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Setup: Inverse Problems

high-fidelity model
expensive

Given: data < . [ oueintens@@Pturing physics laws
observational

Goal: recover model that describes data while
preserving underlying physics laws




Preserving Physics in Machine Learning Models

“Learn from
Black Box NN learn model through data exclusively data”
. 2
mfm ||NN5 - udata”Z
Physics-Informed NN learn model close to physics through penalty
' 2
min [[NNg = ugacall, + ANL[NNe| = £IIZ
Structure-Preserving NN learn model that preserves physics exactly
min |[NN; — ugqea||°  suchthat L[NN;] = f “Solve from
3 2 physics”




Why Learn a Chain Complex?

Guarantee physics constraints
Divergence-free, gauge-free constraints appear naturally in homology of chain complex

Learn new metrics
Chain complexes can be built for any manifold, with bespoke metric information

Build with mesh-free construction
Build k-forms using Whitney Forms

Construct with exact integration
Avoid variational crimes due to collocation, quadrature, etc.




Example of a Chain Complex

The de Rham complex encodes how exterior calculus relates volumes to boundary fluxes.

o0 Lad> o0 Q 3 Lﬂ> o0 Q 3 ﬂ} o0 Q
div curl grad
Stokes’ Theorem Exact Sequence Property

fV-u=f u-n X(_u)=0
Q [ J9)




Example of a Chain Complex

The de Rham complex encodes how exterior calculus relates volumes to boundary fluxes.
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Learning a Chain Complex

Need to define and parameterize:

So O 6
c'z=cCcl=zcCc=C’
00 5T 55

= (discrete) spaces of k-forms c°,C?, ..., C*
= differentials in chain complex 8y, 81, ..., 6k




Defining k-forms

Build a partition of unity {y;};,-, _y parameterized by trainable

parameters {Qj}jzl y

A partition of unity (POU) maintains the following characteristics:

1. 0<y;(x) <1foreverypointx € ()
2. Xiyi=1

Examples: softmax, probability distributions, B-splines

h




Defining our Partition of Unity

1. Define fine-scale trainable spline knots {t; };-1 _x

( X—thp_q .
f | B tk_—;fk—ll if x € [tk—lrtk]
2. Define B1-splinesy,(x) = <4 _ _X—-te .
k 1 trer — i if x € [tk!tk+1]
X 0 else

3. Define trainable convex combination matrix W € RX¥*N constrained so that

4, Define POU functions ¥;(x) = X Wi; ¥r(x)




An lllustration
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Defining Whitney k-forms

Define each space of k-forms C¥:

[ [ J
» CY=span{y;};=1._n =our POUs . . v
" C'=spanfy;; = vy - YT L
’ ree ° ° —
" Ckzspan{lp’,‘ . } ° ° Y >
JoJ 1Tk jOnjl PPPP jk=1*'“!N

K
Ii({":ii:!:rz,-.n"|---u.i"Jr - klz {:_ 1}I I'DL dl'b.iu A A dl'bl'.—l A dlﬁj.ﬂ':n A A dlp“
i=0

By construction, vy; € C°, Vy,; € C', i.e. our spaces are compatible.
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An lllustration
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Defining Metricized Exterior Derivatives

Initial §,, is the corresponding discrete exterior calculus operator on a complete graph
DIVy; = 8o4ij = ¥ — 1,

New &, warps DEC operator by multiplying on left and right with positive diagonal
trainable metric tensors B, D,

CO <—Cl <_5nl—>815n3”1% <d*—Cd
d—1

lDol lDll 3 — Dg 05 Dyy” lD '
o o7 05 63

CO —= " %—02 Ll O il g—Od
50 51 52 53 50{ 1

O S [=-

di d2 d3 dg—1
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Building Exact Physics FEEC System

Strong form
Find (p, F) € C° x C* such that

F—-—Vp= 0 in(Q
V-F = f in(Q
F-n =gy only

p=gp onlp

Finite dimensional variational problem

Findp = X;pip;and F = X Fijib;j such that vV ¢, € Cs, Wap € C1,

(F,Yap) — (VD Yap) = (Vgp,Yap)
—(F, V) = (f.q) + (gn. Dry,
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Building Exact Physics FEEC System

L
= [H] valent system

Discrete System M Gl lF
Solve the linear system [GT U} M

Introduce metrics

. . N 8o — B16o By !
Change metrics for exterior derivatives

bg — Dy 65Dy

Learnable system

Solve the new linear system

Dy '65 Dy 0 p

M1 Bldan_l] [MF] B [M‘lL

|

|

M™!
Ji

00
0
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Building Exact Physics FEEC System

Machine learning FEEC problem
Solve the optimization problem

min
POU parameters 6,
metrics Dy,Dq,Bq,B,

Pdata — Z pi'l)i Fdata Z lpu
1

M=t BisoBy | [MF] [M~'L
n_l(iﬁDl 0 p | R

such that [ D

Structure-Preserving NN learn model that preserves physics exactly

mEin ||NN,5 _”datani such that L[NNE] =f

16



Examples
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Examples 1&2: Mixed-Formulation Poisson Problems

Problem 1 Problem 2
Five Strip Problem Battery Problem

Problem Statement
Find (p, F) € C° x C* such that

F—-—Vp =0 inQ
V-(kF)= f in{

p =gp onlp
f=0 f=
FN=8Q FD:aQ‘
-1 x = gp=1—x
0 y=01

@ Battery data courtesy of Scott Roberts, 01513
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Example 1: Five Strip Problem

True Solution

p(x,y) = B; x for each strip i
F(x,y) = [(1)]

Generate pyatar Faara from true solution

Recovered Solution
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Example 2: Battery Problem

True Pressure

Predicted Pressure

0.91
0.81
0.71
0.61
0.51
0.41
0.31
0.21
0.11

0.01

0.96

0.84

0.72

0.60

0.48

0.36

0.24

0.12

0.00

True Morm Flux

Predicted Norm Flux

10.95
a9.75
8.55
7.35
6.15
4.95
375
2.55
1.35

0.15

91

8.1

Tl

6.1

5.1

4.1

3.1
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0.1

FEM simulation with ARIA

Mesh: 5.89 M nodes
11.8 M elements
Solve: 5.89 M DoF

ML chain complex model

POUs: 8 interior POUs
8 boundary POUs
Solve: 264 DoF
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Example 3: Drift-Diffusion Equations

Problem Statement

Find (1.1, J g JuJp) € (€0)7 x (C1)3
such that

J —V =0 infl Anode
I +Vn’—n P —0 o
J;;*‘?p‘*'}jf& =10 in 0}
-V-J] +n—p =f in0
Lri] -
—V-J, +R(np) =¢ in0
-V-J,—R(n,p) =0 in0

np — a,
fo(n+p)+f,

where R(n,p) =

Anode

p-type n-type o
silicon silicon Cathode
™S o
Cathode
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ML Formulation

Machine learning FEEC problem
Solve the nonlinear-constrained optimization problem

min ” d)data — Zi(piwi ”2 + “ Ndata — Ziniwi "2 + ” Pdata — Zipiwi ||§ T

POU parameters @,
metrics Ds, Bs

o eaa = ZisTo s |+ nasta = Zinibi |+ | I s~ Zsdogb |

SU'Ch that P( » I, Ijr)' .I'ITJ_J ]IJ) — U
h h

2

2
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Example 3: Drift-Diffusion Equations

« Solution changes
nonlinearly as we vary
f¢ voltage across the

transistor

* Measure current
(Jn —J,) - nat boundary

Because model captures
the nonlinearity exactly,
we can extrapolate across
a range of voltages!

current

107* 1

1|]—-E B

lu—-ﬂ .

10- 10 ]

IV curve

® . —J:current

& predicted current
trained point

Trained to fit
fp =09

.'I
® Extrapolates for
o 0.2 < f¢ <1.0

f,




Conclusion: Structure Preservation By Construction

Structure-preserving ML by learning a chain complex preserves physics
invariants while learning parameters, coefficients, metric information.

Learning a chain complex guarantees:
= Generalized Stokes's Theorem

= Compatibility: §,4,9; € C**1
» Exactness of the chain complex: §x41 06, =0

Our POU construction guarantees:
» Exact integration: no quadrature necessary, avoid variational crimes
» Adaptive parameterization: training focuses on areas that need refinement within data
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