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An organism that is newly introduced into an existing population has a survival probability that
is dependent on both the population density of its environment and the competition it experiences
with the members of that population. Expanding populations naturally form regions of high and low
density, and simultaneously experience ecological interactions both internally and at the boundary
of their range. For this reason, systems of expanding populations are ideal for studying the combi-
nation of density and ecological effects. Conservation ecologists have been studying the ability of an
invasive species to establish for some time, attributing success to both ecological and spatial factors.
Similar behaviors have been observed in spatially structured cell populations, such as those found
in cancerous tumors and bacterial biofilms. In these scenarios, invasion may be the introduction of
a new mutation or bacterial species with some form of drug resistance, leading to the possibility
of treatment failure. In order to gain insight into the relationship between population density and
ecological interactions, we study an expanding population of interacting wild-type cells and mutant
cells. We simulate these interactions in time and study the spatially dependent probability for a
mutant to survive or to take over the front of the population wave (gene surfing). Additionally, we
develop a mathematical model that describes this survival probability and find agreement when the
payoff for the mutant is positive (corresponding to cooperation, exploitation, or commensalism).
Given the types of interactions, our model provides insight into the spatial distribution of survival
probability. Conversely, given a spatial distribution of survival probabilities, our model provides
insight into the types of interactions that were involved to generate it.

I. INTRODUCTION

The spatial distribution of organisms is often inextri-
cable from population dynamics. In many cases, the sim-
plifying assumption of a non-spatial, well-mixed system
gives drastically different outcomes from reality in terms
of fixation probabilities, fixation times, and the rate of
evolution [1–7]. When there is high motility and mix-
ing however, the approximation is most reasonable. In
the absence of these properties, there is a trade-off for
analytical tractability. The spatial structures of popula-
tions are dynamic in general. One of the best examples
of the dynamical nature of spatial population structure
is a population expanding its range. Range expansion
at the most fundamental level is the result of two ef-
fects: demography and dispersal. Demography has to do
with the division of cells or the birth of offspring and the
composition of a population. Dispersal has to do with
spatial migration, which can be short- or long-range, fast
or slow in speed. Together, these effects result in a spa-
tially modulated population wave, with a higher density
towards the bulk of the wave and a lower density to-
wards the moving front. The simplest system with a sin-
gle type of asexually reproducing organism is described
by a Fisher wave with a minimum wave speed c >

√
rD,

where r is an intrinsic growth rate and D is a diffusion
constant [8]. Mathematical theory has been developed to
describe the speed of expanding populations with differ-
ent demographic and dispersal traits [9–14]. The density
modulation has interesting consequences for the spatial
and temporal heterogeneity of organisms in expanding

populations as well. One of the most notable features of
range expansions is the observed enhancement of genetic
drift at the wave-front resulting in (possibly successive)
takeovers at the front: the phenomenon called “gene surf-
ing” [15–21]. Considering a single mutation arising in a
wild-type wave, there are two situations that can occur:
either a mutant is able to have enough progeny where the
mutant population survives or all of the mutants die out.
If the mutant population has survived, as is depicted in
Fig. 1, then it has either taken over the front of the ex-
panding population (surfing) or it has established a stable
population within the bulk of the wave with the possi-
bility of being left behind by the front. For brevity, we
will call the latter situation “abiding”. Both surfing and
abiding can be related to the observation of “sectors” in
theoretical models and experiments, where homogeneous
regions of the same cell type (based on fluorescent label-
ing of neutral or non-neutral mutations) develop as the
population expands [22–27]. Ecological interactions are
an additional, but not necessarily orthogonal, component
to determining survival probabilities, heterogeneity, and
speed of range expansions. Interest in the inclusion of
ecological effects during range expansions has been in-
creasing across many fields in biology. These include,
but are not limited to, conservation ecology, cancer bi-
ology, and biofilms research. In light of the effects of
anthropogenic climate change on habitat modification,
conservation biologists are seeing increasing population
migrations and changes to the types of ecological inter-
actions experienced [28–31]. The usefulness of certain
traits or strategies for a given invader is often assumed
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FIG. 1: A mutant may survive by either surfing or abiding in an expanding population. (a) A mutant is
initiated in an expanding population of wild-types. The bulk of the wave corresponds to a uniform region of cells at
carrying capacity (in this case it is C = 100). The wild-types and mutants interact, and both cell types interact with
vacancies. After infinite time, there are two possibilities for survival shown in the right-hand side of the figure. (b)
The mutant surfs, taking over the front of the population expansion. (c) The mutant abides, surviving within the
bulk of the expanding population, but is outpaced by the wild-types.

rather than quantified, but some progress has been made
in this area [32, 33]. Although one may think of ecological
interactions at the level of large-scale ecosystems, they
also exist at the level of cells. Some theoretical work has
been done on ecological interactions of expanding asexual
populations, focusing mainly on aspects of cooperation
versus competition [34–39]. In this context, competition
between different cell types excludes neighbors of differ-
ent types (competitive exclusion), thus creating regions
of homogeneous cells. Microorganisms such as bacteria
often live in complex spatial structures called biofilms.
Biofilms can be attached to a surface (e.g. staphylococci,
which are recognized as the most frequent cause of biofilm
associated infections [40–42]). The extracellular matrix
in biofilms has been found to confer some level of pro-
tection against antibiotics, making the development of
resistance mutations more likely [43]. Surface-attached
biofilms are commonly seen in implanted prosthetic de-

vices such as catheters and often cause infections as a re-
sult [44, 45]. The cells within biofilms interact and influ-
ence each other’s fitness through social phenotypes [46].
Social phenotypes are often cooperative in nature, for
example: secretion of nutrient chelators (molecules that
surround a nutrient to prevent it from unwanted reaction
processes and help them become more soluble) [47, 48],
digestive enzymes (which reduce energy expenditure re-
quirements, increasing metabolic efficiency) [49], surface
adhesins (which help bacteria attach to a surface, and
reduce the effects of damaging shear forces) [50, 51], wet-
ting agents (which help to deliver bacteria to hydropho-
bic surfaces) [52, 53], structural polymers (which help
in the formation of the biofilm itself) [54], and signal-
ing molecules (such as quorum sensing molecules used
to coordinate gene expression) [55]. Social phenotypes
may also be antagonistic or competitive [56–58], for ex-
ample: by hoarding nutrients [59], blocking access to
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favorable habitats (such as binding sites on a surface,
or regions with high nutrient density) [60], forcing the
dispersal of competitors (thus reducing cooperative ben-
efits) [61], and producing antimicrobial toxins (e.g. in
T6SS dueling of P. aeruginosa ) [62, 63]. Additionally,
spatial gradients of nutrients, salinity, pH, antibiotics, or
chemotherapy modify the environment and may trigger
expansion events and invasion. In these environments,
mutations may arise that adapt to harsher conditions.
This is an issue in treatments of cancer, viral and bac-
terial infections, and autoimmune conditions, because a
mutation may arise that is resistant to a drug therapy
(e.g., antibiotics or chemotherapies). These types of mu-
tations may be more sensitive to genetic drift early on,
since the strength of stochastic fluctuations is larger than
or comparable to the number of mutants. If ecological in-
teractions are able to increase the fitness of the mutant
from its intrinsic fitness, resistance mutations may be
able to overcome the initial highly stochastic phase, al-
lowing it to establish in the population [5, 64–68]. Here,
we seek to combine the effects of ecological interactions
with the effects of density dependence in order to de-
velop a more complete picture of survival during range
expansions. We explore the phase space of asymmetric
game interactions in order to see their effects on the sur-
vival of beneficial, neutral, and deleterious mutants in
the context of range expansions. We compare the results
of stochastic simulations to a mathematical model for
the survival probability and find great agreement when
the survival probability of a mutant deep in the bulk
is greater than the survival probability far ahead of the
wave-front.

II. ASYMMETRIC GAMES IN A
REACTION-DIFFUSION SYSTEM

A common way to model interactions is through the
use of game theory. Game theory has been shown to be
a useful tool in the description of interactions in biolog-
ical systems, economics, and the social sciences. At the
fundamental level, it includes “players” and “strategies”.
Although these terms are rather anthropomorphic, they
simply correspond to individual agents and their avail-
able set of actions that they can perform. An individual
player may play a strategy against another, which results
in a payoff for the players. One of the simplest types of
games is a symmetric game, represented by a “payoff ma-
trix”:

P =

(
PAA PAB

PBA PBB

)
. (1)

Here, our players can choose to play strategy A or strat-
egy B. In general, if a player plays a strategy I against
the other player’s strategy J , they receive the payoff PIJ .
Game theory applied to evolutionary systems (evolution-
ary game theory or EGT) is interested in the evolution
of the distribution of strategies over time [69]. Addition-

ally, the identity of a player is the strategy that they
play in EGT. For example, in a population of a mix of
A-strategists and B-strategists, one would be interested
in how the amounts of each strategy change over time.
One of the most common ways to model this system is
through the replicator equation:

dxi

dt
= xi

( S∑
j=1

Pijxj −
S∑

j=1

S∑
k=1

xjPjkxk

)
, (2)

where xi represents the proportion of strategy i, x⃗ repre-
sents the vector of proportions of every strategy, and P
represents the payoff matrix. It is important to note here
that the payoff has units of inverse time [t]−1 and may

be interpreted as a rate. The sum fi =
∑S

j=1 Pijxj is
the frequency-dependent fitness of the strategy i and the

double sum ϕ =
∑S

j=1

∑S
k=1 xjPjkxk =

∑S
j=1 xjfj is the

average fitness of the population. The original replicator
equation is derived from a modified exponential growth
model:

dNi

dt
= Ni

S∑
j=1

Pijxj , (3)

where Ni represents the number of strategy i, and xi =
Ni/Ntot. When Ntot is a fixed carrying capacity, the
replicator equation is without a second term correspond-
ing to the average fitness of the population. The fixed
carrying capacity replicator equation is then:

dxi

dt
= xi

S∑
j=1

Pijxj (4)

In the replicator equation above, one may notice that
there is no notion of variability in payoff from any given
interaction coming from individual differences. In nature
however, differences in phenotype (size, strength, speed,
intellect, etc.) or life history (injuries, energy spent, ar-
rival time, etc.) among other things may create an asym-
metry in payoffs. The representation of an asymmetric
game is given by a “payoff bimatrix” or “payoff tensor”.
The case of a two-player asymmetric game, where each
player may play one of two strategies A and B, gives the
following payoff tensor:

P =

(
(P 1

AA, P
2
AA) (P 1

AB , P
2
AB)

(P 1
BA, P

2
BA) (P 1

BB , P
2
BB)

)
. (5)

Here, the strategies are generically labeled as “A” and
“B” and the players are labeled as 1 and 2. To see how
payoffs are attributed, we will look at the component
P 1
AB . Starting with the subscripts, we see that the first

player played strategy A and the second player played
strategy B. The superscript 1, means that the first player
gets the payoff of P 1

AB for this interaction. Player two
would then receive the payoff P 2

AB for the same inter-
action. Conversely, if player one now plays strategy B
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and player two plays strategy A, then player one receives
the payoff P 1

BA and player two receives the payoff P 2
BA.

In this context, setting P 1
IJ = P 2

JI for all sets of I and
J , gives us a symmetric game. For example, if we had
P 1
AB = P 2

BA, this means that if any player plays strategy
A (player 1 on the left side of the equation or player 2
on the right side) and the other player plays strategy B
(player 2 on the left side or player 1 on the right side),
they will get the same payoff value, regardless of their
identity. In EGT, one often uses a wild-type and various
mutations as the strategies/identites in the system, and
we are interested in how the numbers of the wild-type
and various mutants changes over time. For a two-player
asymmetric game with a wild-type W and mutant M , we
may then write the payoff tensor as:

P =

(
(PW

WW , PW
WW ) (PW

WM , PM
WM )

(PM
MW , PW

MW ) (PM
MM , PM

MM )

)
. (6)

In order to make sense of the distinction between differ-
ent orderings of the subscripts, we interpret them as a
temporal ordering. For example, the components PM

MW
and PW

MW ) would correspond to a mutant initiating the
interaction and the wild-type accepting the interaction.
The mutant initiates the interaction by releasing a lig-
and or metabolite, changing its fitness (e.g. by expend-
ing energy to produce the molecule). The molecule is
then bound to a receptor on the wild-type or is taken
into its interior, changing its fitness (e.g. by stimulating
growth). In contrast, the components PW

WM and PM
WM )

would correspond to a wild-type initiating the interac-
tion and a mutant accepting the interaction. In biological
contexts, these types of interactions are split into: “au-
tocrine” interactions, where a released molecule interacts
with the same cell that released it, “paracrine” interac-
tions, where a released molecule interacts with a different
cell than the cell that released it without direct contact,
and “gap junction” interactions, where a molecule inter-
acts with a different cell than released via a gap junc-
tion contact. If there is no difference between cells of
the same type (wild-type or mutant), then the game is
only asymmetric if PM

MW ̸= PW
WM and/or PM

WM ̸= PW
MW .

Asymmetry means that there is a fundamental difference
between mutants and wild-types in terms of how they
interact with each other. Rather than writing chemical
reactions for every possible intermediary molecule that
can be transferred between a wild-type and a mutant,
we write a reduced model of reactions between the cells
themselves corresponding to the net effect. According to
the replicator equation, the payoff tensor elements have
units of inverse time [t]−1, we therefore take the magni-
tude of the payoff tensor elements to be the rates of the
cell reactions. Additionally, we consider a time scale in
which cell numbers only go up by one (division) or down
by one (cell death). In order for a cell to divide, there
must be space for it to divide. For populations with a
finite carrying capacity C, we then have PK

IJ = −PK
JI . In

order to encode this in the form of a reaction, we use the
sign of the payoff tensor component to determine which

cell divides and which cell dies. We then write the reac-
tions where a wild-type sends signals to a mutant in the
following way:

W +M |PM
WM |−−−−→ (1 + sgn(PW

WM ))W (7)

+(1 + sgn(PM
WM ))M,

where W represents a wild-type cell, M represents a mu-
tant cell. Here, sgn(x) = 1 if x > 0, sgn(x) = −1 if x < 0,
and sgn(x) = 0 if x = 0. The stoichiometric components
are then given by the values of sgn(x). If the interaction is
beneficial for the mutant, we have PM

WM > 0, PW
WM < 0,

and the resulting reaction:

W +M |PM
WM |−−−−→ 2M, (8)

where the wild-type has died and the mutant has divided.
Conversely, if the interaction is detrimental for the mu-
tant, we have PM

WM < 0, PW
WM > 0, and the resulting

reaction:

W +M |PM
WM |−−−−→ 2W, (9)

where the mutant has died and the wild-type has divided.
We may write a set of ODEs corresponding to the mass
action law using the rates and stoichiometric components
for this simplified system:

dw

dt
= sgn(PW

WM )|PW
WM |wm

= PW
WMwm (10)

and

dm

dt
= sgn(PM

WM )|PM
WM |wm

= PM
WMwm, (11)

where w represents the fraction of wild-types and m rep-
resents the fraction of mutants. Note that these equa-
tions match the form of the fixed carrying capacity repli-
cator equation (Eq. 4).
In our model, we are interested in the expansion of a

population in space. We implement spatial components
in our model in two ways: the addition of vacancies V
which represent empty space, and the possibility of swap-
ping between neighboring locations. Interactions take
place locally (at the same location i) and swapping takes
place non-locally (between i and i± 1). The local payoff
tensor is given by:

P =

 (0, 0, 0) (PW
WM , PM

WM , 0) (PW
WV , 0, P

V
WV )

(PW
MW , PM

MW , 0) (0, 0, 0) (0, PM
MV , P

V
MV )

(PW
VW , 0, PV

VW ) (0, PM
VM , PV

VM ) (0, 0, 0)

 .

(12)
Here, we set the self-interaction terms to zero, as our fo-
cus is on the wild-type and mutant interactions. Through
interaction with vacancies, we can encode intrinsic di-
vision and death events which in combination give an
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intrinsic growth rate. We encode the birth events into
the PIV components of the local payoff tensor by set-
ting P I

IV = 1. We then encode the death events into
the PV I components with PW

VW = −(1− rw) and PM
VM =

−(1−rm), where rw and rm are the intrinsic growth rates
of the wild-type and mutant respectively. By writing the
birth and death payoff components in this way, we only
need to modify two parameters to compare the effects of
modifying intrinsic growth rates with a fixed game inter-
action. Writing out the mass action ODE that describe
the dynamics of the mutant at a single location we would
have:

dmi

dt
= (PM

VM + PM
MV )vimi (13)

+ (PM
WM + PM

MW )wimi

= (−(1− rm) + 1)vimi

+ (PM
WM + PM

MW )wimi

= rmvimi + (PM
WM + PM

MW )wimi,

where vi, mi, and wi are the fraction of vacancies, mu-
tants, and wild-types at location i respectively. We may
define a swapping tensor S and write similar reaction
equations in order to incorporate the effects of diffusion
(see App. A). Moving from a discrete to a continuous
space (∆x → 0, so terms like mi are replaced by contin-
uous functions m(x, t)), the resulting reaction-diffusion
equation for mutants at location x is given by:

dm

dt
= rmvm+ (PM

WM + PM
MW )wm+

d2m

dx2
, (14)

where we have set the diffusion constant D = 1[d]2[t]−1,
where [d] are units of distance. We will use this equation
in the derivation of an ODE for the survival probability
of a new mutation appearing at location x.

III. STOCHASTIC SIMULATIONS

For the simulations we make use of the reaction frame-
work described in the previous section, with an example
given by Eq. (7). There, the magnitude of the payoff ten-
sor elements determines the rates of each reaction, and
the sign of the payoff tensor elements determine the sto-
ichiometric components. In this way, higher-magnitude
payoff tensor components lead to more frequent occur-
rences and a higher chance of a cell death or division de-
pending on whether the payoff tensor component is posi-
tive or negative. We maintain a finite carrying capacity C
at each location by enforcing that if one cell has a positive
payoff tensor component for a given interaction, the other
cell has a negative payoff tensor component. For exam-
ple, if a wild-type interacts with a mutant and has a pos-
itive payoff tensor component for that interaction, then
the mutant has a negative payoff tensor component for
that interaction. In this instance the wild-type divides,
the mutant dies, and the wild-type take over the spot

of the mutant. In our system, we have interactions be-
tween wild-types, mutants, and vacancies, which can all
interact with each other in a local neighborhood called a
deme. Between demes, we allow for swapping events that
incorporate the effects of diffusion. All of these events
are described in Table I. In order to advance our simu-
lations in time, we use the standard Gillespie algorithm
[70], where propensities and stoichiometric components
are defined in Table II.

To initialize the system, we use an averaged wild-type
wave profile ⟨w⟩init(x) from the results of 1000 simula-
tions of a system of only wild-types and vacancies. To
generate this wave, we begin with a square wave of wild-
types with a maximum at the carrying capacity. Each
wild-type wave develops into a sigmoidal shape, stochas-
tically fluctuating around the average. We align each
stochastic wave at the half maximum value and take the
average over all of the simulations. To save computa-
tional memory, we set a barrier where upon being reached
by a cell of the wild-type wave, a portion of the bulk of
the wave is deleted and the entire wave is shifted back.
This mimics the notion of a comoving reference frame,
and will become important for our discussion in the dis-
tinction between surfing and abiding as different types of
survival. We are interested in how likely it is for a mutant
to survive if it arises at some position in this wild-type
wave. For a single simulation, we replace a wild-type
with a mutant at some position along the wave and al-
low the simulation to progress in time. We simulate 1000
trajectories at each position and keep track of whether a
mutant survived after 10 million time steps, which was
enough to see convergence of the survival probability.
Due to the nature of the comoving reference frame, it
is possible that mutants that are left behind by the front
will get deleted.* In this instance, the survival probabil-
ity is only given by surfing events, and is thus less than
or equal to the true survival probability. To correct for
the contribution to the survival probability given by mu-
tants that are left behind by the front of the wave, we
slightly modify our simulations. We increase our system
size to twice the original box size. Here, we have a sim-
ulation box of 400 demes, where mutants are initiated,
from x = 1 to x = 200 (we only show up to x = 150 in the
figures for aesthetics). We set a barrier at x = 362, and
when a single cell (either a wild-type or mutant) crosses
it, the simulation box is updated. Upon the first cross-
ing of the barrier, all cells are deleted from x = 200 and
the left half of the simulation box is treated as a station-
ary reference frame while the right half of the simulation
box is treated as a comoving reference frame. In our
simulations, we use the Gillespie algorithm which assigns
probabilities to events based on concentrations of mu-
tants, wild-types, and vacancies. Since we delete all cells
at x = 200, the concentrations of cells at this location are
zero, and the probabilities of interactions involving the
x = 200 deme (swapping events and demographic fluctu-
ations) go to zero. Essentially this deletion decouples the
two halves of the simulation box, and allows us to track
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TABLE I: Possible events in our model. Each cluster of cells represents a deme, labeled as location i. Two clusters
of cells next to each other represent neighboring demes, locations i and i± 1. Blue cells are wild-types, and green
cells are mutants. The cells or vacancies involved in each interaction are highlighted by stars.

Event Description Illustration

A wild-type is born at location i.

A wild-type dies at location i.

A mutant is born at location i.

A mutant dies at location i.

A wild-type initiates an interaction with
a mutant at location i.

A mutant initiates an interaction with
a wild-type at location i.

A wild-type at location i swaps with
a vacancy at location i± 1.

A vacancy at location i swaps with
a wild-type at location i± 1.

A mutant at location i swaps with
a vacancy at location i± 1.

A vacancy at location i swaps with
a mutant at location i± 1.

A wild-type at location i swaps with
a mutant at location i± 1.

A mutant at location i swaps with
a wild-type at location i± 1.

abiding events and surfing events separately.

We can then account for both the surfing and abid-
ing probabilities as they contribute to the total survival
probability. We denote simulation results for the abid-
ing probabilities as asim(x), the surfing probabilities as
ssim(x), and the total survival probabilities as usim(x).
We show an example of this decomposition in Fig. 2.
For this example, we chose the asymmetric payoff ten-
sor components to be PM

WM = −0.25 and PM
MW = 0.5,

corresponding to the wild-type and mutant interactions.
We chose rm = 0.1, corresponding to the intrinsic growth
rate of the mutant. We vary the value of rw, correspond-
ing to the intrinsic growth rate of the wild-type to show
the decomposition of the survival probability into a surf-
ing portion and an abiding portion as rw increases. An
increase in the intrinsic wild-type growth rate has a cor-
responding increase in the wild-type wave speed, so we

are effectively looking at the decomposition of the sur-
vival probability as the wild-type wave speed increases.
For this choice of parameters, the mutant enjoys a bene-
fit from being initiated in the bulk of the wave compared
to being initiated at or ahead of the wave front. The net
payoff is given by PM

WM + PM
MW = 0.25 for a mutant in-

teracting with a wild-type, corresponding to the growth
rate of the mutant in the bulk. If the mutant population
is able to establish within the bulk of the wave, a bulk
wave profile develops with a wave speed proportional to
the bulk mutant growth rate (see Figure 1c). We then
see that for wild-type growth rates below 0.25, the sur-
vival probability is determined by the surfing probability
alone, as the mutant population is able to catch up to the
wave front. For wild-type growth rates above 0.25, we
see that the survival probability decomposes into surfing
and abiding probabilities, as the mutant population may
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be left behind. Similar phenomena have been observed
in 2-dimensional systems, where homogeneous sectors of
surfing cells or homogeneous bubbles of abiding cells form
[23].

IV. MATHEMATICAL MODEL

Although we can obtain surfing, abiding, and total sur-
vival probabilities via simulation, only a model of the
total survival probability was achievable. In order to de-
velop a mathematical model for the survival probability
of a new mutation in an expanding wild-type popula-
tion, we must first make some assumptions. We begin
with M(x, t|ξ, τ), the number distribution of mutants at
site x at time t, given that there was a single mutant at
site ξ at time τ ≤ t. We define the survival probability
u(ξ) as the probability that a single mutant initiated at
ξ has a lineage that survives at infinite time. The sur-
vival probably follows the approximate self-consistency
relation:

u(ξ) ≈
∞∫

−∞

u(x)M(x, t|ξ, τ)dx. (15)

The interpretation of this condition is as follows: a sin-
gle mutant at site ξ at time τ leads to a distribution
M(x, t|ξ, τ) of mutants at a later time t. The probability
u(ξ) that the descendants of the single mutant survive
is approximately the sum of the probabilities u(x) for
each of the mutants at time t, distributed at different
sites x. This implicitly assumes that τ should only be
slightly larger than t, so that M(x, t|ξ, τ) has not grown
significantly larger than 1. In this limit when mutant
numbers are small, the chances that the lineage of more
than one mutant at time t survives are very small, so the
total survival probability can be approximated as a sum
of survival probabilities over all mutants. Note that this
introduces potential errors on the order of u2(x), which
we will return to later in the derivation. An example of
this short-time mutant growth process is shown on the
right in Figure 3, where a mutant initialized at position
ξ = 1 at time t has led to a two mutants at position x = 2
and 3 at time τ . The lineage tree of the initial mutant
is shown on the left, with some branches having ended
because of mutant deaths. The odds of the two mutants
at time τ both having surviving lineages in the far future
are small, so Eq. (15) should approximately hold.

Next, we take the derivative of both sides of Eq. (15)
with respect to t:

0 =

∞∫
−∞

u(x)
dM(x, t|ξ, τ)

dt
dx. (16)

Dividing through by the constant carrying capacity C,
we can identify m(x, t) = M(x, t|ξ, τ)/C. We simplify

the notation for m(x, t) by not explicitly showing the
initial condition (ξ, t). This yields:

0 =

∞∫
−∞

u(x)
dm(x, t)

dt
dx. (17)

We may then replace the derivative in the integral by Eq.
(14). Since we are in the limit of t being slightly larger
than τ , where the overall mutant numbers are small, we
can use the initial vacancy and wild-type wave profiles
⟨v⟩init(x, t) and ⟨w⟩init(x, t). With this assumption, we
may rewrite the derivative as follows:

dm(x, t)

dt
≈ rm⟨v⟩initm

+ (PM
WM + PM

MW )⟨w⟩initm+
d2m

dx2
.

(18)

Plugging Eq. (18) into Eq. (17) we find:

∞∫
−∞

u(x)

(
rm⟨v⟩initm

+ (PM
WM + PM

MW )⟨w⟩initm+
d2m

dx2

)
dx = 0. (19)

Using integration by parts, we may rewrite the integral
as follows:

∞∫
−∞

m

(
rm⟨v⟩initu

+ (PM
WM + PM

MW )⟨w⟩initu− d2u

dx2

)
dx = 0, (20)

where we note that the derivatives of u(x) should go to
zero at the boundaries, and since m(x, t) can be any ar-
bitrary function, we have:

rm⟨v⟩initu+ (PM
WM + PM

MW )⟨w⟩initu− d2u

dx2
= 0. (21)

Further, we may add in the effect of a comoving reference
frame with the wave velocity cw,front:

rm⟨v⟩initu+ (PM
WM + PM

MW )⟨w⟩initu

− cw,front
du

dx
− d2u

dx2
= 0, (22)

where we use the corresponding formula for the reference
frame velocity:

cw,front = 2
√
rw

(
1− π2

2 ln2(C
√
rw)

)
, (23)

which is the leading-order expression for the wave speed
of stochastic Fisher waves [71]. The self-consistency re-
lation given by Eq. 15 in reality is an overestimate of the
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FIG. 2: Survival probability u(x) of a mutant can be split into surfing and abiding probabilities (s(x)
and a(x) respectively) dependent on initiation position. The surfing, abiding, and total survival probabilities
are shown for a mutant initiated at a position x where the asymmetric payoff tensor components are PM

WM = −0.25
and PM

MW = 0.5 with a bulk mutant growth rate of PM
WM + PM

MW = 0.25 and an intrinsic mutant growth rate of
rm = 0.1. The black curve indicates the initial wild-type wave profile ⟨w⟩init(x) generated from 1000 simulations of a
system with only wild-types and vacancies. If the mutant is initiated in the bulk, it receives a boost in survival
probability due to the net positive interaction with the wild-type which is greater than the mutant’s intrinsic growth
rate. (a) The wild-type growth rate is given by rw = 0.1. In this case the mutant population is able to catch up to
the front of the wave. In this instance, the total survival probability is comprised of pure surfing events, u(x) = s(x).
(b) The wild-type growth rate is given by rw = 0.5. In this instance, many of the mutant populations are unable to
keep up with the wild-type wave, and the total survival probability decomposes into a surfing portion and an
abiding portion, u(x) = s(x) + a(x). See SIs for figures of the surfing/abiding decomposition for different games.

survival probability when the net payoff PM
WM + PM

MW
is close to zero or less than zero, because there is some
probability that two or more mutant’s lineages will sur-
vive. Although these probabilities are small in general,
we may subtract off terms of orders O(u2), O(u3), etc. to
obtain corrections to Eq. 22. As in [21], we introduce a
phenomenological term F (x, u) of order u2 that accounts
for the possibility of two mutants existing at short time
scales, and additionally fixes the boundary conditions.
For our system, we have:

rm⟨v⟩initu+ (PM
WM + PM

MW )⟨w⟩initu

− cw,front
du

dx
− d2u

dx2
− F (x, u) =

rm⟨v⟩initu+ (PM
WM + PM

MW )⟨w⟩initu

− cw,front
du

dx
− d2u

dx2

− [(ϕ+(PM
VM ) + ϕ+(PM

MV ))⟨v⟩init
+ (ϕ+(PM

WM ) + ϕ+(PM
MW ))⟨w⟩init]u2 = 0. (24)

One can find the derivation of F (x, u) in section B of
the appendix. Here, ϕ+(x) simply returns x for x ≥ 0 and
0 for x < 0. Writing the equation in this way allows us to
account for the full phase space of wild-type and mutant
interactions. For the boundary conditions we may use a
Moran process as in [72] to find the survival probability

of a single mutant. We write the ratio of backwards to
forwards transitions at x → −∞ and x → ∞ as follows:

γ(−∞) =
ϕ−(PM

MW ) + ϕ−(PM
WM )

ϕ+(PM
MW ) + ϕ+(PM

WM )

γ(∞) =
ϕ−(PM

MV ) + ϕ−(PM
VM )

ϕ+(PM
MV ) + ϕ+(PM

VM )
, (25)

where ϕ−(x) simply returns −x for x ≤ 0 and 0 for x > 0.
With these ratios we may write the boundary conditions
as:

u(±∞) =

{
0, if 1 ≤ γ(±∞) ≤ ∞
1− γ(±∞), if 0 ≤ γ(±∞) ≤ 1

. (26)

See App. B for the derivation of this expression. The
phase diagram of the bulk boundary condition u(−∞) is
shown in Fig. 4. For the example shown in Fig. 2, We
have that the mutant and wild-type interactions are given
by PM

WM = −0.25 and PM
MW = 0.5, and the mutant and

vacancy interactions are given by PM
VM = −(1−rm) with

rm = 0.1 and PM
VM = 1 . We thus have that γ(−∞) = 0.5

and u(−∞) = 0.5, and that γ(∞) = 0.9 and u(∞) = 0.1
which recapitulates our results from the simulations.
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FIG. 3: Example of mutant proliferation starting from a single cell. On the right we show a cartoon of a
single mutant starting at position ξ = 1 at time τ (in this case surrounded by vacancies). Each subsequent row is a
time step, leading to two surviving mutants at positions x = 2, 3 at time t. On the left is the lineage tree of this
growth process, with deaths indicated by dashed lines.

V. RESULTS

We compare the results of simulations to the results
of our mathematical model given by Eq. (24) in Fig. 5.
We choose three pairs of asymmetric game parameters,
to display the regions of the phase space (stars in Fig. 4)
in which there is agreement and disagreement between
the two. We compare these games across a range of in-
trinsic growth rates of the wild-type (rw ∈ {0.1, 0.5})
and mutant (rm ∈ {0.1, 0.5, 0.9}). The first game (where
PM
WM = 0.5 and PM

MW = 0.75) results in a positive payoff
for mutants interacting with wild-types. The result is a
bulk survival probability of u = 1, since there is no possi-
bility for a mutant population to diminish in a wild-type
environment. The mutant is better off if it arises in the
bulk for all of the values of the intrinsic growth rate we
tested. In the absence of games, a mutant arising deep in
the bulk is very unlikely to establish a large population,
but when supported by purely beneficial interactions, the
mutant is guaranteed to survive in our model. Our math-
ematical model agrees very well with the results of our
simulations in this region for a range of intrinsic growth
rates of both the wild-type and the mutant. The second
game we compare is of a mixed nature, in that some of the
interactions a mutant has with a wild-type are beneficial
and some are detrimental. The game parameters in this
instance were PM

WM = 0.5 and PM
MW = −0.25, resulting

in a bulk survival probability of u = 0.5. In this instance,
it may be either detrimental or beneficial for a mutant
to arise in the bulk, depending on its intrinsic growth

rate. Again, our model agrees quite well with the results
of the simulations for the parameter ranges we tested.
The third game we compare is a game where the payoff
tensor components are equal in magnitude but opposite
in sign, thus having equally beneficial and detrimental
interactions for the mutant. For this game, we chose
PM
WM = −1.0 and PM

MW = 1.0. When the detrimen-
tal interactions are greater or equal in magnitude to the
beneficial interactions, the time for a mutant to estab-
lish a colony becomes large. The larger the ratio of the
bulk boundary condition to the front boundary condition
u(−∞)/u(∞), the more of a discrepancy we will observe
between our mathematical model and simulation results.
This is attributed to the assumption of the short time
limit in our mathematical model, which over-predicts the
number of vacancies a mutant will interact with. This
difference is further enhanced by larger wild-type growth
rates (wave speeds). Our model is valid when the ratio
u(−∞)/u(∞) ≥ 1 for all wild-type and mutant growth
rates we tested. For u(−∞)/u(∞) < 1, the model be-
comes more accurate at lower wild-type growth rates and
at higher ratios. Our model is valid in the interesting
regimes where the mutant is less fit on its own, but re-
ceives a relative increase in fitness from interacting with
wild-types. These interactions are especially important
for the case when the mutant fitness decrease is due to
some cost to developing drug resistance. In the absence
of treatment, it is possible that extant resistance mutants
may survive by either abiding or surfing. Once treatment
resumes, an advantage of a higher starting frequency (in
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FIG. 4: A phase diagram with analytical values of
the survival probability of a mutant in the bulk
of an expanding population . The x and y axes are
the two asymmetric payoff tensor components, which
describe the payoff of a mutant interacting with a
wild-type. In the region below PM

MW = −PM
WM , the

survival probability is u = 0, because the net payoff for
a mutant interacting with a wild-type is negative. In
the region between PM

MW = −PM
WM and the positive

unit square, the survival probability is between zero and
unity while some of the interactions a mutant has with
a wild-type are beneficial and some are detrimental, but
the net payoff is positive. In the positive unit square,
the survival probability of a mutant is equal to unity,
because every interaction a mutant has with a wild-type
is beneficial. Stars indicate the games, whose results are
presented in this paper.

addition to its higher fitness compared to the wild-type
in treatment) may lead to both an increase in fixation
probability and a decrease in the fixation time. Both of
these modifications are detrimental in cancer and bacte-
rial infection progression. Our model is approximately
valid for the case where a mutant is more fit on its own,
and the wild-type wave is moving slowly. As the intrinsic
growth rate of the mutant increases, this approximation
becomes more accurate. In contrast to the other case, we
may consider a situation where the initial wild-type is re-
sistant to a drug, and the mutant is sensitive to a drug,
and depending on the fitness decrease experienced upon
receiving treatment, it may still be possible that a mu-
tant has a positive survival probability further towards
the front of a wild-type wave.

VI. DISCUSSION

In this paper, we demonstrate that it is possible to pre-
dict the probability of survival of a mutant in an expand-

ing population, depending on (1) the location where the
mutant first appeared in the population and (2) the types
of interactions the mutant experiences with other cells in
its environment. This extends the existing literature on
range expansion that has previously focused on neutral
mutations or specific types of interactions to a more gen-
eral framework. In many models that include ecological
interactions, spatial structure is ignored, and in many
spatial models, ecological interactions are ignored. Our
model describes the full three-tiered framework where
spatial structure modifies the effect of stochasticity on
ecological interactions, and ecological interactions mod-
ify intrinsic fitness. We show how these effects combine
to influence the survival probability of new mutations.
By combining spatial density and frequency dependence
into our models one may better predict (1) where a mu-
tant is likely to establish, (2) if the interactions it experi-
ences with other cells support or hamper its growth, and
(3) if the interactions support the development of het-
erogeneity within the population. Genetic heterogeneity
is one of the main determiners of the development of
drug resistance in cancer, bacterial infections, and viral
infections [73–78]. In order to inform better treatment
strategies, better models of the spatial distribution of
mutant survival and fitness need to be developed. Given
the growing experimental evidence for significant ecolog-
ical interactions within pathologically expanding popu-
lations (such as cancer [65, 67, 79–84] and bacterial sys-
tems [56, 58, 85]), this theoretical framework is required
to model such effects. The limitations of our modeling
framework include the restriction to a 1-dimensional sys-
tem. While the mathematical model may be extended
in a straightforward way to higher dimensions, compu-
tational simulations in higher dimensions are a limiting
factor. We restrict our analysis to the off-diagonal ele-
ments of the payoff tensor, but in principal the parameter
ranges we explore could be extended as well. We could
also allow for longer-range interactions, beyond neighbor-
ing demes, along with a larger number of mutant types.
However in this case many of the assumptions we make
in our mathematical model no longer apply, thus making
calculations significantly more cumbersome. One of the
more straightforward ways to extend our model is by al-
lowing a concentration gradient of a drug, such as an an-
tibiotic or chemotherapy. With this addition, one could
observe how treatment may influence the development of
resistance mutations. In the future, more detailed analy-
sis of the fitness profile as it changes over time would be a
useful addition to the study of pushed and pulled waves.
Pushed/pulled waves exhibit higher/lower fitness in the
bulk than at the front and often support higher/lower
heterogeneity [15, 86–89]. Finally, our model can be pa-
rameterized using experimental and in-vivo data to infer
the likelihood of survival depending on where a mutation
arises. In combination with an extended model which in-
cludes how drugs affect ecological interactions, our model
could inform treatment strategies which mitigate the risk
of nurturing drug resistant mutations.
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(a) PM
WM = 0.5, PM

MW = 0.75, rw = 0.1 (b) PM
WM = 0.5, PM

MW = 0.75, rw = 0.5

(c) PM
WM = 0.5, PM

MW = −0.25, rw = 0.1 (d) PM
WM = 0.5, PM

MW = −0.25, rw = 0.5

(e) PM
WM = −1.0, PM

MW = 1.0, rw = 0.1 (f) PM
WM = −1.0, PM

MW = 1.0, rw = 0.5

FIG. 5: Comparison between simulations and our mathematical model of the survival probability
across different asymmetric games and intrinsic growth rates. Simulation results of the total survival
probability given by scatter plot points, and the results of numerical integration of Eq. (24) given by colored curves
for three sets of asymmetric game parameters with rw ∈ {0.1, 0.5} and rm ∈ {0.1, 0.5, 0.9}. The black curve
indicates the initial wild-type wave profile ⟨w⟩init(x) generated from 1000 simulations of a system with only
wild-types and vacancies. (a) and (b): For this game, the interaction between a wild-type and a mutant is always
beneficial for the mutant, so the survival probability is equal to unity in the bulk. (c) and (d): For this game, the
interaction between a wild-type and a mutant is sometimes beneficial and sometimes detrimental for the mutant, so
the survival probability is between zero and unity in the bulk. (e) and (f): For this game, the interaction between a
wild-type and a mutant is equally as beneficial as it is detrimental. See SIs for similar figures for different games.

.CC-BY 4.0 International licenseavailable under a 
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprint (whichthis version posted April 16, 2025. ; https://doi.org/10.1101/2024.12.14.628506doi: bioRxiv preprint 

https://doi.org/10.1101/2024.12.14.628506
http://creativecommons.org/licenses/by/4.0/


12

VII. AUTHOR CONTRIBUTIONS

Jason M. Gray: Conceptualization, methodology,
formal analysis, software, writing—Original Draft,
writing—review & editing, visualization, investigation,
validation.

Rowan Barker-Clarke: Conceptualization, writing—
review & editing.

Jacob G. Scott: Conceptualization, methodology,
formal analysis, writing—review & editing, project
administration, funding acquisition, supervision.

Michael Hinczewski: Conceptualization, methodol-
ogy, formal analysis, writing—review & editing, project
administration.

Corresponding Author: Jason Gray (jmg367@case.edu,

grayjason13@gmail.com).

VIII. ACKNOWLEDGEMENTS

The authors are grateful for insightful discussions with
Dr. Oskar Hallatschek. The authors also thank Case
Western Reserve University for providing High Perfor-
mance Computing Cluster (HPCC) resources. Over-
all support for this project was provided by (NIH
R37CA244613).

IX. CODE AND DATA AVAILABILITY

All of the Julia, Python, and bash scripts for simula-
tions, numerical analysis, plotting, and automation for
cluster support along with the data used to generate the
figures can be found on GitHub at:
https://github.com/grayjphys/CWRU_Research_Asy
mmetric_Games_Range_Expansion.

[1] Marcus Frean, Paul B Rainey, and Arne Traulsen. The
effect of population structure on the rate of evolution.
Proceedings of the Royal Society B: Biological Sciences,
280(1762):20130211, 2013.

[2] Hisashi Ohtsuki and Martin A Nowak. The replica-
tor equation on graphs. Journal of theoretical biology,
243(1):86–97, 2006.
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What do we really know about adaptation at range
edges? Annual Review of Ecology, Evolution, and Sys-
tematics, 51(1):341–361, 2020.

[92] Martin A Nowak. Evolutionary dynamics: exploring the
equations of life. Harvard university press, 2006.

[93] Daniel T Gillespie. The chemical langevin equation. The
Journal of Chemical Physics, 113(1):297–306, 2000.

[94] Ulf Dieckmann, Richard Law, and Johan AJ Metz. The
geometry of ecological interactions: simplifying spatial
complexity. Cambridge University Press, 2000.

.CC-BY 4.0 International licenseavailable under a 
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprint (whichthis version posted April 16, 2025. ; https://doi.org/10.1101/2024.12.14.628506doi: bioRxiv preprint 

https://doi.org/10.1101/2024.12.14.628506
http://creativecommons.org/licenses/by/4.0/


16

APPENDICES

Appendix A: Reaction-Diffusion Equations with
Asymmetric Games

In the system we consider, there are three types which
interact: wild-types, mutants, and vacancies. To make
the distinction between numerical values and indices we
define an index set I = {W1,M1, V1, . . . ,WL,ML, VL}
which has a length of 3L, where L is the number of lo-
cations in a 1-dimensional lattice. At each location (de-
noted by i), the number of each type is given by NWi

,
NMi

, and NVi
= C−NWi

−NMi
respectively. Here, C is

the carrying capacity of a single location. The frequen-
cies of each type is given by wi = NWi

/C, mi = NMi
/C,

and vi = NVi
/C = 1 − wi − mi respectively. The state

vector x⃗ of the system has a length of 3L, and can be
written as:

x⃗ = (w1,m1, v1, . . . , wL,mL, vL) (A1)

For our derivations, we will define a tensor R = P + S,
which we call the “reaction-diffusion tensor”. In this way,
we may make a distinction between local (within a deme)
game-interactions given by a payoff tensor P , and non-
local (between deme) interactions given by a swapping
tensor S. Here, R,P, and S have dimensions 3L× 3L×
3L. Interactions between different types within a given
location can be summarized with an asymmetric payoff
tensor P which is indexed by the index set I. We only
consider game-interactions within locations, not between
them. We thus have a block diagonal asymmetric payoff
tensor. We emphasize a block corresponding to a single
deme is as follows:

P=



. . .

(0, . . . , 0, PWi

WiWi
, PMi

WiWi
, PVi

WiWi
, 0, . . . , 0) (0, . . . , 0, PWi

WiMi
, PMi

WiMi
, PVi

WiMi
, 0, . . . , 0) (0, . . . , 0, PWi

WiVi
, PMi

WiVi
, PVi

WiVi
, 0, . . . , 0)

(0, . . . , 0, PWi

MiWi
, PMi

MiWi
, PVi

MiWi
, 0, . . . , 0) (0, . . . , 0, PWi

MiMi
, PMi

MiMi
, PVi

MiMi
, 0, . . . , 0) (0, . . . , 0, PWi

MiVi
, PMi

MiVi
, PVi

MiVi
, 0, . . . , 0)

(0, . . . , 0, PWi

ViWi
, PMi

ViWi
, PVi

ViWi
, 0, . . . , 0) (0, . . . , 0, PWi

ViMi
, PMi

ViMi
, PVi

ViMi
, 0, . . . , 0) (0, . . . , 0, PWi

ViVi
, PMi

ViVi
, PVi

ViVi
, 0, . . . , 0)

. . .

.

Here, PZ
AB corresponds to the expected payoff for an in-

dividual of type Z when an individual of type A initiates
an interaction and an individual of type B accepts the
interaction. In other words, A is player 1 in the game
and B is player 2. The payoff tensor is diagonal, where
one replaces the corresponding value of i with the lo-

cation index. In our system, we do not consider “self-
interactions”, so we require that ∀A : PZ

AA = 0. We also,
do not consider payoffs for individuals which are not initi-
ating or accepting a given interaction, so we require that
∀A,B : {PZ

AB = 0|Z ̸= A ∧ Z ̸= B}. We thus have a
payoff tensor of the form:

P=



. . .

0⃗ (0, . . . , 0, PWi

WiMi
, PMi

WiMi
, 0, 0, . . . , 0) (0, . . . , 0, PWi

WiVi
, 0, PVi

WiVi
, 0, . . . , 0)

(0, . . . , 0, PWi

MiWi
, PMi

MiWi
, 0, 0, . . . , 0) 0⃗ (0, . . . , 0, 0, PMi

MiVi
, PVi

MiVi
, 0, . . . , 0)

(0, . . . , 0, PWi

ViWi
, 0, PVi

ViWi
, 0, . . . , 0) (0, . . . , 0, 0, PMi

ViMi
, PVi

ViMi
, 0, . . . , 0) 0⃗

. . .

.

We assume uniformity across space, meaning that
∀A,B,Z, i, j : PZ

AiBi
= PZ

AjBj
. From now on, we will

write PZi

AiBi
= PZ

AB for brevity. To provide an example
of how one would use this payoff tensor, we consider the
case when a wild-type initiates and interaction with a mu-
tant in the same deme i, and we would like to know how
this interaction affects the number of wild-types for the
chosen deme. To define this mathematically, we make use
of the propensity vector ρ⃗AB(P ), which has a length of
3L, and is essentially an unnormalized probability of an
event given the concentrations of a given species. If one
were to divide the propensity for a given reaction by the
sum of propensities of each possible reaction, then they
would get the probability of the reaction. The reason
why the propensity is used rather than the probability,

is because propensity gives a proper time-scale for each
reaction. The propensity vector for this reaction may be
written in the following way:

ρ⃗WiMi(P ) =



0
...
0

|PW
WM |wimi

|PM
WM |wimi

0
0
...
0


. (A2)

The notation | · | is the absolute value. The propensity
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function must be positive by definition as it is essentially
an unnormalized probability of a given reaction. The
remaining terms wi and mi are the frequencies, which
can be interpreted as the probability to select a wild-type
in deme i and a mutant in deme i.
Each reaction has a corresponding “state change vec-

tor” ν⃗AB(P ), which has a length of 3L, and gives us the
amount each species changes by in a given reaction. For
the example above, we have:

ν⃗WiMi(P ) =



0
...
0

sgn(PW
WM )

sgn(PM
WM )
0
0
...
0


, (A3)

where sgn(x) is the sign of x.
In addition to interactions between individuals, we also

allow for motility (i.e. swapping) between neighboring
demes. Motility can be viewed as a 4-body interaction.
For example, if a wild-type in deme i were to swap places
with a vacancy in deme i + 1, then the number of wild-
types in deme i would go down by one (Wi → Wi − 1),
the number of wild-types in deme i + 1 would go up by
one (Wi+1 → Wi+1+1), the number of vacancies in deme
i would go up by one (Vi → Vi + 1), and the number of
vacancies in deme i + 1 would go down by one (Vi+1 →
Vi+1 − 1).
We may condense the swapping reactions into a ten-

sor S, which is similar to the expected payoff ten-
sor in form. In this case, we do allow for “payoffs”
where an individual is not involved in an initiator-
acceptor pair. Additionally, we assume a finite space
and a spatially uniform swapping tensor except at the
boundaries. We assume symmetric swapping rates be-
tween left and right so that the swapping tensor compo-
nents have the following form away from the boundaries:

SAi

AiBi±1
= − D

2(∆x)2

S
Bi±1

AiBi±1
= − D

2(∆x)2

S
Ai±1

AiBi±1
=

D

2(∆x)2

SBi

AiBi±1
=

D

2(∆x)2

...

SAi

Bi±1Ai
= − D

2(∆x)2

S
Bi±1

Bi±1Ai
= − D

2(∆x)2

S
Ai±1

Bi±1Ai
=

D

2(∆x)2

SBi

Bi±1Ai
=

D

2(∆x)2

...

(A4)

where ∆x represents the distance between neighboring
locations, and D represents the diffusion constant with
units of squared distance over time [d]2[t]−1. There are
eight additional components, with the initiator-acceptor
pairs being comprised of Ai±1 and Bi. We assume that

A and B are not the same type since swapping of equal
types maintains the state vector, effectively lengthening
the time scale. Since we are only interested in survival
probabilities, and not in fixation (surfing) times, this is a
valid assumption. All components of the swapping tensor
which do not follow this relationship between the indices
are assumed to be zero. We may define a propensity for
swapping reactions as well. As an example, we consider
a wild-type in deme i swapping with a vacancy in deme
i+ 1. The propensity vector for this reaction would be:

ρ⃗WiVi+1
(S) =



0
...
0

|SWi

WiVi+1
|wivi+1

0

|SVi

WiVi+1
|wivi+1

|SWi+1

WiVi+1
|wivi+1

0

|SVi+1

WiVi+1
|wivi+1

0
...
0



=



0
...
0

D
2(∆x)2wivi+1

0
D

2(∆x)2wivi+1
D

2(∆x)2wivi+1

0
D

2(∆x)2wivi+1

0
...
0



.

(A5)
We may define a corresponding state change vector as we
had for the payoff tensor interactions. For the example
above, we have:

ν⃗WiVi+1
(S) =



0
...
0

sgn(SWi

WiVi+1
)

0

sgn(SVi

WiVi+1
)

sgn(S
Wi+1

WiVi+1
)

0

sgn(S
Vi+1

WiVi+1
)

0
...
0



. (A6)

We may combine our payoff tensor and swapping ten-
sor into a “reaction-diffusion” tensor, defined simply as
R = P + S. The propensity function evaluated with the
reaction-diffusion tensor is as follows:

ρ⃗IiIj
(R) =



|RW1

IiIj
|xixj

|RM1

IiIj
|xixj

|RV1

IiIj
|xixj

...

|RWL

IiIj
|xixj

|RML

IiIj
|xixj

|RVL

IiIj
|xixj


. (A7)
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Likewise, our state-change vector is given by:

ν⃗IiIj
(R) =



sgn(RW1

IiIj
)

sgn(RM1

IiIj
)

sgn(RV1

IiIj
)

...

sgn(RWL

IiIj
)

sgn(RML

IiIj
)

sgn(RVL

IiIj
)


. (A8)

Our deterministic dynamics are then given by:

dx⃗

dt
=
∑
A∈I

∑
B∈I

ν⃗AB(R)⊙ ρ⃗AB(R), (A9)

where ⊙ is the “element-wise” or “Hadamard” prod-
uct. Due to the assumptions of only considering in-
deme interactions, nearest-neighbor swapping, and no
self-interactions, our dynamical equations simplify in the
following way (for a single element):

dxi

dt
=

i+1∑
j=i−1

i+1∑
k=i−1

∑
A∈{Wj ,Mj ,Vj}
B∈{Wk,Mk,Vk}

νIi

AB(R)ρIi

AB(R).
(A10)

As an example, we will calculate the dynamics for a mu-
tant in deme i which is away from the boundaries of the
system. The only nonzero payoffs of the form RMi

AB are in
the submatrix corresponding to the Wi−1 to Vi+1 rows
and columns. This is because we only consider up to
nearest neighbor interactions. The sub matrix is as fol-
lows:

RMi

sub =



0 0 0 0 − D
2(∆x)2 0 0 0 0

0 0 0 D
2(∆x)2 0 D

2(∆x)2 0 0 0

0 0 0 0 − D
2(∆x)2 0 0 0 0

0 D
2(∆x)2 0 0 PM

WM 0 0 D
2(∆x)2 0

− D
2(∆x)2 0 − D

2(∆x)2 PM
MW 0 PM

MV − D
2(∆x)2 0 − D

2(∆x)2

0 D
2(∆x)2 0 0 PM

VM 0 0 D
2(∆x)2 0

0 0 0 0 − D
2(∆x)2 0 0 0 0

0 0 0 D
2(∆x)2 0 D

2(∆x)2 0 0 0

0 0 0 0 − D
2(∆x)2 0 0 0 0


.

With this, we have twenty propensity vector components
ρMi

AB and twenty state-change vector components νMi

AB :
According to Eq. (A10), noting that sgn(x)|x| = x,we
have:

dmi

dt
= PM

MV mivi + PM
VMvimi + PM

MWmiwi + PM
WMwimi

− D

2(∆x)2

[
mivi+1 +mivi−1 +miwi+1 +miwi−1

+ vi+1mi + vi−1mi + wi+1mi + wi−1mi

−mi+1vi −mi−1vi −mi+1wi −mi−1wi

− vimi+1 − vimi−1 − wimi+1 − wimi−1

]
. (A11)

Combining terms, and noting that vi = 1− wi −mi, we
have the dynamics for mi:

dmi

dt
= (PM

MV + PM
VM )mivi

+ (PM
MW + PM

WM )miwi

+
D

(∆x)2
(mi+1 − 2mi +mi−1). (A12)

Taking the continuum limit in space (∆x → 0), our dy-
namical equation for mi becomes a dynamical equation
for m(x, t) which we just write as m:

dm

dt
= (PM

MV + PM
VM )mv

+ (PM
MW + PM

WM )mw +D
d2m

dx2
, (A13)

where the second derivative in x (i.e. the diffusion term)
comes from the second-order central differences formula.

Appendix B: Boundary Conditions of the Survival
ODE

To solve the survival ODE (Eq. 14), we require the
boundary conditions u(±∞). At the boundaries, we may
use the theory of branching processes. Our state of the
branching process is the total number of mutations Mtot.
The key to determining the boundary conditions are the
forward and backward transition rates for the total num-
ber of mutants in the system. These rates depend on the
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Propensity State-change Vector

ρMi
MiVi

= |PM
MV |mivi νMi

MiVi
= sgn(PM

MV )

ρMi
MiWi

= |PM
MW |miwi νMi

MiWi
= sgn(PM

MW )

ρMi
ViMi

= |PM
V M |mivi νMi

ViMi
= sgn(PM

V M )

ρMi
WiMi

= |PM
WM |miwi νMi

WiMi
= sgn(PM

WM )

ρMi
MiVi±1

= ( D
2(∆x)2

)mivi±1 νMi
MiVi±1

= −1

ρMi
MiWi±1

= ( D
2(∆x)2

)miwi±1 νMi
MiWi±1

= −1

ρMi
Vi±1Mi

= ( D
2(∆x)2

)mivi±1 νMi
Vi±1Mi

= −1

ρMi
Wi±1Mi

= ( D
2(∆x)2

)miwi±1 νMi
Wi±1Mi

= −1

ρMi
Mi±1Vi

= ( D
2(∆x)2

)mi±1vi νMi
Mi±1Vi

= 1

ρMi
Mi±1Wi

= ( D
2(∆x)2

)mi±1wi νMi
Mi±1Wi

= 1

ρMi
ViMi±1

= ( D
2(∆x)2

)mi±1vi νMi
ViMi±1

= 1

ρMi
WiMi±1

= ( D
2(∆x)2

)mi±1wi νMi
WiMi±1

= 1

TABLE II: Propensities and their corresponding
stoichiometric values for events that effect the mutant
at location i, Mi.

sign of the payoff tensor components. If a payoff tensor
component is positive, the interaction that it describes
contributes to the forward transition rate. Likewise, if
the payoff tensor component is negative, then it con-
tributes to the backward transition rate. In addition, the
rates in each deme will depend on the number of inter-
acting agents. We sum over the contributions from each
deme to obtain the total transition rates for the whole
system.

In Fig. 6, we define rb as the transition rate from Mtot

to Mtot − 1, and rf is the transition rate from Mtot to
Mtot+1. We return to the discrete deme picture to derive
rf and rb. Explicitly, these are written in the following
way:

rb =

L∑
i=1

[ϕ−(PM
MV ) + ϕ−(PM

VM )]mi⟨v⟩init,i

+ [ϕ−(PM
MW ) + ϕ−(PM

WM )]mi⟨w⟩init,i

rf =

L∑
i=1

[ϕ+(PM
MV ) + ϕ+(PM

VM )]mi⟨v⟩init,i

+ [ϕ+(PM
MW ) + ϕ+(PM

WM )]mi⟨w⟩init,i,

(B1)

where we make use of the “ReLU” function (denoted by
ϕ+(x)). Alone, this function picks out the value x if

x ≥ 0, and returns 0 otherwise. When written as ϕ−(x),
the value −x is returned if x ≤ 0, and returns 0 other-
wise. Thus, if a payoff tensor component is negative, it
contributes to the backward transition rate, and if it is
positive, it contributes to the forward transition rate.
To find the values of the transition rates at the bound-

aries, we shift our spatial region where we are either far
into the bulk of ⟨w⟩init or far ahead of the bulk of ⟨w⟩init
(the bulk of ⟨v⟩init). Far in the bulk of the wild-type
wave, we have the following:

r
(−∞)
b =

L∑
i=1

[ϕ−(PM
MW ) + ϕ−(PM

WM )]mi⟨w⟩init,i

r
(−∞)
f =

L∑
i=1

[ϕ+(PM
MW ) + ϕ+(PM

WM )]mi⟨w⟩init,i.

(B2)

We define the quantity γ = rb/rf , which is the ratio of
the backward to forward transition rates. Far in the bulk
of the wild-type wave, we have:

γ(−∞) =
r
(−∞)
b

r
(−∞)
f

=

L∑
i=1

[ϕ−(PM
MW ) + ϕ−(PM

WM )]mi⟨w⟩init,i

L∑
i=1

[ϕ+(PM
MW ) + ϕ+(PM

WM )]mi⟨w⟩init,i

=
ϕ−(PM

MW ) + ϕ−(PM
WM )

ϕ+(PM
MW ) + ϕ+(PM

WM )
.

(B3)

Similarly, far ahead of the bulk of the wild-type wave, we
have:

γ(∞) =
ϕ−(PM

MV ) + ϕ−(PM
VM )

ϕ+(PM
MV ) + ϕ+(PM

VM )
. (B4)

The survival probability is then given by the well known
expression for the survival probability, beginning with a
single individual [92]:

u(±∞) =
1

1−
lC−1∑
j=1

j∏
k=1

γ(±∞)

=
1

1−
lC−1∑
j=1

(γ(±∞))j

=
1− γ(±∞)

1− (γ(±∞))lC

≈ lim
L→∞

1− γ(±∞)

1− (γ(±∞))lC
, (B5)

where l is the length of a box at either positive or negative
infinity, corresponding to a situation where there are only
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FIG. 6: A branching process depicting the total number of mutants Mtot with forward transition rates rf and
backward transition rates rb). Here, L is the length of the system, and C is the carrying capacity for a single deme.

wild-types and mutants or only vacancies and mutants.
The box thus has a maximum carrying capacity of lC,
since each deme has a maximum carrying capacity of C.
The expression can be reduced to the following form:

u(±∞) =

{
0, if 1 ≤ γ(±∞) ≤ ∞
1− γ(±∞), if 0 ≤ γ(±∞) ≤ 1

. (B6)

Appendix C: Finding a form for F (x, u) in the
Survival ODE

We may now make an argument for the form of F (x, u)
in Eq. (24). We assume that the values of the sur-
vival probability saturate to constants in regions near the
boundaries of the system. In this case, we have du

dx = 0

and d2u
dx2 = 0. Denoting x̃ as either +∞ or −∞ and

ũ = u(x̃), we have:

β(x̃)ũ− F (x̃, ũ) = 0. (C1)

Furthermore, at the boundaries, either ⟨v⟩init(−∞) = 0
and ⟨w⟩init(−∞) = 1 or ⟨v⟩init(∞) = 1 and ⟨w⟩init(∞) =
0. We may thus write a general expression:

(p+ q)ũ− F (x̃, ũ) = 0. (C2)

Here, p and q replace the payoff tensor components. We
can also write specific values for the boundary conditions
depending on the signs of the payoff tensor components.
Due to the similar form for γ(∞) and γ(−∞), we may
write general expressions. More explicitly, we write:

γ̃ =
ϕ−(p) + ϕ−(q)

ϕ+(p) + ϕ+(q)
(C3)

and

ũ =

{
0, if 1 ≤ γ̃ ≤ ∞
1− γ̃, if 0 ≤ γ̃ ≤ 1

. (C4)

We then proceed, looking at specific relationships be-
tween p and q, with the results summarized in Table III.

We may thus write F (x̃, ũ) at one of the boundaries:

F (x̃, ũ) = (ϕ+(p) + ϕ+(q))ũ2. (C5)

To interpolate between the left and right boundaries, we
make the Ansatz:

F (x, u) = [(ϕ+(PM
MV ) + ϕ+(PM

VM ))⟨v⟩init(x)
+ (ϕ+(PM

MW ) + ϕ+(PM
WM ))⟨w⟩init(x)]u(x)2.

(C6)
Plugging Eq. (C6) into Eq. (24) and without writing the
x dependence for compactness, we have:

[(PM
MV + PM

VM )⟨v⟩init

+ (PM
MW + PM

WM )⟨w⟩init]u− cw,front
du

dx
−D

d2u

dx2

− [(ϕ+(PM
MV ) + ϕ+(PM

VM ))⟨v⟩init
+ (ϕ+(PM

MW ) + ϕ+(PM
WM ))⟨w⟩init]u2 = 0.

(C7)

If one wished to reduce the game interactions to symmet-
ric game interactions as apposed to asymmetric game
interactions, one would simply set PM

WM = PM
MW and

PM
VM = PM

MV to give:

2[PM
MV ⟨v⟩init + PM

MW ⟨w⟩init]u− sw,front
du

dx
−D

d2u

dx2

− 2[ϕ+(PM
MV )⟨v⟩init + ϕ+(PM

MW )⟨w⟩init]u2 = 0.
(C8)

A simple redefinition of the payoff tensor components can
be done by absorbing the factor of 2 as 2PK

IJ = πK
IJ to

give:

[πM
MV ⟨v⟩init + πM

MW ⟨w⟩init]u− cw,front
du

dx
−D

d2u

dx2

− [ϕ+(πM
MV )⟨v⟩init + ϕ+(πM

MW )⟨w⟩init]u2 = 0.

(C9)

Based on the boundary condition equations (Eq. B5),
our γ’s are either 0 or ∞, making our boundary condi-
tions equal to either 1 or 0 respectively. If we include
diagonal terms in our payoff tensor, as in the following
equation, we may again observe the full range of bound-
ary conditions from 0 to 1. The symmetric form of Eq.
(C7) with diagonal payoff tensor terms is as follows:

[πM
MV ⟨v⟩init + πM

MW ⟨w⟩init + πM
MM ⟨m⟩init]u

− cw,front
du

dx
−D

d2u

dx2
− [ϕ+(πM

MV )⟨v⟩init

+ ϕ+(πM
MW )⟨w⟩init + ϕ+(πM

MM )⟨m⟩init]u2 = 0.

(C10)

If one wished to reduce Eq. (C7) to have neutral in-
teractions between mutants and wild-types (the dashed
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sgn(p) sgn(q) sgn(1− |q|/|p|) γ̃ ũ lim
L→∞

ũ lim
L→∞

F (x̃, ũ)

+ + ∀ 0 1 1
p+ q

= (p+ q)ũ2

+ − − − q
p

1+ q
p

1−(− q
p )

lC 0 0 = 0ũ2

+ − + − q
p

1+ q
p

1−(− q
p )

lC 1 + q
p

(p+ q)
(
1 +

q

p

)
=p

(
1 +

q

p

)(
1 +

q

p

)
=pũ2

− − ∀ ∞ 0 0 0 = 0ũ2

− + + − p
q

1+p
q

1−(−p
q )

lC 0 0 = 0ũ2

− + − − p
q

1+p
q

1−(−p
q )

lC 1 + p
q

(p+ q)
(
1 +

p

q

)
=q

(
1 +

p

q

)(
1 +

p

q

)
=qũ2

TABLE III: The phenomenological correction term across the phase space of asymmetric game interactions.

line in Fig. 4), one would set PM
WM = −PM

MW and
PW
WM = −PW

MW , obtaining:

[(PM
MV + PM

VM )⟨v⟩init]u− cw,front
du

dx
−D

d2u

dx2

− [(ϕ+(PM
MV ) + ϕ+(PM

VM ))⟨v⟩init
+ (ϕ+(PM

MW ) + ϕ+(PM
WM ))⟨w⟩init]u2 = 0.

(C11)

Plugging in the values PM
MV = 1, PM

VM = −(1 −
rm), PM

MW = 1, and PM
WM = −1, we obtain the survival

probability ODE from [21]:

rm⟨v⟩initu− cw,front
du

dx
−D

d2u

dx2
− u2 = 0. (C12)

For a system that is truly without game interactions be-
tween mutants and wild-types, one would set PM

WM =
PM
MW = PW

WM = PW
MW = 0, to obtain:

[(PM
MV + PM

VM )⟨v⟩init]u− cw,front
du

dx
−D

d2u

dx2

− (ϕ+(PM
MV ) + ϕ+(PM

VM ))⟨v⟩initu2 = 0.

(C13)
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