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Abstract. The local speed of sound (SoS) of human soft tissues is a
promising quantitative biomarker for the diagnosis of diseases such as
breast cancer or fatty liver disease. One approach to estimate local SoS
from pulse-echo ultrasound signals is the autofocusing method, which
optimizes for the propagation model that best aligns beamformed signals
recorded from different transmit–receive apertures. However, most pulse-
echo autofocusing methods still rely on a straight-ray hypothesis, thus
neglecting refraction effects occurring in heterogeneous media. To address
this shortcoming, we introduce UltraBend, which replaces straight-line
travel-time approximations with a refraction-aware bent-ray model for
local SoS optimization. We compare our method with a state-of-the-
art autofocusing method assuming straight-ray wave propagation and
show that UltraBend reduces the mean absolute reconstruction SoS error
relative to a straight-ray baseline on all evaluated phantoms, including a
reduction from 8.51 to 3.70 m/s on an inclusion phantom. These results
suggest that improved modeling of wave propagation can substantially
improve pulse-echo SoS imaging.

Keywords: Speed-of-sound estimation · Ultrasound autofocusing · Dif-
ferentiable beamforming · Refraction-aware ray tracing.

1 Introduction

Relative to other medical imaging modalities, pulse-echo ultrasound is portable,
inexpensive, and capable of real-time imaging. In addition to B-mode image
formation, pulse-echo ultrasound can be used to estimate the local speed of sound
(SoS), a quantitative acoustic property of tissue with promising biomarker value.
For example, SoS imaging has been employed for breast cancer detection [11]
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and fatty-liver assessment [14]. Beyond diagnostic value, accurate SoS estimates
can enhance reconstruction quality in B-mode imaging by reducing aberration
effects caused by tissue heterogeneity [4, 9].

Quantitative SoS estimation has been extensively studied in ultrasound com-
puted tomography (UCT), particularly for breast imaging [18, 20]. Pulse-echo
SoS imaging is, however, significantly more challenging because it relies solely
on backscattered signals, whereas through-transmission signals—which play a
pivotal role in UCT—are unavailable. Computed ultrasound tomography in
echo mode (CUTE) addresses this challenge by estimating angle-dependent echo
phase shifts and using them in a regularized tomographic inversion [2, 8, 15].

A complementary strategy was introduced by Simson et al. [12,13], who pro-
posed differentiable beamforming for ultrasound autofocusing (DBUA). DBUA
estimates local SoS by optimizing the SoS distribution used to compute trans-
mit and receive beamforming delays. The optimization minimizes the common-
midpoint phase error (CMPE), which uses residual phase inconsistencies be-
tween common-midpoint receive signals as the objective function. However, both
CUTE and CMPE-based autofocusing commonly compute propagation times as-
suming straight-ray wave propagation. This is computationally attractive, but
neglects refraction effects, affecting the accuracy of SoS estimation. Indeed, in
heterogeneous media, acoustic energy effectively follows curved trajectories gov-
erned by the Eikonal equation rather than straight-line segments [6].

Recent refraction-aware methods have shown that more accurate wave prop-
agation models improves pulse-echo SoS imaging and aberration correction [1,5].
However, these approaches are formulated as CUTE-style local-coherence inver-
sion or as aberration correction from a previously estimated SoS map, rather
than as a differentiable CMPE delay model for pulse-echo autofocusing. At the
other end of the modeling spectrum, several recent methods have proposed to
model wave propagation (including refraction and diffraction effects) using a
Fourier split-step angular spectrum method. This added fidelity comes, however,
with substantially higher memory and runtime costs during iterative optimiza-
tion [3, 7, 19].

To address this gap, we introduce UltraBend, a refraction-aware propagation
model for CMPE-based SoS optimization. UltraBend replaces straight-line de-
lays with bent-ray travel times estimated from the current SoS map, allowing
the optimizer to account for first-order refraction effects. The model remains
practicable by approximating dense travel-time fields from traced rays and by
computing gradients without storing the full ray-tracing history. We validate
our approach on k-Wave simulations with known SoS maps by comparing our
approach to a straight-ray DBUA baseline.

2 Method

2.1 Common-Midpoint Phase-Error Autofocusing

We build on common-midpoint phase-error (CMPE) autofocusing, which formu-
lates ultrasound autofocusing as an optimization problem over all possible SoS
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distributions [12]. For a candidate SoS map c(x, z), transmit and receive travel
times are computed from each array element to a set of image locations. These
travel times are used within a differentiable beamformer that synthesizes focused
subaperture signals from full synthetic-aperture pulse-echo data. Under diffuse,
spatially incoherent scattering, focused transmit–receive subaperture pairs shar-
ing the same common midpoint are expected to have zero relative phase when
the assumed propagation model is correct [10,12]. Residual phase differences be-
tween such common-midpoint pairs therefore indicate phase aberration caused
by an incorrect sound-speed model.

For an image location xf , let PCM denote the set of focused subaperture pairs
that share a common midpoint. For (a, b) ∈ PCM, we denote by Γ̂CM

ab (xf ; c) the
estimated complex coherence between the corresponding focused subaperture
signals. We form PCM using lag-1 subaperture pairs, i.e., adjacent focused sub-
apertures with matched common-midpoint geometry. The CMPE loss is com-
puted as the average absolute phase deviation over all evaluated image locations
and common-midpoint pairs:

LCMPE(c) =
1

NxNCM

∑
xf∈Ω

∑
(a,b)∈PCM

∣∣∣ ̸ Γ̂CM
ab (xf ; c)

∣∣∣ . (1)

Here, Nx is the number of evaluated image locations, NCM = |PCM| is the
number of common-midpoint pairs, and Ω denotes the region over which the
autofocus loss is evaluated.

2.2 Ray-Based Time-of-Flight Model

Let us first describe how UltraBend estimates propagation times from a candi-
date SoS map. In practice, we consider the slowness map s(x) = 1/c(x), with
x = (x, z), sampled according to a discrete Cartesian grid. Travel times are eval-
uated on an autofocus target grid Ωaf = {xf} for calculating the CMPE loss. For
each transducer element e, we seek the one-way propagation time at each target
xf . In the continuous setting, this corresponds to evaluating the element-wise
first-arrival field Te(x) at xf : τe(xf ; c) = Te(xf ).

UltraBend samples Te by marching bent rays through the current slowness
field. The ray trajectories are modeled as characteristics of the eikonal equation:

∥∇Te(x)∥ = s(x), (2)

and integrated using a second-order Runge–Kutta scheme. As the rays propa-
gate, local arrival-time estimates are deposited onto nearby autofocus targets,
yielding an approximate travel-time field without solving a separate two-point
refracted ray problem for every element–target pair (compare Fig. 1).

At a ray sample at arc length ℓ along the ray, let q(ℓ) denote the current
position, d(ℓ) the current direction, and τ ray(ℓ) the accumulated time. This
time is the path integral of slowness along the traced ray segment γ(ℓ) from the
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Fig. 1. For each active array element, rays are traced through the current SoS field
c(x, z). Nearby autofocus targets accumulate arrival-time estimates via a Gaussian
kernel, with along-ray and orthogonal offsets d∥ and d⊥ defining the time correction
and deposition weight.

element to the current ray position:

τ ray(ℓ) =

∫
γ(ℓ)

s(x) du. (3)

u represents the integration variable. For a nearby autofocus target xf , we define

d∥(ℓ) = (xf − q(ℓ))Td(ℓ), d⊥(ℓ) = (xf − q(ℓ))Tn(ℓ), (4)

where n(ℓ) is the unit normal to the ray. The along-ray offset provides the signed
local time shift, while the orthogonal offset contributes the spherical path-length
correction used to approximate the arrival time at the target

τ loc(xf , ℓ) = τ ray(ℓ) +

(
d∥(ℓ) +

d⊥(ℓ)
2

2ℓ

)
s(q(ℓ)). (5)

The base deposition weight decreases with the distance between the autofocus
target and the current ray sample. We use a Gaussian weight based on the offset:

w(xf , ℓ) ∝ exp

(
−
d∥(ℓ)

2 + d⊥(ℓ)
2

2σ2

)
, (6)

and set the weight to zero outside a fixed support radius. Here, σ controls how
quickly the weight decays with distance from the target. Multiple local arrival
estimates are combined with the soft-min weight

α(xf , ℓ) = w(xf , ℓ) exp

[
−β

(
τ loc(xf , ℓ)− min

ℓ′∈Se

τ loc(xf , ℓ
′)

)]
. (7)
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Here, Se denotes the finite set of sampled arc-length positions along all rays
launched from element e. We evaluate α in two tracing passes. The first pass
records, for each element–target pair, the earliest supported local arrival time.
The second pass traces the same rays again and uses these recorded arrival
times to compute the soft-min weights and accumulate the weighted travel-time
estimate. In (7), β controls the softness of this replay weighting. Finally, the
element-wise travel time is defined as

τe(xf ) =

∑
ℓ∈Se

α(xf , ℓ) τ
loc(xf , ℓ)∑

ℓ∈Se
α(xf , ℓ)

. (8)

This ray–deposition scheme yields a dense element–target travel-time tensor
without explicitly solving a refracted ray path for each element–target pair.

2.3 Replay Adjoint

UltraBend requires estimating the gradient of the objective function with re-
spect to the local SoS at each point of the medium. A naive differentiation of
the ray-tracing process would require storing all intermediate ray states, which
quickly becomes infeasible due to memory requirements. We therefore follow
the path-replay idea of Vicini et al. [17]: instead of storing the full ray his-
tory, we recompute the same traced ray steps during the backward pass and
use them to accumulate gradients on the slowness grid. To do so, the CMPE
objective is first evaluated from the deposited travel-time tensor, producing ad-
joints τ̄e(xf ) = ∂L/∂τe(xf ). During replay, the traced ray geometry, deposition
weights, first-arrival reference times, and target assignments are kept fixed. The
derivative of the soft-min reducer therefore distributes each travel-time adjoint
back to the local ray contributions that formed it,

τ̄ loc(xf , ℓ) = τ̄e(xf )
α(xf , ℓ)∑

ℓ′∈Se
α(xf , ℓ′)

, (9)

where ℓ′ indexes ray samples contributing to the same element–target pair. The
local adjoint is then propagated through the accumulated path time and the
local path-length correction in Eq. (5), giving a total slowness adjoint s̄(ℓ) at
each replayed ray sample. The final SoS gradient is the bilinear interpolation
adjoint followed by the chain rule for si = 1/ci,

∂L
∂ci

= − 1

c2i

∑
e

∑
ℓ∈Se

Bi(q(ℓ)) s̄(ℓ). (10)

Here, Bi denotes the bilinear basis weight for grid node i. Thus the forward pass
captures ray bending, while replay supplies practical gradients for SoS updates.

2.4 Optimization and Implementation

We start the optimization process with a homogeneous SoS survey over a prede-
fined range and select the speed with the lowest CMPE value as c0. The spatial
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map is then optimized using the Adam optimizer. The objective combines CMPE
with an anisotropic total-variation regularization,

L(c) = LCMPE(c) + λTVTV(c). (11)

In practice we use λTV = 0.3 with a lateral-to-axial weighting of 5:1 on a
1 mm × 1 mm sound-speed grid. Our implementation combines JAX for the
computation of the CMPE loss, and Dr.Jit/Mitsuba for ray tracing and replay
differentiation. Ray-time fields were computed with 10,000 ray samples per ele-
ment, a ray-marching step size of 10 µm, randomized step offsets, a soft-min scale
of β−1 = 50 ns, and a Gaussian deposition bandwidth of σ = 0.2λ. CMPE was
evaluated with lag-1 common-midpoint pairs, 17-element subapertures, a corre-
lation threshold of 0.9, an F-number aperture mask of 0.75, and 300 Adam iter-
ations. The experiments were run on a workstation with an NVIDIA RTX 6000
GPU. Due to the additional computational complexity of the bent-ray model,
UltraBend required 4.53 s per optimization iteration compared with 0.91 s for
StraightRay, translating to 22.7 min and 4.5 min runtimes, respectively, for 300
optimization iterations.

3 Results

3.1 Experimental Setup

We evaluate UltraBend in controlled simulations with known SoS maps. We
consider four synthetic phantoms: a circular inclusion, a layered medium with
parallel interfaces, and two checkerboard patterns with different spatial frequen-
cies. These phantoms cover both smooth and piecewise-constant heterogeneity,
including cases with oblique interfaces and high-contrast local SoS variations.
Pulse-echo full synthetic-aperture (FSA) data are generated using k-Wave [16]
using the same parameters as Simson et al. [12]. We compare UltraBend against
the straight-ray baseline of Simson et al. [12], which we refer to as StraightRay.

3.2 Arrival-Time Accuracy

Before assessing SoS estimation, we analyze the accuracy of the propagation
models by comparing one-way arrival times against k-Wave reference simula-
tions. For each map, k-Wave arrivals are measured for 32 transmit elements

Table 1. One-way time-of-flight residuals relative to k-Wave using a homogeneous
mean-offset calibration. Values are mean absolute residual ± standard deviation [ns]
over valid transmit–receiver pairs. Best mean absolute residuals are shown in bold.

Case StraightRay UltraBend

Layered 4.18 ± 2.38 5.34± 1.94
Inclusion 2.80± 2.77 2.52 ± 2.23
Checker 2 66.54± 135.86 21.27 ± 67.35
Checker 4 76.14± 156.99 45.66 ± 141.51
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Fig. 2. Arrival-time residual maps after homogeneous timing calibration. Each triplet
shows the ground-truth SoS (GT), StraightRay residual, and UltraBend residual. Or-
ange boxes indicate the receiver-grid region. Spatial dimensions are in mm. The checker-
board and layered phantoms use sound speeds of 1420 and 1550 m/s, while the inclusion
phantom uses 1540 m/s for the background and 1570 m/s for the inclusion.

and a rectilinear receiver grid. Since absolute k-Wave arrival times include a
constant source-wavelet and timing-origin delay, we calculate a single offset es-
timated from the homogeneous calibration case and subtract it from all maps.

Figure 2 and Table 1 show that UltraBend improves arrival-time accuracy in
regions where rays cross oblique interfaces, such as the sides of the layered phan-
tom or the region below the inclusion. In these areas, the StraightRay residual
maps show structured artifacts that are substantially reduced by UltraBend. The
largest reductions occur in the checkerboard maps, where UltraBend decreases
mean absolute residuals from 66.54 to 21.27 ns for Checker 2 and from 76.14 to
45.66 ns for Checker 4. In the smoother heterogeneous cases, UltraBend gives
a slightly smaller mean residual for the inclusion phantom, while the layered
phantom shows a small remaining bias but lower spread.

3.3 Sound-Speed Reconstruction Accuracy

Table 2. Speed-of-sound reconstruction errors. Values are MAE ± standard deviation
of the absolute error in [m/s]. Best MAE values are shown in bold.

Case StraightRay UltraBend

Layered 24.73± 24.89 24.10 ± 24.51
Inclusion 8.51± 5.59 3.70 ± 3.76
Checker 2 37.94± 28.15 34.72 ± 38.33
Checker 4 55.83± 34.46 49.25 ± 44.90
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Fig. 3. Speed-of-sound reconstructions from k-Wave simulations with known numerical
phantoms. Each triplet shows ground truth (GT), StraightRay, and UltraBend. Spatial
dimensions are in mm.

As seen in Figure 3 and Table 2, UltraBend reduces the mean absolute error
(MAE) in all four maps. The clearest gain occurs in the inclusion phantom,
where MAE decreases from 8.51 to 3.70 m/s, and the absolute-error spread also
decreases. The layered phantom shows a smaller but consistent improvement.
In the checkerboard phantoms, UltraBend improves the reconstruction of the
high-contrast structure and lowers MAE, although the larger standard deviations
indicate remaining localized errors near sharp interfaces. Generally, the structure
of the SoS maps is preserved more faithfully with UltraBend, and SoS uniformity
within homogeneous regions is better enforced.

4 Conclusion

We present UltraBend, a refraction-aware propagation model for CMPE-based
ultrasound autofocusing. Our main conclusion is that explicitly modeling acous-
tic wave propagation using bent rays improves SoS reconstruction in hetero-
geneous media. In controlled k-Wave simulations, UltraBend reduces one-way
arrival-time residuals in regions where propagation was strongly affected by
refraction, particularly below inclusions and across high-contrast checkerboard
structures. These improvements in travel-time accuracy translate into lower SoS
reconstruction error in all four evaluated maps. The strongest improvement is ob-
served in the inclusion phantom, where the MAE decreases from 8.51 to 3.70 m/s.
In the checkerboard phantoms, UltraBend also reduces the average error and bet-
ter preserves high-contrast spatial structure, but at the cost of an increased error
spread (28.15 → 38.33 m/s for Checker 2 and 34.46 → 44.90 m/s for Checker 4),
indicating that the remaining error becomes concentrated in fewer, more severe
outliers near sharp interfaces and caustics, where the first-arrival ray assumption
underlying our soft-min deposition is least valid.

Methodologically, UltraBend provides a practical compromise between straight-
ray autofocusing and full-wave inversion. By tracing untargeted bent rays through
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the current slowness field and depositing local arrival-time estimates onto nearby
autofocus targets, the method incorporates first-order refraction effects without
requiring a separate two-point refracted ray solve for every element–target pair.
The fixed-replay adjoint further makes this propagation model compatible with
iterative SoS optimization without storing the full ray-tracing history.

The present study is limited to controlled simulations and known phantom
geometries. Reconstruction errors remain in poorly constrained regions, espe-
cially near sharp interfaces and in the image far field, where aperture support
is sparse. Future work should therefore focus on experimental validation, more
realistic phantoms, improved ray deposition, and regularization strategies that
better account for limited angular coverage. Overall, our results suggest that
refraction-aware propagation modeling is a promising direction for improving
pulse-echo speed-of-sound imaging through differentiable beamforming.
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