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Initializing deep Q-learning under final-only

rewards with smoothed Bellman equations

Adrien CHAN-HON-TONG

August 6, 2024

Abstract:

Deep Q-learning may fail on trivial problems like maze exploration under
final-only reward. Despite reformulation, reward shaping, curiosity exploration
or alternative reinforcement algorithms (like proximal policy optimization)
may bypass such issue, this paper remarks that finding a path to a final
positive state can be done without randomness by smoothing Bellman

equations in typical settings. This can be a critical initialization process before
regressing the true Q-values.

1 Introduction

Reinforcement Learning (RL) [2] is the ability to learn a global policy on se-
quential problem from loose supervision only provided by local transition re-
ward. Despite small size RL problems can be solved exactly by tabulating all
states, current researches focus on using large deep networks [3] to model the
large/infinite set of states and/or the policy. An example is deep Q-learning [4],
where residues to so-called Bellman equation are minimized while exploring.

Formally, ∀(s, a, r, s′) ∈ S × A × R × S a state s, an action a, a reward r
and the state s′ reached from s by selecting action a, the expected reward Q∗

(discounted by γ ∈]0, 1[) that can be obtained from s, a is

Q∗(s, a) = r + γmax
a′

Q∗(s′, a′) (1)

Thus, if Q is a deep network with weights θ modeling Q∗, then, one can use
Q and randomness or diversity to explore, store experiments in replay buffer R
while updating the weights by minimizing the loss

l(θ) =
∑

(s,a,r,s′)∈R

(r + γmax
a′

Q(s′, a′)−Q(s, a))2 (2)

However, a large numbers of papers (e.g. [6]) have proven that it may fail:
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• Deceptive rewards may place the convergence on the hand of the greedy
epsilon strategy (despite Soft-DQN [5] or exploration based on curiosity
[9] or entropy [8] may mitigate this issue).

• As the modeled policy controls the exploration, errors can be amplified
(despite double DQN and replay buffer may mitigate this issue [7]).

• Training deep networks can be hard even on well posed problem. For
example, [1] proves that deep networks may diverge on some RL setting.

While tackling those problems in general may be a long quest, this paper focuses
on a specific RL setting where the following condition holds.

Definition of the considered condition: all starting states have a posi-
tive average Q values and all rewards except when reaching good exit states are
negative.

Obviously, this condition is not intended for general RL but it has several
interest. In addition, this condition is somehow natural for example for video
game as people usually do not play game which can not be won. Precisely, under
this strong assumption, this paper proves that preventing locked exploration
can be done by smoothing Bellman equations:

• Next section will precise why final-only reward can be deceptive.

• Then, section 3 will prove that adding the constraint
∑

a Q(s, a) > 0 on
starting states s ensures that optimized Q model is never locked.

• Finally, optimization considerations are tackled in section 4 before con-
clusion of section 5.

2 Hardness of final-only reward instances

2.1 Deceptive maze exploration

Let consider a very simple RL instance: A = {−1, 1}, S = {−1, 0, 1, ..., N}
with −1 and N being final state, s′ = s + a and r(i, i ± 1) = −α except for
r(N − 1, N) = µ (µ ≫ α > 0).

This problem is deceptive because selecting −1 from 0 lead to a total reward
of −α, but, one needs N more actions 1 than -1 to reach N eventually getting
a positive reward while selecting less than N action 1 leads to a smaller reward
than −α (up to −

∑
i≤N

γiα < −α). Thus, naive exploration will tend to select

action −1 from 0. For example, Q(−1) = 0, Q(0,−1) = −α and Q(0,−1) < −α
is related to a 0-loss of eq2 if R contains only 0 and −1 which is the case
for a deterministic exploration. Thus, exploring state n ∈ {1, ..., N} from Q
requires random-based or curiosity-based exploration. However, if N is large
both randomness or curiosity may fail: reaching N with ε-greedy strategy has
probability εN .
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However, the true Q value of n ∈ {1, ..., N − 1} is given by Q∗(n, 1) =
γQ∗(n + 1, 1) − α and Q∗(N − 1, 1) = µ i.e. Q∗(n, 1) = γN−nµ − (

∑
i≤N−n

γi)α.

Thus, for sufficiently large µ,
∑

a Q
∗(0, a) > 0.

2.2 A more general setting

More generally, let S a set of states, A a set of actions, r a reward function
(i.e. a function from S × A to R), one can consider 3 subsets of S, S ⊂ S a
set of starting states, F ⊂ S a set of final states and G ⊂ F a set of good exit
states. Let write T (s, a) ∈ S for the state reached by applying action a ∈ A
from state s ∈ S − F (more usually written s′). Let also write T (s) ⊂ S the
set of states that can be reached by a path from s ∈ S (i.e. T (s) is the smallest
subset of S such that ∀σ ∈ T (s),∀a ∈ A, T (σ, a) ∈ T (s)). Finally, let write
π(s) = argmaxa Q(s, a).

Formalization of the considered condition: The considered condition is
that one has the prior that

1. ∀s ∈ S,
∑

a Q
∗(s, a) > 0

2. ∀s ∈ S, T (s) ∩ G ̸= ∅

3. ∀s, a ∈ S ×A, T (s, a) ̸∈ G ⇒ r(s, a) < 0

Remark 1: Obviously, a more general setting is composition of 2 such in-
stances i.e. states can be split in 2 disjoint sets with good exit states from first
being the stating states of the second.

3 Lock-free exploration

Previous section defines properly the condition considered in this paper. Then,
this section will now investigate the advantage that can be taken from this
condition.

3.1 Definitions

0-loss: ∀Q a function of S ×A to R, the function is called 0−loss on Γ ⊂ S if
is verifies the Bellman equation on Γ (more precisely a slightly weaker version
where the equation should only hold for maximal action):

∀s ∈ Γ ∩ F ,∀a ∈ A Q(s, a) = 0
∀s ∈ Γ−F , Q(s, π(s)) = r(s, π(s)) + γ Q(T (s, a), π(T (s, a)))

(3)
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Locked exploration: Let now define a locked exploration as a situation where
there exists Γ ⊂ S and Q a 0-loss function on Γ with the additional properties:

1. S ⊂ Γ

2. Γ ∩ G = ∅

3. ∀s ∈ Γ, T (s, π(s)) ∈ Γ

Importantly, under the assumptions that there is a locked exploration, then,
all the states that will be reached by a Q-path starting from S will be contained
in Γ and thus never reach G (as Γ ∩ G = ∅). This statement can be easily
proven by induction: this is true for initial point as S ⊂ Γ, then, considering
s ∈ Γ − F , the next state induced by Q is T (s, π(s))) which is in Γ according
to the assumptions 3 of the locked exploration.

Thus, the phrase locked assumptions is consistent with general understand-
ing. Despite ε−greedy exploration or curiosity may theoretically mitigate this
issue, the maze example of 2.1 recalls that it is not acceptable to have only εN

probability to exit. This invites to consider other solutions to locked exploration.

Main theorem:

If ∀s ∈ S,max
a∈A

Q(s, a) > 0, then, no situation of locked exploration can happen.

Proof: let proceed by assuming there is a locked exploration and proving a
contradiction. Let first consider Ω = max

s∈Γ,a∈A
Q(s, a) > 0. As, from assumption

1 of locked exploration, S ⊂ Γ, it means that Ω ≥ max
s∈S, a∈A

Q(s, a).

But, the considered condition is that max
s∈S⊂G,a∈A

Q(s, a) > 0, so Ω > 0.

Let now consider s, a such that Q(s, a) = Ω. By definition of the max,
a = π(s). From assumption that Q has 0-loss on Γ (eq3), Q(s, a) = r(s, a) +
γ Q(T (s, a), π(T (s, a)). But, from the assumption 3 that the exploration is
locked, T (s, a) ∈ Γ so Q(T (s, a), π(T (s, a)) ≤ Ω.

So, Ω < r(s, a) + γΩ. But, by assumption 2 of the locked exploration,
T (s, a) ̸∈ G which means that r(s, a) < 0 seeing condition 3 on the instance.

So, Ω < Ω. This is a contradiction.

Remark 2: So, the assumption Q(s, a) > 0 for s ∈ S, a ∈ A and 0-loss on
eq3 imply that the exploration is never locked: minimizing the equation 3 with
positivity constraint will eventually lead to a policy such that s = T (s, π(s))
terminate with s ∈ G. As, the existence of a 0-loss function Q on S is a well
known result related to Bellman equation, solving equations 3 with constraint
Q(s, a) > 0 is both possible on the considered RL instances (let recall that
assumption 2 states T (s) ∩ G ̸= ∅) and provides a lock-free solution.
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4 Practical optimization

Despite previous section has proven that the addition of the simple constraint
∀s ∈ S,

∑
a Q(s, a) > 0 guarantees that any 0-loss model is lock-free on instance

verifying the considered condition, it worths remarking that from gradient based
optimization point of view the convergence of a deep network toward a loss level
of 0 is not trivial.

Indeed, in the maze example, the situation Q(0, 1) = 1, Q(1,−1) = 1 is
a local minima of the system Q(0, 1) ≥ 1, Q(0, 1) = −α + γQ(1,−1) and
Q(1,−1) = −α+γQ(0, 1). Indeed, the gradient when to decrease equally Q(0, 1)
and Q(1,−1), but the constraint Q(0, 1) ≥ 1 forbids it. Thus, so optimization is
locked resulting in a suboptimal model unable to find a good exit (and related
to a high Bellman loss).

Yet, by replacing maxa Q(s, a) by
Υmaxa Q(s,a)+

∑
a Q(s,a)

Υ+|A| with positive Υ,

one can smooth the optimization while maintaining a the property of avoiding
a locked exploration.

Indeed, let assume that Q is positive on S states and verifies on Γ:

Q(s, a) = r(s, a) + γ
Υmaxa′ Q(T (s, a), a′) +

∑
a′ Q(T (s, a)), a′)

Υ + |A|
(4)

then, the same conclusion than in the main theorem holds: Ω = max
s∈Γ,a∈A

Q(s, a) >

0 and Ω = r(σ, α) + γΩ where σ, α is the argmax related to Ω, so r(σ, α) > 0,
so T (σ, α) ∈ G.

Thus, any models with a 0-loss for the smooth Bellman equations (eq4) can
not be locked from theoretical point of view and the optimization should be
much smoother thank to the

∑
a∈A Q(s, a) in eq4 which makes gradient flow to

reach each pair s, a.
The limit of this approach is that a model Q with 0-loss for eq4 can not be

interpreted as a Q value i.e. it does not approximate the expected discounted re-
ward that can be obtained from s, a, and, worse, it may have an effect similar to
a modification of γ to Υ+1

Υ+|A|γ: if for a state T (s, a) = s′, Q(s′, a′) is constrained

to be 0, except for a′ = α, then, Q(s, a) = r(s, a)+ γ Υ+1
Υ+|A|Q(T (s, a), α) exactly

if γ was γ Υ+1
Υ+|A| . However, it may be relevant to initialize a deep Q network.

Remark 3: The case Υ = 0 allows to prove easily the existence of a 0-loss
model. Indeed, if one can tabulate all states, then (when Υ = 0), eq4 is a linear
system of all states. Let assume that lines are organized so that if i represents
s, a, then, constraint Q(s, a) = r(s, a) + γ

∑
a′ Q(T (s, a), a′) is in line i. Then,

one can write the matrix of this system I − Θ where Θ has the property that
maxi

∑
j |Θi,j | = γ < 1. But maxi

∑
j |Θi,j | is larger than the larger eigen value.

Indeed, λv = Θv ⇒ λvi =
∑

j Θi,jvj . So λmaxk vk ≤ maxk vk maxi
∑

j |Θi,j | ≤
maxk vk i.e. λ ≤ maxi

∑
j |Θi,j | < 1. Thus, I − Θ is not singular i.e. there

exists a model Q with 0-loss.
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However, it is related to a γ
|A| decay which is not convenient. Inversely,

Υ > |A| − 1 guarantees that the sign of the max is the sign of it smoothed
version, and, proof of existence is also related to fact that γ < 1 implies that
the operator which moves a distribution on S to the distribution after transition
is a contraction mapping. Anyway, constraining Q to be lower bounded can be
relevant to avoid divergence on unconstrained pair s, a during optimization in
practice.

5 Conclusion

This paper considers the RL instances where positive rewards can be obtained
only when reaching some final states (or composition of such instances) e.g.
maze exploration with large positive reward on exit.

Despite this setting is obviously restricted, this paper remarks that training
a deep network related to a policy which finds an exit can then be done with-
out randomness nor curiosity just by smoothing Bellman equation and adding
positivity constraint on initial states: indeed, considering the positive maximal
Q value of set of states in this setting trivially shows (under 0-loss assumption)
that either the next one is out of the set or is a positive final ones, so explo-
ration can not be locked. From such initialization, one can refine a classical
deep Q-learning with a replay buffer containing path to a good exit.

Future works should consider practical experimentations of this framework.
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