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Non-equilibrium steady states are a focal point of research in the study of open quantum sys-
tems. Previous variational algorithms for searching these steady states have suffered from resource-
intensive implementations due to vectorization or purification of the system density matrix, requiring
large qubit resources and long-range coupling. In this work, we present a novel variational quantum
algorithm that efficiently searches for non-equilibrium steady states by simulating the operator-sum
form of the Lindblad equation. By introducing the technique of random measurement, we are able to
estimate the nonlinear cost function while reducing the required qubit resources by half compared to
previous methods. Additionally, we prove the existence of the parameter shift rule in our variational
algorithm, enabling efficient updates of circuit parameters using gradient-based classical algorithms.
To demonstrate the performance of our algorithm, we conduct simulations for dissipative quantum
transverse Ising and Heisenberg models, achieving highly accurate results. Our approach offers a
promising solution for effectively addressing non-equilibrium steady state problems while overcoming

computational limitations and implementation challenges.

I. INTRODUCTION

Unlike ideal closed quantum systems, realistic quan-
tum systems are inevitably coupled to the environment
during their evolution, resulting in dissipation. These
quantum systems are referred to as open quantum sys-
tems. The evolution of an open system cannot be de-
scribed solely by the Schrédinger equation. Instead, it
is usually described by the Lindblad master equation [I],
assuming a memoryless environment where the correla-
tion time of the environment is negligible compared to
the characteristic timescale of system-environment inter-
actions. A significant task in the study of open quantum
systems is to search for the non-equilibrium steady states,
which represent solutions to the Lindblad master equa-
tion. Non-equilibrium steady states have been exten-
sively studied in statistical mechanics [2, [3], biology [4],
and even quantum information processing tasks [5 6] due
to their special transport properties. In quantum compu-
tation, dissipation engineering allows the preparation of
graph states, which serve as resources for measurement-
based quantum computation [5].

In the literature, various classical algorithms have been
developed to search for non-equilibrium steady states.
These include matrix product state and tensor network
schemes [7), ], real-space renormalization approaches [9],
and cluster mean-field approaches [I0]. For Hamiltonian
systems, quantum Monte Carlo methods have been em-
ployed to stochastically sample system properties. Two
promising approaches in this regard are versatile pro-
jector Monte Carlo techniques [II] and the variational
Monte Carlo method [I2]. The latter can also be com-
bined with neural network ansatz [13].

Simulating large quantum systems using classical al-
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gorithms is challenging due to computational limita-
tions. Quantum algorithms face implementation difficul-
ties as well, mainly related to integrating a large num-
ber of qubits and mitigating decoherence effects. In con-
trast, hybrid quantum-classical algorithms, which only
require shallow circuits without error correction, can be
easily implemented on current noisy intermediate-scale
quantum (NISQ) devices [14]. Variational quantum al-
gorithms, an important subclass of hybrid quantum-
classical algorithms, transform problems into circuit pa-
rameter optimization and updates, showing advantages
in quantum chemistry [I5] and combinatorial optimiza-
tion [16].

Recently, some variational quantum algorithms for
searching non-equilibrium steady states was proposed
[T7, 18]. One way is to consider the vectorization form
of the Lindblad master equation [I7], where the den-
sity matrix of the open system is vectorized, and the
system’s evolution can be described by a single matrix
called the Lindbladian, analogous to the Hamiltonian in
the Schrédinger equation. The other way is purifying the
open system with environment [I8]. By constructing ap-
propriate cost functions, the steady state can be obtained
using a process similar to the variational quantum eigen-
solver (VQE). However, both methods require at least
twice the number of qubits of the system size and involve
long-range coupling, making the physical implementa-
tions quite challenging. An open question is whether
the number of qubits can be reduced while achieving the
same task.

In our work, we propose a novel variational algo-
rithm for searching non-equilibrium steady states. The
chosen cost function is the squared Frobenius norm of
the operator-sum form of Lindblad equation, which is a
quadratic function of the density matrix of the mixed
state. By performing random measurements at the end
of the variational ansatz, we can estimate the quadratic
function by using classical shadows of a single copy of
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the mixed state, requiring only half the number of qubits
compared to [I7, [I8]. We prove the existence of the pa-
rameter shift rule in the variational algorithm, enabling
the application of gradient-based classical algorithms to
update the circuit parameters. Finally, we present simu-
lation results for a dissipative quantum transverse Ising
model and a dissipative Heisenberg model, demonstrat-
ing the high accuracy achieved by our algorithm.

II. MAIN RESULT
A. Ansatz for preparing a mixed state

The ansatz for preparing a mixed state is given in
Fig.[I} A general n-qubit mixed state p can be expressed
as a spectral decomposition p = Zill Ab |Up) (p]. The
idea is to generate the probability distribution {\s}, and
the eigenstates {|¢p)}s, which are realized by a con-
catenation of a parameterized unitary gate Up (§D) and
an intermediate measurement and another parameter-
ized unitary gate Uy (6y ), respectively. The first unitary
Up(é'D) is for eigenvalue distribution on computational
basis {|b)}s, i.e., |D) = Up(fp) |O>®n = 23:1 b D).
Then the intermediate measurement will generate a prob-
ability distribution, p, = |A\y|?. One possible implemen-
tation Up(0p) of is given in the left of Fig. [2l To achieve
a better expressibility, this parameterized circuit can be
repeated for several times with independent parameters
in each repetition. The number of repetitions is de-
noted as D;. The second unitary realizes the basis rota-
tion, after which the state becomes a general mixed state

p =Yooy o) (t], where [t) = Uy (6) [b). The con-

crete implementation of Uy (6y) is the hardware-efficient
ansatz following [I7], which is given in the right of Fig.
The gates in the dashed box may also be repeated for a
better expressibility. The number of repetitions is de-
noted as Ds. The circuit parameters are jointly denoted
as 52 (gD,gv).

At the end of the circuit, a random measurement is
performed on the output state p, which is realized by a
random unitary Uyang followed by a projective measure-
ment on the computational basis. Compared with the
ansatz in [19], the number of qubits is reduced from 2n
to n.
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FIG. 1. Quantum circuit for the mixed state preparation and
random measurements.

B. Cost function

The evolution of an open system coupled with a memo-
ryless environment follows the Lindblad master equation,

K
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L = £lp) = =il p)+ 3 5 (2enpcl — {encln})
k=1

(1)
where cj is the k-th jump operator that determines the
dissipation and - is the strength of the dissipation. The
steady states pgs will satisfy

L(pss) = 0. (2)

The search for the steady states can be transformed into

an optimization problem. The cost function C(6) should
satisfy

c@) >0, v4
. - (3)
0, iff. £(p(8)) = 0.

Then an arbitrary matrix norm will satisfy the conditions
in Eq. . We choose the square of the Frobenius norm
||A]|2 where ||A||r = \/tr(ATA) as the cost function,

—

C(0) = 1L (4)

Then the cost function in Eq. satisfies Eq. by def-
inition. In the variational algorithm, the searching pro-
cess is to minimize Eq. iteratively until the cost func-
tion converges to zero. Then the steady state is found.

C. Calculating the cost function

The cost function in Eq. is a quadratic function of
a n-qubit quantum state p, which is conventionally ob-
tained by preparing two copies p ® p and performing the
swap test. Here we consider an alternative approach of
shadow tomography on only one copy of p. In shadow
tomography, one performs random measurement and ob-
tain a number of classical snapshots of p, denoted as [20]

p= MU ) (bl U) . (5)

where U is a random unitary chosen from an ensemble
U, |by (b] is a projective measurement on the computa-
tional basis, and M~ is the inverse channel (realized by
post-processing) depending on the ensemble U (typically
random Pauli gates or Clifford gates). Then the expec-
tation is calculated by replacing p with its snapshots p
and take an expectation over all possible U and |b). In
our case, we only care about quadratic functions of p in
the form of tr(O1pO2p). We consider the empirical mean
value

1 N A
VD ; tr(019:02p1). (6)
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FIG. 2. The ansatz for eigenvalue distribution Up(6p) (left) and basis rotation Uy (fy) (right). Each gate is parameterized
by a single parameter. For a better expressibility, the structures in the dashed boxed can be repeated for D; and D2 times,

respectively.

which N is the number of random unitary gates, i is the
label of the unitary gate, and p; is the classical shadow
defined in Eq. . Then Eq. @ is an unbiased estimator

N(N —1)

of tr(01p02p), i.e.,

1

£ N(N_l);tr(&ﬁﬂzﬁw) = t2(01p02p), (7)

where the expectation without subscripts is taken over all
unitary gates in {/ and measurement outcomes through-
out the paper. We refer to Appendix [A] for the proof.

The cost function is a linear combination of terms in
the form of tr(O1p02p), which can be estimated by

K
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The operators O; and O, in the shadow estimation are
typically Hermitian. While we notice that in Eq. , 0O,
and Oz are not Hermitian for the terms with cipc; and
clﬁck. To estimate these terms, we apply the following
lemma.

Lemma 1. Suppose @ is a linear map on the set of den-
sity matriz, ®(p) = o, and Hy and Hy are two Hermitian
operators. Then E (tr(H1®(p;)Hapir)) = tr(HioHap).

Proof. We have the following relations
E (tr(H1®(pi)Hz2p;)) = tr (H1®(E(ps)) H2E(pir))

= tr (H1®(p)H2p) (9)
= tr (HioHap),

where the first equality comes from the expectation of
independent random variables. The classical shadows p;
and p; are independent as long as i # j. O

With this lemma, we can deal with ckpc,t in Eq.
as a linear map of p. For the terms where O; and O,
are not Hermitian, one can still calculate tr(O1p;02p;/),
which is an unbiased estimator for tr(O;pO2p).

For an arbitrary physical observable O, the expecta-
tion tr(pO) can be directly estimated with the classical

(

shadows of p. The number of measurements is estimated
in Appendix[B] This simplifies the measurement process
in [I7] where a stochastic sampling is required to esti-
mate p, and the observable is individually measured in
each |¢3). The shadow estimation can be further com-
bined with the virtual distillation technique during the
optimization process, which is discussed in Appendix [C]
in detail.

D. Updating parameters

Gradient-based methods are widely applied to up-
dating parameters in variational algorithms. A widely
applied approach to calculate the gradients is the
parameter-shift rule. Suppose each unitary gate U;
is parameterized by a single parameter 6; € 5,
i.e., the whole unitary operation is given by U =
Un(0:)Up—1(01—1) ---U1(01). We prove that the gradi-
ent of the cost function C(f) can be calculate by the
parameter-shift rule.

Lemma 2. Suppose the cost function C' can be repre-

sented as a Fourier integral [, C'((Ii)eiw'éd@ then there
exists a "parameter shift rule” with respect to fized set of



"shift”s S and fized coefficients {05\& €S}
C'(0) =Y cxC(I+A) (10)
Kes

iff. C is a linear combination of finite trigonometric
functions

c@)= Y Bee? (11)

1<k<L
where B, € C and 7, € RL.

Proof. For simplicity we prove this lemma for single-
variable cost function C' where [ = 1 and 6 is a

scalar.  The case of multi-variables is straightfor-
ward. ~ We first design a parameter shift rule for
Cc = ZlgkgL Bre 9. It is easy to check that

Vandermonde matrix Ap (€7, e, ... e®72) trans-
forms (B1€7?, Bae2f, ... ,ﬂLei”fLe)T to (C(9),C(0 +
a),...,C0+ (L —-1)a)T:

C(6) Brein?
0(9 + Oé) 626”29
. =Ap (12)
CO+(L—-1)a) Bree?
where
1 1 e 1
elom elarz .. elovr
AL = . . . . (13)
dL-Dam g(L-Days ... g(L-Days

Since 7y, # 74 for each pair of p # ¢, there exists o € R
such that el £ iV for each pair of p # ¢. In this
case, the Vandermonde matrix Ay is invertible and it
follows immediately that

C'O)= Y imbre™’
1<k<L
c(9)
Cl+ )
:1(71 Yo v ’7L)Azl .

CO+(L—-1)a)
(14)
Note that 7y, a are independent of 6.
For the necessary side, we use the properties of Fourier
transform. Performing Fourier transform on both sides

of gives

iwC(w) = Z cae “ACW), weR (15)
AeS

Notice that the function f(w) = iw — > scgcae @ is
analytic and non-constant, thus by identity theorem it
has finite zero points. Suppose the number of zero points

4

of fis L'. Then the fact that f(w)C(w) = 0 always holds
implies that C(w) # 0 at L < L' points, i.e., there exists
i and B (1 < k < L), such that

Clw)= > Brb(w—m)- (16)
1<k<L
Perform the inverse Fourier transform we get . O

Proposition 1 (Parameter shift rule for C'). Suppose
a parameterized ansatz consists of Pauli rotations and
unparameterized gates,

- 0
UD(GD) = WO Hexp (—12jpj> Wj
’ (17)

Uy () = W [H exp (—i?&) W,Q] 7
k

where P; is a Pauli operator P; € {I,0,,04,0,}, W; is
an unparameterized gate, and 0; are mutually indepen-
dent for different j. Then

0,00 [ (5 56) -0 (1~ 52
VB-1(. (s 7. B
Lo (o 5e) o~ 50

where €; 1is the jth unit vector.

Proof. Recall that

(18)

—

~—

p(
b

tr (L(p(@)£(p(@))")

—

c(f

~—"

(19)
Since each parameterized gates are Pauli rotations with
eigenvalues £1, such gates admit the following decompo-
sition:

.9j iﬁ ,igiJ
exp 715Pj =e2A+e 2B, (20)

for some unparameterized matrices A and B . It is easy
to check that there exist constants i, such that

c@) =Y Bee™? e f{o,£l,42).  (21)
1<k<L

Similiar to the proof of the sufficient side of Lemma
we have

C(0+ ;)

Uy 0v) (S (01U () 10401 U (0) ) 1B)0] ) U (0 ),



E. Algorithm

We summarize the hybrid algorithm in Algorithm[I] In
the quantum part, random measurement is performed to
obtain classical shadows, based on which we can estimate
the cost function and its gradient. In the classical part,
gradient-based algorithms such as gradient descent and
BFGS [21I] can be applied to update the ansatz param-
eters. After the classical optimization terminates, the
ansatz parameters are denoted as 0*. Then the quan-
tum state p(g*) is the steady state we are searching for.
As mentioned above, to estimate the expectation of an
arbitrary observable on the steady state tr(Op(6*)), we
can apply the classical shadows of p(6*) obtained in the
optimization process.

Algorithm 1: Search for steady state

Input: initial point 5(0>; termination parameter ¢;
initial value of the cost function
COOY=Ch>e

—

‘While C(0) > € do
update g by some gradient-based classical algorithm
fori=1:N do
Randomly choose a unitary U; from an ensemble
U and record it, then perform the unitary.
for j=1: M do
Measure the output state with o®". Record the 6
outcome as ’b{>
end for e
Take the average of the M measurement results

LS e (gt ) ()
pi—M;M (Ui bi><bi U)

end for
Get the shadow set {p1, p2, . ..

=

cost function C'(6) by Eq. (8). Calculate the gradient
of the cost function by Eq. (18)
end While

W N =

5]

[

(22)

,pn . Estimate the 9

10

IIT. EXAMPLE

A. Ising Model

We consider the Ising model with transverse-field,
whose Hamiltonian is given by

1
= 1Y oioin 9 ) o,
% %

where o7 is the Pauli operator of the i-th spin and g is
the amplitude of the transverse field. The jump operators
are

(23)

Cl,i = 0y
R (24)
Co4 = 0y,

Ising Model, 2 qubits
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FIG. 3. Simulation results for the dissipative Ising model.

Heisenberg Model, 2 qubits
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FIG. 4. Simulation results for the dissipative Heisenberg
model.

which characterize the damping and dephasing effect. In
our simulation, we choose the particle number n = 2
with the dissipation strengths v = 1 and v = 0.5. We
set the repetition numbers D; = Do = 4. The simu-
lation results are shown in Fig. To characterize the
accuracy of the algorithm, we use infidelity defined as

1- (tr(\/;Tcp(Hz‘)\/;Tc)l/z)z, where p, is the exact solu-
tion. We can see that the infidelity between p(6*) and
pe is always lower than 10~%. Such low infidelity implies
a high accuracy of our algorithm. We also plot how the
expectations of joint observables XY, YY and ZZ vary
with the amplitude of the transverse field g.



B. Heisenberg Model

We also consider the Heisenberg model with a
transverse-field in one direction, whose Hamiltonian is
given by

H=> (0f0fy; + ool +ofoly)+g> of (25)

K3 K2

The jump operators are

c1i=0;,= (0, —ioy)

) 0,2

— o =

2 =0, = 5(0x —i0,) (26)

— N

C3i = 035 = 5(=0z —ioy),

which characterize damping in three directions.

In our simulation, we choose the particle number n =
2 with the dissipation strengths v4 = 1 and set D; =
Dy = 2. The simulation results are shown in Fig. [4
We can see that the infideity is also lower than 107%.
The expectations of XX and X Z varying with g are also
plotted.

IV. CONCLUSION

In conclusion, we have presented a novel variational
algorithm for searching non-equilibrium steady states
in open quantum systems. By directly simulating the

operator-sum form of the Lindblad equation, we suc-
cessfully reduce the required number of qubits by half
compared to previous approaches that utilize vectoriza-
tion or purification. Through random measurements
and parameter-shift rule, we are able to estimate the
quadratic cost function and its gradient.

For future research, we can explore the extension of our
algorithm to larger and more complex quantum systems,
as well as investigate its applicability in other dissipa-
tive models. The random measurement technique may
also be exploited to estimate overlaps between parame-
terized quantum states, which is the crucial step of the
variational real and imaginary time simulation of open
quantum systems.

Note added When preparing this manuscript, we notice
another related work [22] published very recently, where
the authors also consider the operator-sum form of the
Lindblad equation and prepare a mixed state. The differ-
ence is that the mixed state is a mixture over heuristically
chosen ansatz states without parameterization. The per-
formance of their algorithm relies on the choice of the
ansatz states.
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Appendix A: Proof of the unbiased estimator

In this section we prove that Eq. @ is an unbiased estimator for tr(O;pO2p). Recall that the classical shadow is

given by
M
pi= 1 > by (A1)
j=1
where
pig =M (Ufo]) (vl| i) (A2)
and EU7’7|bz> (pi,j) = p. Then we can calculate the expectation
E ! > tr(01pi02pir) =E ! - > tr(01pijO2pi )
. g\ ———————— T i i) — j 7 _— T i il !
Ui, |b]).Uir, b§,>N(N -1) = 1piO2p Ui [b]) Uur |67 ) N(N —1) M? e 1Pi,jC2pir
- O,E 0; ) O2E 7
= NV D 2 Oy, (71) O ALER
i1/ #1,5,5
1
= —————— [N(N — 1)M?tr(01pO
= tr(01p02p).



The second equation is due to the fact that p; ; and py ;7 are independent random variables. In the second last
equation, the number of summation is N(N — 1)M? for all i # i'.

Appendix B: Calculating the number of measurements

The variance bound of estimation of tr(Op ® p) by shadow tomography has been analyzed in [20]. Specifically, the

variance is upper bounded by %\%2 + 42, where z = 4*(|O||%, when using Pauli measurements (where k is the locality
of 0), and z = /9 + 6/2" tr (O?) when using Clifford measurements. In shadow estimation,

0= (BlB;zAlA)s,
ij

where we have written the Lindblad equation in the form of Lp = )", AipB;r . By Chebyshev inequality, in order to
achieve additive error € with success probability 1 — §, the number of measurements should scale as

4*|o113
N =02l
(")

when using Pauli measurements, and

NQ( 9+6/2"tr(02)>’

)

when using Clifford measurements.

Appendix C: Error mitigation

The error mitigation method is based on shadow distillation [23]. It combines the virtual distillation technique [24]
with classical shadows, which can also reduces the error exponentially with the number of copies without actually
preparing the multiple copies of quantum states. In the shadow distillation, one need to estimate expectations
tr(O1p™O2p™) and tr(p™ @ p™),

tr(01p™02p™) = tr [p¥*" G0 (01 I ® - ® 02 RT® -+ @ I)]
tr(p™ @ p™) = [tr (0" Sm)]”

where the operator S, is a shift operation over 2m copies quantum states, i.e., Som [b1ba -« boy) = |b - - bab1).
Then Eq. (C1]) can be estimated by

E{tr[p1®p2® @ pamSam(O1 @I ® -+ @ 03 @[ @+ @ )]} = tx(01p™O02p™)
Eftr(p1 ® p2 @ -+ ® pmiSm)] = tr(p™),

where p; (i € {1,2,...,2m}) are mutually indepedent. We assume the quantum state prepared by the circuit is
Preal = (1 — €)pideal + €Perror and t1(pideal Perror) = 0. Then we can calculate the mitigated expectation in the presence
of error. We denote 0 = p® p and O = S2(01 ® Os), then

(C1)

(C2)

0 = (1 = €)*pideal ® Pideal + €(1 — €)(Pideal @ Perror + Perror @ Pideal) + € Perror @ Perror
= (1 - €)%Gideal + [1 = (1 — €)%]Terror (C3)
= (1 — €)0ideal + € Terror,
and
tr(O1p™O2p™)
tr(p™ @ p™)
tr(Oo™)
- tr(o™)
(1 — €)™tr(Ocidear) + 0™ tr(O0error)
- (1= )" + tr(%or)
=tr(O0ideal) + [tr(0050r) = tr(OTidean)tr(08ror)] (€)™ + O((€)™ 1)
=tr(01902p) + [tr(00 0 r) — tr(Oigear) tr(0 o, )| (€)™ + O((€)™ ),

(C4)




which means the error can be reduced exponentially with m.
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