the bar chart rep-
resents the mean value of 30 experiments on the dataset, and the error bar in red represents
the standard deviation. From the error bar in Fig. 8, although the averaging method used in
the LSTM-HFCM framework performs better on some datasets, it is sensitive to predicting
outliers, which leads to discrete predictions and poor robustness.

The time series predicted by the self-attention mechanism and the MLP are compared
on four datasets including Sunspot, Radio, Lake, and Istanbul stock, as shown in Fig. 9. We
find that the time series predicted by the MLP differs greatly from the real value in the peak

Fig. 8 RMSE versus different data restoration methods throughout the two groups of datasets

123



Time Series Prediction Based on LSTM and High-Order Fuzzy… Page 21 of 26 237

Fig. 9 The original time series, the time series predicted by the self-attention and the time series predicted by
the MLP are on four datasets including a Sunspot, b Radio, c Lake, and d Istanbul stock

and trough position, which may be caused by the continuous change of the position of the
important value in the sliding window, leading to the attenuation of the important value. The
MLP does not pay attention to the relationship between the current value and other values
in the vector during the process of restoring the window sequence. It can also be seen from
Fig. 9 thatMLP has high robustness, but the prediction results are not satisfactory. In contrast,
the self-attention mechanism is most suitable for the framework we proposed to restore the
window sequence, which has low RMSE and acceptable robustness.

4.4 Effects of Hyper-Parameters on LSTM-HFCMAM

In this section, we analyze the effects of three hyper-parameters on our proposed framework.
The details are given as follows.

1. Effect of Nc and k on LSTM-HFCMAM: We take Sunspot and RUT time series as exam-
ples to study the influence of Nc and k on the prediction accuracy of the proposed
framework. Figure 10 shows RMSE versus Nc throughout these two datasets. It can be
seen from Fig. 10a − f that the prediction accuracy of LSTM-HFCMAM is highly sen-
sitive to the selection of the number of nodes Nc. For the Sunspot time series, when the
value of Nc is 6, the RMSE of prediction is minimized in different order k of HFCM.
We can observe from the Sunspot time series that when the order k of HFCM is 4 or
5, the RMSE of the LSTM-HFCMAM is lower. RMSE does not change regularly with
the increase of order k. A similar situation can be observed in the RUT time series. The
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specific difference is that for the RUT time series with varying orders, the optimal Nc

is 5. Therefore, we can see that Nc has a great impact on the performance of LSTM-
HFCMAM. Before further detailed parameter optimization, we can set Nc to 5 or 6 as the
default value.

2. Effect of L on LSTM-HFCMAM: To keep consistent with the above experiments, the
Sunspot and RUT time series are still used for the experiment. Before verifying the effect
of L, we select the best parameters in Table 5 to fix the other parameters except for L.
It can be seen from Fig. 11 that L has a great effect on the prediction performance of
LSTM-HFCMAM. In Fig. 11a, when L is small, even though the RMSE on the training
set is the smallest, the performance on the test set is very poor, and the model falls
into overfitting, leading to poor prediction accuracy. When L is too small, the prediction
accuracy difference between the training set and test set is too large. With the increase of
L, the problem of overfitting is alleviated. When L exceeds the optimal value, the overall
prediction accuracy of the model will gradually decrease. Therefore, L has an important
influence on avoiding model overfitting and improving prediction accuracy.

5 Conclusions

In this work, we propose a time series prediction framework based on LSTM, HFCM, and
self-attentionmechanism. First, the sliding window and self-attentionmechanism are applied
to our framework. They can divide the original time series and restore the predicted results
with focus, which effectively preserves local timing, increases interpretability, and improves
the accuracy of the model prediction. Second, LSTM is added to the framework to learn
the local temporal features. We use the representation and reasoning ability of the Encoder-
decoder framework and HFCM, combined with the time series mining ability of LSTM, to
achieve high-precision prediction.

In this work, the prediction framework is described in detail and its performance is ver-
ified by experiments. The experimental results show that LSTM-HFCMAM can effectively
improve prediction accuracy and overcome the two limitations of the existing methods.
Through experiments, we verify that LSTM and self-attention mechanism can improve the
overall prediction accuracy of the framework. We analyze the effect of hyper-parameters
on the prediction results and conclude that Nc and L have a great effect on the prediction
performance. Although our proposed framework overcomes some limitations of existing
methods, it is currently only applied to univariate time series and supports only single-step
prediction. Our future work will focus on applying the framework to multivariate time series
and enabling multi-step or long-term prediction.
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Fig. 10 RMSE versus varying number of nodes Nc of LSTM-HFCMAM with a k = 2, b k = 3, c k = 4, d k =
5, e k = 6, and f k = 7

123



237 Page 24 of 26 Y. Teng et al.

Fig. 11 The RMSE of LSTM-HFCMAM for varying sliding window length L is compared on the two datasets
including a Sunspot and b RUT
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