
Next steps will look to exploiting this theory to 
yield new parallel training algorithms through 
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Overview

PDE-Constrained Optimization

Biased Gradients in SGD

Data-driven modeling requires solutions of 
constrained optimization problems

Current optimization approaches for time 
dependent constraints serialize gradient-
descent and second order methods, 
impacting:
• Deep neural network (DNN) training
• PDE-constrained optimization (PDEOpt)

We develop parallel techniques that avoid the 
serialization using multigrid and domain 
decomposition methods

Deep Neural Networks 

ResNet NeuralODE

Neural ODEs replace DNN layers with time dim.

Computing gradients uses a forward ODE solve 
followed by a backward adjoint, this serializes

Our Layer-Parallel1,2 algorithm uses MGRIT to 
accelerate forward and adjoint solves: 

Recently we’ve added spatial coarsening5

Training Neural ODEs: with data-parallel (left), 
spatial coarsening (right)

NeuralODE Arch:
128 Layers, 
12 Channels
Batch Size 256

Layer-Parallel on Tiny ImageNet scales well with 
good accuracy :

Standard Deviation 
computed over 16 
evaluations

PDEOpt: precondition augmented KKT matrices

Forward-in-
time solve

Backward-in-time 
solve (adjoint)

First approach: Multigrid-in-time6

• Introduce continuity 
constraint

• Reorder to a block 
diagonal smoother 
relaxing continuity

• Geometric coarse grid 
correct

• Using inexact SQP 
method

• Scaling results on 
Burgers equation 
control

Block Tridiagonal Smoother

Continuity Constraint

KKT Ordering

Second approach: Domain-Decomposition4

• Schur-complement (SC) is 
elliptic in time

• Applies parallel domain 
decomposition (DD) to SC

Heat Eq.
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Layer-Parallel 
derives 
parallelism by 
inexactly 
computing the 
batch gradient.

Convergence of Layer-Parallel

Our theory3,7 extends stochastic gradient 
descent (SGD) for statistically biased gradients
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gradient
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