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ally. This leads to a highly parallel algorithm structure, where most sub-steps can be
simultaneously solved. Profiting from the linearization step, the linear inverse operation
is excluded. The convergence property of the proposed method is analyzed. The image
deblurring, inpainting, and pMRI reconstruction experiments show that the proposed
method has vast applicable vistas. Compared with the state-of-the-art methods, such
as PADMM [21], FTVD-v4 [22], PPDS [33], FUSL [8], LADM [36], and ALADMM [27], it
gains competitive results both in terms of quantitative indicators, such as PSNR or SSIM,
and in terms of visual impression.
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1 Introduction

Numerous inverse problems in image processing and computer vision, image restoration
[1-3], image denoising [4], inpainting [5, 6], super-resolution [7], and compressive sens-
ing [8-10], e.g., can be formulated as convex optimization problems involving sum of
several convex functions, which may be nondifferentiable and coupled with linear opera-
tors. The function can be a data fidelity term of the observation as well as a regulariza-
tion term reflecting the prior knowledge imposed on the solution. In most cases, the
regularizer is desired nonsmooth for preferable results, e.g., the 11-based total variation
and the wavelet frame.

In this paper, we aim at solving the following generic convex optimization problem:
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I
ming(u) + ) _fi(Liu). (1)

i=1

Let T'o{U} denote the set of all proper, convex, and lower semicontinuous functions
[13] from U to R U {4+-00}. We define g € I'o{U} and f; € I'o{V;}, and they have closed-
form or simply solvable proximity operators. The bounded linear operator L;(U — V)
has the induced norm || L; |= sup {|| Liu ||2:|| # |l2= 1} < 400 and adjoint operator
noted by L}. The set of minimizers of (1) is supposed to be nonempty and this
assumption is generally rational for practical applications. Formulation (1) is generic
for covering many imaging inverse problems, such as deblurring, inpainting, com-
pressive sensing, etc. Note that some terms in (1) may be zero for a specific problem.
With the indicator function tq(#) of a convex set Qin U (if u € @, then 1o = 0, or else,

to = +00), we can transform the constrained optimizing problem {ming(u) st.ue Q}
ucl

into an unconstrained form miLr[l{g(u) + to(n)}. Thus, formulation (1) is generic for
ue

many inverse problems, either they have an unconstrained form or have a constrained
form.

Difficulties from two aspects usually make the solution of (1) more difficult. On the
one hand, U and V; are high-dimensional in many imaging applications. On the other
hand, the function g and f; are usually nonsmooth and the classical gradient descent
method becomes invalid. Fortunately, the operator splitting method provide a viable
approach for the efficient solution of (1) [11].

Up to now, for the solution of ill-conditioned inverse problems, several operator split-
ting methods have been proposed, such as Douglas—Rachford splitting [12], forward—
backward splitting [13], the Bregman splitting [13], alternating direction method of
multipliers [14], and linearized ADMM [27], etc. However, these methods are designed
to solve functions with two terms in general. This limits the application prospect of these
methods in complex image restoration and reconstruction problems, such as multichan-
nel deburring and parallel magnetic resonance imaging reconstruction. Their extension
to parallel splitting to solve more difficult problems like (1) is of great importance for
many large-scale imaging applications.

For the efficient solution of Eq. (1) and for effective solution of complex image restora-
tion and reconstruction problems, in conference paper [1], a parallel linearized alternat-
ing direction method of multipliers (PLADMM) based on the basic LADMM [12, 15] is
derived, a.k.a. linear Bregman splitting method [16, 17]. The following advantages make
the proposed method more appealing compared with the existent splitting methods.
First, it possesses a "full splitting" structure. At each step, only the proximity operators
of g and f; (or g* and f*), and the linear operator L; (or its conjugate L) are referred to.
This makes the proposed method highly parallel in structure, so that the parallel calcu-
lation can be adopted for acceleration. Second, each L; is assigned a different weight,
which makes the method more flexible in practice. Third, with linearization, the linear
inverse operator commonly existent in the previous methods solving inverse problems
[14, 18-22] is avoided, and thus, the one-step efficiency is promoted. However, the con-
vergence behavior and how to use the characteristics of the background problems to tap
the parallelism potential of ADMM [23, 24] deserves in-depth study.
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In conference paper [1], we proposed the parallel linearized ADMM (PLADMM) with
a highly parallel structure which excludes linear inverse operation and applied it to color
image deblurring. In contrast, the contribution of this paper is as follows. First, a rigorous
convergence behavior analysis, including convergence proof and O(1/k) convergence rate
calculation, is presented based on the variational inequality, which is a tool usually used in
the convergence analysis of operator splitting-based methods. Second, we further extend
PLADMM to other image inverse problems, such as inpainting and pMRI. Experiment
results show that the proposed algorithm is vast applicable and is competitive compared
with the state-of-the-art methods.

In the following, the derivation of the proposed method and the detailed convergence
behavior analysis are given in Sect. 2. In Sect. 3, we apply our method to the multichan-
nel image inverse problem with both box constraints and discrepancy-based feasible
constraint. In Sect. 4, the proposed method is compared with several famous algorithms.
Experiment results of image deblurring, inpainting, and pMRI reconstruction demonstrate
the superiority and potential of the proposed algorithm. Finally, we conclude this paper and

point out the future work in Sect. 5.

2 PLADMM algorithm
The definition of the set-valued subdifferential of g{u} € I'o{U/} at u is as follows:

dgm)={acU|(Vu' e U)(u —u,a) +gu) <g()}. )
We denote the Fenchel conjugate of a convex function as
g"w) = sup {(uu') —g(u')}. (3)
u'el
We denote the proximity operator of g € Io{U} as
prox ) s — axg i g(u/) + e w2} n

The proximity operator of the indicator function tq is simply the projector Pg onto the
set 2. Thus, the proximity operator is usually seen as the generalization of the projection
operator.

With the above definitions, we get the Moreau decomposition [13] as follows:

U = ProxXgg:u + Bprox, g (u/p). (5)

2.1 Saddle point condition
We first introduce an auxiliary variable b; € V; for every L;u, i.e.,, b; = L;u. Then, the aug-

mented Lagrangian (AL) function of (1) is as follows:

Bi

I
L, (u,by,....br;vy,...,v)) =g(u)+ Zl,:l (fi(bi) + (v, Liu — b;) + EHLI'” - bi”%),

(6)

where B; > 0 is the penalty parameter and v; € V; is the dual variable. Unlike the classi-
cal ADMM, different g; is assigned to each L;u. The following application will indicate
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that this makes the proposed method more flexible and the convergence behavior will
not be ruined.
A point (u*, b7, ..., b}; vi,...,v})is called a saddle point of (6) if

EA(u*,b’f, ...,b;‘;vl,...,VI)EA(u*,bT,...,b}‘;v*{,...,v}k)
La(u,b1,.... b1 v, .., v]) (7)
Y(u,by,...,br;vy,...,vp) el x Vi x-- - xVixVyx--- x V.

Lemma 1 builds the bridge from the saddle point of (7) to the solution of (1). The proof
of this lemma can be found in [21].

Lemma 1  The sufficient and necessary condition of that u* € U is a solution of (1), is
that there exist b}, vi € V;, i =1,...,1, such that (u*,b7,...,b7;v},...,v]) is a saddle
point of the AL (7).

2.2 Derivation of PLADMM
For the convenience of derivation, we transform (6) into

Ek("’mbl"wmbﬁ \}%,%) -
I,

+ i ibi) + L, Liu — :b;

£ 3 (/T8 + G = V) N
+ 3 (lVALm — Bibi;).
We denote b= (Bibu,....VBibn € V £ Vi x XV Y =1(v1/«/,3_,...,v1/«/E) ev,
Lu= (JBiLin,...,/BiLiu) € V,and f(b) = 3 fi(b;)) = >_ f;(v/Bibi). As a result, we
i=1 i=1

I
obtain L*v = Ljvi + --- + Ljv; = > L}v;. With these notations, we rewrite (6) as
i=1

1
Li(u,b;v) =g(u)+ f(b) + (v,Lu — b) + §||Lu —b|3. (9)

Therefore, the saddle point condition (7) is equivalent to

La(u*,b*;v) < La(u*,b*; v¥*) < La(u, b; v¥)

Y biv) e Ux VX V. (10)
To find the saddle point of (9), we refer to the following ADMM framework:
k+1 - 1 ko2
u :argmmg(u)—l—i | Lu — b" +v" ||3;
u
1
b1 = arg minf (b) + 5 | Luk*t — b+ vk )3; (11)
b

YKL k4 gkl kL

Page 4 of 26
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Elaborating Eq. (11), we obtain the following Parallel ADMM (PADMM) iterative
scheme [21]:

I k|2
. V.
w1 = arg ming(u) + Z bi Liu— bf'( +
" p 2 Bi )
k
. 12
bf'(+1 =P1‘0Xﬁ/ﬁi (Liuk+l+ﬂl>ri= 1”I’ ( )
i
YL =k +ﬁi(Liuk+1 _ bf,<+1),i =1,...,1L

The PADMM algorithm is of high efficiency for many inverse problems [21]. How-
ever, the linear inverse operator like (Z L;‘Li) init usually suffers from vast computa-
tion cost. For instance, in multichannel image deblurring, the solution of matrix inverse
operation could not be solved efficiently by FFT due to a cross-channel blur. In contrast
with PADMM, we linearize the quadratic term around u* [12] in the u subproblem of

(12) by
1 2 ! vk
uktl = arg;ning(u) + EHM — ukH2 + <u — uk,;ﬂiL;‘ (Liuk — bk + /3Ll> >
1 ! vk 2
= argrri‘ing(u) =+ % u—uk +t;ﬁiL;k (Liuk — bf + ,3Lz> 2

(13)

Then, the update of u can be easily solved by the proximity operation of g. Our alter-
nating direction scheme to find the saddle point of (6) can be described as

I k
u+l = Prox,, (uk —t Z BiL} (Liuk — bk + l;) > ;
L

i=1

Bi
v = v g (L ), =1L

k
bf_._l = pI‘OXﬁ/‘Bi (Liuk+1 + VL>, i= 1; e ylv (14)

We emphasize that the key to making the u step proximable and avoiding linear
inverse operator is imposing variable splitting to all the linear terms but not part of
them. The prox,, will be removed in the case that ¢ = 0. Algorithm 1 summarizes the
PLADMM algorithm based on (14). It is obvious that the updates of the auxiliary varia-
bles are independent, as well as the updates of the dual variables. Therefore, Algorithm 1
has a “parallel” structure. The parameter selection rule ensures that the convergence of
the algorithm and its derivation will be shown in the convergence analysis.

Page 5 of 26
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Algorithm 1 Parallel Linearized ADMM (PLADMM1)

1:Set #’=0, v/ =0, k=0, 5>0, 0<t< !

LL,
2: while the stopping criterion is not satisfied, do

3: execute the iterative scheme (14);

4: k=k+1;

1

5: end while, set u' =u*"', and return u".

> B

s

If we update # behind v; and utilize Moreau decomposition (5), the auxiliary variables

will be removed and (14) can be transformed into

Vl.(+1 = p[‘OX’B’f* <,3L'Liuk + Vi‘()yi = 1; e yI;

4

H
ult = prox;, <uk - tz:L;k (2v§‘+1 - vf))
h=1

With (15), we achieve a compacter algorithm presented by Algorithm 2.

Algorithm 2 Primal-dual form of PLADMM (PLADMM?2)

(15)

1:Set u®=0, v'=0, k=0, >0, 0<t<
LL

2: while the stopping criterion is not satisfied, do
3: execute the iterative scheme (15);
4: k=k+1;

5: end while, set u' =u*"', and return u".

ST
DI

Compared with Algorithm 1, only the primal and dual variables should be updated
in Algorithm 2. This means that a lower one-step complexity is achieved and less high-
dimensional variables should be loaded in distributed computation [25]. Therefore,
Algorithm 2 is preferable to Algorithm 1, though they are equivalent to each other. Fig-
ure 1 demonstrates the flow chat of the proposed Algorithms 1 and 2.

2.3 Convergence behavior analysis

This subsection shows that the variable sequence produced by the PLADMM algorithm
departing from any initial location converges to a saddle point of (1), and a worst-case
O(1/k) convergence rate is obtained. The convergence proof is inspired by [12], and dif-
ferent forms of convergence analysis can be found in [26, 27]. On account of the equiv-
alence of the two proposed algorithms, we only present the convergence analysis of

Algorithm 1. We first present a lemma which is important for the convergence proof.

Page 6 of 26
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Fig. 1 Flowchart of the proposed method

Lemma 2 [28] Denote f = fi + f2, where f1,fo € DolU}. If f1 is differentiable with dif-
ferential fi/, then <fl’(u*),u - u*> + fou) — fo(u™) = 0(Yu € U) is the necessary and
sufficient condition of that u* € U is a solution of If‘lff (u),

With the notations of b, v, L, and f, we can rewrite (14) as

uFt = Prox;, (uk —tL* (Luk — b+ vk));
bl = prox, (Luk+1 + vk); (16)

N S S S R

We define P £ %I — L*L and set

POO I, 0 0
G=|o0or1,0 |, T=(0 1, 0 |,
001, 0 —1I,1I,

P 0 O
01, O
0 —I, I,

=)
Il
Q
H
I
/

With the assumption 0 < ¢t <

s /31||L*L “ <7 Li I Ve straightforwardly find that P, G,
i=1 Pill% i

and Q are positive definite. Besides, (Q* + Q) — T*GT is positive semidefinite. Denote
(z,Qz) =| z ||2Q if Q is semipositive. Then, the subproblem of # in (16) can be transformed
into

k+

1 1
uktl = argmin g(u) + 3 || Lu — bk 4+ vk ||% +5 || 2 — uk ||%, (18)
u

According to Lemma 2, AL (9) is corresponding to the following variational inequality
problem: identifying (z*, b*,v*) € U x V x V, such that

gw) —gWw*) +u—u*,L*v* > 0;

f(b) —f(") + (b — b*,—v*) > 0; (19)
<v —v*, —Lu* + b*> > 0.
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With the notation y = (u,b,v) €Y 2UxVxV and the linear operator
F(y) = (L*v,—v,—Lu + b) € Y, (19) is equivalent to

VI(Y,F,f) ce(u) +f(b) —e(u™) —f (b*) + (y =y F(y*)) =0 V¥yeY. (20

Let Y* be the solution set of VI(Y, F,f), ie,Y* = (u*,b*,v*). It is easy to find that
(y—y,F(y) —F(y')) = 0,¥y,y’ €Y,ie, F(y)is monotone.

The contractive property of the sequence generated by Algorithm 1 is summarized in
Lemma 3. The corresponding convergence analysis is presented in the Appendix A.

Lemma 3 Let{uk, bll‘, e blf; v’{, R v’f} be the sequence produced by the Algorithm 1.

Then, {yk} = {uk,bk,vk} = {uk,\/ﬁbk,...,\/ﬂ_[bf,v’{/\/ﬁ—,...,v/f/\/E}satisﬁes,
2 2
- Hka —kaG Vy* e Y. (21)

k+1 _ y*

2
k %
< —
o= -

I» ’

From Lemma 3, we find that the bound and nonnegative sequence {Hyk — y*||26} is
nonincreasing. Then, it must get a limit. If k — +o0, then ||yk"’1 — yk||2G — 0. Referring
to (37), while k — 400, {y**!} converges to a solution of VI(Y,F,f) and
{uk+1, b, vk+1} converges to a saddle point of (9). Thus, we gain the following theo-

rem of Algorithm 1 according to the equivalence of (6) and (9).

Theorem 1  Supposing that {uk,blf, ..., bk vll‘, ces v’l‘} is produced by Algorithm 1,
then it converges to a saddle point of (6) and {uk} converges to a solution of (1).

Lemma 4 shows the monotonicity of sequence || yktl _ yk ||2G, and Theorem 2 gives the
convergence rate of the proposed algorithm. Their convergence analysis is presented in
the Appendix B and Appendix C, respectively

Lemma 4 Let{uk, bll‘, e blf; v’{, R v’j} be the sequence produced by the Algorithm 1.
Then, { yk } satisfies

2

2
R A

k+1
|-

Theorem 2  Let {uk,bll‘, e ,b];; vll‘, . .,vlf} be the sequence produced by the Algo-

rithm 1. Then, {yk} = {uk,bk,vk} = {uk,J,B—lbk,...,\/Eblf,v]{/J,B—,...,v}‘/\/E}

satisfies.

0 2
iyt < °=7lle ¢y (23)

Hy 6= k+1
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i.e., a worst-case O(1/k) convergence rate is gained.

3 Application to multichannel imaging inverse problem

In this section, we apply the proposed PLADMM to the TGV-regularized multichannel
imaging inverse problem. We adopt the total generalized variation (TGV) as the regu-
larizer of the ill-conditioned inverse problem [29, 30]. As a generalization of the total
variation (TV) model, TGV employs image’s high order derivatives to suppress the stair-
casing effect introduced by TV while preserving edges well. We utilize the TGV model
of second order for simplicity in this paper, and then get the objective function to restore
an image as follows:

(", p*) =argmina; | Ve —p |1 +a2 | Ep |1
x,p
st. xeQNVU (24)

QE(x:0<x<255},VU = {x:]| Kx—f |3<c}.

The objective function (24) is general enough to cover many imaging inverse problems,
e.g., deblurring, inpainting, and compressive sensing reconstruction. In (24), the coupled
[; terms compose the TGV regularizer TGV‘%. In the case that ap = 0 and p = 0, the
TGV? degrades to the classical TV. a1 and a; are positive weights balancing the weight
of the first and second derivatives. The observed image and estimated image are denoted
as f and «, both possessing an m x n x o (0-channel) dimension. The ill-conditioned
matrix K models the degradation process of image. 2 is the box constraints restricting
the image pixel value to [0, 255], whereas W is the data-fidelity constraint restricting the
loss between original and degraded images. In the TGV regularizer, | Vx — p||; penal-
izes discontinuity of the image and ||Ep||; penalizes moderate slopes of the image. Let
p € R X R™ (p;; ) = (ij1,1,Pij12)) and € be the symmetrized difference operator.
Then, (£p); ;, is defined as
(Vapiji1+Vipiji2)

Vibiji1

EP)iji1 €Piji3
(519)1‘,/,1:[ y i | = Vopiji i +V1piji2)
2

EPijiz EPiji2

s (25)
Vopiji ]

where V1 is the horizontal-direction difference operator and Vj is the vertical-direction
difference  operator. The |-; s of p and Ep are defined as

Ilp Ih= X" \/ S (P2 +P20) and

I Ep 1= Z:’;gl \/Zle ((517)1'2,;‘,1,1 + (Ep)iz,j,l,z + Z(Ep)iz,j’l,g), The multichannel total
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variation is defined as || vy |;= DOFRYD I \in,,,,|2 =200 \/Z, 1 Vx”“ + Vx,,zz)

where subscripts 1 and 2 represent the horizontal and vertical directions, respectively.
We assign u = (x,p), gu) = 1o®), filliw) =a1||Va —plly, follou) =2 || Ep 1,

and f3(L3u) = 1y (#). Define v]<le —2vk+1 vf. Referring to Algorithm 2, we gain the

iterative scheme to solve (24) as follows:

k+1 _ KY ok ko).
Vit = Py (ﬁl <(Vx )i,j,l piJ/) * VL"%’>’

ét,ll pBo[2 (ﬁZ (5Pk) i + Vgi,j,l) )
vl = ,335[<v§ + Kxk —f>;
B3 (26)
L= pg (xk -~ t(va/{“ +KT&’3‘“));

k+1 T- k+1 Toktl _ gkt
i =p (V +Vyvy3t =i )

k+1 Tkl | gTok+l _ ok+1
2 —Pz_t(v S+ Vays — g )

In (26), P, and P, are two dimensional and four dimensional projection operators,
respectively, =~ where  the  projection  operator Pg is  defined as

. qij1
Pg, (qi,j,l) = min (’ q;; . r) 2

qij 9
where the shrinkage operator S, is defined as S, (z) = max (||z||, — r,0) ﬁ Variables p;

. S/ is an mno dimensional shrinkage operator,

and p, are the combinations of Piji1 and Piji1<i<ml=<j<nl< [ < o, respec-
tively. Similarly, v; ; and v 5 are defined. v shares the same structure with Ep, and v, 1,
va,2 and vy 3 are the combinations of all v ; 11, V2,112 and vy ; ;1 3, respectively.

It is notable that iterative scheme (26) is more attractive in multichannel image pro-
cessing, such as image deconvolution, since no linear inverse operator is involved.
Generally speaking, there exists a closed form solution for edge-preserving variational
multichannel image restoration problems by referring to Cramer’s rule in theory. How-
ever, a complex matrix inverse operation with low calculation efficiency is needed due to
the blur matrix with cross blur, which is not easy to be diagonalized [22, 31]. In contrast,
the updates of v1, vo and v3 in (26) are independent as well as the updates of #, p; and
P> Besides, the calculation of v; and v, are pixelwise. The classical ADMM scheme can
also be used to solve problem (24). However, in this case, the solution of #, p; and p, will
be coupled together due to the special form of TGV and we should refer to the Cramer’s
rule to solve the more complex coupled linear function. Besides, this will destroy the
parallel solution of u#, p; and p,. In contrast, the proposed PLADMM guarantees the
parallel solution form of u#, p; and p, by avoiding the complex linear inverse problem.

Page 10 of 26
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Algorithm 3 PLADMM with total generalized variation regularization (PLADMM-TGV)

I

1:Set x°=0, v' =0, k=0, S >0, 0<t$(1/zzzlﬂh

LL,

2: while the stopping criterion is not satisfied, do

3:ifor i=1...m; j=1,...,n
4: vl"”/, =F, (ﬂl ((ka ),»,,»,1 _p:/’])+v{‘,,,,.,,)
5: v;tlﬂ = PEMZ (ﬁz (gl’k ),’/.’, +v§.:./,/)
6: end for
vk
7: v =ﬂ3Sﬁ[—3+ka —f];
By
8: X =By (x (VIR KT
9: pi" = pl —o(VIWh + VIR o)

10: pi' = pl - (VI + VI -5
4: k=k+1;

5: end while, set x" = x*"', and return x*.

Following the operator assignment mentioned above, it is simple to verify that
S AL = BTV + BalETE] + B KT < 861 + 8, + 5. We can prove
that HK TK H = 1 with the basic condition K1 =1 [32]. We refer to [29] for the norm
analysis of V and £. With the above analysis, t = m is chosen for the TGV-based
imaging inverse problem. Besides, («1, 2) = (1, 6) are set for the TGV model.

In (24), we use ¢ = tmno? to estimate the noise-dependent ¢, where o denotes the
noise variance and v = —0.0009BSNR + 0.99. 7 is calculated with linear regression
computing method [14]. We define the blurred signal-to-noise ratio (BSNR) as equa-
tion BSNR = 10log;, (var(f)/az) (dB), and var(f) is the variance of f.We empirically set
B1 = B2 = 0.04 and B3 = BSNR x f; to accelerate the convergence. For different prob-
lems, such as deblurring or denoising, we should find proper parameters by trial-and-
error method. Although we should adjust the parameters for different types of problems,
abundant experiments on natural images indicate that, under a given type of problem,
the parameter setting is robust to a certain extent towards the variation of the image
type and the image size [14].

4 Experiment results

The following three experiments were performed with MATLAB and the hardware
platform is a PC with Intel Core i5 CPU and 8 GB RAM. The quality of the degraded
and restored/reconstructed images are assessed with two indexes: PSNR in dB (peak
signal-to-noise ratio) and SSIM (the structural similarity index). PSNR and SSIM are
both important image quality evaluation indicators. PSNR places more emphasis on
pixel accuracy but does not pay attention to the structural information of images. SSIM
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considers the structural information of images, which is beneficial for more accurate
evaluation of image quality. Major initialization for parameter settings of the proposed
method obeys the criteria described in the former section.

4.1 Multichannel image deblurring

In this subsection, the proposed TGV-regularized PLADMM (PLADMM-TGYV) is
compared with some famous methods in terms of RGB image deconvolution, includ-
ing ADMM-based and primal—dual [33—35] methods. The competitors are the parallel
ADMM with TGV regularizer (PADMM-TGV) [21], the fast total variation deconvo-
lution algorithm (FTVD-v4) [22], and the parallel primal-dual splitting method with
TV regularizer (PPDS-TV) [33]. PADMM-TGV solves problem (24) without the box
constraints and FTVD-v4 solves the unconstrained TV-based deblurring problem. In
contrast with PLADMM and PPDS, both the other two competitors need to solve the
inverse operation. Unlike PLADMM, PADMM and PPDS, FTVD-v4 needs to manually
select the regularization parameter which balances the regularizer and data-fidelity by
trial-and-error. For RGB images, multichannel means that the channel dimension of the
image is 3.

It is noticed that all the four methods possess a worst-case O(1/k) convergence rate.
To ensure these methods sufficiently converge, the stopping criterion of the compared
methods in this experiment is the iteration reaching 300. In the following, Av(z) denotes
average blur kernel with a blurring size z; Ga(z, §) denotes Gaussian blur kernel with
a blurring size z and standard deviation §; Mo(z,6) denotes motion blur kernel with
a length z and an angle 0. For assessing the performance of the proposed method and
competitors under different image sizes, blur types, and noise levels, four sub-experi-
ments detailed in Table 1 are designed. The four test images are shown in Fig. 2: they are
image Lena of size 256 X256, image Peppers of size 512512, image Monarch of size
768 x 512, and image Race of size 768 x512. The four sets of image blur for each image
are designed as follows: 1. Generate 9 kernels first: {Av(13), Av(15), Av(17), Ga(11; 9),
Ga(21; 11), Ga(31; 13), Mo(21; 45), Mo(41; 90), Mo(61; 135)}. 2. Assign these nine ker-
nels to {1(611,[(612,](613;1(021,1<022,1(023;](Cgl,[(C32,[(C33}, where I(ij, ]: 1, 2, 3, are
within-channel kernels whereas the others are cross-channel kernels. 3. The final four
sets of blurs for comparison are generated by multiplying different relative weights {1, 0,
0;0,1,0;0,0, 1} (Set 1), {0.6, 0.2, 0.2; 0.15, 0.7, 0.15; 0.1, 0.1, 0.8} (Set 2), {0.7, 0.15, 0.15;
0.1,0.8,0.1; 0.2, 0.2, 0.6} (Set 3), and {0.5, 0.25, 0.25; 0.25, 0.5, 0.25; 0.25, 0.25, 0.5} (Set 4)
to the corresponding blur kernels. Then, the four test images are blurred by these four

Table 1 Detailed settings of the image deblurring experiment

No. Test Image Blur kernel o PSNR SSIM

1 Lena Set 1 3 20.05 0.5239
2 Peppers Set 2 8 17.55 0.5140
3 Monarch Set3 10 17.95 0.4608
4 Race Set4 14 16.99 0.2206
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(¢) Monarch of size 768 x 512
Fig. 2 Test images for multichannel image deblurring

Table 2 Comparison results for image deblurring [1]

-

(d) Race of size 768 x 512

Problem Method PSNR SSIM Time (s)
1 PLADMM-TGV 26.21 0.7680 28.70
PADMM-TGV 2621 0.7649 35.62
PLADMM-TV 26.10 0.7608 16.67
PPDS-TV 26.09 07611 17.94
FTVD-v4 26.04 0.7583 10.37
2 PLADMM-TGV 25.57 0.7632 155.46
PADMM-TGV 25.56 0.7623 199.93
PLADMM-TV 2543 0.7545 85.84
PPDS-TV 2544 0.7544 89.34
FTVD-v4 25.25 0.7507 54.69
3 PLADMM-TGV 23.85 0.8083 23445
PADMM-TGV 23.83 0.8063 302.68
PLADMM-TV 2376 0.8026 131.81
PPDS-TV 2377 0.8028 13844
FTVD-v4 2361 0.7965 84.43
4 PLADMM-TGV 19.96 0.4335 230.57
PADMM-TGV 19.88 0.4282 298.24
PLADMM-TV 19.87 04278 132.05
PPDS-TV 19.87 04277 138.50
FTVD-v4 19.85 04277 84.23

The bold values indicate that these values are optimal under their corresponding indicators
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blurs, respectively. Different levels of Gaussian noise are imposed on the four blurred
images to get the finial degraded images.

The objective comparison results are shown in Table 2 [1]. It can be found that
PLADMM-TGV and PADMM-TGV restores better images than PLADMM-TYV,
PPDS-TV and FTVD-v4, since they gain higher PSNRs and SSIMs. This is because
that PLADMM-TGV and PADMM-TGV employ more complicated TGV regularizer.
Although FTVD-v4 seemly consumes less time than PLADMM-TGV, PADMM-TGYV,
PLADMM-TV and PPDS-TV for a single run, it actually costs much more time due
to the trial-and-error process for finding the optimal regularization parameter. In con-
trast, the other methods can adaptively find the optimal regularization parameter with-
out trial-and-error. By avoiding the matrix inversing operation with Kramer’s rule for
cross-channel blurring, PLADMM and PPDS converges much faster than PADMM due
to higher one-step efficiency. It is interesting that the speed superiority of PLADMM-
TGV over PADMM-TGYV for Problem 1 is not as large as that for Problems 2, 3, and 4.
The reason is that Problem 1 only involves within-channel blurs, whereas Problems 2,
3, and 4 involve cross-channel blurs. The cross-channel blurs prevent the blur matrix
from being be wholly diagonalized with FFT. Besides, PLADMM is of high potential in
efficiency in the sense that it can be deeply accelerated by parallel calculation equipment
like GPU, due to a highly parallel structure.

Figures 3, 4, 5 and 6 demonstrate the degraded and deblurred images by the three
methods for Problems 1, 2, 3, and 4, respectively. It can be observed from Figs. 3, 4, 5
and 6 that PLADMM-TGV and PADMM-TGV restore better images in visual qual-
ity compared with the TV-based PLADMM-TV, PPDS-TV and FTVD-v4. The TGV-
based algorithms successfully suppress the staircasing effects that are existent in the
results of PLADMM-TYV, PPDS-TV and FTVD-v4 (for better observation, some stair-
casing effects are labeled with rectangles). The robustness of PLADMM-TGYV is also
PSNR=26.21dB, SSIM=0.7680

PSNR=20.05dB, SSIM=0.5239 PSNR=26.21dB, SSIM=0.7649

7

(a) Degraded (b) PLADMM-TGV (¢) PADMM-TGV
PSNR=26.04dB, SSIM=0.7583

PSNR=26.10dB, SSIM=0.7608 PSNR=26.09dB, SSIM=0.7611

(d) PLADMM-TV (e) PPDS-TV () FTVD-v4
Fig. 3 Degradation and restorations of the Lena image by PLADMM, PADMM, PPDS, and FTVD-v4
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PSNR=17.55dB, SSIM=0.5140 PSNR=25.56dB, SSIM=0.7623
- P v. F;

® 5

(a) Degraded (b) PLADMM-TGV (¢) PADMM-TGV

PSNR=25.43dB, SSIM=0.7545 PSNR=25.44dB, SSIM=0.7544 PSNR=25.25dB, SSIM=0.7507
w p [ & ‘ ~ | [ 7 o = 3

-

~ (d) PLADMM-TV () PPDS-TV (f) FTVD-v4
Fig. 4 Degradation and restorations of the Peppers image by PLADMM, PADMM, and FTVD-v4 [1].
PSNR=43.46 dB, SSIM=0.9841 PSNR=43.30 dB, SSIM=0.9829 PSNR=42.62 dB

(a) Degraded (b) PLADMM-TGV (¢) PADMM-TGV
PSNR=23.76dB, SSIM=0.8026 SNR:23.77dB, SSIM=0.8028 PSNR=23.61dB, SSIM=0.7965

(d) PLADMM-TV (e) PPDS-TV () FTVD-v4
Fig. 5 Degradation and restorations of the Monarch image by PLADMM, PADMM, and FTVD-v4 [1]

demonstrated in the background of images with different sizes, noises with different
standard deviations, and blurs with different types.

PSNR=20.05 dB, SSIM =0.5239 PSNR=26.21 dB, SSIM=0.7680 PSNR=26.21 dB,
SSIM =0.7649.

Although PLADMM-TGV and PADMM-TGYV achieve similar deblurring quality
due to the same TGV regularizer, Fig. 7a, b, ¢, and d shows that PLADMM converges
faster than PADMM due to the higher one-step efficiency. However, PLADMM may
fall behind at the beginning since the inexact calculation of the x step.
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PSNR=16.99dB, SSIM=0.2206

PSNR=19.96dB, SSIM=0.4335

PSNR=19.88dB, SSIM=0.4282
A N\ - - A

PN \ -~ -

(c) PADMM-TGV
PSNR=19.85dB, SSIM=0.4277
P\ S L™ e

(a) Degraded (b) PLADMM-TGV
PSNR21.87dB, SSIM=0.4278 PSNR=1 .87dB, SSIM=0.4277

(d) PLADMM-TV (e) PPDS-TV 63) FVD-V4
Fig. 6 Degradation and restorations of the race image by PLADMM, PADMM, PPDS, and FTVD-v4

27 26
261 " 25 nf;"'"
i
WS 2
i o
g g
Z &£ 22
w— PLADMM-TGV 2 w—— PLADMM-TGV
2 ==+x PADMM-TGV || 2 ==++ PADMM-TGV ||
=« = FTVD-v4 =« = FTVD-v4
21 T | e wm PPDS-TV Il 19 w= == PPDS-TV
=== PLADMM-TV === =PLADMM-TV
200 5 10 15 20 25 30 35 40 180 50 100 150 200
Seconds Seconds
(a) PSNR versus CPU time for Lena (b) PSNR versus CPU time for Peppers
24 aEmanen 20
g o . Pﬁ,----"" ...........
23 .,,.’s"a'/ - 5lf ; ot
# !
7
22 ' 4
a a2
s : i g
g ; 7 g
z : : £ :
p) NSRS S =—PLADMM-TGV} g S ....| m—PLADMM-TGV ||
H === PADMM-TGV ===s PADMM-TGV
1] SRR S— i — o FIVDv H 17.5 el
H === PPDS-TV : === PPDS-TV
H === =PLADMM-TV : === =PLADMM-TV
j i
180 50 100 150 200 250 300 350 170 50 100 150 200 250 300
Seconds Seconds
(c) PSNR versus CPU time for Monarch (d) PSNR versus CPU time for Race

Fig. 7 PSNR versus CPU time for the deblurring experiment of images a Lena, b Peppers, ¢ Monarch, and d
Race, respectively

4.2 RGB image inpainting

In this subsection, an RGB image inpainting experiment is designed to show the
potential of the proposed PLADMM. The PLADMM-TGV, PLADMM-TV [with
a3=0 and p = 0 in (24)], and FTVD-v4 are compared. Image Girl of size 768 x 512,
which has abundant detailed features, is used in this experiment. We first randomly let
the test image lose 0%, 5%, 15%,..., 65% of pixels. Gaussian noise with ¢ = 20 (stand-
ard deviation) then corrupts the image to get the final observation. PLADMM-TGV
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(c) PSNR versus pixel missing level (d) SSIM versus pixel missing level

Fig. 8 Ground truth (a), degradation (b) with a 55% pixel loss and Gaussian noise with 6= 20, and PSNR (c)
and SSIM (d) versus pixel loss level for the Girl image, respectively

PSNR=28.47dB, SSIM=0.8076 PSNR=28.39dB, SSIM=0.8058 PSNR=28.19dB, SSIM=0.8001

(a) PLADMM-TGV (b) PLADMM-TV (c) FTVD-v4
Fig. 9 Restored outputs (close-ups) of the Girl image for PLADMM-TGV in (a), PLADMM-TV in (b), and
FTVD-v4 in (c)

and PLADMM-TYV are used to restore the observations. If the pixel loss level is 0,
then the inpainting degrades to simple denoising. The stopping criterion of the com-
pared methods for inpainting is the iteration reaching 150.

Figure 8a, b shows the ground truth and the degraded Girl image with a 55% pixel
loss which means that it loses most of its pixel values. The PSNR and SSIM versus the
pixel loss level for the inpainting experiment are presented in Fig. 8¢, d, respectively.
The PLADMM-TGYV shows superiority over the PLADMM-TV and FTVD-v4 both
on PSNR and on SSIM. Figure 9 displays inpainting outputs of the three algorithms,
as well as the corresponding local close-ups, where the Girl image is set to lose its
55% of pixels. The following phenomena can be found from the close-up outputs of
PLADMM-TGV (Fig. 9a), PLADMM-TV (Fig. 9b), and FTVD-v4 (Fig. 9c¢). First,
although the ground truth loses most of its pixel values, the three algorithms effec-
tively inpaint the degraded Girl image, which indicates the efficiency of the PLADMM
in image inpainting. Second, there exist staircasing effects in the inpainted image of
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PLADMM-TV and FTVD-v4. However, PLADMM-TGYV successfully suppresses
these staircasing effects with the more complex TGV regularizer.

4.3 Parallel magnetic resonance imaging reconstruction
Parallel magnetic resonance imaging (pMRI) is a technique to accelerate sampling speed
in MRI, by only acquiring part of the k-space data. To reduce scan time, pMRI extracts
extra spatial information from an array of surface coils, surrounding the scanned objects
by multiple receivers and collecting in the parallel part of the Fourier components at
each receiver. However, this reduction in the number of recorded Fourier components
leads to aliasing artifacts in images. In this experiment, we show that the proposed
PLADMM-TGYV can effectively suppress these artifacts and reconstruct the original
image while maintaining higher speed.

Sensitivity encoding is one of the most commonly used parallel imaging method [36].
The imaging process can be modeled as

bj=P,FSix +e (27)

where x is the original image, b; is the partial k-space data measured by receiver j, e is
Gaussian noise, P, is a binary matrix representing the undersampling pattern (mask),
and §; is the sensitivity map for the j th channel. We can reconstruct the original image
with the proposed method described in Sect. III with the following form:

M
. 2
(@*,p*) = argminoy |V — pll; + aallEplly st Y |PuFSjx —byll, <c  (28)
x,p i
j=1

In the pMRI experiment, we use an MRI image of size 512X 512 and a radial mask
with acquisition rate of 0.147. In the radial mask, the more spokes, means the higher
the sampling rate. The ground truth image and the radial mask are shown in Fig. 10a, b.
The ground truth image contains a wealth of details about the human brain, including
brain circuit structures and vascular structures. The image was acquired from a 3 T Phil-
lips scanner (Phillips, Best, Netherlands) using T2-weighted turbo spin echo sequence
[37]. The number of coils is 8, i.e., M = 8. The Radial mask utilized for different coils
is the same and the sensitivity map for every coil is given in the MRI image data set. To
demonstrate the feasibility of the proposed method for solving pMRI problem, we infer
to the proposed PLADMM-TGYV and its degenerating form PLADMM-TYV to solve the
problem (28). We compare them with the other four famous methods: FUSL [8], LADM
[37], and ALADMM [27]. The three competitors are all TV-based and solve the uncon-
strained form of problem (28) [36]. In the pMRI experiment, the stopping rule is the
iteration counters reaching 100.

Table 3 presents the experiment results in terms of PSNR, SSIM, Relative Error, and
CPU time. The relative error is defined as ||x* — xg|l,/|l*0ll,, where xo and x* are the
ground truth and reconstructed images, respectively.

Table 3 shows that all the involved methods can successfully reconstruct the pMRI
image; PLADMM-TGV outperforms the other methods in PSNR, SSIM, and relative
error, since it adopts the more efficient TGV regularization; whereas, PLADMM-TV
is superior in terms of CPU time. In contrast with the TV-based FUSL, LADM, and
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Table 3 Experimental results of the pMRI reconstruction experiment

Noise level Method PSNR SSIM Relative Error Time (s)

0=25 PLADMM-TGV 4346 0.9841 0.0281 49.88
PLADMM-TV 43.30 0.9829 0.0286 39.04
FUSL 4262 0.9749 0.0310 73.63
LADM 43.27 0.9825 0.0287 56.81
ALADMM 42.99 0.9831 0.0297 6242

0=100 PLADMM-TGV 39.87 0.9705 0.0425 48.68
PLADMM-TV 39.59 0.9696 0.0439 37.62
FUSL 39.80 0.9695 0.0420 7294
LADM 39.52 0.9690 0.0497 55.95
ALADMM 39.56 0.9645 0.0467 69.72

ALADMM, as well as the Plug-and-Play-based PAP, although PLADMM-TGYV adopts
the more complex TGV regularizer, it consumes less CPU time than the other com-
petitors. Figure 10c, d presents the PSNR versus CPU time of these methods when the
noise standard deviation o is equal to 25 and 100, respectively. PLADMM-TGV and
PLADMM-TYV step into convergency faster than FUSL, LADM, and ALADMM, which
shows the speed superiority of the proposed PLADMM. Figures 11 and 12 further pre-
sent the reconstructed images and residue images (x* — x¢[) of the five methods, from
which we can observe that PLADMM-TGYV reconstructs the most proximate image of

the ground truth.
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PSNR=43.46dB, SSIM=0.9841 PSNR=43.30dB, SSIM=0.9829 PSNR=42.62dB, SSIM=0.9749

(a) PLADMM-TGV (b) PLADMM-TV (¢c) FUSL
PSNR=43.27dB, SSIM=0.9825  PSNR=42.99dB, SSIM=0.9831

(d) LADM (e) ALADMM
Fig. 11 Reconstructed images by PLADMM-TGV, PLADMM-TV, FUSL, LADM, and ALADMM under Gaussian
noise with a standard deviation =25

Relative Error=0.0281 Relative Error=0.0286 Relative Error=0.0310

(a) PLADMM-TGV (b) PLADMM-TV (¢) FUSL
Relative Error=0.0287 Relative Error=0.0297

(d) LADM (e) ALADMM
Fig. 12 Residue images between the original image and reconstructed results by PLADMM-TGY, PLADMM-
TV, FUSL, LADM, and ALADMM under Gaussian noise with c=25
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5 Conclusions

A generic method named PLADMM is proposed in this paper to solve large-scale reg-
ularized imaging inverse problems, such as multichannel deblurring, inpainting, and
PMRI reconstruction. By using the proximal splitting and further exploiting the func-
tion structure, the PLADMM method achieves a concise iterative frame. The proposed
method simplifies the sub-problems via closed-form solution by linearization of the
quadratic terms. The linear inverse operation and nested inner loop that are commonly
seen in inverse problems are excluded. The parallel structure makes the PLADMM
method being of high potential for a wide range of practical applications. Theoretical
analysis shows that the proposed method has strict convergence property and fast sin-
gle-step execution efficiency compared with PADMM, FTVD-v4, and other methods.
Experimental results validate the efficiency of our method for image deblurring, inpaint-
ing, and pMRI reconstruction. The classical TGV model adopted in our work is a manual
feature model which regularizes the smoothness of the restored image. However, for a
specific image processing task, using learning feature is a feasible way to raise the quality
of the restored image. In the future, we will put effort on the combination of PLADMM
and learning features to construct more powerful algorithms.

Appendix A

Proof of Lemma 3

Proof Asb*is the solution of the problem with respect to b, according to Lemma 2,
we have.

f(b) —f(bk“) + <b N S s vk> >0 VbelV. (29)
Plugging into (29) the third equation of (16), we get

f@®) —f(B51) + (b=, k) 20 vhev. (30)
For the same reason, we have

f(b) —f(bk) +<b—bk,—vk> >0 VbeV. (31)
Considering b = b and b = b**1in (30) and (31), respectively, by addition, we obtain

<bk —pfL Yk vk+1> > 0. (32)

According to the optimality condition with respect to u in (16), we get

g0 —5{u7) + (0187~ 1))

—|—<u - uk“,P(uk+1 - uk>> >0 Vuel.

Plugging into (33) the third equation of (16), we have
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g(u) —g(uk‘H) 4 <u —uk 1l Lx (vk—i-l NI RS bk)>

34
+<u—uk+1,P(uk+1—uk)>20 Yu e U. (34)

The third equation of (16) indicates that
<v VS SN 5SS NIy XSS I S S vk> —0 VeV, (35)

Adding (30), (34), and (35), we achieve

() +£(b) —g(uk“) —f(bk“) + <y —yk+1,F(yk+1)>
+<u — oyl (bk+1 _ bk) +P(uk+1 _ uk)> + <v AL L vk> >0 Vyev.
(36)

Inequality (36) implies that if ||yk+1 — k|2 = ||uk+t — uk|2 + Hhkﬂ _ kaz + | =k =0

then
gw) +f(b) —g(uk“) —f(b"“) - <y —yk“,F(y"“» >0 VyeY. (37)

This is, y*T1is VI(Y, F,f)’s solution and (uk+1, brt1: vk“) is (9)’s saddle point. With
y = y*in (36), we obtain

<u* _ uk+1’P<uk+1 >> < _ kL Rl bk> <V kL kL vk>
Zg<uk+1> +f(bk+1> (u*) f( ) < k+1 _y*’F(yk+1)> + <b* — PRkt bk>

_ <L<u* _ uk+l>,bk+1 bk>

(38)
As y* is the optimal solution of VI(Y, F,f)
g(uk+1) +f(bk+1> _g(u*) —f(b*) + <yk+1 —y*,F(y*)> > 0. (39)
Since F is monotone, we have
<yk+1 —y*,F(yk+1)> > <yk+1 _y*’F(y*)>‘ (40)
According to (32)
<b* _ bk+1,bk+l _ bk> _ <L(u* _ uk+1),bk+1 _ bk>
_ <Luk+1 _ pktl ptl bk> _ <vk+1 — ok pRH bk> >0 (41)
Combining (38) and (41), we obtain
ut — uk+1,P uk+1 _ uk +{b* — bk+1,bk+l _ bk
() ) .

+<V* S vk> _ <y* _yk+1,G(yk+1 _yk)> > 0.

Therefore

Page 22 of 26



He et al. EURASIP Journal on Image and Video Processing (2024) 2024:39

2 2 2
, _kaHG N Hyk+1 _kaG N 2<y* _ka,G(ka _yk>>
2

’

G

k % —
=l

=

2
5t _yk+1HG n Hyk+1 _yk‘

(43)

and the proof of Lemma 3 is completed.

Appendix B

Proof of Lemma 4

Proof Denote #* = ut], b = b TF = Luf T — pF 4 vk = R kL
zF = (Ek,ik) and 7/( = (ﬁk,Ek,vk). DenoteT : (b,v) — (b, —b + v). Then, we have.

YR =y — T(yk — 5 ) (44)
With the above notations, (36) can be rewritten as

g +1®) (@) —f (5) + (y -7 F(#))

+<y—i",Q(7k—yk)>20 Vyey. )
For the same reason, we have
s 1055 ) -y w

+<y_yk+1’Q(yk+l _yk+l)> >0 Vy cY.
Set y = y**tland y = 7" in (45) and (46), respectively, and then do addition. We have

A ) () ) <o

(47)
Since F is monotone, we have
(1 =((# =9) - (1 -7))) =0 @
Adding
(= (P ) 20 )

to both sides of (48) and using <y, Qy> = %<y, (Q + Q*)y>, we obtain

<yk+1 _yk’Q<<yk+1 _yk> _ (yk+l _yk>>> > %H <yk+1 _yk) _ (7k+1 _yk> H;Q*.
(50)
According to (44), we have

(ot 5)a(( ) - () = L) - ()

(51)

Page 23 of 26



He et al. EURASIP Journal on Image and Video Processing ~ (2024) 2024:39 Page 24 of 26

Therefore, we obtain
Hyk+1 kaZ Hyk+2 k+1H _HT(y _yk)H HT(ka_ka)HZG
~a(r () er((-5) - (4 -5+)
T yk ¥y k+1 yk+1
|7((*-7) - )
|04 =5) = (0415 | grq I (04 =5) = (7 =5)),

v

‘<

_ <k ( k+1 —k+1) H >
H (y —Y (Q+Q*—T*GT) —

(52)
Referring to (44), we obtain || ykHl gk || ¢ = || yk — yk-1 ||2G and the proof of Lemma 4 is
completed.
Appendix C

Proof of Theorem 2
Proof From (21), we have.

= i+1 i 2 0 * 2 * *
Z’y —y sHy— Vy* e Y™ (53)
i=0
According to Lemma 4, we obtain
2 2
(k+ I)Hyk-‘rl _yk < S Hyo _ k G Vy c Y*, (54)

and the proof of Theorem 2 is completed.
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