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Abstract

We study the classical Moreau–Yosida unadjusted Langevin algorithm (MYULA) for π( dx) ∝
e−f(x)−g(x) dx, where f ∈ C2(Rd) is m-strongly convex with Lf -Lipschitz gradient and g : Rd →
R is convex and globally G-Lipschitz. For the Moreau-smoothed target πλ and the MYULA
invariant law π̂λ,h, we prove

√
mW2(πλ, π̂λ,h) = O(h) + Õ(h3/4)

under 0 < h(Lf + λ−1) ≤ c, with only logarithmic dependence on λ−1 in the error coefficients.

Combining this estimate with the Moreau approximation bias yields Õ(ε−4/3) iterations to achieve√
mW2(µN , π) ≤ ε, for fixed model parameters and initialization. The proof combines a discrete

Poisson corrector with active-trace estimates and a shared-noise bound for the exact–Euler
two-point curvature.
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1 Introduction

Sampling from high-dimensional distributions is a fundamental problem in statistics and machine
learning. We consider distributions of the form

π( dx) ∝ exp{−f(x) − g(x)} dx, x ∈ Rd,

where f ∈ C2(Rd) is m-strongly convex with Lf -Lipschitz gradient, and g : Rd → R is convex and
globally G-Lipschitz, with G > 0. The function g need not be differentiable; examples include ℓ1
and total-variation penalties [5, 9].

The Moreau–Yosida unadjusted Langevin algorithm (MYULA) [5] replaces g by its Moreau
envelope gλ and applies an Euler step to the corresponding Langevin diffusion:

X̂k+1 = X̂k − h∇(f + gλ)(X̂k) +
√

2h ξk+1, ξk+1
i.i.d.∼ N(0, I).

Since ∇gλ(x) = λ−1(x− proxλg(x)), each iteration requires one gradient evaluation of f and one
proximal evaluation of g. This makes MYULA a natural sampling method when the same proximal
operations are already available for optimization.

The main difficulty is the interaction between smoothing and discretization. The smoothed
target πλ( dx) ∝ e−f(x)−gλ(x) dx approaches π as λ decreases, but the global smoothness bound

Lλ = Lf + λ−1

increases. Moreover, the invariant law of the Euler scheme generally differs from πλ. Accuracy for
the original target therefore requires controlling three errors: the Moreau approximation bias, the
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Euler invariant-measure bias, and convergence from the initial distribution. A fixed-λ estimate is
useful for this purpose only when its dependence on λ is also quantified.

Two recent works provide the main ingredients for our analysis. Xin and Zhang [13] show
that averaged weak Moreau curvature can replace a worst-case curvature bound in the analysis of
MYULA. Pedrotti and Whalley [10] use a discrete Poisson decomposition to obtain a linear-in-h
invariant-measure bias for smooth, strongly log-concave targets. Direct specialization of their
global-smoothness bound to f + gλ, combined with λ ≍ ε/G2, gives a sufficient Õ(ε−2) MYULA
complexity; the calculation is given in Section 2. We obtain a sharper dependence on accuracy by
controlling the curvature terms within the corrector argument.

Main result. Let π̂λ,h be the invariant law of MYULA. Under 0 < hLλ ≤ c, Theorem 5.1 gives

√
mW2(πλ, π̂λ,h) ≤ C1h+ C2h

3/4

[
1 + log

(
e+

√
h

G
√
d λ

)]2
,

where C1, C2 depend on the model parameters but not on h or λ. Their parameter dependence is
explicit in the theorem. Thus, the error coefficients depend on λ−1 only logarithmically, although
the usual step-size restriction remains.

Combining this estimate with
√
mW2(πλ, π) ≤ G2λ

4

from Xin and Zhang [13, Proposition 5.9], we choose λ = ε/G2 and the step size specified in
Theorem 5.2. For fixed model parameters and a fixed initial law µ0 ∈ P2(Rd), the resulting sufficient
iteration complexity is

N(ε) = Õ(ε−4/3) for
√
mW2(µN , π) ≤ ε,

where µN is the law of the Nth iterate and Õ suppresses logarithmic factors.

Proof approach. We follow the Poisson-corrector framework of Pedrotti and Whalley [10],
comparing MYULA with the exact Langevin diffusion for πλ driven by the same noise. The
corrector captures cancellations between local errors at successive steps. Our refinement combines
the active-trace estimates of Xin and Zhang [13] with a shared-noise curvature estimate for the
coupled processes. This allows us to control average curvature rather than use the worst-case bound
λ−1 for gλ throughout the error estimate. Together with contraction from strong convexity, these
estimates yield the stated invariant-measure bias bound.

The algorithm itself is unchanged: λ and h are fixed during each run, and no Metropolis correction
is introduced. Our complexity counts iterations with exact proximal evaluations, not the internal
cost of solving proximal subproblems. Section 2 places the result in the literature; Sections 3–5 give
the definitions, assumptions, and precise statements. The proofs occupy Sections 6–8.

2 Related Work

Moreau regularization and proximal sampling. Pereyra [11] developed proximal MCMC
methods for nonsmooth log-concave models, and Durmus et al. [5] introduced the classical MYULA
construction with asymptotic and nonasymptotic guarantees. These methods connect sampling
with proximal operations used in convex optimization. A complementary viewpoint is provided by

3



Durmus et al. [6], who interpret Langevin algorithms through optimization on Wasserstein space and
analyze both smooth and nonsmooth variants. For a smoothing-based method, bounds for a fixed
surrogate target must be combined with the regularization bias before their accuracy dependence
can be compared with an end-to-end guarantee.

Active-trace analysis of MYULA. The closest analysis of the same transition kernel is Xin and
Zhang [13]. Their reference heat-path active trace averages the weak Moreau Hessian trace along
the Gaussian substep of an update started from πλ. For the structured piecewise-linear, lasso-type,
group, and total-variation penalties treated there, curvature–tube estimates yield Õ(ε−2) end-to-end
complexity. We use their weak-curvature and Moreau-bias tools, but replace the reference-path
recursion by a corrected synchronous coupling. The additional shared-noise estimate controls
the actual exact–Euler two-point curvature for general convex Lipschitz g, without the geometric
verification required by those examples.

Poisson correctors and a direct MYULA benchmark. For an m-strongly convex potential
with L-Lipschitz gradient, Pedrotti and Whalley [10, Theorem 1] prove

√
mW2(π, π̂) ≤ 6hL

√
d, 0 < hL ≤ 1.

Specializing this bound to Uλ = f + gλ gives

√
mW2(πλ, π̂λ,h) ≤ 6hLλ

√
d.

Here we use the extension from C2 to C1,1 potentials by mollification.1 With λ ≍ ε/G2, choosing
h ≍ ε/(Lλ

√
d) and using Wasserstein contraction yield the sufficient iteration bound

NPW(ε) = Õ

[√
d

m

(
Lf

ε
+
G2

ε2

)]
.

Thus, direct use of their global-smoothness estimate gives Õ(ε−2) accuracy dependence for MYULA.
Our contribution is a refinement of the curvature terms in the corrector analysis, leading to Õ(ε−4/3)
under the assumptions of this paper. The gain concerns the smoothing dependence, not the order
in h for a fixed smoothed target.

Other composite samplers. Different transitions can avoid a separate Moreau approximation
of the target. Salim and Richtárik [12] give a primal–dual analysis of proximal stochastic gradient
Langevin sampling, including a Õ(ε−2) Wasserstein complexity in the strongly convex setting. Mou
et al. [9] combine proximal sampling proposals with a Metropolis–Hastings correction and obtain
polylogarithmic dependence on ε−1 for total variation error at most ε, under their assumptions.
Their method requires a proximal sampling oracle and evaluation of the associated normalizing
constants, rather than only a deterministic proximal operator. These results concern different
transition kernels and, in the latter case, a different error metric and oracle model. Our result
concerns classical MYULA with exact proximal evaluations and accuracy in

√
mW2 for the original

composite target.

1Apply the bound to f+gλ ∗ρδ. Mollification preserves the bounds m and Lλ, and the gradients converge uniformly.
Synchronous contraction gives W2 convergence of both the diffusion and Euler invariant laws, so the estimate passes
to the limit.
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3 Preliminaries

3.1 Basic notation

All probability measures are defined on the Borel σ-algebra of Rd. The Euclidean norm and inner
product are denoted by ∥·∥ and ⟨·, ·⟩. For µ, ν ∈ P2(Rd), the quadratic Wasserstein distance is

W 2
2 (µ, ν) := inf

L(X)=µ
L(Y )=ν

E ∥X − Y ∥2 . (3.1)

For symmetric matrices A,B ∈ Rd×d, the notation A ⪯ B means v⊤Av ≤ v⊤Bv for every v ∈ Rd.
Constants c, C > 0 are universal and may change from line to line. For a measure µ and a
vector-valued function F , we use ∥F∥Lp(µ) = (

∫
∥F (x)∥p µ( dx))1/p.

3.2 Moreau–Yosida regularization and weak second-order structure

Let g : Rd → R be convex. For λ > 0, its Moreau envelope is

gλ(x) := inf
y∈Rd

{
g(y) +

∥x− y∥2

2λ

}
. (3.2)

Standard Moreau theory gives

∇gλ(x) = λ−1
(
x− proxλg(x)

)
(3.3)

and the cocoercivity inequality

⟨x− y,∇gλ(x) −∇gλ(y)⟩ ≥ λ ∥∇gλ(x) −∇gλ(y)∥2 ; (3.4)

see, for example, Bauschke and Combettes [2, Chapters 12 and 18]. Consequently gλ ∈ C1,1(Rd)
and Lip(∇gλ) ≤ λ−1. If g is G-Lipschitz, then

∥∇gλ(x)∥ ≤ G, x ∈ Rd. (3.5)

Because ∇gλ is Lipschitz, it is differentiable almost everywhere. Its almost-everywhere derivative
also represents its weak derivative; we write

Hλ := ∇2gλ and aλ := trHλ. (3.6)

The matrix field Hλ may be chosen measurable and satisfies

0 ⪯ Hλ(x) ⪯ λ−1I, 0 ≤ aλ(x) ≤ d/λ for a.e. x. (3.7)

Following Xin and Zhang [13], we call aλ the Moreau active trace. The weak-Hessian properties and
integration-by-parts identities used below are collected in Appendix A.

4 Problem Setup and Standing Assumptions

We consider the composite target

π( dx) = Z−1 exp{−f(x) − g(x)} dx. (4.1)
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Assumption 4.1 (Smooth component). The function f ∈ C2(Rd), and there are constants 0 <
m ≤ Lf <∞ such that

mI ⪯ ∇2f(x) ⪯ LfI, x ∈ Rd. (4.2)

Moreover,
τf := sup

x∈Rd

tr∇2f(x) <∞. (4.3)

Assumption 4.2 (Nonsmooth component). The function g : Rd → R is convex and globally
G-Lipschitz for some G > 0.

For λ > 0, define

Uλ := f + gλ, πλ( dx) := Z−1
λ e−Uλ(x) dx, Lλ := Lf + λ−1. (4.4)

Then Uλ is m-strongly convex, belongs to C1,1(Rd), and Lip(∇Uλ) ≤ Lλ.

MYULA is the Euler scheme for the Langevin diffusion with potential Uλ:

X̂k+1 = X̂k − h∇Uλ(X̂k) +
√

2h ξk+1, ξk+1
i.i.d.∼ N(0, I). (4.5)

Its transition kernel is denoted by Qλ,h, and µk := L(X̂k). This normalization and the use of
√
mW2

agree with the setup in Xin and Zhang [13, Section 4].

5 Main Results

Define

R :=
G+

√
G2 + 4τf
2

, K := 2G+
Lf√
m

(
√
d+ 2), (5.1)

and

ℓh,λ := 1 + log

(
e+

√
h

G
√
d λ

)
. (5.2)

The quantity R controls the stationary L2 norm of the drift and the mean active trace, while K
controls all stationary drift moments.

Theorem 5.1 (Invariant-measure bias at fixed smoothing). Under Assumptions 4.1–4.2, there exist
universal constants c, C > 0 such that the following holds. For every λ > 0 and

0 < hLλ ≤ c, (5.3)

the kernel Qλ,h has a unique invariant distribution π̂λ,h ∈ P2(Rd), and

√
mW2(πλ, π̂λ,h) ≤ C

[
R(

√
m+

√
Lf ) + Lf

√
d
]
h (5.4)

+ C
[
G
√
R+K

√
Gd1/4ℓ2h,λ

]
h3/4.

Theorem 5.2 (End-to-end complexity). Under Assumptions 4.1–4.2, let 0 < ε ≤ 1 and set

λε :=
ε

G2
, ℓε := 1 + log(e+ ε−1). (5.5)
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For a sufficiently small universal constant c > 0, set

hε := cmin

{
1

Lf +G2/ε
,

ε

R(
√
m+

√
Lf ) + Lf

√
d
, (5.6)

(
ε

G
√
R+K

√
Gd1/4ℓ2ε

)4/3
}
.

For every µ0 ∈ P2(Rd), if

N ≥ C

mhε
log

(
2 +

√
mW2(µ0, π)

ε

)
, (5.7)

then √
mW2(µ0Q

N
λε,hε

, π) ≤ ε. (5.8)

Moreover, the smallest integer satisfying (5.7) obeys

N ≤ C

m

[
Lf +

G2

ε
+
R(

√
m+

√
Lf ) + Lf

√
d

ε
(5.9)

+
G4/3R2/3 +K4/3G2/3d1/3ℓ

8/3
ε

ε4/3

]
log

(
2 +

√
mW2(µ0, π)

ε

)
+ 1.

In particular, for fixed m,Lf , τf , G, d and fixed µ0,

N(ε) = Õ(ε−4/3). (5.10)

6 Proof of the Main Results

This section proves Theorems 5.1 and 5.2 after isolating two technical propositions. The construction
and estimates for the corrector are proved in Section 7; the shared-noise trace estimate and the
resulting two-point curvature feedback are proved in Section 8.

6.1 The two-point drift matrix

For x, y ∈ Rd, define

Af (x, y) :=

∫ 1

0
∇2f

(
y + t(x− y)

)
dt (6.1)

and

Ag
λ(x, y) :=


(
∇gλ(x) −∇gλ(y)

)(
∇gλ(x) −∇gλ(y)

)⊤
⟨x− y,∇gλ(x) −∇gλ(y)⟩

, ∇gλ(x) ̸= ∇gλ(y),

0, ∇gλ(x) = ∇gλ(y).

(6.2)

Set
Aλ(x, y) := Af (x, y) +Ag

λ(x, y). (6.3)

We refer to Aλ(x, y) as the two-point drift matrix.
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Lemma 6.1 (Exact two-point drift identity). For every x, y ∈ Rd,

∇Uλ(x) −∇Uλ(y) = Aλ(x, y)(x− y), (6.4)

mI ⪯ Aλ(x, y) ⪯ LλI, (6.5)

0 ⪯ Af (x, y) ⪯ LfI, 0 ⪯ Ag
λ(x, y) ⪯ λ−1I. (6.6)

Proof. The fundamental theorem of calculus gives

Af (x, y)(x− y) = ∇f(x) −∇f(y), mI ⪯ Af (x, y) ⪯ LfI.

Suppose first that ∇gλ(x) ̸= ∇gλ(y). The denominator in (6.2) is strictly positive by (3.4), and
direct multiplication yields

Ag
λ(x, y)(x− y) = ∇gλ(x) −∇gλ(y).

For any v ∈ Rd, Cauchy–Schwarz and (3.4) give

v⊤Ag
λ(x, y)v =

⟨v,∇gλ(x) −∇gλ(y)⟩2

⟨x− y,∇gλ(x) −∇gλ(y)⟩

≤ ∥v∥2 ∥∇gλ(x) −∇gλ(y)∥2

λ ∥∇gλ(x) −∇gλ(y)∥2
= λ−1 ∥v∥2 .

The case of a zero gradient difference is immediate from the definition. Adding the two components
proves all assertions.

6.2 A single corrector and the two technical inputs

Let (Xt)t≥0 be the stationary Langevin diffusion

dXt = −∇Uλ(Xt) dt+
√

2 dBt, X0 ∼ πλ, (6.7)

and let (Pt)t≥0 denote its reversible Markov semigroup. Throughout the paper, χh denotes the same
mean-zero vector field characterized by∫

Rd

χh dπλ = 0, (I − Ph)χh =

∫ h

0
(I − Ps)∇Uλ ds. (6.8)

The integral in (6.8) is taken in L2(πλ;Rd); it is the L2 limit of Riemann sums because s 7→
Ps∇Uλ is L2-continuous. Existence, uniqueness, and the bounds needed below are established in
Proposition 7.3. The main proof uses only (6.8) and the estimates stated below.

For k ≥ 0, define the one-step local drift error

Dk :=

∫ h

0

{
∇Uλ(Xkh) −∇Uλ(Xkh+s)

}
ds (6.9)

and the filtration Ft := σ(X0, Bs : 0 ≤ s ≤ t).

Proposition 6.2 (Corrector decomposition and moment bounds). Under Assumptions 4.1–4.2,
there are random vectors Mk+1 such that

Dk = χh(Xkh) − χh(X(k+1)h) +Mk+1, (6.10)

E[Mk+1 | Fkh] = 0, (6.11)

∥χh∥L2(πλ)
≤ hR, (6.12)

∥χh∥Lp(πλ;Rd) ≤ ChKp2, p ≥ 2, (6.13)

E ∥Mk+1∥2 ≤ C
{
L2
f (dh3 +R2h4) +G2Rh5/2

}
. (6.14)
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Proposition 6.3 (Two-point curvature feedback). Couple (6.7) and (4.5) from X0 = X̂0 ∼ πλ
using the same Brownian motion, and set

Ak := Aλ(Xkh, X̂k), Ag
k := Ag

λ(Xkh, X̂k). (6.15)

If (5.3) holds, then, for every k ≥ 0,

E
[
χh(Xkh)⊤Ag

kχh(Xkh)
]
≤ CK2G

√
d h3/2ℓ4h,λ. (6.16)

Proposition 6.2 is proved in Section 7, and Proposition 6.3 is proved in Subsection 8.2.

6.3 A one-step matrix inequality

Lemma 6.4 (One-step energy inequality). Let A be symmetric and satisfy mI ⪯ A ⪯ LI. If
0 < hL ≤ 1, then, for all u, v ∈ Rd,

∥(I − hA)u+ hAv∥2 ≤ (1 −mh) ∥u∥2 + h v⊤Av. (6.17)

Proof. This is the matrix estimate used in the global-error recursion of Pedrotti and Whalley [10,
Section 2.1, pp. 3–4]. For completeness, diagonalize A. For every eigenvalue a ∈ [m,L], convexity of
the square gives

|(1 − ha)u+ hav|2 ≤ (1 − ha)u2 + hav2, 0 ≤ ha ≤ 1.

Summing over the eigenbasis and using a ≥ m proves (6.17).

6.4 Proof of the fixed-smoothing theorem

Proof of Theorem 5.1. Start the diffusion and MYULA from X0 = X̂0 ∼ πλ, and use the same
Gaussian increments, that is, √

h ξk+1 = B(k+1)h −Bkh.

Define
Zk := Xkh − X̂k. (6.18)

The exact diffusion satisfies

X(k+1)h = Xkh − h∇Uλ(Xkh) +
√

2(B(k+1)h −Bkh) +Dk. (6.19)

Subtracting (4.5) from (6.19) and applying Lemma 6.1 yields

Zk+1 = Zk − h
{
∇Uλ(Xkh) −∇Uλ(X̂k)

}
+Dk

= (I − hAk)Zk +Dk. (6.20)

Insert (6.10) and define the corrected error

Yk := Zk + χh(Xkh). (6.21)

Then

Yk+1 = (I − hAk)Zk + χh(Xkh) +Mk+1

= (I − hAk)Yk + hAkχh(Xkh) +Mk+1. (6.22)
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By (6.5) and (5.3), after reducing c if necessary, Lemma 6.4 applies. Moreover, Yk, Ak, and
χh(Xkh) are Fkh-measurable. Hence (6.11) removes all cross terms involving Mk+1 after conditional
expectation, and

E ∥Yk+1∥2 = E ∥(I − hAk)Yk + hAkχh(Xkh)∥2 + E ∥Mk+1∥2

≤ (1 −mh)E ∥Yk∥2 + hΦk + E ∥Mk+1∥2 , (6.23)

where
Φk := E

[
χh(Xkh)⊤Akχh(Xkh)

]
. (6.24)

Since Ak = Af (Xkh, X̂k) +Ag
k, the bounds (6.6), stationarity Xkh ∼ πλ, (6.12), and (6.16) imply

Φk ≤ LfE ∥χh(Xkh)∥2 + E
[
χh(Xkh)⊤Ag

kχh(Xkh)
]

≤ Lfh
2R2 + CK2G

√
d h3/2ℓ4h,λ =: Φh. (6.25)

Set
Mh := C

{
L2
f (dh3 +R2h4) +G2Rh5/2

}
. (6.26)

Then (6.14) gives E ∥Mk+1∥2 ≤Mh. Iterating (6.23), for n ≥ 1,

E ∥Yn∥2 ≤ (1 −mh)nE ∥Y0∥2 +
n−1∑
j=0

(1 −mh)n−1−j(hΦh +Mh)

≤ (1 −mh)nE ∥Y0∥2 +
hΦh +Mh

mh
. (6.27)

Letting n→ ∞ and substituting (6.25) and (6.26) gives

m lim sup
n→∞

E ∥Yn∥2 ≤ C
{
LfR

2h2 + L2
fdh

2 + L2
fR

2h3 (6.28)

+K2G
√
d h3/2ℓ4h,λ +G2Rh3/2

}
.

Since hLf ≤ 1, L2
fR

2h3 ≤ LfR
2h2. Taking square roots term by term yields

√
m lim sup

n→∞
∥Yn∥L2 ≤ C

(
R
√
Lf + Lf

√
d
)
h (6.29)

+ C
(
G
√
R+K

√
Gd1/4ℓ2h,λ

)
h3/4.

Because Zn = Yn − χh(Xnh), stationarity and (6.12) further give

√
m lim sup

n→∞
∥Zn∥L2 ≤

√
m lim sup

n→∞
∥Yn∥L2 +

√
m ∥χh∥L2(πλ)

≤ C
[
R(

√
m+

√
Lf ) + Lf

√
d
]
h

+ C
[
G
√
R+K

√
Gd1/4ℓ2h,λ

]
h3/4. (6.30)

It remains to identify the limiting Euler law. Define Th(x) := x − h∇Uλ(x). By (6.5) and
hLλ ≤ 1,

∥Th(x) − Th(y)∥ = ∥(I − hAλ(x, y))(x− y)∥ ≤ (1 −mh) ∥x− y∥ . (6.31)
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A synchronous Gaussian coupling therefore gives

W2(µQλ,h, νQλ,h) ≤ (1 −mh)W2(µ, ν), µ, ν ∈ P2(Rd). (6.32)

The metric space (P2(Rd),W2) is complete, and Qλ,h maps P2(Rd) into itself. The Banach fixed-

point theorem thus gives a unique invariant law π̂λ,h and L(X̂n) → π̂λ,h in W2. Since Xnh ∼ πλ,
the coupling above and (6.30) imply

W2(πλ, π̂λ,h) ≤ lim sup
n→∞

∥Zn∥L2 .

This proves (5.4).

6.5 Proof of the end-to-end complexity theorem

Proof of Theorem 5.2. The universal Moreau bias of Xin and Zhang [13, Proposition 5.9] states
that

√
mW2(πλ, π) ≤ G2λ

4
. (6.33)

With λε = ε/G2, √
mW2(πλε , π) ≤ ε/4. (6.34)

The first constraint in (5.6) gives hεLλε ≤ c. Since Lλε ≥ λ−1
ε ,

hε ≤ cλε,

√
hε

G
√
d λε

≤
√
c√
dε
.

Consequently,
ℓhε,λε ≤ Cℓε. (6.35)

Substituting the last two constraints in (5.6) and (6.35) into Theorem 5.1, and reducing c if necessary,
yields √

mW2(πλε , π̂λε,hε) ≤ ε/4. (6.36)

By (6.32),

√
mW2(µ0Q

N
λε,hε

, π̂λε,hε)

≤
√
me−mhεNW2(µ0, π̂λε,hε)

≤
√
me−mhεN

{
W2(µ0, π) +

ε

2
√
m

}
≤ ε/2, (6.37)

where the second inequality uses the triangle inequality, (6.34), and (6.36), and the last follows
from (5.7) with C ≥ 2. The triangle inequality together with (6.34), (6.36), and (6.37) proves (5.8).

Finally, (5.6) implies

h−1
ε ≤ C

[
Lf +

G2

ε
+
R(

√
m+

√
Lf ) + Lf

√
d

ε
+

(G
√
R+K

√
Gd1/4ℓ2ε)

4/3

ε4/3

]
.

Using (a + b)4/3 ≤ 21/3(a4/3 + b4/3) proves (5.9). For fixed model parameters and µ0 ∈ P2(Rd),
W2(µ0, π) is finite and independent of ε. Hence (5.9) gives (5.10).
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7 Stationary Estimates and the Discrete Poisson Corrector

7.1 Stationary active trace and drift moments

Lemma 7.1 (Stationary drift and active-trace bounds). If X ∼ πλ, then

∥∇Uλ∥L2(πλ)
≤ R, Eπλ

aλ ≤ GR, Eπλ
∇Uλ = 0. (7.1)

Proof. The weak integration-by-parts identities proved in Proposition A.4 give

Eπλ
∥∇Uλ∥2 = Eπλ

tr(∇2f +Hλ) ≤ τf + Eπλ
aλ, (7.2)

Eπλ
aλ = Eπλ

⟨∇gλ,∇Uλ⟩ ≤ G
(
Eπλ

∥∇Uλ∥2
)1/2

. (7.3)

Let r := ∥∇Uλ∥L2(πλ)
. Then r2 ≤ τf +Gr, and therefore

r ≤
G+

√
G2 + 4τf
2

= R.

Substitution in (7.3) gives Eπλ
aλ ≤ GR. The last identity in (7.1) is also contained in Proposition A.4.

Lemma 7.2 (All stationary drift moments). For every p ≥ 2,

∥∇Uλ∥Lp(πλ;Rd) ≤ K
√
p. (7.4)

Proof. Let x⋆ be the unique minimizer of Uλ. Since ∇Uλ(x⋆) = 0, the Lf -Lipschitz property of ∇f
and (3.5) imply

∥∇Uλ(x)∥ ≤ ∥∇f(x) −∇f(x⋆)∥ + ∥∇gλ(x) −∇gλ(x⋆)∥
≤ Lf ∥x− x⋆∥ + 2G. (7.5)

Applying Proposition A.4 with V (x) = 1
2 ∥x− x⋆∥2 and summing over the coordinates gives

d = Eπλ
⟨X − x⋆,∇Uλ(X)⟩ ≥ mEπλ

∥X − x⋆∥2 ,

where the inequality uses ∇Uλ(x⋆) = 0 and m-strong convexity. Hence

Eπλ
∥X − x⋆∥2 ≤

d

m
.

Moreover, the Bregman transport inequality and its concentration consequence [4, Theorems 2.2.12
and 2.4.3(ii)] give

P (∥X − x⋆∥ − E ∥X − x⋆∥ ≥ t) ≤ e−mt2/2, t ≥ 0.

Tail integration therefore yields

∥∥X − x⋆∥∥Lp ≤
√
d+ 2

√
p

√
m

, p ≥ 2. (7.6)

Combining (7.5)–(7.6) and using 1 ≤ √
p gives

∥∇Uλ∥Lp ≤ 2G+
Lf√
m

(
√
d+ 2

√
p) ≤ K

√
p.
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7.2 The reversible semigroup and the corrector operator

For u ∈ L2(πλ), let
Ptu(x) := E[u(Xx

t )], (7.7)

where Xx denotes the Langevin diffusion (6.7) started from x. Invariance of πλ and Jensen’s
inequality give

∥Ptu∥Lp(πλ)
≤ ∥u∥Lp(πλ)

, 1 ≤ p ≤ ∞, (7.8)

and reversibility gives ⟨Ptu, v⟩L2 = ⟨u, Ptv⟩L2 ; see Chewi [4, Section 1.2] for these Langevin semigroup
facts. We use the sign convention Aλ = −Lλ, where Lλ is the usual Langevin generator. On smooth
compactly supported functions,

Aλu = −∆u+ ⟨∇Uλ,∇u⟩ . (7.9)

Its precise domain and the meaning of a bounded function of Aλ are given in Section B. This
notation is used below only to construct the corrector and state its moment bounds; the main
error recursion uses the Poisson identity (6.8). The same corrector construction, under stronger
smoothness assumptions, appears in Pedrotti and Whalley [10, Sections 2–2.1].

7.3 Construction and moments of the corrector

Proposition 7.3 (The discrete Poisson corrector). For r ≥ 0, define

φh(r) :=


h− (1 − e−hr)/r

1 − e−hr
, r > 0,

h/2, r = 0.

(7.10)

Using the construction in Proposition B.2 coordinatewise, set

χh := φh(Aλ)∇Uλ. (7.11)

Then χh is the unique mean-zero solution in L2(πλ;Rd) of (6.8), and

0 ≤ φh(r) ≤ h, r ≥ 0. (7.12)

Consequently,
∥χh∥L2(πλ)

≤ h ∥∇Uλ∥L2(πλ)
≤ hR. (7.13)

Proof. Let

ah(r) := 1 − e−hr, bh(r) :=

∫ h

0
(1 − e−sr) ds.

For every r ≥ 0,
ah(r)φh(r) = bh(r). (7.14)

For r > 0,

(1 − e−hr)φh(r) = h− 1 − e−hr

r
=

∫ h

0
(1 − e−sr) ds;

At r = 0, both sides of (7.14) are zero, and Taylor expansion shows that φh is continuous there.
The multiplication and time-integration rules in Proposition B.2 turn (7.14) into

(I − Ph)χh =

∫ h

0
(I − Ps)∇Uλ ds. (7.15)
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The same proposition preserves zero means, so Lemma 7.1 shows that χh has zero mean.

To prove (7.12), write u = hr. The inequalities 1 − e−u ≤ u and eu ≥ 1 + u imply

0 ≤ 1

1 − e−u
− 1

u
≤ 1.

Thus 0 ≤ φh(r) ≤ h. The norm bound (B.3) and Lemma 7.1 yield

∥χh∥L2 ≤ h ∥∇Uλ∥L2 ≤ hR.

If χ̃h is another mean-zero solution, then v := χh − χ̃h satisfies Phv = v. By (B.12),

∥v∥L2 = ∥Phv∥L2 ≤ e−mh ∥v∥L2 ,

which forces v = 0. Hence the mean-zero solution is unique.

Write

φh(r) = hψ(hr), ψ(u) :=


1

1 − e−u
− 1

u
, u > 0,

1/2, u = 0.
(7.16)

Lemma 7.4 (Lp bound for the corrector multiplier). There is a universal constant C such that, for
every p ≥ 2, h > 0, and every scalar v ∈ L2(πλ) ∩ Lp(πλ) with

∫
v dπλ = 0,

∥ψ(hAλ)v∥Lp(πλ)
≤ Cp ∥v∥Lp(πλ)

. (7.17)

The expression on the left is defined in Section B; the estimate says that this construction also has
the stated Lp bound.

Proof. The proof, including the precise statement of the external multiplier theorem and the
verification of all of its hypotheses, is given in Proposition B.4.

Lemma 7.5 (Corrector moments). For every p ≥ 2,

∥χh∥Lp(πλ;Rd) ≤ ChKp2. (7.18)

Proof. By (7.16),
χh = hψ(hAλ)∇Uλ.

Let (εi)
d
i=1 be independent Rademacher signs. The Khintchine inequalities, Lemma 7.4, and

Minkowski’s inequality give

∥ψ(hAλ)∇Uλ∥Lp(ℓ2)
≤ CEε

∥∥∥∥∥ψ(hAλ)
d∑

i=1

εi∂iUλ

∥∥∥∥∥
Lp

≤ CpEε

∥∥∥∥∥
d∑

i=1

εi∂iUλ

∥∥∥∥∥
Lp

≤ Cp3/2 ∥∇Uλ∥Lp(ℓ2)
.

Lemma 7.2 gives ∥∇Uλ∥Lp(ℓ2)
≤ K

√
p, and therefore

∥χh∥Lp(ℓ2)
≤ ChKp2.

Combining Proposition 7.3 and Lemma 7.5 gives (6.12)–(6.13).
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7.4 Martingale decomposition of the local error

The Markov property and (6.8) imply

E[Dk | Fkh] =

∫ h

0
(I − Ps)∇Uλ(Xkh) ds

= (I − Ph)χh(Xkh). (7.19)

Define
Mk+1 := Dk −

{
χh(Xkh) − χh(X(k+1)h)

}
. (7.20)

Since
E[χh(X(k+1)h) | Fkh] = Phχh(Xkh),

Equation (7.19) proves (6.10)–(6.11). This is the “telescoping increment plus martingale increment”
decomposition used by Pedrotti and Whalley [10, Section 2.1, pp. 3–4].

7.5 Short-time crossing and the martingale variance

Lemma 7.6 (A BV-type semigroup estimate). For every t > 0,

∥Pt∇gλ −∇gλ∥L1(πλ;Rd) ≤ C
√
tEπλ

aλ, (7.21)

E ∥∇gλ(Xt) −∇gλ(X0)∥2 ≤ CG2R
√
t. (7.22)

Proof. Let ϕ : Rd → Rd be bounded with ∥ϕ∥∞ ≤ 1. Reversibility and the time-integrated weak
integration-by-parts formula in Proposition A.5 give∫

ϕ · (Pt∇gλ −∇gλ) dπλ

=

∫
∇gλ · (Ptϕ− ϕ) dπλ

= −
∫ t

0

∫
Hλ : ∇Prϕ dπλ dr. (7.23)

For every unit vector a ∈ Rd, the reverse local Poincaré inequality under CD(m,∞) gives

∥∇Pr ⟨a, ϕ⟩∥2 ≤
m

e2mr − 1

{
Pr

(
⟨a, ϕ⟩2

)
−
(
Pr ⟨a, ϕ⟩

)2} ≤
∥ϕ∥2∞

2r
;

see Bakry et al. [1, Theorem 4.7.2(iv), equation (4.7.6), and the bounded-measurable extension
discussed there]. Since Pr acts coordinatewise,

∇Pr ⟨a, ϕ⟩ = (∇Prϕ)⊤a.

Taking the supremum over ∥a∥ = 1 yields

∥∇Prϕ∥op,∞ ≤ (2r)−1/2 ∥ϕ∥∞ . (7.24)

Since Hλ ⪰ 0,
|Hλ : ∇Prϕ| ≤ aλ ∥∇Prϕ∥op .

The integrable bound r−1/2 justifies (7.23) by first integrating over [ε, t] and then letting ε ↓ 0.
Substitution in (7.23), integration in r, and duality between L1 and L∞ prove (7.21).

15



By stationarity and reversibility,

E ∥∇gλ(Xt) −∇gλ(X0)∥2

= 2 ⟨∇gλ, (I − Pt)∇gλ⟩L2(πλ)

≤ 2G ∥∇gλ − Pt∇gλ∥L1 ≤ CG
√
tEπλ

aλ.

Lemma 7.1 completes the proof.

Define the stationary drift modulus

Γλ(t) := E ∥∇Uλ(Xt) −∇Uλ(X0)∥2 . (7.25)

From (6.7), Cauchy–Schwarz, stationarity, and Lemma 7.1,

E ∥Xt −X0∥2 ≤ 2t

∫ t

0
E ∥∇Uλ(Xs)∥2 ds+ 4dt

≤ 2R2t2 + 4dt. (7.26)

Combining this with the Lf -Lipschitz property of ∇f and (7.22) gives

Γλ(t) ≤ 2L2
fE ∥Xt −X0∥2 + 2E ∥∇gλ(Xt) −∇gλ(X0)∥2

≤ C
{
L2
f (dt+R2t2) +G2R

√
t
}
. (7.27)

Cauchy–Schwarz gives

E ∥Dk∥2 ≤ h

∫ h

0
Γλ(s) ds. (7.28)

On the other hand, the corrector increment estimate proved at the end of Appendix B.2 gives

E ∥χh(Xh) − χh(X0)∥2 ≤ h2E ∥∇Uλ(Xh) −∇Uλ(X0)∥2

= h2Γλ(h). (7.29)

Using (7.20) and ∥a+ b∥2 ≤ 2 ∥a∥2 + 2 ∥b∥2,

E ∥Mk+1∥2 ≤ 2h

∫ h

0
Γλ(s) ds+ 2h2Γλ(h). (7.30)

Substitution of (7.27), together with

h

∫ h

0
s ds =

h3

2
, h

∫ h

0
s2 ds =

h4

3
, h

∫ h

0

√
s ds =

2h5/2

3
,

proves (6.14). Proposition 6.2 is therefore established.

8 Shared-Noise Two-Point Curvature and Feedback

8.1 A one-step shared-noise trace estimate

Proposition 8.1 (First moment of the shared-noise two-point curvature). Under Assumptions 4.1–
4.2, fix x, y ∈ Rd, and let

Xt = x−
∫ t

0
∇Uλ(Xs) ds+

√
2Bt, (8.1)

X̂1 = y − h∇Uλ(y) +
√

2Bh. (8.2)
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There exist universal constants c, C > 0 such that, whenever hLλ ≤ c,

E trAg
λ(Xh, X̂1) ≤ CG

√
d

h
. (8.3)

Proof. Step 1: the smooth case. We first prove (8.3) under the additional assumption gλ ∈
C2(Rd). The standing bounds then hold pointwise:

∥∇gλ(x)∥ ≤ G, 0 ⪯ ∇2gλ(x) ⪯ λ−1I, mI ⪯ ∇2Uλ(x) ⪯ LλI, x ∈ Rd.

Write

W := Bh ∼ N(0, hI), B̃t := Bt −
t

h
W. (8.4)

The Gaussian endpoint W and the Brownian bridge (B̃t)0≤t≤h are independent. Conditional on the

entire bridge, both Xt and X̂1 are deterministic functions of the same vector W . For 0 ≤ θ ≤ 1,
define

Tθ(W ) := (1 − θ)X̂1(W ) + θXh(W ). (8.5)

Let Kt := DWXt. Differentiating (8.1) with respect to W gives

K̇t = −∇2Uλ(Xt)Kt +

√
2

h
I, K0 = 0. (8.6)

Integrating (8.6) gives

Kt =

√
2 t

h
I −

∫ t

0
∇2Uλ(Xs)Ks ds.

Since
∥∥∇2Uλ(Xs)

∥∥
op

≤ Lλ,

∥Kt∥op ≤
√

2 t

h
+ Lλ

∫ t

0
∥Ks∥op ds.

Gronwall’s inequality therefore yields

∥Kt∥op ≤
√

2 t

h
eLλt ≤

√
2ehLλ , 0 ≤ t ≤ h.

Moreover, evaluating the integral equation at t = h gives

Kh −
√

2I = −
∫ h

0
∇2Uλ(Xs)Ks ds,

and hence ∥∥∥Kh −
√

2I
∥∥∥
op

≤ hLλ sup
0≤s≤h

∥Ks∥op ≤
√

2hLλe
hLλ .

Thus
sup

0≤t≤h
∥Kt∥op ≤

√
2ehLλ ,

∥∥∥Kh −
√

2I
∥∥∥
op

≤
√

2hLλe
hLλ . (8.7)

Choose c so that cec ≤ 1/4. Since DW X̂1 =
√

2I,

Jθ := DWTθ = (1 − θ)
√

2I + θKh, symJθ ⪰ 2−1/2I. (8.8)
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Define the Hessian averaged along the segment joining the two endpoints by

Hλ(Xh, X̂1) :=

∫ 1

0
∇2gλ(Tθ(W )) dθ. (8.9)

Then
Hλ(Xh, X̂1)(Xh − X̂1) = ∇gλ(Xh) −∇gλ(X̂1).

The positive-semidefinite Cauchy–Schwarz inequality gives

Ag
λ(Xh, X̂1) ⪯ Hλ(Xh, X̂1). (8.10)

Indeed, for every v ∈ Rd, the quadratic form on the left is(
v⊤Hλ(Xh − X̂1)

)2
(Xh − X̂1)⊤Hλ(Xh − X̂1)

≤ v⊤Hλv.

Consequently,

trAg
λ(Xh, X̂1) ≤

∫ 1

0
tr∇2gλ(Tθ(W )) dθ. (8.11)

Fix the bridge and θ. By the chain rule, symmetry of the Hessian, and (8.8),

divW {∇gλ(Tθ(W ))} = tr{∇2gλ(Tθ(W ))Jθ(W )}
= tr{∇2gλ(Tθ(W )) symJθ(W )}
≥ 2−1/2 tr∇2gλ(Tθ(W )). (8.12)

Gaussian integration by parts for W ∼ N(0, hI) yields

EW divW {∇gλ(Tθ(W ))} =
1

h
EW ⟨W,∇gλ(Tθ(W ))⟩

≤ G

h
E ∥W∥ ≤ G

√
d

h
. (8.13)

Combining (8.11)–(8.13) and integrating over θ and the Brownian bridge proves (8.3) in the smooth
case.

Step 2: passage to the C1,1 Moreau envelope. Let ρδ be a standard smooth mollifier and,
only within this proof, set

gλ,δ := gλ ∗ ρδ, Uλ,δ := f + gλ,δ. (8.14)

Mollification preserves the uniform bounds

sup
x

∥∇gλ,δ(x)∥ ≤ G, 0 ⪯ ∇2gλ,δ ⪯ λ−1I, ∥∇gλ,δ −∇gλ∥∞ → 0. (8.15)

Let X(δ) and X̂
(δ)
1 be the exact and Euler endpoints associated with Uλ,δ, driven by the same

Brownian path as the original endpoints. If

ηδ := ∥∇Uλ,δ −∇Uλ∥∞ ,

then Gronwall’s inequality gives

sup
0≤t≤h

∥∥∥X(δ)
t −Xt

∥∥∥ ≤ hηδe
hLλ −→ 0,

∥∥∥X̂(δ)
1 − X̂1

∥∥∥ ≤ hηδ −→ 0. (8.16)
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For the limiting argument, define

Σ(u, v) :=

{
∥v∥2 / ⟨u, v⟩ , v ̸= 0,

0, v = 0.
(8.17)

On the closed set {(u, v) : ⟨u, v⟩ ≥ λ ∥v∥2}, the function Σ is lower semicontinuous. The trace of
the matrix in (6.2) is precisely Σ(x − y,∇gλ(x) −∇gλ(y)). Therefore (8.15)–(8.16), cocoercivity,
and Fatou’s lemma imply

E trAg
λ(Xh, X̂1) ≤ lim inf

δ↓0
E trAg

λ,δ(X
(δ)
h , X̂

(δ)
1 )

≤ CG

√
d

h
. (8.18)

Thus (8.3) holds under Assumptions 4.1–4.2, completing the proof.

8.2 From the one-step trace estimate to curvature feedback

In the global synchronous coupling, condition on the starting points of the (k − 1)st step and apply
Proposition 8.1. For k ≥ 1,

Sk := trAg
k, 0 ≤ Sk ≤ λ−1, E[Sk | F(k−1)h] ≤ CG

√
d

h
. (8.19)

Since X0 = X̂0, one has S0 = 0. Hence, for every k ≥ 0,

ESk ≤ CG
√
d/h. (8.20)

No independence between Sk and χh(Xkh) is assumed.

Lemma 8.2 (A Holder product bound). Let a nonnegative random variable S and a random vector
C satisfy

0 ≤ S ≤ L, ES ≤ B. (8.21)

Set B0 := min{B,L}. If B0 = 0, then S = 0 almost surely. If B0 > 0, then, for every p > 1,

E[∥C∥2 S] ≤ ∥C∥2L2p B
1−1/p
0 L1/p. (8.22)

If, in addition, ∥C∥Lr ≤ Hra for every r ≥ 2, then

E[∥C∥2 S] ≤ CaH
2B0

{
1 + log

(
e+

L

B0

)}2a

. (8.23)

Proof. Let q = p/(p− 1). Holder’s inequality and Sq ≤ Lq−1S give

E[∥C∥2 S] ≤ ∥C∥2L2p ∥S∥Lq ≤ ∥C∥2L2p (Lq−1B0)
1/q

= ∥C∥2L2p B
1−1/p
0 L1/p,

which proves (8.22). Choose p := 2 + log(L/B0). Then

B
1−1/p
0 L1/p = B0(L/B0)

1/p ≤ eB0,

and p ≤ C{1 + log(e+ L/B0)}. Substitution of ∥C∥L2p ≤ H(2p)a proves (8.23).
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We now apply Lemma 8.2 with

C = χh(Xkh), S = Sk, L = λ−1, B = CG
√
d/h. (8.24)

By (6.13), one may take H = ChK and a = 2. Since Ag
k ⪰ 0,

χh(Xkh)⊤Ag
kχh(Xkh) ≤ ∥χh(Xkh)∥2 Sk. (8.25)

If B0 = B, then L/B0 ≤ C
√
h/(G

√
d λ); if B0 = L, then L/B0 = 1. Thus

B0 ≤ CG
√
d/h, 1 + log

(
e+

L

B0

)
≤ Cℓh,λ. (8.26)

Equations (8.23)–(8.26) yield

E
[
χh(Xkh)⊤Ag

kχh(Xkh)
]
≤ Ch2K2G

√
d/h ℓ4h,λ

= CK2G
√
d h3/2ℓ4h,λ.

This proves Proposition 6.3.

9 Conclusion

We established Wasserstein error bounds for classical MYULA with a smooth strongly convex
component and a convex Lipschitz nonsmooth term. A discrete Poisson corrector, combined with
active-trace and shared-noise curvature estimates, yields an O(h) + Õ(h3/4) invariant-measure bias
bound. Under the stated step-size restriction, the error coefficients depend only logarithmically on
the inverse smoothing parameter. Combining this estimate with the Moreau approximation bias
and Wasserstein contraction gives a sufficient Õ(ε−4/3) iteration complexity for

√
mW2(µN , π) ≤ ε,

with model parameters and initialization fixed.

A Weak Hessians and Integration by Parts

We record the facts used in Lemmas 7.1 and 7.6; see Xin and Zhang [13, Appendices A–B], Evans
and Gariepy [7], and Leoni [8].

A.1 Weak derivatives and weak Hessians

Definition A.1 (Weak derivative). Let u, v ∈ L1
loc(Rd). We say that v is the weak partial derivative

∂iu if ∫
Rd

u(x) ∂iϕ(x) dx = −
∫
Rd

v(x)ϕ(x) dx for every ϕ ∈ C∞
c (Rd). (A.1)

The function v, if it exists, is unique up to equality on a Lebesgue-null set.

A Lipschitz function is differentiable almost everywhere by Rademacher’s theorem. Moreover,
its almost-everywhere derivative is its weak derivative; see Evans and Gariepy [7, Sections 3.1–3.2].
Since gλ ∈ C1,1, each component of ∇gλ is Lipschitz and therefore has a bounded weak gradient.

Definition A.2 (Weak Hessian). Let u ∈ C1(Rd) and assume that ∇u is locally Lipschitz. The
weak Hessian Hu = ∇2u is the matrix field whose (i, j) entry is the weak derivative ∂j(∂iu). It
agrees almost everywhere with the classical derivative of ∇u supplied by Rademacher’s theorem.
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Different measurable representatives of Hu can differ on a null set, but all integrals against an
absolutely continuous probability law are the same. This is why the choice of representative never
affects the estimates in the paper.

Proposition A.3 (Basic properties of a weak Hessian). Let u ∈ C1,1(Rd) be convex and suppose
Lip(∇u) ≤ L. Then its weak Hessian Hu can be chosen measurable and satisfies

Hu(x) = Hu(x)⊤, 0 ⪯ Hu(x) ⪯ LI for a.e. x. (A.2)

If u = gλ, then L = λ−1 and aλ = trHλ satisfies (3.7).

Proof. Rademacher’s theorem gives the almost-everywhere derivative of the Lipschitz map ∇u.
Equality of mixed weak derivatives implies symmetry almost everywhere. A convenient way to
see the matrix inequalities is to mollify. Let uδ = u ∗ ρδ, where ρδ is a standard nonnegative
smooth mollifier. Convexity is preserved by convolution, so ∇2uδ ⪰ 0. Also Lip(∇uδ) ≤ L, hence
∇2uδ ⪯ LI. The gradients ∇uδ converge locally uniformly to ∇u, and their classical derivatives
converge to Hu in the sense of distributions and, after passing to a subsequence, weakly-* in L∞

loc.
Testing the inequalities against nonnegative scalar test functions and fixed vectors shows that the
same inequalities hold for Hu almost everywhere.

A.2 Weighted integration by parts under the Gibbs law

Let x⋆ be the minimizer of Uλ. Strong convexity gives

Uλ(x) ≥ Uλ(x⋆) +
m

2
∥x− x⋆∥2 . (A.3)

Hence πλ has Gaussian tails. In particular, every polynomial in ∥x∥ is integrable. Since ∇Uλ is
globally Lipschitz and vanishes at x⋆, it grows at most linearly. These two observations justify the
cutoff limits below.

Choose η ∈ C∞
c (Rd) such that 0 ≤ η ≤ 1, η = 1 on the unit ball, and η = 0 outside the ball of

radius 2. Put ηR(x) = η(x/R). Then

ηR ↑ 1, ∥∇ηR∥∞ ≤ C/R, supp(∇ηR) ⊂ {R ≤ ∥x∥ ≤ 2R}. (A.4)

Proposition A.4 (Weighted weak integration by parts). Let V ∈ C1,1(Rd), and assume that ∇V
grows at most linearly. Let HV denote its weak Hessian. If the terms below are integrable, then for
every 1 ≤ i, j ≤ d, ∫

(HV )ij dπλ =

∫
∂iV ∂jUλ dπλ. (A.5)

Moreover, ∫
∂iUλ dπλ = 0. (A.6)

In particular, ∫
∥∇Uλ∥2 dπλ =

∫
tr(∇2f +Hλ) dπλ, (A.7)∫

aλ dπλ =

∫
⟨∇gλ,∇Uλ⟩ dπλ. (A.8)
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Proof. We first work with the unnormalized density e−Uλ . Apply the weak derivative identity (A.1)
to the function ∂iV and the compactly supported test function ηRe

−Uλ . This is legitimate because
Uλ ∈ C1 and ηRe

−Uλ can be approximated in the relevant Sobolev norm by smooth compactly
supported test functions. We obtain∫

(HV )ijηRe
−Uλ dx = −

∫
∂iV ∂j(ηRe

−Uλ) dx

=

∫
ηR∂iV ∂jUλe

−Uλ dx−
∫
∂iV ∂jηRe

−Uλ dx. (A.9)

The last integral is supported on the annulus in (A.4). Its absolute value is bounded by

C

R

∫
R≤∥x∥≤2R

|∂iV (x)| e−Uλ(x) dx,

which tends to zero by the at-most-linear growth of ∇V and the Gaussian tail (A.3). Dominated
convergence in the first two terms of (A.9), followed by normalization, proves (A.5).

For (A.6), use ∂i(e
−Uλ) = −∂iUλe

−Uλ :∫
ηR∂iUλe

−Uλ dx = −
∫
ηR∂i(e

−Uλ) dx =

∫
∂iηRe

−Uλ dx.

The right-hand side tends to zero by (A.4) and the Gaussian tail. Finally, take V = Uλ in (A.5),
set i = j, and sum over i to obtain (A.7). Taking V = gλ gives (A.8).

A.3 The weak integration by parts used in the BV estimate

The proof of Lemma 7.6 uses one further identity. We state it in a form tailored to the present
semigroup, without introducing a closed Dirichlet form or a Sobolev form domain.

Proposition A.5 (Weak generator integration by parts). Let ϕ = (ϕ1, . . . , ϕd) be bounded and let
r > 0. Then ∫

∇gλ ·
(
−AλPrϕ

)
dπλ = −

∫
Hλ : ∇Prϕ dπλ. (A.10)

Here Hλ : ∇Prϕ =
∑

i,j(Hλ)ij∂j(Prϕi).

Proof. Fix a coordinate i, and write ui := ∂igλ and vi := Prϕi. The function ui is bounded, and its
weak gradient is the ith row of Hλ. For r > 0, semigroup regularization gives a bounded gradient
for vi. Proposition B.2 also gives vi = Prϕi ∈ D(Aλ) and

∥Aλvi∥L2 ≤ 1

er
∥ϕi∥L2 .

By self-adjointness of Aλ and (7.9), for every ζ ∈ C∞
c (Rd),∫

ζ Aλvi dπλ =

∫
viAλζ dπλ =

∫
⟨∇vi,∇ζ⟩ dπλ.

The last equality uses Aλζ = −eUλ div(e−Uλ∇ζ) and only the weak first derivatives of vi.

Let ηR be the cutoff from (A.4). The compactly supported Lipschitz function uiηR admits
smooth compactly supported approximations whose functions and weak gradients converge in L2(πλ):
this follows by mollification on a fixed compact set, where the Gibbs density is bounded above
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and below by positive constants. Since Aλvi ∈ L2(πλ) and ∇vi is bounded, the preceding identity
therefore extends to ζ = uiηR. Using ∂jui = (Hλ)ij gives

∫
ηRui(−Aλvi) dπλ = −

d∑
j=1

∫
ηR(Hλ)ij∂jvi dπλ

−
∫
ui ⟨∇ηR,∇vi⟩ dπλ. (A.11)

The last term in (A.11) tends to zero because |ui| ≤ G, ∥∇vi∥∞ < ∞, and ∥∇ηR∥∞ ≤ C/R.
The other two terms converge by dominated convergence, using Aλvi ∈ L2 and ∥Hλ∥op ≤ λ−1. Thus

∫
ui(−Aλvi) dπλ = −

d∑
j=1

∫
(Hλ)ij∂jvi dπλ.

Summing over i proves (A.10).

B Operator Facts Used by the Corrector

We collect the semigroup and spectral-calculus facts used by the corrector; see Bakry et al. [1,
Appendices A.1–A.2 and A.4]. The Lp multiplier theorem is stated in Proposition B.3.

B.1 From the Markov semigroup to a nonnegative generator

Fix λ > 0 under Assumptions 4.1–4.2. Throughout this appendix, (Pt) is the transition semigroup
(7.7) of the exact Langevin diffusion (6.7), not the Euler kernel Qλ,h. In particular, Uλ ∈ C1,1 is
m-strongly convex and ∇Uλ is globally Lipschitz. Set

H := L2(πλ), ⟨u, v⟩H :=

∫
uv dπλ.

We use real-valued functions, identified up to πλ-null sets. The operator Aλ below acts on functions
and is distinct from the two-point matrix Aλ(x, y) in (6.3).

For a contraction semigroup, strong continuity means ∥Ptu− u∥H → 0 as t ↓ 0 for every
u ∈ H. This is the continuity condition in Bakry et al. [1, Definition A.1.1(iii)]; the semigroup
property then gives continuity of t 7→ Ptu at every t ≥ 0. A bounded operator T is self-adjoint if
⟨Tu, v⟩H = ⟨u, Tv⟩H for all u, v ∈ H. Thus reversibility is exactly self-adjointness of Pt on L2(πλ).

The generator is defined on its full L2 domain by

D(Aλ) :=

{
u ∈ H : lim

t↓0

u− Ptu

t
exists in H

}
, Aλu := lim

t↓0

u− Ptu

t
. (B.1)

The minus sign relative to the usual SDE generator is intentional: Aλ = −Lλ. An operator “on
H” need not have domain equal to H. For a densely defined operator A, the adjoint is given by
A∗v = w when ⟨Au, v⟩H = ⟨u,w⟩H for every u ∈ D(A); D(A∗) consists of the v for which such a
w ∈ H exists. Self-adjointness means D(A∗) = D(A) and A∗ = A, not just symmetry on D(A).
Nonnegativity means ⟨Au, u⟩H ≥ 0 on D(A). See Bakry et al. [1, Appendix A.2].
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Proposition B.1 (Generator associated with the reversible diffusion). The operators (Pt)t≥0 form
a strongly continuous self-adjoint contraction semigroup on H. The operator Aλ in (B.1) has dense
domain, is nonnegative and self-adjoint, and satisfies

Pt = e−tAλ , t ≥ 0, (B.2)

where the exponential is defined by the spectral calculus described below. Moreover, 1 ∈ D(Aλ),
Aλ1 = 0, and C∞

c (Rd) ⊂ D(Aλ), with Aλu = −∆u+ ⟨∇Uλ,∇u⟩ there.

Proof. The Markov property gives Ps+t = PsPt and P0 = I. Invariance and Jensen’s inequality
give (7.8), and reversibility gives self-adjointness. To check strong continuity, use X0 ∼ πλ. For
bounded continuous u, conditional Jensen gives

∥Ptu− u∥2H ≤ E |u(Xt) − u(X0)|2 −→ 0

by path continuity and dominated convergence. Density of bounded continuous functions in H and
contraction extend the limit to every u ∈ H.

The symmetric-semigroup theorem in Bakry et al. [1, Appendices A.1–A.2] now gives dense
domain and self-adjointness of the full generator. Nonnegativity follows from ⟨u− Ptu, u⟩H ≥ 0
and (B.1). The spectral semigroup in Bakry et al. [1, Appendix A.4, immediately after The-
orem A.4.2] has generator −Aλ; uniqueness of the semigroup determined by its full generator
gives (B.2).

Since Pt1 = 1, the generator annihilates constants. For u ∈ C∞
c (Rd), put Lλu = ∆u −

⟨∇Uλ,∇u⟩ ∈ H. Itô’s formula gives

Ptu− u

t
=

1

t

∫ t

0
PsLλu ds −→ Lλu in H,

Strong continuity gives the last limit and hence both assertions on C∞
c . Self-adjointness concerns

the full domain (B.1).

B.2 Bounded functions of the generator

We use the spectral calculus for Aλ described in Bakry et al. [1, Appendix A.4]. For bounded
continuous q, the operator q(Aλ) is defined on all of H.

Proposition B.2 (Functional-calculus rules used in the paper). For every bounded continuous
function q : [0,∞) → R, the spectral calculus defines a bounded self-adjoint operator q(Aλ) on all of
H. For bounded continuous q, q1, q2 and α, β ∈ R,

∥q(Aλ)∥L2→L2 ≤ sup
r≥0

|q(r)| , (B.3)

(αq1 + βq2)(Aλ) = αq1(Aλ) + βq2(Aλ), (B.4)

q1(Aλ)q2(Aλ) = (q1q2)(Aλ). (B.5)

If q1 ≤ q2 pointwise, then

⟨u, q1(Aλ)u⟩L2 ≤ ⟨u, q2(Aλ)u⟩L2 , u ∈ H. (B.6)

Furthermore, for t ≥ 0,

[r 7→ e−tr](Aλ) = Pt, (B.7)

q(Aλ)1 = q(0)1. (B.8)
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For t > 0,

PtH ⊂ D(Aλ), AλPt = [r 7→ re−tr](Aλ), ∥AλPt∥L2→L2 ≤ 1

et
. (B.9)

For h > 0, define

bh(r) :=

∫ h

0
(1 − e−sr) ds. (B.10)

Then, for every u ∈ H,

bh(Aλ)u =

∫ h

0
(I − Ps)u ds, (B.11)

where the right-hand side is the limit in L2(πλ) of Riemann sums. The mean-zero space

H0 :=

{
u ∈ H :

∫
u dπλ = 0

}
is invariant under q(Aλ). Finally, the usual Poincaré consequence of m-strong log-concavity gives

∥Ptu∥L2(πλ)
≤ e−mt ∥u∥L2(πλ)

, u ∈ H0, t ≥ 0. (B.12)

Proof. Write A = Aλ. The cited spectral theorem associates to each u ∈ H a finite positive scalar
measure νu on [0,∞), of total mass ∥u∥2H. Its domain and norm formulas, namely (A.4.1) and
Theorem A.4.2 of Bakry et al. [1], read

D(F (A)) =

{
u ∈ H :

∫
[0,∞)

|F (r)|2 νu( dr) <∞

}
, ∥F (A)u∥2H =

∫
[0,∞)

|F (r)|2 νu( dr).

These formulas hold for real Borel functions F ; the norm identity is understood on D(F (A)). The
endpoint 0 is included, with any mass it carries. For bounded q, the integral is at most ∥q∥2∞ ∥u∥2H,
proving D(q(A)) = H and (B.3). The real-valued spectral construction is self-adjoint and obeys the
algebra rules (B.4)–(B.5). For the order rule, let s =

√
q2 − q1. Then

⟨u, (q2 − q1)(A)u⟩H =
〈
u, s(A)2u

〉
H

= ∥s(A)u∥2H ≥ 0.

Equation (B.7) is simply (B.2) in this notation.

Since A1 = 0, the norm formula gives
∫
r2ν1( dr) = 0. Hence ν1 is concentrated at 0, and

∥q(A)1 − q(0)1∥2H =

∫
[0,∞)

|q(r) − q(0)|2 ν1( dr) = 0.

This proves (B.8). Self-adjointness then yields∫
q(A)u dπλ = ⟨u, q(A)1⟩H = q(0)

∫
u dπλ,

so q(A) preserves H0.

For (B.9), the spectral construction gives νPtu( dr) = e−2trνu( dr). Thus, for every u ∈ H,∫
[0,∞)

r2νPtu( dr) =

∫
[0,∞)

r2e−2trνu( dr) ≤
∥u∥2H
e2t2

<∞.

The domain formula with F (r) = r first proves Ptu ∈ D(A); multiplication in the same spectral
representation then gives APtu = [r 7→ re−tr](A)u and its norm bound. In particular, ∂tPtu =
−APtu in H for t > 0, by the semigroup-generator relation in Bakry et al. [1, Appendix A.1].
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To prove (B.11), let

bh,n(r) :=
h

n

n−1∑
j=0

(1 − e−jhr/n).

Monotonicity of s 7→ 1 − e−sr gives the uniform Riemann-sum estimate

0 ≤ bh(r) − bh,n(r) ≤ h

n
(1 − e−hr) ≤ h

n
. (B.13)

The algebra rules and (B.7) give

bh,n(A)u =
h

n

n−1∑
j=0

(I − Pjh/n)u.

By (B.3), the left-hand side converges to bh(A)u. Strong continuity makes the right-hand side
converge in H to the time integral in (B.11). This is an integral of the continuous H-valued function
s 7→ (I−Ps)u, not an assertion of operator-norm continuity at s = 0. Bounded linear maps commute
with these Riemann limits. In particular, stationary evaluation v 7→ v(Xkh) is an isometry from
L2(πλ) to L2(Ω), and conditional expectation is an L2 contraction. Thus this interpretation agrees
with the use of the integral in (7.19).

For completeness, (B.12) is a Poincaré estimate, not an additional rule of functional calculus.
Strong log-concavity gives

Varπλ
(u) ≤ 1

m

∫
∥∇u∥2 dπλ.

This holds first for smooth compactly supported u, and then for u ∈ L2(πλ) with a square-integrable
weak gradient by cutoff and smooth approximation. An implication valid directly for the present
C1 potential is given by Chewi [4, Theorem 2.2.12 and Corollary 2.1.2]: strong convexity bounds
the Bregman cost in the former result below by m ∥x− y∥2 /2, yielding the transport inequality
with constant 1/m; the latter result gives the displayed Poincaré inequality. Its equivalence with
exponential variance decay is Chewi [4, Theorem 1.2.21], which gives ∥Ptu∥2H ≤ e−2mt ∥u∥2H on H0.
This proves (B.12) without requiring a classical Hessian of Uλ or a smoothing limit of πλ.

Proof of the corrector increment estimate (7.29). Write b = ∇Uλ and A = Aλ, with all operators
acting coordinatewise. Stationarity, reversibility, and the product rule give

E ∥χh(Xh) − χh(X0)∥2 = 2 ⟨χh, (I − Ph)χh⟩L2

= 2
〈
b, [r 7→ φh(r)2(1 − e−hr)](A)b

〉
L2

≤ 2h2 ⟨b, (I − Ph)b⟩L2 = h2E ∥b(Xh) − b(X0)∥2 .

The inequality is (B.6) applied to 0 ≤ φh(r)2(1 − e−hr) ≤ h2(1 − e−hr), using (7.12).

B.3 The single Lp multiplier theorem used in the proof

The bounded functional calculus above is an L2 result. To control all moments of the corrector, we
need one Lp estimate. We first state the external result in the exact notation needed to check its
assumptions.
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For 1 < p < ∞, let Aλ,p denote the generator of the same semigroup (Pt) acting on Lp(πλ);
explicitly,

D(Aλ,p) :=

{
u ∈ Lp(πλ) : lim

t↓0

u− Ptu

t
exists in Lp(πλ)

}
,

and the limit is Aλ,pu. Its range and null space are

R(Aλ,p) := {Aλ,pu : u ∈ D(Aλ,p)}, N(Aλ,p) := {u ∈ D(Aλ,p) : Aλ,pu = 0}.

The bar in R(Aλ,p)
Lp

means closure in the Lp norm.

Proposition B.3 (Laplace-transform multiplier). Let (Ω, ν) be a σ-finite measure space, let A be a
nonnegative self-adjoint operator on L2(ν), and suppose that Tt = e−tA satisfies

∥Ttf∥Lq(ν) ≤ ∥f∥Lq(ν) , 1 ≤ q ≤ ∞.

For M ∈ L∞(0,∞) define, for r > 0,

M̃(r) := r

∫ ∞

0
M(s)e−sr ds. (B.14)

Then, for 1 < p <∞ and f ∈ R(Ap)
Lp

,∥∥∥M̃(A)f
∥∥∥
Lp(ν)

≤ 120(p∗ − 1) ∥M∥∞ ∥f∥Lp(ν) , p∗ := max

{
p,

p

p− 1

}
. (B.15)

Moreover, let Π
(2)
0 denote the orthogonal projection of L2(ν) onto N(A2). Then

Π
(2)
0 f = lim

t→∞
Ttf in L2(ν). (B.16)

For every 1 < p < ∞, the restriction of Π
(2)
0 to L2(ν) ∩ Lp(ν) extends to a contractive projection

Π
(p)
0 on Lp(ν). Thus, by the meaning of extension,

Π
(p)
0 f = Π

(2)
0 f, f ∈ L2(ν) ∩ Lp(ν).

Moreover,

(I − Π
(p)
0 )f ∈ R(Ap)

Lp

, f ∈ L2(ν) ∩ Lp(ν).

Source and notation. These statements are quoted, not reproved. The hypotheses that A is nonnega-
tive and self-adjoint and that e−tA is contractive on every Lq are exactly the standing assumptions in
Carbonaro and Dragičević [3, Introduction]; that paper calls this a symmetric contraction semigroup.
Its notation Ap, D(Ap), R(Ap), N(Ap) is introduced in Carbonaro and Dragičević [3, Section 2].

The limit formula (B.16) is Carbonaro and Dragičević [3, Lemma 2], and the contractive Lp

extension is part (i) of that lemma. The cited paper uses the same symbol P0 for the L2 projection
and all of its Lp extensions; the superscripts in our notation only indicate the ambient space. The
fact that

(I − Π
(p)
0 )f ∈ R(Ap)

Lp

is the form used explicitly in Carbonaro and Dragičević [3, proof of Theorem 1].

The definition (B.14) is the display immediately preceding Carbonaro and Dragičević [3, Propo-
sition 5], and the estimate (B.15) is Carbonaro and Dragičević [3, Proposition 10].
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We now verify that the proposition applies here. The measure πλ is a probability measure and
hence is σ-finite. Nonnegativity and self-adjointness of Aλ follow from Proposition B.1; contractivity
on every Lq is (7.8). If v ∈ L2(πλ)∩Lp(πλ) has zero mean, then (B.12) gives Ptv → 0 in L2. Taking

Tt = Pt in (B.16) therefore gives Π
(2)
0 v = 0. Since Π

(p)
0 extends Π

(2)
0 and v ∈ L2(πλ) ∩ Lp(πλ),

Π
(p)
0 v = Π

(2)
0 v = 0.

Consequently,

v = (I − Π
(p)
0 )v ∈ R(Aλ,p)

Lp

. (B.17)

Thus every hypothesis of Proposition B.3 has now been checked in the notation of the present paper.

Proposition B.4 (Proof of the corrector Lp multiplier bound). The estimate (7.17) holds.

Proof. Define the bounded sawtooth function

ω(t) := ⌈t⌉ − t, ω̄(t) := ω(t) − 1

2
.

The values at the integers are irrelevant, and ∥ω̄∥∞ ≤ 1/2. For u > 0, summing over the intervals
[n, n+ 1) gives

u

∫ ∞

0
ω(t)e−ut dt = u

∞∑
n=0

e−nu

∫ 1

0
(1 − s)e−us ds

=
1

1 − e−u
− 1

u
= ψ(u). (B.18)

Since u
∫∞
0

1
2e

−ut dt = 1/2 for u > 0,

ψ(u) =
1

2
+ u

∫ ∞

0
ω̄(t)e−ut dt, u > 0. (B.19)

The restriction u > 0 is essential: at u = 0 the integral by itself is not convergent. We instead use
the separately defined value ψ(0) = 1/2 from (7.16).

For h > 0, set

Mh(s) := ω̄(s/h), ∥Mh∥∞ ≤ 1

2
,

and define

mh(r) :=

r
∫ ∞

0
Mh(s)e−sr ds, r > 0,

0, r = 0.
(B.20)

The change of variables s = ht in (B.19) gives the pointwise identity

ψ(hr) =
1

2
+mh(r), r ≥ 0. (B.21)

Notice that (B.21) is now valid also at r = 0, because mh(0) was explicitly defined to be zero.

Let v ∈ L2 ∩ Lp have zero mean. By (B.17), Proposition B.3 applies to Mh. Since p ≥ 2 implies
p∗ = p, it gives

∥mh(Aλ)v∥Lp ≤ 120(p− 1) ∥Mh∥∞ ∥v∥Lp ≤ 60(p− 1) ∥v∥Lp .
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Using (B.21), first in the L2 functional calculus and then in the Lp extension supplied by the
preceding estimate,

ψ(hAλ)v =
1

2
v +mh(Aλ)v.

Consequently,

∥ψ(hAλ)v∥Lp ≤
(

1

2
+ 60(p− 1)

)
∥v∥Lp ≤ Cp ∥v∥Lp ,

which is (7.17).
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