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Poisson-Corrector Complexity Bounds for
Moreau—Yosida Unadjusted Langevin Sampling

Yuchen Xin®, Zhihua Zhang!

Abstract

We study the classical Moreau—Yosida unadjusted Langevin algorithm (MYULA) for 7(dz)
e~ f@)=9(=) dz, where f € C? (R9) is m-strongly convex with L -Lipschitz gradient and g : R —
R is convex and globally G-Lipschitz. For the Moreau-smoothed target 7w, and the MYULA
invariant law 7y 5, we prove

VmWa(mx, man) = O(h) + 5(h3/4)

under 0 < h(Ly + A71) < ¢, with only logarithmic dependence on A~! in the error coefficients.

Combining this estimate with the Moreau approximation bias yields 5(5‘4/ 3) iterations to achieve
VmWa(un, ) < g, for fixed model parameters and initialization. The proof combines a discrete
Poisson corrector with active-trace estimates and a shared-noise bound for the exact—Euler
two-point curvature.
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1 Introduction

Sampling from high-dimensional distributions is a fundamental problem in statistics and machine
learning. We consider distributions of the form

m(dz) < exp{—f(z) — g(x)} dz, z € RY,

where f € C?(R%) is m-strongly convex with L f-Lipschitz gradient, and g : R? — R is convex and
globally G-Lipschitz, with G > 0. The function g need not be differentiable; examples include ¢;
and total-variation penalties [5, 9].

The Moreau—Yosida unadjusted Langevin algorithm (MYULA) [5] replaces g by its Moreau
envelope gy and applies an Euler step to the corresponding Langevin diffusion:

X1 = X = V(F + 90)(X) + V20, & = N(O, D).

Since Vgy(z) = A\~ (z — prox,,(z)), each iteration requires one gradient evaluation of f and one
proximal evaluation of g. This makes MYULA a natural sampling method when the same proximal
operations are already available for optimization.

The main difficulty is the interaction between smoothing and discretization. The smoothed
target m)(dz) o e~ f@)=9x(x) qz approaches m as A\ decreases, but the global smoothness bound

Ly = Ler)\_l

increases. Moreover, the invariant law of the Euler scheme generally differs from 7. Accuracy for
the original target therefore requires controlling three errors: the Moreau approximation bias, the



Euler invariant-measure bias, and convergence from the initial distribution. A fixed-A estimate is
useful for this purpose only when its dependence on A is also quantified.

Two recent works provide the main ingredients for our analysis. Xin and Zhang [13] show
that averaged weak Moreau curvature can replace a worst-case curvature bound in the analysis of
MYULA. Pedrotti and Whalley [10] use a discrete Poisson decomposition to obtain a linear-in-h
invariant-measure bias for smooth, strongly log-concave targets. Direct specialization of their
global-smoothness bound to f + g, combined with A < £/G?, gives a sufficient 6(5_2) MYULA
complexity; the calculation is given in Section 2. We obtain a sharper dependence on accuracy by
controlling the curvature terms within the corrector argument.

Main result. Let 7y be the invariant law of MYULA. Under 0 < hL) < ¢, Theorem 5.1 gives

Jh 2
1+log<e+ G\/&/\>] ,

where C7,Cs depend on the model parameters but not on h or A. Their parameter dependence is
explicit in the theorem. Thus, the error coefficients depend on A\~! only logarithmically, although
the usual step-size restriction remains.

VmWa(my, Tan) < Cih+ Coh®/*

Combining this estimate with
G2\

\/TTLW2(7U” m) < e

from Xin and Zhang [13, Proposition 5.9], we choose A = £/G? and the step size specified in
Theorem 5.2. For fixed model parameters and a fixed initial law g € Po(RY), the resulting sufficient
iteration complexity is

N()=0(E*3  for  VmWa(un,m) <e,

where up is the law of the Nth iterate and O suppresses logarithmic factors.

Proof approach. We follow the Poisson-corrector framework of Pedrotti and Whalley [10],
comparing MYULA with the exact Langevin diffusion for 7y driven by the same noise. The
corrector captures cancellations between local errors at successive steps. Our refinement combines
the active-trace estimates of Xin and Zhang [13] with a shared-noise curvature estimate for the
coupled processes. This allows us to control average curvature rather than use the worst-case bound
A~! for gy throughout the error estimate. Together with contraction from strong convexity, these
estimates yield the stated invariant-measure bias bound.

The algorithm itself is unchanged: X and h are fixed during each run, and no Metropolis correction
is introduced. Our complexity counts iterations with exact proximal evaluations, not the internal
cost of solving proximal subproblems. Section 2 places the result in the literature; Sections 3-5 give
the definitions, assumptions, and precise statements. The proofs occupy Sections 6-8.

2 Related Work

Moreau regularization and proximal sampling. Pereyra [11] developed proximal MCMC
methods for nonsmooth log-concave models, and Durmus et al. [5] introduced the classical MYULA
construction with asymptotic and nonasymptotic guarantees. These methods connect sampling
with proximal operations used in convex optimization. A complementary viewpoint is provided by



Durmus et al. [6], who interpret Langevin algorithms through optimization on Wasserstein space and
analyze both smooth and nonsmooth variants. For a smoothing-based method, bounds for a fixed
surrogate target must be combined with the regularization bias before their accuracy dependence
can be compared with an end-to-end guarantee.

Active-trace analysis of MYULA. The closest analysis of the same transition kernel is Xin and
Zhang [13]. Their reference heat-path active trace averages the weak Moreau Hessian trace along
the Gaussian substep of an update started from 7). For the structured piecewise-linear, lasso-type,
group, and total-variation penalties treated there, curvature-tube estimates yield 6(5_2) end-to-end
complexity. We use their weak-curvature and Moreau-bias tools, but replace the reference-path
recursion by a corrected synchronous coupling. The additional shared-noise estimate controls
the actual exact—FEuler two-point curvature for general convex Lipschitz g, without the geometric
verification required by those examples.

Poisson correctors and a direct MYULA benchmark. For an m-strongly convex potential
with L-Lipschitz gradient, Pedrotti and Whalley [10, Theorem 1] prove

VmWa(m,®) < 6hLVd,  0<hL <1.
Specializing this bound to Uy = f + g, gives
VmWy(m, Fan) < 6hLxVd.
Here we use the extension from C? to C! potentials by mollification.! With A < £/G?, choosing

h = e/(LyVd) and using Wasserstein contraction yield the sufficient iteration bound

pr(E) = 6

m \ € g2

i (L, )

Thus, direct use of their global-smoothness estimate gives O(¢~2) accuracy dependence for MYULA.
Our contribution is a refinement of the curvature terms in the corrector analysis, leading to 0(5_4/ 3)
under the assumptions of this paper. The gain concerns the smoothing dependence, not the order
in h for a fixed smoothed target.

Other composite samplers. Different transitions can avoid a separate Moreau approximation
of the target. Salim and Richtarik [12] give a primal-dual analysis of proximal stochastic gradient
Langevin sampling, including a O(¢~2) Wasserstein complexity in the strongly convex setting. Mou
et al. [9] combine proximal sampling proposals with a Metropolis—Hastings correction and obtain
polylogarithmic dependence on e~! for total variation error at most e, under their assumptions.
Their method requires a proximal sampling oracle and evaluation of the associated normalizing
constants, rather than only a deterministic proximal operator. These results concern different
transition kernels and, in the latter case, a different error metric and oracle model. Our result
concerns classical MYULA with exact proximal evaluations and accuracy in /m W for the original
composite target.

! Apply the bound to f+ gx * ps. Mollification preserves the bounds m and Ly, and the gradients converge uniformly.
Synchronous contraction gives Ws convergence of both the diffusion and Euler invariant laws, so the estimate passes
to the limit.



3 Preliminaries

3.1 Basic notation

All probability measures are defined on the Borel g-algebra of R?. The Euclidean norm and inner
product are denoted by ||-|| and (-,-). For u,v € Po(RY), the quadratic Wasserstein distance is

w@wsza%;ﬁwK—wF- (3.1)
L(Y)=v

For symmetric matrices A, B € R%? the notation A < B means v' Av < v Bv for every v € R%,
Constants ¢,C > 0 are universal and may change from line to line. For a measure p and a
vector-valued function F, we use [|F'[| 5, = ([IF(@)|P u( dz)) /.

3.2 Moreau—Yosida regularization and weak second-order structure

Let g : RY — R be convex. For A > 0, its Moreau envelope is

ye]Rd 2)\

2
gmmm%mwwww. (3.2)

Standard Moreau theory gives
Vor(z) = A"z — prox,,(z)) (3.3)

and the cocoercivity inequality
(& =y, Var(x) = Var(y)) = A [Vaa(z) = Var(w)[1*; (3-4)

see, for example, Bauschke and Combettes [2, Chapters 12 and 18]. Consequently gy € C!(R?)
and Lip(Vgy) < A~L If g is G-Lipschitz, then

IVar(@)| <G, zeR% (3.5)

Because Vg, is Lipschitz, it is differentiable almost everywhere. Its almost-everywhere derivative
also represents its weak derivative; we write

Hy :=V?g\ and ay :=trH,. (3.6)
The matrix field Hy may be chosen measurable and satisfies
0 < Hy(x) = A7, 0<ax(z)<d/\ fora.e. z. (3.7)
Following Xin and Zhang [13], we call a) the Moreau active trace. The weak-Hessian properties and
integration-by-parts identities used below are collected in Appendix A.
4 Problem Setup and Standing Assumptions

We consider the composite target

n(dz) = Z exp{—f(z) — g(z)} dz. (4.1)



Assumption 4.1 (Smooth component). The function f € C?(R), and there are constants 0 <
m < Ly < oo such that

mI < V2f(z) < L;I,  x€R% (4.2)
Moreover,
7 = sup tr V2f(z) < oco. (4.3)
zEeR?

Assumption 4.2 (Nonsmooth component). The function g : R? — R is convex and globally
G-Lipschitz for some G > 0.

For A > 0, define
Uy = f + g, m(de) == Z e @) dg, Ly:=L;+ X1 (4.4)

Then Uy is m-strongly convex, belongs to C*!(R%), and Lip(VUy) < Ljy.
MYULA is the Euler scheme for the Langevin diffusion with potential Uy:
S S S iid.
Xiy1 = Xi — hVUNXE) + V2h gy, Ekv1 ~ N(O,1). (4.5)

Its transition kernel is denoted by Q» p, and py, = E()? ). This normalization and the use of v/m W5
agree with the setup in Xin and Zhang [13, Section 4].

5 Main Results

Define
G+ /G? + 4Ty Ly
= K =2 ——(Vd+2 1
R 5 , G+\/m(f+ ), (5.1)
and
Vh

Oy =141 + . 5.2
hA og(e G\/ﬁ)\ ( )

The quantity R controls the stationary L? norm of the drift and the mean active trace, while K
controls all stationary drift moments.

Theorem 5.1 (Invariant-measure bias at fixed smoothing). Under Assumptions 4.1-4.2, there exist
universal constants ¢, C > 0 such that the following holds. For every A > 0 and

0<hLy<ec, (5.3)

the kernel Qx 1, has a unique invariant distribution Ty p, € Po(R?), and

VI Wa(my Fan) < C|R(Vm + /Ip) + LyV|h (5.4)
+C [G\/E +KVG dl/%m B3/,

Theorem 5.2 (End-to-end complexity). Under Assumptions 4.1-4.2, let 0 < e <1 and set

Ae == — lc:=141log(e +e ). (5.5)



For a sufficiently small universal constant ¢ > 0, set

1 €
he := cmin , ,
{Lf +G2/e” R(y/m + /L) + LyVd

- 4/3
(G\/ﬁ +EVG d1/4£§> }

For every po € Po(RY), if

N>

¢ 10g<2+ ,

mhe

\/sz(MoaTF)>

then
VI Wa(poQ3 ., m) < e.

Moreover, the smallest integer satisfying (5.7) obeys

2 R(yin+ /Ip) + LV
Nl & BVt VI LV
m g g

g4/3 g

4/3 R2/3 | [cA/32/3 g1/3p8/3
+G R + G d Ea 10g<2+\/mW2<,u,0,77)> +1'

In particular, for fived m, Ly, 7, G,d and fized po,

N(e) = O(e™4/3).

6 Proof of the Main Results

(5.6)

(5.10)

This section proves Theorems 5.1 and 5.2 after isolating two technical propositions. The construction
and estimates for the corrector are proved in Section 7; the shared-noise trace estimate and the

resulting two-point curvature feedback are proved in Section 8.

6.1 The two-point drift matrix
For z,y € R, define
1
Al (z,y) = / Vif(y+tx—y))dt
0

and
(Vor(z) — Vor(®) (Vor(z) — Var(y)) '

A (z,y) = ( =y, Var(z) — Var(y)) 7

0, Var(z) = Vaa(y).

Set

We refer to Ay(x,y) as the two-point drift matriz.

Var(z) # Var(y),



Lemma 6.1 (Exact two-point drift identity). For every z,y € R?,

VU\(z) = VUA(y) = Ax(z,y)(x —y), (6.4)
ml j A)\(:L',y) j L)\Ia
0= Al (z,y) < LfI, 0= A(z,y) <AL (6.6)

Proof. The fundamental theorem of calculus gives
Az y)(@—y) =Vf@)-Vfy), ml=A (2,y) 2L
Suppose first that Vgy(z) # Vga(y). The denominator in (6.2) is strictly positive by (3.4), and
direct multiplication yields
A (2,y)(x — y) = Vga(x) = Var(y).
For any v € R?, Cauchy-Schwarz and (3.4) give
(v, Var(x) = Vaa(y))”
{(z —y, Vga(z) = Var(y))
_ Il IVga(=) = Voarx@)I* _
MIVar(z) = Vo)l

The case of a zero gradient difference is immediate from the definition. Adding the two components
proves all assertions. O

UTA‘K((E,y)U =

— 2
A7l

6.2 A single corrector and the two technical inputs

Let (X¢)¢>0 be the stationary Langevin diffusion
dX; = —VU\(X)dt + V2dB;, X~ my, (6.7)

and let (P;);>0 denote its reversible Markov semigroup. Throughout the paper, xp denotes the same
mean-zero vector field characterized by

h
/]Rd xndmy =0, (I —Pp)xn = / (I — P5)VU,ds. (6.8)
0

The integral in (6.8) is taken in L?(my;R9); it is the L? limit of Riemann sums because s ~
P,VU, is L?-continuous. Existence, uniqueness, and the bounds needed below are established in
Proposition 7.3. The main proof uses only (6.8) and the estimates stated below.

For k > 0, define the one-step local drift error

h
Dy, ::/0 {VU\(Xpn) — VUA(Xphs) } ds (6.9)

and the filtration F; := 0(Xo, Bs : 0 < s <t).

Proposition 6.2 (Corrector decomposition and moment bounds). Under Assumptions 4.1-4.2,
there are random vectors My,1 such that

Dy = xn(Xkn) — xn(X(g41)n) + Mi1, (6.10)

E[Mjt1 | Firn] =0, (6.11)
Xkl 2(ry) < BR, (6.12)
HXhHLP(TFA;Rd) = Cth2v p=2, ( )
(6.14)

E | My|? < C {Lfc(dh3 R+ G2Rh5/2} .

8



Proposition 6.3 (Two-point curvature feedback). Couple (6.7) and (4.5) from Xo = Xo ~ my
ustng the same Brownian motion, and set

Ak = A)\(th,)?k), AZ = Ag\(th,)?k) (615)
If (5.3) holds, then, for every k >0,
E | xn(Xin) " Afxn(Xin) | < CK2GVARY2} . (6.16)

Proposition 6.2 is proved in Section 7, and Proposition 6.3 is proved in Subsection 8.2.

6.3 A one-step matrix inequality

Lemma 6.4 (One-step energy inequality). Let A be symmetric and satisfy mI < A < LI. If
0 < hL < 1, then, for all u,v € RY,

(I — hA)u + hAv|? < (1 —mh) ||lul|* + ho ' Av. (6.17)

Proof. This is the matrix estimate used in the global-error recursion of Pedrotti and Whalley [10,
Section 2.1, pp. 3-4]. For completeness, diagonalize A. For every eigenvalue a € [m, L], convexity of
the square gives

|(1 — ha)u + hav|* < (1 — ha)u? + hav?, 0<ha<l.

Summing over the eigenbasis and using a > m proves (6.17). O

6.4 Proof of the fixed-smoothing theorem

Proof of Theorem 5.1. Start the diffusion and MYULA from Xy = )20 ~ my, and use the same
Gaussian increments, that is,

Vh &1 = Biy1yn — Brn-

Define R
Zk = th - Xk (618)

The exact diffusion satisfies
X(k—i—l)h = Xpp — hVUA(th) + \/i(B(k—&-l)h — Bkh) + Dy. (6.19)
Subtracting (4.5) from (6.19) and applying Lemma 6.1 yields

Z1 = Zi — h{VU\(Xgn) — VUA(X)} + Dy
= (I — hAy)Zy + Dy, (6.20)

Insert (6.10) and define the corrected error
Yi := Zp + Xu(Xkn)- (6.21)
Then

Yirr = (I = hAR) Z + X0 (Xkn) + Miya



By (6.5) and (5.3), after reducing c if necessary, Lemma 6.4 applies. Moreover, Y}, Ay, and
Xn(Xgn) are Fyp-measurable. Hence (6.11) removes all cross terms involving M1 after conditional
expectation, and

E[[Vis1]® = E (I — hAR)Yi + hApxn(Xin)||* + E || My ||
< (1= mh)E|[Yi|* + 2y, + E || Myia]?, (6.23)

where
¢ :=E [Xh(th)TAth(th)] - (6.24)

Since Ay, = AT (X, )A(k) + A7, the bounds (6.6), stationarity Xy, ~ my, (6.12), and (6.16) imply
Oj, < LyE [|xn(Xen)|* + E [Xh(th)TAiXh(th)}
< Lyh*R? + CK2GVA W2t \ =: By, (6.25)

Set
My :=C {L?(diﬁ + R0 + G2Rh5/2} . (6.26)

Then (6.14) gives E || My11|*> < M. Tterating (6.23), for n > 1,

n—1
E|[|[Ya]* < (1= mh)"E [[Yo|* + Y (1 — mh)" 7 (h®), + M)

§=0
< (1= mh)E yol? + "Bt M (6.27
Letting n — oo and substituting (6.25) and (6.26) gives
mlimsup E |Yall? < C{L;R?h? + L3dh?® + L3R*h? (6.28)
+ K2GVA R + GPREP?).
Since hLy <1, L?«R2h3 <L fRQhQ. Taking square roots term by term yields
Vimlimsup||Va | 2 < C(By/Ly + LyVd)h (6.29)
+C(GVR+ KVGdY*e; \)h/4,
Because Z, =Y, — xn(Xnn), stationarity and (6.12) further give
\/mlig;sgp 1 Znll L2 < \/mliﬁ)sgp 1Yol 2 + Vmlixallp2gry)
< C|R(m +y/Iy) + LyVd|h
+C [G\/f% + KVG AV, A] R34, (6.30)

It remains to identify the limiting Euler law. Define T}, (z) := = — hVU\(x). By (6.5) and
hLy <1,
1T (z) = Ta(y)ll = (I — hAx(z,y)) (2 —y)|| < (1 —mh) [z —y]|. (6.31)

10



A synchronous Gaussian coupling therefore gives

Wa(uQan, vQrn) < (L= mh)Wa(p,v), v € Po(RY). (6.32)

The metric space (P2(R%), Ws) is complete, and Q) ;, maps P2(R?) into itself. The Banach fixed-
point theorem thus gives a unique invariant law 7, and £(X,) — 7T p in Wa. Since X, ~ my,
the coupling above and (6.30) imply

Wa(mx, Tan) < limsup || Z, ] 12 -

n—o0

This proves (5.4). O

6.5 Proof of the end-to-end complexity theorem

Proof of Theorem 5.2. The universal Moreau bias of Xin and Zhang [13, Proposition 5.9] states
that

GQ/\
VmWa(m, ) < — = (6.33)
With A\ = £/G2,
\/EWQ(W)\E,TF) §€/4. (634)
The first constraint in (5.6) gives h.Ly, < c. Since Ly. > A1,
he < cAe, ﬁ \[
VxS VE
Consequently,
lhoy. < CLe. (6.35)

Substituting the last two constraints in (5.6) and (6.35) into Theorem 5.1, and reducing c if necessary,
yields
\/%WQ('/T)\N%)\E,hE) S 8/4. (636)

By (6.32),

VmWa (@3 s )
< Vme ™ N Wy (1, T i)

< VmemheN {Wmm) ¥ W} <ef2, (6.37)

where the second inequality uses the triangle inequality, (6.34), and (6.36), and the last follows
from (5.7) with C' > 2. The triangle inequality together with (6.34), (6.36), and (6.37) proves (5.8).

Finally, (5.6) implies

I 1/4924/3
h,1<CLf+7+ \F+\/ ) + ff (GVR + KVGdY/4e2) ]

e = 2473

Using (a + b)*/3 < 2Y/3(a*/3 4 b*/3) proves (5.9). For fixed model parameters and uo € Pa(RY),
Wo (o, ) is finite and independent of €. Hence (5.9) gives (5.10). O

11



7 Stationary Estimates and the Discrete Poisson Corrector

7.1 Stationary active trace and drift moments
Lemma 7.1 (Stationary drift and active-trace bounds). If X ~ 7y, then
VUM L2(ry) < R Erax < GR, Er, VU, = 0. (7.1)
Proof. The weak integration-by-parts identities proved in Proposition A.4 give
Er, [|[VUA? = Ep, tr(V2f + Hy) < 74 4+ Er,ay, (7.2)
Er ax = Exr, (Vgr, VU) < G(Eq, [VUP) .

Let 7 := [[VUx| 12(x,)- Then r? < 14 + Gr, and therefore

N N CGRz T
—= 2 - .

r

Substitution in (7.3) gives Ex, ax < GR. The last identity in (7.1) is also contained in Proposition A.4.
O

Lemma 7.2 (All stationary drift moments). For every p > 2,
VUM eyt < K VB (7.4)

Proof. Let z, be the unique minimizer of Uy. Since VUy(x4) = 0, the L;-Lipschitz property of V f
and (3.5) imply

IVOX@)| < IV f(z) = Vf(z)l + [Vga(z) = Vaa(z,)|
< Ly ||z — x| + 2G. (7.5)

Applying Proposition A.4 with V(z) = 1 ||z — ,||* and summing over the coordinates gives
d=Er, (X — 2, VUA(X)) = mEr, | X — z.|?,

where the inequality uses VU (z,) = 0 and m-strong convexity. Hence
d
Eny | X —2.]* < —.
m

Moreover, the Bregman transport inequality and its concentration consequence [4, Theorems 2.2.12
and 2.4.3(ii)] give
P(|X —a,]| —E|X — 2| > t) <e ™72, t>0.

Tail integration therefore yields

Vd+2,/p
T

X =2l o <

Combining (7.5)—(7.6) and using 1 < ,/p gives
Ly

IVUA» <2G + ﬁ(\/g“‘ 2y/p) < Ky/p.

12



7.2 The reversible semigroup and the corrector operator

For u € L?(my), let
Fru(z) = E[u(X{)], (7.7)
where X* denotes the Langevin diffusion (6.7) started from x. Invariance of 7y and Jensen’s
inequality give
[Pl ey < el ppiryy s 1< p < oo (7.8)
and reversibility gives (Pyu, v) ;2 = (u, Pv)2; see Chewi [4, Section 1.2] for these Langevin semigroup

facts. We use the sign convention Ay = —L,, where L} is the usual Langevin generator. On smooth
compactly supported functions,

Ayu = —Au+ (VUy, Vu) . (7.9)

Its precise domain and the meaning of a bounded function of Ay are given in Section B. This
notation is used below only to construct the corrector and state its moment bounds; the main
error recursion uses the Poisson identity (6.8). The same corrector construction, under stronger
smoothness assumptions, appears in Pedrotti and Whalley [10, Sections 2-2.1].

7.3 Construction and moments of the corrector

Proposition 7.3 (The discrete Poisson corrector). For r > 0, define
h—(1—ehr
( e )T r >0,

on(r) == 1—efr 7 (7.10)
h/2, r=0.

Using the construction in Proposition B.2 coordinatewise, set
Xn = @n(Ax)VU,. (7.11)
Then xy, is the unique mean-zero solution in L*(my;RY) of (6.8), and
0 <op(r) <h, r > 0. (7.12)

Consequently,
Xl L2 (ry) < BIVUMIL2(ryy < RE. (7.13)

Proof. Let
h
ap(r) :=1-— e hr bp(r) == / (1 —e"%")ds.
0

For every r > 0,
an(r)en(r) = bu(r). (7.14)
For r > 0,

L 1— e hr h
(1= eMan(r) =h -+ = [ ends
0

At r = 0, both sides of (7.14) are zero, and Taylor expansion shows that ¢, is continuous there.
The multiplication and time-integration rules in Proposition B.2 turn (7.14) into

h
(I - Ph)Xh :/0 (I — PS)VU)\ ds. (715)
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The same proposition preserves zero means, so Lemma 7.1 shows that y, has zero mean.
To prove (7.12), write u = hr. The inequalities 1 — e ™ < u and e > 1 + u imply

1 1
— - < 1.
1—e ¥ (T

Thus 0 < ¢p(r) < h. The norm bound (B.3) and Lemma 7.1 yield

0<

Ixnllz2 < B|VUL 2 < hR.

If \p, is another mean-zero solution, then v := x5, — X, satisfies P,v = v. By (B.12),

ollz2 = I1Pavllpe < €™ |loll 2,

which forces v = 0. Hence the mean-zero solution is unique. O
Write
1 1
a0 u > O)
en(r) = hp(hr),  Pu):=q1-e u (7.16)
1/2, u=0.

Lemma 7.4 (L? bound for the corrector multiplier). There is a universal constant C' such that, for
every p > 2, h >0, and every scalar v € L*(m\) N LP(my) with [vdmy =0,

[0 (RANV] Lo (ry) < CP V] Loy - (7.17)

The expression on the left is defined in Section B; the estimate says that this construction also has
the stated LP bound.

Proof. The proof, including the precise statement of the external multiplier theorem and the
verification of all of its hypotheses, is given in Proposition B.4. O

Lemma 7.5 (Corrector moments). For every p > 2,
XAl o (ry ey < CRED?. (7.18)

Proof. By (7.16),
Xn = hap(hAX)VU.

Let (g;)%, be independent Rademacher signs. The Khintchine inequalities, Lemma 7.4, and
Minkowski’s inequality give

d
Y(hAN)  eidUx

=1

[ (RAN) VU Lo () < CEe

Lpr

< CplEc

d
Z 618@'U)\

=1

Lr
< C’p3/2 ||VU>\HLP(€2) :

Lemma 7.2 gives |[VUA|| s,y < K/p, and therefore

||Xh||Lp(42) < ChKp*.

Combining Proposition 7.3 and Lemma 7.5 gives (6.12)—(6.13).
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7.4 Martingale decomposition of the local error

The Markov property and (6.8) imply

h
E[Dk | ]:kh] = /(; (I - PS)VU)\(th) ds

= (I = Pp)xn(Xkn)- (7.19)

Define
M1 = Dy — {xn(Xkn) — X0 (X (k1)) }- (7.20)

Since
Elxn(X+0n) | Frnl = PuXa(Xkn),

Equation (7.19) proves (6.10)—(6.11). This is the “telescoping increment plus martingale increment”
decomposition used by Pedrotti and Whalley [10, Section 2.1, pp. 3-4].

7.5 Short-time crossing and the martingale variance

Lemma 7.6 (A BV-type semigroup estimate). For every t > 0,

Hptv‘gA - v‘g)\HLl(ﬂ'/\;Rd) < C\/Z]EWAG’)\? (721)
E |[Vgr(X;) — Vgr(Xo)|* < CG2RVt. (7.22)

Proof. Let ¢ : R? — R? be bounded with ||¢[|,, < 1. Reversibility and the time-integrated weak
integration-by-parts formula in Proposition A.5 give

/¢ - (P;Vgx — Vgy)dmy

- / Vor- (P — ) dmy

t
= —/ /H,\ : VP .¢dmy dr. (7.23)
0
For every unit vector a € R?, the reverse local Poincaré inequality under CD(m, 0o) gives
2 m ) 2\ _ Il
IVE:{a, )" < {Pr(<a,¢> ) — (P (a, ) } <5,

see Bakry et al. [1, Theorem 4.7.2(iv), equation (4.7.6), and the bounded-measurable extension
discussed there]. Since P, acts coordinatewise,

VP {a,¢) = (VE¢) a.
Taking the supremum over ||a|| = 1 yields

IV P @llop 00 < (27) 72 1]l - (7.24)

op,o0

Since Hy = 0,
|Hy : VP.¢| < ay varﬁbuop'

The integrable bound r~1/2 justifies (7.23) by first integrating over [e,t] and then letting ¢ | 0.
Substitution in (7.23), integration in r, and duality between L' and L> prove (7.21).
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By stationarity and reversibility,
E [[Vga(Xe) = Vga(Xo)|*
=2(Vgx, I = P)Vgr) 12(ry)
< 2G ||Vgr — PVa|l 1 < CGVtEqr, an.
Lemma 7.1 completes the proof. O

Define the stationary drift modulus
Da(t) = E[|VUA(X) = VUA(Xo)|I*. (7.25)
From (6.7), Cauchy—Schwarz, stationarity, and Lemma 7.1,
E | X; — Xo||* < Qt/tIE IVUA(X)|)? ds + 4dt
< 23232 + 4dt. (7.26)
Combining this with the L ¢-Lipschitz property of V f and (7.22) gives
TA(t) < 2LFE | X, — Xo||* + 2E | Vga(Xs) — Vo (Xo)[|”
< c{13(dt+ R*?) + G*Rt}. (7.27)
Cauchy—Schwarz gives
E||Dg|? < h/hF,\(s) ds. (7.28)
On the other hand, the corrector increment estima(‘)ce proved at the end of Appendix B.2 gives
E | xn(X3) = xn(Xo)|I* < BE || VUA(Xs) = VUA(Xo) |
= h2T\(h). (7.29)
Using (7.20) and |ja + b||* < 2]jal|* + 2|b]|?,

h
E || Mjgr ||* < 2h/ T(s)ds + 2h°T'5(h). (7.30)
0

Substitution of (7.27), together with

h 3 h 4 h 5/2
h h 2h
h/ sds = —, h/ s?ds = —, h/ Vsds =
0 2 0 3 0

3 )
proves (6.14). Proposition 6.2 is therefore established.

8 Shared-Noise Two-Point Curvature and Feedback

8.1 A one-step shared-noise trace estimate

Proposition 8.1 (First moment of the shared-noise two-point curvature). Under Assumptions j.1-
4.2, fix x,y € R, and let

t
X =1 — / VU\(X,)ds 4+ V2B, (8.1)
0

X1 =y — hVUx(y) + V2Bj,. (8.2)
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There exist universal constants ¢, C > 0 such that, whenever hLy < c,

Etr A(Xp, X1) < CG\/E. (8.3)

Proof. Step 1: the smooth case. We first prove (8.3) under the additional assumption gy €
C%(R%). The standing bounds then hold pointwise:

IVar(z)| <G, 0= V2g>\($) <\, ml < V2U,\(m) < LI, zeR

Write

~ t
W =By~ N(0.hI),  Bi=B—W. (8.4)

The Gaussian endpoint W and the Brownian bridge (Et)ogtgh are independent. Conditional on the

entire bridge, both X; and X 1 are deterministic functions of the same vector W. For 0 < 6 <1,
define R
To(W) := (1 - 0) X1 (W) + 60X, (W). (8.5)

Let Ky := Dy X;. Differentiating (8.1) with respect to W gives

V2

K; = —V2U,\(X) K, + -1, Ko=0. (8.6)
Integrating (8.6) gives
2t t
K, = ‘/};I—/ V2UL(X,) K, ds.
0
Since HV2U)‘<XS)HOp < Ly,
V2t !
1Kellop < ==+ LA/O 15 lp, ds-

Gronwall’s inequality therefore yields

2t
||KtHOp S \/I;GL)\t S \/§6hL)\’ 0 S t S h

Moreover, evaluating the integral equation at t = h gives

h
K, —V2I = —/ V2U\(X,) K, ds,

0
and hence
HKh —V2I| < hLy sup |K,ll, < VZhLze".
op 0<s<h
Thus
sup [ Kell,, < V2", HKh — V21| < V2hLyeto, (8.7)
0<t<h op
Choose ¢ so that ce® < 1/4. Since DW)?l =21,
Jo = DwTy=(1—0)V2I +0K,,  symdJy=2 Y21 (8.8)
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Define the Hessian averaged along the segment joining the two endpoints by

1
Ha(Xn, 1) = /O V205 (Ty(W)) . (3.9)

Then o N N R
H\(Xp, X1)(Xp, — X1) = Vga(Xp) — Vga(X1).

The positive-semidefinite Cauchy—Schwarz inequality gives
A(Xn, X1) = HA(Xp, X1). (8.10)

Indeed, for every v € R%, the quadratic form on the left is

THA(X, — X1))? _
(U A/\( i 1)) — < UTH)\U.
(Xn — X1) THA(Xp — X1)

Consequently,
tr A9 (Xp, X1) < /01 tr V2g\(Tp(W)) d6. (8.11)
Fix the bridge and 6. By the chain rule, symmetry of the Hessian, and (8.8),
divw{Vgr(Ty(W))} = tr{V2gx(To(W)) (W)}

= tr{ Vg (To(W)) sym Jo(W)}
> 2712 t: V2, (Ty(W)). (8.12)

Gaussian integration by parts for W ~ N(0, hI) yields

Euw div {(Vor(To (W)} = 7w (I, Voa(To(1)))

G d
<—E < —. .1
<Cppwy <yt (813)

Combining (8.11)—(8.13) and integrating over # and the Brownian bridge proves (8.3) in the smooth
case.

Step 2: passage to the C"! Moreau envelope. Let p; be a standard smooth mollifier and,
only within this proof, set

9rG = Gx * Ps, Urs == [+ gxs- (8.14)

Mollification preserves the uniform bounds
sup |[Vars(2)|| <G, 0= VQQ,\,(; <\, IVars — Vaall, — 0. (8.15)
xr

Let X©) and )/(:f(s) be the exact and Euler endpoints associated with U, s, driven by the same
Brownian path as the original endpoints. If

ns = [|[VUxs — VUl
then Gronwall’s inequality gives

sup th(‘” — XtH < hpse™r — 0, H)?{‘” — )?1H < his —> 0. (8.16)
0<t<h
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For the limiting argument, define

2
S (u,v) = {!”H [ {w), Zig (8.17)

On the closed set {(u,v) : (u,v) > A||v||*}, the function ¥ is lower semicontinuous. The trace of
the matrix in (6.2) is precisely 3(z — vy, Vga(x) — Vga(y)). Therefore (8.15)—(8.16), cocoercivity,
and Fatou’s lemma imply

B A9 (Xi, ) < liyinf B e A (x(7, X17)

< CG\/Z. (8.18)

Thus (8.3) holds under Assumptions 4.1-4.2, completing the proof. O

8.2 From the one-step trace estimate to curvature feedback

In the global synchronous coupling, condition on the starting points of the (k — 1)st step and apply
Proposition 8.1. For k£ > 1,

d
Sk = tr A7, 0< 8, <A1, E[Sk | Fre—1ynl < CG\/;. (8.19)

Since Xy = )?0, one has Sy = 0. Hence, for every k > 0,

ES, < CG+/d/h. (8.20)
No independence between Sy and xp(Xgp) is assumed.

Lemma 8.2 (A Holder product bound). Let a nonnegative random variable S and a random vector
C satisfy
0<S<L,  ES<B. (8.21)

Set By := min{B, L}. If By =0, then S =0 almost surely. If By > 0, then, for every p > 1,
1-1
E{IC|1* S < 1C132, By~ /LY. (8:22)

If, in addition, ||C||;» < Hr® for every r > 2, then

2a
E[|C|* S] < C.H?By {1 + log<€ + é) } : (8.23)
0

Proof. Let ¢ = p/(p — 1). Holder’s inequality and S¢ < L4~1S give
E[IC)1*S) < IC720 18]l o < ICII720 (L4 Bo)*/
= Cll70 By~ 7LV,
which proves (8.22). Choose p := 2+ log(L/By). Then
BYTYPLMP = By(L/By)'/? < eB,

and p < C{1 +log(e + L/By)}. Substitution of ||C|| 2 < H(2p)® proves (8.23). O
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We now apply Lemma 8.2 with
C = xn(Xkn), S = S, L=\ B = CG+/d/h. (8.24)
By (6.13), one may take H = ChK and a = 2. Since A} > 0,

X (Xen) T AR (Xin) < Ixa(Xn) |1 Sk (8.25)

If By = B, then L/By < CvVh/(GVd\); if By = L, then L/By = 1. Thus

L
By < CG\/d/h, 1+ log<€ + B> < Cgh,,\. (8.26)
0
Equations (8.23)—-(8.26) yield

E [Xh(th)TAiXh(th)] < Ch*K*G+/d/h 1t
= CK2GVdR*e} .

This proves Proposition 6.3.

9 Conclusion

We established Wasserstein error bounds for classical MYULA with a smooth strongly convex
component and a convex Lipschitz nonsmooth term. A discrete Poisson corrector, combined with
active-trace and shared-noise curvature estimates, yields an O(h) + O(h*/*) invariant-measure bias
bound. Under the stated step-size restriction, the error coefficients depend only logarithmically on
the inverse smoothing parameter. Combining this estimate with the Moreau approximation bias
and Wasserstein contraction gives a sufficient O(¢~%/3) iteration complexity for \/m Wa(un,7) < €,
with model parameters and initialization fixed.

A Weak Hessians and Integration by Parts

We record the facts used in Lemmas 7.1 and 7.6; see Xin and Zhang [13, Appendices A-B]|, Evans
and Gariepy [7], and Leoni [8].

A.1 Weak derivatives and weak Hessians

Definition A.1 (Weak derivative). Let u,v € Li (R?). We say that v is the weak partial derivative
O;u if
/ u(z) Oip(x) doe = —/ v(z)p(x)de for every ¢ € C2°(R?). (A.1)
R4 R4
The function v, if it exists, is unique up to equality on a Lebesgue-null set.

A Lipschitz function is differentiable almost everywhere by Rademacher’s theorem. Moreover,
its almost-everywhere derivative is its weak derivative; see Evans and Gariepy |7, Sections 3.1-3.2].
Since gy € C1!, each component of Vg, is Lipschitz and therefore has a bounded weak gradient.

Definition A.2 (Weak Hessian). Let u € C'(R?) and assume that Vu is locally Lipschitz. The
weak Hessian H, = VZu is the matrix field whose (4,7) entry is the weak derivative 9;(9;u). It
agrees almost everywhere with the classical derivative of Vu supplied by Rademacher’s theorem.
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Different measurable representatives of H,, can differ on a null set, but all integrals against an
absolutely continuous probability law are the same. This is why the choice of representative never
affects the estimates in the paper.

Proposition A.3 (Basic properties of a weak Hessian). Let u € CV1(R?) be convexr and suppose
Lip(Vu) < L. Then its weak Hessian H, can be chosen measurable and satisfies

Hy(z) = Hy,(x)", 0 < Hy(z) = LI fora.e. x. (A.2)
If u= gy, then L =X"1 and a) = tr Hy satisfies (3.7).

Proof. Rademacher’s theorem gives the almost-everywhere derivative of the Lipschitz map Vu.
Equality of mixed weak derivatives implies symmetry almost everywhere. A convenient way to
see the matrix inequalities is to mollify. Let us = wu * ps, where ps is a standard nonnegative
smooth mollifier. Convexity is preserved by convolution, so V2us = 0. Also Lip(Vus) < L, hence
V2us < LI. The gradients Vus converge locally uniformly to Vu, and their classical derivatives
converge to H, in the sense of distributions and, after passing to a subsequence, weakly-* in L

loc*
Testing the inequalities against nonnegative scalar test functions and fixed vectors shows that the
same inequalities hold for H, almost everywhere. O

A.2 Weighted integration by parts under the Gibbs law

Let x, be the minimizer of Uy. Strong convexity gives
m 2
Ux(z) 2 U(zx) + 5 llz — 2" (A.3)

Hence 7y has Gaussian tails. In particular, every polynomial in ||z|| is integrable. Since VU, is
globally Lipschitz and vanishes at x,, it grows at most linearly. These two observations justify the
cutoff limits below.

Choose n € C°(R?) such that 0 <7 <1, n = 1 on the unit ball, and 1 = 0 outside the ball of
radius 2. Put ng(z) = n(x/R). Then

et Viglle <C/R, supp(Vigr) C{R < [lz]| <2R}. (A.4)

Proposition A.4 (Weighted weak integration by parts). Let V € CVYH(RY), and assume that VV
grows at most linearly. Let Hy denote its weak Hessian. If the terms below are integrable, then for
every 1 < 14,75 <d,

/(H\/)ij dmy = /@V@]-U,\ dmy. (A.5)
Moreover,
/@U)\ dmy = 0. (A.6)
In particular,
/||VUA||2 dry = /tr(V2f + Hy) dr, (A7)
/ ax dry = / (Vgn, VU dr. (A8)
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Proof. We first work with the unnormalized density e"U*. Apply the weak derivative identity (A.1)
to the function 0;V and the compactly supported test function nre~U>. This is legitimate because
Uy € C! and nre~Y> can be approximated in the relevant Sobolev norm by smooth compactly
supported test functions. We obtain

/(I_[V)imReUA dz = —/&'V 0j(nre") da
B /nRa"VajU/\e_UA dz — /&'V dmre” V> da. (A.9)

The last integral is supported on the annulus in (A.4). Its absolute value is bounded by

C

- 10,V (z)| eV (®) dg,
R Jr<|jz|<2r

which tends to zero by the at-most-linear growth of VV and the Gaussian tail (A.3). Dominated
convergence in the first two terms of (A.9), followed by normalization, proves (A.5).

For (A.6), use 0;(e~"*) = —0,Uxe™Un:

/77381‘U>\6UA dz = _/URai(eUA) de = /C?inReUA dz.

The right-hand side tends to zero by (A.4) and the Gaussian tail. Finally, take V' = U, in (A.5),
set ¢ = j, and sum over ¢ to obtain (A.7). Taking V = g, gives (A.8). O
A.3 The weak integration by parts used in the BV estimate

The proof of Lemma 7.6 uses one further identity. We state it in a form tailored to the present
semigroup, without introducing a closed Dirichlet form or a Sobolev form domain.

Proposition A.5 (Weak generator integration by parts). Let ¢ = (¢1,...,¢q) be bounded and let
r > 0. Then

/Vg)\ . (—A)\Prqb) dﬂ')\ = —/H)\ : VPTQde,\. (AlO)
Here H)\ : VPrng = Zi’j(HA)ij(‘)j(PrqSi).

Proof. Fix a coordinate i, and write u; := 9;g) and v; := P.¢;. The function u; is bounded, and its
weak gradient is the ¢th row of Hy. For r > 0, semigroup regularization gives a bounded gradient
for v;. Proposition B.2 also gives v; = P.¢; € D(A)) and

1
IAvill g2 < — il 2
By self-adjointness of Ay and (7.9), for every ¢ € C°(R?),
/C.A)\'Uid’ff,\ = /UZ‘A)\Cdﬂ)\ :/<Vv¢,VC> dmy.
The last equality uses Ay¢ = —eY> div(e~Y2 V() and only the weak first derivatives of v;.
Let ng be the cutoff from (A.4). The compactly supported Lipschitz function u;nr admits

smooth compactly supported approximations whose functions and weak gradients converge in L?(7y):
this follows by mollification on a fixed compact set, where the Gibbs density is bounded above
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and below by positive constants. Since Ayv; € L%(7y) and Vv, is bounded, the preceding identity
therefore extends to ( = u;ng. Using 0ju; = (H)y)i; gives

d
/T]Rui(—.A)\Ui) dﬂ')\ = — Z/UR(HA)ijajvi dﬂ'/\
7=1

— /uz (Vngr, Vu;) dmy. (A.11)

The last term in (A.11) tends to zero because |u;| < G, |V, < oo, and [|Vnrll,, < C/R.
The other two terms converge by dominated convergence, using Ayv; € L? and || H, | op = A~L. Thus

d
/ui(_AAUi) dmy = — Z/(H)\)ijajvi dmy.
=1

Summing over ¢ proves (A.10). O

B Operator Facts Used by the Corrector

We collect the semigroup and spectral-calculus facts used by the corrector; see Bakry et al. [1,
Appendices A.1-A.2 and A.4]. The LP multiplier theorem is stated in Proposition B.3.

B.1 From the Markov semigroup to a nonnegative generator

Fix A > 0 under Assumptions 4.1-4.2. Throughout this appendix, (P;) is the transition semigroup
(7.7) of the exact Langevin diffusion (6.7), not the Euler kernel @) . In particular, Uy € C1! is
m-strongly convex and VU, is globally Lipschitz. Set

H:= L?(m), (u, )y = /uv dmy.

We use real-valued functions, identified up to my-null sets. The operator Ay below acts on functions
and is distinct from the two-point matrix Ay (z,y) in (6.3).
For a contraction semigroup, strong continuity means ||Pu—uly — 0 as t | 0 for every
u € H. This is the continuity condition in Bakry et al. [1, Definition A.1.1(iii)]; the semigroup
property then gives continuity of ¢ — P,u at every ¢t > 0. A bounded operator T is self-adjoint if
(Tu,v)y = (u, Tv)y for all u,v € H. Thus reversibility is exactly self-adjointness of P; on L?(ry).
The generator is defined on its full L? domain by

— - P,
D(A)) := {u €H: lim - Y exists in H} , Ayu = lim i (B.1)
an) t}0 t
The minus sign relative to the usual SDE generator is intentional: Ay = —L). An operator “on

H” need not have domain equal to H. For a densely defined operator A, the adjoint is given by
A*v = w when (Au,v)y = (u,w)y for every u € D(A); D(A*) consists of the v for which such a
w € H exists. Self-adjointness means D(A*) = D(A) and A* = A, not just symmetry on D(A).
Nonnegativity means (Au,u)y > 0 on D(A). See Bakry et al. [1, Appendix A.2].
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Proposition B.1 (Generator associated with the reversible diffusion). The operators (P;)i>o form
a strongly continuous self-adjoint contraction semigroup on H. The operator Ay in (B.1) has dense
domain, is nonnegative and self-adjoint, and satisfies

P=e >0, (B.2)

where the exponential is defined by the spectral calculus described below. Moreover, 1 € D(A,),
Azl =0, and C*(RY) € D(Ay), with Ayu = —Au + (VUy, Vu) there.

Proof. The Markov property gives Psyy = P;P; and Py = I. Invariance and Jensen’s inequality
give (7.8), and reversibility gives self-adjointness. To check strong continuity, use Xo ~ 7. For
bounded continuous u, conditional Jensen gives

1P — ullfy < Elu(Xe) — u(Xo)]> — 0

by path continuity and dominated convergence. Density of bounded continuous functions in H and
contraction extend the limit to every u € H.

The symmetric-semigroup theorem in Bakry et al. [1, Appendices A.1-A.2] now gives dense
domain and self-adjointness of the full generator. Nonnegativity follows from (u — Pyu,u)y > 0
and (B.1). The spectral semigroup in Bakry et al. [1, Appendix A.4, immediately after The-
orem A.4.2] has generator —Ay; uniqueness of the semigroup determined by its full generator
gives (B.2).

Since P;1 = 1, the generator annihilates constants. For u € C°(R?), put Lyu = Au —
(VUy, Vu) € H. Ito’s formula gives

Pou—u
t

1 t
= t/ P;Lyuds — Lyu in H,
0

Strong continuity gives the last limit and hence both assertions on Cg°. Self-adjointness concerns
the full domain (B.1). O

B.2 Bounded functions of the generator

We use the spectral calculus for Ay described in Bakry et al. [1, Appendix A.4]. For bounded
continuous ¢, the operator g(A)) is defined on all of H.

Proposition B.2 (Functional-calculus rules used in the paper). For every bounded continuous
function q : [0,00) — R, the spectral calculus defines a bounded self-adjoint operator q(Ay) on all of
H. For bounded continuous ¢, q1,q2 and o, 8 € R,

lg(A L2z < Sup la(r)], (B.3)
(aq1 + Bg2)(Ax) = aqi(Ay) + Baa(Ay), (B4
a1 (Ax)g2(Ax) = (q192)(An). (B.5)

If g1 < qo pointwise, then
<u> ql(A/\)u>L2 < <U7Q2(A)\)U>L2 ’ u € H. (B6)

Furthermore, fort > 0,

[r = e (AN = P, (B.7)
q(Ax)1 = q(0)1. (B.8
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Fort >0,

1
PH C D(A)), A\P; = [r = re (A, NANP| f2y 2 < e (B.9)

For h > 0, define
h
bp(r) == / (1 —e*")ds. (B.10)
0
Then, for every u € H,

h
b (Ax)u = /0 (I = Py)uds, (B.11)

where the right-hand side is the limit in L?(wy) of Riemann sums. The mean-zero space

H0::{UEH1/udT{')\:O}

is invariant under q(Ay). Finally, the usual Poincaré consequence of m-strong log-concavity gives
[Prull poieyy < €™ Mullpegryy,  w€Ho, t2>0. (B.12)

Proof. Write A = A,. The cited spectral theorem associates to each u € H a finite positive scalar
measure v, on [0,00), of total mass ||u||a Its domain and norm formulas, namely (A.4.1) and
Theorem A.4.2 of Bakry et al. [1], read

D(F(A)) = {ue H :/[0 )|F(r)]2uu(dr) < oo}, | F(A)ullf, = /[0 )|F(r)|21/u(dr).

These formulas hold for real Borel functions F'; the norm identity is understood on D(F(A)). The
endpoint 0 is included, with any mass it carries. For bounded g, the integral is at most ||g||2, |||,
proving D(¢q(A)) = H and (B.3). The real-valued spectral construction is self-adjoint and obeys the

algebra rules (B.4)—(B.5). For the order rule, let s = /g2 — q1. Then

(u, (g2 — q1) (A)u)yy = (u, s(A)*u)yy = [ls(A)ullfy = 0.

Equation (B.7) is simply (B.2) in this notation.
Since A1 = 0, the norm formula gives [ r?v;(dr) = 0. Hence v; is concentrated at 0, and

()1 =11 = [ Jatr) — a@)P a(ar) 0.

0,00

This proves (B.8). Self-adjointness then yields

/q(A)udﬂ'A = (u,q(A)1), = q(0) /udm\,

so q(A) preserves Hg.
For (B.9), the spectral construction gives vp,,(dr) = =21, (dr). Thus, for every u € H,

2 2 —2tr [[ulli
r°vp.,(dr :/ rée "y, (dr) < < o0.
/[0 rtvatan = [ ) < Lol

The domain formula with F(r) = r first proves Pau € D(A); multiplication in the same spectral
representation then gives APu = [r — re ""](A)u and its norm bound. In particular, 8;Pyu =
—AP,u in H for t > 0, by the semigroup-generator relation in Bakry et al. [1, Appendix A.1].
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To prove (B.11), let

n—1

> (1 —eihrim),

=0

SRS

bh,n(r) =

S

Monotonicity of s — 1 — e™*" gives the uniform Riemann-sum estimate

h h
0 < bp(r) = bun(r) < —(1 - e 'y < —. (B.13)
The algebra rules and (B.7) give
h n—1
bn(A)u = — 2%(1 — Pji/n)u.
J:

By (B.3), the left-hand side converges to by(A)u. Strong continuity makes the right-hand side
converge in H to the time integral in (B.11). This is an integral of the continuous H-valued function
s +— (I — Ps)u, not an assertion of operator-norm continuity at s = 0. Bounded linear maps commute
with these Riemann limits. In particular, stationary evaluation v — v(Xgp) is an isometry from
L%(7y) to L*(2), and conditional expectation is an L? contraction. Thus this interpretation agrees
with the use of the integral in (7.19).

For completeness, (B.12) is a Poincaré estimate, not an additional rule of functional calculus.
Strong log-concavity gives

1
Vary, (1) < m/HVu||2 dry.

This holds first for smooth compactly supported u, and then for u € L?(ry) with a square-integrable
weak gradient by cutoff and smooth approximation. An implication valid directly for the present
C! potential is given by Chewi [4, Theorem 2.2.12 and Corollary 2.1.2]: strong convexity bounds
the Bregman cost in the former result below by m |z — yH2 /2, yielding the transport inequality
with constant 1/m; the latter result gives the displayed Poincaré inequality. Its equivalence with
exponential variance decay is Chewi [4, Theorem 1.2.21], which gives || Pyul|? < e~ 2™ |ju|[} on Ho.
This proves (B.12) without requiring a classical Hessian of Uy or a smoothing limit of 7. O

Proof of the corrector increment estimate (7.29). Write b = VU, and A = A, with all operators
acting coordinatewise. Stationarity, reversibility, and the product rule give

E [[xn(Xn) — xn(Xo)I* = 2 (xn, (I — Pu)xn) 12
=2(b,[r > n()?(1 - e*’”)](A)b>L2
< 20 (b, (I = Py)b) 2 = h°E [[b(Xn) — b(Xo)||* .

The inequality is (B.6) applied to 0 < ¢y (r)(1 — e™") < h2(1 — e~ "), using (7.12). O

B.3 The single L? multiplier theorem used in the proof

The bounded functional calculus above is an L? result. To control all moments of the corrector, we
need one LP estimate. We first state the external result in the exact notation needed to check its
assumptions.
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For 1 < p < o0, let A) ), denote the generator of the same semigroup (F;) acting on LP(my);
explicitly,
u— P

D(Ay,) = {u € LP(my) : lim

ists in LP
i exists in (7T,\)} ,

and the limit is Aj pu. Its range and null space are

R(Ay,) := {Axpu:u € D(Ax,p)}, N(Ayp) = {u € D(Ay,) : Axpu = 0}.

[
The bar in R(A),) means closure in the LP norm.

Proposition B.3 (Laplace-transform multiplier). Let (2,v) be a o-finite measure space, let A be a
nonnegative self-adjoint operator on L?(v), and suppose that Ty = e 4 satisfies

T2 fll oy < 1Ly » 1<g<oo.

For M € L*>(0,00) define, for r >0,

M(r) :=r / M(s)e " ds. (B.14)
0
Then, for 1 <p < oo and f € R(Ap)Lp,
7 * * p
< — = — . .
5tz <1206 = DI Wy o7 s max{p 2 h @as)

Moreover, let HéQ) denote the orthogonal projection of L?(v) onto N(As). Then

P f = lim Tof i L2(v). (B.16)

For every 1 < p < oo, the restriction of Hé2) to L?(v) N LP(v) extends to a contractive projection
H((]p) on LP(v). Thus, by the meaning of extension,

nyr =1y, fel’w)n L)

Moreover,
(-1 feRAYY,  fel*(w)nLPW).

Source and notation. These statements are quoted, not reproved. The hypotheses that A is nonnega-
tive and self-adjoint and that e~*4 is contractive on every L9 are exactly the standing assumptions in
Carbonaro and Dragicevié¢ [3, Introduction]; that paper calls this a symmetric contraction semigroup.
Its notation Ay, D(A,), R(Ap), N(Ap) is introduced in Carbonaro and Dragicevi¢ [3, Section 2].

The limit formula (B.16) is Carbonaro and Dragicevié¢ [3, Lemma 2|, and the contractive L?
extension is part (i) of that lemma. The cited paper uses the same symbol Py for the L? projection
and all of its LP extensions; the superscripts in our notation only indicate the ambient space. The
fact that I

(I-T1P)f € R(A,)

is the form used explicitly in Carbonaro and Dragicevi¢ [3, proof of Theorem 1].
The definition (B.14) is the display immediately preceding Carbonaro and Dragicevi¢ [3, Propo-
sition 5], and the estimate (B.15) is Carbonaro and Dragicevié¢ [3, Proposition 10]. O
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We now verify that the proposition applies here. The measure 7 is a probability measure and
hence is o-finite. Nonnegativity and self-adjointness of Ay follow from Proposition B.1; contractivity
on every L4 is (7.8). If v € L?(my) N LP(m)) has zero mean, then (B.12) gives P,v — 0 in L?. Taking

T; = P, in (B.16) therefore gives H(()2)v = 0. Since H((]p) extends H(()z) and v € L?(my) N LP(y),
Py = iPv = 0.

Consequently,
(7 _ 1@ g
v=I—-15")ve R(A\,p,) . (B.17)
Thus every hypothesis of Proposition B.3 has now been checked in the notation of the present paper.

Proposition B.4 (Proof of the corrector LP multiplier bound). The estimate (7.17) holds.

Proof. Define the bounded sawtooth function

w(t) = [H] —t, MO:w@—%.

The values at the integers are irrelevant, and ||@||,, < 1/2. For u > 0, summing over the intervals
[n,m 4+ 1) gives

o) e 1
u/ w(t)e  dt = ’LLZ e"“/ (1—s)e "“ds
0 o 0

S S (B.18)

l—e®

Since u [;° e~ dt = 1/2 for u > 0,

1

P(u) = 3 + u/oooa)(t)e_“t dt, u > 0. (B.19)

The restriction v > 0 is essential: at © = 0 the integral by itself is not convergent. We instead use
the separately defined value ¢(0) = 1/2 from (7.16).

For h > 0, set
_ 1
My (s) :=w(s/h), | Mp|| o < 2
and define
Myp(s)e™*"ds, r >0,
/ s (B.20)
r=0.
The change of variables s = ht in (B.19) gives the pointwise identity
Y(hr) == + mp(7), r > 0. (B.21)

Notice that (B.21) is now valid also at r = 0, because my(0) was explicitly defined to be zero.
Let v € L? N LP have zero mean. By (B.17), Proposition B.3 applies to M},. Since p > 2 implies
p* = p, it gives

[mn(Ax)vll g, <120(p = 1) [|Ma]lo 0]l o < 60(p — 1) (0]l 2o -
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Using (B.21), first in the L? functional calculus and then in the LP extension supplied by the
preceding estimate,

PY(hAy)v = %1)4—Tnh(¢4A)v.

Consequently,

1
(Aol < (5 + 60— 1)) ol < Colol,

which is (7.17). O
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