2609.25659v1 [cs.LG] 22 Sep 2026

arxiv

WHEN RIEMANN FLOWS WITH WASSERSTEIN:
GENERATIVE MODELING OF PROBABILITY DISTRIBUTIONS ON
MANIFOLDS
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Abstract. Many scientific datasets, such as molecular conformational ensembles or single-cell
tissue measurements, are naturally modeled as meta-distributions: distributions over probability
measures on non-Euclidean domains. Existing generative methods largely assume Euclidean geometry
and fail to capture this structure. We introduce Riemannian Wasserstein Entropic Flow Matching
(RWEFM), a generative framework on the Wasserstein space P2 (M) of a Riemannian manifold (M, g).
RWEFM is trained by regressing a neural vector field onto Riemannian optimal transport velocities,
using McCann displacement interpolations as conditional paths. We confirm theoretically that this
construction leads to a valid flow matching approach on P2(M) and introduce the Riemannian
Entropic Map, a GPU-efficient approximation of the optimal transport map on manifolds. Our
experiments show that by respecting the intrinsic geometry of the data, RWEFM can generate whole
single-cell samples in hyperspherical latent spaces and protein conformational ensembles on the
torus. As RWEFM requires only a geodesic distance and a projection operator, it is not restricted to
manifolds with closed-form geometry, which we demonstrate by generating distributions on a general
triangulated mesh. Code and tutorials are available at RWEFM.

1. Introduction. Many modern scientific datasets are most naturally represented
as collections of distributions of data points living on structured non-Euclidean spaces.
Molecular conformational ensembles [Axelrod and Gomez-Bombarelli, 2022] describe
each molecule as a distribution over rotations and translations in 3D space; climate
records [Abatzoglou et al., 2018] can be viewed as distributions of weather variables
over the sphere; and tissue-level single-cell RNA-seq [CZI Cell Science Program et al.,
2025| represents each sample as an empirical distribution of cell states living on a
biologically meaningful manifold (e.g. spherical or hyperbolic). In these settings, the
object of interest is a distribution over probability measures on a manifold.

Generative modeling provides a principled way to summarize such data and to
enable scientific tasks, including in-silico design [Gruver et al., 2023|, hypothesis testing
[Candes et al., 2018], and causal discovery in the underlying physical process [Zhu et al.,
2023]. While recent generative models have achieved impressive results in Euclidean
data (images [Lin et al., 2024], videos [Jin et al., 2025], single-cell [Klein et al.,
2025]), and have increasingly incorporated non-Euclidean structures (e.g. molecules
[Schneuing et al., 2024]), most of this progress concerns generating individual data
points defined as finite-dimensional vectors. In contrast, generative modeling of
distributions requires operating in an infinite-dimensional space: the Wasserstein space
of probability measures P(M). Recent work has explored generative models directly
on Wasserstein space [Haviv et al., 2024, Atanackovic et al., 2024, Piening et al., 2026]
but these methods assume the underlying domain to be Euclidean (i.e. M = R?),
thereby failing to faithfully model datasets whose support lies on curved geometries.
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In this work, we introduce Rieman-
nian Wasserstein Entropic Flow Matching
(RWEFM), a flow-matching (FM) framework
[Lipman et al., 2022] for generative model-
ing on Py(M). RWEFM lifts conditional
FM to the Wasserstein space using McCann
displacement interpolations as conditional
paths between paired measures (u,r). We
establish that this yields a valid FM objective
on Py(M) and that the induced marginal
dynamics satisfy a weak continuity equation
and admit a path-space representation via
the superposition principle [Pinzi and Savaré,
2025].

A key practical bottleneck is the com-
putation of optimal transport maps between
empirical distributions on Riemannian man-
ifolds. To this end, we introduce the Rie-
mannian Entropic Map, a GPU-efficient ap-
proximation of the Monge map that extends
the entropic map [Pooladian and Niles-Weed,
2021] to general geometries. In essence, our
estimator is obtained as the exponential map
of the barycentric projection of tangent vec-
tors. We further provide an error bound
that quantifies the approximation induced
by regularization and finite sampling.

We evaluate RWEFM across a range of
geometries and scientific applications. This
includes generation of digits, letters and
Kanji characters on the sphere S?, hyper-
bolic disk H? and torus T?, as well as whole
single-cell sample generation in hyperspheri-
cal latent spaces S'28~1

Wasserstein Manifold \‘
(PZ (M ) ) WZ) !

Py € Py(P2(M))

McCann

Interpolant 4

= Q)

(1 — O)Id + tT*¥) 4

Py € Pa(P2(M))

Fig. 1. Riemannian Wasserstein En-
tropic Flow Matching. Top: Base
Riemannian manifold (M,d,). Each
blob is a probability distribution u,v €
P2(M) and a single training example
is one blob, not one point. The dashed
line is the Riemannian OT path between
@ and v which is estimated via point-
cloud samples from each blob using the
entropic map. Bottom: Wasserstein
manifold (P2(M), Ws), where a blob is a
distribution-over-distributions and each
point is a distribution in the top fig-
ure. The same dashed path lifts here as
the McCann interpolant p;, the geodesic
along which RWEFM learns its flow.

and protein conformational ensembles on T?. To emphasize

that our framework is not limited to closed-form geometries, we further generate
distributions on a general triangulated mesh. Our experiments show that respecting
the intrinsic geometry of the data and using the Riemannian Entropic Map improves
generation quality.

Contributions. (i) We propose RWEFM, a framework for generative modeling on
the space of probability distributions on Riemannian manifolds—including general
geometries without closed-form geodesics, such as triangulated meshes—and show
that the resulting marginal dynamics are theoretically well-posed. (ii) We introduce
the Riemannian Entropic Map, a fast and accurate approximation of Riemannian
optimal transport maps suitable for large-scale GPU training, together with theoretical
guarantees. (iii) We benchmark RWEFM against FM baselines on real-world datasets
such as generation of single-cell samples and protein conformational ensembles.



2. Background and Related Work.

2.1. Optimal Transport on Riemannian Manifolds. Optimal Transport
(OT) [Villani, 2008] provides a geometric framework for comparing probability distri-
butions on Riemannian manifolds. Let (M, g) be a complete Riemannian manifold
equipped with a metric g and its corresponding geodesic distance dg4(-,-), and let
1, v € Py(M) be two probability measures with finite second moments. The Monge
formulation seeks a deterministic map 7' : M — M pushing u onto v (denoted
T4 p = v) that minimizes the total transportation cost:

(2.1) inf {/M c(a, T(x))du(x) : Tup = y} ,

where c(x,y) = $d2(z,y) is the cost of moving a unit of mass from z to y. Given
mild assumptions, such as p being absolutely continuous with respect to the volume
measure, the Brenier-McCann theorem [Ambrosio et al., 2021] states that there
exists a unique optimal transport map Ty, known as the Monge map, of the form
To(x) = exp,(—Vo(x)) where ¢ : M — R is a c-concave function.

The Kantorovich formulation relaxes the Monge problem by allowing for proba-
bilistic couplings:

Wi(u,v) = inf / d?(z,y)dr(z,y).
Tell(p,v) MXM g

where TI(u,v) is the set of joint distributions on M x M with marginals p and v.
The optimal value Wa(u, v) defines the 2-Wasserstein distance between the measures.
Unlike the Monge formulation, the Kantorovich problem does not require continuity
of measures to admit a solution. When the Monge map T exists, it can be recovered
from the Kantorovich problem via the dual formulation: $W3(u,v) = sup,, [ wdp +
S Cdv, with ©¢(y) = infaer{3d(x,y)* — ¢(z)}, and the Monge map is then Ty(z) =
exp, (—Vpo(z)).

2.1.1. Statistical Estimation of Optimal Transport. Closed-form solutions
for optimal transport maps are typically limited to very simple distributions so we
generally rely on statistical estimation from finite samples {x;}72, ~ p and {y; };‘:1 ~ V.
However, the Kantorovich problem on discrete samples is a linear program with cubic
complexity in the number of samples, hindering its application to large datasets.
Instead, practical approaches rely on entropic OT, which regularizes the (discrete)
objective with an entropy term H(w). The problem is strictly convex and can be
efficiently solved using the Sinkhorn algorithm [Cuturi, 2013].

m
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This problem admits the dual formulation:

(2.2) sup Y flwi) + Zg y;) Z Z (@) +o(w)—3dg(@iv)%) /e 4 .
feLt(w) i=1j=1
geL*(v)

While entropic optimal transport is widely used for computing the optimal transport
distances, Pooladian and Niles-Weed [2021] showed that it can be used to compute a
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tractable estimator of the Monge map Ty. Given the optimal entropic coupling .,
the entropic map is the barycentric projection T (x;) = E,_[Y|X = ;] which, under
suitable regularity assumptions and an appropriate joint choice of regularization and
sample size, consistently estimates the Monge map Tj. The optimal entropic potentials
(fe, ge) are the solutions of Eq (2.2).

2.1.2. Wasserstein Geometry. The Wasserstein space over a Riemannian
manifold (M, g), denoted P2(M), is the space of probability measures on M with
finite second moments, equipped with the 2-Wasserstein distance Ws. While not
rigorously a Riemannian manifold due to infinite dimensionality, it can be endowed
with a Riemannian-like structure. There, the tangent space at a measure u € P2 (M)
is identified with the closure of the set of gradients of smooth functions in L?(u, TM):
L2(n)

T,Po(M) ={v=V¢: 6 e CxM)} ",

and endowed with the norm ||11||2LQ(N) = [\lvll2dp(x). The exponential and logarithm
maps in this space are: exp,,(v) := exp, (v(x))gp, log,(v) := —=Vp(z), where TH" =
exp, (—Vp(z)) is the optimal transport map from p to v. Geodesics in Pa(M) between
measures 1 and v are probability paths (f¢)¢e[o,1) Where:

e = exp,,(tlog,(v)) = exp, (—tVp(z))sp

2.2. Flow Matching on Riemannian Manifolds and the Wasserstein
Space. Flow matching generates samples from a target distribution v from samples
of a source distribution p by learning a time-dependent vector field that generates a
probability path p; such that pug = p and g1 = v. Directly learning such a vector field
is generally impossible. Instead, flow matching defines conditional probability paths
pt(+]z) for which computing a generating vector field is tractable.

Ingredients of flow matching. This construction relies on three key components:
(C1) a condition for when a vector field generates a probability path, (C2) the
marginalization of the conditional vector field generates the marginal probability
path, and (C3) the losses from regressing the learnable vector field to the conditional
or the marginal vector field are equivalent. The continuity equation on (M, g),
O (z) + Vg - (e (z)ve(x)) = 0, plays the role of the first component. The second is
satisfied with the marginal vector field defined as:

= Ve\ T |2 Mt(x|Z) T2
w(@) = [l 207 i),

Indeed, if (pt(-|2), ve(+|2)) solves the continuity equation, (g, v:) is also a solution. We
use z = (zg,21) ~ 7 and 7 is a coupling from p and v, for which multiple options
have been identified in the literature [Pooladian et al., 2023, Lipman et al., 2022, Tong
et al., 2023]. A typical conditional path is then a dirac centered on a curve z¢(zg, 1)
that interpolates between zy and z;. In this case, the generating vector field is given
by vi(z|z) = & = Lxy(20,21). Finally, the equivalence of losses (C3) follows from
the second point, as shown in [Lipman et al., 2022] (see Lipman et al. [2024] for a
comprehensive tutorial). This leads to the celebrated flow matching objective:

Etnta0,1],(wo,21) o ze ~opie (-]2) [va(:ct,t) - i’tHf,(x,,)}

Recently Haviv et al. [2024] extended this framework to the Wasserstein space
over Euclidean domains, termed Wasserstein Flow Matching (WFM). They consider
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Fig. 2: Generation of distributions on non-Euclidean spaces Examples of
empirical distributions generated by the proposed Riemannian Wasserstein Entropic
Flow Matching model on non-Euclidean geometries. The top row displays MNIST
digits (3, 4, and 8) generated on the sphere S? shown in 2D via Mollweide projections.
The bottom row shows EMNIST characters (H, W, and Y) generated on the hyperbolic
plane H?, visualized using the Poincaré disk model.

distributions on the Wasserstein space (i.e. probability distribution on the space of
probability distributions), Py, P; € Pa(Pa(R?)). In practice, samples from Py and
P, are represented as empirical distributions or point clouds (Xo, X;) and X; is
defined as the McCann interpolant: X; = (1 — )Xo + tTX07X1(Xy), with TXo=X1
the optimal transport map between Xy and X;. One then learns the target vector
field ug(Xy,t) € TPo(R?) by regressing it against X, = TX0~7X1(X;) — Xj.

2.3. Related Work.

Optimal Transport on Riemannian Manifolds.. Optimal Transport on Riemannian
manifolds has been extensively studied in the mathematical literature, with founda-
tional results on the existence and uniqueness of Monge maps, duality theory, and
regularity properties [McCann, 2001, Villani, 2008|. These theoretical insights have
paved the way for many applications, particularly in generative modeling for non-
Euclidean data [Bose et al., 2023, De Bortoli et al., 2022, Huguet et al., 2023|. Relatedly,
You [2026] study intrinsic and tangential barycentric projections of transport plans
on Riemannian manifolds. Recent works have also explored Optimal Transport on
Wasserstein spaces themselves, proving existence of continuity equations and geodesics
despite the infinite dimensionality, enriching the theoretical framework and expanding
its applicability [Bonet et al., 2025, Emami and Pass, 2025, Pinzi and Savaré, 2025].

Generative Modeling of Distribu-

tions. Our work relates to recent ef-

. R X Method Data Space Distribution Space
forts in defining generative models —
over spaces of probability measures. ~ FM (R, L7) X
Fisher FM [Davis et al., 2024] and ~ RFM (/24792) .
Categorical FM [Cheng et al., 2024] WFM (R, L7) (Pa(R%), W)
RWEFM  (M,g) (P2(M), W)

apply the Flow Matching framework

to the simplex Ay equipped with the
Fisher-Rao geometry, focusing on cat-
egorical data. Similarly, Stark et al.
[2024] utilize the Dirichlet distribu-
tion for discrete data generation. For
continuous distributions, Meta FM [Atanackovic et al., 2024] and Wasserstein FM
[Haviv et al., 2024, Piening et al., 2026] learn flows directly on the Wasserstein space
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Table 1: Comparison of FM approaches.
Only RWEFM respects both the Riemannian
structure of the data space and the Wasserstein
structure of the distribution space.



Manifold: H? (EMNIST) Manifold: S? (MNIST) Manifold: T? (KMNIST)

h w y 3 4 8 ki na ma
Method Ch EMD CD EMD CD EMD CD EMD CD EMD CD EMD CD EMD CD EMD CD EMD
PVD 032 035 043 038 025 030 045 042 040 040 047 042 - - — — -
PSF 0.18 033 [0.06 030 021 031 [019 035 (017 029 023 0.39 — — — — —
FM 049 049 048 048 048 048 040 042 045 046 036 041 048 046 049 048 047 047

SetFM 037 035 032 033 034 033 026 027 029 029 041 035 028 028 024 024 028 029
WFM 030 028 041 039 029 028 029 028 029 027 031 037 022 017 0.19 0.14 0.17 0.17

RFM 048 048 044 045 047 048 030 038 042 045 033 038 047 046 049 048 047 047
SetRFM 1 0.30 0.31 0.34 033 031 031 038 038 038 038 039 040 026 028 023 023 026 028
RWEFM 0.15 009 023 010 016 011 018 018 019 018 0.16 0.16 0.17 0.18 0.16 0.16 0.15 0.18

Table 2: RWEFM on MNIST, EMNIST, and KMNIST. Benchmarking of
RWEFM against FM variants and other point-cloud generative models on hyperbolic
(H?2, EMNIST), spherical (S?, MNIST), and toroidal (T2, KMNIST) data. We report
the classwise 1-NN deviation (1-NN-D) using Chamfer Distance (CD) and Earth
Mover’s Distance (EMD) between generated and test point clouds. The score ranges
from 0 to 0.5, where 0 corresponds to 50% accuracy in each class; lower is better. Values
are averaged over 3 random seeds and 5 samplings per seed. The best three results per
column are highlighted (1st, , ); ties share a rank. Dashes indicate methods not
evaluated on that manifold. Full results with MMD metrics and per-manifold mean +
std are reported in Tables S3, S5 and S6 (Appendix D). Per-dataset training times for
all methods are in Table S1.

Po(R?). Crucially, these approaches are restricted to Euclidean base spaces, while our
framework extends to distributions over general Riemannian manifolds.

3. Riemannian Wasserstein Entropic FM.

3.1. Flow Matching on P;(M). RWEFM learns generative flows on P2 (M) by
lifting the conditional FM paradigm to Pa(P2(M)), respecting the intrinsic geometry
of M and P2(M). Following Section 2.2, this requires three components (C1-C3).
We start with (C1), the conditions for when a vector field V; € TPa(M) generates a
probability path Py € Pa(P2(M)).

3.1.1. Weak continuity equation and superposition on P2(M) (C1). The
following result shows that if (P, V;) solves the weak continuity equation on Ps(M),
then V; generates P, in the Lagrangian sense:

THEOREM 3.1. Let P, be an absolutely continuous curve on P2(P2(M)), and a
vector field Vi € L?(Py, TPo(M)) with fPQ(M)||Vt(M)H%2(M)dH”t(M) < o00.
Assume that (Py, V;) solves the weak continuity equation on Pa(M):

oo [ f (961000 + (T i) Vi ) P (e =0

for all smooth, compactly supported cylinder functionals p;. Assume moreover that
Vi satisfies suitable reqularity condition specified in Appendix C. Then, for Py — a.e
1 € Pa(M), there exists a unique absolutely continuous curve v,(t) : [0,T] — Pa(M)
solving

$ul) = Viyu(t))  for a.e. t, with 7,(0) = p

and the map ®4(p) = 7, (t) defines a flow such that Py = (®4)xPo for all t € [0,T)

The proof uses a superposition principle for random measures and is given in Ap-
pendix C.1.



3.1.2. Marginalization of the conditional vector field (C2). Let II(y,v)
be a probability measure on Py(M) @ P2(M), with marginals fu dlI(pu,v) =Py and
[, dlI(p,v) = Py. Given a conditional vector field V;(+|p, p11), conditioned on a sample
(o, p1) ~ II, we define the marginal vector field V; as:

Vi(pe) = Ep, (1) [Ve (bt 1o, p11)] ://7: oer (M)Vt(ut\mw dPy (1, v| 1)
2 X P2

dP )dI (i,
where dP;(p, v|p) = W
following result establishes the weak continuity equation for the marginal pair and,
under the hypotheses of Theorem 3.1, its Lagrangian interpretation.

is the conditional probability measure. The

PROPOSITION 3.2. Assume (Py(-|p, v), Vi(-|p, v)) solves the weak continuity equa-
tion (3.1), for p,v I1 — a.s.. Then (Py, Vi) also solves (3.1). Under the hypotheses
of the superposition theorem (Theorem 3.1) for the marginal pair, Vi generates the
marginal probability path P;.

3.1.3. RWEFM Training Objective (C3). The ideal, yet intractable, Flow
Matching objective is

Ly = Eopr, Vi) = Vi (o) l72 ) )
To bypass this, we optimize the RWEFM objective:
2
(3.2) Lrwerm =B o~ |||[Velpe | pv) — Vte(ut)HLQ(M)
pe~Py ()

As shown in Appendix C.3, VoLpy = VoLrwErym- Combining C1-C3, we have
successfully lifted flow matching to Pa(Pa(M)).

3.1.4. RWEFM interpolants. Different choices of conditional probability paths
P, (| o, p1) are possible. In this work, we choose the McCann geodesics as the canonical
interpolants between p and v:

(3:3)  Piltlp,v) = 0y, with py = ()4 p and Pr(w) = exp,(tlog, (T (x))).

For such conditional probability path, the conditional vector field that solves (3.1) is
given by:

1 _
(3.4 Vil ) = 1 o, T (0 (20))
We verify that V;(-|p,v) € T, Po(M) with log, THY (¢ (z¢)) = log,, TH" () =
—V(x4) for some ¢ € C°(M).

3.2. The Riemannian Entropic Map. A crucial step of computing the
RWEFM objective is obtaining the Monge map T+#7" between two distributions.
To this end, we propose the Riemannian Entropic Map 7T.(x), a scalable estimator
for T#~" on Riemannian manifolds based on finite samples from p and v and fast
entropic OT solvers.

Like the Euclidean entropic map [Pooladian and Niles-Weed, 2021], our estimator
leverages the entropic optimal coupling 7. obtained from the Sinkhorn algorithm,
computed using the Riemannian distance cost matrix C;; = %dﬁ(wi,yj) between
samples {z;}N | ~ p and {yj}é\':l ~ V.



DEFINITION 3.3 (Riemannian Entropic Map). Let 7. be the optimal entropic cou-
pling. We define the Riemannian entropic map T, : M — M as:

(35) ) i= e, ([ o ()inatuie) ).

THEOREM 3.4. Let f. be the optimal dual potential of the entropic optimal trans-
port problem (Eq (2.2)). Under primal feasibility conditions, the Riemannian en-
tropic map arises as the gradient of the dual potential: T.(x) = exp, (—Vfe(x)).
The proof is in Appendiz A; when M = R%, Eq (3.5) recovers the Euclidean map
T. =E. [Y|X = z].

Computationally, this definition implies a straightforward lift-average-retract
procedure for empirical measures. To evaluate the map at a source point z: (i) lift
by computing the tangent vectors v; = log, (y;) for all target points y;, mapping the
geometry from M to the vector space T, M; (ii) average to calculate the weighted
mean U =y, ; me(yj]x)v;; (iii) retract by applying the exponential map to project
back to the manifold: T (z) = exp, (7). We highlight that this procedure only requires
access to the Riemannian exponential and logarithm maps, making it applicable to a
wide range of manifolds. When these maps are not available, our estimator can still
be efficiently computed with only access to the distance function dy(x,y), as shown
in Appendix A.6; we exploit this to apply RWEFM on a triangulated mesh with
no closed-form geometry (Section 4.2.3). Furthermore, the estimator has the same
complexity as the Euclidean entropic map, making it equally scalable to large datasets.

To justify using T as a reliable proxy for the true Monge map 7p in our learning
objective, we establish the following statistical bound. This result ensures that the
bias introduced by entropic regularization and finite sampling is controlled.

THEOREM 3.5 (Statistical performance). Let fa(n,n) be the canonical out-of-
sample entropic map computed from n iid observations from each of p and v, with the
two samples independent. Under Assumptions A.4, A.5, and A.6, there exist constants
C < o0 and g9 > 0 such that, forn > 2 and 0 < & < g9,

B [ (T @) To)) o) < € [ctog(£) 4 oo EUED]

where sq = max{1,d/2} and d = dim M. The constants depend on the geometry and
reqularity assumptions. The proof is given in Appendiz A.7.

Euclidean Entropic Map Riemannian Entropic Map True Target

Fig. 3: Riemannian Entropic Map. Gaussian-to-checkerboard transport on S?
using Euclidean (left) and Riemannian (middle) entropic maps. The Riemannian
approach respects the underlying geometry, resulting in a more accurate mapping (see
Figure S2).



Algorithm 3.1 RWEFM Training Step
Input: Py, P;
Sample pu ~ Py, v ~ Py
Sample {fEZ}i\le ~ H, {yj}?il ~Vv
Compute 7 via Sinkhorn(C, ¢), Sample ¢ ~ [0, 1]
for each z; do
Wi = Tij [ 3y Tik
Te (i) = exp,, (Ej wi; log,, (y]-))
zi = exp,, (tlog, (Tc(x:)))
vi = log, (Te(xi))/(1 - 1)
b = vg (21,1, {2i}i1)
L= % 2o o — vi”i(zi)
Update 0 <+ 0 — nVoL

Algorithm 3.2 RWEFM Generation

Input: p ~ Py, discretization step dt
Sample Xo = {z;}7L; ~ u
for t + 0 to 1 — dt step dt do
Compute v; = vg(zs,t, {z: }1e)
for each z; do
T; + exp, (v; - dt)
Return: X; = {z;}I*,

3.3. Algorithm and Implementation. Here we detail how RWEFM is imple-
mented in practice. The training algorithm is presented in Algorithm 3.1. At each
training step, we sample distributions g and v from the meta-distributions Py and
Py, represented as point clouds Xo = {z;},,z; ~ p and X1 = {y;}}L,,y; ~ v. We
compute the Riemannian entropic map (Eq (3.5)) to generate an interpolating point
cloud X; = {z}Y, with z; = exp, (tlog,, (T-(z;))) (Eq (3.3)) and target velocity
vectors V; = {15 log, (Te(x;))}, (Eq (3.4)). Since the data is set-structured, we
parameterize the neural network vg(Xy,t) : MY — Tx, MY using self-attention ar-
chitectures, mapping point sets to tangent vectors. The loss is defined as the mean
squared geodesic norm between the network prediction 0; and the target v; (Eq (3.2)).
For generation (Algorithm 3.2), we start from Xy ~ pu ~ Py and integrate vy over time
to obtain the final sample X;.

Appendix D details hyperparameters and architecture. RWEFM typically trains
in a few hours on a single GPU. For large datasets like the single-cell atlas, we trained
with 1024 cells sampled from each distribution, still achieving high-quality results
in less than 24 hours of training. The size of the point clouds and the entropic
regularization € are the main hyper-parameters impacting computational complexity,
with per-dataset training times for all methods reported in Table S1. Training time
can be meaningfully reduced by increasing € or decreasing the number of sampled
particles, at a marginal cost to generation quality, as studied in detail in Section D.9.
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Fig. 4: Generative Modeling of Single-Cell Lung Samples. UMAP visualization
of real and generated scRNA-seq samples from healthy and cancer lung tissues. The
generated samples demonstrate high congruence with the real distributions. Fur-
thermore, operating in the foundation model’s latent space enables direct analysis of
generated data, such as accurate cell typing, highlighting the utility of generating in
the (non-Euclidean) latent spaces of foundation models.

4. Results.

4.1. The Riemannian Entropic Map is a faithful estimator of the Monge
map on M. We begin by qualitatively demonstrating the effectiveness of the Rieman-
nian entropic map. Figure 3 illustrates the transport error on the sphere S2, comparing
our Riemannian estimator against a Euclidean baseline. By strictly adhering to the
underlying geometry, the Riemannian entropic map yields a significantly more accu-
rate coupling, whereas the Euclidean approach incurs high distortion as it ignores
the manifold curvature. We provide quantitative evaluation of its performance on
constructed examples on the sphere S? and hyperbolic space H? in Appendix D.8. The
ground truth OT map is generated by taking the exponential map of the gradient of a
distance function between a point x € M and a fixed attractor £ € M. Our results
confirm that our estimator is as accurate as the unregularized OT map (Eq (2.1)),
albeit much faster, and outperforms the Euclidean entropic map, which neglects the
underlying geometry (Figure S2).

4.2. Benchmarking RWEFM on synthetic and real-world scientific
datasets.

4.2.1. Baselines and Evaluation Metrics. We benchmark RWEFM against
several baselines. FM [Lipman et al., 2022] and RFM [Chen and Lipman, 2023]
operate on individual data points. WFM [Haviv et al., 2024, Atanackovic et al.,
2024] learns flows on the Wasserstein space but is restricted to Euclidean domains.
We also introduce SetFM /SetRFM, which apply the FM objective to point clouds
without OT couplings. For point cloud data, we include PVD [Zhou et al., 2021] and
PSF [Wu et al., 2023], trained in Euclidean space and projected onto the manifolds.
All set-level methods share the same self-attention architecture, FM/RFM use an MLP
and we project generated samples from non-Riemannian methods onto the manifold
for fair comparison. We evaluate model performance using classwise 1-NN deviation
(1-NN-D) and MMD, with Chamfer Distance (CD) and Earth Mover’s Distance (EMD)
between point clouds (Appendix D.3). For equally sized sets of real and generated point
clouds, let areal and agen be their respective classwise nearest-neighbor classification
accuracies. We report 1-NN-D := % (’areal — %‘ + |agen — %’) This score lies in [0, 0.5]
and is minimized when both classwise accuracies equal 0.5. Taking the absolute
deviations before averaging prevents opposite classwise deviations from canceling.
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4.2.2. MNIST, EMNIST, and KMNIST on the Sphere, Hyperbolic
Space, and Torus. We evaluate RWEFM on MNIST [LeCun et al., 1998], EMNIST
[Cohen et al., 2017], and KMNIST [ROIS-CODH, 2018| datasets mapped onto Rie-
mannian manifolds: MNIST digits on the sphere S?, EMNIST letters on hyperbolic
space H?, and KMNIST characters on the torus T?2. RWEFM learns high-quality flows
and outperforms baselines in all settings (Figure 2, Tables 2,S3). Notably, on the
torus T2, WFM and RWEFM achieve comparable performance. This is expected as
T? is a flat manifold with zero curvature and the geometric advantage of RWEFM’s
Riemannian OT over WFM’s Euclidean OT diminishes accordingly. Unsurprisingly,
FM/RFM perform worst as they are unable to capture the dependencies between
individual points required to generate meaningful point clouds.

4.2.3. Beyond closed-form manifolds: distributions on a general trian-
gulated mesh. The manifolds above admit closed-form geodesics, exponential and
logarithm maps. Many scientific geometries—triangulated surfaces, learned metrics,
implicit surfaces—do not.

RWEFM extends naturally to this setting: both the McCann interpolant and
the Riemannian entropic map (Section 3.2) can be evaluated from only a geodesic
distance d, and a projection operator onto the manifold, without analytic exp/log
maps (Appendix A.6).

As a proof of concept, we generate distributions on the surface of the Stanford
bunny, a triangulated mesh with no analytic geometry, using MNIST digits as the
empirical distributions. We endow the mesh with the spectral (biharmonic) premetric
of Chen and Lipman [2023], computed from its smallest Laplace—Beltrami eigenpairs,
and lay each digit onto a fixed tangent chart on the bunny’s flank (Appendix D.5).
Figure 5 shows point clouds generated by RWEFM for three digit classes and the
samples lie on the curved surface and recover the digit morphology.

Quantitatively (Table 3), the mesh-
aware methods (RWEFM, SetRFM) Manifold: M,
sharply outperform their Euclidean coun- Digit 0 Digit 2 Digit 9
terparts (WFM, SetFM), which ignore  yp00 ©0 BEMD €D EMD CD EMD
the surface and generally attain or ap- Sy 050 050 050 050 050 050
proach the maximum classwise 1-NN de- wrFM 0.50 050 040 042 050 0.50
viation (Diny = 0.5), indicating large  SetRFM 0.30 0.26 029 023 037 024
departures from 50% classwise accuracy. _TWEFM 0.30 028 0.26 0.21 0.29 0.21

Respecting the intrinsic geometry there- .
fore remains decisive even when the Table 3: RWEFM on a general triangu-

manifold has no closed-form description, lated mesh (Stanford bunny). Here

demonstrating that RWEFM applies to Mnesh denotes the Stanford bunny sur-
arbitrary geometries. face represented by a triangulated mesh.

Classwise 1-NN deviation (1-NN-D; lower

4.2.4. Single-cell RNA-seq sam- s hetter) under the mesh spectral metric for
ples on Riemannian spaces. In single- MNIST digits generated on the bunny (best
cell genomics, early generative models fo- per column bold; 3 seeds x 5 samplings).
cused on synthesizing individual cells. A RWEFM and WFM use the sampled map

growing body of work now targets a fun- (Appendix D.5); MMD in Table S2.
damentally harder task: generating whole

samples—each sample being an empirical

distribution of thousands of cells representing a patient or tissue. This sample-level

perspective is essential for capturing inter-sample heterogeneity in disease modeling

and perturbation studies [Boyeau et al., 2025, Boiarsky et al., 2025, Haviv et al., 2024,
11




Digit 0 Digit 2 Digit 9

Fig. 5: Distributions generated on the Stanford bunny. RWEFM-generated
empirical distributions on a general triangulated mesh with no closed-form geometry,
showing two samples per digit class (0, 2, 9). Generated points lie on the curved

surface and recover the digit morphology, illustrating RWEFM on arbitrary geometries
(Table 3).

Atanackovic et al., 2024, Klein et al., 2025]. Concretely, each training example is a
point cloud p = {z;}; of cell embeddings for one patient sample, and the goal is to
generate new point clouds that faithfully reproduce the distribution of real samples.

Manifold: S'2%-! Manifold: T?
Method 1-NN-D (CD) MMD (EMD) Ws WL MMD
SetFM 0.4460 0.1026 0.4472 0.4097 0.0114
WFM 0.2945 0.0324 0.4059 0.4023 0.0120
SetRFM 0.3754 0.0300 0.4608 0.4126 0.0119
RWEFM 0.1889 0.0140 0.3970 0.3850 0.0097

Table 4: Generation of cells and torsion angles on manifolds. (Left) whole
single-cell RNAseq samples on S'28~! (SCimilarity embeddings); (right) per-protein
torsion-angle distributions on T? (ESM-conditioned). Extended metrics in Table S4;
times in Table S1.

A further challenge is that cell embeddings from foundation models such as
SCimilarity [Heimberg et al., 2025] naturally live on non-Euclidean manifolds such
as hyperspheres (S?~1) or hyperbolic spaces [Ding and Regev, 2021], so naive Eu-
clidean generation distorts the learned geometry. RWEFM directly addresses both
challenges: it generates distributions (whole samples) on the manifold by learning a
flow on the Wasserstein space P2 (S128=1). We evaluate on generating whole single-cell
blood samples in SCimilarity’s hyperspherical embedding space and find that RWEFM
substantially outperforms FEuclidean and non-distributional baselines (Table 4, Fig-
ures 4,51). The generated samples accurately recapitulate real cell-type compositions
and enable direct cell-typing analysis, demonstrating the utility of respecting the
geometry of foundation model latent spaces.

4.2.5. Protein torsion angle distributions on the torus. Protein backbone
conformations can be characterized by dihedral angles ¢ and . The joint angular
distribution is depicted using the Ramachandran plot, which reveals energetically
favorable conformations and structural motifs such as a-helices and (-sheets. Each
protein is thus characterized by a distribution of torsion angles. Since both angles are
periodic, this distribution lives on the flat torus T2, a common setting for Riemannian
generative models [Chen and Lipman, 2023, Davis et al., 2025].

We apply RWEFM to generate per-protein torsion angle distributions from md-
CATH [Mirarchi et al., 2024]. For each protein, we aggregate the (¢, 1) angles across
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Fig. 6: Torsion angle generation on the torus T?. True and generated distributions
of protein backbone torsion angles (¢, ¥) for held-out mdCATH proteins, conditioned
on ESM embeddings of their sequences (first 20 amino acids shown in subplot titles).
RWEFM accurately captures the multimodal structure of conformational distributions.

all residues during MD simulation, producing an empirical distribution over T2. Unlike
prior work that generates individual angle pairs, we generate entire distributions
conditioned on ESM embeddings [Hayes et al., 2025] of the protein sequence. On
unseen test-set proteins, we find that RWEFM accurately captures the complex, mul-
timodal structure of torsion angle distributions (Figure 6). Quantitatively, RWEFM
outperforms Euclidean and non-distributional baselines (Table 4), demonstrating
the benefits of integrating Riemannian geometry with flow matching on Py(M) for
modeling protein conformational landscapes.

5. Discussion. We have introduced Riemannian Wasserstein Entropic Flow
Matching (RWEFM), a novel framework for generative modeling of distributions
on Riemannian manifolds. We showed that our framework is theoretically sound,
computationally tractable, and empirically outperforms previous approaches that
either fail to capture the distributional or geometric aspects of the data. Our proposed
Riemannian entropic map is an essential part of our approach, providing highly
scalable and accurate estimation of the OT map. Our empirical benchmark spans
multiple scientific applications, including single-cell genomics and protein conformation,
highlighting the diversity and abundance of scientific problems that could benefit from
explicitly incorporating the geometry and distributional nature of the data.
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Appendix A. Entropic Optimal Transport in Riemannian spaces.

Recovering the optimal transport map 7j between a source distribution p and
a target distribution v is a central task in applied optimal transport. However,
closed-form solutions for T are exceedingly rare, typically existing only for univariate
distributions or Gaussians in Euclidean space. Consequently, in the general setting of
Riemannian manifolds, we must resort to statistical estimation from finite samples.

To estimate the map efficiently, we leverage Entropic Optimal Transport (EOT).
Unlike unregularized OT, which requires cubic-time combinatorial solvers (e.g., the
Hungarian algorithm), EOT can be solved using Sinkhorn’s algorithm. On a Rieman-
nian manifold, this simply requires computing the geodesic distance matrix between
samples. Once the entropic coupling is obtained, we extend the estimator proposed by
Pooladian and Niles-Weed [2021] to the Riemannian setting.

A.1. Problem Formulation. Let (M, g) be a complete Riemannian manifold
without boundary, and let d(x,y) denote the geodesic distance. The classical Monge
problem seeks a map 7' minimizing the transport cost:

1
inf —d%*(z. T i
Lt /M S, T())dp(z)

The Brenier-McCann theorem shows that this problem is equivalent to

(A1) sup /M o)) + /M 6° (&) ().

L (P)

where the c-transform is defined as

o) = inf (S (x,y) ~ 6(a)}

The optimal transport map is then given by To(x) = exp,(—Veo(z)) with ¢g
being the maximizer of equation (A.1) and the optimal plan is concentrated where

$o(x) + $(y) = 3d°(x,y).
The relaxation to the Kantorovich problem defines the 2-Wasserstein distance:

1 1
—W2(pu,v) == min / —d?(x,y)dn(z,y),
5 Wa (1, v) Y (z,y)dn(z,y)

where TI(y, ) is the set of couplings with marginals p and v. For a regularization
parameter € > 0, the Entropic Optimal Transport objective is:

1
(A.2) Se(p,v) := inf / —d*(z,y)dn(z,y) + eDgr(r|p @ v).
wE€(1,v) J M x M 2

The unique solution 7. has the form dm.(z,y) = e @FT9W=3d*@n))/=qy(2)dv(y),
where the potentials f, g € C(M) solve the dual problem:

F@)+g(y)—Ld?(@,y)
sup/fdu—i— /gdu - 8/ e c du(x)dv(y) + e.
MM

f.9

Schrodinger bridge. The Schrédinger bridge problem is closely linked to the
Entropic Optimal Transport problem. Let (X);c[0,1] denote the Brownian motion on
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(M, g) with generator §A,, and let R. be its law on path space Q := C([0,1], M).
Denote by R the joint law of the endpoints (X, X1) under R.; it admits a density
with respect to the product of volume measures given by the heat kernel:

AR (z,y) = pe(1,2,y) dvol(z) dvol(y),

where p.(t,2,y) solves O;p. = SAgpe.
The Schrédinger bridge problem seeks a coupling 7 that minimizes

CE(/,L7 I/) = Weli_ﬁi ) DKL(TK’ || Rgl)

A.2. The Riemannian Entropic Map. In the Euclidean setting, the entropic
map is defined as the barycentric projection T, (z) = E,_[Y|X = z]. On a manifold, the
direct expectation is not well-defined. Instead, we define the map via the Riemannian
exponential map and the conditional expectation in the tangent space.

DEFINITION A.1 (Riemannian Entropic Map). Let (fe, ge) be the optimal entropic
potentials. We define the Riemannian entropic map T. : M — M as:

(A.3) T.(2) = exp, < /. logm(y)dﬁff(y)) ,

where log, = exp, ! is the Riemannian logarithm and 7% is the conditional distri-
bution of Y given X = x under the optimal plan. With some abuse of notation, log,
and exp,, are the (Riemannian) logarithm and exponential maps at point x. When no
subscript is given, log and exp denote the natural logarithm and exponential functions.

This definition implies a straightforward computational procedure. To evaluate the
map at a source point x, we rely on the optimal entropic coupling m.. The procedure
involves three steps:

1. Lift to Tangent Space: For the fixed source point z, we compute the
Riemannian logarithm log,(y) for every target point y in the support of v.
This maps the geometry from the manifold M onto the vector space T, M.

2. Euclidean Averaging: We compute the weighted average of these tangent
vectors, where the weights correspond to the conditional probability mass
7e (y|z). Because T, M is a linear space, this is a simple Euclidean average.

3. Retract to Manifold: We apply the exponential map exp, to this average
vector to project the result back onto the manifold, yielding the estimated
transport location.

We now establish the relationship between this map and the dual potential gradient.

THEOREM A.2. Let (fe,gc) be optimal entropic potentials. The primal feasibility
of m. requires that its first marginal is p. In terms of the potentials, this constraint
implies:

fe(@)+9e () — 5 d2(z,y)
(A4) / e : dv(y) =1, Vx € supp(p).
M
Under this condition, the Riemannian entropic map satisfies:
T:(z) = exp, (=V [e(2)).
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Proof. We assume the potentials satisfy (A.4). Taking the logarithm, we isolate

fe(@):
f(2) = —1log /M exp (gs(y) - é%612(:@1/)) ().

— 9:(W)—=3d%(z.y) . : . .
Let h(z,y) = exp . We compute the Riemannian gradient V f.(x):

) = — (fM (@, y)dv( ))
Vitr) = e A

Using the identity V,(3d?(z,y)) = —log,(y), the gradient of the integrand is:

Vah(a,y) = Zh(z,) log, (1)

Substituting this back, and identifying the conditional density dn?(y) = %,

we obtain:

V() = - /M log, (4)dn? (1),

The integral term is exactly the argument of the exponential map in our definition of
T.. Thus, T.(z) = exp,(—V fe(x)). O

A.3. Properties of the Estimator.

Connection to the Fréchet Mean.. The notion of a “center of mass” on a Riemannian
manifold is formalized by the Fréchet mean. Given the conditional distribution 7%
of the target Y given X = z, the true barycentric projection is the point m* that
minimizes the expected squared distance:

1
m* = arg min F(z), where F(z) := 7/ d?(z,y)dr®(y).
zEM 2 M

Finding m* generally requires an iterative optimization procedure, as the gradient
of this objective is VF(z) = — [, log,(y)drZ(y), leading to the implicit condition
Jlog,- (y)dnZ(y) = 0.

Our estimator T (x) is computed directly as the exponential of the weighted
average of tangent vectors, as defined in (A.3). This definition possesses a geometric
connection to the true center of mass as the vector we compute, v = [, log, (y)dnZ(y),
is exactly the negative gradient of the Fréchet objective evaluated at the source point
T

v=—-VF(x).

Consequently, the operation T.(z) = exp,(v) geometrically corresponds to taking a
single gradient descent step on the objective F'(z), initialized at « with a step size
of 1. We stress that our estimator is the correct generalization of the entropic map to
the Riemannian setting, and we found the connection to the Fréchet mean to be a
useful geometric intuition.

Recovery of the Euclidean Case.. If we reduce M to the Euclidean space R?
equipped with the standard metric, the geometry simplifies: d(z,y) = ||z — y||, the
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exponential map becomes translation exp,(v) = z + v, and the logarithm becomes
subtraction log, (y) = y — z. Substituting these into our definition:

.0 =exp, ( [(-adn ) = o+ ( [uanz) -2 [anz).

Since 7?7 is a probability distribution, it integrates to 1. Thus:

T.(x) = / ydm?(y) = B [Y|X = 2]

This recovers the standard barycentric projection estimator from Pooladian and
Niles-Weed [2021].

A.4. McCann Interpolation via the Entropic Map. A fundamental concept
in optimal transport geometry is the displacement interpolation, or McCann interpola-
tion, which describes the geodesic path between probability measures in Wasserstein
space. Specifically, if T} is the optimal transport map pushing u to v, the interpolation
at time ¢t € [0, 1] is the distribution p; = (To.¢)# 1, where Tp () moves the mass at x
a fraction t of the way along the geodesic toward Tp(x).

Our Riemannian entropic map offers a constructive way to approximate this
interpolation. Because the map T (x) is constructed via the exponential map of a
tangent vector v, = [log, (y)dmZ(y), the geodesic connecting x to T(x) is simply the
curve y(t) = exp,(t - vy).

DEFINITION A.3 (Entropic Interpolant). For any time t € [0,1], we define the
time-t entropic map T : M — M as:

T.1(x) = exp, (t : /M log,, (y)dm? (y)> :

The estimated McCann interpolation at time t is the pushforward measure [i; =
(Te,t)#u-

This formulation is geometrically intuitive: we compute the aggregate direction of
transport v, in the tangent space and simply scale it by ¢ before projecting back to the
manifold. At ¢ = 0, the argument to the exponential map is the zero vector, recovering
the identity map (T o(xz) = z). At ¢ = 1, we recover the full Riemannian entropic
map (I.1(x) = T(x)). For intermediate ¢, this generates a distribution supported on
the geodesic flow between the source and the estimated target.

A.5. Out-of-Sample Estimation. A critical feature of the proposed estimator
is its ability to generalize to points outside the initial training set. Let 7 = 2?21 b;dy,
be the discrete empirical measure of the target distribution, and let g € R™ be the
optimal dual potential vector obtained from Sinkhorn’s algorithm on training samples.

We seek to evaluate the map T.(z') for a new source point 2’ € M that was not
present during training. This evaluation is not an ad-hoc interpolation but a direct
consequence of the extension principle in semi-discrete optimal transport.

The (¢, €)-Transform and Dual Extension.. In classical Optimal Transport (¢ = 0),
the relationship between optimal potentials is governed by the c-transform (or c-
conjugate), which generalizes the Legendre-Fenchel transform. The source potential f
is obtained from the target potential g via a “hard” infimum:

)=o) = inf (5P o).
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In Entropic Optimal Transport, this non-smooth operator is replaced by a “soft”
minimum known as the (¢, ¢)-transform:

fola) = <“%>=—a%(4fm(“”§mﬁw)wwﬂ.

In our estimation setting, we solve the dual problem using the discrete empirical
measure ». While the resulting optimal potential g is a vector in R", the (c,¢)-
transform interprets these values as coefficients of a Riemannian kernel expansion.
Substituting the discrete measure Q into the integral definition yields a globally defined,
smooth potential f. : M — R:

(A5) fg(ﬂ?l) = —E]Og Z b] exp (gj—édz(x/’}/j)> ,

where b; are the target weights (typically 1/n).

Derivation of the Out-of-Sample Map.. We apply our main theorem, T.(z') =
exp, (—V f-(z")), to this extended potential. Differentiating (A.5) with respect to z’
involves the gradient of the log-sum-exp function. By the chain rule:

Sy Var [y exp (B2
vfs(m/) =€ n gk*ld2(z/ Yi)
Zk:l bk exp (%)

n — 142 z',Y;

ﬂzlmm&af”>v(&ﬁxn)

"1z, o\ |-
= by eXP(W) 3

Since g; is constant with respect to z’, the inner gradient is simply f—Vx/d («',Y;) =
1log, (Y;). Substituting this back ylelds

—Vf(z Z wj(z') log, (Y;),

where the attention weights w;(z’) are given by the softmax function:

14204 Y
bjexp(gJ 2‘15(z fYJ))

IR@ Y\
> h_, brexp (7& 2 E(T k))

w;(x') =

Finally, the transport map for the new point z’ is computed by projecting this weighted
average back onto the manifold:

T.(2') = exp,, ij ) log,/ (Y5)

A.6. Computing the Riemannian entropic map without analytic exp
and log maps. When closed-form log and exp maps are not available, the entropic
estimator remains computationally viable as long as the geodesic distance function
dg(-,-) on M is accessible. Specifically, we assume we have access to: (i) the geodesic
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distance dy(x,y) and its extrinsic gradient V,d,(z,y) € R%, (ii) a projection operator
Iy : RY — M mapping ambient points to the closest point on M, and (iii) the
Jacobian of the projection operator Jp(z) € R¥? which at points z € M projects
ambient vectors onto the tangent space T, M.

Approzimating the logarithmic map.. The N? logarithmic map evaluations in the
lift step can be obtained from the gradient of the squared distance. Define D(x,y) =
%dg(z, y)?. Its extrinsic gradient with respect to @ is V,D(z,y) = dy(z,y) Vady(z,y).
Projecting onto the tangent space at = via the Jacobian of the manifold projection
gives:

log,(y) = —Ju(x)(dy(z,y) Vady(z,y)).

Substituting into the Riemannian entropic map, the full lift-average-retract computa-
tion becomes:

N
Té(xi) =€XpPy, | — Z 7T6(Z‘/j|xi) JH(xi)(dg(xh yj) vwidg(xia yJ))

j=1

Since the Sinkhorn algorithm already requires the cost matrix Cj; = %dg (xi,y;), the
distance gradients can be obtained by a backward pass through the same computation
at negligible additional cost and the tangent projection can be performed with a
Jacobian-vector product.

Approzimating the exponential map via projected Euler integration.. The N ex-
ponential map evaluations in the retract step can be approximated by numerically
integrating the geodesic using only the projection operator. Given z € M and
v € T, M, we seek y = exp, (v). For a given number of steps K, we can approximate
this geodesic by iteratively taking small steps in the ambient space and projecting the
position and velocity back onto the manifold.

1. Euler step: yx+1 = yr + %vk

2. Position projection: yi11 = IIy(Gr+1)

3. Velocity projection: 051 = Jru(yk+1)vk

4. Speed renormalization: vi11 = ||v|| - Ok41/||0k+1]l

Where we start with yo =  and vy = v. The last step is to ensure that the speed
of the geodesic is preserved. This procedure requires only the projection operator and
its Jacobian-vector product. This formulation opens the door to applying RWEFM
on geometries where analytic exp and log maps are unavailable, such as triangulated
meshes, learned Riemannian metrics, or implicit surfaces; we demonstrate a proof of
concept on a triangulated mesh (the Stanford bunny) in Section 4.2.3.

A.7. Statistical performance of the estimator. We now establish a finite-
sample guarantee for the Riemannian entropic map.
Throughout this section, we write

1
C(l’,y) = §d§($7y),

and let (g0, p§) be a pair of optimal Kantorovich potentials for the unregularized
problem. For x € 2, define

x* = TO(Q:), 'UO(IE) = logz TO(‘T)7
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and the Kantorovich duality gap

(A.6) Da(y) := c(x,y) — po(x) — ¢G(y)-
By optimality, D, (y) > 0 and D, (Tp(x)) = 0.
A.7.1. Regularity assumptions on M and Tj.

AssUMPTION A.4 (Geometry and convexity). There exists a compact, strongly
geodesically convex set Q C M such that supp(u),supp(v) C Q. For every z € Q,
the logarithmic map log, : Q — T, M is single-valued and smooth. Moreover, on the
relevant tangent balls the exponential map obeys the uniform Lipschitz bound

dy(exp, (1), exp, (v)) < Coxp u— 0]y, wEQ

AssuMPTION A.5 (Density bounds). The measures j1 and v admit densities f,, f,
with respect to Riemannian volume on ), and

0<m, < fulz), fulz) <M, < oo, x € .

AssuMPTION A.6 (Regularity and quadratic detachment of the Monge map).
The Monge problem for the cost c(x,y) = %dg(:my) admits a unique optimal map
Ty : Q — Q, which is a diffeomorphism. There exist constants 0 < A < A < 0o such
that, uniformly for x,y € Q,

(A7) 2 To(a)) < Daly) < 3y, To(x).

Assumption A.4 implies that ¢ is smooth on the compact set Q2 x 2, hence all
derivatives of ¢ that appear below are uniformly bounded. It also implies the following
two basic geometric facts. First, there is a constant Cjog such that

(A.8) [og,(y) —log,(2)llg < Ciogdy(y:2),  @,y,2 € L.

Second, since € is a compact subset of a d-dimensional smooth manifold, it admits
measurable partitions into at most C6~% sets of geodesic diameter at most J, for every
sufficiently small § > 0.

Let

1 1
NHZE;(SXW VHZE;CSYJv

where X id p and Y i v, with the two samples independent. We denote by 7. ,, the
optimal entropic plan between p and vy, and by T ,, its Riemannian barycentric map,

Ton(z) = expy(ben(®@) s bem(a) = / log, (4) dn® ().

For the two-sample estimator, let (f, 9) be optimal entropic potentials for (g, vp).
We use the canonical out-of-sample extension already described in Section A.5: for
every x € (),

(A~9) J?($) = —¢log ;Zexp<W) ,
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and

o () e XP(EY)) — (@, Y))/e)
(A10) () Sl el @05 — e V)Y
(A.11) be. (n (@ Zw] z)log, (Y;), fa(n,n)(x) = exp,, (/b\s,(n,n)('r)) .

At the sampled source points, this agrees with the barycentric projection of the
empirical optimal entropic coupling.
Define

(A.12) Sd = max{l,;i}.

The use of sq only matters in dimension one; for every d > 2, sq = d/2.

THEOREM A.7 (Statistical performance of the Riemannian entropic map). Under
Assumptions A.J—A.G, there exist constants C' < oo and g € (0, 1], depending only
on the reqularity constants and the geometry of 1, such that for every 0 < e < e¢ and
n>2,

(A13) E /Q & (fg’(n,n)(x),To(a:)) du(z) < C {Elog(z) 4ot

In particular, for d > 2,

(A.14) ]E/ng (famm (m),To(x)) du(z) S slog(g) +5d/210g(n\/ﬁ+1).

Consequently, choosing e < n=Y(@+2) for d > 2 gives, up to logarithmic factors,

B [ (T ). o)) dte) = 044

A.7.2. Deterministic and empirical ingredients. We first record a determin-
istic observation converting the Kantorovich duality gap into map error.

log(n + 1)
NG

LEMMA A.8 (Duality gap controls barycentric map error). Let w € II(u,n) be
any coupling whose second marginal n is supported in . Define

ba(z) = /Q log, (1) dn®(y),  Ta(x) = exp, (ba(x)).
Then

(A.15) [ & @) o) dute) < € [ D) dr(an)

QxQ

Proof. By Assumption A.4 and Jensen’s inequality,
d(Tr (), To(2)) < Clp|lbm () — vo( )Hf}
< Cay [ 0w () ~lor. (Ta(a)) [ d" ().
Using (A.8) and the lower bound in (A.7),
[log,,(y) — log, (To(x))|; < Cdj(y, To(x)) < CDx(y).

Integrating first in y and then in x proves the claim. 0
25



The next lemma bounds the regularization bias without any heat-kernel represen-
tation.

LEMMA A.9 (Entropic cost bias). There exists C < oo such that, for all suffi-
ciently small € € (0,1],

(A.16) 0 < Sc(p,v)— %W;(u,u) < Ce log(g) .

Proof. The lower bound is immediate because the transport part of the entropic
objective is at least the unregularized optimal cost and the relative entropy is nonneg-
ative.

For the upper bound, fix 0 < § < 1. By compactness of €2, choose a measurable
partition { By} | of Q such that

diam,(By) <96, N <C§

Set Ay := Ty ' (By) and py, := u(Ay) = v(By). Ignoring cells with py = 0, define

N
1
(A.17) m0 = Z — pla, @V|B,-
w1 Pk
Then 7% € T(u,v) and
a 1 1
(A.18) DKL(W5||u®V):Zpklog— <logN < C +dlog —.
k=1 Pk 0

Moreover, if (x,y) € A x By, then both Ty(z) and y belong to By, so the upper
bound in (A.7) gives D,(y) < C42. Since 7% and the optimal Monge plan have the
same marginals, Kantorovich duality yields

1
(A.19) [edn® = 5w3) = [ Dawydn ) < Co*
Using 7° as a competitor in the entropic problem therefore gives

1 1
Se(p,v) — §W22(u, v) < C6* + Ce + delog 5
Taking 6 = /e proves (A.16). O

We next state the empirical-process estimate used twice below. We include the
argument because it is also the point at which the intrinsic dimension d enters the
statistical rate.

LEMMA A.10 (Empirical process bound for entropic transforms). Let p be any
probability measure supported on 2, and let p, be its empirical measure based on n iid
observations. Consider functions of the form

(A.20) F(z) = —slog/ﬂexp(a(y)_;(m’y)> dé(y),

where € is an arbitrary probability measure on Q and a : Q@ — R is bounded and
measurable. Since adding a constant to F' does not change (p, — p)F, normalize all
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such functions by fizing F(x,) = 0 at one reference point x, € §, and denote the
resulting class by F.. Then

log(n + 1)
A21 E sup _— .
( ) FeF. Vn

/QFd(pn — p)‘ <C(1+e'7%)

The constant is uniform over p, £, and a.

Proof. Because c is smooth on the compact set 2 x €2, all of its partial derivatives
are uniformly bounded. Differentiating (A.20) shows first that

VF(x) = / Vel y) dus (y),

where w, is the Gibbs probability measure proportional to exp((a(y) —c(z,y))/e)dE(y).
Repeated differentiation gives, for every integer k > 1,

(A.22) [Fllcr@y < Cru (1+e"7F).

Indeed, the k-th derivative is a finite sum of products of derivatives of ¢ and centered
moments under w,, with at most k—1 powers of e . Interpolation between consecutive
integer orders gives the corresponding estimate for noninteger Hélder exponents. Thus,
with sq from (A.12),

(A.23) sup ||Fllcean) < C (1+ glmsay,
FeF.
The normalization F(x,) = 0, together with the uniform first-derivative bound, also
gives a uniform envelope || Fl|jo < C.
A finite smooth atlas reduces the metric entropy calculation to the standard one
for Holder balls on bounded subsets of R? [Huang et al., 2022]. Consequently, with
M, = C(1+¢gl=%4),

]\4E d/sd
(A.24) log N1 For || - 1) < C( : ) .

By definition of s4, the exponent d/sy is at most 2. Standard symmetrization followed
by the truncated Dudley entropy integral therefore gives

log(n + 1)
E sup |(p, — p)F| < CM.—22"""/
Sup [(pn — P)F| n

This is (A.21). d

As a direct consequence, the one-sample entropic cost is stable under empirical
replacement of one marginal.

COROLLARY A.11 (One-sample entropic-cost deviation). For 0 <e <1,

log(n +1)

vnoo

Proof. Use the semi-dual representation with the first marginal p fixed. For a
source-side function f, optimize the dual objective over the target potential to obtain

£ ) = —elog | xp(m)‘(”) dn(z).

Q
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Then

— (c,)
Se(p,m) Sl;p{/fdu+/f dn}-

£ d(v, —v)
/

The transformed functions belong, up to additive constants, to the class in Lemma A.10.
Therefore

Hence

|Se(pty vn) — Se(p,v)| < S‘;p

log(n + 1)
Voo
Since 0 < ¢ < 1 and s4 > 1, the right-hand side is bounded by the one in (A.25). O

E[S: (1, vn) = Se(p,v)| < C(1 +€'7%)

For completeness, we also record the modified duality inequality needed to compare
the one- and two-sample maps. Importantly, it is valid for any cost function and does
not use Euclidean linear structure.

LEMMA A.12 (Modified entropic duality). Let P,Q be probability measures on €,
let wo be their optimal entropic plan, and let ¢ be any bounded measurable cost. Then

(A.26) S.(P,Q) > /17d71'E - 6//exp<77(x,y)c(x,y)> dP(x)dQ(y) + ¢

e

for every n € L'(m.).
Proof. Let v = drn./d(P ® Q). The elementary inequality

aloga > ab— e’ +a, a>0, beR,

applied with
n(@,y) — c(z,y)
€

b=

and integrated against P ® @) gives the claim after using
S:(P,Q) = /Cdﬂ'g —&—s/logvdm. 0

PROPOSITION A.13 (Stability to empirical sampling of the source). Let T}, be

the entropic map from p to v, and let Te,(n,n) be the out-of-sample extension in (A.11).
Then, for 0 <e <1,

log(n + 1)

Proof. Let (fen,gen) be optimal entropic potentials for (u,v,,), normalized so

that / (f (@) + gem(y) — c( y))
exp ( LTItV = OBy, (y) = 1
Q

e

(A.27) E /Q & (T (&), T () () < 0=

for every = € Q. Likewise, by the definition (A.9),

H(ey) = exp< Fla) + () - c<x,y>>

9
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satisfies
(A.28) / F(x,y) dvp(y) =1 for every = € Q.
Q

On the support of u, ® vy, 7 is the density of the empirical optimal entropic plan. In
addition,

~

by () = / log, (1)3(z, 4) dva(y).

Apply Lemma A.12 to the optimal plan ., between p and v, with

~

n(x,y) =ex(z,y) + f(z) +9(y).

Using (A.28) gives, for every integrable x,

[ xmen = [[@C 1ty duta)an )

<e! [sg(u,un) —/fdu—//g\dun]

We now control the right-hand side. Because (]?, g) is optimal for (uy,vy,), while
(fe.ns ge,n) is an admissible dual pair for that same empirical problem,

/J?dlin-f-/ﬁan Z/fs,ndﬂn+/gs,ndyn~

Here no exponential correction remains because both source potentials are chosen as the
entropic (¢, €)-transform of their corresponding target potential, so their exponential
term integrates to one pointwise in x. Also,

(A.29)

Ss(/%’/n) :/fs,ndﬂ‘i’/gs,ndl/n'

Therefore

Sc(uurn) ~ [ Fdu~ [Gav,

(A.30)
< [ = P = ).

Conditionally on v, the function f. , is independent of j,,, and hence its contribution
has expectation zero. The random function f, after an irrelevant additive normalization,
belongs pathwise to the class F. from Lemma A.10. Taking expectations in (A.29)-
(A.30) therefore gives

E sup { /des,n - //(eX - 1)?dudun}
pe

(A.31) < Cel(1+el7%) log(:;ﬁ-&- 1)
log(n +1)
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It remains to extract the map error from this functional inequality. For a measur-
able tangent vector field h(z) € T, M, set

(A2) Xn(,9) 1= (1), 108,(9) = by () = allh(@)I
where a > 0 is a sufficiently large geometric constant. Because 2 is compact and
log,,(y) is uniformly bounded on 2 x Q, Hoeffding’s lemma applied conditionally in x

shows that a can be chosen so that

(A.33) /(ex"(”’y) —DA(x,y) dva(y) <0 for every z € Q.
Q

On the other hand, disintegrating . ,, gives

Jrar,= | [<h<x>,ba,n<x> b (@) - a||h<x)||3} dp(x).

Taking the pointwise supremum over h yields

1 ~
(A.34) sup/Xh dme p, = 4—/ [|be.n(x) — bg’(n’n)(x)Hgdu(x).
h a Jo

Combining (A.31)—(A.34) and finally applying the Lipschitz bound for the exponential
map from Assumption A.4 proves (A.27). ]

A.7.3. Proof of Theorem A.7. We first bound the one-sample error. Applying
Lemma A.8 to 7., gives

(A.35) [ (@), Tola)) duta) < € [ Dutw) ().

Since . ,, is optimal for the entropic problem between p and vy,

(A.36) [ Dew @) < Scmm) ~ [odu— [ epvn.

Indeed, the difference between the right-hand side and the left-hand side is exactly
eDkL(men||pt ® vy,), which is nonnegative. Taking expectations and using Ev,, = v
together with Kantorovich duality yields

(A3 E [ Duy)dren(o.y) SE[Si(nvn) - S
(A.38) + 8 v) — WE ()
(A.39) < CsSdW\/gl) +Celog(£),

where the last line follows from Corollary A.11 and Lemma A.9. Combining (A.35)
and (A.39),

(A.40) E/df](T&n(a?LTo(ﬂU)) du(z) < C |:€ 10g<§) 4% lmg(n\/g—l)} .

30



Finally, the squared triangle inequality and Proposition A.13 give
E/dg(Tsy(n,n)(x)»To(x))d,u(x)

<28 [ @3(T o (0). Ton () di) + 28 [ (T2 (), To()) di)

e g log(n+1)
<C el (7> S22 2|
< [e og - +e€ \/ﬁ }
which proves Theorem A.7.

Appendix B. A short introduction to flow matching. In this section, we
provide a very concise introduction to flow matching and highlight the theoretical steps
needed to show the validity of the procedure on the space of probability distributions.
We refer the reader to Lipman et al. [2024] for a complete introduction to flow matching.

B.0.1. Vector fields generating probability paths. At its core, flow matching
aims to find a tractable way to generate samples from a target distribution v from a
source distribution p. One way to do so is by learning a vector field u; that generates
a probability path with the right boundary conditions. By generation, we understand
the Lagrangian interpretation. That is, u; generates a probability path pu, iff, for all
t e [0,1]

Orpr(z) = ue(de(z))
Xt = ¢:(Xo) ~ pa-
With such a u;, one can then sample from g and integrate over time to generate
samples from distributions p;. An important result to verify that u; generates a given
probability path is the mass conservation formula:

u; generates py < O () + V- (peue)(z) =0

That is, (u, 1) solving the continuity equation is equivalent to u; generating
ue. However, directly using this relation is impractical as we typically don’t have
information about the target distribution v.

B.0.2. Conditional vector fields and probability paths. A more promising
strategy is to construct probability paths using conditional probability paths:

() = / i) (2] ) (2)

Of course, one needs to design the conditional probability paths and marginal
distribution for the conditioning variable such that the boundaries coincide with the
constraints (¢ and v).

If 4 is known (e.g. a standard normal), one can choose

dn(z) = dv(x1), Py, = N(tzy, (1 - t)?)

We verify that in that case:

/N(x; 0, 1)dv(xz1) = N(0,1)

/5z1d1/(x1) =v
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When g is an arbitrary (unknown) distribution, one can instead choose

dr(z) = dr(zo, 1), /dﬂ'(xo,xl)dxl = du(xo),
/dﬂ(ﬂfo,xl)dﬂfo = dl/(:L'l), pt\xo,aﬁl = 5(1—t)x0+tm1 (Cﬂ)

In which case, we verify again that the boundary conditions are respected

[[ suudntoo,en) = [ sndutan) = (o)
// Op, dm(x0, 1) = /5zldu(x1) =v(x)

Given the simple form of the conditional probability paths, one can easily derive
corresponding vector fields that generate the conditional distributions, v (x | 2).

The first crucial realization of flow matching is that the marginal conditional
vector field v; also generates the marginal probability path p

Oepe(z) + V- (pevy)(2) = 0

where

vi(z) = Elvy(X4| 2)| Xy = ]

That is, from simple conditional vector fields that generate simple conditional
probability paths, we can construct the marginal vector field that generates the
probability path of interest. Now, of course, the equation above is not tractable as
P(Z | X;) is generally not available. The second realization of flow matching is that
learning v () by regressing it to conditional vector fields has the same minimizer than
regressing v/ () against its true value, as shown next.

B.0.3. Flow matching loss. Our intended flow matching loss is to regress a
learnable vector field to the marginal vector field:

Lrn =B x, [lve(Xe) — v (Xo)|?]

Instead we can use a loss that involves only tractable distributions:

Lorm =By zmn(z), X (x02) 06(X2] Z) = 07 (X0)|1?]

Crucially, one can show that the gradients of both losses are identical.

VoLlcrym = VeLlru

B.0.4. Roadmap to lifting to empirical distributions. In this work, we
want to leverage the same strategy for training our generative model but operating on
the space of probability distributions defined on a Riemannian manifold M: Py (M),
which is an infinite dimensional space. For this to be possible, we need to show the
three following statements apply on that space:
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e (C1) The existence of an equivalent of the mass conservation formula on
Po(P2(M)) (Section C.1)

e (C2) Showing that the marginal vector field v; generates p; (Section C.2)

e (C3) The gradient of the conditional flow matching loss is identical to the
gradient of the flow matching loss (Section C.3)

Appendix C. Lifting Flow Matching to Py(M).

Setup and Definitions. We work on the Wasserstein space Pa(M), the space of
probability measures on a manifold M with finite second moments. We endow Pa(M)
with the Borel o—algebra generated by the W5 metric (with the underlying geodesic
distance).

C.1. Continuity equation and Lagrangian flows on Py(M).

Objectives of this section. In the following, we show that if (P, V;) solve the
continuity equation on Pz (M)(i.e. with test functionals on Pa(M)), then V; generates
P, in the Lagrangian sense P, = (®;)4Py. That is, conceptually, one can generate the
probability path P, by flowing individual elements from 0 to ¢ according to the vector
field V;, which underlies the generation procedure used in flow matching.

C.1.1. Definitions.

Tangent space and path space of continuous curves. For each u € Pa(M), we
identify the tangent space T, P2(M) with the closure of the gradient vector fields
in L2(p; TM) and endow it with the norm ||11H2LQ(H) Sullv(@)||2dp(x). We further
write LQ(Pt,TPQ(M)) the space of functions V; : Po(M) — TPy(M) such that
fp2 Ve HLQ(M)( )dP; < co. We write 'y := C([0,T]; P2(M)) the path space of
contlnuous curves v from [0, 7] to P2 (M).

We define the elevation maps e; as

er: (7) €Tr = v(t) € Po(M) fort €[0,T]

Cylinder Functions.

DEFINITION C.1. A functional F : Po(M) — R is called a cylinder function if
there exists an integer k > 1, a smooth function with compact support F € C>°(RF),
and a set of smooth functions with compact support {Vi,...,Vi} C C(M), such that
for any measure p € Pa(M):

Fu)=F (/M Vi, . ... /M deﬂ)

This definition can be extended to time-dependent functionals ¢;(p) = @(t, ),
where ¢(t, u) = F(t, [ Vidp, ..., [ Vidu) for some F € C(I x R¥).

In this text, we will assume that time-dependent cylinder functions have a compact
support in time (0,7"), such that ¢o(z) = pr(x) = 0 for all .

Using the chain rule, the gradient of a cylinder functional F, the Wasserstein
gradient, at a measure p can be computed.

DEFINITION C.2. The Wasserstein gradient of a cylinder function F, denoted
VwF (1), is the vector field on M.:
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oF (/%du,~-~,/deu> VV;
3:52-
oOF

Here, 5~ is the partial derivative of F' with respect to its i-th argument, and VV;

is the gradient of the function V; on the manifold M.

k
VwF(u) =
i—1

C.1.2. Continuity equation and superposition principle on Py(M). We
give precise sufficient hypotheses for the Lagrangian interpretation used in the main
text. The argument adapts the superposition principle for random measures of Pinzi
and Savaré [2025, Theorem 1.2] through a smooth embedding.

Recall that (P, V;) satisfies the weak continuity equation on Py(M) if

T
at t
(Weak CE) /0 /792(/\4)[ #il)
+ (T (), Vi) | dPup) dt =0,

for every smooth cylinder functional ¢; with compact support in time in (0, 7).

THEOREM C.3 (Weak continuity equation and superposition in Py(M)). Let
(M, g) be a connected, complete, smooth Riemannian manifold without boundary, and
let (P¢)icio,r) be an absolutely continuous curve in Py(P2(M)). Assume there is a
compact set K C M such that P+(P(K)) = 1 for every t, where P(K) denotes the
probability measures supported in K. Let Vi(u) € T, Pa(M) admit a jointly Borel
representative b(t, z, u) = Vi(u)(x) € T, M, and assume

T
t L2(p) “H1 :
V()12 AP (1) dit < o0
0 JPy(M)

Suppose (P, Vi) satisfies the weak continuity equation (Weak CE). Then:
1. There exists a probability measure I' on I'p = C([0,T); P2(M)), concentrated
on Wa-absolutely continuous curves taking values in P(K), such that

(et)#F = ]P)t, te [O,T}
2. For I'-almost every trajectory -, the measure-valued continuity equation
(Measure CE) () + divag (v(E)Ve(1(2)) =0

holds weakly on M. Consequently, for each smooth time-dependent cylinder
functional vy, along T'-almost every trajectory and for almost every t,

L o(1(1)) = epur(1)) + (Twpu (1 (1), Vi () a0

This is the weak interpretation of 4(t) = Vi(v(t)) used here.

3. Assume additionally that, for Po-almost every u, equation (Measure CE) has
at most one Wa-absolutely continuous solution in P(K) with v(0) = p. Then,
for Py-almost every p, there exists a unique Wo-absolutely continuous curve
Yu 1 [0,T] = P(K) C Pa(M) solving

'.Vu(t) = Vt('ﬁt(t))? fora.e. t €10,T],

Y. (0) = p,
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where the evolution equation is understood in the weak sense of (Measure CE),
equivalently through the cylinder chain rule above. The map () := v, (t)
defines a measurable flow, up to Po-null sets, such that

Py = (®,)4Po,  t€[0,7].

Thus V; generates the probability path Py by evolving each initial measure along
its trajectory vy,

Proof. Choose a smooth embedding 7 : M — RP and write J(u) = jup for
w€ P(K). Set P, = J4P; and define

b(t,j(l‘), J(:u)) = d.]x b(taxvﬂ)a reK, pe 'P(K),

extending b by zero elsewhere. On the compact set K, the embedding has bounded
differential and its inverse has bounded metric distortion. Pulling back cylinder tests,
using a smooth cutoff equal to one near K, transfers the weak continuity equation to
(P4, b) on P(RP). The integrated squared-velocity bound is preserved up to a constant
and implies the integrability required by Pinzi and Savaré [2025, Theorem 1.2].

That theorem gives a measure T on measure-valued trajectories with marginals @t,
concentrated on solutions of the continuity equation driven by b. These trajectories
remain in P(y(K)): the marginal identities imply this simultaneously at rational times,
and continuity and closedness extend it to every time. We can therefore pull them
back through J~! to obtain I' with the desired marginals. Extension of smooth tests
from the embedded manifold and the chain rule give (Measure CE) [Pinzi, 2026].

By Fubini and the marginal identities, the assumed energy is finite along almost
every represented trajectory. The velocity-energy estimate for the Euclidean continuity
equation gives W5 absolute continuity there; metric comparison on K transfers this to
the intrinsic Wo metric. Applying the cylinder chain rule to (Measure CE) proves the
second claim.

Disintegration and the deterministic flow.. For the third claim, consider the joint
law of the initial measure and the entire trajectory:

T := (e, id) 4T € P(P2(M) x I'p).

Its first marginal is (eg)xI' = Py, and its second marginal is T'. Since P2(M) and I'y
are Polish spaces, disintegration with respect to the first marginal gives a measurable
family of conditional path measures {I',;},cp,rm) such that

f:/ 8, ® T, dPy(p).
P2 (M)

Here I',, is the conditional law of the trajectory given its initial value p. In particular,
for Pp-almost every p,

Du({y€Tr:7(0)=p}) =1.

The concentration properties of I' also hold under I'), for Pp-almost every pu: its
trajectories are Wa-absolutely continuous, remain in P(K), and solve (Measure CE).

Under the additional uniqueness assumption, there is at most one such trajectory
starting from p. Since Iy, is a probability measure concentrated on these trajectories,
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there is exactly one, denoted ,,, and

L,=4d,, for Pg-almost every .

The measurability of the conditional measures therefore gives a measurable trajectory
map p — 7, up to null sets. Define ®;(p) := 7,(t), so that ®¢(p) = p for Pp-almost
every f.

To identify the law at time ¢, take any bounded Borel functional ¢ : Po(M) — R.
The marginal identity and disintegration give

/ () dPy(v) = / o (1(1)) dT'()
P2(M)

I'r

- / (1)) dPo 12)
Pa(M)

— [ @) dra(n)
P2 (M)

This is precisely the pushforward identity

P, = (24)#Po, t€[0,T],
which establishes the deterministic Lagrangian representation. 0

C.1.3. Example: Flowing between two diracs centered at o and pu;,
with M = R We consider a probability path in Py(P2(M)) between two dirac
distributions, centered at po and ;. In that case, we have P; = 4,,,. We first consider
the case where the underlying manifold is the Euclidean space. We treat the general
case where M is an arbitrary Riemannian manifold in the next section.

We take the path v to be the constant-speed geodesics connecting po and p;:

Y(t) = e = (i) ptto

Pi(z) == (1 — t)z + t Ty (z), t €10,1],

and Tp the optimal transport map on R? between po and ;.
The minimal norm tangent vector is the vector field vy € T),,Pa(M):

vi(2) = 0p(@)] s, (o) = T(Se(2)) = Si(2) = (T = Id) (¢ (2)),

with S;(z) = ;L.
We now need to define a vector V; on Pa(M) that generates this path:

v i = pe
V =
(1) {0 otherwise

We now show that (6,,,V;) solves the continuity equation on Py(M). We first
show that (y,v;) follows the continuity equation on R?, then lift it to show that it
follows the continuity equation on Py (R?).
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(pg,v4) on R, From the definition of y; and the change of variable formula, we

have that
/ &(2)dug (2 / (e ())dpo(x)

for any continuous test function {. Differentiating with respect to ¢ (and noting
that ¢y = T'(x) — z), we obtain

dt/& a2 /vg (i) - (T(x) — z)dpo ()
= [ 9 (= ra) s @)dz) = [ Ve - vldu()

which is the weak formulation of the continuity equation on R<.
We can now adapt it to time cylindrical functions of the form

_F(t,/qusldu,...,/Rdmdu).

Using the identity above, we have

/ 61(2)dpue (= /wz () (2)

We thus have

d k
G940 = O0F 0. 60) + 00 P, [ vt [ o) [ Vo))

Using the definition of the Wasserstein gradient of the cylinder function, we write

d
%‘Pt(ﬂt) = Ore(pie) +/ Vi oi(pee) - vedpg
Rd
= Orpe () + (Vwepe (), ve) L2 (0,

which is the our desired results on R? that we now need to lift to Py(R%).
(P, V;) on P2(RY). We have

/ / (O (1) + (Towipr (), Vi) o)) P ()t =
P2 (R4)

/0 (e (1) + (Fywpr (1), V() 2 o))

which is equal to fol 4 oy(pe)dt = 1(p1) — @o(po) and vanishes with the assump-
tion that ¢; has a compact support in time. Hence, we have
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1
/ / (e (1) + (Vowioe (), V(1)) £2g) dPe(u)dt = 0,
0 JPa(RY)

which shows that (IP;, V;) solves the weak continuity equation on Py (R%).

C.1.4. Example: Flowing between two diracs on arbitrary Riemannian
manifolds. We now generalize the example above to general Riemannian manifolds.
Considering arbitrary manifolds (M, g), and writing geodesics between x and y € M.

ai(z,y) = exp,(tlog,y),  tel0,1],

where,
e exp, : T, M — M is the exponential map,
e log, y € T,.M is the inverse (exp, (log, y) = y).
The McCann displacement interpolation on M is defined as

Yi(@) = iz, T(x)) = exp,(t log, (), pu = (Pr)#ho;

which is the Riemannian analogue of the Euclidean straight-line interpolation and
is still a constant-speed Wa-geodesic on Pa(M).
The velocity field then writes

d
Ut('|/~to,/i1> = awt(l’)

We define P, =6, and V;(u) = v if p = p and 0 otherwise.

We can now follow the same procedure as in the Euclidean case to show that
(V4,P;) solves the weak continuity equation on Pa(M). We first verify it on M and
then lift it to Py(M).

(i, v¢) on M. From the definition of u; and the change of variable formula, we
have that

/ £(2)dpue(2) = / £(n(@))dpo(z)
M M

for any continuous test function §. Differentiating with respect to ¢ (and using
that v (¢ (z)) = Pe(x)), we obtain

G | @) = [ (et dduole)
- / (V€@ (), 0164 (2))) g dpio ()
M
- / (VE(), 01(2))gdpa (2)
M

This can again be extended to time-dependent cylinder functions ¢; to yield
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d

%%(Ht) = Orpe(pae) +/ (Vwee(pee), ve) gdpne
M

= 0ot (pe) + (Vwos (1e), Ve) £2 (o)

where (-,-)12(,,) implicitly encodes the Riemannian metric in the inner product.
(P, Vz) on Pa(M). Since P; is concentrated on piz, we have:

/ / (Our (1) + (Vowpe (1), Vi (1)) £2(y) dPy(jr)edt =
0 P2 (M)
1

/O (Bee (pe) + (Vwepe(pae), Ve () 12y ) dt

which, from our derivation above, is equal to fol %g@t (p)dt = @1 (1) — wo(po) and
vanishes with the assumption that ¢, has a compact support in time. Hence, we have

/ / (01 (1) + (T (), Vi) 12y) dPe(pr)dlt = 0,
0 JP2(M)

which shows that (P, ;) solves the weak continuity equation on Py(M).

C.2. Marginal vector field generates marginal probability path. In this
section, we show that marginalizing conditional velocity fields preserves the weak
continuity equation. Under the hypotheses of Theorem C.3 for the marginal pair,
including trajectory uniqueness, the marginal vector field also generates the marginal
probability path.

AssuMPTION C.4 (Conditional velocity and probability path solve continuity
equation). We assume that for any given boundary measures pig, 1, the conditional
flow (Pe(+| o, 1))+ and its velocity field Vi (p|po, p1) satisfy the weak continuity equation.
This means for any suitable test (cylinder) function pi(u), the following holds:

T
/O /P g R+ (T, Vilplo, ) ) Pl )it =0

DEFINITION C.5 (Marginal velocity field). Analogously to classical flow match-
ing, we define the marginal velocity field Vi(u) as the conditional expectation of the
conditional velocity fields Vi(u|po, p1):

V(1) = Bz, (o ) [V Gl o, 1)) = /P 1 Vil ) 4B )
2

where dPy(po, fi1|p) = de(“l“OC’l;:()z;I(“o’ﬂl) is the conditional probability measure.

This definition implies the key relation:

Vilwdei() = | Viulpos 1) P4l o) ML, )
Pz(M)XPz(M)
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THEOREM C.6 (Marginal vector field generates the marginal probability path).
Assume the conditional pair (Pe(-|po, p1), Vi(-|po, p1)) satisfies Assumption C.4. Then
the marginal vector field Vi from Definition C.5 and the marginal probability path Py
solve (Weak CE). Under the hypotheses of the superposition theorem (Theorem C.3)
for the marginal pair, including trajectory uniqueness, Vi generates the marginal
probability path Py.

Proof of Theorem C.6. We want to prove that the marginal flow P, also satisfies
the weak continuity equation with an appropriately defined marginal velocity field
Vi(u). That is, we aim to show that:

/ / (e (1) + (Vowioe(), Vi) p2g) dP(u)dt = 0.
0 JPy(M)

Let’s evaluate the left-hand side of the target equation by substituting the definition
of the marginal flow dP;(u). We can split the expression into two parts.

Temporal derivative term. We begin with the term containing the partial derivative
with respect to time, Ozp¢ (). We have

T
/ / Duspr (1) Py ()t
0 JPy(M)

1. Substitute the definition of the marginal measure dP:(u):

T
Z/ / Ipr (1) (/ dPt(MWo»Nl)dﬂ(uo,m)) dt
0 JP2(M) P2(M)xP2(M)

2. By Fubini’s theorem, we can exchange the order of integration:

T
=/ (/ / Orpr (1) dPt(uluo,m)dt> dIT(po, 1)
P2 (M) XP2(M) 0 P2 (M)

3. Using the assumed conditional continuity equation, we replace the inner integral:

T
:/ (_/ / (Vwer (), Vi(plpos 1)) L2 ()
Pa(M)x P (M) 0 JP2M)

- Py (ulpo, 1) dt ) AT a0, 1)

4. Combining the integrals gives our final expression for the first part:

T
Part 1 = —/ / / (VW%(M),Vt(MMo,Ml))L?(H)
Po(M)xPa(M) JO  JPr(M)

- dPy (| o, pa) dt dTT(pao, p11)
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Velocity term. Now we analyze the second term involving the marginal velocity
field Vi(p):

T
Part 2 = / / (Voo (12), Valye)) oy AP (1)t
0 P2 (M)

1. Substituting the definition of the marginal velocity field:

T
Part 2 = / / <vwwt<u>, / Vipulttos 1) dPt<u|uo,m>>
0 7)2 (M) PZ(M)XPQ(M) 2 (/»")

’ dH(FLOv Ml) dt

2. Using the linearity of the inner product and the definition of conditional
probability, we can combine the integrals:

T
= / / / (Vwer (), Vi(plpo, 1)) L2y dPe(plpo, p)dIl(po, gy )dt
0 P2 (M) J Pa(M)XPz2(M)

Hence, Part 2 = —Part 1, establishing the weak continuity equation for the
marginal pair. Under the stated additional hypotheses, Theorem C.3 then gives
P, = (®4)»Po, completing the proof. d

We have thus shown that if we define the marginal velocity field as the conditional
expectation of the conditional velocity fields, the resulting marginal flow satisfies the
weak continuity equation on the Wasserstein manifold.

C.3. Equivalence of conditional and non-conditional flow matching
losses. A natural loss for the flow matching objective is

Lrnt = Eepor, [IVe(e) = Vi (1e)l12(,0,))

where [[V;(1)|172(,) = JaqIVe(w) (@) |5 dp().
The conditional version would then be
Lorm = ]Et#l«Oyﬂl"’H#l«tNPt('lﬂo,#l)[llw(ut | to, p11) — Vtg(:ut)H%?(#t)}

Following the original flow matching proof Lipman et al. [2024], we obtain

VoLcrm = Et,uo,MNH,MNPt(-Iuo,m)[VOHVt(Nt | MOle) - Vf(/“)”%?(ut)]
=Bt g s Loy (i) 20V 0V (1), VE (1)) — 2(Vape | o, 1), Vo Vi (110))]

Focusing on the right handside in the expectation, we have

Et g, i1~ pian (o) [(Ve (e | 0, 1), VoV ()]
= E¢ p,~op, [Euo,mw(-mt)[Wt(Mt | pos p11), VGVte(Mt»H
= Bt i, (B pir ) Ve (e | 0, 12)), VoV (14))
= By i, [(Vi(), VoV (110))]
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Hence,

(C.1) VoLcorn =B punr, [2(Vo VY (1), V2 (110)) — 2(Vi(p1e), VoV (112))]

To finish the proof, we derive the gradient of Lpp,

VoLlrn = Eipnp, [VollVi(pt) — Vta(,ut)HZL?(ut)]
= By np, [2(Vo VY (112), VE (1e)) — 2(Va(1e), Vo Vi (112))],

which coincides exactly with (C.1).

Appendix D. Experimental Details and additional results.

Here we lay out the settings and hyperparameters used in our experiments. We
discuss how datasets were processed, errors and metrics were computed, and model
architectures and training procedures.

D.1. Neural Network Architecture & Training. We parameterize the veloc-
ity field as a neural network vg(X;,t,¢c) : MY x [0,1] x C = Tx, M”, which maps a
point cloud X; = {z1,...,xn} with 2; € M, time ¢t € [0, 1], and optional condition
c € C to a set of tangent vectors at X;. The network architecture is designed to respect
the permutation equivariance of point clouds and optimal transport maps.

The architecture consists of three components: (1) an embedding layer that maps
each point z; € M to a latent representation, (2) six multi-head self-attention blocks
that process the embedded point cloud, and (3) an unembedding layer that projects
back to the tangent space Tx, M”. Each self-attention block processes the latent
representation h € RV*4 as follows. First, we incorporate temporal and conditional
information by adding learned embeddings to form i = h+Embed;(¢(t)) + Embed. (c),
where ¢(t) denotes Fourier features of time ¢. The block then applies:

h' < h + MHA (LayerNorm(h))
h <+ h’ + MLP(LayerNorm(h'))

where the multi-head attention (MHA) uses 4 heads, and the residual connections
are to the original stream h. After the final attention block, the unembedding layer
projects the latent representation back to the ambient dimension of M to produce the
tangent velocity vectors.

Classifier-Free Guidance. For conditional generation, we employ classifier-free
guidance to improve sample quality and controllability. The conditioning embedding
Embed.(c) projects the condition ¢ to the unit sphere in the embedding dimension,
which creates a meaningful semantic separation between null and real conditions. Real
conditions lie on the unit sphere while the null condition is represented by the zero
vector at the origin. During training, we randomly drop conditions with a probability
of p, and for these null conditions, we set the embedding Embed.(c) to the zero vector
(not the input c¢ itself). At inference time, we use the classifier-free guidance formula:

UEFG(Xt,t, ¢) = vg( X4, £,0) + w - (vg( Xy, t,¢) — ve(Xy, £, 0))

where w > 1 is the guidance weight, and () denotes the null condition. By default we
set p=0.1 and w = 2.

Training Details. By default, we train all models for 500,000 steps using the
Adam optimizer [Kingma and Ba, 2014] with a learning rate of 3 x 10™*. We apply
learning rate decay with a factor of 0.99 every 5,000 steps. During training, we sample
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point clouds of min(NV,1024) (where N is the number of particles in the empirical
measure) points from each distribution with a batch size of 32. The time variable ¢
is sampled uniformly from [0, 1] for each training step, and generation is performed
using integration via 1000 Euler steps.

For computing the Riemannian entropic map, we set the entropic regularization
parameter € = 0.002, where all distance matrices are scaled to have a maximum value
of 1. The number of Sinkhorn iterations is determined automatically before training
by sampling 100 pairs of distributions and finding the minimum number of iterations
required to achieve convergence for 95% of the pairs.

Mini-batch OT Coupling. For unconditional generation, we enhance training by
matching samples within mini-batches using optimal transport [Pooladian et al., 2023].
This approach effectively performs OT in the Wasserstein space itself [Emami and
Pass, 2025, Bonet et al., 2025]. Given source distributions {u;}2:, ~ Py (noise) and
target distributions {Vj}f:tl ~ Py (data) within a mini-batch, we construct a cost
matrix C € RB*Bt and sample training pairs (u;, v;) ~ 7* from the resulting optimal
coupling 7*.

To ensure scalability, we compute the cost matrix using the geometric Chamfer
distance rather than the Wasserstein distance:

1 . 1 .
Ci,j = CD(ps,v5) = P > mindu(x,y) + W > min du(z,y)
i e, 'j =m i

where d 4 is the intrinsic geodesic distance on the manifold M. The optimal transport
plan 7* is computed using the Sinkhorn algorithm with entropic regularization € =
0.001, where distance matrices are scaled to maximum value 1 and the number of
iterations is determined automatically as described above.

All models were implemented in JAX [Frostig et al., 2019] using optimal transport
tools from [Cuturi et al., 2022] and trained on a single NVIDIA B200 GPU, taking 3-6
hours depending on the dataset and manifold geometry.

Source Noise Generation. While rigorously defined distributions exist on non-
Euclidean domains (e.g., von Mises or wrapped normal distributions), flow matching
only requires a source that is easy to sample from, without needing a closed-form
likelihood. We note that naively sampling noise as proj (N (0, 1)) (where proj,, is
the projection onto the manifold) fails to produce meaningful variability. Our source
distribution must be a distribution over distributions on M. Indeed, for large enough
sample sizes n, all generated “noise” point clouds become nearly identical, resulting in
a degenerate distribution.

Instead, following Haviv et al. [2024], we employ a two-level hierarchical sampling
scheme. First, we randomly sample a mean p and covariance Y, then generate points
from 7(N(p,X)). The distribution for p is derived from the empirical mean and
covariance of all points in the training data, while the distribution for ¥ is based
on the per-sample covariances. Specifically, let {L;} be the Cholesky factors of
the per-sample covariances. We compute the element-wise mean L and standard
deviation oy, of these lower-triangular matrices, sample a random lower-triangular
matrix L ~ N (L, diag(c%)), and set ¥ = LLT. This construction ensures ¥ is positive
semidefinite. Samples from the resulting mean and covariance are then projected onto
the manifold geometry. For high-dimensional datasets (e.g., single-cell data on S28~1),
we only sample diagonal covariances for computational efficiency.
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D.2. Geometric Operations on Manifolds. We provide explicit formulas for
the geometric operations used in our method across different manifolds. For each
geometry, we define: (1) the squared geodesic distance d3,(p,q), (2) the geodesic
interpolant y(t; pg, p1) connecting py to p; at time ¢t € [0, 1], (3) the tangent velocity
v(t; po,p1) = %v(t;po,pl), (4) the exponential map exp, (v, At) that moves from point
p along tangent vector v by time At, and (5) the tangent norm || - Hsz v used for
computing the training loss between predicted and target velocities.

Important note on representation: We always represent manifolds using
extrinsic coordinates embedded in Euclidean space (e.g., S* as 3D unit vectors in
R3, H? as 3D vectors in Lorentz space). This extrinsic representation significantly
simplifies neural network modeling, as the network can operate on fixed-dimensional
Euclidean vectors while geometric constraints are enforced through projection oper-
ations. These formulas correspond directly to our implementation and are included
here for completeness and reproducibility.

Euclidean Space RY. The standard flat geometry. Points p € R? have trivial
tangent spaces T,R? =2 R?. The geodesics are straight lines.

Distance and interpolation:

dza(p,q) = lp—al3,  (tpo,p1) = (1= t)po + tpr
Velocity and exponential map:
v(t;po, p1) = p1 — Po, exp, (v, At) =p+uv- At

Tangent space: ||v — w3, pa = |[v — w]||*. Projection: proj(p) = p.
D
d-Torus T¢. The d-dimensional torus T¢ = (S')¢. Points are represented as d
angles p € [0,27)%. The geodesic distance accounts for periodic wraparound in each
coordinate.
Distance and logarithmic map:

d
dra(p,q) = min(|p; — g, 27 — pi — ¢il)?,

i=1

log,,, (p1) = arctan 2(sin(p; — po), cos(p1 — po))

Interpolation and velocity:

Y(t;po,p1) = (po +t-log, (p1)) mod 2w,  v(t;po,p1) = log,, (p1)

Ezponential map: exp,(v, At) = (p+ v - At) mod 27.
Tangent space: ||v — w||3, ra = ||[v — w||*. Projection: proj(p) =p mod 2.
P

d-Sphere S?. The d-dimensional sphere embedded in R4+, Points are unit vectors
p € R4 with |p|| = 1. The tangent space at p is 7,S% = {v € R4*! : (v,p) = 0}. We
use spherical linear interpolation (SLERP).
Distance: d;d (p, q) = arccos(clip({(p, ¢), —1,1))?, where § = arccos((pg, p1))-
Interpolation:

" - (00 py + S0y if sin(6) > 1076
T Po-PL (1 —=1t)po+tm otherwise
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Velocity:

_Gcozi(r(léf;)tw)po + esci?ls((et)e)m if sin(#) > 107°
v(t; po,p1) = .
—po + D1 otherwise

Ezxponential map:

cos(||v||At)p—|—sin(||v||At)H“TH if ||lv]| > 107¢

exp, (v, At) = {

normalize(p + vAt) otherwise

Tangent space: |[v — w||% s = ||Vtan — Wean||* where vian = v — (v, p)p. Projection:
P

proj(p) = p/|pll-

Hyperbolic Space H® (Lorentz Model). Hyperbolic space in the Lorentz (hyper-
boloid) model. Points lie on {z € R : (z,x); = —1,2¢ > 0} with Minkowski inner
product (z,y)r, = —zoyo + Z?:l z;y;. The tangent space at p is T,H? = {v : (v,p) =

0}.

Distance:

d%.4(p, q) = arccosh(clip(— (p, q), 1+ 1077, 00))*,  w = arccosh(—(po, p1)1)-

Interpolation:
V(s po.p1) = )P0+ Sy pr if sinh(w) > 1070
R (1 —=1)po +tp1 otherwise
Velocity:
— C(s)ibf}%i})_t)w)z?o + “;‘;ﬂﬁf@pl sinh(w) > 1076
v(t; po,p1) = .
—Po + D1 otherwise
Exponential map (with ¢ = ||v||1, ||[v]|L = v/max({v,v)r,0)):

cosh(cAt) p + M v ¢>10"°

exp, (v, At) = {

proj(p + vAt) otherwise

Tangent space: ||v — wHQTpHd = (Vtan — Wtan, Vtan — Wtan ) Where vgan = v + (v, p) Lp.

Projection: proj(p) = [\/1+ [[pr.all?,p1,-- ., pa] "

Handling cut loci on the manifolds.. The validity of our theorems relies on the
assumption that the log map is single valued and smooth. That said, for the manifolds
considered above, the cut locus of a fixed point is a measure-zero set, such that
ambiguity occurs with probability zero. In practice, our implementation numerically
disambiguates these situations by returning a single value for the logarithmic map, as
the above velocity expressions show.

D.3. Benchmarking metrics for generation of distributions on Manifolds.
For unconditional generation, we compare real and generated distributions using
a classwise nearest-neighbor accuracy deviation and Maximum Mean Discrepancy
(MMD), building on point-cloud evaluation measures such as those in Zhou et al.
[2021]. Each observation in this evaluation is an entire point cloud. We generate as
many clouds as there are clouds in the held-out test set, pool the two sets, and classify
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Dataset Method  Train N Test N |P| Sink. iters Time
MNIST 3 FM 6,131 1,010 237 — 2h 15m
RFM - 1h 39m
Set-FM - 4h 17m
Set-RFM - 3h 08m
WFM 1790 9h 12m
RWEFM 850 6h 04m
PSF - ~12h
PVD - ~12h
MNIST 4 FM 5,842 982 215 — 2h11m
RFM - 1h 36m
Set-FM — 4h 13m
Set-RFM - 3h1lm
WFM 2400 10h 54m
RWEFM 930 6h 00m
PSF - ~12h
PVD - ~12h
MNIST 8 FM 5,851 974 276 — 2h 12m
RFM 1h41lm
Set-FM - 4h 02m
Set-RFM - 3h12m
WFM 1710 10h 29m
RWEFM 810 6h 34m
PSF - ~12h
PVD - ~12h
EMNIST h FM 4,800 800 300 — 46m
RFM - 46m
Set-FM - 2h 03m
Set-RFM - 1h 58m
WFM 490 3h 33m
RWEFM 600 4h 06m
PSF - ~12h
PVD - ~12h
EMNISTw FM 4,800 800 306 — 46m
RFM - 47m
Set-FM - 2h 01lm
Set-RFM — 2h 00m
WFM 530 3h52m
RWEFM 720 4h 22m
PSF - ~12h
PVD - ~12h
EMNIST y FM 4,800 800 278 — 43m
RFM — 44m
Set-FM - 2h 09m
Set-RFM — 1h 50m
WFM 540 3h42m
RWEFM 650 4h 00m
PSF - ~12h
PVD - ~12h
KMNIST ki FM 6,000 1,000 464 — 1h 30m
RFM - 1h 44m
Set-FM — 2h 13m
Set-RFM - 2h 15m
WFM 420 4h 51m
RWEFM 440 5h 11m
KMNIST na FM 6,000 1,000 418 — 1h51m
RFM 2h 03m
Set-FM - 2h 43m
Set-RFM - 2h 53m
WFM 350 4h 23m
RWEFM 480 5h 09m
KMNIST ma FM 6,000 1,000 428 — 1h47m
RFM - 1h 37m
Set-FM — 2h 13m
Set-RFM - 2h41m
WFM 420 4h 37m
RWEFM 460 5h 05m
MDcath Set-FM 3,432 858 127,000 — 4h 23m
Set-RFM — 5h11m
WFM 600 7h 32m
RWEFM 1090 9h 15m
scRNA-seq Set-FM 1,200 240 5,000 — 7h 33m
Set-RFM — 8h44m
WFM 420 16h 08m
RWEFM 310 14h47m

Table S1: Wall-clock training times Set-FM/Set-RFM pay an extra self-attention
cost over point-cloud pairs; WFM and RWEFM pay a per-step Sinkhorn OT cost
whose iteration count (column 6) is determified automatically per experiment. Even on
the same dataset, WFM and RWEFM require different iteration counts because they
use different distance kernels (ambient Euclidean vs. Riemannian geodesic) leading to
different convergence rates. Dashes (—): no OT coupling.
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Fig. S1: Individual whole single-cell samples generated by RWEFM. We show
additional individual samples generated by RWEFM in the latent space of SCimilarity
[Heimberg et al., 2025], a foundation model for single-cell data that operates in S'28~1,
Each panel shows the UMAP visualization of a single-cell sample, with cells colored by
their cell type. Generated samples (left) closely match the cellular composition and
structure of true samples (right).

each cloud as real or generated using the label of its nearest neighbor, excluding the
cloud itself. Distances between clouds are computed using geometric CD or EMD.

Let arca1 be the fraction of real clouds correctly classified as real and age, the
fraction of generated clouds correctly classified as generated. We report the classwise
1-NN deviation abbreviated 1-NN-D in the tables. In particular, this is not the raw
pooled classification accuracy. With equally sized classes, the pooled accuracy is
(Greal + Agen)/2. Both (areal; dgen) = (1,0) and (0.5,0.5) give pooled accuracy 0.5,
although the first case labels every cloud as real. Our score distinguishes these cases,
giving 0.5 and 0, respectively.

Lower values therefore indicate smaller classwise deviations from 50% accuracy.
The minimum value 0 means that both empirical classwise accuracies equal 0.5; the
maximum is 0.5. Finite-sample fluctuations can yield a nonzero score even when the
real and generated distributions coincide.

We also compute the Maximum Mean Discrepancy (MMD) using both geometric
CD and EMD kernels. The MMD is defined as:

MMD? (p, v) = Ea,zrnpulk(z, )] + By yrn [6(y,4)] = 2Bamp yon [k, )]

where k(-,-) is a kernel function. We use k(x,y) = exp(—d(z,y)/o) where d is either
the geometric CD or EMD distance, and ¢ = 0.1 is a scaling factor. We report both
MMD-CD and MMD-EMD values.

For conditional generation, where we have a known ground-truth target distribution
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we are trying to match, we directly compare the generated distribution to the ground-
truth using geometric Wasserstein distances W; and Ws, as well as MMD. All distances
are computed using the intrinsic geometry of the underlying manifold.

D.4. MNIST & EMNIST on Sphere and Hyperbolic Space. In Figure 2
we show how RWEFM can learn to generate distributions on the sphere and hyperbolic
space. We use the MNIST digit dataset [LeCun et al., 1998] for the sphere experiments
and EMNIST letters [Cohen et al., 2017] for the hyperbolic experiments. Both datasets
consist of 28 x 28 grayscale images of handwritten digits/letters. We convert each image
to a point cloud in R? by thresholding each pixel and normalizing the coordinates to
[—1,1]. This transforms each image from a point in R?®*?® to a distribution over R

For MNIST, we convert the point-cloud over R? to a distribution over S2. We
treat the x and y coordinates of each point as longitude and latitude on the sphere and
produce the 3D coordinates via the spherical to Cartesian conversion. For EMNIST,
we use the Lorentz model of hyperbolic space H2. We convert the point-cloud over R?
to a distribution over H? by simply keeping the x and y coordinates as is and adding a
z coordinate such that each point lies on the hyperboloid defined by —z? —y2 + 22 = 1.

For the torus experiments, we use KMNIST [ROIS-CODH, 2018], a dataset of
28 x 28 grayscale images of 10 handwritten Kanji characters. As with MNIST and
EMNIST, we threshold each pixel and normalize to obtain a point cloud in R2. To
embed on the 2-torus T? = S x S!, we rescale the z and y coordinates from [—1,1] to
[0, 27], treating each as an angular coordinate on the torus.

Run Time

&

Spherical S? Hyperbolic H* b)

10°

Map Error (Tangent Metric)
-
5
Time (s)
A
5
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Fig. S2: Entropic Map Benchmark. a. We evaluate our Riemannian entropic
map estimator on constructed examples on the sphere S? and hyperbolic space H?>
where the ground-truth map is known. This ground truth arises from shifting an
original distribution via the Riemannian gradient of a convex function over each
space. We compare the estimation error against the Euclidean entropic map and the
unregularized OT map. b. Computational efficiency of our Riemannian entropic map
implementation compared the Euclidean map and solving unregularized OT.

D.5. Distributions on a General Mesh (Stanford Bunny). To demonstrate
RWEFM on a geometry without closed-form exp/log maps, we generate MNIST digit
distributions on the surface of the Stanford bunny. We reduce the mesh resolution to
~Tk faces by vertex clustering, then center it at its centroid and rescale by the largest
absolute coordinate to map it isotropically into [—1,1]3. We equip the mesh with the
spectral (biharmonic) premetric of Chen and Lipman [2023]. Concretely, we build the
discrete Laplace—Beltrami operator from the cotangent stiffness matrix L—with edge
weights $(cot ai;; + cot 3;;), where o, 3;; are the two angles opposite edge (i, j)—and
the lumped (barycentric) mass matrix M = diag(m;), where m; = % > fsi Af sums
one third of the areas Ay of the faces incident to vertex i. We solve the generalized
eigenproblem L¢; = A\; M ¢; for its k = 100 smallest eigenpairs (\;, ¢;) and define the
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squared distance d?(z,y) = 3, A7 2 (¢:(x) — ¢i(y))?, evaluated at surface points by
barycentric interpolation over the nearest triangle. Because the spectral premetric
is not geodesic (||Vd|| # 1), we integrate the premetric conditional vector field of
Chen and Lipman [2023] directly for the interpolant, and evaluate the Riemannian
entropic map from the distance function and mesh projection only (Appendix A.6).
Each MNIST image is binarized with Otsu’s threshold; from the foreground pixels we
sample a fixed N = 150 points (with replacement when fewer than 150 are available),
normalize them to [—1,1]2, and add small Gaussian jitter. Each resulting planar cloud
is then laid onto a fixed tangent chart on the bunny’s flank via the mesh exponential
map.

We train one model per digit class {0, 2,9} for 100,000 steps, using the same network
architecture and optimizer as the closed-form experiments. In this experiment, the
methods denoted RWEFM and WFM use the sampled OT map rather than
the barycentric entropic map used elsewhere in the paper: instead of transporting
each source particle to a weighted average of target particles, we assign it to a single
target particle drawn from the entropic plan (the same sampled map used for the
single-cell experiments). RWEFM and SetRFM operate on the mesh with the spectral
metric, whereas WFM and SetFM operate in ambient R3 and their generated clouds
are projected onto the surface for scoring; SetRFM and SetFM use random (identity)
couplings without OT. Extended MMD metrics are reported in Table S2.

Digit 0 Digit 2 Digit 9
Method CD EMD CD EMD CD EMD
SetFM 0.0414  0.2233  0.0229  0.1705  0.0287  0.1699
WFM 0.0034  0.0799  0.0012  0.0604  0.0085  0.1157

SetRFM  0.0008  0.0483  0.0010 0.0552  0.0010  0.0539
RWEFM 0.0007 0.0468 0.0010 0.0538 0.0009 0.0527

Table S2: MMD on the Stanford bunny mesh (lower is better), with Chamfer
(CD) and Earth Mover’s (EMD) ground metrics under the mesh spectral distance, for
MNIST digits generated on the bunny. Companion to Table 3; best per column in
bold. RWEFM and WFM use the sampled OT map.

D.6. de novo generation of Single-Cell Samples on Spherical spaces. We
demonstrate the ability of RWEFM to generate de-novo single-cell samples in the latent
space of SCimilarity [Heimberg et al., 2025], which is a foundation model for single-cell
data that operates in S'28~!. SCimilarity was used to embed a single-cell atlas from
healthy blood samples of 1,200 human donors, each consisting of 5,000 cells profiled
with 20,000 genes across various patient conditions. For benchmarking (as in Tables
S4 & 4), we perform unconditional generation, randomly holding out 240 donors and
evaluating the quality of 240 generated samples against the true held-out samples. We
note that due to the high dimensionality of the space, we used a sampled map instead
of the entropic. Briefly, instead of assigning each particle in the source distribution to
a weighted average of all particles in the target distribution, we assign each particle to
a single particle in the target distribution based on the optimal transport plan. We
believe the curse of dimensionality makes the entropic map less effective in this setting,
as the entropic map points to unrealistic barycenters of target samples, whereas the
sampled map points to actual target samples.
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Furthermore, we demonstrate class-conditional generation by training a flow to cell
distribution conditioned on tissue status (healthy vs diseased) on an expanded dataset
which included pathological samples. In Figure 4, we show that generated samples
match the profiles of true samples, and display a marked shift in cellular composition
between healthy and diseased samples. This in turn demonstrates the value of using a
foundation model, as opposed to Euclidean generation on raw gene expression data
or other lower-dimensional Euclidean embeddings. Since RWEFM operates directly
in the spherical latent space of SCimilarity, it can leverage the functionality that
the foundation model provides, such as accurate cell typing and batch effect robust
embeddings.

In Figure S1, we present examples of individual samples generated with RWEFM
for different tissue and disease combinations. For each generated sample, we match
it with the closest sample in the real data by Riemannian Wasserstein distance. We
observe that RWEFM can generate realistic tissue samples, showing great potential
for downstream biological applications.

D.7. Protein Torsion Angle Generation on Torus. To generate the under-
lying data, we utilized the MD-CATH dataset [Mirarchi et al., 2024], which contains
Molecular Dynamics simulations for domain structures from the CATH database. For
each protein in the dataset, we extracted the backbone torsion angles (¢, ) for every
residue at every time step of the simulation. We then aggregated these angle pairs
across all residues and time points into a single collection for each protein. Since ¢
and 1 are periodic, this process effectively converts each protein into a single empirical
distribution over the flat torus T2.

We performed conditional generation by embedding the specific amino acid se-
quence of each protein using the ESM-2 protein language model to obtain a conditioning
vector. We randomly withheld 20% of the proteins as a test set. For these test pro-
teins, we generated their torsion angle distributions (point clouds of size N = 2048)
conditioned on their ESM embeddings (Figure 6). Finally, we compared the generated
distributions to the ground-truth distributions derived from the MD simulations using
standard distributional distance metrics on the torus (Table 4).

D.8. Benchmarking of Riemannian Entropic Map. In this manuscript we
introduced the Riemannian analogue of the entropic optimal transport map estimator.
In Figure S2, we benchmark the accuracy and computational efficiency of this estimator
against the Euclidean entropic map and the unregularized OT map on constructed
examples on the sphere S? and hyperbolic space H?. The ground-truth map is known
in these examples, as it arises from shifting an original distribution via the Riemannian
gradient of a convex function over each space. In both cases, the source is a (projected)
Gaussian distribution centered at the north pole, and the target is obtained by
applying the ground-truth map to the source samples. We vary the number of samples
and the entropic regularization strength, and report the estimation error of each
method in terms of the (spherical/hyperbolic) tangent norm between the estimated
and ground-truth map velocities.

Next, we ask how does the quality of the pushed forward distribution vary as
a function of map estimator, sample size and regularization strength. In Figure S3,
we report the (spherical) EMD between the source samples pushed forward by the
estimated map and the target samples, for varying sample sizes and regularization
strengths. Here too the source sample is a (projected) Gaussian centered at the north
pole, and the target is the gridded sphere as shown in Figure 3. In each experiment,
we estimate the map from a limited number of samples, and use the out-of-sample
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Fig. S3: Entropic map reconstruction error For the spherical grid example from
Figure 3, we benchmark the map quality of entropic and euclidean map estimators
as a function of sample size and regularization strength. We report the (Spherical)
EMD between the source samples pushed forward by the estimated map and the target
samples.

extension of map to push forward the entire (n = 15,000) set of source samples. We
see that the Riemannian entropic map consistently outperforms the Euclidean entropic
map across sample sizes and regularization strengths.

D.9. Training Time versus Generation Quality Tradeoff. A key practical
consideration when applying RWEFM is the tradeoff between computational cost
and generation quality. To provide users with concrete guidance on this tradeof,
we conduct a comprehensive ablation study on the two primary hyperparameters
that control both training efficiency and sample quality: the entropic regularization
parameter € and the number of particles n sampled from each distribution during
training.

We benchmark RWEFM on the task of generating MNIST digit 3 on the sphere
S2, systematically varying ¢ € {0.0002,0.002,0.02,0.2} and n € {32,64,128,256}
across 16 experimental configurations. For each configuration, we train the model for
500,000 steps and measure both total wall-clock training time and generation quality
on a held-out test set. Generation quality is assessed using classwise 1-NN deviation
(1-NN-D) with both Chamfer Distance (CD) and Earth Mover’s Distance (EMD) as
ground metrics, where lower values indicate smaller classwise deviations from 50%
accuracy.

The results in Figure S4 reveal a clear and predictable tradeoff. As ¢ decreases,
the entropic optimal transport map becomes less regularized and thus more accurate,
requiring more Sinkhorn iterations to converge during training. Similarly, as n increases,
the model must process more particles per distribution, necessitating larger kernel
sizes in the Sinkhorn algorithm and greater capacity in the transformer feedforward
layers. Both factors increase training time—models with ¢ = 0.0002 and n = 256 take
over 4 hours to train, compared to under an hour for ¢ = 0.2 and n = 32.

However, this computational investment yields substantial improvements in gen-
eration quality. The most accurate models use small ¢ and large n, while the fastest
models exhibit significantly worse quality. Interestingly, the relationship is roughly
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Fig. S4: Training time versus generation quality tradeoff. We benchmark
RWEFM on generating MNIST digit 3 on S?, varying the entropic regularization
parameter € and number of particles n per distribution . The quantity plotted on
both vertical axes is the classwise 1-NN deviation (1-NN-D), computed using Chamfer
Distance and Earth Mover’s Distance and shown against total training time in seconds.
Lower scores indicate smaller classwise deviations from 50% accuracy; the minimum is
0. As € decreases and n increases, training time grows substantially due to increased
Sinkhorn iterations required for convergence and larger network capacity needed to
process more particles, but generation quality improves markedly as the estimated
optimal transport map becomes more accurate. This demonstrates the concrete
tradeoff between computational cost and sample quality that practitioners can tune
based on their application requirements and computational budget.

monotonic: intermediate configurations provide intermediate performance on both
axes, allowing practitioners to select hyperparameters that balance their computational
budget against their quality requirements. All experiments were conducted on a single
NVIDIA B200 GPU, with the reported timings providing practitioners with realistic
expectations for their own deployments. This analysis demonstrates that RWEFM
offers a tunable spectrum of performance characteristics.

D.10. Additional Metrics and Error Values. These results complement the
main-text benchmarks with additional ground metrics and variability estimates. We
first report the overall MMD comparison and the single-cell results, then compare the
sampled and entropic RWEFM variants across random seeds. Lower values are better
for all metrics; 1-NN-D is reported as the classwise deviation from 0.5.

Benchmark summaries. Table S3 complements the 1-NN-D results in Table 2 with
MMD under both CD and EMD ground metrics. The comparison includes point-cloud
baselines alongside the flow-matching methods.

52



Table S3: MMD on MNIST, EMNIST, and KMNIST. Extended metrics for Table 2,
using Chamfer Distance (CD) and Earth Mover’s Distance (EMD). Dashes indicate methods
not evaluated on TZ.

PVD PSF FM SetFM WFM RFM SetRFM ~ RWEFM

H> h CD 1.61-107% 3.50-107% 3.11-1072 7.79-102 2.87-10"2 4.10-1072 3.17-1073 3.39-1073
EMD 284-107% 5.26-1072 6.59-1072 594-1072 2.60-10"2 5.68-1072 4.54-107% 2.81-1073

w CD 2.23-107% 7.22-107% 6.77-1072 858-1072 6.87-1072 2.20-10"2 1.04-1072 6.21-1073
EMD 6.22-107% 5.65-1072 1.29-10"' 6.43-10"2 7.54-10"2 2.61-1072 9.91-103 5.41-103

y CD  4.05-107*% 3.88-107% 6.75-1072 5.42-10"2 4.16-1072 6.76-1072 4.99-107% 2.33.1073
EMD 1.96-107% 6.22-1072 7.50-1072 4.12-1072 3.82-1072 7.13-1072 6.37-107% 2.28-1073

s? 3 CD 4.05-107% 5.85-107% 2.17-1072 1.65-1072 1.20-10"2 9.25-1073 247-1073 2.40-1073
EMD 7.81-10% 5.17-1072 215-1072 1.73-10"2 1.16-10"2 1.31-102 3.16-10"% 2.29.1073

4 CD 2.33-107%  4.53-107% 1.54-10"2 2.80-10"2 1.51-1072 9.23-10"% 2.49-10~% 2.55.1073
EMD 4.90-107% 2.24-1072 2.54-1072 255-1072 1.36-1072 2.13-10"2 3.20-107% 2.38-1073

8 CD 5.92-107% 6.71-107% 1.63-1072 246-10"2 1.88-1072 8.35-107% 2.48-107% 2.57-1073
EMD 1.03-1072 5.80-1072 2.60-10"2 2.18-10"2 1.60-10"2 1.59-10"2 3.81-107% 2.25-107%

T2 ki CD - - 4.57-1072 3.29-1072 1.18-1072 4.49-1072 1.28-1072 1.46-1072
EMD - - 4.51-1072 3.48-1072 1.39-1072 4.37-1072 1.26-1072 1.45-1072

na CD - - 4.65-1072 591-107% 529-107% 4.50-1072 7.30-107% 1.12-1072
EMD - - 524-1072 5.72-107% 5.27-107% 5.28-1072 6.84-107% 1.04-1072

ma CD - - 1.73-1072 6.47-107% 5.88-107% 1.63-1072 3.68-10"2 7.12-1073
EMD - - 3.00-1072 9.49-107% 6.65-1073 2.95-1072 4.15-1072 7.92-1073

Single-cell sample generation. Table S4 expands the single-cell benchmark in
Table 4 to both ground metrics. Reporting 1-NN-D alongside MMD summarizes
classwise nearest-neighbor label mixing and kernel-based distributional similarity.

Table S4: Extended metrics for scRNA-seq generation. Whole-sample generation on
S'28~1 with mean =+ standard deviation for classwise 1-NN deviation (1-NN-D) and MMD.

Manifold: S'2%-!
Method 1-NN-D (EMD) 1-NN-D (CD) MMD (EMD) MMD (CD)

SetFM 0.2672 £ 0.0218 0.4460 £ 0.0072 0.1026 £ 0.0410 0.1174 £ 0.0323
WFM 0.3714 +0.0957 0.2945 £ 0.0442 0.0324 £ 0.0221 0.0355 £ 0.0162

SetRFM  0.4645 £+ 0.0251 0.3754 £ 0.0470 0.0300 £ 0.0068 0.0341 £ 0.0120
RWEFM 0.3039 4+ 0.0456 0.1889 £ 0.0588 0.0140 £ 0.0074 0.0137 £ 0.0072

Variability and transport-map variants. Tables S5 and S6 report mean + standard
deviation over three seeds and five samplings per seed, with separate columns for
sampled OT assignments and the barycentric entropic map.
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Table S5: 1-NN-D across manifolds. Mean =+ standard deviation of the classwise deviation
from 0.5; lower is better. Dashes indicate unevaluated configurations.

RWEFM RWEFM
FM RFM SetFM WFM PSF SetRFM (sample) (entropic)
H2 b CD 049240003 0480+0.003 037240055 0.302+0.045 017940002 0.301+0.041 0.192+0.019 0.149 +0.022
EMD  0.487+0.003 0483+0.003 0.355+0.060 0278+0.038 0.325+0.001 0.306+0.013 0.157+0.019 0.085 % 0.012
w  CD 048140015 0436+0011 032140026 041240014 0.058+0.002 0.337+0.009 0.253+0.023 0.220 % 0.021
EMD  0.482+0.013 0446 +0.007 0.332+0.032 0393+0.024 0.206+0.001 0.320+0.011 0.201+0.022 0.104 +0.023
y CD 047840004 047240003 0.337+0.026 0.201+0.020 0.206%0.002 031040026 0.222+0.013 0.162%0.016
EMD 048340004 0.481+0.004 0.326+0.016 0.277+0.016 0.309+0.000 0.308+0.013 020140012 0.114+0.023
$? 3 CD 040040013 0295+0.016 0.262+0.030 0.290+0.015 0.188+0.002 0.377+0.023 0.251+£0.020 0.182+0.017
EMD 042240005 038240007 0.269+0.016 028540011 0.355+0.000 0.379£0.011 027040015 0.179%0.015
4 CD 045240011 0423+0.008 0.291+0.020 0.201+0.039 0.166+0.001 0.379+0.014 0.245+0.017 0.185+0.020
EMD  0.464+0.006 0453 +0.006 0.289+0.028 0274+0.043 0.200+0.001 0.379+0.010 0.265+0.016 0.177 +0.015
8§ CD 036540027 033240027 040740111 0.308+0.075 0.220+0.002 0.3924£0.025 027840020 0.158 % 0.011
EMD 040740010 0.383+0.007 0.353+0.093 0.367+0.079 0.390+0.001 0.395+0.014 0.297+0.013 0.163 +0.024
T2 ki CD 047840002 0475+0.003 0.281+0.025 0.219+0.014 - 0.261 +0.035 - 0171 +0.018
EMD 046140003 0.459+0.003 0.279+0.019 0.172+0.013 - 0.279 +0.023 - 0.176 £ 0.015
na  CD  0.490+0.001 0.490+0.002 0.240+0.014 0.187 +0.012 - 0.230 = 0.016 - 0.161 +0.010
EMD  0.483+0.001 0484+0.002 0.235+0.017 0.140 +0.012 - 0.235 +0.012 - 0.155 + 0.014
ma CD  0.469+0.003 0.468+0.003 0.276+0.020 0.175+0.013 - 0.256 + 0.030 - 0.148 % 0.014
EMD 0471+0.003 0.471+0.003 0.204+0.011 0.169+0.013 - 0.282 +0.011 - 0.181 +0.025
The MMD results below follow the same dataset and method ordering.
Table S6: MMD across manifolds. Mean + standard deviation under CD and EMD
ground metrics; lower is better. Dashes indicate unevaluated configurations.
RWEFM RWEFM
FM RFM SetFM WFM PSF SetRFM (sample) (entropic)
H? h CD 0.0311 £0.0104  0.0410 4 0.0024  0.0779 £ 0.0424  0.0287 £0.0129  0.0035 4 0.0000  0.0032 £ 0.0012  0.0027 £ 0.0017  0.0034 = 0.0024
EMD  0.0659 £ 0.0053  0.0568 £ 0.0014  0.0594 4 0.0323  0.0260 £ 0.0088  0.0526 £ 0.0000  0.0045 & 0.0008  0.0025 £ 0.0020  0.0028 =+ 0.0023
w CD 0.0677 £ 0.0383  0.0220 4 0.0038  0.0858 + 0.0160  0.0687 £ 0.0050  0.0072 4 0.0000  0.0104 £ 0.0059  0.0051 £ 0.0012  0.0062 + 0.0030
EMD  0.1289 +£0.1167 0.0261 £ 0.0015 0.0643 & 0.0079  0.0754 £ 0.0089  0.0565 £ 0.0000  0.0099 = 0.0037  0.0039 £ 0.0015 0.0054 £ 0.0020
vy CD 0.0675 £ 0.0178  0.0676 4 0.0061  0.0542 £ 0.0166  0.0416 £ 0.0207  0.0039 £ 0.0000  0.0050 = 0.0014  0.0023 £ 0.0006  0.0023 £ 0.0010
EMD  0.0750 +£0.0102  0.0713 £ 0.0020 0.0412 4 0.0096 0.0382 +0.0126  0.0622 £ 0.0000  0.0064 + 0.0014  0.0025 + 0.0016  0.0023 £ 0.0012
s? 3 CD 0.0217 £ 0.0010  0.0093 4 0.0009  0.0165 £ 0.0090  0.0120 +0.0034  0.0059 4 0.0000  0.0025 £ 0.0007  0.0034 £ 0.0005  0.0024 = 0.0003
EMD  0.021540.0006 0.0131 £ 0.0009 0.0173 £ 0.0068 0.0116 4 0.0038  0.0517 £ 0.0000  0.0032 £ 0.0005  0.0037 4 0.0009  0.0023 + 0.0007
4 CD 0.0154 £0.0035  0.0092 4 0.0016  0.0280 £ 0.0111  0.0151 £ 0.0109  0.0045 4 0.0000  0.0025 + 0.0007  0.0035 4 0.0005  0.0025 + 0.0004
EMD  0.0254 £0.0019  0.0213 £0.0003  0.0255 & 0.0092  0.0136 £ 0.0093  0.0224 £ 0.0000  0.0032 = 0.0005  0.0037 £ 0.0009  0.0024 £ 0.0007
8 CD 0.0163 £ 0.0030  0.0084 4 0.0025  0.0246 £ 0.0057  0.0188 £ 0.0040  0.0067 £ 0.0000  0.0025 = 0.0006  0.0031 £ 0.0005  0.0026 £ 0.0003
EMD  0.0260 +0.0019  0.0159 £ 0.0009  0.0218 4 0.0048  0.0160 + 0.0066  0.0580 £ 0.0001  0.0038 & 0.0006  0.0035 + 0.0008  0.0022 =+ 0.0004
T2 ki CD 0.0457 £ 0.0039  0.0449 £ 0.0031  0.0329 £ 0.0113  0.0118 % 0.0049 - 0.0128 + 0.0040 - 0.0146 = 0.0058
EMD  0.0451 £0.0021  0.0437 £0.0020  0.0348 & 0.0115  0.0139 £ 0.0058 - 0.0126 + 0.0062 - 0.0145 £ 0.0049
na CD 0.0465 £ 0.0020  0.0450 £ 0.0015  0.0059 £ 0.0026  0.0053 £ 0.0010 - 0.0073 £ 0.0015 - 0.0112 £ 0.0027
EMD  0.0524 £ 0.0009 0.0528 £ 0.0009 0.0057 & 0.0022  0.0053 + 0.0008 - 0.0068 + 0.0012 — 0.0104 £ 0.0025
ma CD 0.0173 £0.0018  0.0163 £ 0.0017  0.0065 £ 0.0015  0.0059 £ 0.0006 - 0.0368 £+ 0.0233 — 0.0071 £ 0.0004
EMD  0.0300 +0.0012  0.0295 + 0.0011  0.0095 + 0.0011  0.0067 + 0.0007 - 0.0415 + 0.0247 - 0.0079 + 0.0009
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