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Abstract

We derive the optimal differentially private
additive noise mechanism for queries in R?
when sensitivity and error are defined by an
arbitrary norm || - ||x. The optimal mecha-
nism is a generalization of the staircase mech-
anism, which is known to be optimal un-
der the ¢; norm when d < 2; we extend
the mechanism and its guarantee to arbi-
trary norms and dimensions, proving a con-
jecture of Geng et al. [2015] along the way.
The generalized staircase mechanism we de-
rive can be viewed as a refinement of the K-
norm mechanism of Hardt and Talwar [2010],
with improvements particularly evident in
the low-privacy regime as ¢ — co. We show
how to implement the generalized staircase
mechanism efficiently, given an efficient algo-
rithm for sampling the unit K-norm ball, and
demonstrate that it significantly reduces er-
ror in realistic settings, including under non-
standard norms that are common in practice,
and across a range of error metrics.

1 INTRODUCTION

Differential privacy has been applied to many statis-
tical estimation tasks, including, for instance, mean
estimation [Bun and Steinke, 2019], median estima-
tion [Asi and Duchi, 2020], histogram estimation [Xu
et al., 2013], and heavy hitter estimation [Bassily et al.,
2017]. In many such tasks, the output value can be
high-dimensional, and a standard approach is to com-
pute the non-private metric and add Laplace noise or
Gaussian noise. However, the resulting mechanism is
generally suboptimal.

This was first observed by Hardt and Talwar [2010],
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who proposed private additive noise mechanisms that
are specific to the sensitivity space of the query, de-
fined as the set of all possible differences in the query
value between neighboring datasets (see Definition 2).
Their algorithm, the K-norm mechanism, generalizes
the Laplace mechanism and often performs better in
practice. Hardt and Talwar [2010] gave bounds on the
performance of their algorithm, and showed that it
can be implemented in polynomial time and has better
utility compared to Laplace noise for the task of an-
swering multiple linear queries. More recently, Joseph
and Yu [2024] proposed algorithms to efficiently sam-
ple the K-norm mechanism for sum, count, and ma-
jority queries.

Separately, Geng and Viswanath [2014] initiated a line
of work on optimal mechanisms for low-dimensional
queries called staircase mechanisms, so named be-
cause they add noise with a density that decays in
piecewise constant steps, unlike smooth Laplace or
Gaussian noise. Geng and Viswanath [2014] pro-
posed the one-dimensional staircase mechanism and
demonstrated both theoretically and empirically that
it outperforms the Laplace mechanism. Subsequently,
Geng et al. [2015] generalized this approach to d-
dimensional staircase mechanisms and showed that for
d < 2 they outperform the Laplace mechanism (and
all other additive noise mechanisms) under ¢; sen-
sitivity. Geng et al. [2020] later extended the one-
dimensional staircase mechanism to (e, d)-differential
privacy; more recently, Kulesza et al. [2023] proposed
a staircase-like mechanism for a sub-problem arising
in one-dimensional mean estimation.

In this paper, we show how these lines of work can be
brought together, establishing that a generalized stair-
case mechanism is the optimal additive noise mecha-
nism whenever sensitivity and error are determined by
the same norm K, even in high dimension. We show
that this mechanism can be implemented efficiently in
a manner similar to the K-norm mechanism, assum-
ing the existence of an efficient sampler for the K-norm
unit ball. Moreover, we demonstrate empirically that
the improvements over the Laplace and K-norm mech-
anisms are significant in realistic settings, and that the
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generalized staircase mechanism still performs better
even when error is measured using a metric other than

the K-norm!.

2 PRELIMINARIES

Let D denote the set of all possible input datasets.
Differentially private mechanisms are then defined as
follows.

Definition 1 (Differential privacy [Dwork et al.,
2014]). A mechanism A D — R? satisfies e-
differential privacy if for any two neighboring datasets
D, D’ and for any output S C R?, it holds that

PrlA(D) € S] < e - PrlA(D") € §] .

Two popular notions of neighboring datasets are used.
The first, called the add-remove model [Dwork et al.,
2014, Definition 2.4], defines D and D’ as neighboring
if and only if |D \ D’| + |D’ \ D| = 1. The second,
called the swap model [Dwork et al., 2006, Vadhan,
2017], defines two datasets D and D’ as neighboring
if and only if |[D\ D’| = 1 and |D’\ D| = 1. In this
paper, we are ambivalent about the semantics of the
neighboring relation; instead, we use the notion of a
sensitivity space to characterize how the target query
changes on neighboring datasets.

More formally, let ¢ : D — R? denote a query that
maps a dataset to a d-dimensional value.

Definition 2. The sensitivity space K C R? for g
is given by K = {x : J neighboring D, D’ s.t. x =
a(D) —q(D")}.

Notice that K is symmetric around the origin (K =
—K), since for all neighboring pairs D, D’ both ¢(D)—
q(D") and ¢(D’) — q(D) must belong to K.

In practice, sensitivity spaces are often also convex—
for instance, the sensitivity space will be convex if the
query is a sum of vectors from a convex set like the /4
or {5 ball-—and we will assume here that K is convex.
We can then define the Minkowski K-norm |z|x =
inf{r : x € rK}, where rK = {r-z: 2z € K}. (We
note in passing that non-convex sensitivity spaces also
sometimes arise in practice—see Kulesza et al. [2023]
for one example—and are of interest for future work.)

See Figure 1 for an illustration of a sensitivity space
K.

Our aim is to find the optimal mechanism for ¢ among
all additive noise mechanisms, which produce a dif-
ferentially private estimate of ¢(D) by adding noise

'The code can be found at https://github.com/
google-research/google-research/tree/master/
general_staircase_mechanism
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Figure 1: A sensitivity space K. Note that K is convex
and symmetric about the origin. See Figure 2 for an
example of a staircase distribution for this sensitivity
space.

sampled from a suitable distribution P; i.e.,
A(D)=q(D)+ Z,

where Z ~ P. Common noise distributions include the
Laplace distribution and the Gaussian distribution.

Definition 3. We call a noise distribution P (K, ¢)-
differentially private if, for all S C R¢ and all z € K,

P(S) <e*P(S+z),
where S+z={y+x:y€ S}

Note that the additive mechanism A defined above
is e-differentially private whenever P is a (K, ¢&)-
differentially private noise distribution.

Definition 4. The K-norm mechanism of Hardt and
Talwar [2010] is an additive noise mechanism using
the (K, ¢)-differentially private noise density

p(x) oc eellwllx

2.1 Optimal Additive Noise

Let £ : R? x RY — R denote a loss function that mea-
sures the quality of the output with respect to the true
value of ¢, and let

Lp(A,q) = E[((A(D),q(D))]
be the expected loss of mechanism A on dataset D.

For our theoretical results, we will assume the loss
function is given by the K-norm:

((A(D),q(D)) = [|A(D) = q(D)]|x -
Hence, for the additive mechanism A defined above,

Lp(A,q) =E[((A(D),q(D))] = Ezep [[|Z]|x],
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independent of the underlying dataset D.

The goal of this work is to identify the noise distri-
bution Z that minimizes Ezcp [||Z| k], subject to the
corresponding additive mechanism A remaining differ-
entially private.

Definition 5. We call a noise distribution P* (K, ¢)-
optimal if it is (K, e)-differentially private and, for all
(K, e)-differentially private noise distributions P,

Ezp- 1Z)k] < Ezep [ Z] k] -

When K is the ¢; ball and d < 2, Geng et al. [2015]
showed that the staircase mechanism is the optimal
additive noise mechanism. However, they only con-
jectured the same result for d > 2. We prove their
conjecture and extend the result to general K.

3 THEORETICAL RESULTS

3.1 Optimal Additive Noise Mechanisms

To identify the optimal additive noise mechanism, we
first narrow down the list of candidates, showing that
there exists an optimal mechanism that places con-
stant probability density on noise values having the
same K-norm.

Theorem 1 (Optimality of equicontour mechanisms).
For any sensitivity set K and privacy parameter e > 0,
there exists a (K, ¢e)-optimal noise distribution whose
density p takes the form p(x) = f(||z]x)-

To prove Theorem 1, we show that any (K, ¢)-
differentially private noise mechanism (including any
optimal mechanism) can be “averaged out” across the
K-spheres without reducing privacy or increasing loss.
See Section 6 for more details.

We then proceed to examine the class of equicontour
mechanisms in more detail. Many mechanisms, in-
cluding the K-norm mechanism of Hardt and Talwar
[2010], are equicontour, but we show that the optimal
one is a generalization of the staircase mechanism.

Definition 6 (Generalized staircase mechanism). A
(K, )-differentially private noise distribution P on R?
is a generalized staircase distribution (and its corre-
sponding additive mechanism is a generalized staircase
mechanism) if it has a density p(xz) = f(||z|x) for
some v € (0,1], where

£y (r) ocembr=le

Notice that f, is constant on the intervals [0,7),
[v,vy+ 1), [y + 1,7 + 2), etc., and decreases by a
factor of e® on each subsequent interval. Figure 2
depicts the generalized staircase mechanism for the

Figure 2: The first few stairs of the staircase distri-
bution for K from Figure 1 and 7 = 0.6. The text in
each shaded region shows the density for that region.

two-dimensional sensitivity space from Figure 1 when
v = 0.6.

Intuitively, the optimal noise density should be de-
creasing roughly exponentially in || - ||x to minimize
error. However, if a density decays smoothly with
Il - llx, then we can improve its utility by moving a
small amount of mass from regions of higher magni-
tude noise to lower magnitude noise. Because nearby
density ratios are limited by privacy constraints, in the
limit such improvements lead to a “staircase” shape,
where as much mass as possible has been pushed into
the low magnitude regions. Formally, we have the fol-
lowing result.

Theorem 2 (Optimality of generalized staircase
mechanisms). For any sensitivity set K and privacy
parameter € > 0, there is a generalized staircase dis-
tribution that is (K, €)-optimal.

The optimal v that maximizes the utility can be found
by a grid search. However, our analysis also yields the
following observation.

Lemma 1. The optimal value of 7y is independent of
the sensitivity space and depends only on the privacy
parameter € and the dimension d.

As a corollary, we show that the optimal error (mea-
sured as the expected K-norm) is also independent of
the sensitivity space.

Corollary 1. The error of the optimal generalized
staircase mechanism is independent of the underlying
sensitivity space K and depends only on the privacy
parameter € and the dimension d.

In Section 6 we return to these results and provide an
overview of the techniques we use to prove them. Full
proofs are provided in Appendix A.
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3.2 Comparison With the K-norm
Mechanism

In the one-dimensional setting, Geng and Viswanath
[2014] compared the staircase mechanism and the
Laplace mechanism (equivalent to the K-norm mech-
anism in one dimension) and showed that their errors
converge in the high-privacy regime where ¢ — 0, but
the error of the staircase mechanism improves expo-
nentially over the Laplace mechanism as € — co. Here,
we extend that analysis to the d-dimensional case.

Since both d and ¢ affect the error, we consider each
independently. Let r(e,d) denote the ratio between
the error of the generalized staircase mechanism and
the error of the K-norm mechanism given the specified
parameters. (This ratio is always upper-bounded by 1
since the generalized staircase mechanism is optimal.)

Theorem 3. For a fized €, as d — oo, the ratio r(g,d)
18 monotone non-decreasing.

Theorem 4. For a fixed d, in the high-privacy regime
as € — 0, r(e,d) — 1, hence the generalized stair-
case mechanism gives the same error as the K-norm
mechanism. In the low-privacy regime as € — 00,
r(e,d) = O(exp(—Q(e)), and the generalized staircase
mechanism becomes exponentially better than the K-
norm mechanism.

Proofs and a more detailed discussion can be found in
Appendix A.

4 SAMPLING ALGORITHM

We next propose an algorithm to implement the gen-
eralized staircase mechanism. Our algorithm involves
sampling from the discrete gamma distribution, which
is defined as follows.

Definition 7 (Discrete gamma distribution). Given
parameters vy, e, and dimension d, define DI'y . 4 to be
the distribution supported on {i + v}i=0.1,2,... with

sLybyee

: 1 : —€1
DF’Y,&d(Z + ’Y) = C d('y) (7’ =+ ’Y)de ’

where Ce 4(v) is the normalizer given by

(o]

Cealy) = 3 (i + 7).

i=0

Algorithm 1 provides an implementation for sampling
from the discrete gamma distribution.

Lemma 2. For anye, v, and d, Algorithm 1 returns a
sample from the discrete gamma distribution DI, . q,
and the expected number of samples required from the
Laplace distribution is at most O(d).

Algorithm 1 Sampling from the discrete gamma dis-
tribution.

1: Input: €, v, d.
2: while True do

3: Sample d random variables Xi,..., Xy, i.i.d.
from the exponential distribution : f(z) o e™**
for x > 0.

4: Let their sum be s = Zle Xi;.

Lett=[s—7v]+v—s.

6: Sample another random variable Y from the
Laplace f(x) oc e™°%.

7 IfY >t return [s — ] + |Y —¢].

8: end while

o

Algorithm 2 returns a sample from the generalized
staircase mechanism. It is analogous to the sampling
algorithm for the K-norm mechanism [Hardt and Tal-
war, 2010], but uses Algorithm 1 in place of sampling
from the (continuous) Gamma distribution. It also
relies on a subroutine that returns a uniform sample
from K (under the Lebesgue measure). Such subrou-
tines have previously been developed for a number of
sensitivity spaces encountered in practice [Hardt and
Talwar, 2010, Joseph and Yu, 2024].

Algorithm 2 Sampling from the generalized staircase
distribution.

1: Input: Sensitivity space K C R?, uniform sam-
pling subroutine U, €, 7.

2: Obtain a uniform sample from K: =z ~ U(K).

3: Obtain a scalar sample from the discrete gamma
distribution: y ~ DI', ¢ 4.

4: QOutput y - z.

It is known that the (smooth) K-norm mechanism can
be sampled in a similar fashion, first uniformly drawing
a sample from the sensitivity space and then rescaling
it by a sample from the (continuous) gamma distribu-
tion. Here we use essentially the same method, but
draw the scale from the discrete gamma distribution.

Theorem 5. Algorithm 2 returns a sample from the
generalized staircase mechanism, requiring one uni-
form sample from K and an expected O(d) samples
from the exponential distribution.

5 EXPERIMENTS

In this section we evaluate the performance of the gen-
eralized staircase mechanism and compare it to the
K-norm mechanism and the Laplace mechanism. In
particular, we make the following three observations.

e Validation of theory: Our theoretical results
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show that the generalized staircase mechanism
performs better than the K-norm mechanism
(and every other additive mechanism, including
the Laplace mechanism) when the loss of algo-
rithm is measured by the K-norm. We demon-
strate this phenomenon empirically and show that
the gap increases as ¢ increases. In many practi-
cal settings, for moderate e, the improvement is
significant.

e Robustness to 7: As described in Section 3, the
offset v for the generalized staircase mechanism
can be found by a grid search. We show that the
utility of the mechanism is robust to the choice
of ~, implying that even an imperfect search is
likely to yield improved results compared to the
K-norm mechanism.

e Utility in other metrics: Although our theo-
retical results show that the generalized staircase
mechanism is optimal when utility is measured us-
ing the K-norm, practitioners may use other met-
rics. We show that the generalized staircase mech-
anism’s improved performance extends to a vari-
ety of different error metrics, providing benefits
over existing mechanisms even in settings where
it may not be theoretically optimal.

Parameters of interest. Since we are using addi-
tive noise mechanisms, the final utility is independent
of the underlying dataset and depends only on the sen-
sitivity space K, the privacy parameter €, the under-
lying dimension d, and the metric used for measuring
performance.

5.1 Validation Of Theory

We first demonstrate that when performance is mea-
sured using the matching norm || - || 5, the generalized
staircase mechanism outperforms the K-norm mech-
anism (which, in turn, matches or outperforms the
Laplace mechanism [Hardt and Talwar, 2010]). Fig-
ure 3 compares the staircase and K-norm mechanisms
for d = 3 as ¢ varies from 272 to 2° using the opti-
mal value of 7. Observe that the staircase mechanism
significantly outperforms the K-norm mechanism for
roughly e > 2. (Note that, following Corollary 1, the
choice of K does not affect these results.) On the other
hand, Figure 4 compares the two mechanisms for fixed
e = 4 over varying dimension d € {1,..., 8}, again us-
ing the optimal . As d increases, the advantage of
the generalized staircase mechanism decreases; how-
ever, note that for larger ¢ the improvement may still
be significant for larger d. For additional discussion
on the effects of d, e and +, see Appendix B.

——- Staircase
—— K-norm

10! 4

100 4

loss

10714 N

1072 4 S

Figure 3: Expected error of the staircase/K-norm
mechanisms for varying ¢, d = 3, and optimal ~.

eps=4.0

=== Staircase
— K-norm

100 4
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Figure 4: Expected error of the staircase/K-norm
mechanisms for varying d, € = 4, and optimal ~.

5.2 Robustness To vy

Figure 5 shows the error of the generalized staircase
mechanism as a function of +, with the K-norm mech-
anism error as a reference. Although the utility varies
significantly overall, for a wide range of v around the
optimal v* the staircase mechanism outperforms the
K-norm mechanism. Further, around v* the expected
error changes slowly. Thus, despite the difficulty of
analytically finding v*, we might still get significantly
improved performance choosing v using simple empir-
ical techniques such as grid search.

5.3 Utility In Other Metrics

We next demonstrate the performance of the gener-
alized staircase mechanism across different combina-
tions of sensitivity spaces and error metrics using ¢,
norms for p = 1,2,00. These norms include many
realistic sensitivity spaces—for example, the unit £,
ball is the sensitivity space for a sum over a dataset
of vectors where each entry is in [—1,1]—as well as
commonly used error metrics. Figure 6 compares the
mechanisms for each combination of sensitivity space
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error v.s. gamma, eps = 8.0,d = 3
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Figure 5: Expected error of the staircase/K-norm
mechanisms for varying v, € = 8.0, and d = 3.

and error norm. v remains fixed to the optimal value
for the sensitivity norm, even when evaluating under a
different norm. Observe that, in all cases, the general-
ized staircase mechanism significantly outperforms the

K-norm mechanism, even when the error metric does
not match.

5.3.1 A Non-standard Sensitivity Norm

In order to demonstrate the generality of the proposed
mechanism, we adopt the “sum” setting studied by
Joseph and Yu [2024]. In this setting, the dataset
contains records from many users, each a vector in
[~1,1]%, and the target query sums all of the records.
However, each user’s contributed vector is also re-
stricted to at most k nonzero components. (This is
motivated by real-world systems that specify both £,
and £, bounds [Amin et al., 2022, Rogers et al., 2020].)

Joseph and Yu [2024] show that the convex hull of the
sensitivity space for this setting is the intersection of
the [~1,1]? hypercube and the ¢; ball {v : ||v||; <
k}. For example, when (d,k) = (3,2), the result is
as shown in Figure 7 (for each of the eight orthants).
This somewhat unusual sensitivity space gives rise to
a non-standard K-norm, but we can still apply the
generalized staircase mechanism.

Figure 8 shows the results when measuring error using
the standard £, norms from above. The generalized
staircase mechanism dramatically outperforms the
order-optimal K-norm mechanism and the frequently-
used Laplace mechanism across all error metrics, even
though none of them matches the sensitivity space.

6 ANALYSIS OUTLINE

Finally, we return to the theoretical results from Sec-
tion 3 and show some of the techniques used to prove
them. The remaining details can be found in Ap-

pendix A.

6.1 Optimality Of Equicontour Mechanisms

We start by proving that e-DP additive noise distri-
butions have densities.

Lemma 3. Let P be a (K, e)-differentially private
noise distribution. Then P has a density (with respect
to the Lebesgue measure \). That is, there exists a

function p : R? — [0,00) such that, for any Lebesgue-
measurable Z C Rd,

P(2) /Z p(2)dA(2) .

Proof. By the Radon-Nikodym theorem, it suffices to
show that P is absolutely continuous with respect to
the Lebesgue measure, i.e., that A(Z) 0 implies
P(Z) = 0. Suppose to the contrary that there ex-
ists a Z with A(Z) = 0 but P(Z) > 0. For any z € K,
we have P(Z + z) > e *P(Z). Now consider the ex-
pected P-measure of the intersection of Z and Z + x
when z is drawn uniformly at random:

Erer [P(Z 0 (2 + 2))]

_ / P(Z0(Z + x)) d\(z)
K
_ / /1(,2 € 2)1(z € Z + x) dP(2) dA(x)
K
= // 1(z € Z2)1(z € Z + z) d\(x) dP(z)
K

/1(262) UK1(xezZ)dA(x) dP(z)
=0,

where we use Tonelli’s theorem to switch the order of

integration and then the fact that A(z — Z) = 0 (since
AZ)=0).

Thus, there exists € K such that P(ZN(Z+z)) = 0.
Let Zy = ZU(Z + z); then

P(Z)=P(Z)+P(Z+z)—P(ZN(Z+x))
>(1+e°)P(2).

Since A(Zy) is still zero, we can iterate this pro-
cess, obtaining a sequence Zi,Zs,... with P(Z;) >
(1 + e 9)"P(Z). For sufficiently large i, P(Z;) > 1,
which contradicts the fact that P is a probability dis-
tribution. Thus the set Z cannot exist. O

Next, we show that there exists a density for P that

satisfies the privacy constraints pointwise over all of
R,
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sensitivity space: ell_1, d=3, eps=4.0

sensitivity space: ell_2, d=3, eps=4.0

sensitivity space: ell_inf, d=3, eps=4.0
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Figure 6: Expected error of the staircase/K-norm mechanisms for different combinations of sensitivity space and
target error norm with € = 4, d = 3, and optimal ~y (for the sensitivity norm).

2532

Figure 7: The “sum” polytope in the first orthant for
d =3 and k = 2. It is equivalent to the unit cube with
the pyramid (M, N, O, J) removed.

Lemma 4. Let P be a (K,e)-differentially private
noise distribution. Then P has a finite density p such
that, for all z,y € R, z —y € K,

p(z) < ep(y) -

Proof. Let B(x,r) denote the ball of radius r centered
at z € R%, and define

P(B(x,r))
|B(z,r)|

p(z) = limsup

r—0+

Let pg be an arbitrary density of P. By the Lebesgue
differentiation theorem,

. P(B(z,r))
po(z) = lim =m0
for almost all z, and thus p = py almost everywhere,
since the limit superior agrees with the limit whenever
it exists. Thus p is also a density of P. (In particular,
it is the upper density of P.) It remains to show that p
satisfies the pointwise privacy constraint and is finite.

10-bounded sum, epsilon=4.0, d=3, k=2

BN Staircase
s K-norm
B Laplace

average error

ell 1 ell 2
target norm

ell_inf

Figure 8: Expected error of the staircase, K-norm, and
Laplace mechanisms for the “sum” sensitivity space
from Joseph and Yu [2024] under various error norms
with e = 4, d = 3, k = 2, and optimal v (for the
sensitivity norm).

When z — y € K, we have

. P(B(z,r"))
pu— 1 —
ple) = lm sup o)
. e“P(B(y,r"))
<1 ¢\ B r))
= 50 v | B(w, )]
/
= ¢ limsup —P(B(yﬂ; )
r—0+ IB(ya T )|
=e“p(y)

Since K has positive measure, for every x there must
exist a y € x — K with p(y) < co. Therefore p is finite
everywhere. O

Next, we show that the density p(z) can be modified
to depend only on the sensitivity norm ||z| x without
affecting its privacy or utility.

Lemma 5 (“Polar” representation). There exists a
parameterization 8 € © of the unit sphere {u : |Ju|| x =
1} under the mapping w(0) and a function g(0) such
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that

/f d\(z / / f(ru(8)) ri=tg(0) dr db
for any integrable function f.
Proof. See, for example, Blumenson [1960]. O

Now, define p(x) from p by averaging over vectors with
the same norm:
C/ (I u(®)) (6) ds
where C' = f@ g(6
Lemma 6. p is pomthse e-differentially private.

Proof. For any z € R? and any = € K,

52 = & [ oll=lxu(®)) g(0) s

1
< & [ eplllz + zlxu(9)) g(0) o
€]
ep(z + ),
since |||z]lx — ||z + z|lx] < ||z|lk < 1, and thus
lellcu(®) — 1= + 2l xu(6) € K. .

Next we show that the expected loss, measured by the
K-norm, is the same for p as for p.

Lemma 7. [ |lz]lx p(z) dNz) = [ |12l p(z) dA(2).

/wamadxa

lru(9)| x p(ru(0)) r

/ / ru(f
= C/o rdp(ru) dr

= [ [ 1ru@licstruto)s = g(0) ar ao
e Jo

=/MﬁKﬂAde,

where a bare u denotes any unit vector under ||-||x. O

L9(6) dr do

0) df dr

We have shown that any e-DP additive noise mecha-
nism can be replaced by a mechanism whose density
p(x) depends only on ||z|| x without sacrificing privacy
or utility. Thus, there must exist an optimal addi-
tive noise mechanism whose density depends only on
the K-norm. (This establishes Theorem 1.) We can
therefore restrict our search to such mechanisms; if a
mechanism is optimal within this class, it is also opti-
mal overall.

6.2 Optimality Of Generalized Staircase
Mechanisms

We now sketch the argument for Theorem 2. Let P
be an e-differentially private noise distribution on R¢

with density p(xz) = f(||z||x). For R C [0,00), let
P(R) denote P({zx : |z||x € R}) and let |R| denote
the Lebesgue measure of {z : ||z||x € R}.

Definition 8. The upper radial density of P is

P([r—6,r+4))

f(r) := limsup r— 0,7+ 9]

§—0t

forr >0, and f(0) = limsup, o+ f(r). This density
s always defined and bounded, following the proof of
Lemma 4, and fully determines P through the density

p(x) = f(lellx).

The upper radial density is a convenient representa-
tion of P because it has nice regularity properties. In
particular, we have the following lemma.

Lemma 8. Let f be the upper radial density of an
e-differentially private noise distribution P. Then for
any r € (0,00), 6o > 0, and B > 0, there exists a
0’ < &g such that

fr)y=B < P(r=08,r+8)/|Ir—¢,r+8 < f(r)+8 .

Proof. Expanding the definition of the upper radial
density, we have

A P(r—=29¢,r+9))

= li
0= 5 20 T~ 9]

From the definition of the limit, there exists § < g
such that the supremum is less than f (r) + 3, thus for
all ¢ < § we have P([r =o', +4'])/|[r = 0,7+ 0']| <
f (r) + B. At the same time, the supremum is at least
f (r), and so by the definition of supremum there exists
some ¢’ < § such that P([r—8',r+d"])/|[r—d",7+0']| >

fir) = 5. O

Lemma 8 allows us to translate pointwise properties
of the density f to properties of positive probability
masses under P. This technical result is critical to
proving the following three lemmas, which mirror the
main steps in the argument of Geng et al. [2015]. (The
proofs are provided in Appendix A.)

Lemma 9. If P is a (K, ¢e)-optimal noise distribu-

tion, then its upper radial density f is monotone non-
mnereasing.

Lemma 10. If P is a (K, ¢€)-optimal noise distribu-

tion, and f is its upper radial density, then for all
r € [0, 00), f( )—eef(r—f—l)
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Lemma 11. If P is a (K,¢)-optimal noise distribu-
tion, and f is its upper radial density, then for some
v € [0,1] and some constant ¢ we have

fry= {

By Lemma 17, a (K, &)-optimal noise distribution ex-
ists. Combining Lemmas 10 and 11, we conclude that
there exists an optimal generalized staircase distribu-
tion, establishing Theorem 2.

0<r<y
y<r<l1

7 Future Directions

We showed that the generalized staircase mechanism is
optimal (a) for convex sensitivity spaces, (b) under the
sensitivity norm, and (c) among the class of additive
noise mechanisms. Any of these qualifications could
potentially be relaxed. Is there a general way to derive
optimal mechanisms for sensitivity spaces that are not
convex, as Kulesza et al. [2023] did in their specific
setting? Can we derive optimal mechanisms for error
metrics that do not match the sensitivity space? Is
the staircase mechanism (or some other mechanism)
optimal among all differentially private mechanisms,
even those that are not additive?

Additionally, while we focused on pure differential pri-
vacy here, in practice relaxations such as approxi-
mate differential privacy or zero-concentrated differen-
tial privacy are commonly used. Extending the work
of Geng et al. [2020] to derive optimal mechanisms
under a relaxed privacy model in the general setting
of arbitrary high-dimensional sensitivity spaces might
yield significant practical benefits.
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A ANALYSIS

A.1 Proofs Of Lemma 1 and Corollary 1

Recall that
p(x) o e~ Llzllx—7le

Let C be the normalization constant and f.,(r) = %eﬂ”*”g. Then, the expected loss can be written as

Exep [IX]1x] = /

z€ERY

p(ﬂf)llmHKdﬂr:/ Hllzll )]l x d

z€RC

By Lemma 5, this can be rewritten as

Exep [1X||x] = /@ / 1 et g (0)drdd = / " fy ) /@ 4(0)do.

Similarly, since P is a distribution,

Exep[1] = / / fo(r)r?tg(0)drdo = / fo(r)ri=tdr / g(0)do.
eJo 0 e
Taking the ratio of the above two equations and using the fact that Excp [1] = 1 yields,

_ fooo f,y(r)rddr
fooo f,y(r)rdfldr’

which is independent of K. Hence both optimal loss and the optimal value of v are independent of K.

Exer [ Xl x]

A.2 Proofs Of Theorems 3 and 4

Here we discuss in detail how the general staircase mechanism’s utility changes compared to the K-norm in the

two regimes mentioned in 3.2, and prove Theorems 3 and 4.

For the convenience of writing proofs, we introduce some new notations. Let Cy.(v) = :;Og (i+7)%e~¢" be the
normalizing constant in the discrete gamma distribution DI', 4 .. Denote the staircase distribution with any ~
value by P,. Let hq.(v7) = Exep, [[| X[ k] be the expected error at any . Notice that it is written as a function
of 4. In Lemma 1, we have shown hq.(y) is independent of sensitivity space K, so for the purposes of this
analysis, we can treat K to be an || - [|2 unit ball. The next lemma bounds the expected ¢o-norm of a random

sample from unit ball.

Lemma 12 (Folklore). If X is a uniform random sample from the fo unit ball in R, then the expected l3-norm

of X is #‘ll.

We next relate hq () to the normalizing constants in the discrete gamma distribution.

Lemma 13. For any d, € >0, and v € [0, 1],

_ d 'Cd—i-l,s(’)’)
d+1  Cyac(v)

hd,e (’Y)

Proof. Consider Algorithm 2 which samples from the staircase distribution. Conditioning on that the sampled
scale y = i+ for any non-negative integral i, the expected norm value of the algorithm’s output zy is d%il (i+7).

Hence
oo

(i +)le = d  Cip1,(7)

hae(0) = 7 204 T T S T Ca)

The next lemma characterizes the optimal v, denoted as v*(g, d) for staircase mechanism.
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Lemma 14. Ford > 1, v*(e,d) € [0, 1] satisfies the following equality:
(d+1)-C3.(v"(e,d)) = d - Car1,(v"(e,d)) - Cam1,(v" (e, d)) (1)

Proof. Taking the derivative of h with respect to v yields:

@ . d . (d + 1)03,5(7) - dCd-‘rl,e('Y)Cd—l,e(’Y) (2)
9y d+1 Ci.(v) '

Let v* £ 4*(e,d) for notational simplicity. We argue that gradient at 4* has to be zero and hence the result
follows by Equation 2.

Suppose otherwise. Since the gradient at +* is not zero, the only possible values of +* are zero and one.
However, note that Vd > 1,e, Cq.(0) = > ;2 %%, which is same as e °Cy.(1); and we have that Vd, e,
hae(0) = hqe(1), and h'(d,€)(0) = h'(d,€)(1). Suppose h'(d,e)(0) < 0, then, for a sufficiently small value of v,
h(y) < h(0). Hence a contradiction. Similarly, if h'(d,£)(0) > 0, then h'(d,e)(1) > 0 and for a sufficiently small
value of v, h(1 —v) < h(1). Hence a contradiction. O

We state two simple results on the properties of continuous K-norm mechanisms.

Lemma 15. The error of the K-norm mechanism is independent of the underlying sensitivity space K and
depends only on the privacy parameter € and the dimension d.

The proof of the above result is similar to that of Corollary 1 and omitted. The above lemma together in
conjunction with the fact that when K-norm is ¢; norm, K-norm mechanism is same as Laplace mechanism,
implies the following corollary.

Corollary 2. Let € > 0. For any K-norm in d-dimensions, the error of the K-norm mechanism is given by

EllX ) = &

Using the above lemma, we prove the following bound on ratio of optimal losses for consecutive values of d.

Lemma 16. Let h*(d, ) = min¢o,1] ha,(7). For any d > 1 we have % > 4

Proof. Plug (1) into the expression hq.(v*(e,d)):
d d+1 Cac(y'(c,d))

h*(d,e) =
&)= "4 Cora0r ()
d
= T ha1:(7(@9))
d
> ——h*(d—-1
> b (d— 1)

We now have all the tools to prove Theorems 3 and 4.

Proof of Theorem 3. Let h.(d, ) denote the error of the continuous K-norm mechanism in d dimensions. Com-
bining Lemma 16 and Corollary 2 yields
h*(d,e) S d  hede)
h*(d—1,e) —d—1 h(d—1,¢)

Rearranging terms, we get

Chi(de) _ hd—1,6)
red) = hde S hd=1,0 o4

and hence the theorem. O
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Proof of Theorem 4. We first prove the result for ¢ — 0. By Lemma 16,
h*(d,e) > dh*(1,¢).

By Geng and Viswanath [2014, Corollary 5],
. 1
W(1e) 2 - (1= o(1)).
Combining the above two equations, together with Corollary 2 yields

h*(d,e) > dh*(1,¢) >

g (1= 0(1)) = he(d,e) (1 —o(1))

where h.(d, €) is the error of the d-dimensional continuous K-norm mechanism with privacy parameter €. Hence,
ase — 0, r(e,d) — 1.

We now focus on the regime where ¢ is large. In this regime, observe that
min hg(y) < hd’s(e*E/(d“))
v€(0,1]
d Cayre(es/(@+D)
T d+1 Cg.(e /@)
d 0(675(d+1)/(d+1))
d+1 O(e =@/@D)
— O(e~e/(@D),

The proof follows by combining the above bound with Corollary 2. O

A.3 Analysis Of Implementation

In this subsection we focus on analyzing Algorithm 1 and 2. We first prove Lemma 2 which shows Algorithm 1
samples from the correct discrete gamma distribution DI, . 4.

Proof of Lemma 2. The last step of the algorithm is a rejection-sampling procedure. Upon each new sampling
iteration, let Z = [s — ] + |Y — ¢] be the random variable denoting the sampling outcome. the probability of
returning a particular y is:

9 d

PIZ=i]=> PY [s—v]=2]-P[Y —t] =i—2]
=0

z=0 1

N

p(s=2x) -PllY —t] =1—z].

/min{zl,O}Jr'y<:v<z+'y

z=0

For any s € [min{z — 1,0} + v, z + 7, we compute the probability of the matching ¥ value: P[|Y —¢] =i — 2],
where ¢, as defined in Algorithm 1, is [s — ] + v — s which always guarantees t € [0,1]. Hence this probability

(i—z+1)+t _ _
PllY —t] =i—2]= / e~ = g—eli=ztt) (1—ef) efs(zfert)7
y=(i—z)+t

where the o sign leaves out constants. Notice that given any x such that [z — ] = 2z, when s = z, by definition
of t,
e 55 . efe(ifert) = efe(H»'y).
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Plugging this into the previous equation we have

/ pls =) BlLY 1] =i~ 7]
»—0 Y/ min{z—1,0}+y<z<z+vy

1
x / e PV —t] =i — 2]
=5 Jmin{z—1,0}+y<o<ztvy

7

o E / 1-e7¢
2—0 Y/ min{z—1,0}+y<z<z+y

= e“/ 1
Z?:1 X;=0

x (i +7)% <,

where in the last line we used the fact that:

z z—X; pr—(X14+X5) .
/ / ...ddedel-“Xm:f'
X1=0J X5=0 X3=0 d

holds for any x > 0. O

We now prove the correctness of Algorithm 2 using the fact that Algorithm 1 returns a sample from the discrete
gamma distribution.

Proof of Theorem 5. Pick any point v € RY such that |||v|x] € [(i —1) +7,i+7) (i =1,2,...). For Algorithm
2 to sample v, the scalar y that it samples from DI, . s must be at least 7 + 7, otherwise we must have
lzyll < yllz|lx < (i —1) 4. When y = j 4+, the probability of sampling any z within K is ﬁ7 where V(K)
is the volume of K. Hence

play = v) i@[yj].p<x y)

+oo
. 1
xS G+t ——
= (G +7)

+oo
= E el o< e .
j=i

Hence it samples from the correct staircase distribution.

To prove Theorem 5 it remains only to discuss the run-time of the sampling algorithm. To output one sample,
it only makes one call to the given uniform-sampling subroutine ¢ on K, hence we only need to show it can also
sample y in O(d) time for fixed £ and . Suppose we have already sampled X7, ..., X4, and obtained s and ¢
that is how far s is from the next i 4 for non-negative integral i. ¢ is guaranteed to be in [0,1). Given any ¢ the
probability of rejecting the sample is at most P[Y < ¢] < 1 — e~°. Hence the algorithm is expected to return a
valid sample in O(1) calls to the rejection sampling process, each call taking O(d) time to sample all the random
variables. O

A.4 Proofs Of Lemmas 9, 10, and 11

We first prove that the optimal noise distribution exists.

Lemma 17. There exists an optimal (K, e)-differentially private noise distribution P*.

Proof. Let P denote the set of all probability distributions. The (K, ¢)-differential privacy constraints can be
expressed as a collection of linear inequalities in terms of P. Hence, each differential privacy constraint defines a
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closed set in the space of probability distributions. By De Morgan’s laws, the intersection of closed sets, even an
infinite number of them, remains a closed set. Therefore, the set of all (K, ¢)-differentially private distributions,
denoted by Ppp, is a closed subset of P.

The objective function Ezp [||Z| k] is continuous and linear with respect to P and since the norm is always
non-negative, infpep Ezp [||Z]| k] is bounded below by zero. Hence, the minimization of Ez.p [||Z]| k] over
Ppp is a minimization of a continuous function over a closed set with bounded infimum. Hence the infimum is
attained, and thus, an optimal noise distribution P* exists. O

Before proving these three lemmas, suppose we are given a radial density function f . Let V(r) denote the volume
of the set {z : [|z||[x < r}. fis a valid probability function if: [~  f(r)dV(r) = 1. Also, we assume that the
Riemann integral E_ ; [[|z[|x] = 1=, f(r)rdV (r) exists, which is the expected loss.

We first introduce a series of discretized probability functions whose utility converges to the given f . Let i be
an integer used to discretize f; for each i, define a discretized probability function f; to be on the support of the

set {%}?:0:
fi (f) = (i)f (’:) Vkezt

Notice that P[%] = f; (&) - (V (5£2) — v (2)), where V (2¥L) — V (%) is the volume of the set: {v : |[v|x €

2 7

(E E£1)1 " and the constant ¢/(4) is the normalizing term used to guarantee that f; is a valid probability that

RE

satisfies Y, fi BV ED) -VvE)=1

1
X)) -V ()

Lemma 18. The series of functions {fZ 2. are valid probability functions that guarantees the total probability
mass sums up to 1, and their expected utility converges to that of f.

c(i)

Proof. Notice that the value ¢ (i) always exists, since e-DP f satisfies:

SEIE) () ()= [romo e () () - ()

and we also have lim;_, ., ¢/(i) = 1, since

S (2) (0 (42) v () [ oo -

This is true because the left-hand side is the Riemann Sum of the integral on the right hand side.

Each f;(-) is discrete and monotone non-increasing, and its utility E, ;lllzlk] always exists. Further, by
definition of the f;’s, the limit is:

r=0
=E, sll=lx]

Where we used the fact that 32, f (%) - £ . (V (2£) — V(%)) is the Riemann sum of [ f(r)rdV (r). O
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Fix any integer 7 and let F.; be the class of all such discrete probability functions f such that it only has

support on discrete set {%}kezﬂ and >, f (%) (V (%) -V (%)) = 1, and also satisfies the privacy constraint:
]j:((;)) € [e7¢, €] if |i — j| < 1. Notice that fi e Fe,i. We first show that Lemma 9, 10, 11 hold within the scope of
Fe,i- That is, the following claim always holds for any i.

We first state that Lemma 9, 10 and 11 must hold for any optimal distribution that has support on {%}kezh
for any given 1.

Lemma 19. For any fized i € ZT, there emwists a function fl*() that defines a probability distribution whose
support is the set {%}kezh satisfying

g (v (22 -v (4) -

that minimizes the expected K-norm value among all such discrete probabilities, and satisfy the following prop-
erties:

1. It is monotone non-increasing.

2. It declines cyclically: fr (&) = e fr(1+ %) always holds.

i

3. It us stair-shaped like stated in Lemma 11.

We prove the three lemmas one by one.

Lemma 9. If P is a (K, ¢)-optimal noise distribution, then its upper radial density f s monotone non-increasing.

Proof. Pick an optimal P € F.;, the probability function is f(-) defined on {%} Suppose for contradiction
. + . . .

there is p < ¢ € ZT such that f(%) < f(%). Consider increasing f(%) and decrease by some very small mass

probability and construct a new f’:

FE)+ (V) V() k=p
- (V(EL) - VE)S k=g

(%) k#p.q

Where 6 is a very small but positive number. If new f’ does not violate any e-DP constraints, since it must have
smaller expected loss than f, it contradicts the optimality assumption of f. Hence some constraint is violated
either because f'(¥) is bigger or f’() is smaller. There could be two cases:

Case 1: Suppose the e-DP constraint is violated at 4. There must exist some s, such that |¢ — s| < 4,
f(%) = e f(®). We show that s > p. Otherwise, s < p < ¢, so p—s < ¢— s < m; but we also have
f(5) = e°f(%) > e f(%), which violates the e-DP constraint for s,p. Hence s > p, we have a new pair of
numbers p < s, such that f(2) < f(2), while the higher value of the two, f(), is bigger than the previous f(2)
by ef.

Case 2: The e-DP constraint is violated at 2. There must exist some ¢, such that |p —¢| <1, f(¥) = e f(%).
JAC))
(5

Similarly, we can show that ¢ < ¢q. Hence we will find a new pair (¢, ¢) such that > 1, with reduced value

of the lower end f(%) < f(%) and the higher value in the pair remains f(%).

Iteratively repeat this argument and we show that eventually we will be able to find a pair of integer values (x, y)
such that we could construct a function with better utility by moving a small amount of probability mass from
f(¥) to f(%). Assume for contradiction that this process does not terminate and we can create an infinitely
long series of such pairs {(x¢, y:)}52,.- Notice that in such a sequence, the function value at the higher end,
f(¥), must keep increasing from time to time. That is, for any pair (@, ys,), 3(2t,, Y, ), Where to > ¢;, and
f(y%) > egf(y%). Otherwise it must be that Vty > t1, yr, = vt,; and the lower end, f(z%)7 keeps shrinking by
e infinitely. This is impossible since if y is fixed at y:,, © cannot go beyond z;, and there are only finite number
of values smaller than .
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Hence we must have an infinite sequences of {y}’s, the f values on these y’s keeps increasing by e every time.
This contradicts the e-DP constraint, which implies that the probabilities must be upper-bounded. Therefore,
for f to be optimal, it must be monotone non-decreasing. O

Lemma 10. If P is a (K, ¢)-optimal noise distribution, cmdf is its upper radial density, then for all r € [0, 00),
F(r) = e=f(r +1).

Proof. The proof of this lemma is essentially derived in the same way as in Geng and Viswanath [2014], Appendix
B, Step 5 in the proof of Theorem 3. O

Now we can focus on proving that there exists a stair-shaped fl* that is optimal.

Lemma 11. If P is a (K, e)-optimal noise distribution, andf is its upper radial density, then for some v € [0, 1]
and some constant ¢ we have

A c 0<r<y
e fc y<r<l1

Proof. Here we only focus on proving that there exists a stair-shaped fi* that is optimal among the class of

discretized probability functions F. ;. We give a different interpretation of this claim. We call it a short stair for
fi if there exists some p, g, ¢, such that p < ¢ <t < p+14, and also

) () eom i (5) = (25 () i )

(notice the strictly greater sign here). This claim is essentially equivalent to saying that there are no such short

stairs for f* For contradiction, say there is such a group of p,q,t which form a short stair. Consider two
probabilities f; f1 and f2, both monotone and cyclically declining by e, constructed as follows:

f1<k>{01f*<) k#q modi
K2 Z’ .

afr(=la=ely k=¢ modi

Where c; is a rescaling constant used to guarantee fil is a valid probability function. Likewise,

f2 <k):{02f*(k) k#q modi
i i .

caff (k+t ) k=g mod i

Notice that, both f I and f2 are monotone and acyclic, but we have removed the short stair p,q,t in both. In
fi f1 we increase the probability density at 4 to be equal to Z; in f? we decrease it to be equal to f There exists
A € (0,1), such that fi* = )\fil +(1- )fl2 Hence either fi1 or ff must have no greater loss than fl* We can

keep doing this until we have removed all the short stairs. Hence we have proved that there exists some fl* that
is both optimal and stair-shaped. O

Since we have proved Lemma 9,10 and 11 for the discrete function class F.; we now generalize them to the
continuous class, and prove that these lemmas hold for the (K, €)-optimal continuous noise distribution.

Proof. For any given optimal f , consider the constructed series of distributions { fi}i:u’“_. For every i, in the
class of all discrete distributions with the same support as ﬁ-, there exists an optimal one that is monotone,
cyclically decreasing by e® every time | - [|x grows by 1, and is staircase-shaped with some v; = % for some
mteger m € [i]. Hence we have a sequence of optimal discrete mechanisms { f Yiez+, where for all ¢ we have
f < fz Every f* is a discrete staircase with some ~;, the sequence {7}} is bounded, hence it must have a
subsequence that converge to some value v € [0, 1]. Without loss of generality we just assume the subsequence is
simply the whole sequence {v}}. Then, consider f, that is a continuous staircase distribution with stair length
v 1in [0, 1]. One can see that the sequences of utilities of {}} also converges to the utility of f,. Since every { fi*}
has utility at least as good as { fl} that is dicretized from f , the utility value that they converge to must be at
least as good as the utility of f . Hence we have found a staircase distribution f, that is optimal. 0
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Figure 9: Expected error measured in || - ||x of staircase/K-norm mechanisms v.s. changing ¢, fixed d
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Figure 10: Expected error measured in || -

B

In this section we include more experimental results. We show how ¢ (or d) affects the generalized staircase
mechanism and the K-norm mechanism, and how the optimal v value as discussed in Section 3 changes. Then
we focus on showing that the generalized staircase mechanism outperforms the K-norm mechanism, as well as
the Laplace mechanism, on different sensitivity spaces, for both matching and mismatching target norm error

metrics.

ps=0.500000

ADDITIONAL EXPERIMENTS

B.1 Error In Different Parameter Settings

Here we further explore how the utilities of staircase and K-norm changes in different parameter settings. Among
the three parameters (e, d, ) that can affect the utility of staircase, we assume + is always chosen to minimize

loss

=== Staircase
—— K-norm

ps=1.000000

eps=16.000000

eps=2

000000

the expected error. In our implementation it is found via a grid search over the interval [0, 1].

Figure 9 compares general staircase error with vanilla K-norm error while € changes among {2’“}2:_2, with d
fixed to one of the values in {1,2,3,4,5}. The results further supports the conclusion that staircase outperforms
K-norm in high-privacy regimes (bigger ¢); whereas in low-privacy regimes (smaller ¢) their performance tend
to be the same. On the contrary, Figure 10 fixes ¢ at different values and change d. Indeed the error of staircase

seems to be increasing faster than K-norm for fixed € when d increases from 1 to 5.

||k of staircase/K-norm mechanisms v.s. changing d, fixed ¢
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Figure 11: Optimal 7 value, found by grid search over [0, 1], v.s. different e values, at fixed d = 1,2, 3,4,5

B.2 Analysis of v

value.

Figure 11 shows how the value of the optimal « changes, while fixing d and increasing €. One can see that ~
tends to converge to 0 in high-privacy regimes, but might not be monotonically decreasing depending on the d

Figure 12 shows how different choices of v € [0, 1] affects the error of staircase mechanism in different scenarios
of (¢,d). While the error can oscillate as v changes from 0 to 1, there is often a wide range of ~ values with

optimal 7, showing the mechanism to be robust against choice of .

which the staircase mechanism can outperform K-norm. Further, the error tends to be less curved around the

B.3 Performance For General Metrics

This section is devoted to measuring and comparing the performance of staircase/K-norm for general ¢, metrics
which do not necessarily conform to the sensitivity space K. Figure 6 and 8 illustrates different mechanisms’
errors, respectively for when K is either one of the {f,},=12 0 unit balls, or the {yp-bounded “sum” shape as
described in Section 5. Here we conduct the same experiments, measured in all £,-norms for p € {1,2, 00}, in
more scenarios with different (e, d) values. In each of these scenarios, the v for staircase mechanism is always
chosen to be the one that minimizes the error when using || - ||k as the metric. Note that this v does not
necessarily minimize the £,-norm error that does not match K. However, we are able to show that the staircase

mechanism always outperforms the vanilla K-norm, and, in the case of the fy-bounded “sum” polytope, the

Laplace mechanism. As before, the Laplace mechanism is a special case of K-norm developed using the minimal
{1-norm ball that contains the sensitivity space K. See Figure 13 and 14 for the results.
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