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Abstract

We study the transfer of rewards learned using inverse reinforcement learning from expert
demonstrations in one environment to reinforcement learning in a new, different environment.
This arises naturally when demonstrations are collected in a controlled environment. We formulate
the problem as a joint system of Bellman equations across the source and target environments
and develop minimax estimators for the target soft-q-function. Whereas a sequential solution
approach first estimates the source reward and then plugs it into the target control problem, a
coupled approach solves the source and target system of equations jointly. We show that, in
contrast to the sequential approach, the coupled approach removes the first-order influence of
source Bellman residual error. We characterize the local behavior of each approach, develop finite-
sample soft-q-function error bounds, and prove regret guarantees for the resulting soft-control
policy. An empirical investigation using a sepsis simulator validates the theoretical comparison.

1 Introduction
Expert demonstrations, such as those from car drivers, help navigate environments with unknown
rewards, but are often collected in controlled settings, such as closed-course test tracks, while learned
control policies must be deployed in new environments, such as city streets. We can imitate experts
to perform well in the same source environment where demonstrations are observed, and we may
even use inverse reinforcement learning (IRL) to improve on simple behavior cloning (Ng and Russell,
2000; Abbeel and Ng, 2004; Ziebart et al., 2008; Fu et al., 2018; Geng et al., 2020). But the target
environment may have a different transition law, discount factor, or soft-control regularization. For
this, IRL is crucial: we can learn a reward from demonstrations in the source environment and
transfer it to the target environment, learning a policy that optimizes the same reward function in a
new setting (Fu et al., 2018; Schlaginhaufen and Kamgarpour, 2024). In this paper, we characterize
how well this transfer can be done and which approaches are preferable. In particular, we show the
value in a coupled approach that takes the target environment into account even when learning from
the source.

In ordinary offline control, the Bellman equation uses a known reward, so the main statistical
error comes from target transitions. In reward transfer, the target reward is itself estimated from
source demonstrations and is defined only after fixing a normalization, because rewards that induce
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the same source behavior are not uniquely identified (Ng et al., 1999; Cao et al., 2021; Skalse et al.,
2023; Rust, 1987; Hotz and Miller, 1993; Geng et al., 2020). Target error therefore has two sources:
Bellman error from target transitions and reward error from source demonstrations.

The most straightforward approach is modular: first estimate an anchor-normalized source
reward, then treat that estimate as fixed when solving the target Bellman equation. This is simple
and natural, but it lets source Bellman residual error enter the target equation with first-order
influence. We show that the same population transfer target admits a coupled estimation strategy
with different local geometry. By solving the source and target residual equations as one saddle-point
system and eliminating the source KKT block, the target equation acquires a Schur-complement
correction. The resulting profiled target residual is first-order insensitive to perturbations in the
source value nuisance.

Contributions.
• We formulate offline reward transfer from source IRL to target soft-control under shifts in dynamics,

discounting, and regularization.
• We compare modular and coupled minimax transfer estimators that share the same population

target but have different local KKT geometry.
• We derive the profiled target equation induced by the coupled KKT system and show that it

cancels first-order sensitivity to the source Bellman residual.
• We give first-order error decompositions showing that both estimators retain source operator and

target empirical error, while only modular transfer retains the direct source-residual term.
• We prove finite-sample high-probability value bounds over finite function classes and convert them

into regret bounds for the target soft-control policy.
• We demonstrate the methods empirically in a sepsis simulator, illustrating our theory’s predictions.

2 Problem Setup: Reward Transfer from Source IRL to Target
Control

Environments. We consider two Markov decision processes (MDPs) over a shared state space S
and finite action space A, with a shared reward function r⋆ : S ×A → R, but potentially distinct
transition kernels P1 and P2. We refer to the former, indexed by 1, as the source environment and
the latter, indexed by 2, as the target environment.

Soft control. We consider soft control problems in both environments: in the source, this specifies
the agent we assume to observe, and in the target, it specifies the task we aim to solve. For k ∈ {1, 2},
fix a known full-support reference policy πk,ref , discount γk ∈ (0, 1), and temperature τk > 0. In
environment k, policy π⋆k maximizes, over all measurable policies π,

V π
k (s) := EPk,π

[∑∞
t=0 γ

t
k{r⋆(st, at)− τk log

π(at|st)
πk,ref(at|st)} | s0 = s

]
, (1)

where the expectation is taken over at | st ∼ π(· | st) and st+1 | st, at ∼ Pk(· | st, at). We normalize
τ1 = 1 without loss of generality by measuring rewards in units of the source temperature; the target
temperature τ2 is therefore interpreted relative to the source temperature. The reference policies
are part of the soft-control objectives, not necessarily the policies that generated the data. If π1,ref
is uniform, the source problem reduces to the usual maximum-entropy IRL setting (Ziebart et al.,
2008; Rust, 1987).

Data. From each environment, k ∈ {1, 2}, we collect nk i.i.d. reward-free transitions

Dk = {s(k)i , a
(k)
i , s

(k)
i

′
: i = 1, . . . , nk} with s(k)i

′
| s(k)i , a

(k)
i ∼ Pk.
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We let ρk, ρSk , and πbk denote the joint state-action, marginal state, and conditional action distribu-
tions in dataset k, so that (s

(k)
i , a

(k)
i , s

(k)
i ) ∼ ρk × Pk and ρk(s, a) = ρSk (s)πbk(a | s).

Expert. In following with maximum entropy IRL Ziebart et al. (2008); Rust (1987), we further
assume that the source behavior policy is the source soft-optimal policy: πb1 = π⋆1. This key
assumption allows us to infer the reward function shared between environments. (The target
behavior policy πb2 is unrestricted.)

Learning objective. Our statistical target is the target soft q-function:

Q⋆
2(s, a) := r⋆(s, a) + γ2 Es′∼P2(·|s,a)[V

π⋆
2

2 (s′)], (2)

where π⋆2 and V
π⋆
2

2 are defined by the target soft-control problem in Eq. (1). This is the value of
taking the fixed action a at state s and then following the target soft-optimal policy.

2.1 Source IRL and reward normalization
Let πb1 be the source expert behavior policy. IRL identifies rewards only up to state-dependent
transformations, so we select a representative by fixing an anchor policy µ and anchor function
g : S → R through (µr)(s) = g(s). Thus g(s) fixes the mean one-step reward in state s under µ(· | s).
The anchor policy is distinct from the soft-control reference π1,ref : π1,ref appears in the expert
objective, while µ only selects one reward from an equivalence class. Once fixed, transfer becomes a
standard statistical problem of estimating and using this representative. Such normalizations are
standard in dynamic discrete-choice and IRL models: anchor-action, outside-option, sum-to-zero,
and data-driven value normalizations all arise as choices of (µ, g) (Rust, 1987; Hotz and Miller, 1993;
Bajari et al., 2010; Geng et al., 2020; van der Laan et al., 2025); see Appendix A.

Following van der Laan et al. (2025), define u⋆b(s, a) := log{πb1(a | s)/π1,ref(a | s)} and u⋆g :=
u⋆b − g. The source value representation solves

q⋆1 = u⋆g + γ1P
µ
1 q

⋆
1 = (I − γ1P

µ
1 )

−1u⋆g. (3)

The anchor-normalized reward is then

r⋆ = (I −Πµ)q
⋆
1 + g, r⋆(s, a) = q⋆1(s, a)− (µq⋆1)(s) + g(s). (4)

The variable q⋆1 is a source-side representation of the normalized reward, not the target value function.
This distinction is important: all target consequences of source estimation error pass through the
linear map q1 7→ (I −Πµ)q1 + g. The main analysis treats πb1 as known and focuses on transfer after
source identification. Appendix C gives the extension in which πb1 is learned from demonstrations,
and Appendix D describes how to include that policy estimator as an additional nuisance.

2.2 Target soft control
Given the normalized source reward, transfer means solving the target control problem with the
target dynamics and target regularization. The target stage does not imitate the source policy; it
optimizes the same recovered task objective in the new environment. For the minimax inequality
formulation, use the shifted reward r⋆C := r⋆ + C = (I −Πµ)q

⋆
1 + g + C and shifted target action

value q⋆2 := Q⋆
2 + C/(1− γ2). The constant shift leaves the induced target policy unchanged. Define

Ωτ2,π2,ref
(q)(s) := τ2 log

∑
a∈A π2,ref(a | s) exp{q(s, a)/τ2}.

We write Ω := Ωτ2,π2,ref
. The transferred target value and policy satisfy

q⋆2 = (I −Πµ)q
⋆
1 + g + C + γ2P2Ω(q

⋆
2), π⋆2(a | s) =

π2,ref(a | s) exp(q⋆2(s, a)/τ2)∑
a′ π2,ref(a

′ | s) exp(q⋆2(s, a′)/τ2)
.

Thus source error enters target control only through the reward map q1 7→ (I −Πµ)q1 + g + C.
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2.3 Coupled residual system
It is useful to write source recovery and target control as one residual system. This does not change
the population solution, but it exposes the path by which source estimation error can enter the
target equation. The population transfer target solves b1(q⋆1) = 0 and b2(q⋆1, q⋆2) = 0, where

b1(q1) := u⋆g + γ1P
µ
1 q1 − q1, b2(q1, q2) := (I −Πµ)q1 + g + C + γ2P2Ω(q2)− q2. (5)

This coupled residual representation is the central object of the paper: it makes explicit that transfer
is a source–target estimation problem, not a standard target-control problem with a known reward.

3 Minimax Estimators for Offline Reward Transfer
Both estimators below are built from the residuals in Eq. (5). Let b̂1 and b̂2 denote the empirical
residuals obtained by replacing Pµ

1 and P2 with sample analogues. Let Q1,Q2 be primal classes and
L1,L2 be dual classes. The primal functions are candidate source and target value representations.
The dual functions test Bellman residuals: if a residual is large in a direction represented by the dual
class, the saddle objective penalizes it. The quadratic terms select stable solutions among functions
that approximately satisfy the residual equations. This form lets us compare two estimators built
from the same equations but coupled differently.

3.1 Modular and coupled empirical estimators
Modular minimax transfer. The modular estimator first solves source recovery,

(q̂mod
1 , l̂mod

1 ) ∈ argminq1∈Q1 maxl1∈L1

{
1
2∥q1∥

2
ρ1 + ⟨l1, b̂1(q1)⟩ρ1

}
, (6)

and then plugs q̂mod
1 into the target problem,

(q̂mod
2 , l̂mod

2 ) ∈ argminq2∈Q2 maxl2∈L2

{
1
2∥q2∥

2
ρ2 + ⟨l2, b̂2(q̂mod

1 , q2)⟩ρ2
}
. (7)

This separation is attractive computationally and conceptually: the source IRL module can be
developed without access to the target data. Its statistical cost is that any source residual left after
the first stage is inserted directly into the target reward.

Coupled minimax transfer. The coupled estimator solves a single saddle-point problem. It
uses the same residuals as the modular estimator, but the source block is allowed to adjust in the
presence of the target block. For β ≥ 0, define

L̂β
coup(q1, q2, l1, l2) :=

β

2
∥q1∥2ρ1 +

1

2
∥q2∥2ρ2 + ⟨l1, b̂1(q1)⟩ρ1 + ⟨l2, b̂2(q1, q2)⟩ρ2 . (8)

Then
(q̂coup1 , q̂coup2 , l̂coup1 , l̂coup2 ) ∈ arg min

q1∈Q1, q2∈Q2

max
l1∈L1, l2∈L2

L̂β
coup(q1, q2, l1, l2). (9)

The coupled estimator uses the same residual equations as the modular estimator, but it does not
freeze the source block before solving the target block.

The parameter β controls how strongly the coupled objective regularizes the source representation.
The main comparison is not about changing the population target; it is about changing the empirical
geometry around that target.
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3.2 Population target and KKT geometry
Before comparing errors, we establish two facts. First, the modular and coupled procedures define
the same population transfer target. Second, even when the population target is the same, their
KKT systems can transmit empirical source errors differently.

The corresponding population coupled Lagrangian is

Lβ
coup(q1, q2, l1, l2) :=

β

2
∥q1∥2ρ1 +

1

2
∥q2∥2ρ2 + ⟨l1, b1(q1)⟩ρ1 + ⟨l2, b2(q1, q2)⟩ρ2 .

Theorem 3.1 (Well-posedness and tightness). Assume γ1, γ2 ∈ [0, 1), Pµ
1 and P2 are Markov

operators, and Ωτ2,π2,ref
is the log-sum-exp soft value operator. Then the source equation has a

unique solution q⋆1, and, given q⋆1, the target soft Bellman equation has a unique solution q⋆2. If
r⋆C = (I −Πµ)q

⋆
1 + g + C ≥ 0, then the relaxed constraint b2(q⋆1, q2) ≤ 0 is tight at every minimum

ρ2-norm feasible solution. Hence the relaxed and equality formulations recover the same (q⋆1, q
⋆
2).

The tightness condition rules out spurious solutions created by relaxing the target Bellman
equality into an inequality. It is a device for the minimax formulation: once the shifted reward
is nonnegative, the minimum-norm feasible target value must satisfy the Bellman equation with
equality.

Proposition 3.2 (Population equivalence). Under Theorem 3.1, the modular population procedure
and the coupled population minimax problem have the same primal solution (q⋆1, q

⋆
2).

Thus any difference between the two estimators is not a population bias. It comes from how
sampling error perturbs the two estimating systems.

Theorem 3.3 (Population saddle point and quadratic growth). Assume Theorem 3.1. Suppose the
dual classes contain (l⋆1, l

⋆
2), with l⋆2 ≥ 0, satisfying〈

l⋆2, (I − γ2P
π⋆
2

2 )h
〉
ρ2

= ⟨q⋆2, h⟩ρ2 , ∀h, (10)

⟨l⋆1, (I − γ1P
µ
1 )h⟩ρ1 = β⟨q⋆1, h⟩ρ1 + ⟨l⋆2, (I −Πµ)h⟩ρ2 , ∀h. (11)

Here P π⋆
2

2 := P2DΩ(q⋆2). Then (q⋆1, q
⋆
2, l

⋆
1, l

⋆
2) is a saddle point of Lβ

coup satisfying

βq⋆1 − (I − γ1P
µ
1 )

⊤l⋆1 + (I −Πµ)
⊤l⋆2 = 0, q⋆2 − (I − γ2P

π⋆
2

2 )⊤l⋆2 = 0. (12)

Moreover, for every (q1, q2),

Lβ
coup(q1, q2, l

⋆
1, l

⋆
2)− Lβ

coup(q
⋆
1, q

⋆
2, l

⋆
1, l

⋆
2) ≥

β

2
∥q1 − q⋆1∥2ρ1 +

1

2
∥q2 − q⋆2∥2ρ2 . (13)

The adjoint identity Eq. (11) is the key difference between coupled and modular transfer: the
coupled source stationarity equation includes the target-to-source feedback term ⟨l⋆2, (I −Πµ)h⟩ρ2 .
Modular source estimation has only the source self term. The quadratic-growth inequality says that,
after the correct dual certificate is chosen, the population saddle objective controls squared error in
the primal variables. This later lets residual concentration imply value-function concentration.

The next assumption is a coverage condition for these dual certificates. It requires the sampling
distributions to cover the discounted trajectories whose residuals the dual variables represent. The
cross-coverage terms appear only because coupled transfer sends target information back through
the source adjoint equation.
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Assumption 3.4 (Coverage for dual boundedness). Let dP2
π⋆
2 ,ρ2

and dP1
µ,ρ1 denote the usual discounted

occupancies induced by ρ2 and ρ1. Assume ∥q⋆1∥∞ ≤ BQ1, ∥q⋆2∥∞ ≤ BQ2,∥∥∥dP2
π⋆
2 ,ρ2

/ρ2

∥∥∥
∞

≤ κ2,
∥∥dP1

µ,ρ1/ρ1
∥∥
∞ ≤ κ1,

and, for the coupled cross term,∥∥∥dP2
π⋆
2 ,ρ2

/ρ1

∥∥∥
∞

≤ κ12, ∥µ/πb1∥∞ ≤ κµ|πb1
,

∥∥∥dP2,S
π⋆
2 ,ρ2

/ρS1

∥∥∥
∞

≤ κS12.

Here, κ2 controls the target dual, κ1 controls ordinary source evaluation under µ, and κ12, κS12
control the target-to-source feedback needed by the coupled KKT system.

Proposition 3.5 (Dual representations and boundedness). Under Assumption 3.4, we have

l⋆2 =
(I−γ2(P

π⋆
2

2 )⊤)−1(ρ2⊙q⋆2)
ρ2

, l⋆1,mod = l⋆1,self =
(I−γ1(P

µ
1 )⊤)−1(ρ1⊙q⋆1)

ρ1
,

l⋆1,coup = βl⋆1,self + l⋆1,cross, l⋆1,cross =
(I−γ1(P

µ
1 )⊤)−1(I−Πµ)⊤(ρ2⊙l⋆2)

ρ1
.

Consequently,

∥l⋆2∥∞ ≤ κ2
1−γ2

BQ2, ∥l⋆1,mod∥∞ ≤ κ1
1−γ1

BQ1, ∥l⋆1,coup∥∞ ≤ β κ1
1−γ1

BQ1 +
κ1(κ12+κµ|πb1κ

S
12)

(1−γ1)(1−γ2)
BQ2.

The resolvent formulas are backward occupancy representations. They show why coverage
appears in the constants: a dual variable measures how residual error accumulates along discounted
trajectories before being compared under the sampling distribution. The coupled source dual has an
additional cross term because target residuals are pushed back through the source reward map.

Corollary 3.6 (First-order contrast between modular and coupled transfer). Let ∆i = qi − q⋆i , and
let RΩ(∆2) denote the second-order remainder from Taylor expanding Ω around q⋆2. With coupled
dual variables,

Lβ
coup(q

⋆
1 +∆1, q

⋆
2 +∆2, l

⋆
1, l

⋆
2)− Lβ

coup(q
⋆
1, q

⋆
2, l

⋆
1, l

⋆
2) =

β

2
∥∆1∥2ρ1 +

1

2
∥∆2∥2ρ2 +RΩ(∆2).

With the modular source dual l⋆1,mod, the same expansion contains the surviving linear term

⟨l⋆2, (I −Πµ)∆1⟩ρ2 .

Thus modular transfer is first-order sensitive to source perturbations, while coupled transfer cancels
that sensitivity through Eq. (11).

4 Structural Orthogonality of Coupled Minimax Transfer
The preceding corollary shows the cancellation in the fixed-dual objective. We now express the same
phenomenon at the residual level. Let η = (q1, l1) be the source block and θ = (q2, l2) the target
block. The goal is to derive the target equation that remains after the source KKT equations have
been profiled out. This is the equation the coupled estimator implicitly uses near the population
solution. Write the population KKT system as

SN (θ, η) =

(
Dq1L

β
coup(q1, q2, l1, l2)
b1(q1)

)
= 0, ST (θ, η) =

(
Dq2L

β
coup(q1, q2, l1, l2)
b2(q1, q2)

)
= 0.

6



Theorem 4.1 (Profiled target equation and structural orthogonality). Assume γ1 < 1 and ∥Pµ
1 ∥ ≤ 1.

Then I − γ1P
µ
1 and

DηSN (θ⋆, η⋆) =

(
βI −(I − γ1P

µ
1 )

⊤

−(I − γ1P
µ
1 ) 0

)
are invertible. Define

Ψcoup(θ, η) := ST (θ, η)−DηST (θ
⋆, η⋆)

[
DηSN (θ⋆, η⋆)

]−1
SN (θ, η). (14)

Then Ψcoup is the Schur-complement target equation obtained by linearized elimination of the source
KKT block, and

DηΨcoup(θ
⋆, η⋆) = 0.

The correction in Eq. (14) agrees with the exact reduced target equation on the local profile
manifold SN (θ, η(θ)) = 0, and its θ-derivative is the Schur complement of the full KKT Jacobian.
The important point is interpretive: no external orthogonal score is introduced; the correction is the
target block after eliminating the source block.

Thus the orthogonality is not a design choice layered on top of the estimator. It is the local
target equation induced by solving the source and target blocks as one system.

Corollary 4.2 (Explicit orthogonalized target residual). For the reward-transfer system, the residual
component of the profiled target KKT equation is

b̃2,coup(q1, q2) = b2(q1, q2) + (I −Πµ)(I − γ1P
µ
1 )

−1b1(q1). (15)

Consequently, Dq1 b̃2,coup(q
⋆
1, q

⋆
2) = 0.

Since b1(q1) = u⋆g − (I − γ1P
µ
1 )q1, the q1-terms in Eq. (15) cancel at the population level. The

profiled residual therefore removes the direct first-order effect of a source Bellman residual. It does
not remove error in the source transition operator, which still appears inside the source resolvent.

This distinction drives the rest of the analysis. Coupling cannot make source data irrelevant, but
it can prevent an avoidable source fitting residual from being treated as a target reward perturbation.
Appendix B relates this Schur-complement orthogonality to classical profiling.

5 First-Order Error Propagation in Offline Reward Transfer
We now turn the structural orthogonality result into error decompositions. Let P̂µ

1 and P̂2 be
empirical transition operators and

b̂1(q1) := u⋆g + γ1P̂
µ
1 q1 − q1.

Let P π⋆
2

2 := P2DΩ(q⋆2). The linear target operator is I − γ2P
π⋆
2

2 .
The decompositions below are local: they describe the leading terms obtained by linearizing

around (q⋆1, q
⋆
2). Their purpose is not to give the final high-probability rate, but to identify the error

channels that any finite-sample bound must control.

Lemma 5.1 (Source error decomposition). If I − γ1P̂
µ
1 is invertible, then every q̂1 satisfies

q̂1 − q⋆1 = γ1(I − γ1P̂
µ
1 )

−1(P̂µ
1 − Pµ

1 )q
⋆
1 − (I − γ1P̂

µ
1 )

−1b̂1(q̂1). (16)

The first term is source operator estimation error. The second is the empirical source Bellman
residual left after fitting. Modular and coupled transfer treat these two terms differently.

The operator term is intrinsic: if the source transition operator is estimated incorrectly, the
recovered reward representation changes. The residual term is algorithmic: it measures how far the
fitted source object is from solving its empirical Bellman equation.

7



Theorem 5.2 (First-order error propagation for modular and coupled transfer). Under the local
smoothness, invertibility, and stochastic equicontinuity conditions stated in Appendix G,

(I − γ2P
π⋆
2

2 )(q̂mod
2 − q⋆2) = γ1(I −Πµ)(I − γ1P̂

µ
1 )

−1(P̂µ
1 − Pµ

1 )q
⋆
1

− (I −Πµ)(I − γ1P̂
µ
1 )

−1b̂1(q̂
mod
1 )

+ γ2(P̂2 − P2)Ω(q
⋆
2) + Remmod, (17)

(I − γ2P
π⋆
2

2 )(q̂coup2 − q⋆2) = γ1(I −Πµ)(I − γ1P̂
µ
1 )

−1(P̂µ
1 − Pµ

1 )q
⋆
1

+ γ2(P̂2 − P2)Ω(q
⋆
2) + Remcoup. (18)

The remainders are second-order Taylor terms and local empirical-process increments; sufficient
conditions for their first-order negligibility are given in Appendix G.

Thus both procedures pay for source operator error and target empirical error. Only modular
transfer has the additional first-order source-residual term. This is the precise local sense in which
the coupled estimator is more robust to imperfect source Bellman fitting.

The statement should not be read as saying that coupling dominates modular transfer in every
finite sample. The coupled estimator solves a larger empirical problem and pays its own concentration
price. The point is sharper: in the linearized target equation, the direct source-residual channel is
absent for the coupled estimator and present for the modular estimator.

6 Global Finite-Sample and Policy Performance Guarantees
We now state global high-probability guarantees obtained directly from empirical minimax optimality
and uniform concentration over finite function classes. The finite-class setting keeps the proof
focused on how source and target errors combine; the same decomposition identifies what must
be controlled under richer function approximation. Let N1 = |Q1||L1|, Nmod

2 = |Q2||L2|, and
N coup

2 = |Q1||Q2||L2|. Assume ∥qi∥∞ ≤ BQi for i = 1, 2, ∥u⋆b∥∞ ≤ BU , and 0 ≤ g(s) ≤ BG. Define
the residual ranges BRes,1 := BU +BG + (γ1 + 1)BQ1 and BRes,2 := 4BQ1 +BG + (γ2 + 1)BQ2.

Assumption 6.1 (Standing assumptions for global guarantees). The finite classes are realizable and
uniformly bounded: q⋆1 ∈ Q1, q⋆2 ∈ Q2, l⋆1 ∈ L1, l⋆2 ∈ L2, with primal bounds BQ1, BQ2. The target
dual radius satisfies BL2 := κ2BQ2/(1− γ2) and ∥dP2

π⋆
2 ,ρ2

/ρ2∥∞ ≤ κ2. For the coupled source dual, let
BL12 be the cross-environment source radius from Proposition 3.5. For modular propagation, assume
∥ρ2/ρ1∥∞ <∞, ∥µ/πb1∥∞ ≤ 1/ϵb1, and pathwise target concentrability with constant κ2,path along
the line segment between the true target value and the modular plug-in target value.

Realizability enables comparison with the truth, boundedness gives concentration, and coverage
converts residual control into value control; the pathwise coverage condition is needed only for the
modular plug-in path.

Theorem 6.2 (Global finite-sample bounds). Under Assumption 6.1, for any δ ∈ (0, 1):

∥q̂mod
2 − q⋆2∥2ρ2 ≤ 8Mmod

1

√
2 ln(4N1/δ)

n1
+ 8M2

√
2 ln(4Nmod

2 /δ)

n2
, (19)

∥q̂coup2 − q⋆2∥2ρ2 ≤ 4M coup
1

√
2 ln(2N1/δ)

n1
+ 4M2

√
2 ln(2N coup

2 /δ)

n2
(20)
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with probability at least 1− δ, where the coupled bound uses β = 0, and

Mmod
1 =

4κ2,path∥ρ2/ρ1∥∞
ϵb1(1− γ2)2

(
1
2B

2
Q1 +Bmod

L1 BRes,1

)
,

M coup
1 = BL12BRes,1, M2 =

1
2B

2
Q2 +BL2BRes,2.

This is the global counterpart of the local decomposition: both estimators have source and target
terms, but modular first controls source error under ρ1 and then propagates it, whereas coupled
controls the source correction inside one joint saddle comparison. Define Bmod(δ) and Bcoup(δ) as
the right-hand sides of Eq. (19) and Eq. (20).

6.1 Policy regret from transferred-value error
The deployed object is a policy, so we convert ρ2-error in the transferred soft value into regret using
smoothness of the softmax map and coverage of the optimal target occupancy. For a policy π, let
J2(π) := (1− γ2)

−1E
d
P2
π,ρ2

[r⋆C(s, a)− τ2 log{π(a | s)/π2,ref(a | s)}], and let π̂2 be induced by q̂2.

Assumption 6.3. ∥q⋆2∥∞ ≤ BQ2, ∥dP2
π⋆
2 ,ρ2

/ρ2∥∞ ≤ κ2, and π⋆2(a | s) ≥ ϵ⋆π2 for all (s, a).

The lower bound on π⋆2 is the support condition needed to translate value error into policy error.

Theorem 6.4 (Policy regret from transferred-value error). Under Assumption 6.3, for any estimate
q̂2 and induced policy π̂2,

J2(π
⋆
2)− J2(π̂2) ≤ Cπ∥q̂2 − q⋆2∥ρ2 , Cπ :=

BQ2

√
|A|κ2

(1− γ2)τ2
√
ϵ⋆π2

. (21)

Consequently, with probability at least 1 − δ, J2(π⋆2) − J2(π̂
mod
2 ) ≤ Cπ

√
Bmod(δ) and J2(π

⋆
2) −

J2(π̂
coup
2 ) ≤ Cπ

√
Bcoup(δ).

The square root appears because Theorem 6.2 controls squared value error; longer horizons, lower
temperature, weaker coverage, and smaller optimal action probabilities all increase Cπ.

7 Experimental Investigation
We evaluate the predicted first-order robustness of coupled minimax transfer in the Gumbel-Max
sepsis SCM simulator of Oberst and Sontag (2019), a synthetic sequential-treatment benchmark
with four clinical variables and three binary treatment decisions. We tabularize the simulator into
128 states and 8 actions, take P1 from the original dynamics, and form P2 by perturbing clinical
transition mechanisms while preserving support; source and target differ in dynamics, discounting,
and soft-control temperature.

We compare Modular, which estimates q̂mod
1 , forms (I −Πµ)q̂

mod
1 + g +C, and then solves target

control; Coupled, which jointly optimizes the source and target residuals; and Coupled-Offset, which
starts from the Modular solution and learns a joint offset correction. All methods use the same
datasets, architecture, initialization, learning rates, and evaluation protocol. Each configuration
averages 10 dataset draws and 10 optimization seeds; each episode has 20 steps. The target dataset
D2 is fixed at 25,000 episodes, while the source dataset D1 is varied as a fraction of a 12,500-episode
reference size; thus D1 fraction 0.2 corresponds to 2,500 source episodes. This mimics settings where
expert demonstrations are scarcer than ordinary target data. We use the no-treatment action as
the source anchor and the uniform policy as π2,ref , and report target regret, target q2 and V2 errors,
source reward error, and source q1 error.
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Figure 1: Source-size experiment for τ2 = 0.05: absolute metrics over D1 fractions 0.2–1.0 (top)
and percent improvement over Modular (bottom); larger is better.

Table 1: Performance across temperatures τ2 at D1 fraction 0.2 (standard deviations below in gray).

Method
Regret ∥q̂2 − q⋆2∥2ρ2

∥V̂2 − V ⋆
2 ∥2unif ∥r̂ − r⋆∥2ρ1

∥q̂1 − q⋆1∥2ρ1

τ2 .05 .2 .4 .05 .2 .4 .05 .2 .4 .05 .2 .4 .05 .2 .4

Modular .171

±.00118

.0595

±.00208

.0554

±.000723

5.413

±1.879

4.060

±1.503

1.601

±.644

83.38

±20.61

72.77

±21.76

22.60

±9.057

5.632

±2.206

5.632

±2.206

5.632

±2.206

1.105

±.415

1.105

±.415

1.105

±.415

Coupled-Offset .168

±.000691

.0571

±.000566

.0547

±.000494

3.262

±.909

.934

±.210

.604

±.125

6.415

±4.526

5.008

±2.909

2.677

±1.215

18.62

±7.543

17.31

±7.368

17.42

±7.251

.0832

±.00149

.0866

±.00232

.0847

±.00178

Coupled .168

±.000615

.0570

±.000484

.0546

±.000487

3.173

±.834

1.015

±.226

.594

±.109

6.739

±3.835

6.327

±3.002

2.872

±1.218

4.756

±1.894

4.771

±1.910

4.800

±1.916

.0827

±.000886

.0857

±.00169

.0842

±.00126

Figure 1 shows the main source-size experiment. At τ2 = 0.05, the coupled methods improve
most when source data are scarce, exactly where the empirical source residual is most variable. This
matches Theorem 5.2: modular transfer passes this residual directly into the target reward, while
coupled transfer removes that first-order channel. With D1 fraction 0.2, Coupled reduces weighted
target q2 MSE from 5.413 to 3.173 and unweighted V2 MSE from 83.38 to 6.739; Coupled-Offset
gives similar target-side gains. The effect persists across target temperatures (Table 1): at τ2 = 0.2,
Coupled reduces unweighted V2 MSE from 72.77 to 6.327. Regret improvements are smaller, as
expected for a downstream policy metric, but remain consistent and are most pronounced at lower
temperature, matching the 1/τ2 dependence in Theorem 6.4.

The large V2 gains come from reducing error on actions selected by the learned policy. Decom-
posing V2(s) = (π2q2)(s), the selected-action q2 MSE at τ2 = 0.05 and D1 fraction 0.2 is 82.74 for
Modular, versus 6.72 for Coupled and 6.38 for Coupled-Offset; the policy-mismatch term is only
about 0.016 for all methods. Thus Modular makes larger errors exactly where the learned target
policy places mass (see Appendix J.10 for the detailed error decomposition).

Reward diagnostics add one caution: anchor-action recovery uses q1-error contrasts with the
no-treatment action, so baseline error affects every recovered reward. At τ2 = 0.05 and D1 fraction
0.2, Coupled-Offset and Coupled have similar weighted q1 MSEs but very different no-treatment q1
MSEs (489.2 versus 121.8), explaining the reward MSE gap (18.62 versus 4.76). Full plots, tables,
simulator details, and training settings are in Appendix J.
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8 Related Work
IRL, DDC, and reward ambiguity. Classical IRL recovers rewards under which observed
behavior is optimal (Ng and Russell, 2000; Abbeel and Ng, 2004), with maximum-entropy variants
using soft Bellman equations and softmax policies (Ziebart et al., 2008; Ziebart, 2010) and sample-
based deep variants (Finn et al., 2016). Rewards are generally unidentified without normalization,
due to shaping and related invariances (Ng et al., 1999; Cao et al., 2021; Rolland et al., 2022; Skalse
et al., 2023; Schlaginhaufen and Kamgarpour, 2024). Dynamic discrete choice models use the same
logit-choice Bellman structure to recover payoffs (Rust, 1987; Hotz and Miller, 1993; Aguirregabiria
and Mira, 2010; Bajari et al., 2010); anchor restrictions in DDC and IRL select a representative
(Rust, 1987; Hotz and Miller, 1993; Geng et al., 2020; van der Laan et al., 2025). We take this
normalization step seriously: the paper is not about resolving all reward ambiguities, but about
what happens statistically after a representative has been chosen and transferred.

Reward transfer and imitation. Adversarial imitation methods such as GAIL and AIRL learn
reward-like objects from demonstrations (Ho and Ermon, 2016; Fu et al., 2018); AIRL motivates
reward transfer under dynamics changes rather than direct policy imitation. This paper addresses
a different part of the pipeline: conditional on a chosen source IRL signal, we analyze how source
estimation error propagates through an offline target-control problem. Recent work studies when
recovered rewards generalize or transfer across experts and environments (Rolland et al., 2022;
Schlaginhaufen and Kamgarpour, 2024); here we analyze how source IRL estimation error propagates
into offline target control and how coupling removes one first-order channel.

Soft control and offline value estimation. The target problem is KL-regularized soft control
(Kappen, 2005; Todorov, 2009; Levine, 2018; Haarnoja et al., 2017, 2018; Geist et al., 2019). These
literatures give the soft Bellman equations and softmax policies used for target control. Our
contribution is not a new soft-control algorithm, but an analysis of the extra statistical channel
created when the target reward is estimated from a separate source IRL stage. Our estimators
use minimax Bellman residual ideas from offline value estimation (Ernst et al., 2005; Munos and
Szepesvári, 2008; Uehara et al., 2020; Xie and Jiang, 2021; Uehara et al., 2023), but the target
residual is coupled to a source residual through the learned reward map.

Two-stage estimation and orthogonality. The modular-coupled contrast is connected to
two-stage estimation, profiling, and orthogonalization (Murphy and Topel, 1985; Newey, 1994;
Chernozhukov et al., 2018; Foster and Syrgkanis, 2023); profile-likelihood theory studies the target-
score geometry after optimizing over nuisances (Severini and Wong, 1992; Murphy and van der Vaart,
1997, 1999, 2000). In double machine learning, orthogonal scores are typically designed to reduce
sensitivity to nuisance error. Here the orthogonalized target equation is induced by Schur-complement
elimination of the source block in the coupled Bellman KKT system.

9 Conclusion
We studied offline reward transfer from a source environment with expert demonstrations to a
target environment with only off-policy data. The difficulty is that target control uses a reward
recovered from the source, so source-stage error enters the target Bellman equation. A modular
plug-in estimator first learns the reward and then solves the target problem; any source Bellman
residual left by the first stage can therefore affect target value at first order.

The coupled estimator instead solves source recovery and target value estimation as one single
problem. It has the same population target, but its KKT equations profile out the source block and
yield a Schur-complement target equation that removes the direct first-order effect of source residual
error. The remaining terms come from estimating the source and target Bellman operators and from
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coverage and finite-sample complexity. The sepsis experiments show the predicted gains when source
data are scarce. These results give a concrete statistical reason to couple IRL and target control,
and point to richer function classes and scalable solvers.
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A Reward normalization examples
The reward normalizations introduced in Section 2.1 are standard in economics and are often
substantively meaningful (Hotz and Miller, 1993; Bajari et al., 2010; Geng et al., 2020; van der
Laan et al., 2025). In our notation, a normalization fixes an anchor policy µ and anchor function
g : S → R through

(µr)(s) =
∑
a∈A

µ(a | s)r(s, a) = g(s), s ∈ S.

The fixed anchor-action normalization is the special case µ(a | s) = 1{a = a†}, for which (µr)(s) =
r(s, a†) = g(s) (Geng et al., 2020). When g ≡ 0, this reduces to the classical zero-reward normalization
r(s, a†) = 0 used in Rust’s engine-replacement model (Rust, 1987). More generally, taking µ(a |
s) = 1{a = a†(s)} allows state-specific anchors, where the reference action may vary with the state.
DDC models often use such anchors to normalize the payoff of a no-action, status-quo, or outside
option to be zero or otherwise known (Rust, 1987; Hotz and Miller, 1993; Aguirregabiria and Mira,
2010; Geng et al., 2020). If µ(a | s) = 1/|A|, then (µr)(s) is the statewise average reward and, when
g ≡ 0, the normalization becomes a sum-to-zero normalization (Kallus and Udell, 2016).

The same notation also permits data-driven choices of (µ, g). For example, a statewise value
normalization is a special case. If V µ

r is the value function of policy µ under reward r, then imposing
V µ
r = h is equivalent, by the Bellman equation

V µ
r = µr + γµPV µ

r ,

to the anchor normalization (µr)(s) = g(s) with g := h− γµPh. In medical decision problems, one
may instead normalize rewards relative to standard care using historical outcome data (Kallus et al.,
2018). If an auxiliary dataset records states and realized outcomes (si, yi) from a population with
the same reward function and behavior policy π, then

g(s) = E[y | s] =
∑
a∈A

π(a | s)r(s, a) = (πr)(s).

Taking µ = π therefore yields a natural data-driven normalization.

B Relation to Classical Profiling
Orthogonality induced by profiling is classical in semiparametric likelihood theory (Severini and
Wong, 1992; Murphy and van der Vaart, 1997, 1999, 2000), and related profiling ideas also appear in
high-dimensional debiased inference for sparse ℓ1-regularized regression (Wang et al., 2025). At a
high level, this orthogonality follows from the first-order optimality of the profiled nuisance fit, or
equivalently from an envelope argument (Milgrom and Segal, 2002). Our setting is different: the
profiled object is not a likelihood nuisance, but the source block in a regularized minimax Bellman
system. Eliminating this block yields a Schur-complement correction for the target Bellman KKT
equation. This correction removes the direct first-order source-residual channel, while leaving the
source-operator and target-empirical errors specific to the Bellman minimax problem.

C Learning the Source Behavior Policy: End-to-End Bounds
The main analysis treats the source behavior policy πb1 as known, so that the source soft-control
signal

u⋆g(s, a) := log
πb1(a | s)
π1,ref(a | s)

− g(s)
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is available. In practice, πb1 may itself be estimated from source demonstrations. We now state the
resulting end-to-end guarantee.

Let
Db = {(sbi , abi)}

nb
i=1

be i.i.d. source demonstrations with

sbi ∼ ρS1 , abi ∼ πb1(· | sbi).

We estimate πb1 over a finite policy class Πb1 by empirical cross-entropy minimization:

π̂b1 ∈ arg min
π∈Πb1

1

nb

nb∑
i=1

− log π(abi | sbi).

Assume realizability, πb1 ∈ Πb1, and assume that all candidate policies are clipped below by ϵ ∈ (0, 1]:

π(a | s) ≥ ϵ, ∀π ∈ Πb1, (s, a).

Then, with high probability, cross-entropy generalization controls the expected conditional KL error

Es∼ρS1
KL(πb1(· | s) ∥ π̂b1(· | s)) ≤ εCE(nb, δ),

where

εCE(nb, δ) := 2 log(1/ϵ)

√
2 log(|Πb1|/δ)

nb
.

Moreover, the clipping condition converts this expected KL control into an L2(ρ1) source-signal error
bound:

∥ log π̂b1 − log πb1∥ρ1 ≤
(
2

ϵ
εCE(nb, δ)

)1/2

.

To separate the transfer estimation error from the behavior-policy estimation error, define

ûg(s, a) := log
π̂b1(a | s)
π1,ref(a | s)

− g(s).

Let (q̃⋆1, q̃
⋆
2) denote the population transfer target obtained by replacing u⋆g with ûg, while keeping

the population transition kernels fixed:

q̃⋆1 = ûg + γ1P
µ
1 q̃

⋆
1,

and
q̃⋆2 = (I −Πµ)q̃

⋆
1 + g + C + γ2P2Ωτ2,π2,ref

(q̃⋆2).

Then
∥q̂2 − q⋆2∥ρ2 ≤ ∥q̂2 − q̃⋆2∥ρ2 + ∥q̃⋆2 − q⋆2∥ρ2 .

The first term is the finite-sample transfer error conditional on the learned behavior model. The
second term is the additional bias caused by estimating πb1.
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Theorem C.1 (End-to-end transfer with learned behavior policy). Fix δ ∈ (0, 1). Assume the
conditions of Theorem 6.2 hold for the plug-in population system defined by

ûg = log(π̂b1/π1,ref)− g.

Assume also ∥∥∥∥∥dP1
µ,ρ1

ρ1

∥∥∥∥∥
∞

≤ κ1,

and the pathwise target concentrability condition

sup
π∈Πpath

∥∥∥∥∥dP2
π,ρ2

ρ2

∥∥∥∥∥
∞

≤ κpath2 .

Finally, assume the cross-measure and action-coverage conditions

χ21 :=

∥∥∥∥ρ2ρ1
∥∥∥∥
∞
<∞, κµ|πb1

:=

∥∥∥∥ µ

πb1

∥∥∥∥
∞
<∞.

Then, with probability at least 1− δ, for either transfer estimator

alg ∈ {mod, coup},

we have

∥q̂alg2 − q⋆2∥ρ2 ≤
√

Balg(δ) +
(1 +

√
κµ|πb1

)

√
κ1κ

path
2 χ21

(1− γ1)(1− γ2)

(
2

ϵ
εCE(nb, δ)

)1/2

. (22)

Here Bmod(δ) and Bcoup(δ) are the global q2-bounds from Theorem 6.2, applied to the plug-in population
system.

In particular, if

κµ|πb1
≤ 1

ϵb1
,

then the second term in Eq. (22) is bounded by

2

√
κ1κ

path
2 χ21

√
ϵb1(1− γ1)(1− γ2)

(
2

ϵ
εCE(nb, δ)

)1/2

.

The first term in Eq. (22) is the statistical error of the reward-transfer estimator conditional on
the learned behavior model. The second term is the cost of learning πb1. It propagates through the
source Bellman equation, the transferred reward map q1 7→ (I −Πµ)q1 + g + C, and the target soft
Bellman equation.

Combining Theorem C.1 with Theorem 6.4 yields the corresponding end-to-end policy regret
bound. Namely, under the assumptions of Theorem 6.4,

J2(π
⋆
2)− J2(π̂

alg
2 ) ≤ Cπ

√Balg(δ) +
(1 +

√
κµ|πb1

)

√
κ1κ

path
2 χ21

(1− γ1)(1− γ2)

(
2

ϵ
εCE(nb, δ)

)1/2
 .
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D Learning the Source Behavior Policy as an Additional Nuisance
The preceding analysis treats the source behavior policy πb1 as known. If πb1 is estimated from
demonstrations and then plugged into the source signal u⋆g, an additional first-order error enters
through

log π̂b1(a | s)− log πb1(a | s).

The profiled coupled residual in Section 4 removes the first-order propagation of the source Bellman
residual b1(q1), but it does not by itself remove this policy-estimation error. We now explain how to
extend the same profiling idea to include πb1 as an additional nuisance component.

Let π be a candidate source behavior policy and define

uπ(s, a) := log
π(a | s)

π1,ref(a | s)
− g(s).

The source residual becomes
b1(q1, π) := uπ + γ1P

µ
1 q1 − q1,

while the target residual remains

b2(q1, q2) := (I −Πµ)q1 + g + C + γ2P2Ω(q2)− q2.

Let Sπ(π) denote the population estimating equation for the behavior policy, normalized so that

Sπ(πb1) = 0.

For example, for behavior cloning under cross-entropy loss, Sπ(π) is the population score equation
associated with maximum likelihood estimation of πb1.

Assume Sπ is differentiable at πb1, and let

Jπ := DπSπ(πb1).

Also define the derivative of the source soft-control signal

Uπ[∆π](s, a) := Dπuπ
∣∣
π=πb1

[∆π](s, a).

In the nonparametric normalization Sπ(π) = π − πb1, we have

Jπ = I, Uπ[∆π](s, a) =
∆π(a | s)
πb1(a | s)

.

Including π as part of the nuisance block gives the augmented nuisance system

Sπ(π) = 0, b1(q1, π) = 0.

The corresponding Schur-complement correction yields the augmented profiled target residual

b̃π2,coup(q1, q2, π) = b2(q1, q2)+(I−Πµ)(I−γ1Pµ
1 )

−1b1(q1, π)−(I−Πµ)(I−γ1Pµ
1 )

−1UπJ −1
π Sπ(π). (23)

The first correction term is the same source-residual profiling correction as in Eq. (15). The second
correction term is new: it removes the first-order effect of estimating πb1.

Indeed, at the population truth (q⋆1, q
⋆
2, πb1),

Dq1 b̃
π
2,coup(q

⋆
1, q

⋆
2, πb1) = 0, Dπ b̃

π
2,coup(q

⋆
1, q

⋆
2, πb1) = 0.
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Thus the augmented profiled target equation is locally insensitive, to first order, to both the source
value nuisance q1 and the learned behavior-policy nuisance π.

In the nonparametric normalization Sπ(π) = π−πb1, the correction can be written more explicitly
as

b̃π2,coup(q1, q2, π) = b2(q1, q2) + (I −Πµ)(I − γ1P
µ
1 )

−1b1(q1, π)− (I −Πµ)(I − γ1P
µ
1 )

−1

[
π − πb1
πb1

]
,

where the ratio is pointwise in (s, a). Equivalently, using b1(q1, π) = log π − g + γ1P
µ
1 q1 − q1, the

q1-terms cancel and the residual depends on π through the locally centered signal

log π − g − π − πb1
πb1

.

This is the analogue of the orthogonalized residual in Section 4, now enlarged to account for
behavior-policy learning.

E Proofs for Section 3
E.1 Proof of Theorem 3.1
Proof. The first claim follows from the contraction mapping theorem. Indeed,

T1q := u⋆g + γ1P
µ
1 q

is a γ1-contraction in the sup norm, since Pµ
1 is a Markov operator and γ1 < 1. Therefore T1 has a

unique fixed point q⋆1.
For the second claim, fix q⋆1 and define

T2q := (I −Πµ)q
⋆
1 + g + C + γ2P2Ω(q).

The log-sum-exp operator Ωτ2,π2,ref
is nonexpansive in the sup norm:

∥Ω(q)− Ω(q′)∥∞ ≤ ∥q − q′∥∞.

Since P2 is Markov, T2 is a γ2-contraction in the sup norm. Hence it has a unique fixed point q⋆2.
We now prove tightness of the relaxed inequality formulation. Write

r⋆C := (I −Πµ)q
⋆
1 + g + C, T2q := r⋆C + γ2P2Ω(q).

Since r⋆C ≥ 0, P2 is positive, and

Ω(0)(s) = τ2 log
∑
a∈A

π2,ref(a | s) = 0,

we have
T20 = r⋆C ≥ 0.

Moreover, T2 is monotone. Starting value iteration from q(0) = 0,

q(k+1) = T2q(k),

therefore gives a nonnegative sequence converging to q⋆2. Hence

q⋆2 ≥ 0.
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Let q2 be feasible for the relaxed constraint. Then

b2(q
⋆
1, q2) = T2q2 − q2 ≤ 0,

or equivalently q2 ≥ T2q2. Thus q2 is a supersolution of the monotone contraction T2, and

q2 ≥ T2q2 ≥ T 2
2 q2 ≥ · · · .

Because T k
2 q2 → q⋆2, we obtain

q2 ≥ q⋆2 ≥ 0.

Therefore every relaxed feasible q2 dominates q⋆2 pointwise, and

∥q2∥ρ2 ≥ ∥q⋆2∥ρ2 .

Since q⋆2 is itself feasible, it is a minimum-ρ2-norm feasible solution. If a feasible minimum-norm
solution q2 had strict slack on a set of positive ρ2-measure, then it would strictly dominate the
smallest feasible supersolution q⋆2 on a set of positive ρ2-measure, and hence could not have the same
ρ2-norm. Thus every minimum-norm feasible solution satisfies

b2(q
⋆
1, q2) = 0 ρ2-a.s.

The final claim follows by combining tightness with uniqueness of the source and target fixed
points.

E.2 Proof of Proposition 3.2
Proof. In the modular source minimax problem, dual maximization is finite only if b1(q1) = 0. By
Theorem 3.1, this equation has the unique solution q⋆1. Hence the finite primal optimizer of the
source module must be q⋆1.

Given q⋆1, the modular target minimax problem is finite only if b2(q⋆1, q2) = 0. Again by
Theorem 3.1, this equation has the unique solution q⋆2 . Hence the modular population procedure has
primal solution (q⋆1, q

⋆
2).

Similarly, in the coupled minimax problem, dual maximization is finite only if both

b1(q1) = 0, b2(q1, q2) = 0

hold. The coupled transfer system has the unique solution (q⋆1, q
⋆
2). Therefore the coupled population

minimax problem has the same primal solution. The value of β changes the relative weighting of
the source primal regularization term, but it does not change the population primal solution under
exact residual satisfaction.

E.3 Proof of Theorem 3.3
Proof. Primal feasibility is exactly the population coupled transfer system, and hence holds by
definition of (q⋆1, q⋆2). The adjoint identities Eq. (11)–Eq. (10) are the weak forms of the stationarity
equations in Eq. (12); equivalently, they imply

Dq1Lβ
coup(q

⋆
1, q

⋆
2, l

⋆
1, l

⋆
2) = 0, Dq2Lβ

coup(q
⋆
1, q

⋆
2, l

⋆
1, l

⋆
2) = 0.

We prove the quadratic growth inequality. Let

∆1 := q1 − q⋆1, ∆2 := q2 − q⋆2.
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Using
b1(q1)− b1(q

⋆
1) = −(I − γ1P

µ
1 )∆1

and
b2(q1, q2)− b2(q

⋆
1, q

⋆
2) = (I −Πµ)∆1 + γ2P2{Ω(q2)− Ω(q⋆2)} −∆2,

we expand

Lβ
coup(q1, q2, l

⋆
1, l

⋆
2)− Lβ

coup(q
⋆
1, q

⋆
2, l

⋆
1, l

⋆
2)

=
β

2
∥∆1∥2ρ1 +

[
β⟨q⋆1,∆1⟩ρ1 − ⟨l⋆1, (I − γ1P

µ
1 )∆1⟩ρ1 + ⟨l⋆2, (I −Πµ)∆1⟩ρ2

]
+

1

2
∥∆2∥2ρ2 +

[
⟨q⋆2,∆2⟩ρ2 − ⟨l⋆2,∆2⟩ρ2 + γ2⟨l⋆2, P2{Ω(q2)− Ω(q⋆2)}⟩ρ2

]
.

The bracketed source term is zero by Eq. (11) with h = ∆1. For the target term, convexity of Ω gives

Ω(q2)− Ω(q⋆2) ≥ DΩ(q⋆2)[∆2].

Since P2 is positive and l⋆2 ≥ 0, the bracketed target term is at least

⟨q⋆2,∆2⟩ρ2 −
〈
l⋆2, (I − γ2P

π⋆
2

2 )∆2

〉
ρ2
,

which is zero by Eq. (10) with h = ∆2. Therefore

Lβ
coup(q1, q2, l

⋆
1, l

⋆
2)− Lβ

coup(q
⋆
1, q

⋆
2, l

⋆
1, l

⋆
2) ≥

β

2
∥∆1∥2ρ1 +

1

2
∥∆2∥2ρ2 .

The saddle property follows because primal feasibility makes Lβ
coup(q⋆1, q

⋆
2, l1, l2) independent of

(l1, l2), while the inequality above shows that (q⋆1, q
⋆
2) minimizes Lβ

coup(·, ·, l⋆1, l⋆2). Hence

Lβ
coup(q

⋆
1, q

⋆
2, l1, l2) ≤ Lβ

coup(q
⋆
1, q

⋆
2, l

⋆
1, l

⋆
2) ≤ Lβ

coup(q1, q2, l
⋆
1, l

⋆
2),

which proves the saddle property.

E.4 Proof of dual representations in Proposition 3.5
Proof. The target stationarity identity Eq. (10) gives

ρ2 ⊙ l⋆2 =
(
I − γ2(P

π⋆
2

2 )⊤
)−1

(ρ2 ⊙ q⋆2).

The modular source identity〈
l⋆1,mod, (I − γ1P

µ
1 )h

〉
ρ1

= ⟨q⋆1, h⟩ρ1 , ∀h,

gives the representation for l⋆1,mod. Finally, the coupled source identity Eq. (11) gives

ρ1 ⊙ l⋆1,coup =
(
I − γ1(P

µ
1 )

⊤)−1
(
βρ1 ⊙ q⋆1 + (I −Πµ)

⊤(ρ2 ⊙ l⋆2)
)
.

Dividing by the corresponding sampling measures gives the displayed formulas, and the self/cross
decomposition follows by linearity.
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E.5 Proof of dual boundedness in Proposition 3.5
Proof. By definition, (

I − γ2(P
π⋆
2

2 )⊤
)−1

ρ2 =
1

1− γ2
dP2
π⋆
2 ,ρ2

.

Since the resolvent is positive and ρ2 ⊙ |q⋆2| ≤ BQ2ρ2,∣∣∣(I − γ2(P
π⋆
2

2 )⊤
)−1

(ρ2 ⊙ q⋆2)
∣∣∣ ≤ BQ2

1− γ2
dP2
π⋆
2 ,ρ2

.

Dividing by ρ2 and applying the target coverage assumption gives

∥l⋆2∥∞ ≤ BL2.

Similarly, (
I − γ1(P

µ
1 )

⊤)−1
ρ1 =

1

1− γ1
dP1
µ,ρ1 .

Since ρ1 ⊙ |q⋆1| ≤ BQ1ρ1, positivity and source coverage yield

∥l⋆1,mod∥∞ ≤ Bself
L1 .

It remains to control l⋆1,cross. Let

m2 :=
(
I − γ2(P

π⋆
2

2 )⊤
)−1

(ρ2 ⊙ q⋆2).

The preceding target bound gives

|m2| ≤
BQ2

1− γ2
dP2
π⋆
2 ,ρ2

.

Since I − (Πµ)
⊤ is not positive,∣∣∣(I −Πµ)

⊤m2

∣∣∣ ≤ |m2|+ (Πµ)
⊤|m2|.

Thus ∣∣∣(I −Πµ)
⊤m2

∣∣∣ ≤ BQ2

1− γ2

(
dP2
π⋆
2 ,ρ2

+ (Πµ)
⊤dP2

π⋆
2 ,ρ2

)
.

The cross-measure coverage assumption gives

dP2
π⋆
2 ,ρ2

≤ κ12ρ1.

For any nonnegative measure m,

((Πµ)
⊤m)(s, a) = µ(a | s)

∑
a′

m(s, a′).

Therefore, (
(Πµ)

⊤dP2
π⋆
2 ,ρ2

)
(s, a) = µ(a | s)dP2,S

π⋆
2 ,ρ2

(s)

≤ κµ|πb1
κS12ρ1(s, a).

Hence
dP2
π⋆
2 ,ρ2

+ (Πµ)
⊤dP2

π⋆
2 ,ρ2

≤
(
κ12 + κµ|πb1

κS12
)
ρ1.
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It follows that ∣∣∣(I −Πµ)
⊤m2

∣∣∣ ≤ BQ2

1− γ2

(
κ12 + κµ|πb1

κS12
)
ρ1.

Applying the positive source resolvent and using source coverage gives

∥l⋆1,cross∥∞ ≤
κ1
(
κ12 + κµ|πb1

κS12
)

(1− γ1)(1− γ2)
BQ2 = BL12.

The self component contributes βBself
L1 , so

∥l⋆1,coup∥∞ ≤ βBself
L1 +BL12.

E.6 Proof of Corollary 3.6
Proof. We expand the coupled Lagrangian around (q⋆1, q

⋆
2), keeping the dual variables fixed. Since

b1(q1) = u⋆g − (I − γ1P
µ
1 )q1,

and
b2(q1, q2) = (I −Πµ)q1 + g + C + γ2P2Ω(q2)− q2,

we have
b1(q

⋆
1 +∆1)− b1(q

⋆
1) = −(I − γ1P

µ
1 )∆1,

and

b2(q
⋆
1 +∆1, q

⋆
2 +∆2)− b2(q

⋆
1, q

⋆
2) = (I −Πµ)∆1 + γ2P2

(
Ω(q⋆2 +∆2)− Ω(q⋆2)

)
−∆2.

Using the polarization identity for the quadratic terms and Taylor expanding Ω around q⋆2, for
arbitrary fixed source dual l1 and target dual l⋆2,

Lβ
coup(q

⋆
1 +∆1, q

⋆
2 +∆2, l1, l

⋆
2)− Lβ

coup(q
⋆
1, q

⋆
2, l1, l

⋆
2)

=
[
β⟨q⋆1,∆1⟩ρ1 − ⟨l1, (I − γ1P

µ
1 )∆1⟩ρ1 + ⟨l⋆2, (I −Πµ)∆1⟩ρ2

]
+
[
⟨q⋆2,∆2⟩ρ2 − ⟨l⋆2,∆2⟩ρ2 + γ2⟨l⋆2, P2DΩ(q⋆2)[∆2]⟩ρ2

]
+
β

2
∥∆1∥2ρ1 +

1

2
∥∆2∥2ρ2 +RΩ(∆2).

The target-direction first-order term vanishes by Eq. (10). For coupled transfer, the source-direction
first-order term vanishes by Eq. (11). This proves the coupled expansion.

For modular transfer, l⋆1,mod satisfies only the source-stage adjoint equation〈
l⋆1,mod, (I − γ1P

µ
1 )h

〉
ρ1

= β⟨q⋆1, h⟩ρ1 , ∀h.

Thus the first two source terms cancel, but the target coupling term remains:

⟨l⋆2, (I −Πµ)∆1⟩ρ2 .

This gives the modular expansion.
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F Proofs for Section 4
This appendix gives the formal justification for the profiling argument used in Section 4. In the
main text we introduced the Schur-complement equation

Ψcoup(θ, η) = ST (θ, η)−DηST (θ
⋆, η⋆)

[
DηSN (θ⋆, η⋆)

]−1
SN (θ, η),

and interpreted it as the target KKT equation after eliminating the source block. We first establish
local solvability of the source block, then show that Ψcoup is an off-profile extension of the exact
reduced target equation with zero first-order nuisance derivative.

Recall the block notation
η = (q1, l1), θ = (q2, l2),

and the population KKT system

SN (θ, η) = 0, ST (θ, η) = 0.

F.1 Invertibility of the source KKT block
Lemma F.1 (Invertibility of the nuisance Jacobian). Assume γ1 < 1 and ∥Pµ

1 ∥ ≤ 1. Then I − γ1Pµ
1

is invertible. Moreover,

DηSN (θ⋆, η⋆) =

(
βI −(I − γ1P

µ
1 )

⊤

−(I − γ1P
µ
1 ) 0

)
,

and this block operator is invertible.

Proof. Since ∥Pµ
1 ∥ ≤ 1 and γ1 < 1,

∥γ1Pµ
1 ∥ ≤ γ1 < 1.

Hence

(I − γ1P
µ
1 )

−1 =
∞∑
t=0

(γ1P
µ
1 )

t

is well-defined.
Let

A1 := I − γ1P
µ
1 .

Since
b1(q1) = u⋆g −A1q1,

and
Dq1Lβ

coup = βq1 −A⊤
1 l1 + (I −Πµ)

⊤l2,

we have

DηSN (θ⋆, η⋆) =

(
βI −A⊤

1

−A1 0

)
.

To prove invertibility, consider (
βI −A⊤

1

−A1 0

)(
u
v

)
=

(
r1
r2

)
.

The second block equation gives
u = −A−1

1 r2.

Substituting this into the first block equation gives

v = −(A⊤
1 )

−1r1 − (A⊤
1 )

−1βA−1
1 r2.

Thus (u, v) is uniquely determined for every (r1, r2). Therefore DηSN (θ⋆, η⋆) is invertible.
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F.2 Proof of Theorem 4.1
Proof. The invertibility of I − γ1P

µ
1 and DηSN (θ⋆, η⋆) follows from Lemma F.1. It remains to

identify the Schur-complement equation and verify the orthogonality identity.
Let

∆θ := θ − θ⋆, ∆η := η − η⋆.

Since
SN (θ⋆, η⋆) = 0, ST (θ

⋆, η⋆) = 0,

the first-order expansion of the source block is

SN (θ, η) = DθSN ∆θ +DηSN ∆η + o(∥∆θ∥+ ∥∆η∥),

where all derivatives are evaluated at (θ⋆, η⋆). Solving this linearized equation for ∆η gives

∆η = (DηSN )−1SN (θ, η)− (DηSN )−1DθSN ∆θ + o(∥∆θ∥+ ∥∆η∥).

The target block expansion is

ST (θ, η) = DθST ∆θ +DηST ∆η + o(∥∆θ∥+ ∥∆η∥).

Substituting the previous display yields

ST (θ, η)−DηST (DηSN )−1SN (θ, η)

=
[
DθST −DηST (DηSN )−1DθSN

]
∆θ + o(∥∆θ∥+ ∥∆η∥).

Therefore
Ψcoup(θ, η) = ST (θ, η)−DηST (θ

⋆, η⋆)
[
DηSN (θ⋆, η⋆)

]−1
SN (θ, η)

is precisely the Schur-complement target equation obtained by linearized elimination of the source
block.

Finally, because the correction operators in Ψcoup are fixed at the truth,

DηΨcoup(θ
⋆, η⋆) = DηST (θ

⋆, η⋆)−DηST (θ
⋆, η⋆)

[
DηSN (θ⋆, η⋆)

]−1
DηSN (θ⋆, η⋆)

= 0.

This proves the theorem.

F.3 Local profile map and exact reduced target equation
The previous theorem uses a linearized source-block elimination. We next record the exact local
profile map that justifies viewing this calculation as a local Schur-complement reduction of the KKT
system.

Proposition F.2 (Local profile map for the source block). Assume SN is continuously Fréchet
differentiable in a neighborhood of (θ⋆, η⋆), and assume the conditions of Lemma F.1. Then there
exist a neighborhood U of θ⋆ and a unique C1 map

η(θ)

such that
SN (θ, η(θ)) = 0, η(θ⋆) = η⋆, ∀θ ∈ U .
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Proof. This is the Banach-space implicit function theorem applied to SN (θ, η) = 0. The equation
holds at (θ⋆, η⋆), and DηSN (θ⋆, η⋆) is invertible by Lemma F.1. Hence the required C1 local profile
map exists and is unique.

Define the exact reduced target equation by

S̃coup(θ) := ST (θ, η(θ)).

This is the exact local target equation obtained by solving the source KKT block and substituting
the solution into the target KKT block.

Lemma F.3 (Agreement on the profile manifold). For every θ ∈ U ,

Ψcoup(θ, η(θ)) = S̃coup(θ).

Proof. By the definition of the profile map,

SN (θ, η(θ)) = 0.

Therefore, when Ψcoup is evaluated at (θ, η(θ)), the correction term vanishes:

Ψcoup(θ, η(θ)) = ST (θ, η(θ)).

By definition,
ST (θ, η(θ)) = S̃coup(θ).

Although the correction term vanishes on the profile manifold, it is not irrelevant. Its role is
to define an off-manifold extension of the target equation whose first-order sensitivity to nuisance
perturbations vanishes at the truth.

Proposition F.4 (Derivative of the reduced target equation). The derivative of the reduced target
equation at the truth satisfies

DS̃coup(θ
⋆) = DθΨcoup(θ

⋆, η⋆).

Equivalently,

DS̃coup(θ
⋆) = DθST (θ

⋆, η⋆)−DηST (θ
⋆, η⋆)

[
DηSN (θ⋆, η⋆)

]−1
DθSN (θ⋆, η⋆).

Proof. Differentiate the profile identity

SN (θ, η(θ)) = 0

at θ⋆. This gives
DθSN +DηSN Dη(θ⋆) = 0,

and hence
Dη(θ⋆) = −(DηSN )−1DθSN ,

where all derivatives are evaluated at (θ⋆, η⋆). Differentiating

S̃coup(θ) = ST (θ, η(θ))
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at θ⋆ yields
DS̃coup(θ

⋆) = DθST +DηST Dη(θ
⋆).

Substituting the expression for Dη(θ⋆) gives

DS̃coup(θ
⋆) = DθST −DηST (DηSN )−1DθSN .

On the other hand, differentiating the definition of Ψcoup with respect to θ gives the same expression:

DθΨcoup(θ
⋆, η⋆) = DθST −DηST (DηSN )−1DθSN .

Therefore
DS̃coup(θ

⋆) = DθΨcoup(θ
⋆, η⋆).

F.4 Nuisance orthogonality
For completeness, we restate the nuisance orthogonality in the form used in the main text. By
definition,

Ψcoup(θ, η) = ST (θ, η)−DηST (θ
⋆, η⋆)

[
DηSN (θ⋆, η⋆)

]−1
SN (θ, η).

Because the correction operators are fixed at the truth,

DηΨcoup(θ
⋆, η⋆) = DηST −DηST (DηSN )−1DηSN

= 0,

where all derivatives are evaluated at (θ⋆, η⋆). This identity explains the role of the Schur-complement
correction: the exact profiled equation ST (θ, η(θ)) lives on the profile manifold, whereas Ψcoup is an
off-manifold extension of the same equation whose first-order sensitivity to nuisance perturbations
vanishes at the truth.

F.5 Proof of Corollary 4.2
Proof. The residual component of the target KKT block is b2(q1, q2), and the source residual
component is b1(q1). Since

Dq1b2(q1, q2) = I −Πµ, Dq1b1(q1) = −(I − γ1P
µ
1 ),

the Schur-complement correction to the target residual is

−Dq1b2
[
Dq1b1

]−1
b1 = −(I −Πµ)

[
−(I − γ1P

µ
1 )
]−1

b1.

Therefore
b̃2,coup(q1, q2) = b2(q1, q2) + (I −Πµ)(I − γ1P

µ
1 )

−1b1(q1),

which proves Eq. (15).
Differentiating with respect to q1,

Dq1 b̃2,coup = (I −Πµ) + (I −Πµ)(I − γ1P
µ
1 )

−1
[
−(I − γ1P

µ
1 )
]

= 0.

In particular,
Dq1 b̃2,coup(q

⋆
1, q

⋆
2) = 0.
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G Proofs for Section 5
This appendix proves the first-order decompositions in Section 5. The main point is to separate two
source uncertainty channels:

operator estimation error through P̂µ
1 − Pµ

1 , residual error through b̂1(q̂1).

The modular target equation contains both channels at first order. The coupled profiled equation
cancels the residual channel, but still contains the source operator channel.

G.1 Regularity conditions
We use the following local conditions.

Assumption G.1 (Local regularity for first-order expansions). The following hold in a neighborhood
of (q⋆1, q⋆2).
1. The operators

I − γ1P̂
µ
1 , I − γ1P

µ
1 , I − γ2P

π⋆
2

2

are invertible with probability tending to one.
2. The soft value operator Ωτ2,π2,ref

is twice Fréchet differentiable around q⋆2. In particular,

Ωτ2,π2,ref
(q⋆2 +∆2)− Ωτ2,π2,ref

(q⋆2) = DΩτ2,π2,ref
(q⋆2)[∆2] +RΩ(∆2),

with
RΩ(∆2) = O(∥∆2∥2).

3. The local empirical-process increments generated by evaluating empirical transition operators at
estimated functions rather than at the truth are negligible at the first-order scale. Concretely,
the remainders denoted below by Rmod

emp and Rcoup
emp satisfy the required op-bounds relative to the

displayed leading empirical perturbations.
4. The higher-order terms from replacing population profiling operators by empirical profiling

operators are negligible at the first-order scale.

G.2 Source-stage decomposition
Proof of Lemma 5.1. Since q⋆1 solves the population source equation,

u⋆g + γ1P
µ
1 q

⋆
1 − q⋆1 = 0,

we have
u⋆g = (I − γ1P

µ
1 )q

⋆
1.

For any source estimate q̂1,

b̂1(q̂1) = u⋆g + γ1P̂
µ
1 q̂1 − q̂1 = u⋆g − (I − γ1P̂

µ
1 )q̂1.

Thus
(I − γ1P̂

µ
1 )q̂1 = u⋆g − b̂1(q̂1).

Subtract
(I − γ1P̂

µ
1 )q

⋆
1

from both sides. This gives

(I − γ1P̂
µ
1 )(q̂1 − q⋆1) = u⋆g − (I − γ1P̂

µ
1 )q

⋆
1 − b̂1(q̂1).
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Using
u⋆g = (I − γ1P

µ
1 )q

⋆
1,

the first two terms on the right-hand side become

(I − γ1P
µ
1 )q

⋆
1 − (I − γ1P̂

µ
1 )q

⋆
1 = γ1(P̂

µ
1 − Pµ

1 )q
⋆
1.

Therefore
(I − γ1P̂

µ
1 )(q̂1 − q⋆1) = γ1(P̂

µ
1 − Pµ

1 )q
⋆
1 − b̂1(q̂1).

Multiplying by
(I − γ1P̂

µ
1 )

−1

proves
q̂1 − q⋆1 = γ1(I − γ1P̂

µ
1 )

−1(P̂µ
1 − Pµ

1 )q
⋆
1 − (I − γ1P̂

µ
1 )

−1b̂1(q̂1).

G.3 Modular target decomposition

We first prove the modular expansion. The modular target estimator treats q̂mod
1 as fixed and solves

the target equation using the empirical target transition operator.
Define

∆mod
1 := q̂mod

1 − q⋆1, ∆mod
2 := q̂mod

2 − q⋆2.

The empirical target residual in the modular stage is

b̂2(q̂
mod
1 , q2) = (I −Πµ)q̂

mod
1 + g + C + γ2P̂2Ωτ2,π2,ref

(q2)− q2.

Proposition G.2 (Modular first-order decomposition). Under Assumption G.1,

(I − γ2P
π⋆
2

2 )∆mod
2

= γ1(I −Πµ)(I − γ1P̂
µ
1 )

−1(P̂µ
1 − Pµ

1 )q
⋆
1 − (I −Πµ)(I − γ1P̂

µ
1 )

−1b̂1(q̂
mod
1 )

+ γ2(P̂2 − P2)Ωτ2,π2,ref
(q⋆2) + Remmod.

Proof. The population target equation is

b2(q
⋆
1, q

⋆
2) = (I −Πµ)q

⋆
1 + g + C + γ2P2Ωτ2,π2,ref

(q⋆2)− q⋆2 = 0.

The modular estimator solves the empirical target equation up to a local empirical residual. Thus,

0 = b̂2(q̂
mod
1 , q̂mod

2 ) + local target optimality error.

Subtract the population target equation at (q⋆1, q
⋆
2). The leading expansion is

0 = (I −Πµ)(q̂
mod
1 − q⋆1) + γ2(P̂2 − P2)Ωτ2,π2,ref

(q⋆2)

+ γ2P2

[
Ωτ2,π2,ref

(q̂mod
2 )− Ωτ2,π2,ref

(q⋆2)
]
− (q̂mod

2 − q⋆2) +Rmod
emp .

Here Rmod
emp collects local empirical-process increments and any local target optimality error.

By differentiability of the soft value operator,

Ωτ2,π2,ref
(q̂mod

2 )− Ωτ2,π2,ref
(q⋆2) = DΩτ2,π2,ref

(q⋆2)[∆
mod
2 ] +RΩ(∆

mod
2 ).
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Since
P2DΩτ2,π2,ref

(q⋆2)[∆
mod
2 ] = P

π⋆
2

2 ∆mod
2 ,

we obtain
0 = (I −Πµ)∆

mod
1 + γ2(P̂2 − P2)Ωτ2,π2,ref

(q⋆2)

− (I − γ2P
π⋆
2

2 )∆mod
2 +Rmod

emp + γ2P2RΩ(∆
mod
2 ).

Rearranging gives

(I − γ2P
π⋆
2

2 )∆mod
2 = (I −Πµ)∆

mod
1 + γ2(P̂2 − P2)Ωτ2,π2,ref

(q⋆2)

+Rmod
emp + γ2P2RΩ(∆

mod
2 ).

Now apply Lemma 5.1 with
q̂1 = q̂mod

1 .

This yields
(I −Πµ)∆

mod
1 = γ1(I −Πµ)(I − γ1P̂

µ
1 )

−1(P̂µ
1 − Pµ

1 )q
⋆
1

− (I −Πµ)(I − γ1P̂
µ
1 )

−1b̂1(q̂
mod
1 ).

Substituting this display into the target expansion proves the proposition, with

Remmod := Rmod
emp + γ2P2RΩ(∆

mod
2 ).

G.4 Coupled profiled target decomposition
We now prove the coupled expansion. By Corollary 4.2, the residual component of the profiled target
KKT equation is

b̃2,coup(q1, q2) = b2(q1, q2) + (I −Πµ)(I − γ1P
µ
1 )

−1b1(q1).

Equivalently,

b̃2,coup(q1, q2) = (I−Πµ)q1+g+C+γ2P2Ωτ2,π2,ref
(q2)−q2+(I−Πµ)(I−γ1Pµ

1 )
−1{u⋆g+γ1P

µ
1 q1−q1}.

Because
b1(q1) = u⋆g − (I − γ1P

µ
1 )q1,

we have
(I − γ1P

µ
1 )

−1b1(q1) = (I − γ1P
µ
1 )

−1u⋆g − q1.

Thus
b̃2,coup(q1, q2) = g + C + γ2P2Ωτ2,π2,ref

(q2)− q2 + (I −Πµ)(I − γ1P
µ
1 )

−1u⋆g.

In particular, at the population level, the profiled target residual is independent of q1.
The empirical analogue replaces Pµ

1 and P2 by P̂µ
1 and P̂2. At the first-order scale, this gives the

empirical profiled target residual

̂̃
b2,coup(q2) = g + C + γ2P̂2Ωτ2,π2,ref

(q2)− q2 + (I −Πµ)(I − γ1P̂
µ
1 )

−1u⋆g,

up to higher-order profiling terms.
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Proposition G.3 (Coupled first-order decomposition). Under Assumption G.1,

(I − γ2P
π⋆
2

2 )∆coup
2

= γ1(I −Πµ)(I − γ1P̂
µ
1 )

−1(P̂µ
1 − Pµ

1 )q
⋆
1 + γ2(P̂2 − P2)Ωτ2,π2,ref

(q⋆2) + Remcoup.

Proof. The empirical profiled target equation at the coupled estimator gives

0 =
̂̃
b2,coup(q̂

coup
2 ) + local profiled optimality error.

Subtract the population profiled equation at q⋆2:

b̃2,coup(q
⋆
2) = 0.

The truth-level empirical discrepancy iŝ̃
b2,coup(q

⋆
2)− b̃2,coup(q

⋆
2)

= γ2(P̂2 − P2)Ωτ2,π2,ref
(q⋆2) + (I −Πµ)

[
(I − γ1P̂

µ
1 )

−1 − (I − γ1P
µ
1 )

−1
]
u⋆g.

Use the resolvent identity

(I − γ1P̂
µ
1 )

−1 − (I − γ1P
µ
1 )

−1

= (I − γ1P̂
µ
1 )

−1
[
(I − γ1P

µ
1 )− (I − γ1P̂

µ
1 )
]
(I − γ1P

µ
1 )

−1.

Since
(I − γ1P

µ
1 )− (I − γ1P̂

µ
1 ) = γ1(P̂

µ
1 − Pµ

1 ),

and
(I − γ1P

µ
1 )

−1u⋆g = q⋆1,

we obtain
(I −Πµ)

[
(I − γ1P̂

µ
1 )

−1 − (I − γ1P
µ
1 )

−1
]
u⋆g

= γ1(I −Πµ)(I − γ1P̂
µ
1 )

−1(P̂µ
1 − Pµ

1 )q
⋆
1.

Therefore, ̂̃
b2,coup(q

⋆
2)− b̃2,coup(q

⋆
2)

= γ1(I −Πµ)(I − γ1P̂
µ
1 )

−1(P̂µ
1 − Pµ

1 )q
⋆
1 + γ2(P̂2 − P2)Ωτ2,π2,ref

(q⋆2).

Next, expand the population profiled target residual in the q2-direction:

b̃2,coup(q̂
coup
2 )− b̃2,coup(q

⋆
2) = γ2P2

[
Ωτ2,π2,ref

(q̂coup2 )− Ωτ2,π2,ref
(q⋆2)

]
− (q̂coup2 − q⋆2).

By Taylor expansion,

Ωτ2,π2,ref
(q̂coup2 )− Ωτ2,π2,ref

(q⋆2) = DΩτ2,π2,ref
(q⋆2)[∆

coup
2 ] +RΩ(∆

coup
2 ).

Thus
b̃2,coup(q̂

coup
2 )− b̃2,coup(q

⋆
2) = −(I − γ2P

π⋆
2

2 )∆coup
2 + γ2P2RΩ(∆

coup
2 ).

Combining the truth-level empirical discrepancy and the population drift gives

0 = γ1(I −Πµ)(I − γ1P̂
µ
1 )

−1(P̂µ
1 − Pµ

1 )q
⋆
1

+ γ2(P̂2 − P2)Ωτ2,π2,ref
(q⋆2)− (I − γ2P

π⋆
2

2 )∆coup
2 +Rcoup

emp + γ2P2RΩ(∆
coup
2 ),

where Rcoup
emp collects the local empirical-process increment, local profiled optimality error, and

higher-order profiling terms. Rearranging proves the proposition, with

Remcoup := Rcoup
emp + γ2P2RΩ(∆

coup
2 ).
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G.5 Proof of the main first-order propagation theorem
Proof of Theorem 5.2. The modular expansion Eq. (17) is exactly Proposition G.2. The coupled
expansion Eq. (18) is exactly Proposition G.3. This proves the theorem.

G.6 Remainder negligibility
The decompositions above are first-order statements. We now record one standard set of sufficient
conditions under which the remainder terms are negligible at the first-order scale.

Lemma G.4 (Negligibility of local empirical and nonlinear remainders). Assume:
1. q̂1 → q⋆1 and q̂2 → q⋆2 in probability;
2. the target empirical process is locally stochastically equicontinuous near (q⋆1, q

⋆
2), so that its local

increment between the estimator and the truth is

op(n
−1/2
1 + n

−1/2
2 );

3. the profiled empirical process for the coupled estimator is locally stochastically equicontinuous near
the truth, with local increment

op(n
−1/2
1 + n

−1/2
2 );

4. Ωτ2,π2,ref
is twice continuously Fréchet differentiable near q⋆2, and

∥q̂2 − q⋆2∥ = Op(n
−1/2
1 + n

−1/2
2 ).

Then
Remmod = op(n

−1/2
1 + n

−1/2
2 ), Remcoup = op(n

−1/2
1 + n

−1/2
2 ).

Proof. For the modular estimator,

Remmod = Rmod
emp + γ2P2RΩ(∆

mod
2 ).

The local empirical-process assumption gives

Rmod
emp = op(n

−1/2
1 + n

−1/2
2 ).

By second-order differentiability of Ωτ2,π2,ref
,

∥RΩ(∆
mod
2 )∥ = O(∥∆mod

2 ∥2).

Since
∥∆mod

2 ∥ = Op(n
−1/2
1 + n

−1/2
2 ),

we have
RΩ(∆

mod
2 ) = op(n

−1/2
1 + n

−1/2
2 ).

Because P2 is bounded and γ2 < 1,

γ2P2RΩ(∆
mod
2 ) = op(n

−1/2
1 + n

−1/2
2 ).

Thus
Remmod = op(n

−1/2
1 + n

−1/2
2 ).

The coupled case is identical. We have

Remcoup = Rcoup
emp + γ2P2RΩ(∆

coup
2 ),
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where the profiled empirical-process assumption gives

Rcoup
emp = op(n

−1/2
1 + n

−1/2
2 ),

and second-order differentiability gives

γ2P2RΩ(∆
coup
2 ) = op(n

−1/2
1 + n

−1/2
2 ).

Therefore
Remcoup = op(n

−1/2
1 + n

−1/2
2 ).

G.7 Asymptotic implication
The first-order decompositions also give a transparent asymptotic comparison. Suppose the leading
empirical perturbations admit asymptotic linear representations

γ1(I −Πµ)(I − γ1P̂
µ
1 )

−1(P̂µ
1 − Pµ

1 )q
⋆
1 =

1

n1

n1∑
i=1

ψ1,op(W1,i) + op(n
−1/2
1 ),

(I −Πµ)(I − γ1P̂
µ
1 )

−1b̂1(q̂
mod
1 ) =

1

n1

n1∑
i=1

ψ1,res(W1,i) + op(n
−1/2
1 ),

and

γ2(P̂2 − P2)Ωτ2,π2,ref
(q⋆2) =

1

n2

n2∑
j=1

ψ2(W2,j) + op(n
−1/2
2 ).

Let
Σ1,coup := Var(ψ1,op(W1)),

Σ1,mod := Var(ψ1,op(W1)− ψ1,res(W1)),

and
Σ2 := Var(ψ2(W2)).

The minus sign in Σ1,mod matches the modular decomposition Eq. (17). No independence between
ψ1,op and ψ1,res is assumed; the covariance is included in Σ1,mod.

Theorem G.5 (Unconditional first-order asymptotic comparison). Assume the asymptotic linear
representations above, Lemma G.4, and

n2
n1

→ λ ∈ (0,∞).

Then √
n2 (q̂

coup
2 − q⋆2)⇝ N

(
0, (I − γ2P

π⋆
2

2 )−1
(
λΣ1,coup +Σ2

)[
(I − γ2P

π⋆
2

2 )−1
]⊤)

,

whereas
√
n2 (q̂

mod
2 − q⋆2)⇝ N

(
0, (I − γ2P

π⋆
2

2 )−1
(
λΣ1,mod +Σ2

)[
(I − γ2P

π⋆
2

2 )−1
]⊤)

.
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Proof. For the coupled estimator, Theorem 5.2 and Lemma G.4 imply

(I − γ2P
π⋆
2

2 )(q̂coup2 − q⋆2)

=
1

n1

n1∑
i=1

ψ1,op(W1,i) +
1

n2

n2∑
j=1

ψ2(W2,j) + op(n
−1/2
1 + n

−1/2
2 ).

Multiplying by
√
n2 gives

√
n2(I − γ2P

π⋆
2

2 )(q̂coup2 − q⋆2)

=

√
n2
n1

1
√
n1

n1∑
i=1

ψ1,op(W1,i) +
1

√
n2

n2∑
j=1

ψ2(W2,j) + op(1).

Since n2/n1 → λ, the central limit theorem yields
√
n2(I − γ2P

π⋆
2

2 )(q̂coup2 − q⋆2)⇝ N (0, λΣ1,coup +Σ2).

Applying the inverse of I − γ2P
π⋆
2

2 and Slutsky’s theorem gives the coupled limit.
For the modular estimator, the first-order decomposition gives

(I − γ2P
π⋆
2

2 )(q̂mod
2 − q⋆2)

=
1

n1

n1∑
i=1

[
ψ1,op(W1,i)− ψ1,res(W1,i)

]
+

1

n2

n2∑
j=1

ψ2(W2,j) + op(n
−1/2
1 + n

−1/2
2 ).

The same central limit and Slutsky arguments yield the modular limit with Σ1,mod.

The theorem shows that coupled transfer retains the source operator variance component but
removes the first-order source residual component. Modular transfer carries both. This is the
asymptotic counterpart of the deterministic decompositions in Theorem 5.2.

H Proofs for Section 6
This appendix proves the global finite-sample value bounds stated in Theorem 6.2. The proof uses
only empirical minimax optimality and uniform concentration over finite function classes. We treat
the modular and coupled estimators in a common framework, and then specialize the argument to
each estimator.

The modular proof has two steps. First, the source minimax problem controls q̂mod
1 − q⋆1 under ρ1.

Second, this source error is propagated through the target soft Bellman equation and combined with
the target empirical error. The coupled proof is different: it controls the source and target empirical
residuals in one saddle-point comparison, and the β = 0 formulation directly yields a bound for
q̂coup2 − q⋆2.

Throughout this appendix, write
Ω := Ωτ2,π2,ref

.

Let
D1 = {(s1i , a1i , s1′i )}

n1
i=1, D2 = {(s2j , a2j , s2′j )}

n2
j=1,

where (s1i , a
1
i ) ∼ ρ1, s1′i ∼ P1(· | s1i , a1i ), and (s2j , a

2
j ) ∼ ρ2, s2′j ∼ P2(· | s2j , a2j ). The two datasets are

independent.
For empirical averages, write

Ên1f :=
1

n1

n1∑
i=1

f(s1i , a
1
i , s

1′
i ), Ên2f :=

1

n2

n2∑
j=1

f(s2j , a
2
j , s

2′
j ).
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H.1 Shared assumptions and envelopes
We collect the assumptions used by both modular and coupled analyses.

Assumption H.1 (Finite-class realizability and boundedness). The function classes are finite and
satisfy

q⋆1 ∈ Q1, q⋆2 ∈ Q2, l⋆1 ∈ L1, l⋆2 ∈ L2.

Moreover, for all functions in the relevant classes,

∥q1∥∞ ≤ BQ1, ∥q2∥∞ ≤ BQ2, ∥l2∥∞ ≤ BL2.

The source soft-control signal and anchor satisfy

∥u⋆b∥∞ ≤ BU , 0 ≤ g(s) ≤ BG.

The reward shift is chosen so that the shifted transferred reward is nonnegative at the population
target and, for the envelope bounds below, the shift contribution is absorbed into the BQ1-scale.
Consequently, the source and target residual ranges are bounded by

BRes,1 := BU +BG + (γ1 + 1)BQ1,

and
BRes,2 := 4BQ1 +BG + (γ2 + 1)BQ2.

Assumption H.2 (Coverage and dual radii). The source and target coverage assumptions used in
the main text hold. The target dual radius is common to both the modular and coupled analyses.
In particular, the target dual class satisfies

∥l2∥∞ ≤ BL2, BL2 :=
κ2

1− γ2
BQ2.

The source dual radius has two conceptually distinct components. The first is a source self
component, generated by the source quadratic regularization and the source Bellman equation:

Bself
L1 :=

κ1
1− γ1

BQ1.

This is the only source dual contribution needed for the modular source minimax problem. Thus, for
modular transfer, we take

Bmod
L1 := Bself

L1 .

The second component is a cross-environment coupling contribution. This term is present only
in the coupled minimax KKT system, because the target residual depends on the source variable
through the transferred reward map

q1 7→ (I −Πµ)q1 + g + C.

Let BL12 denote a uniform bound on this coupling-induced source dual component. Equivalently,
BL12 controls the source resolvent applied to the target-to-source adjoint term induced by l⋆2 and
(I −Πµ)

⊤, under the cross-environment coverage assumptions.
Therefore, in the coupled formulation with source weight β, the source dual class is chosen with

radius
Bcoup

L1 (β) := βBself
L1 +BL12.

In particular, for the β = 0 coupled formulation used in the main global finite-sample theorem,

Bcoup
L1 (0) = BL12.
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Assumption H.3 (Cross-measure and action coverage for modular propagation). For modular
transfer, assume

χ21 :=

∥∥∥∥ρ2ρ1
∥∥∥∥
∞
<∞,

and
κµ|πb1

:=

∥∥∥∥ µ

πb1

∥∥∥∥
∞

≤ 1

ϵb1
.

Define the finite-class cardinalities

N1 := |Q1||L1|, Nmod
2 := |Q2||L2|, N coup

2 := |Q1||Q2||L2|.

The constants appearing in the global theorem are

Mmod
1 :=

4κ2
ϵb1(1− γ2)2

χ21

(
1

2
B2

Q1 +Bmod
L1 BRes,1

)
,

M coup
1 := BL12BRes,1,

and
M2 :=

1

2
B2

Q2 +BL2BRes,2.

H.2 A shared resolvent stability lemma
We will repeatedly use the following L2(ρ) stability bound for discounted resolvents. It converts a
pathwise concentrability condition into an operator norm bound.

Lemma H.4 (Discounted resolvent stability under concentrability). Let K be a Markov operator on
a measurable space X , let γ ∈ [0, 1), and let ρ be a reference probability measure on X . Define

dKρ := (1− γ)
∞∑
t=0

γt(K⊤)tρ.

If ∥∥∥∥∥dKρρ
∥∥∥∥∥
∞

≤ κ,

then, for every f ∈ L2(ρ), ∥∥(I − γK)−1f
∥∥
ρ
≤

√
κ

1− γ
∥f∥ρ.

Equivalently, ∥∥(I − γK)−1f
∥∥2
ρ
≤ κ

(1− γ)2
∥f∥2ρ.

Proof. By the resolvent expansion,

(I − γK)−1f =

∞∑
t=0

γtKtf =
1

1− γ

∞∑
t=0

wtK
tf, wt := (1− γ)γt,

where wt ≥ 0 and
∑

t≥0wt = 1. Jensen’s inequality gives

(
(I − γK)−1f

)2 ≤ 1

(1− γ)2

∞∑
t=0

wt(K
tf)2.
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Since Kt is Markov, another application of Jensen’s inequality gives

(Ktf)2 ≤ Kt(f2).

Therefore, (
(I − γK)−1f

)2 ≤ 1

(1− γ)2

∞∑
t=0

wtK
t(f2).

Taking expectation under ρ and using

Eρ[K
th] = E(K⊤)tρ[h],

we obtain ∥∥(I − γK)−1f
∥∥2
ρ
≤ 1

(1− γ)2

∞∑
t=0

wtE(K⊤)tρ[f
2]

=
1

(1− γ)2
EdKρ

[f2].

By the concentrability assumption,

EdKρ
[f2] = Eρ

[
dKρ
ρ
f2

]
≤ κ∥f∥2ρ.

Combining the preceding displays proves the squared bound, and taking square roots proves the
norm bound.

When K = P π
2 , this lemma applies with

dKρ2 = (1− γ2)
∞∑
t=0

γt2
(
(P π

2 )
⊤)tρ2 = dP2

π,ρ2 .

H.3 Modular minimax transfer
The modular estimator first solves the source minimax problem

(q̂mod
1 , l̂mod

1 ) ∈ arg min
q1∈Q1

max
l1∈L1

L̂mod
1,n1

(q1, l1),

where
L̂mod
1,n1

(q1, l1) := Ên1Z
mod
1 (q1, l1),

and
Zmod
1 (q1, l1)(s, a, s

′) :=
1

2
q1(s, a)

2 + l1(s, a)
(
u⋆g(s, a) + γ1(µq1)(s

′)− q1(s, a)
)
.

Then it solves the target minimax problem with q̂mod
1 treated as fixed:

(q̂mod
2 , l̂mod

2 ) ∈ arg min
q2∈Q2

max
l2∈L2

L̂(q̂mod
1 )

2,n2
(q2, l2),

where
L̂(q̂mod

1 )
2,n2

(q2, l2) := Ên2Z
(q̂mod

1 )
2 (q2, l2),

and

Z
(q̂mod

1 )
2 (q2, l2)(s, a, s

′) :=
1

2
q2(s, a)

2 + l2(s, a)
(
(I −Πµ)q̂

mod
1 (s, a) + g(s) + C + γ2Ω(q2)(s

′)− q2(s, a)
)
.
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Lemma H.5 (Source-stage concentration for modular transfer). Under Assumptions H.1 and H.2,
with probability at least 1− δ,

sup
q1∈Q1, l1∈L1

∣∣∣L̂mod
1,n1

(q1, l1)− Lmod
1 (q1, l1)

∣∣∣ ≤ εmod
1 ,

where

εmod
1 :=

(
1

2
B2

Q1 +Bmod
L1 BRes,1

)√
2 log(2N1/δ)

n1
.

Proof. By the boundedness assumptions,∣∣u⋆g(s, a) + γ1(µq1)(s
′)− q1(s, a)

∣∣ ≤ BU +BG + (γ1 + 1)BQ1 = BRes,1.

Thus
|Zmod

1 (q1, l1)| ≤
1

2
B2

Q1 +Bmod
L1 BRes,1.

Hoeffding’s inequality for each pair (q1, l1), followed by a union bound over Q1 × L1, gives the
claim.

Lemma H.6 (Source-stage value bound for modular transfer). On the event of Lemma H.5,

∥q̂mod
1 − q⋆1∥2ρ1 ≤ 4εmod

1 .

Proof. By empirical minimax optimality,

L̂mod
1,n1

(q̂mod
1 , l⋆1) ≤ L̂mod

1,n1
(q̂mod

1 , l̂mod
1 ) ≤ L̂mod

1,n1
(q⋆1, l̂

mod
1 ).

Using the uniform deviation event on the two outer terms gives

Lmod
1 (q̂mod

1 , l⋆1) ≤ L̂mod
1,n1

(q̂mod
1 , l⋆1) + εmod

1

≤ L̂mod
1,n1

(q⋆1, l̂
mod
1 ) + εmod

1

≤ Lmod
1 (q⋆1, l̂

mod
1 ) + 2εmod

1 .

Since b1(q⋆1) = 0, the population source Lagrangian at q⋆1 is independent of the dual variable. Hence

Lmod
1 (q⋆1, l̂

mod
1 ) = Lmod

1 (q⋆1, l
⋆
1).

Therefore,
Lmod
1 (q̂mod

1 , l⋆1)− Lmod
1 (q⋆1, l

⋆
1) ≤ 2εmod

1 .

The source population saddle inequality gives

Lmod
1 (q1, l

⋆
1)− Lmod

1 (q⋆1, l
⋆
1) ≥

1

2
∥q1 − q⋆1∥2ρ1 .

Applying this with q1 = q̂mod
1 proves the claim.

Lemma H.7 (Target-stage concentration for modular transfer). Conditional on the source dataset,
with probability at least 1− δ,

sup
q2∈Q2, l2∈L2

∣∣∣L̂(q̂mod
1 )

2,n2
(q2, l2)− L(q̂mod

1 )
2 (q2, l2)

∣∣∣ ≤ εmod
2 ,

where

εmod
2 :=M2

√
2 log(2Nmod

2 /δ)

n2
.
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Proof. For all q2 ∈ Q2,
|Ω(q2)(s)| ≤ BQ2.

Moreover,
∥(I −Πµ)q̂

mod
1 ∥∞ ≤ 2BQ1.

By the definition of BRes,2, the target residual term is uniformly bounded by BRes,2. Hence

|Z(q̂mod
1 )

2 (q2, l2)| ≤
1

2
B2

Q2 +BL2BRes,2 =M2.

Hoeffding’s inequality and a union bound over Q2 × L2, conditional on the source dataset, yield the
claim.

Lemma H.8 (Target empirical error around the plug-in target). Let q̃2 be the plug-in population
target defined by

q̃2 = (I −Πµ)q̂
mod
1 + g + C + γ2P2Ω(q̃2).

On the event of Lemma H.7,
∥q̂mod

2 − q̃2∥2ρ2 ≤ 4εmod
2 .

Proof. Conditional on q̂mod
1 , the proof is the same minimax comparison used in Lemma H.6. Let l̃2

denote a population target dual variable associated with q̃2. Empirical minimax optimality gives

L̂(q̂mod
1 )

2,n2
(q̂mod

2 , l̃2) ≤ L̂(q̂mod
1 )

2,n2
(q̂mod

2 , l̂mod
2 ) ≤ L̂(q̂mod

1 )
2,n2

(q̃2, l̂
mod
2 ).

Using the uniform deviation event on the two outer terms yields

L(q̂mod
1 )

2 (q̂mod
2 , l̃2)− L(q̂mod

1 )
2 (q̃2, l̂

mod
2 ) ≤ 2εmod

2 .

Since b2(q̂mod
1 , q̃2) = 0, the population Lagrangian at q̃2 is independent of the target dual variable.

Thus
L(q̂mod

1 )
2 (q̂mod

2 , l̃2)− L(q̂mod
1 )

2 (q̃2, l̃2) ≤ 2εmod
2 .

The target population saddle inequality gives

L(q̂mod
1 )

2 (q2, l̃2)− L(q̂mod
1 )

2 (q̃2, l̃2) ≥
1

2
∥q2 − q̃2∥2ρ2 .

Applying this inequality at q2 = q̂mod
2 proves the claim.

Lemma H.9 (Reward perturbation induced by the modular source estimate). Under Assumption H.3,

∥(I −Πµ)(q̂
mod
1 − q⋆1)∥ρ2 ≤

2
√
χ21√
ϵb1

∥q̂mod
1 − q⋆1∥ρ1 .

Proof. Let h := q̂mod
1 − q⋆1. By the change-of-measure inequality,

∥(I −Πµ)h∥ρ2 ≤ √
χ21∥(I −Πµ)h∥ρ1 .

Next,
∥(I −Πµ)h∥ρ1 ≤ ∥h∥ρ1 + ∥Πµh∥ρ1 .

Writing
ρ1(s, a) = ρS1 (s)πb1(a | s),
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Jensen’s inequality gives

∥Πµh∥2ρ1 = Es∼ρS1

(∑
a

µ(a | s)h(s, a)

)2


≤ Es∼ρS1

∑
a

µ(a | s)h(s, a)2

≤ κµ|πb1
Es∼ρS1

∑
a

πb1(a | s)h(s, a)2

= κµ|πb1
∥h∥2ρ1 .

Since κµ|πb1
≤ 1/ϵb1,

∥(I −Πµ)h∥ρ1 ≤
(
1 +

1
√
ϵb1

)
∥h∥ρ1 ≤ 2

√
ϵb1

∥h∥ρ1 .

Combining the two displays proves the claim.

Lemma H.10 (Target propagation of modular plug-in error). Assume the pathwise target concen-
trability condition

sup
π∈Πpath

∥∥∥∥∥dP2
π,ρ2

ρ2

∥∥∥∥∥
∞

≤ κpath2 ,

where Πpath contains the policies induced along the line segment between q⋆2 and q̃2. Then

∥q̃2 − q⋆2∥2ρ2 ≤ 4κpath2 χ21

ϵb1(1− γ2)2
∥q̂mod

1 − q⋆1∥2ρ1 .

Proof. Subtract the target fixed-point equations for q̃2 and q⋆2:

q̃2 − q⋆2 = (I −Πµ)(q̂
mod
1 − q⋆1) + γ2P2

[
Ω(q̃2)− Ω(q⋆2)

]
.

Let ∆2 := q̃2 − q⋆2. By the fundamental theorem of calculus,

Ω(q̃2)− Ω(q⋆2) =

∫ 1

0
DΩ(q⋆2 + t∆2)[∆2] dt.

The derivative DΩ(q) is the statewise expectation under the policy induced by q. Hence the averaged
derivative along the path can be written as a Markov state-action averaging operator P π̄

2 , where
π̄ ∈ Πpath. Thus

∆2 = (I −Πµ)(q̂
mod
1 − q⋆1) + γ2P

π̄
2 ∆2.

Equivalently,
∆2 = (I − γ2P

π̄
2 )

−1(I −Πµ)(q̂
mod
1 − q⋆1).

Applying Lemma H.4 with

K = P π̄
2 , γ = γ2, ρ = ρ2, f = (I −Πµ)(q̂

mod
1 − q⋆1),

and using ∥∥∥∥∥dP2
π̄,ρ2

ρ2

∥∥∥∥∥
∞

≤ κpath2 ,
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we obtain

∥∆2∥ρ2 ≤

√
κpath2

1− γ2
∥(I −Πµ)(q̂

mod
1 − q⋆1)∥ρ2 .

Applying Lemma H.9 and squaring both sides proves the claim.

Theorem H.11 (Global value bound for modular minimax transfer). Under Assumptions H.1– H.3
and the pathwise target concentrability condition of Lemma H.10, with probability at least 1− δ,

∥q̂mod
2 − q⋆2∥2ρ2 ≤ 8

Mmod
1

√
2 log(4N1/δ)

n1
+M2

√
2 log(4Nmod

2 /δ)

n2

 .

Proof. Apply Lemmas H.5 and H.7 with confidence level δ/2 in each stage. With probability at least
1− δ, both events hold.

By the decomposition
q̂mod
2 − q⋆2 = (q̂mod

2 − q̃2) + (q̃2 − q⋆2),

we have
∥q̂mod

2 − q⋆2∥2ρ2 ≤ 2∥q̂mod
2 − q̃2∥2ρ2 + 2∥q̃2 − q⋆2∥2ρ2 .

Lemma H.8 gives
2∥q̂mod

2 − q̃2∥2ρ2 ≤ 8εmod
2 .

Lemmas H.10 and H.6 give

2∥q̃2 − q⋆2∥2ρ2 ≤ 8κpath2 χ21

ϵb1(1− γ2)2
∥q̂mod

1 − q⋆1∥2ρ1 ≤ 32κpath2 χ21

ϵb1(1− γ2)2
εmod
1 .

Using the definition of Mmod
1 , the source contribution becomes

8Mmod
1

√
2 log(4N1/δ)

n1
,

and the target contribution becomes

8M2

√
2 log(4Nmod

2 /δ)

n2
.

Combining the two terms proves the theorem.

H.4 Coupled minimax transfer
We now prove the global bound for the coupled minimax estimator. We first present the argument
for β > 0, where the coupled population objective has quadratic growth in both q1 and q2. We then
specialize the same argument to the β = 0 formulation used in Theorem 6.2. In the latter case, the
source quadratic term is absent, so the proof no longer yields a norm bound for q̂coup1 − q⋆1 . However,
the target quadratic term remains, and the same saddle comparison still gives the desired bound for
q̂coup2 − q⋆2.

For β ≥ 0, define the empirical coupled Lagrangian

L̂β
coup(q1, q2, l1, l2) := Ên1Z

coup
1,β (q1, l1) + Ên2Z

coup
2 (q1, q2, l2),
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where
Zcoup
1,β (q1, l1)(s, a, s

′) :=
β

2
q1(s, a)

2 + l1(s, a)
(
u⋆g(s, a) + γ1(µq1)(s

′)− q1(s, a)
)
,

and

Zcoup
2 (q1, q2, l2)(s, a, s

′) :=
1

2
q2(s, a)

2 + l2(s, a)
(
(I −Πµ)q1(s, a) + g(s) + C + γ2Ω(q2)(s

′)− q2(s, a)
)
.

The empirical coupled estimator is

(q̂coup1 , q̂coup2 , l̂coup1 , l̂coup2 ) ∈ arg min
q1∈Q1, q2∈Q2

max
l1∈L1, l2∈L2

L̂β
coup(q1, q2, l1, l2).

For the source dual class in the coupled formulation, we use the radius

Bcoup
L1 (β) := βBself

L1 +BL12.

Accordingly, define

M coup
1,β :=

β

2
B2

Q1 +Bcoup
L1 (β)BRes,1 =

β

2
B2

Q1 +
(
βBself

L1 +BL12

)
BRes,1.

When β = 0, this reduces to
M coup

1,0 = BL12BRes,1 =M coup
1 .

Lemma H.12 (Uniform concentration for the coupled objective). Under Assumptions H.1 and H.2,
with probability at least 1− δ,

sup
q1∈Q1, l1∈L1

∣∣∣Ên1Z
coup
1,β − EZcoup

1,β

∣∣∣ ≤ εcoup1,β ,

and
sup

q1∈Q1, q2∈Q2, l2∈L2

∣∣∣Ên2Z
coup
2 − EZcoup

2

∣∣∣ ≤ εcoup2 ,

where

εcoup1,β :=M coup
1,β

√
2 log(2N1/δ)

n1
, εcoup2 :=M2

√
2 log(2N coup

2 /δ)

n2
.

Proof. For the source block, the source residual is bounded by BRes,1, and the source dual radius is
Bcoup

L1 (β). Hence

|Zcoup
1,β (q1, l1)| ≤

β

2
B2

Q1 +Bcoup
L1 (β)BRes,1 =M coup

1,β .

For the target block, the residual is bounded by BRes,2, and therefore

|Zcoup
2 (q1, q2, l2)| ≤

1

2
B2

Q2 +BL2BRes,2 =M2.

Hoeffding’s inequality and union bounds over Q1 × L1 and Q1 ×Q2 × L2 give the result.

Lemma H.13 (Coupled empirical saddle comparison). On the event of Lemma H.12,

Lβ
coup(q̂

coup
1 , q̂coup2 , l⋆1, l

⋆
2)− Lβ

coup(q
⋆
1, q

⋆
2, l

⋆
1, l

⋆
2) ≤ 2(εcoup1,β + εcoup2 ).
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Proof. Let
q̂coup := (q̂coup1 , q̂coup2 ), q⋆ := (q⋆1, q

⋆
2), l⋆ := (l⋆1, l

⋆
2).

Let l̂(q̂coup) be an empirical maximizer at q̂coup, and let l̂(q⋆) be an empirical maximizer at q⋆.
Adding and subtracting empirical terms gives

Lβ
coup(q̂

coup, l⋆)− Lβ
coup(q

⋆, l⋆)

=
[
Lβ
coup(q

⋆, l̂(q⋆))− Lβ
coup(q

⋆, l⋆)
]

+
[
L̂β
coup(q

⋆, l̂(q⋆))− Lβ
coup(q

⋆, l̂(q⋆))
]

+
[
L̂β
coup(q̂

coup, l̂(q̂coup))− L̂β
coup(q

⋆, l̂(q⋆))
]

+
[
L̂β
coup(q̂

coup, l⋆)− L̂β
coup(q̂

coup, l̂(q̂coup))
]

+
[
Lβ
coup(q̂

coup, l⋆)− L̂β
coup(q̂

coup, l⋆)
]
.

The first bracket is nonpositive by the population saddle property. The third bracket is nonpositive
by empirical minimization over q. The fourth bracket is nonpositive by empirical maximization
over l. The second and fifth brackets are each bounded by εcoup1,β + εcoup2 on the concentration event.
Therefore,

Lβ
coup(q̂

coup, l⋆)− Lβ
coup(q

⋆, l⋆) ≤ 2(εcoup1,β + εcoup2 ).

Theorem H.14 (Global value bound for β > 0 coupled minimax transfer). Assume β > 0. Under
Assumptions H.1 and H.2, with probability at least 1− δ,

β∥q̂coup1 − q⋆1∥2ρ1 + ∥q̂coup2 − q⋆2∥2ρ2 ≤ 4

M coup
1,β

√
2 log(2N1/δ)

n1
+M2

√
2 log(2N coup

2 /δ)

n2

 .

Proof. By the population quadratic growth inequality for the coupled saddle point,

Lβ
coup(q̂

coup
1 , q̂coup2 , l⋆1, l

⋆
2)− Lβ

coup(q
⋆
1, q

⋆
2, l

⋆
1, l

⋆
2) ≥

β

2
∥q̂coup1 − q⋆1∥2ρ1 +

1

2
∥q̂coup2 − q⋆2∥2ρ2 .

Combining this with Lemma H.13 yields

β

2
∥q̂coup1 − q⋆1∥2ρ1 +

1

2
∥q̂coup2 − q⋆2∥2ρ2 ≤ 2(εcoup1,β + εcoup2 ).

Multiplying by 2 and substituting the definitions of εcoup1,β and εcoup2 proves the claim.

Corollary H.15 (Global value bound for β = 0 coupled minimax transfer). Under the β = 0 coupled
formulation, with probability at least 1− δ,

∥q̂coup2 − q⋆2∥2ρ2 ≤ 4

M coup
1

√
2 log(2N1/δ)

n1
+M2

√
2 log(2N coup

2 /δ)

n2

 ,

where
M coup

1 = BL12BRes,1.
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Proof. When β = 0, the coupled population Lagrangian no longer contains the source quadratic
term. Thus the quadratic growth inequality does not provide a norm bound for q̂coup1 − q⋆1 . However,
the target quadratic term is still present, and the same population saddle argument gives

L0
coup(q̂

coup
1 , q̂coup2 , l⋆1, l

⋆
2)− L0

coup(q
⋆
1, q

⋆
2, l

⋆
1, l

⋆
2) ≥

1

2
∥q̂coup2 − q⋆2∥2ρ2 .

Lemma H.13, applied with β = 0, yields

1

2
∥q̂coup2 − q⋆2∥2ρ2 ≤ 2(εcoup1,0 + εcoup2 ).

For β = 0,
M coup

1,0 = BL12BRes,1 =M coup
1 .

Substituting the definitions of εcoup1,0 and εcoup2 proves the claim.

Remark H.16 (Why the β = 0 result still matches the global theorem). The role of β > 0 is to give
explicit quadratic growth in the source primal variable q1. When β = 0, this source-side strong
convexity is lost, so the coupled saddle comparison no longer controls ∥q̂coup1 − q⋆1∥ρ1 . This does not
affect Theorem 6.2, because the stated coupled guarantee only requires control of the transferred
target value q⋆2. The target quadratic term remains present, and therefore the same comparison
argument still yields the claimed q2-error bound.

H.5 Combined global finite-sample theorem
We finally restate the two value bounds in the form used in Section 6.

Theorem H.17 (Global finite-sample bounds for transferred values). Under the assumptions stated
above, the following statements hold.

(i) Modular minimax transfer. With probability at least 1− δ,

∥q̂mod
2 − q⋆2∥2ρ2 ≤ 8

Mmod
1

√
2 log(4N1/δ)

n1
+M2

√
2 log(4Nmod

2 /δ)

n2

 .

(ii) Coupled minimax transfer. Under the β = 0 coupled formulation, with probability at least
1− δ,

∥q̂coup2 − q⋆2∥2ρ2 ≤ 4

M coup
1

√
2 log(2N1/δ)

n1
+M2

√
2 log(2N coup

2 /δ)

n2

 .

Proof. The modular statement is exactly Theorem H.11. The coupled statement is exactly Corol-
lary H.15. This proves the combined theorem.

H.6 Policy performance guarantees
This subsection proves Theorem 6.4. The proof has three steps. First, we control the sensitivity of
the target policy induced by the weighted softmax map. Second, we use a regularized performance-
difference identity to reduce policy regret to a policy-distance term under the optimal target occupancy.
Third, we use target concentrability to convert this term into the L2(ρ2) transferred-value error
controlled by Theorem 6.2.
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Recall that the target regularized performance is

J2(π) =
1

1− γ2
E
(s,a)∼d

P2
π,ρ2

[
r⋆2s(s, a)− τ2 log

π(a | s)
π2,ref(a | s)

]
,

where

dP2
π,ρ2 = (1− γ2)

∞∑
t=0

γt2
(
(P π

2 )
⊤)tρ2.

The optimal target policy and the estimated target policy are

π⋆2(a | s) =
π2,ref(a | s) exp(q⋆2(s, a)/τ2)∑
a′ π2,ref(a

′ | s) exp(q⋆2(s, a′)/τ2)
,

and
π̂2(a | s) =

π2,ref(a | s) exp(q̂2(s, a)/τ2)∑
a′ π2,ref(a

′ | s) exp(q̂2(s, a′)/τ2)
.

Lemma H.18 (Softmax sensitivity via the Jacobian). Fix a state s. For any q(s, ·), q′(s, ·) ∈ R|A|,
define

πq(a | s) :=
π2,ref(a | s) exp(q(s, a)/τ2)∑
a′ π2,ref(a

′ | s) exp(q(s, a′)/τ2)
.

Then

∥πq(· | s)− πq′(· | s)∥1 ≤
√
|A|
τ2

∥q(s, ·)− q′(s, ·)∥2. (24)

In particular,

∥π̂2(· | s)− π⋆2(· | s)∥1 ≤
√
|A|
τ2

∥q̂2(s, ·)− q⋆2(s, ·)∥2.

Proof. Fix s and write π2,ref(a) = π2,ref(a | s). Let σλ denote the standard softmax with inverse
temperature λ:

σλ(z)(a) =
exp(λz(a))∑
a′ exp(λz(a

′))
.

Define the shifted logits

zq(a) := q(s, a) + τ2 log π2,ref(a), zq′(a) := q′(s, a) + τ2 log π2,ref(a).

Then
πq(· | s) = σ1/τ2(zq), πq′(· | s) = σ1/τ2(zq′).

The Jacobian of the standard softmax σλ is

Dσλ(z) = λ
(
diag(σλ(z))− σλ(z)σλ(z)

⊤
)
.

The matrix
diag(p)− pp⊤

is positive semidefinite and has ℓ2-operator norm at most 1 for every probability vector p. Hence

∥Dσλ(z)∥2→2 ≤ λ.
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Equivalently, by the mean-value theorem,

∥σλ(z)− σλ(z
′)∥2 ≤ λ∥z − z′∥2.

This is the standard softmax Lipschitz bound by Gao and Pavel (2017) (Proposition 4).
Applying this with λ = 1/τ2 gives

∥πq(· | s)− πq′(· | s)∥2 ≤
1

τ2
∥zq − zq′∥2.

The shifted-logit terms involving τ2 log π2,ref cancel, so

zq − zq′ = q(s, ·)− q′(s, ·).

Therefore,

∥πq(· | s)− πq′(· | s)∥2 ≤
1

τ2
∥q(s, ·)− q′(s, ·)∥2.

Finally, using
∥v∥1 ≤

√
|A|∥v∥2

proves Eq. (24).

Lemma H.19 (Regularized performance difference). For any policy π, let qπ2 be its regularized
action-value function, defined by

qπ2 (s, a) := r⋆2s(s, a)− τ2 log
π(a | s)

π2,ref(a | s)
+ γ2Es′∼P2(·|s,a)V

π
2 (s′),

where
V π
2 (s) := ⟨π(· | s), qπ2 (s, ·)⟩ .

Assume ∥qπ2 ∥∞ ≤ BQ2. Then

J2(π
⋆
2)− J2(π) ≤

BQ2

1− γ2
E
s∼d

P2,S
π⋆
2 ,ρ2

[∥π⋆2(· | s)− π(· | s)∥1] ,

where
dP2,S
π⋆
2 ,ρ2

(s) :=
∑
a

dP2
π⋆
2 ,ρ2

(s, a).

In particular, this applies to π = π̂2 whenever ∥qπ̂2
2 ∥∞ ≤ BQ2.

Proof. Let T π denote the regularized Bellman evaluation operator

(T πV )(s) :=

〈
π(· | s), r⋆2s(s, ·)− τ2 log

π(· | s)
π2,ref(· | s)

+ γ2P2V (s, ·)
〉
.

Then V π
2 = T πV π

2 . The optimal value satisfies

V ⋆
2 = T π⋆

2V ⋆
2 ,

because π⋆2 is the soft-optimal policy induced by q⋆2.
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We compare V ⋆
2 and V π

2 using the Bellman operator of π⋆2:

V ⋆
2 − V π

2 = T π⋆
2V ⋆

2 − V π
2

= T π⋆
2V ⋆

2 − T π⋆
2V π

2 + T π⋆
2V π

2 − V π
2

= γ2P
π⋆
2

2 (V ⋆
2 − V π

2 ) +
(
T π⋆

2V π
2 − V π

2

)
.

Thus
V ⋆
2 − V π

2 = (I − γ2P
π⋆
2

2 )−1
(
T π⋆

2V π
2 − V π

2

)
.

Taking expectation with respect to the initial distribution and using the discounted occupancy
representation gives

J2(π
⋆
2)− J2(π) =

1

1− γ2
E
s∼d

P2,S
π⋆
2 ,ρ2

[
T π⋆

2V π
2 (s)− V π

2 (s)
]
.

It remains to bound the one-step difference. By the definition of qπ2 ,

qπ2 (s, a) = r⋆2s(s, a)− τ2 log
π(a | s)

π2,ref(a | s)
+ γ2Es′∼P2(·|s,a)V

π
2 (s′).

Therefore,

T π⋆
2V π

2 (s) =

〈
π⋆2(· | s), qπ2 (s, ·) + τ2 log

π(· | s)
π2,ref(· | s)

− τ2 log
π⋆2(· | s)
π2,ref(· | s)

〉
= ⟨π⋆2(· | s), qπ2 (s, ·)⟩ − τ2KL(π⋆2(· | s) ∥π(· | s)) .

On the other hand,
V π
2 (s) = ⟨π(· | s), qπ2 (s, ·)⟩ .

Hence
T π⋆

2V π
2 (s)− V π

2 (s) = ⟨π⋆2(· | s)− π(· | s), qπ2 (s, ·)⟩
− τ2KL(π⋆2(· | s) ∥π(· | s))

≤ ⟨π⋆2(· | s)− π(· | s), qπ2 (s, ·)⟩ .

The KL term is nonnegative, so it appears with a minus sign and can be dropped for an upper
bound.

Finally, by Hölder’s inequality and ∥qπ2 ∥∞ ≤ BQ2,

⟨π⋆2(· | s)− π(· | s), qπ2 (s, ·)⟩ ≤ BQ2∥π⋆2(· | s)− π(· | s)∥1.

Substituting this pointwise bound into the occupancy expression proves the claim.

Lemma H.20 (From policy sensitivity to L2(ρ2) value error). Assume∥∥∥∥∥d
P2
π⋆
2 ,ρ2

ρ2

∥∥∥∥∥
∞

≤ κ2, π⋆2(a | s) ≥ ϵ⋆π2 ∀(s, a).

Then

E
s∼d

P2,S
π⋆
2 ,ρ2

[∥π̂2(· | s)− π⋆2(· | s)∥1] ≤
√
|A|
τ2

√
κ2
ϵ⋆π2

∥q̂2 − q⋆2∥ρ2 . (25)
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Proof of Theorem 6.4. Combining Lemma H.19 with Lemma H.20 gives, for any estimate q̂2 and
induced policy π̂2,

J2(π
⋆
2)− J2(π̂2) ≤

BQ2

1− γ2
E
s∼d

P2,S
π⋆
2 ,ρ2

[∥π̂2(· | s)− π⋆2(· | s)∥1]

≤
BQ2

1− γ2
·
√

|A|
τ2

·
√
κ2
ϵ⋆π2

∥q̂2 − q⋆2∥ρ2 .

This proves Eq. (21).
Applying this inequality with q̂2 = q̂mod

2 and using

∥q̂mod
2 − q⋆2∥2ρ2 ≤ Bmod(δ)

gives
J2(π

⋆
2)− J2(π̂

mod
2 ) ≤ Cπ

√
Bmod(δ).

Similarly, applying the same inequality with q̂2 = q̂coup2 and using

∥q̂coup2 − q⋆2∥2ρ2 ≤ Bcoup(δ)

gives
J2(π

⋆
2)− J2(π̂

coup
2 ) ≤ Cπ

√
Bcoup(δ).

Here

Cπ =
BQ2

√
|A|κ2

(1− γ2)τ2
√
ϵ⋆π2

.

This completes the proof.

I Proofs for Section C
This appendix proves Theorem C.1. The proof has three steps. First, empirical cross-entropy
minimization gives expected conditional KL control for the learned behavior policy. Second, this
KL control is converted into an L2(ρ1) source-signal error bound. Third, this signal perturbation is
propagated through the source Bellman equation, the transferred reward map, and the target soft
Bellman equation.

Throughout this appendix, write

u⋆g(s, a) := log
πb1(a | s)
π1,ref(a | s)

− g(s), ûg(s, a) := log
π̂b1(a | s)
π1,ref(a | s)

− g(s),

and
∆u(s, a) := ûg(s, a)− u⋆g(s, a) = log

π̂b1(a | s)
πb1(a | s)

.

I.1 Cross-entropy control of the learned behavior policy
Let

Db = {(sbi , abi)}
nb
i=1

be i.i.d. source demonstrations with

sbi ∼ ρS1 , abi ∼ πb1(· | sbi).
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For π ∈ Πb1, define the empirical and population cross-entropy risks

R̂b(π) :=
1

nb

nb∑
i=1

− log π(abi | sbi),

and
Rb(π) := Es∼ρS1 , a∼πb1(·|s)[− log π(a | s)].

The estimator is
π̂b1 ∈ arg min

π∈Πb1

R̂b(π).

Assumption I.1 (Finite behavior class and clipping). The class Πb1 is finite and realizable:

|Πb1| <∞, πb1 ∈ Πb1.

Moreover, every candidate policy is clipped below by ϵ ∈ (0, 1]:

π(a | s) ≥ ϵ, ∀π ∈ Πb1, (s, a).

Lemma I.2 (Uniform deviation for bounded log-loss). Under Assumption I.1, with probability at
least 1− δ,

sup
π∈Πb1

∣∣∣R̂b(π)−Rb(π)
∣∣∣ ≤ log(1/ϵ)

√
2 log(|Πb1|/δ)

nb
.

Proof. For each fixed π ∈ Πb1, the loss

− log π(a | s)

is bounded in [0, log(1/ϵ)]. Hoeffding’s inequality gives

P
(∣∣∣R̂b(π)−Rb(π)

∣∣∣ > t
)
≤ 2 exp

(
− 2nbt

2

log2(1/ϵ)

)
.

A union bound over Πb1 and the displayed choice of t prove the claim.

Lemma I.3 (Cross-entropy excess risk equals expected conditional KL). Under Assumption I.1,
with probability at least 1− δ,

Rb(π̂b1)−Rb(πb1) ≤ εCE(nb, δ),

where

εCE(nb, δ) := 2 log(1/ϵ)

√
2 log(|Πb1|/δ)

nb
.

Moreover,
Rb(π̂b1)−Rb(πb1) = Es∼ρS1

KL(πb1(· | s) ∥ π̂b1(· | s)) .

Proof. Let
εb := sup

π∈Πb1

∣∣∣R̂b(π)−Rb(π)
∣∣∣ .

By empirical optimality of π̂b1,
R̂b(π̂b1) ≤ R̂b(πb1).
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Therefore,
Rb(π̂b1) ≤ R̂b(π̂b1) + εb

≤ R̂b(πb1) + εb

≤ Rb(πb1) + 2εb.

Applying Lemma I.2 gives the stated excess-risk bound.
For the identity, condition on a state s. Then

Ea∼πb1(·|s)[− log π̂b1(a | s)]− Ea∼πb1(·|s)[− log πb1(a | s)]

=
∑
a

πb1(a | s) log πb1(a | s)
π̂b1(a | s)

= KL(πb1(· | s) ∥ π̂b1(· | s)) .

Taking expectation over s ∼ ρS1 proves the identity.

I.2 From expected KL to log-policy L2(ρ1) error
Lemma I.4 (Expected KL to L2 log-policy error). Under Assumption I.1,

∥∆u∥2ρ1 ≤ 2

ϵ
Es∼ρS1

KL(πb1(· | s) ∥ π̂b1(· | s)) .

Consequently, on the event of Lemma I.3,

∥∆u∥ρ1 ≤
(
2

ϵ
εCE(nb, δ)

)1/2

.

Proof. Fix s, and write

p(a) := πb1(a | s), p̂(a) := π̂b1(a | s), r(a) :=
p(a)

p̂(a)
.

Then
∆u(s, a) = log p̂(a)− log p(a) = − log r(a),

and
KL(p∥p̂) =

∑
a

p̂(a)
(
r(a) log r(a)− r(a) + 1

)
.

By clipping, p(a), p̂(a) ∈ [ϵ, 1], hence
r(a) ∈ [ϵ, 1/ϵ].

We use the pointwise inequality

r(log r)2 ≤ 2

ϵ

(
r log r − r + 1

)
, r ∈ [ϵ, 1/ϵ].

Indeed, define

h(r) :=
2

ϵ

(
r log r − r + 1

)
− r(log r)2.

Then h(1) = 0, and

h′(r) = log r

(
2

ϵ
− 2− log r

)
.

For r ∈ [ϵ, 1/ϵ],
log r ≤ log(1/ϵ),
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and
2

ϵ
− 2− log(1/ϵ) =

2

ϵ
− 2 + log ϵ ≥ 0,

because the function x 7→ 2/x− 2 + log x is nonnegative on (0, 1]. Hence h′(r) < 0 for r < 1 and
h′(r) > 0 for r > 1. Thus r = 1 is the global minimizer of h on [ϵ, 1/ϵ], and h(r) ≥ 0.

Multiplying the pointwise inequality by p̂(a) and summing over actions gives∑
a

p(a)(log r(a))2 =
∑
a

p̂(a)r(a)(log r(a))2 ≤ 2

ϵ

∑
a

p̂(a)
(
r(a) log r(a)− r(a) + 1

)
.

Therefore,

Ea∼πb1(·|s)[∆u(s, a)
2] ≤ 2

ϵ
KL(πb1(· | s) ∥ π̂b1(· | s)) .

Averaging over s ∼ ρS1 proves the first claim. The second claim follows from Lemma I.3.

I.3 Propagation through the transfer system
Let q⋆1 be the source fixed point under the true source signal:

q⋆1 = u⋆g + γ1P
µ
1 q

⋆
1.

Let q̃⋆1 be the plug-in source fixed point:

q̃⋆1 = ûg + γ1P
µ
1 q̃

⋆
1.

Define
h := q̃⋆1 − q⋆1.

The corresponding transferred rewards are

r⋆C := (I −Πµ)q
⋆
1 + g + C, r̃C := (I −Πµ)q̃

⋆
1 + g + C.

Lemma I.5 (Source fixed-point perturbation). Assume∥∥∥∥∥dP1
µ,ρ1

ρ1

∥∥∥∥∥
∞

≤ κ1.

Then
∥q̃⋆1 − q⋆1∥ρ1 ≤

√
κ1

1− γ1
∥∆u∥ρ1 .

Proof. Subtracting the two source fixed-point equations gives

q̃⋆1 − q⋆1 = ∆u + γ1P
µ
1 (q̃

⋆
1 − q⋆1).

Hence
q̃⋆1 − q⋆1 = (I − γ1P

µ
1 )

−1∆u.

Applying Lemma H.4 with

P = Pµ
1 , γ = γ1, ρ = ρ1, f = ∆u,

and using ∥∥∥∥∥dP1
µ,ρ1

ρ1

∥∥∥∥∥
∞

≤ κ1

proves the claim.
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Lemma I.6 (Transferred reward perturbation). Assume

χ21 :=

∥∥∥∥ρ2ρ1
∥∥∥∥
∞
<∞,

and
κµ|πb1

:=

∥∥∥∥ µ

πb1

∥∥∥∥
∞
<∞.

Then
∥r̃C − r⋆C∥ρ2 ≤ (1 +

√
κµ|πb1

)
√
χ21 ∥q̃⋆1 − q⋆1∥ρ1 .

In particular, if κµ|πb1
≤ 1/ϵb1, then

∥r̃C − r⋆C∥ρ2 ≤
2
√
χ21√
ϵb1

∥q̃⋆1 − q⋆1∥ρ1 .

Proof. Since
r̃C − r⋆C = (I −Πµ)(q̃

⋆
1 − q⋆1) = h−Πµh,

the change-of-measure inequality gives

∥r̃C − r⋆C∥ρ2 ≤ √
χ21 ∥h−Πµh∥ρ1 .

By the triangle inequality,
∥h−Πµh∥ρ1 ≤ ∥h∥ρ1 + ∥Πµh∥ρ1 .

Write
ρ1(s, a) = ρS1 (s)πb1(a | s).

Then Jensen’s inequality gives

∥Πµh∥2ρ1 = Es∼ρS1

(∑
a

µ(a | s)h(s, a)

)2


≤ Es∼ρS1

∑
a

µ(a | s)h(s, a)2

≤ κµ|πb1
Es∼ρS1

∑
a

πb1(a | s)h(s, a)2

= κµ|πb1
∥h∥2ρ1 .

Thus
∥Πµh∥ρ1 ≤√κµ|πb1

∥h∥ρ1 .

Combining the preceding displays proves the first claim. The simplified bound follows from

1 +
1

√
ϵb1

≤ 2
√
ϵb1
, ϵb1 ≤ 1.
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Lemma I.7 (Target fixed-point perturbation). Let q⋆2 and q̃⋆2 be the target fixed points under rewards
r⋆C and r̃C , respectively:

q⋆2 = r⋆C + γ2P2Ωτ2,π2,ref
(q⋆2),

and
q̃⋆2 = r̃C + γ2P2Ωτ2,π2,ref

(q̃⋆2).

Assume the pathwise target concentrability condition

sup
π∈Πpath

∥∥∥∥∥dP2
π,ρ2

ρ2

∥∥∥∥∥
∞

≤ κpath2 ,

where Πpath contains the policies induced along the line segment between q⋆2 and q̃⋆2. Then

∥q̃⋆2 − q⋆2∥ρ2 ≤

√
κpath2

1− γ2
∥r̃C − r⋆C∥ρ2 .

Proof. Let
∆2 := q̃⋆2 − q⋆2, ∆r := r̃C − r⋆C .

Subtracting the two target fixed-point equations gives

∆2 = ∆r + γ2P2

[
Ωτ2,π2,ref

(q̃⋆2)− Ωτ2,π2,ref
(q⋆2)

]
.

By the fundamental theorem of calculus,

Ωτ2,π2,ref
(q̃⋆2)(s)− Ωτ2,π2,ref

(q⋆2)(s) =

∫ 1

0

〈
∇Ωτ2,π2,ref

(q⋆2 + t∆2)(s, ·),∆2(s, ·)
〉
dt.

The derivative ∇Ωτ2,π2,ref
(q)(s, ·) is the policy induced by q at state s. Therefore the averaged

derivative along the path defines a Markov state-action averaging operator, which we denote P π̄
2 ,

with π̄ ∈ Πpath. Hence
∆2 = ∆r + γ2P

π̄
2 ∆2,

or
∆2 = (I − γ2P

π̄
2 )

−1∆r.

Applying Lemma H.4 with

P = P π̄
2 , γ = γ2, ρ = ρ2, f = ∆r,

and using ∥∥∥∥∥dP2
π̄,ρ2

ρ2

∥∥∥∥∥
∞

≤ κpath2

proves the claim.

Corollary I.8 (Behavior-policy estimation bias). Under the assumptions of Lemmas I.5– I.7,

∥q̃⋆2 − q⋆2∥ρ2 ≤
(1 +

√
κµ|πb1

)

√
κ1κ

path
2 χ21

(1− γ1)(1− γ2)
∥∆u∥ρ1 .

Consequently, on the event of Lemma I.4,

∥q̃⋆2 − q⋆2∥ρ2 ≤
(1 +

√
κµ|πb1

)

√
κ1κ

path
2 χ21

(1− γ1)(1− γ2)

(
2

ϵ
εCE(nb, δ)

)1/2

.
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Proof. Combine Lemma I.7, Lemma I.6, and Lemma I.5. This gives

∥q̃⋆2 − q⋆2∥ρ2 ≤

√
κpath2

1− γ2
(1 +

√
κµ|πb1

)
√
χ21

√
κ1

1− γ1
∥∆u∥ρ1 .

The second claim follows by substituting Lemma I.4.

I.4 Proof of the end-to-end theorem
Proof of Theorem C.1. Let (q̃⋆1, q̃

⋆
2) be the plug-in population target induced by ûg. By the triangle

inequality,
∥q̂alg2 − q⋆2∥ρ2 ≤ ∥q̂alg2 − q̃⋆2∥ρ2 + ∥q̃⋆2 − q⋆2∥ρ2 .

The first term is controlled by Theorem 6.2, applied to the plug-in population system:

∥q̂alg2 − q̃⋆2∥ρ2 ≤
√

Balg(δ).

The second term is controlled by Corollary I.8. Combining the two bounds gives

∥q̂alg2 − q⋆2∥ρ2 ≤
√
Balg(δ) +

(1 +
√
κµ|πb1

)

√
κ1κ

path
2 χ21

(1− γ1)(1− γ2)

(
2

ϵ
εCE(nb, δ)

)1/2

.

This proves Eq. (22). The simplified ϵb1-version follows from κµ|πb1
≤ 1/ϵb1.

J Experimental Details and Additional Results
This appendix provides additional details for the experiments in Section 7. The goal is to make the
experimental pipeline fully reproducible and to document the additional diagnostics supporting the
main empirical claims.

Sections J.1–J.2 describe the construction of the tabular sepsis environment and the source–target
dynamics shift. Section J.3 explains how the simulator outcome reward is used only to construct the
expert-like source behavior policy, while Section J.4 defines the oracle source and target quantities
used for evaluation. Section J.5 gives the data generation protocol, and Section J.6 describes the
three estimators and their optimization settings. Section J.7 defines all reported metrics. Section J.8
reports additional source-size experiments, and Section J.9 summarizes the effect of target soft-control
temperature. Sections J.10 and J.11 provide diagnostics explaining the large target state-value
improvement and the reward-recovery behavior of Coupled-Offset. Finally, Sections J.12 and J.13
provide two robustness checks: an ablation with β = 0 and an experiment under a larger source–target
transition shift. Section J.14 summarizes the resulting empirical conclusions.

J.1 Simulator and tabular MDP construction
We use the Gumbel-Max structural causal model (SCM) simulator of Oberst and Sontag (2019) as a
controlled healthcare decision-making benchmark for sequential sepsis treatment. The simulator
models patient-state evolution through clinical variables and binary treatment decisions. We use
a finite tabular reduction of the simulator with |S| = 128 states and |A| = 8 actions. Each action
corresponds to a vector of three binary treatment decisions,

a = (aabx, avent, avaso) ∈ {0, 1}3,

where the components indicate antibiotics, ventilation, and vasopressors. We encode actions by

idx(a) = 4aabx + 2avent + avaso.
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Thus action 0 corresponds to no treatment, and action 7 corresponds to all three treatments.
The upstream simulator code is available in the clinicalml/gumbel-max-scm repository under

the MIT License (copyright 2019 Michael Oberst). Our submitted supplement includes the code and
configuration files used to generate the tabular environments and reproduce the reported figures and
tables.

Each episode has horizon 20. We use the simulator to generate source and target trajectories
and then work with the induced finite state-action representation. This tabular construction allows
us to compute oracle quantities such as q⋆1 , r⋆, q⋆2 , π⋆2 , and V ⋆

2 , while retaining a clinically motivated
sequential decision structure.

Table 2: Summary of the experimental environment.
Component Description

Simulator Gumbel-Max SCM sepsis simulator
State space 128 tabular states
Action space 8 treatment actions from three binary decisions
Episode horizon 20 steps
Source environment Original simulator-induced dynamics P1

Target environment Shifted dynamics P2 with preserved support
anchor policy µ Point mass on no-treatment action a0
Target reference policy Uniform policy over actions

Table 2 summarizes the resulting experimental environment.

J.2 Source–target shift construction
The source and target stages share the same tabular state-action space but use different transition
kernels and discount factors; the target stage is further evaluated under different soft-control
temperatures. We construct the source transition kernel P1 from the original simulator dynamics.
The target transition kernel P2 is obtained by perturbing the same clinical transition mechanisms in
the SCM while preserving support. Thus, if a transition is infeasible under P1, it remains infeasible
under P2; otherwise, its probability may change under the target perturbation. This creates a
controlled source–target distribution shift while avoiding support mismatch.

In the tabular representation, this gives two Markov kernels

P1(s
′ | s, a), P2(s

′ | s, a),

defined on the same finite state-action space. The source environment is used for reward recovery,
while the target environment is used for evaluating the transferred reward and the induced target
soft-control policy.

As a diagnostic for the magnitude of the source–target dynamics shift, we compute the average
per-state-action total variation distance

davgTV(P1, P2) :=
1

|S||A|
∑
s,a

1

2

∑
s′

∣∣P1(s
′ | s, a)− P2(s

′ | s, a)
∣∣ ,

together with the worst-case per-state-action distance

dmax
TV (P1, P2) := max

s,a

1

2

∑
s′

∣∣P1(s
′ | s, a)− P2(s

′ | s, a)
∣∣ .
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In the main experiments, these quantities are

davgTV(P1, P2) = 0.015, dmax
TV (P1, P2) = 0.026.

Thus the one-step kernel perturbation is mild at each state-action pair. However, because policies
are evaluated over multi-step trajectories, this local transition shift can accumulate over time and
induce a nontrivial shift in the state-occupancy distribution.

We also consider a larger source–target dynamics shift in Appendix Section J.13. For this
larger-shift target kernel, the corresponding distances are

davgTV(P1, P2) = 0.088, dmax
TV (P1, P2) = 0.157.

This setting provides a robustness check for the qualitative conclusions obtained under the mild-shift
target kernel.
Remark J.1 (Support preservation). Support preservation isolates the effect of statistical source-to-
target error propagation. Since P1 and P2 share support, performance differences are not driven by
target transitions that are completely absent in the source environment. Instead, the experiment
focuses on how errors in the source reward-recovery equation propagate into the shifted target
Bellman equation.

J.3 Simulator outcome reward and expert-policy construction
The simulator provides an outcome reward R(s′) depending on the next state. Following the simulator
convention, the agent receives reward −1 when the next state has at least two abnormal physiological
variables, and reward +1 when the next state satisfies the simulator’s discharge condition. All other
next states receive reward 0:

R(s′) =


+1, if all physiological variables are normal and no treatment is active,
−1, if s′ has at least two abnormal physiological variables,
0, otherwise.

This simulator outcome reward is used only to construct the expert-like source behavior policy πb1.
It is not the reward used for target-stage learning or evaluation. The transferred reward used in the
target stage is the anchor-normalized reward r⋆(s, a), recovered from the source IRL construction.

Given P1, we first form the expected one-step simulator outcome reward

R̄1(s, a) = Es′∼P1(·|s,a)[R(s
′)] =

∑
s′

P1(s
′ | s, a)R(s′).

An expert-like source policy πb1 is then constructed by solving an entropy-regularized soft Bellman
equation under P1 and R̄1:

Qb(s, a) = R̄1(s, a) + γb
∑
s′

P1(s
′ | s, a)Ξτb(Qb)(s

′),

where
Ξτ (Q)(s) = τ log

∑
a′∈A

exp{Q(s, a′)/τ}.

The resulting soft policy is

πsoftb1 (a | s) = exp(Qb(s, a)/τb)∑
a′ exp(Qb(s, a′)/τb)

.

This policy is used to generate source demonstrations and to define u⋆b(s, a) = log πb1(a | s) in
the source IRL module.
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J.4 Oracle construction
We compute oracle source and target quantities using the tabular kernels. In the source stage, let
u⋆b(s, a) := log πb1(a | s). We use the point-mass distribution on the no-treatment action a0 as the
anchor policy:

µ(a | s) = 1{a = a0}.

The anchor statewise reward is
g(s) = R̄1(s, a0),

We set the anchor function g to the desired no-treatment reward level, so that the recovered reward
satisfies r⋆(s, a0) = g(s).

so the normalization condition fixes the reward of the no-treatment action. In the no-treatment
anchor case, the recovered reward can be written as an action contrast against a0.

The oracle source value q⋆1 solves

q⋆1 = u⋆b − g + γ1P
µ
1 q

⋆
1,

or equivalently
q⋆1 = (I − γ1P

µ
1 )

−1(u⋆b − g).

The normalized oracle reward is
r⋆ = (I −Πµ)q

⋆
1 + g.

Under the no-treatment anchor, this reduces to

r⋆(s, a) = q⋆1(s, a)− q⋆1(s, a0) + g(s).

For target experiments, we use the shifted reward

r⋆C = r⋆ + C,

where C is chosen so that r⋆C(s, a) ≥ 0 for all state-action pairs. The constant shift is useful for the
minimax formulation and does not change the induced soft policy.

In the target stage, we take the reference policy π2,ref to be uniform over actions, corresponding
to entropy-regularized soft control. This avoids introducing an additional target behavior-policy
estimation step. The target oracle q⋆2 solves

q⋆2 = r⋆C + γ2P2Ωτ2,π2,ref
(q⋆2),

where
Ωτ2,π2,ref

(q)(s) = τ2 log
∑
a∈A

π2,ref(a | s) exp{q(s, a)/τ2}.

The corresponding oracle policy is

π⋆2(a | s) =
π2,ref(a | s) exp(q⋆2(s, a)/τ2)∑
a′ π2,ref(a

′ | s) exp(q⋆2(s, a′)/τ2)
.

Finally, the target oracle state value is

V ⋆
2 (s) =

∑
a∈A

π⋆2(a | s)q⋆2(s, a).
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J.5 Data generation and evaluation protocol
For each experimental configuration, we generate independent source and target datasets. Each
dataset consists of trajectories of length 20. The source dataset is generated from

s0 ∼ ρ, at ∼ πb1(· | st), st+1 ∼ P1(· | st, at),

and the target dataset is generated from

s0 ∼ ρ, at ∼ πt(· | st), st+1 ∼ P2(· | st, at).

The target logging policy πt is an exploratory policy used only for data collection. In our implemen-
tation, it is constructed as a mixture of the expert-like source policy and the uniform policy:

πt(a | s) = (1− ϵ2)πb1(a | s) + ϵ2
1

|A|
,

where ϵ2 = 0.2. This gives better action coverage than the expert-like policy while preserving a
clinically meaningful behavior pattern.

The target dataset D2 is fixed at 25,000 episodes. The source dataset D1 is varied as a fraction
of 12,500 episodes:

D1 fraction ∈ {0.2, 0.4, 0.6, 0.8, 1.0}.

Thus D1 fraction 0.2 corresponds to 2,500 source episodes, and D1 fraction 1.0 corresponds to 12,500
source episodes. This choice ensures that the largest source dataset is only half the size of the target
dataset, reflecting the source-scarce regime motivated in the main text.

For each configuration, we report means and standard deviations over 100 random experiments,
corresponding to 10 independent dataset draws and 10 optimization seeds per dataset draw. The
same generated datasets are used across all compared methods, so that performance differences are
attributable to the transfer procedure rather than to differences in sampled data.

The source behavior policy is estimated empirically from D1 as

π̂b1(a | s) = #{(st, at) ∈ D1 : st = s, at = a}
#{st ∈ D1 : st = s}

.

Oracle quantities are computed using the data-generating πb1. The target evaluation is performed
under the fixed target environment

(ρ2, P2, r
⋆
C , γ2, τ2).

J.6 Methods and optimization
We compare three transfer procedures.

Modular. The modular estimator follows a two-stage reward-transfer pipeline. In the first stage,
it solves the source-side residual objective to obtain q̂mod

1 . It then constructs the plug-in transferred
reward

r̂mod = (I −Πµ)q̂
mod
1 + g + C,

where Πµq(s, a) = q(s, a0) in the anchor-action/no-treatment case. In the second stage, this reward is
held fixed and the target soft-control residual objective is optimized to obtain q̂mod

2 and the induced
target policy π̂mod

2 .
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Coupled. The coupled estimator jointly optimizes the source and target residual objectives. It
treats q1, l1, q2, l2 as trainable tabular variables and solves the joint saddle-point objective

min
q1,q2

max
l1,l2

β

2
∥q1∥2ρ1 +

1

2
∥q2∥2ρ2 + ⟨l1, b1(q1)⟩ρ1 + ⟨l2, b2(q1, q2)⟩ρ2 .

Here b1 is the source residual and b2 is the target residual using the reward recovered from q1. This
formulation allows target-side residual information to feed back into the source representation.

Coupled-Offset. Coupled-Offset first runs the Modular procedure. It then initializes from the
modular solution and jointly learns tabular offset corrections:

q1 = q̂mod
1 +∆q1, q2 = q̂mod

2 +∆q2.

The offset variables are initialized at zero, so the initial coupled solution is exactly the Modular
estimator. This baseline tests whether joint correction of a modular initialization is sufficient to
remove the main plug-in propagation error.

Parameterization and initialization. All methods use a tabular parameterization over the
state-action space |S| × |A| = 128× 8. We set the discount factors to γ1 = 0.95 and γ2 = 0.975, and
vary the target soft-control temperature τ2 across experiments. Thus q1, l1, q2, l2 are represented as
direct tabular tensors. To isolate the statistical transfer effect from optimization failures, Modular
and Coupled use the same controlled initialization: the q- and l-tensors are initialized around a fixed
reference initialization with additive Gaussian noise of standard deviation 1.5. Coupled-Offset is
initialized from the trained Modular solution, and its learned offset variables are initialized at zero.

Optimization. All optimization is performed with Adam on the tabular tensors. We use learning
rate 10−3 for all q-variables and 10−4 for all dual l-variables. Each training round performs 10 ascent
steps for the dual variables and 1 descent step for the primal q-variables. We use the empirical
state-action weights ρd and optimize only over visited state-action pairs. Gradients are unclipped in
the reported runs. All runs are performed on CPU with one PyTorch thread per worker.

Training horizon. For Modular, we train the source stage for 40,000 steps and the target stage for
70,000 steps. For Coupled and Coupled-Offset, we train the joint source–target objective for 40,000
steps. These horizons were chosen so that the corresponding training objectives had converged;
additional training did not materially change the reported metrics. The joint objective uses β = 100
as the quadratic penalty weight on the source value q1. This choice is not tuned for performance,
but is used to stabilize optimization by balancing the different numerical scales of the source- and
target-stage quantities. We also do a ablation study when β = 0 in Appendix J.12. We evaluate the
training trajectory periodically and report the final iterate.

The target soft-control operator uses

Ωτ2,π2,ref
(q)(s) = τ2 log

∑
a

π2,ref(a | s) exp(q(s, a)/τ2),

and the learned policy is

π̂2(a | s) =
π2,ref(a | s) exp(q̂2(s, a)/τ2)∑
a′ π2,ref(a

′ | s) exp(q̂2(s, a′)/τ2)
,

where π2,ref denotes the uniform policy over actions.
All methods are evaluated on the same generated datasets and random seeds. For the source-size

experiments, we use 10 random seeds and 10 independently drawn source subsets per seed for each
D1 fraction.
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J.7 Metric definitions
We evaluate each method using target-side and source-side metrics.

Target policy regret. The target policy regret is

J2(π
⋆
2)− J2(π̂2),

where J2 is evaluated in the target environment using (P2, r
⋆
C , γ2, τ2). Smaller regret indicates better

downstream target-control performance.

Target action-value error. The target action-value error is

∥q̂2 − q⋆2∥2ρ2 =
∑
s,a

ρ2(s, a) (q̂2(s, a)− q⋆2(s, a))
2 .

Target state-value error. For any policy-value pair (π2, q2), the target state value is computed
as

V2(s) := (π2q2)(s) =
∑
a∈A

π2(a | s)q2(s, a).

The unweighted target state-value error is

∥V̂2 − V ⋆
2 ∥2unif =

1

|S|
∑
s∈S

(
V̂2(s)− V ⋆

2 (s)
)2
.

This metric is uniform over states but remains policy-weighted over actions through the construction
of V2.

Source reward error. The source reward error is

∥r̂ − r⋆∥2ρ1 =
∑
s,a

ρ1(s, a) (r̂(s, a)− r⋆(s, a))2 .

Source value error. The source value error is

∥q̂1 − q⋆1∥2ρ1 =
∑
s,a

ρ1(s, a) (q̂1(s, a)− q⋆1(s, a))
2 .

Relative improvement. In the relative-improvement plots, we report improvement over Modular
as

MetricModular −MetricMethod

MetricModular
× 100%.

For all reported metrics, smaller values are better, so larger relative improvement indicates better
performance.

J.8 Additional source-size results
Figure 1 in the main text reports the source-size experiment for τ2 = 0.05. Figures 2–3 show the
same experiment at higher target temperatures. We observe the same qualitative behavior: the
coupled methods are most beneficial when source data are scarce, and the gap between coupled
and modular transfer narrows as the source dataset grows. This is consistent with the first-order
error propagation theory: when the source residual is large, modular plug-in transfer passes this
error directly into the target Bellman equation, while coupled transfer removes the direct first-order
source-residual channel.
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Figure 2: Effect of source sample size on modular and coupled transfer for τ2 = 0.2: absolute
metrics over D1 fractions 0.2–1.0 (top) and percent improvement over Modular (bottom); larger is
better.

J.9 Temperature sensitivity
Table 1 reports the main temperature sweep. The target soft-control temperature τ2 controls how
concentrated the oracle target policy is. Lower temperature produces a more deterministic policy,
while higher temperature produces a softer policy. In our experiments, the average top-action
probability of the oracle target policy,

1

|S|
∑
s∈S

max
a

π⋆2(a | s),

is 0.844, 0.560, and 0.391 for τ2 = 0.05, 0.2, and 0.4 respectively.
As shown in Table 1, smaller τ2 amplifies the downstream effect of target q2-estimation errors.

The larger empirical gains of the coupled methods in this regime suggest that Modular is more
affected by source-induced target errors, whereas the coupled methods are less sensitive to the direct
first-order source-residual propagation channel. This behavior is consistent with Theorem 6.4: as τ2
decreases, the bound translating target q2-estimation error into policy regret becomes larger, scaling
as 1/τ2.

J.10 Value-error decomposition
The main text observes that the reduction in V2 error is much larger than the reduction in the overall
ρ2-weighted q2 MSE. This is because the state-value metric averages the target action-value function
under the learned policy. Specifically,

V̂2(s)− V ⋆
2 (s) =

∑
a

π̂2(a | s){q̂2(s, a)− q⋆2(s, a)}+
∑
a

{π̂2(a | s)− π⋆2(a | s)}q⋆2(s, a).

The first term is the policy-weighted q2 estimation error, while the second term is the policy mismatch
error. In the low-temperature setting τ2 = 0.05, the target policies are highly concentrated; the
corresponding oracle target policy has average top-action probability 0.844. Therefore, the first term
is close to the q2 error on the action selected by the learned policy.
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Figure 3: Effect of source sample size on modular and coupled transfer for τ2 = 0.4: absolute
metrics over D1 fractions 0.2–1.0 (top) and percent improvement over Modular (bottom); larger is
better.

Table 3: Decomposition of V2 error at τ2 = 0.05 and D1 fraction 0.2.

Method ∥V̂2 − V ⋆
2 ∥2unif Policy-weighted q2 term Policy mismatch term

Modular 83.38 82.74 0.016
Coupled-Offset 6.415 6.38 0.016
Coupled 6.739 6.72 0.016

Table 3 reports this decomposition at τ2 = 0.05 and D1 fraction 0.2. The policy mismatch term
is small for all methods. Thus, the large V2 error of Modular is primarily caused by large q2 error on
policy-selected actions, rather than by differences between π̂2 and π⋆2.

J.11 Reward-recovery diagnostic
The main text notes that Coupled-Offset can have much larger reward error than Coupled, despite
having nearly identical weighted q1 MSE. This is due to the contrast structure of anchor-normalized
reward recovery. Under the no-treatment anchor,

r̂(s, a)− r⋆(s, a) = (q̂1 − q⋆1)(s, a)− (q̂1 − q⋆1)(s, a0),

where a0 is the no-treatment action. Therefore, an error in the no-treatment baseline q1(s, a0) affects
the recovered reward for every action a. As a result, small weighted q1 error does not necessarily
imply accurate reward recovery.

Table 4: Reward contrast diagnostic at τ2 = 0.05 and D1 fraction 0.2.
Method ∥q̂1 − q⋆1∥2ρ1 No-treatment q1 MSE ∥r̂ − r⋆∥2ρ1
Coupled-Offset 0.083 489.2 18.62
Coupled 0.083 121.8 4.76

Table 4 illustrates this effect at τ2 = 0.05 and D1 fraction 0.2. Coupled-Offset and Coupled have
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Figure 4: Comparison of Modular, Coupled-Offset, and Coupled with β = 0 under the mild-
shift target kernel P2 at τ2 = 0.05: absolute metrics over D1 fractions 0.2–1.0 (top) and percent
improvement over Modular (bottom); larger is better.

nearly identical weighted q1 MSE, but Coupled-Offset has a much larger no-treatment baseline error.
This explains its substantially larger reward MSE.

J.12 Ablation on the source quadratic penalty: β = 0

We conduct an ablation study to examine the role of the source-side quadratic penalty in the
coupled objective. Specifically, we set the source penalty weight to β = 0, keep the mild-shift
target kernel P2 used in the main experiments, and compare the same three methods,Modular,
Coupled-Offset, and Coupled, at target temperatures τ2 ∈ {0.05, 0.2, 0.4}. For this mild-shift setting,
davgTV(P1, P2) = 0.01461 and dmax

TV (P1, P2) = 0.026. All other aspects of the data-generation and
optimization setup are kept unchanged.

Figures 4–6 summarize the results. The main observation is that when β = 0, the coupled
methods still control the target-side quantities well: both the target value error ∥q̂2 − q⋆2∥2ρ2 and the
target policy regret remain competitive across all three temperatures. In contrast, the source-side
quantities deteriorate substantially: the reward error ∥r̂−r⋆∥2ρ1 and the source value error ∥q̂1−q⋆1∥2ρ1
are no longer well controlled.

This behavior is consistent with the coupled minimax objective. When β > 0, the primal
objective contains an explicit quadratic penalty on q1, which helps stabilize the source component
and ties the coupled solution more tightly to the oracle source representation. When β = 0, this
direct control disappears. Consequently, unlike the β > 0 case in Theorem 3.3, the primal–dual
gap Lβ

coup(q1, q2, l
⋆
1, l

⋆
2)− Lβ

coup(q⋆1, q
⋆
2, l

⋆
1, l

⋆
2) no longer directly controls the source error ∥q1 − q⋆1∥2ρ1 .

Consequently, the optimization can still find source representations that induce a good target policy
and accurate q2, while allowing substantial drift in q1 and the recovered reward r.

In short, this ablation shows that the source quadratic penalty is not crucial for obtaining strong
target-stage performance, but it is important for accurate source recovery and for stabilizing the
learned source representation.

J.13 Robustness under a larger source–target dynamics shift
We next examine robustness under a larger source–target dynamics shift. In this experiment, we
replace the mild-shift target kernel used in the main text with a larger-shift target kernel P2, described
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Figure 5: Comparison of Modular, Coupled-Offset, and Coupled with β = 0 under the mild-
shift target kernel P2 at τ2 = 0.2: absolute metrics over D1 fractions 0.2–1.0 (top) and percent
improvement over Modular (bottom); larger is better.

in Section J.2. This larger shift has davgTV(P1, P2) = 0.08766 and dmax
TV (P1, P2) = 0.15675. We again

compare Modular, Coupled-Offset, and Coupled at τ2 = 0.05, keeping all other aspects of the setup
unchanged.

Figures 7 shows that the same qualitative conclusions continue to hold under the larger transition
shift. In particular, the coupled methods remain superior to the Modular estimator on the target-side
metrics, and Coupled-Offset continues to closely track Coupled on most target-side quantities. Thus,
the main empirical phenomenon in the paper is not specific to the mild-shift regime.

The source-side diagnostic is also qualitatively unchanged. In particular, Coupled-Offset can still
match Coupled well on target-side performance while showing noticeably worse reward recovery than
Coupled. This is again consistent with the contrast-based structure of reward recovery: accurate
target transfer does not by itself guarantee accurate source reward reconstruction.

Overall, these results show that the empirical advantages of coupled minimax transfer are robust
to a substantially larger one-step transition shift. The same source-to-target error-propagation
picture observed in the main text persists beyond the mild-shift setting.

J.14 Summary of additional findings
The additional diagnostics support five conclusions. First, coupled transfer is most useful in the
source-scarce regime, where source residuals have higher variance and modular plug-in transfer is
most vulnerable to first-order source-to-target error propagation. Second, the V2 error reduction
is driven primarily by improved q2 estimation on policy-selected actions, not by changes in policy
mismatch. Third, reward recovery must be evaluated through action contrasts: small weighted q1
error can hide large baseline-action errors that induce large reward error after anchor normalization.
Fourth, the β = 0 ablation shows that the source quadratic penalty is important for stabilizing q1
and the recovered reward, even though the coupled methods can still control target-side quantities
such as q2 and regret. Finally, the larger-shift experiments show that the qualitative advantage of
coupled transfer persists under a substantially larger source–target transition shift.
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Figure 6: Comparison of Modular, Coupled-Offset, and Coupled with β = 0 under the mild-
shift target kernel P2 at τ2 = 0.4: absolute metrics over D1 fractions 0.2–1.0 (top) and percent
improvement over Modular (bottom); larger is better.

K Limitations and Future Work
Our analysis assumes that the source-stage temperature τ1 in the IRL model is known, following
a common convention in the literature. In practice, however, demonstration datasets may have
different levels of stochasticity, suboptimality, or measurement noise, which correspond to different
effective temperatures. Misspecifying τ1 may therefore affect both reward recovery and downstream
target performance.

An important direction for future work is to relax this assumption by estimating or adapting τ1
from data. Possible approaches include jointly learning τ1 with the reward representation, calibrating
τ1 using a validation criterion, or designing reward-transfer algorithms that remain stable when τ1 is
misspecified. These extensions would make the framework better suited to real-world demonstrations
collected from heterogeneous sources, such as different experts, institutions, or noise levels.

The theory also relies on realizability, coverage, boundedness, and known source- and target-
reference policies. These assumptions isolate the statistical effect studied here: how source IRL error
propagates into target control and how coupling changes that propagation. The experiments use a
finite tabular reduction of one synthetic sepsis simulator, which makes oracle diagnostics available
but does not test function approximation, continuous states or actions, or real clinical deployment.
Extending the analysis and algorithms to those settings is an important next step.
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Figure 7: Comparison of Modular, Coupled-Offset, and Coupled under the larger-shift target kernel
P2 at τ2 = 0.05: absolute metrics over D1 fractions 0.2–1.0 (top) and percent improvement over
Modular (bottom); larger is better.
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