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Abstract

Learning from a limited number of experiences requires suitable inductive biases. To

identify how inductive biases are implemented in and shaped by neural codes, we ana-

lyze sample-efficient learning of arbitrary stimulus-response maps from arbitrary neural

codes with biologically-plausible readouts. We develop an analytical theory that pre-

dicts the generalization error of the readout as a function of the number of observed

examples. Our theory illustrates in a mathematically precise way how the structure of

population codes shapes inductive bias, and how a match between the code and the task

is crucial for sample-efficient learning. We observe that many different codes can sup-

port the same inductive bias. By analyzing recordings from the mouse primary visual

cortex, we demonstrate that biological codes have lower total activity than other codes

with identical bias. Using these mouse primary visual cortex responses, we demonstrate

the existence of an efficiency bias towards low frequency orientation discrimination tasks

for grating stimuli and low spatial frequency reconstruction tasks for natural images.

We reproduce the discrimination bias in a simple model of primary visual cortex, and

further show how invariances in the code to certain stimulus variations alter learning

performance. We extend our methods to time-dependent neural codes and predict the

sample efficiency of readouts from recurrent networks. Finally, we discuss implications

of our theory in the context of recent developments in neuroscience and artificial intelli-

gence. Overall, our study provides a concrete method for elucidating inductive biases of

the brain and promotes sample-efficient learning as a general normative coding principle.
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1 Introduction1

The ability to learn quickly is crucial for survival in a complex and an everchanging environment,2

and the brain effectively supports this capability. Often, only a few experiences are sufficient to3

learn a task, whether acquiring a new word [1] or recognizing a new face [2]. Despite the importance4

and ubiquity of sample efficient learning, our understanding of the brain’s information encoding5

strategies that support this faculty remains poor [3, 4, 5].6

In particular, when learning and generalizing from past experiences, and especially from few7

experiences, the brain relies on implicit assumptions it carries about the world, or its inductive biases8

[6, 5]. Reliance on inductive bias is not a choice: inferring a general rule from finite observations9

is an ill-posed problem which requires prior assumptions since many hypotheses can explain the10

same observed experiences [7]. Consider learning a rule that maps photoreceptor responses to a11

prediction of whether an observed object is a threat or is neutral. Given a limited number of12

visual experiences of objects and their threat status, many threat-detection rules are consistent13

with these experiences. By choosing one of these threat-detection rules, the nervous system reveals14

an inductive bias. Without the right biases that suit the task at hand, successful generalization15

is impossible [6, 5]. In order to understand why we can quickly learn to perform certain tasks16

accurately but not others, we must understand the brain’s inductive biases [3, 4, 5].17

In this paper, we study sample efficient learning and inductive biases in a general neural circuit18

model which comprises of a population of sensory neurons and a readout neuron learning a stimulus-19

response map with a biologically-plausible learning rule (Fig 1A). For this circuit and learning20

rule, inductive bias arises from the nature of the neural code for sensory stimuli, specifically its21

similarity structure. While different population codes can encode the same stimulus variables and22

allow learning of the same output with perfect performance given infinitely many samples, learning23

performance can depend dramatically on the code when restricted to a small number of samples,24

where the reliance on and the effect of inductive bias are strong (Fig 1B,C,D). Given the same25

sensory examples and their associated response values, the readout neuron may make drastically26

different predictions depending on the inductive bias set by the nature of the code, leading to27

successful or failing generalizations (Fig 1C,D). We say that a code and a learning rule, together,28

have a good inductive bias for a task if the task can be learned from a small number of examples.29

In order to understand how population codes shape inductive bias and allow fast learning of30

certain tasks over others with a biologically plausible learning rule, we develop an analytical theory31

of the readout neuron’s learning performance as a function of the number of sampled examples,32

or sample size. We find that the readout’s performance is completely determined by the code’s33

kernel, a function which takes in pairs of population response vectors and outputs a representa-34

tional similarity defined by the inner product of these vectors. We demonstrate that the spectral35

properties of the kernel introduce an inductive bias toward explaining sampled data with simple36

stimulus-response maps and determine compatibility of the population code with learning task, and37

hence the sample-efficiency of learning. We observe that many codes could support the same kernel38

function, however, by analyzing data from mouse primary visual cortex (V1) [8, 9, 10, 11], we find39
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that the biological code is metabolically more efficient than others. Further, mouse V1 responses40

support sample-efficient learning of low frequency orientation discrimination and low spatial fre-41

quency reconstruction tasks over high frequency ones. We demonstrate the discrimination bias in a42

simple model of V1 and show how response nonlinearity, sparsity, and relative proportion of simple43

and complex cells influence the code’s bias and performance on learning tasks, including ones that44

involve invariances. Finally, we extend our theory to temporal population codes. As an example,45

we study codes generated by recurrent neural networks learning a delayed response task.46

Overall, our results demonstrate that for a fixed learning rule, the neural sensory representation47

imposes an inductive bias over the space of learning tasks, allowing some tasks to be learned by48

a downstream neuron more sample-efficiently than others. Our work provides a concrete method49

for elucidating inductive biases of populations of neurons and suggest sample-efficient learning as50

a novel functional role for population codes.51

2 Results52

We consider a population of N neurons whose responses, {r1(θ), r2(θ), ..., rN (θ)}, vary with the53

input stimuli, which is parameterized by a vector variable θ, such as the orientation and the phase54

of a grating (Figure 1A). These responses define the population code. A readout neuron learns its55

weights w to approximate a stimulus-response map, or a target function y(θ), such as one that56

classifies stimuli as apetitive (y = 1) or aversive (y = −1), or a more smooth one that attaches57

intermediate values of valence. We emphasize that in our model only the readout neuron performs58

learning, and the population code is assumed to be static. Our theory is general in its assumptions59

about the structure of the population code and the stimulus-response map considered (Methods60

4.2), and can apply to many scenarios.61

The readout neuron learns from P stimulus-response examples with the goal of generalizing62

to previously unseen ones. Example stimuli θµ, (µ = 1, . . . , P ) are sampled from a probability63

distribution describing stimulus statistics p(θ). This distribution can be natural or artificially64

created, for example, for a laboratory experiment (Appendix, App. 1). From the set of learning65

examples, D = {θµ, y(θµ)}Pµ=1, the readout weights are learned with the local, biologically-plausible66

delta-rule, ∆wj = η
∑

µ rj(θ
µ)(y(θµ) − r(θµ) · w), where η is a learning rate (Figure 1A). This67

learning process, when weights are initialized as w0 = 0, converges to a unique set of weights68

w∗(D) (App. 3A). Generalization error with these weights is given by69

Eg(D) =

∫
p(θ) (w∗(D) · r(θ)− y(θ))2dθ, (1)70

71

which quantifies the expected error of the trained readout over the entire stimulus distribution72

p(θ). This quantity will depend on the population code r(θ), the target function y(θ) and the73

set of training examples D. Our theoretical analysis of this model provides insights into how74

populations of neurons encode information and allow sample-efficient learning.75
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Figure 1: Learning tasks through linear readouts exploit representations of the population code
to approximate a target response. A The readout weights from the population to a downstream
neuron, shown in blue, are updated to fit target values y, using the local, biologically plausible delta
rule. B Examples of tuning curves for two different population codes: Smooth tuning curves (Code
1) and rapidly varying tuning curves (Code 2). C (Left) A target function with low frequency
content is approximated through the learning rule shown in A using these two codes. The readout
from Code 1 (turquoise) fits the target function (black) almost perfectly with only P = 12 training
examples, while readout from Code 2 (purple) does not accurately approximate the target function.
(Right) However, when the number of training examples is sufficiently large (P = 120), the target
function is estimated perfectly by both codes, indicating that both codes are equally expressive. D
The same experiment is performed on a task with higher frequency content. (Left) Code 1 fails to
perform well with P = 12 samples indicating mismatch between inductive bias and the task can
prevent sample efficient learning while Code 2 accurately fits the target. (Right) Again, provided
enough data P = 120, both models can accurately estimate the target function. Details of these
simulations are given in Methods 4.1.
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Kernel structure of population codes controls learning performance76

First, we note that the generalization performance of the learned readout on a given task depends77

entirely on the inner product kernel, defined by K(θ,θ′) = 1
N

∑N
i=1 ri(θ)ri(θ

′), which quantifies the78

similarity of population responses to two different stimuli θ and θ′. This is because the learning79

procedure converges to a unique solution w∗(D) for the training set D [12, 13] and the readout80

neuron’s learned output has the form81

f(θ) = w∗(D) · r(θ) =
P∑
µ=1

αµK(θµ,θ), (2)82

83

where the coefficient vector α = K+y, where + denotes Moore-Penrose inverse (App. 3A), and84

the matrix K has entries Kµν = K(θµ,θν). In these expressions the population code only appears85

through the kernel K, showing that the kernel alone controls the learned response pattern. This86

result applied also to nonlinear readouts (App. 3G), showing that the kernel can control the learned87

solution in a variety of cases.88

Biological codes are metabolically more efficient and more selective than other89

codes with identical kernels90

The fact that learning performance depends only on the kernel introduces a large degeneracy in the91

set of codes which achieve identical desired performance on learning tasks. This is because the kernel92

is invariant with respect to left-rotations of the population code. An orthogonal transformation Q93

applied to a population code r(θ) generates a new code r̃(θ) = Qr(θ) with an identical kernel. Such94

orthogonal transformations are the most general linear transformations which preserve the kernel for95

all possible pairs of vectors x,y ∈ RN . For rank deficient neural codes, other linear transformations96

can preserve the kernel, however, for any linear transformation of the code r̃(θ) = Ar(θ) which97

preserves the kernel, there exists an orthogonal matrix Q such that r̃(θ) = Qr(θ) (App. 2A).98

It therefore suffices to consider orthogonal matrices Q. Codes r(θ) and r̃(θ) will have identical99

readout performance on all possible learning tasks. We illustrate this degeneracy in Figure 2 using100

a publicly available dataset which consists of activity recorded from ∼ 20,000 neurons from the101

primary visual cortex of a mouse while shown static gratings [8, 9]. An original code r(θ) is rotated102

to generate r̃(θ) (Figure 2A) which have the same kernels (Figure 2B) and the same performance103

on a learning task (Figure 2C).104

Although, the performance of linear readouts may be invariant to such rotations, metabolic105

efficiency may favor certain codes over others [14, 15, 16, 17, 18], reducing degeneracy in the space106

of codes with identical kernels. To formalize this idea, we define δ to be the vector of spontaneous107

firing rates of a population of neurons, and sµ = r(θµ)+δ be the spiking rate vector in response to a108

stimulus θµ. The modulation with respect to the spontaneous activity, r(θµ), gives the population109

code and defines the kernel, K(θµ,θµ) = 1
N r(θµ)·r(θν). To avoid confusion with r(θµ), we will refer110

to sµ as total spiking activity. We propose that population codes prefer smaller spiking activity111
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Figure 2: The inner product kernel controls the generalization performance of readouts. A Tuning
curves r(θ) for three example recorded Mouse V1 neurons to varying static grating stimuli oriented
at angle θ [8, 9] (Left) are compared with a randomly rotated version (Middle) r̃(θ) of the same
population code. (Right) These two codes, original (Ori.) and rotated (Rot.) can be visualized as
parametric trajectories in neural space. B The inner product kernel matrix has elements K(θ1, θ2).
The original V1 code and its rotated counterpart have identical kernels. C In a learning task
involving uniformly sampled angles, readouts from the two codes perform identically, resulting in
identical approximations of the target function (shown on the left as blue and red curves) and
consequently identical generalization performance as a function of training set size P (shown on
right with blue and red points). The theory curve will be described in the main text.

subject to a fixed kernel. In other words, because the kernel is invariant to any change of the112

spontaneous firing rates and left rotations of r(θ), the orientation and shift of the population code113

r(θ) should be chosen such that the resulting total spike count
∑N

i=1

∑P
µ=1 s

µ
i is small.114

We tested whether biological codes exhibit lower total spiking activity than others exhibiting115

the same kernel on mouse V1 recordings, using deconvolved calcium activity as a proxy for spiking116

events [8, 9, 19] (Methods 4.4; Figure 3). To compare the experimental total spiking activity to117

other codes with identical kernels, we computed random rotations of the neural responses around118

spontaneous activity, r̃(θµ) = Qr(θµ), and added the δ̃ that minimizes total spiking activity and119

maintains its nonnegativity (Methods 4.4.2). We refer to such an operation as RROS (random120

rotation and optimal shift), and a code generated by an RROS operation as an RROS code The121

matrix Q is constructed by performing QR decomposition of a random Gaussian matrix, which122

guarantees sampling from the Haar measure of O(N) [20]. In other words, we compare the true123

code to the most metabolically efficient realizations of its random rotations. This procedure may124
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result in an increased or decreased total spike count in the code, and is illustrated in a synthetic125

dataset in Figure 3A. We conducted this procedure on subsets of various sizes of mouse V1 neuron126

populations, as our proposal should hold for any subset of neurons (Methods 4.4.2), and found that127

the true V1 code is much more metabolically efficient than randomly rotated versions of the code128

(Figure 3B and C). This finding holds for both responses to static gratings and to natural images129

as we show in Figure 3B and C respectively.130

To further explore metabolic efficiency, we posed an optimization problem which identifies the131

most efficient code with the same kernel as the biological V1 code. This problem searches over132

rotation matrices Q and finds the Q matrix and off-set vector δ which gives the lowest cost
∑

iµ s
µ
i133

(Methods 4.4.3)(Figure 3). Though the local optimum identified with the algorithm is lower in134

cost than the biological code, both the optimal and biological codes are significantly displaced135

from the distribution of random codes with same kernel. Our findings do not change when data136

is preprocessed with an alternative strategy, an upper bound on neural responses is imposed on137

rotated codes, or subsets of stimuli are considered (Figure App.1). We further verified these results138

on electrophysiological recordings of mouse visual cortex from the Allen Institute Brain Observatory139

[21], (Figure App.2). Overall, the large disparity in total spiking activity between the true and140

randomly generated codes with identical kernels suggests that metabolic constraints may favor the141

biological code over others that realize the same kernel.142

The disparity between the true biological code and the RROS code is not only manifested143

in terms of total activity level, but also in terms of single neuron and single stimulus sparseness144

measures, specifically lifetime and population sparseness distributions (Methods 4.4.4) [22, 23,145

24, 25]. In Figure 3D, we compare the lifetime and population sparseness distributions of the146

true biological code with a RROS version of the same code, revealing biological neurons have147

significantly higher lifetime sparseness. In App. Section 2B, we provide analytical arguments148

which suggest that tuning curves of optimally sparse non-negative codes with full-rank kernels will149

have selective tuning.150

Code-task alignment governs generalization151

We next examine how the population code affects generalization performance of the readout. We152

calculated analytical expressions of the average generalization error in a task defined by the target153

response y(θ) after observing P stimuli using methods from statistical physics (Methods 4.2).154

Because the relevant quantity in learning performance is the kernel, we leveraged results from155

our previous work studying generalization in kernel regression [26, 27], and approximated the156

generalization error averaged over all possible realizations of the training dataset of composed of P157

stimuli, Eg = 〈Eg(D)〉D. As P increases, the variance in Eg due to the composition of the dataset158

falls, and our expressions become descriptive of also the typical case. Our final analytical result is159

given in Equation (11) in Methods 4.2. We provide details of our calculations in Methods 4.2 and160

App. Section 3, and focus on their implications here.161

One of our main observations is that given a population code r(θ), the singular value decom-162

7

.CC-BY 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted March 30, 2022. ; https://doi.org/10.1101/2021.03.30.437743doi: bioRxiv preprint 

https://doi.org/10.1101/2021.03.30.437743
http://creativecommons.org/licenses/by/4.0/


ShiftRotate

A

B

C

Synthetic Example

D

Figure 3: The biological code is more metabolically efficient than random codes with same inductive
biases. A We illustrate our procedure in a synthetic example. A non-negative population code (left)
can be randomly rotated about its spontaneous firing rate (middle), illustrated as a purple dot, and
optimally shifted to a new non-negative population code (right). If the kernel is measured about
the spontaneous firing rate, these transformations leave the inductive bias of the code invariant
but can change the total spiking activity of the neural responses. We refer to such an operation
as random rotation + optimal shift (RROS). We also perform gradient descent over rotations
and shifts, generating an optimized code (opt). B Performing RROS on N neuron subsamples of
experimental Mouse V1 recordings [8, 9], shows that the true code has much lower average cost
1
NP

∑
iµ s

µ
i compared to random rotations of the code. The set of possible RROS transformations

(Methods 4.4.2,4.4.3) generates a distribution over average cost, which has higher mean than the
true code. We also optimize metabolic cost over the space of RROS transformations, which resulted
in the red dashed lines. We plot the distance (in units of standard deviations) between the cost of
the true and optimal codes and the cost of randomly rotated codes for different neuron subsample
sizes N . C The same experiment performed on Mouse V1 responses to ImageNet images from 10
relevant classes [11, 10]. D The lifetime (LS) and population sparseness (PS) levels (Methods 4.4.4)
are higher for the Mouse V1 code than for a RROS code. The distance between average LS and
PS of true code and RROS codes increases with N .
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position of the code gives the appropriate basis to analyze the inductive biases of the readouts163

(Figure 4A). The tuning curves for individual neurons ri(θ) form an N -by-M matrix R, where M ,164

possibly infinite, is the number of all possible stimuli. We discuss the SVD for continuous stimulus165

spaces in App. Section 1A. The left-singular vectors (or principal axes) and singular values of this166

matrix have been used in neuroscience for describing lower dimensional structure in the neural167

activity and estimating its dimensionality, see e.g. [28, 29, 30, 31, 32, 33, 11, 8, 34, 35, 36]. We168

found that the function approximation properties of the code are controlled by the singular val-169

ues, or rather their squares {λk} which give variances along principal axes, indexed in decreasing170

order, and the corresponding right singular vectors {ψk(θ)}, which are also the kernel eigenfunc-171

tions (Methods 4.2 and App. Section 1). This follows from the fact that learned response (Eq.172

(2)) is only a function of the kernel K, and the eigenvalues λk and orthonormal eigenfunctions173

ψk(θ) collectively define the code’s inner-product kernel K(θ,θ′) through an eigendecomposition174

K(θ,θ′) = 1
N

∑N
i=1 ri(θ)ri(θ

′) =
∑

k λkψk(θ)ψk(θ
′) [37] (Methods 4.2 and App. 3).175

Our analysis shows the existence of a bias in the readout towards learning certain target re-176

sponses faster than others. The kernel eigenfunctions form a complete basis for square integrable177

functions, allowing the expansion of the target response y(θ) =
∑

k vkψk(θ) and the learned read-178

out response f(θ) =
∑

k v̂k(D)ψk(θ) in this basis. We found that the readout’s generalization179

is better if the target function y(θ) is aligned with the top eigenfunctions ψk, equivalent to v2k180

decaying rapidly with k (App. Section 3B,C). We formalize this notion by the following metric.181

Mathematically, generalization error 〈Eg〉 can be decomposed into normalized estimation errors Ek182

for the coefficients of these eigenfunctions ψk, 〈Eg〉D =
∑

k v
2
kEk, where Ek =

〈
(v̂k(D)− vk)2

〉
D/v

2
k.183

We found that the ordering of the eigenvalues λk controls the rates at which these mode errors Ek184

decrease as P increases (App. Section 3C, [26]): λk > λ` =⇒ Ek < E`. Hence, larger eigenvalues185

mean lower generalization error for those normalized mode errors Ek. We term this phenomenon186

the spectral bias of the readout. Based on this observation, we propose code-task alignment as a187

principle for good generalization. To quantify code-task alignment, we use a metric which was188

introduced in [27] to measure the compatibility of a kernel with a learning task. This is the cumu-189

lative power distribution C(k) which measures the total power in of the target function in the top190

k eigenmodes, normalized by the total power [27]:191

C(k) =

∑k
`=1 v

2
`∑∞

`=1 v
2
`

. (3)

Stimulus-response maps that have high alignment with the population code’s kernel will have192

quickly rising cumulative power distributions C(k), since a large proportion of power is placed in193

the top modes. Target responses with high C(k) can be learned with fewer training samples than194

target responses with low C(k) since the mode errors Ek are ordered for all P (App. Section 3C).195

9

.CC-BY 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted March 30, 2022. ; https://doi.org/10.1101/2021.03.30.437743doi: bioRxiv preprint 

https://doi.org/10.1101/2021.03.30.437743
http://creativecommons.org/licenses/by/4.0/


Probing learning biases in neural data196

Our theory can be used to probe the learning biases of neural populations. Here we provide various197

examples of this using publicly available calcium imaging recordings from mouse primary visual198

cortex (V1). Our examples illustrate how our approach can be used to analyze neural population199

data.200

We first analyzed population responses to static grating stimuli oriented at an angle θ [8, 9]. We201

found that the kernel eigenfunctions have sinusoidal shape with differing frequency. The ordering202

of the eigenvalues and eigenfunctions in Figure 4A indicates a frequency bias: lower frequency203

functions of θ are easier to estimate at small sample sizes.204

We tested this idea by constructing two different orientation discrimination tasks shown in205

Figures 4B,C, where we assign static grating orientations to positive or negative valence with206

different frequency square wave functions of θ. We trained the readout using a subset of the207

experimentally measured neural responses, and measured the readout’s generalization performance.208

We found that the cumulative power distribution for the low frequency task has a more rapidly209

rising C(k) (Figure 4B). Using our theory of generalization, we predicted learning curves for these210

two tasks, which express the generalization error as a function of the number of sampled stimuli P .211

The error for the low frequency task is lower at all sample sizes than the hard task. The theoretical212

predictions and numerical experiments show perfect agreement (Figure 4B). More intuition can213

be gained by visualizing by projection of the neural response along the top principal axes (Figure214

4C). For the low frequency task, the two target values are well separated along the top two axes.215

However, the high frequency task is not well separated along even the top four axes (Figure 4C).216

Using the same ideas, we can use our theory to get insight into tasks which the V1 population217

code is ill-suited to learn. For the task of identifying mice and birds [11, 10] the linear rise in cumu-218

lative power indicates that there is roughly equal power along all kernel eigenfunctions, indicative219

of a representation poorly aligned to this task (Figure 4D).220

To illustrate how our approach can be used for different learning problems, we evaluate the221

ability of linear readouts to reconstruct natural images from neural responses to those images222

(Figure 5). The ability to reconstruct sensory stimuli from a neural code is an influential normative223

principle for primary visual cortex [17]. Here we ask which aspects of the presented natural scene224

stimuli are easiest to learn to reconstruct. Since mouse V1 neurons tend to be selective towards225

low spatial frequency bands [38, 39, 40], we consider reconstruction of band-pass filtered images226

with spatial frequency constrained to |k| ∈ [
√
s2max − r2, smax] for r = 0.2 (in units of pixels−1)227

and plot the cumulative power C(k) associated with each choice of the upper limit smax (Figure228

5C,D). The frequency cutoffs were chosen in this way to preserve the volume in Fourier space to229

Vk = πr2, which quantifies the dimension of the function space. We see that the lower frequency230

band-limited images are easier to reconstruct, as evidenced by their cumulative power C(k) and231

learning curves Eg (Figure 5D,E). This reflects the fact that the population preferentially encodes232

low spatial frequency content in the image (Figure 5F). Experiments with additional values of r233

are provided in the Figure App.2 with additional details found in the App. Section 4.234
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VS
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D

C

Figure 4: The singular value decomposition of the population code reveals the structure and induc-
tive bias of the code. A Singular value decomposition of the response matrix R gives left singular
vectors uk (principal axes), kernel eigenvalues λk, and kernel eigenfunctions ψk(θ). The ordering of
eigenvalues provides an ordering of which modes ψk can be learned by the code from few training
examples. The eigenfunctions were offset by 0.5 for visibility. B (Left) Two different learning tasks
y(θ), a low frequency (blue) and high frequency (red) function, are shown. (Middle) The cumu-
lative power distribution rises more rapidly for the low frequency task than the high frequency,
indicating better alignment with top kernel eigenfunctions and consequently more sample-efficient
learning as shown in the learning curves (right). Dashed lines show theoretical generalization error
while dots and solid vertical lines are experimental average and standard deviation over 30 repeats.
C The feature space representations of the low (left) and high (middle and right) frequeny tasks.
Each point represents the embedding of a stimulus response vector along the k-th principal axis
rµ · uk =

√
λkψk(θ

µ). The binary target value {±1} is indicated with the color of the point. The
easy (left), low frequency task is well separated along the top two dimensions, while the hard, high
frequency task is not linearly separable in two (middle) or even with four feature dimensions (right).
D On an image discrimination task (recognizing birds vs mice), V1 has an entangled representation
which does not allow good performance of linear readouts. This is evidenced by the top principal
components (middle) and the slowly rising C(k) curve (right).
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Natural Scenes Eigen-ImagesA B

C D E

F

Figure 5: Reconstructing filtered natural images from V1 responses reveals preference for low
spatial frequencies. A Natural scene stimuli θ were presented to mice and V1 cells were recorded.
B The images weighted by the top eigenfunctions vk = 〈φk(θ)θ〉θ. These “eigenimages” collectively
define the difficulty of reconstructing images through readout. C The kernel spectrum of the V1
code for natural images. D The cumulative power curves for reconstruction of band-pass filtered
images. Filters preserve spatial frequencies in the range |k| ∈ [

√
s2max − 0.22, smax], chosen to

preserve volume in Fourier space as smax is varied. E The learning curves obey the ordering of
the cumulative power curves. The images filtered with the lowest band-pass cutoff are easiest to
reconstruct from the neural responses. F Examples of a band-pass filtered image with different
preserved frequency bands.
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Neural mechanisms of low frequency bias and code-task alignment in a simple235

model of V1236

How do population level inductive biases arise from properties of single neurons? To illustrate that237

a variety of mechanisms may be involved in a complex manner, we study a simple model of V1238

to elucidate neural mechanisms that lead to the low frequency bias at the population level. In239

particular, we focus on neural nonlinearities and selectivity profiles.240

We model responses of V1 neurons as photoreceptor inputs passed through Gabor filters and241

a subsequent nonlinearity, g(z), modeling a population of orientation selective simple cells (Figure242

6A) (see App. 5). In this model, the kernel for static gratings with orientation θ ∈ [0, π] is of the243

form K(θ, θ′) = κ(|θ − θ′|), and, as a consequence, the eigenfunctions of the kernel in this setting244

are Fourier modes. The eigenvalues, and hence the strength of the spectral bias, are determined245

by the nonlinearity.246

Motivated by findings in the primary visual cortex [41, 42, 43, 44], we studied the spectral247

bias induced by rectified power-law nonlinearities of the form g(z) = max{0, z − a}q. From theory248

side, such a power-law activation function arises in a spiking neuron when firing is driven by input249

fluctuations [41, 42]. Further, this activation is observed in intracellular recordings over the dynamic250

range of neurons in primary visual cortex [44]. For example, in cats, the power,q, ranges from 2.7 to251

3.9 [43]. We fit parameters of our model to the Mouse V1 kernel and compared to other parameter252

sets in Figure 6B. Our best fit value of q = 1.7 is lower but on par with the estimates from the cat.253

Computation of the kernel and its eigenvalues (App. 5A for linear g, App. 5B for threshold-254

power law g) indicates a low frequency bias: the eigenvalues for low frequency modes are higher255

than those for high frequency modes, indicating a strong inductive bias to learn functions of low256

frequency in the orientation. Decreasing sparsity (lower a) leads to a faster decrease in the spectrum257

(but similar asymptotic scaling at the tail, see App. Section 5) and a stronger bias towards lower258

frequency functions (Figure 6B; more comparisons in Figure App.3). The effect of the power of259

nonlinearity q is more nuanced: increasing power may increase spectra at lower frequencies, but260

may also lead to a faster decay at the tail (Figure 6B; more comparisons in Figure App.3). In261

general, an exponent q implies a power-law asymptotic spectral decay λk ∼ k−2q−2 as k → ∞262

(App. Section 5B). The behavior at low frequencies may have significant impact for learning with263

few samples. We discuss this in more detail in the next section. Overall, our findings show that264

the spectral bias of a population code can be determined in non-trivial ways by its biophysical265

parameters, including neural thresholds and nonlinearities.266

To further illustrate the importance of code-task alignment, we next study how invariances in267

the code to stimulus variations may affect the learning performance. We introduce complex cells268

in addition to simple cells in our model with proportion s ∈ [0, 1] of simple cells (App. Section 5C;269

Figure 6A), and allow phase, φ, variations in static gratings. We use the energy model [45, 46] to270

capture the phase invariant complex cell responses (App. 5B, 5C). We reason that in tasks that do271

not depend on phase information, complex cells should improve sample efficiency.272

In this model, the kernel for the V1 population is a convex combination of the kernels for the273
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Figure 6: A model of V1 as a bank of Gabor filters recapitulates experimental inductive bias. A
Gabor filtered inputs are mapped through nonlinearity. A grating stimulus (left) with orientation
θ and phase φ is mapped through a circuit of simple and complex cells (middle). Some examples
of randomly sampled Gabor filters (right) generate preferred orientation tuning of neurons in the
population. B A threshold-powerlaw nonlinearity gq,a(z) = max{0, z − a}q is fit to the mouse V1
kernel (black dots). Kernels and spectra for alternative choices of q, a are shown (color code defined
in left panel). C We plot eigenfunctions ψk (modes) for mixtures of sN simple cells and (1− s)N
complex cells. A pure complex cell population has all eigenfunctions independent of phase φ. A
pure simple cell population s = 1 or mixture codes 0 < s < 1 depend on both orientation phase in
a nontrivial way. D Three tasks are visualized, where color indicates the binary target value ±1.
The left task only depends on orientation stimulus variable θ, the middle only depends on phase
φ, the hybrid task (right) depends on both. E (top) Generalization error and cumulative power
distributions for the three tasks as a function of the simple-complex cell mixture parameter s. In
Figure App.3 we provide more comparisons of our theory and numerical experiments.14
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simple and complex cell populations KV 1(θ, θ
′, φ, φ′) = sKs(θ, θ

′, φ, φ′) + (1− s)Kc(θ, θ
′) where Ks274

is the kernel for a pure simple cell population that depends on both orientation and phase, and Kc275

is the kernel of a pure complex cell population that is invariant to phase (App. 5C). Figure 6C276

shows top kernel eigenfunctions for various values of s elucidating inductive bias of the readout.277

Figures 6D and 6E show generalization performance on tasks with varying levels of dependence278

on phase and orientation. On pure orientation discrimination tasks, increasing the proportion of279

complex cells by decreasing s improves generalization. Increasing the sensitivity to the nuisance280

phase variable, φ, only degrades performance. The cumulative power distribution is also maximized281

at s = 0. However, on a task which only depends on the phase, a pure complex cell population282

cannot generalize, since variation in the target function due to changes in phase cannot be explained283

in the codes’ responses. In this setting, a pure simple cell population attains optimal performance.284

The cumulative power distribution is maximized at s = 1. Lastly, in a nontrivial hybrid task285

which requires utilization of both variables θ, φ, an optimal mixture s exists for each sample budget286

P which minimizes the generalization error. The cumulative power distribution is maximized at287

different s values depending on k, the component of the target function. This is consistent with an288

optimal heterogenous mix, because components of the target are learned successively with increasing289

sample size. In reality, V1 must code for a variety of possible tasks and we can expect a nontrivial290

optimal simple cell fraction s. We conclude that the degree of invariance required for the set of291

natural tasks, and the number of samples determine the optimal simple cell, complex cell mix.292

Small and large sample size behaviors of generalization293

Recently, Stringer et al. [11] argued that the input-output differentiability of the code may be294

enabling better generalization, which is in turn governed by the asymptotic rate of spectral decay.295

Our results provide a more nuanced view of the relation between generalization and kernel spectra.296

First, generalization with low sample sizes crucially depend on the top eigenvalues and eigenfunc-297

tions of the code’s kernel, not the tail. Second, generalization requires alignment of the code with298

the task of interest. Non-differentiable codes can generalize well if there is such an alignment. To299

illustrate these points, here, we provide examples where asymptotic conditions on the kernel spec-300

trum are insufficient to describe generalization performance for small sample sizes (Figure 7 and301

App.5), and where non-differentiable kernels generalize better than differentiable kernels (Figure302

App.6).303

Our example demonstrates how a code allowing good generalization for large sample sizes can304

be disadvantageous for small sizes. In Figure 7A, we plot three different populations of neurons305

with smooth (infinitely differentiable) tuning curves that tile a periodic stimulus variable, such as306

the direction of a moving grating. The tuning width, σ, of the tuning curves strongly influences307

the structure of these codes: narrower widths have more high frequency content as we illustrate308

in a random 3D projection of the population code for θ ∈ [0, 2π] (Figure 7A). Visualization of309

the corresponding (von Mises) kernels and their spectra are provided in Figure 7B. The width310

of the tuning curves control bandwidths of the kernel spectra Figure 7B, with narrower curves311
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Random
Projections

Tuning 
Curves

Figure 7: The top eigensystem of a code determines its low-P generalization error. A A periodic
variable is coded by a population of neurons with tuning curves of different widths (top). Narrow,
wide and optimal refers to the example in C. These codes are all smooth (infinitely differentiable) but
have very different feature space representations of the stimulus variable θ, as random projections
reveal (below). B (left) The population codes in the above figure induce von Mises kernels K(θ) ∝
ecos(θ)/σ

2
with different bandwidths σ. (right) Eigenvalues of the three kernels. C (left) As an

example learning task, we consider estimating a “bump” target function. The optimal kernel (red,
chosen as optimal bandwidth for P = 10) achieves a better generalization error than either the wide
(green) or narrow (blue) kernels. (middle) A contour plot shows generalization error for varying
bandwidth σ and sample size P . (right) The large P generalization error scales in a power law.
Solid lines are theory, dots are simulations averaged over 15 repeats, dashed lines are asymptotic
power law scalings described in main text. Same color code as B and C-left.
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having an later decay in the spectrum and higher high frequency eigenvalues. These codes can312

have dramatically different generalization performance, which we illustrate with a simple “bump”313

target response (Figure 7C). In this example, for illustration purposes, we let the network learn with314

a delta-rule with a weight decay, leading to a regularized kernel regression solution (App. 3A.1).315

For a sample size of P = 10, we observe that codes with too wide or too narrow tuning curves316

(and kernels) do not perform well, and there is a well-performing code with an optimal tuning317

curve width σ, which is compatible with the width of the target bump, σT . We found that optimal318

σ is different for each P (Figure 7C). In the large-P regime, the ordering of the performance of319

the three codes are reversed (Figure 7C). In this regime generalization error scales in a power law320

Eg ∼ P−min(2,
lnσT
lnσ

) (App. 3D) and the narrow code, which performed worst for P ∼ 10, performs321

the best. This example demonstrates that asymptotic conditions on the tail of the spectra are322

insufficient to understand generalization in the small sample size limit. The bulk of the kernel’s323

spectrum needs to match the spectral structure of the task to generalize efficiently in the low-sample324

size regime. However, for large sample sizes, the tail of the eigenvalue spectrum becomes important.325

We repeat the same exercise and draw the same conclusions for a non-differentiable kernel (Laplace)326

(Figure App.5) showing that these results are not an artifact of the infinite differentiability of von327

Mises kernels. We further provide examples where non-differentiable kernels generalizing better328

than differentiable kernels in Figure App.5.329

Time-Dependent Neural Codes330

Our framework can directly be extended to learning of arbitrary time-varying functions of time-331

varying inputs from an arbitrary spatiotemporal population code (Methods 4.3, App. 6). In this332

setting, the population code r({θ(t)}, t) is a function of an input stimulus sequence θ(t) and possibly333

its entire history, and time t. A downstream linear readout f({θ}, t) = w · r({θ}, t) learns a target334

sequence y({θ}, t) from a total of P examples that can come at any time during any sequence.335

Learning is again achieved through the delta-rule and the learned function can be expressed as a336

linear combination of the kernel evaluated at the P examples. The kernel in this case is a more337

complicated object that computes inner products of neural population vectors at different times338

t, t′ for different input sequences {θ}, {θ′}: K({θ}, {θ′}, t, t′) = 1
N r({θ}, t) · r({θ}, t′) [47, 48, 49].339

Our theory carries over from the static case with appropriate modifications (Methods 4.3). Kernels340

whose top eigenfunctions have high alignment with the target time-varying response y({θ}, t) will341

achieve the best average case generalization performance.342

As a concrete example, we focus on readout from a temporal population code generated by343

a recurrent neural network in a task motivated by a delayed reach task [50] (Figure 8A,B). We344

consider a randomly connected network with current dynamics τ ż(t) = −z(t) + Wrr(t) + Wθθ(t)345

where the rates are related to input currents through a tanh nonlinearity r(t) = tanh(z(t)). The346

recurrent weights are drawn from a normal distribution W r
ij ∼ N (0, g2/N) and the input encoding347

weights from W θ
ij ∼ N (0, 1) (Methods 4.3). The gain parameter g was set to 1.5 to generate348

rich dynamics [51]. In this task, the network is presented for a short time an input cue sequence349
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coding an angular variable which is drawn randomly from a distribution (Figure 8C). The recurrent350

neural network must remember this angle and reproduce an output sequence which is a simple step351

function whose height depends on the angle which begins after a time delay from the cessation of352

input stimulus and lasts for a short time (Figure 8D).353

The kernel induced by the spatiotemporal code is shown in Figure 8E. The high dimen-354

sional nature of the activity in the recurrent network introduces complex and rich spatiotem-355

poral similarity structure. Figure 8F shows the kernel’s eigensystem, which consists of stimu-356

lus dependent time-series ψk({θ}; t) for each eigenvalue λk. An interesting link can be made357

with this eigensystem and linear low-dimensional manifold dynamics observed in several corti-358

cal areas [28, 29, 31, 52, 33, 53, 36, 32, 54, 30]. The kernel eigenfunctions also define the la-359

tent variables obtained through a singular value decomposition of the neural activity r({θ}; t) =360 ∑
k

√
λkukψk({θ}; t) [31].361

With enough samples, the readout neuron can learn to output the desired angle with high362

fidelity (Figure 8G). Unsurprisingly, tasks involving long time delays are more difficult and exhibit363

lower cumulative power curves. Consequently, the generalization error for small delay tasks drops364

much more quickly with increasing P.365

3 Discussion366

Elucidating inductive biases of the brain is fundamentally important for understanding natural367

intelligence [3, 4, 5, 55]. These biases are coded into the brain by the dynamics of its neurons, the368

architecture of its networks, its representations and plasticity rules. Finding ways to extract the369

inductive biases from neuroscience datasets requires a deeper theoretical understanding of how all370

these factors shape the biases, and is an open problem. In this work, we attempted to take a step371

towards filling this gap by focusing on how the structure of static neural population codes shape372

inductive biases for learning of a linear readout neuron under a biologically plausible learning rule.373

If the readout neuron’s output is correlated with behavior, and that correlation is known, then our374

theory could possibly be modified to predict what behavioral tasks can be learned faster.375

Under the delta rule, the generalization performance of the readout is entirely dependent on the376

code’s inner product kernel; the kernel is a determinant of inductive bias. In its finite dimensional377

form, the kernel is an example of a representational similarity matrix and is a commonly used tool378

to study neural representations [56, 57, 58, 59, 60, 61]. Our work elucidates a concrete link between379

this experimentally measurable mathematical object, and sample-efficient learning.380

We derived an analytical expression for the generalization error as a function of sample-size381

under very general conditions, for an arbitrary stimulus distribution, arbitrary population code382

and an arbitrary target stimulus-response map. We used our findings in both theoretical and383

experimental analysis of primary visual cortex, and temporal codes in a delayed reach task. This384

generality of our theory is a particular strength.385

Our analysis elucidated two principles that define the inductive bias. The first one is spectral386
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Figure 8: The performance of time-dependent codes when learning dynamical systems can be
understood through spectral bias. A We study the performance of time dependent codes on a
delayed response task which requires memory retrieval. A cue (black dot) is presented at an angle
γµ. After a delay time d, the cursor position (blue triangle) must be moved to the remembered
cue position and then subsequently moved back to the origin after a short time. B The readout
weights (blue) of a time dependent code can be learned through a modified delta rule. C Input is
presented to the network as a time series which terminates at t = 1. The sequences are generated
by drawing an angle γµ ∼ Uniform[0, 2π] and using two step functions as input time-series that
code for the cosine and the sine of the angle (Methods 4.3, App. 6). We show an example of the
one of the variables in a input sequence. D The target functions for the memory retrieval task are
step functions delayed by a time d. E The kernel Kµ,µ′,t,t′ compares the code for two sequences
at two distinct time points. We show the time dependent kernel for identical sequences (left) and
the stimulus dependent kernel for equal time points (middle left) as well as for non-equal stimuli
(middle right) and non-equal time (right). F The kernel can be diagonalized, and the eigenvalues
λk determine the spectral bias of the reservoir computer (left). We see that higher gain g networks
have higher dimensional representations. The “eigensystems” ψk(θ

µ, t) are functions of time and
cue angle. We plot only µ = 0 components of top systems k = 1, 2, 3, 4 (right). G The readout is
trained to approximate a target function yµ(t), which requires memory of the presented cue angle.
(left) The theoretical (solid) and experimental (vertical errorbar, 100 trials) generalization error
Eg are plotted for the three delays d against training sample size P. (right) The ordering of Eg
matches the ordering of the C(k) curves as expected.
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bias: kernel eigenfunctions with large eigenvalues can be estimated using a smaller number of387

samples. The second principle is the code-task alignment: Target functions with most of their388

power in top kernel eigenfunctions can be estimated efficiently and are compatible with a code.389

The cumulative power distribution, C(k) [27], provides a measure of this alignment. These findings390

define a notion of “simplicity” bias in learning from examples, and provides a solution to the391

question of what stimulus-response maps are easier to learn. A similar simplicity bias has been also392

observed in training deep neural networks [62, 63, 64]. Due to a correspondence between trained393

neural networks in the infinite-width limit and kernel machines [65], results on the spectral bias of394

kernel machines may shed light onto these findings [26, 27].395

We used our finding in both theoretical and experimental analysis of mouse primary visual396

cortex. We demonstrated a bias of neural populations towards low frequency orientation discrim-397

ination and low spatial frequency reconstruction tasks. The latter finding is consistent with the398

finding that mouse visual cortex neurons are selective for low spatial frequency [38, 39, 40]. Our399

modeling showed that these biases can be modified by the neural thresholds and nonlinearities in400

nontrivial ways. The theoretical model of the visual cortex as a mixture of simple and complex401

cells demonstrated how invariances, specifically the phase invariance of the complex cells, in the402

population code can facilitate learning some tasks involving phase invariant responses at the ex-403

pense of performance on others. Role of invariances in learning with kernel methods have recently404

been investigated in machine learning literature [66, 67].405

A recent proposal considered the possibility that the brain acts as an overparameterized inter-406

polator [68]. Suitable inductive biases are crucial to prevent overfitting and generalize well in such a407

regime [69]. Our theory can explain these inductive biases since, when the kernel is full-rank, which408

typically is the case when there are more neurons in the population than the number of learning409

examples, the delta rule converges to an interpolator of the learning examples. Modern deep learn-410

ing architectures also operate in an overparameterized regime, but generalize well [70, 69], and an411

inductive bias towards simple functions has been proposed as an explanation [26, 27, 64, 71].412

Our work suggests sample efficiency as a general coding principle for neural populations, relating413

neural representations to the kinds of problems they are well suited to solve. These codes may be414

shaped through evolution or themselves be learned through experience [55]. Prior related work415

demonstrated the dependence of sample-efficient learning of a two-angle estimation task on the416

width of the individual neural tuning curves [72] and additive function approximation properties417

of sparsely connected random networks [73].418

A sample efficiency approach to population coding differs from the classical efficient coding419

theories [16, 14, 15, 74, 75, 76, 17, 77], which postulate that populations of neurons optimize420

information content of their code subject to metabolic constraints or noise. While these theories421

emphasize different aspect of the code’s information content (such as reduced redundancy, predictive422

power, or sparsity), they do not address sample efficiency demands on learning. Further, recent423

studies demonstrated hallmarks of redundancy and correlation in population responses [54, 30,424

78, 36, 79, 80, 11], violating a generic prediction of efficient coding theories that responses of425
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different neurons should be uncorrelated across input stimuli in high signal-to-noise regimes to426

reduce redundancy in the code and maximize information content [14, 15, 74, 75, 81, 82]. In our427

theory, the structured correlations of neural responses correspond to the decay in the spectrum of428

the kernel, and play a key role in biasing learned readouts towards simple functions.429

In recent related studies, the asymptotic decay rate of the kernel’s eigenspectrum was argued430

to be important for generalization [11] and robustness [83]. Decay rate in the mouse V1 was431

found to be consistent with a high dimensional (power law) but smooth (differentiable) code, and432

smoothness was argued to be an enabler of generalization [11]. We show that sample-efficient433

learning requires more than smoothness conditions in the form of asymptotic decay rates on the434

kernel’s spectrum. The interplay between the stimulus distribution, target response and the code435

gives rise to sample efficient learning. Because of spectral bias, the top eigenvalues govern the small436

sample size behavior. The tail of the spectrum becomes important for large sample sizes.437

Though the kernel is degenerate with respect to rotations of the code in the neural activity438

space, we demonstrated that the true V1 code has much lower average activity than random codes439

with the same kernel, suggesting that evolution and learning may be selecting neural codes with440

low average spike rates which preserve sample-efficiency demands for downstream learning tasks.441

We predict that metabolic efficiency may be a determinant in the orientation and placement of442

the ubiquitously observed low-dimensional coding manifolds [53, 80] in neural activity space in443

other parts of the brain. The demand of metabolic efficiency is consistent with prior sparse coding444

theories [84, 17, 18, 85], however, our theory emphasizes sample-efficient learning as the primary445

normative objective for the code.446

Our work constitutes a first step towards understanding inductive biases in neuronal circuits.447

To achieve this, we focused on a linear, delta-rule readout of a static population code. More work448

is need to study other factors that affect inductive bias. Importantly, sensory neuron tuning curves449

can adapt during perceptual learning tasks [86, 87, 88, 89] with the strength of adaptation depen-450

dent on brain area [90, 91, 92, 93]. This motivates analysis of learning in multi-layer networks.451

Our work focused on the effect of signal correlations to coding and inductive bias [94, 95]. Future452

analysis could study how signal and noise correlations interact to shape inductive bias and deter-453

mine generalization. Other factors that need to be taken into account are readout nonlinearities,454

alternative learning rules, initialization schemes, and network architectures.455

4 Methods456

4.1 Generating example codes (Figure 1)457

The two codes in Figure 1 were constructed to produce two different kernels for θ ∈ S1:458

K1(θ, θ
′) = exp(0.25 cos(θ − θ′)) , K2(θ, θ

′) =

20∑
k=1

cos(k(θ − θ′)). (4)
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An infinite number of codes could generate either of these kernels. After diagonalizing the kernel459

into its eigenfunctions on a grid of 120 points, K1 = Ψ1Λ1Ψ
>
1 ,K2 = Ψ2Λ2Ψ

>
2 , we used a random460

rotation matrix Q ∈ O(120) to generate a valid code461

R1 = QΛ
1/2
1 Ψ1 , R2 = QΛ

1/2
2 Ψ2. (5)

This construction guarantees that R>1 R1 = K1 and R>2 R2 = K2. We plot the tuning curves for462

the first three neurons. The target function in the first experiment is y = cos(θ)−0.6 cos(4θ), while463

the second experiment used y = cos(6θ)− cos(8θ).464

4.2 Theory of Generalization465

Recent work has established analytic results that predict the average case generalization error for466

kernel regression467

Eg = 〈Eg(D)〉D =
〈

[f(θ,wD)− y(θ)]2
〉
θ,D

(6)

where Eg(D) =
〈
[f(θ,wD)− y(θ)]2

〉
θ

is the generalization error for a certain sample D of size P468

and f(θ,wD) = wD · r(θ) is the kernel regression solution for D (App. 3A) [26, 27]. The typical or469

average case error Eg is obtained by averaging over all possible datasets of size P . This average case470

generalization error is determined solely by the decomposition of the target function y(x) along the471

eigenbasis of the kernel and the eigenspectrum of the kernel. This continuous diagonalization again472

takes the form (App. 1A) [96]473 ∫
p(θ)K(θ,θ′)ψk(θ)dθ = λkψk(θ

′). (7)

Our theory is also applicable to discrete stimuli if p(θ) is a Dirac measure as we describe in474

(App. 1B). Since the eigenfunctions form a complete set of square integrable functions [96], we475

expand both the target function y(θ) and the learned function f(θ,wD) in this basis y(θ) =476 ∑
k vkψk(θ) , f(θ,wD) =

∑
k v̂k(wD)ψk(θ). Due to the orthonormality of the kernel eigenfunctions477

{ψk}, the generalization error for any set of coefficients v̂ is478

Eg(D) =
〈
(y(θ)− f(θ,wD))2

〉
θ

= ||v̂(wD)− v||2 (8)

We now introduce the equivalent training error, or empirical loss, written directly in terms of479

eigenfunction coefficients v̂, which depends on the disorder in the dataset D = {(θµ, yµ)}Pµ=1480

H(v̂,D) =
∑
µ

[(v̂ − v) ·ψ(θµ)]2 + λ
∑
k

v̂2k
λk

(9)

It is straightforward to verify that theH-minimizing coefficients are v̂∗(D) = (ΨΨ>+λΛ−1)−1ΨΨ>v,481

giving the learned function f(θ,D) = v̂∗(D) · ψ(θ) = kD(θ)>(KD + λI)−1yD, whose λ → 0 limit482

coincides with kernel interpolation. This allows us to characterize generalization without reference483
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to learned readout weights w. The generalization error for this optimal function is484

Eg(D) = ||v̂∗(D)− v||2 = v>Λ−1G(D)2Λ−1v

G(D) =

(
1

λ
ΨΨ> + Λ−1

)−1
. (10)

We note that the dependence on the randomly sampled dataset D only appears through the485

matrix G(D). Thus to compute the typical generalization error we need to average over this matrix486

〈G(D)〉D. There are multiple strategies to perform such an average and we will study one here487

based on a partial differential equation which was introduced in [97, 98] and studied further in488

[26]. We describe in detail one method for performing such an average in App. 3B. After this489

computation, we find that the generalization error can be approximated at large P as490

Eg =
κ2

1− γ
∑
k

v2k
(λkP + κ)2

, κ = λ+ κ
∑
k

λk
λkP + κ

, (11)491

492

where γ = P
∑

k
λ2k

(λkp+κ)2
, giving the desired result. We note that (11) defines the function κ493

implicitly in terms of the sample size P . Taking λ → 0 gives the generalization error of the494

minimum norm interpolant, which desribes the generalization error of the solution. This result495

was recently reproduced using the replica method from statistical mechanics in an asymptotic limit496

where the number of neurons and samples are large [26, 27]. Other recent works have verified our497

theoretical expressions on a variety of kernels and datasets [99, 100].498

4.3 RNN Experiment499

For the simulations in Figure 8 we integrated a rate based recurrent network model with N = 6000500

neurons, time constant τ = 0.05 and gain g = 1.5. Each of the P = 80 randomly chosen angles γµ501

generates a trajectory over T = 100 equally spaced points in t ∈ [0, 3]. The two dimensional input502

sequence is simply θ(t) = H(t)H(1 − t) [cos(γµ), sin(γµ)]> ∈ R2. Target function for a delay d is503

y(θµ, t) = H(1.5+d− t)H(t−d−1)[cos(γµ), sin(γµ)]> which is nonzero for times t ∈ [1+d, 1.5+d].504

In each simulation, the activity in the network is initialized to u(0) = 0. The kernel gram matrix505

K ∈ RPT×PT is computed by taking inner products of the time varying code at for different inputs506

γµ and at different times. Learning curves represent the generalization error obtained by randomly507

sampling P time points from the PT total time points generated in the simulation process and508

training readout weights w to convergence with gradient descent.509
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4.4 Data Analysis510

4.4.1 Data source and processing511

Mouse V1 neuron responses to orientation gratings were obtained from a publicly available dataset512

[8, 9]. Two-photon calcium microscopy fluorescence traces were deconvolved into spike trains and513

spikes were counted for each stimulus, as described in [8]. The presented grating angles were dis-514

tributed uniformly over [0, 2π] radians. Data pre-processing, which included z-scoring against the515

mean and standard deviation of null stimulus responses, utilized the provided code for this exper-516

iment, which also publicly available at https://github.com/MouseLand/stringer-et-al-2019.517

This preprocessing technique was used in all Figures in the paper. To reduce corruption of the es-518

timated kernel from neural noise (trial-to-trial variability), we first trial average responses, binning519

the grating stimuli oriented at different angles θ into a collection of 100 bins over the interval from520

[0, 2π] and averaging over all of the available responses from each bin. Since grating angles were521

sampled uniformly, there is a roughly even distribution of about 45 responses in each bin. After522

trial averaging, SVD was performed on the response matrix R, generating the eigenspectrum and523

kernel eigenfunctions as illustrated in Figure 4. Figures 2, 3, 4, all used this data anytime responses524

to grating stimuli were mentioned.525

In Figures 3C 4D and 5, the responses of mouse V1 neurons to ImageNet images [101] were526

obtained from a different publicly available dataset [10, 11]. The images were taken from 15 dif-527

ferent classes from the Imagenet dataset with ethological relevance to mice (birds, cats, flowers,528

hamsters, holes, insects, mice, mushrooms, nests, pellets, snakes, wildcats, other animals, other529

natural, other man made). In the experiment in Figure 4D we use all images from the mice and530

birds category for which responses were recorded. The preprocessing code and image category infor-531

mation were obtained from the publicly available code base at https://github.com/MouseLand/532

stringer-pachitariu-et-al-2018b. Again, spike counts were obtained from deconvolved and533

z-scored calcium fluorescence traces. In the reconstruction experiment shown in Figure 5 we use534

the entire set of images for which neural responses were recorded.535

4.4.2 Generating RROS codes536

In Figure 3, the randomly rotated codes are generated by sampling a matrix Q from the Haar537

measure on the set of N -by-N orthogonal matrices [20], and chosing a δ by solving the following538

optimization problem:539

min
δ∈RN

N∑
i=1

P∑
µ=1

sµi , s.t. sµ = Qr(θµ) + δ , sµi ≥ 0 , i ∈ [N ] , µ ∈ [P ], (12)

which minimizes the total spike count subject to the kernel and nonnegativity of firing rates. The540

solution to this problem is given by δ∗i = −minµ=1,...,P [Qr(θµ)]i.541
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4.4.3 Comparing Sparsity of Population Codes542

To explore the metabolic cost among the set of codes with the same inductive biases, we estimate543

the distribution of average spike counts of codes with the same inner product kernel as the biological544

code. These codes are generated in the form sµ = Qrµ+δ where δ solves the optimization problem545

min
δ∈RN

∑
i,µ

sµi , s.t. sµ = Qrµ + δ , sµi ≥ 0 (13)

To quantify the distribution of such codes, we randomly sample Q from the Haar-measure on O(N)546

and compute the optimal δ as described above. This generates the aqua colored distribution in547

Figure 3 B and C.548

We also attempt to characterize the most efficient code with the same inner product kernel549

min
Q∈O(N),δ

∑
i,µ

sµi , s.t. sµ = Qrµ + δ , sµi ≥ 0. (14)

Since this optimization problem is non-convex in Q, there is no theoretical guarantee that550

minima are unique. Nonetheless, we attempt to optimize the code by starting Q at the identity551

matrix and conduct gradient descent in the tangent space so(N). Such updates take the form552

Qt+1 = exp(−η∇L)Qt , ∇L =
∂L
∂Q

Q> −Q
∂L
∂Q

>
(15)

where exp(·) is the matrix exponential. To make the loss function differentiable, we incorporate553

the non-negativity constraint with a soft-minimum:554

L =
∑
iµ

(
q>i rµ − softminν(q>i rν , β)

)
555

softmin(a1, a2, ..., aP ;β) =
1

Z

P∑
µ=1

aν exp(−βaν), (16)556

557

where Z =
∑

ν exp(−βaν) is a normalizing constant and Q = [q1, ...qN ]. In the β → ∞ limit,558

this cost function converges to the exact optimization problem with non-negativity constraint.559

Finite β, however, allows learning with gradient descent. Gradients are computed with automatic560

differentiation in JAX [102]. This optimization routine is run until convergence and the optimal561

value is plotted as dashed red lines labeled “opt.” in Figure 3.562

We show that our result is robust to different pre-processing techniques and to imposing bounds563

on neural firing rates in the Figure App.1. To demonstrate that our result is not an artifact of z-564

scoring the deconvolved signals against the spontaneous baseline activity level, we also conduct the565

random rotation experiment on the raw deconvolved signals. In addition, we show that imposing566

realistic constraints on the upper bound of the each neuron’s responses does not change our findings.567

We used a subset of N = 100 neurons and computed random rotations. However, we only accepted568
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a code as valid if it’s maximum value was less than some upper bound ub. Subsets of N = 100569

neurons in the biological code achieve maxima in the range between 3.2 and 4.7. We performed570

this experiment for ub ∈ {3, 4, 5} so that the artificial codes would have maxima that lie in the571

same range as the biological code.572

4.4.4 Lifetime and Population Sparseness573

We compute two more refined measures of sparseness in a population code. For each neuron i we

compute the lifetime sparseness LSi (also known as selectivity) and for each stimulus θ we compute

the population sparseness PSθ which are defined as the following two ratios [22, 23, 24, 25]

LSi =
1

1− 1
P

Varθ ri(θ)

〈ri(θ)2〉θ
, PSθ =

1

1− 1
N

Vari ri(θ)

〈ri(θ)2〉i
(17)

The normalization factors ensure that these quantities lie in the interval between (0, 1). Intuitively,574

lifetime sparseness quantifies the variability of each neuron’s responses over the full set of stimuli,575

whereas population sparseness quantifies the variability of responses in the code for a given stimulus576

θ.577

4.4.5 Fitting a Gabor model to mouse V1 kernel578

Under the assumption of translation symmetry in the kernel K(θ, θ′), we averaged the elements of579

the over rows of the empirical mouse V1 kernel [9]580

K(∆) =
1

P

P∑
µ=1

K(θµ, θµ + ∆) (18)

where angular addition is taken mod π. This generates the black dots in Figure 6 B. We aimed to581

fit a threshold-power law nonlinearity of the form gq,a(z) = max{0, z− a}q to the kernel. Based on582

the Gabor model discussed above, we parameterized tuning curves as583

rσ2,q,a(θ, θi) = gq,a

(
cosh(σ−2 cos(θ − θi))

cosh(σ−2)

)
, (19)

where θi is the preferred angle of the i-th neuron’s tuning curve. Rather than attempting to perform584

a fit of σ2, a, q, {θi}Ni=1 of this form to the responses of each of the ∼ 20-k neurons, we instead simply585

attempt to fit to the population kernel by optimizing over (σ2, a, q) under the assumption of uniform586

tiling of θi. However, we noticed that two of these variables σ2, a are constrained by the sparsity587

level of the code. If each neuron, on average, fires for only a fraction f of the uniformly sampled588

angles θ, then the following relationship holds between σ2 and a589

a =
cosh

(
σ−2 cos

(
π
2 f
))

cosh(σ−2)
. (20)
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Calculation of the coding level f for the recorded responses allowed us to infer a from β during op-590

timization. This reduced the free parameter set to (σ2, q). We then solve the following optimization591

problem592

min
σ2,q

〈(
K̂σ2,q(θ)−K(θ)

)2〉
θ

K̂σ2,q(θ) =
〈
rσ2,q(θ, θ

′)rσ2,q(0, θ
′)
〉
θ′
, (21)593

594

where integration over θi is performed numerically. Using the Scipy Trust-Region constrained595

optimizer, we found (q, σ−2, a) = (1.7, 5.0, 0.2) which we use as the fit parameters in Figure 6.596

Lead contact597

Requests for information should be directed to the lead contact, Cengiz Pehlevan (cpehlevan@598

seas.harvard.edu).599

Data and code availability600

Mouse V1 neuron responses to orientation gratings and preprocessing code were obtained from a601

publicly available dataset: https://github.com/MouseLand/stringer-et-al-2019, [8, 9].602

Responses to ImageNet images and preprocessing code were obtained from another publicly603

available dataset, https://github.com/MouseLand/stringer-pachitariu-et-al-2018b [10, 11].604

The code generated by the authors for this paper is also available https://github.com/605

Pehlevan-Group/sample_efficient_pop_codes606
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editors, Proceedings of the 37th International Conference on Machine Learning, volume 119680

of Proceedings of Machine Learning Research, pages 1024–1034. PMLR, 13–18 Jul 2020.681

[27] Abdulkadir Canatar, Blake Bordelon, and Cengiz Pehlevan. Spectral bias and task-model682

alignment explain generalization in kernel regression and infinitely wide neural networks.683

Nature Communications, in press, 2021.684

29

.CC-BY 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted March 30, 2022. ; https://doi.org/10.1101/2021.03.30.437743doi: bioRxiv preprint 

https://doi.org/10.1101/2021.03.30.437743
http://creativecommons.org/licenses/by/4.0/


[28] Mark Stopfer, Vivek Jayaraman, and Gilles Laurent. Intensity versus identity coding in an685

olfactory system. Neuron, 39(6):991–1004, 2003.686
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Appendix: Population codes enable learning from few examples by

shaping inductive bias

1 Neural Code Decomposition1

1.1 Singular Value Decomposition of Continuous Population Responses2

SVD of population responses is usually evaluated with respect to a discrete and finite set of stimuli.3

In the main paper, we implicitly assumed that a generalization of SVD to a continuum of stimuli.4

In this section we provide an explicit construction of this generalized SVD using techniques from5

functional analysis. Our construction is an example of the quasimatrix SVD defined in [1] and6

justifies our use of SVD in the main text.7

For our construction, we note that Mercer’s theorem guarantees the existence of an eigendecom-8

position of any inner product kernel K(θ,θ′) in terms of a complete orthonormal set of functions9

{ψk}∞k=1 [2]. In particular, there exist a non-negative (but possibly zero) summable eigenvalues10

{λk}∞k=1 and a corresponding set of orthonormal eigenfunctions such that11

K(θ,θ′) =

∞∑
k=1

λkψk(θ)ψk(θ
′). (App.1)

For a stimulus distribution p(θ), the set of functions {ψk}∞k=1 are orthonormal and form a complete12

basis for square integrable functions L2 which means13

〈
ψk(θ)ψ`(θ)

〉
θ

=

∫
p(θ)ψk(θ)ψ`(θ)dθ = δk`,

f(θ) =
∑
k

〈
f(θ′)ψk(θ

′)
〉
θ′
ψk(θ) , ∀f ∈ L2. (App.2)

Next, we use this basis to construct the SVD. Each of the tuning curves ri ∈ L2 (assumed to be14

square integrable) can be expressed in this basis with the top N of the functions in the set {ψk}∞k=115

ri(θ) =

N∑
k=1

Aikψk(θ), (App.3)16

where we introduced a matrix A ∈ RN×N of expansion coefficients. Note that rank(A) ≤ N . We17

1
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compute the singular value decomposition of the finite matrix A18

A =
√
N

rank(A)∑
k=1

√
λkukv

>
k . (App.4)19

We note that the signal correlation matrix for this population code can be computed in closed form20

Σs =
1

N
A
〈
ψ(θ)ψ(θ)>

〉
θ

A> =
1

N
AA> =

rank(A)∑
k=1

λkuku
>
k , (App.5)21

due to the orthonormality of {ψk}. Thus the principal axes uk of the neural correlations are the22

left singular vectors of A. We may similarly express the inner product kernel in terms of the23

eigenfunctions24

K(θ,θ′) =
1

N
r(θ) · r(θ′) =

1

N
ψ(θ)>A>Aψ(θ′). (App.6)25

The kernel eigenvalue problem demands [2]26 ∫
p(θ)K(θ,θ′)ψ(θ)dθ =

1

N
A>Aψ(θ′) = Λψ(θ′) =⇒ 1

N
A>A = Λ

=⇒
rank(A)∑
k=1

λkvkv
>
k =

rank(A)∑
k=1

λkeke
>
k . (App.7)

The vk vectors must be identical to ±ek, the Cartesian unit vectors, if the eigenvalues are non-27

degenerate. From this exercise, we find that the SVD for A has the form A =
√
N
∑rank(A)

k=1

√
λkuke

>
k .28

With this choice, the population code admits a singular value decomposition29

r(θ) = Aψ(θ) =
√
N

rank(A)∑
k=1

√
λkukψk(θ). (App.8)30

This singular value decomposition demonstrates the connection between neural manifold structure31

(principal axes uk) and function approximation (kernel eigenfunctions ψk). This singular value32

decomposition can be verified by computing the inner product kernel and the correlation matrix,33

utilizing the orthonormality of {uk} and {ψk}. This exercise has important consequences for the34

space of learnable functions, which is at most rank(A) dimensional since linear readouts lie in35

span{ri(θ)}Ni=1.36

1.2 Discrete Stimulus Spaces: Finding Eigenfunctions with Matrix Eigende-37

composition38

In our discussion so far, our notation suggested that θ take a continuum of values. Here we want39

to point that our theory still applies if θ take a discrete set of values. In this case, we can think of40

a Dirac measure p(θ) =
∑P̃

i=1 piδ(θ − θi), where i indexes all the P̃ values θ can take. With this41

2
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choice42 ∫
p(θ)K(θ,θ′)ψk(θ)dθ =

P̃∑
i=1

piK(θi,θ′)ψk(θ
i) = λkψk(θ

′). (App.9)43

Demanding this equality for θ′ = θi, i = 1, ..., P̃ generates a matrix eigenvalue problem44

KBΨ = ΨΛ, (App.10)45

where Bij = δijpi. The eigenfunctions over the stimuli are identified as the columns of Ψ while the46

eigenvalues are the diagonal elements of Λk` = λkδk`.47

Experimental considerations: In an experimental setting, a finite number of stimuli are presented48

and the SVD is calculated over this finite set regardless of the support of p(θ). This raises the49

question of the interpretation of this SVD and its relation to the inductive bias theory we presented.50

Here we provide two interpretations.51

In the first interpretation, we think of the empirical SVD as providing an estimate of the SVD52

over the full distribution p(θ). To formalize this notion, we can introduce a Monte-Carlo estimate53

of the integral eigenvalue problem54

∫
p(θ)K(θ,θ′)ψk(θ)dθ ≈ 1

P̃

P̃∑
µ=1

K(θµ,θ′)ψk(θ
µ) = λkψk(θ

′). (App.11)55

For this interpretation to work, the experimenter must sample the stimuli from p(θ), which could be56

the natural stimulus distribution. Measuring responses to a larger number of stimuli gives a more57

accurate approximation of the integral above, which will provide a better estimate of generalization58

performance on the true distribution p(θ).59

In the second interpretation, we construct an empirical measure on P̃ experimental stimulus60

values p̂(θ) = 1
P̃

∑P̃
µ=1 δ(θ − θµ), and consider learning and generalization over this distribution.61

This allows the application of our theory to an experimental setting where p̂(θ) is designed by62

an experimenter. For example, the experimenter could procure a complicated set of P̃ videos, to63

which an associated function y(θ) must be learned. After showing these videos to the animal and64

measuring neural responses, the experimenter could compute, with our theory, generalization error65

for a uniform distribution over this full set of P̃ videos. Our theory would predict generalization66

over this distribution after providing supervisory feedback for only a strict subset of P < P̃ videos.67

Under this interpretation, the relationship between the integral eigenvalue problem and matrix68

eigenvalue problem is exact rather than approximate69

∫
p̂(θ)K(θ,θ′)ψk(θ)dθ =

1

P̃

P̃∑
µ=1

K(θµ,θ′)ψk(θ
µ) = λkψk(θ

′). (App.12)70

Demanding either of (App.11) or (App.12) equalities for θ′ = θν , ν = 1, ..., P generates a matrix71
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eigenvalue problem72

KΨ = PΨΛ. (App.13)73

The eigenfunctions restricted to {θµ} are identified as the columns of Ψ while the eigenvalues are74

the diagonal elements of Λk` = λkδk`. For the case where N and P are finite, the spectrum obtained75

through eigendecomposition of the kernel K is the same as would be obtained through the finite N76

signal correlation matrix Σs, since they are inner and outer products of trial averaged population77

response matrices R.78

1.3 Translation Invariant Kernels79

For the special case where the data distribution p(θ) = 1
V is uniform over volume V and the kernel80

is translation invariant K(θ,θ′) = κ(θ − θ′), the kernel can be diagonalized in the basis of plane81

waves82 ∫
p(θ)K(θ,θ′)ψk(θ)dθ =

1

V

∫
κ(θ − θ′)eik·θdθ =

1

V
κ̂(k)eik·θ

′
(App.14)83

The eigenvalues are the Fourier components of the Kernel λk = 1
V κ̂(k) = 1

V

∫
dθeik·θκ(θ) while the84

eigenfunctions are plane waves ψk(θ) = eik·θ. The set of admissible momenta Sk = {k0,±k1,±k2, ...}85

are determined by the boundary conditions. The diagonalized representation of the kernel is there-86

fore87

K(θ,θ′) =
∑
k∈Sk

λke
ik·(θ−θ′) (App.15)88

For example, if the space is the torus Tn = S1 × S1 × ... × S1, then the space of admissable89

momenta are the points on the integer lattice Sk = Zn = {k ∈ Rn|ki ∈ Z ∀i = 1, ..., n}. Reality and90

symmetry of the kernel demand that Im(λk) = 0 and λ−k = λk ≥ 0. Most of the models in this91

paper consider θ ∼ Unif
(
S1
)
, where the kernel has the following Fourier/Mercer decomposition92

K(θ − θ′) =
∞∑

k=−∞
λke

ik(θ−θ′) = 2
∞∑
k=0

λk cos
(
k(θ − θ′)

)
=
∞∑
k=0

λk

[√
2 cos(kθ)

√
2 cos

(
kθ′
)

+
√

2 sin(kθ)
√

2 sin
(
kθ′
)]

(App.16)

where we invoked the simple trigonometric identity cos(a− b) = cos(a) cos(b) + sin(a) sin(b). By93

recognizing that {
√

2 cos(kθ),
√

2 sin(kθ)}∞k=0 form a complete orthonormal set of functions with94

respect to Unif
(
S1
)
, we have identified this as the collection of kernel eigenfunctions.95

1.4 Invariant Kernels Possess Invariant Eigenfunctions96

Suppose the kernel K(θ,θ′) is invariant to some set of transformations t ∈ T , by which we mean

that

K(tθ,θ′) = K(θ, tθ′) = K(θ,θ′) , ∀t ∈ T (App.17)
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We will now show that any eigenfunction of such a kernel with nonzero eigenvalue must be an

invariant function. Let ψk(θ) be an eigenfunction with eigenvalue λk > 0, then

ψk(tθ) =
1

λk

∫
p(θ′)K(θ′, tθ)dθ′ =

1

λk

∫
p(θ′)K(θ′,θ)dθ′ = ψk(θ) (App.18)

This establishes that all functions which depend on T transformations must necessarily lie in the97

null-space of K.98

2 Alternative Neural Codes with Same Kernel99

2.1 Orthogonal Transformations are Sufficient for Linear Kernel-Preserving100

Transformations101

We will now show that for any linear transformation r̃ = Ar which preserves the inner product102

kernel K(θ,θ′), there exists an orthogonal matrix Q such that r̃ = Qr.103

Proof. Let r̃(θ) = Ar(θ) for all stimuli θ. To preserve the kernel, we must have104

K(θ,θ′) = r̃(θ) · r̃(θ′) = r(θ) · r(θ′) =⇒ r(θ)A>Ar(θ′) = r(θ) · r(θ′). (App.19)

Taking projections against each of the orthonormal eigenfunctions ψ`(θ) (see Appendix 1A), we105

define vectors uk as
√
λkuk =

〈
r(θ)ψk(θ)

〉
θ
, allowing us to express the SVD of the population code106

r(θ) =
∑

k

√
λkukψk(θ). These vectors {uk} are orthonormal uk · u` = δk` since, by the definition107

of the kernel eigenfunctions ψk,108

√
λkλ`uk · u` =

〈
r(θ) · r(θ′)ψk(θ)ψ`(θ

′)
〉
θ,θ′

=
〈
ψk(θ)

〈
K(θ,θ′)ψ`(θ

′)
〉
θ′

〉
θ

= λ`
〈
ψk(θ)ψ`(θ)

〉
θ

= λkδk,`. (App.20)

Since r(θ) and r̃(θ) have the same inner product kernel, they must posess the same kernel eigenfunc-109

tions ψk and kernel eigenvalues λk, which are identified through the eigenvalue problem
∫
p(θ)K(θ,θ′)ψk(θ)dθ =110

λkψk(θ). We therefore have the following two singular value decompositions for r and r̃111

r(θ) =

N∑
k=1

√
λkukψk(θ) , r̃(θ) =

N∑
k=1

√
λkũkψk(θ). (App.21)

where {uk}Nk=1 and {ũk}Nk=1 are both complete sets of orthonormal vectors (the sums above run112

over possible zero eigenvalues). Taking the equation r̃(θ) = Ar(θ), we multiply both sides of the113
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equation by ψk(θ) and average over θ giving114

〈
r̃(θ)ψk(θ)

〉
=
√
λkũk = A

〈
r(θ)ψk(θ)

〉
θ

=
√
λkAuk (App.22)

For an eigenmode k with positive eigenvalue λk > 0, this implies ũk = Auk, while there is no115

corresponding constraint for the null modes with λk = 0. However, the action of A on the nullspace116

of the code has no influence on r̃ so there is no loss in generality to restrict consideration to117

transformations A which satisfy ũk = Auk for all k ∈ [N ] (rather than just the λk > 0 modes).118

This choice gives A =
∑N

k=1 ũku
>
k ∈ O(N). Thus, the space of codes r̃(θ) with equivalent kernels119

to r(θ) · r(θ′) generated through linear transformations is equivalent to all possible orthogonal120

transformations of the original code {Qr(θ) : Q ∈ O(N)}.121

2.2 Necessary Conditions for Optimally Sparse Codes122

Next we argue why optimally sparse codes should be lifetime and population selective. We consider123

the following optimization problem: find a non-negative neural responses S ∈ RN×P and baseline124

vector δ ∈ RN so that baseline subtracted responses R = S− δ1> realize a desired inner product125

kernel K ∈ RP×P and have minimal total firing. This is equivalent to finding the most metabol-126

ically efficient code among the space of codes with equivalent inductive bias. Mathematically, we127

formulate this problem as128

min
S∈RN×P , δ∈RN

∑
iµ

Siµ, s.t.
(
S− δ1>

)> (
S− δ1>

)
= K, Siµ ≥ 0 ∀i ∈ [N ], µ ∈ [P ]. (App.23)

To enforce the constraints for the definition of the kernel and the non-negativity of the responses,129

we introduce the following Lagrangian130

L(S, δ,A,V) = 1>S1− Tr

([
(S− δ1>)>(S− δ1>)−K

]
A

)
− TrV>S (App.24)

where 1 is the vector containing all ones, the Lagrange multiplier matrix A enforces the definition131

of the kernel and the KKT multiplier matrix V enforces the non-negativity constraints for each132

element of S. The KKT conditions require that any local optimum of the objective would have to133

satisfy the following equations [3]134
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∂L
∂S

= 11> − (S− δ1>)A−V = 0

∂L
∂δ

= −(S− δ1>)A1 = 0

∂L
∂A

= (S− δ1>)>(S− δ1>)−K = 0

V � S = 0, (App.25)

where � denotes the element-wise Hadamard product. Using the complementary slackness condi-

tion S�V = 0, and the first optimality condition ∂L
∂S = 0, we have

S = S� (S− δ1>)A (App.26)

Therefore, for any neuron-stimulus pair (i, µ), either Siµ = 0 or
∑

ν∈[P ](Siν − δi)Aνµ = 1. Further,

under the condition that K is full rank, we conclude that for any stimulus µ,
∑

ν∈[P ]Aµν = 0 from

the equation ∂L
∂δ = 0. Let Ii = {µ ∈ [P ] : Siµ > 0} represent the set of stimuli for which neuron i

fires. We will call this the receptive field set for neuron i. Let B(i) ∈ RP×P have entries

[B(i)]µν =

[A+
(i)]µν µ, ν ∈ Ii

0 µ /∈ Ii or ν /∈ Ii
(App.27)

where the matrix A(i) is the |Ii| × |Ii| minor of A obtained by taking all rows and columns with

indices µ, ν ∈ Ii, and A+ denotes pseudo-inverse of A. Then the i-th neuron’s tuning curve

is a function of the index set Ii the baseline δi and the neuron-independent P × P matrix A:

s(Ii, δi,A) = B(i) [δiA + I] 1 ∈ RP . The non-negativity constraint for neuron i’s tuning curve

implies that Siµ =
∑

ν∈Ii B(i),µν [δi
∑

γ∈[P ]Aνγ + 1] > 0 for all µ ∈ Ii. To satisfy the definition of

the kernel, we have the following constraint on the matrix A, the index sets Ii and baselines δi

K =
N∑
i=1

(s(Ii, δi,A)− δi1)(s(Ii, δi,A)− δi1)> (App.28)

This equation implictly defines the index sets Ii the baselines δi and the KKT matrix A. We see135

that, in order to fit an arbitrary kernel, the receptive field sets {Ii} and baselines δi for each neuron136

must be sufficiently diverse since otherwise only a low rank kernel matrix can be achieved from the137

optimally sparse code. As a concrete example, suppose that Ii = I so that B(i) = B and δi = δ138

for all i. For example, this could occur if each neuron fired for every possible stimulus. In this139

case, the kernel would be rank one: K = N(s(I, δ,A)− δ1)(s(I, δ,A)− δ1)>. In order to achieve a140

higher rank code there must be sufficient diversity of the receptive fields Ii. Thus the only way for141

optimally sparse codes to realize high rank kernels K is to have neurons to have different receptive142

field sets Ii. The necessary optimality conditions thus reveal a preference for sparse neural tuning143
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curves to have high lifetime sparseness; to achieve diverse index sets Ii, any given neuron will fire144

only for a unique subset of the possible stimuli.145

3 Theory of Generalization146

3.1 Convergence of the delta-rule147

Gradient descent training of readout weights w on a finite sample of size P converges to the kernel148

regression solution [4, 5, 6]. Let D = {θµ, yµ}Pµ=1 be the dataset with samples θµ and target values149

yµ. We introduce a shorthand rµ = r(θµ) for convenience. The empirical loss we aim to minimize150

is a sum of the squared losses of each data point in the training set151

L(w) =
1

2

P∑
µ=1

(rµ ·w − yµ)2. (App.29)152

Performing gradient descent updates153

wt+1 = wt − η
∂L
∂wt

= wt − η
P∑
µ=1

rµ(rµ ·wt − yµ), (App.30)

recovers the delta rule that we discussed in the main text [7, 8]. Letting the empirical response154

matrix R = [r1, ..., rP ] ∈ RN×P have a SVD R =
∑

k

√
λ̂kûkψ̂

>
k , and expanding the weights155

wt =
∑

k wt,kûk and labels y =
∑

k v̂kψ̂k in their respective SVD bases, we find156

wt+1,k = wt,k − ηλ̂kwt,k + η

√
λ̂kv̂k (App.31)

For all directions with λ̂k > 0, the dynamics converge to the unique fixed point w∗k = v̂k√
λ̂k

, while157

for all modes with λ̂k = 0, the weights remain at w∗k = 0. Thus158

w∗ =

 ∑
k:λ̂k>0

ûkψ̂
>
k√
λ̂k

y = R

 ∑
k:λ̂k>0

ψ̂kψ̂
>
k

λ̂k

y = RK+y (App.32)

where K+ is the Moore-Penrose inverse of the kernel matrix Kµ,ν = K(θµ,θν). The predictions of159

the learned function are given by f = w∗ · r(θ) which can be expressed as160

f(θ) = k(θ)>K+y (App.33)

The fact that the solution can be written in terms of a linear combination of {K(θ,θµ)}Pµ=1 is known161

as the representer theorem [9, 2]. A similar analysis for nonlinear readouts where f(θ) = g
(
w · r(θ)

)
162

is provided in Appendix 3G.163
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3.1.1 Weight Decay and Ridge Regression164

We can introduce a regularization term in our learning problem which penalizes the size of the165

readout weights. This leads to a modified learning objective of the form166

L(w) =
∑
µ

(rµ ·w − yµ)2 + λ||w||2. (App.34)

Inclusion of this regularization alters the learning rule through weight decay wt+1 = (1− ηλ)wt +167

η
∑

µ rµ(rµ ·wt−yµ), which multiplies the existing weight value by a factor of 1−ηλ before adding168

the data dependent update. This learning problem and gradient descent dynamics have a closed169

form solution170

f(θ) = r(θ) ·w∗ =

P∑
µ=1

αµK(θ,θµ) , α = (K + λI)−1y. (App.35)171

The generalization benefits of explicit regularization through weight decay is known to be related172

to the noise statistics in the learning problem [10]. We simulate weight decay only in Figure 6C,173

where we use λ = 0.01
∑

k λk to improve numerical stability at large P .174

3.2 Computation of Learning Curves175

Recent work has established analytic results that predict the average case generalization error for176

kernel regression177

Eg =
〈
Eg(D)

〉
D =

〈
(f(θ,D)− y(θ))2

〉
θ,D

(App.36)178

where Eg(D) =
〈
(f(θ,D)− y(θ))2

〉
θ

is the generalization error for a certain sample D of size P179

and f(θ,D) is the kernel regression solution for D [11, 10]. The typical or average case error Eg is180

obtained by averaging over all possible datasets of size P . This average case generalization error181

is determined solely by the decomposition of the target function y(x) along the eigenbasis of the182

kernel and the eigenspectrum of the kernel. This diagonalization takes the form183 ∫
p(θ)K(θ,θ′)ψk(θ)dθ = λkψk(θ

′) (App.37)184

Since the eigenfunctions form a complete set of square integrable functions, we expand both the185

target function y(θ) and the learned function f(θ) in this basis186

y(θ) =
∑
k

vkψk(θ) , f(θ) =
∑
k

wkψk(θ) (App.38)187

Due to the orthonormality of the kernel eigenfunctions {ψk}, the generalization error for any set of188

coefficients w is189

Eg(w) =
〈

(y(θ)− f(θ))2
〉
θ

=
∑
k

(wk − vk)2 = ||w − v||2 (App.39)190
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We now introduce training error, or empirical loss, which depends on the disorder in the dataset191

D = {(θµ, yµ)}Pµ=1192

H(v̂,D) =
∑
µ

(w · ψ(θµ)− v · ψ(θµ))2 + λ
∑
k

w2
k

λk
(App.40)193

It is straightforward to verify that the optimal v̂∗ which minimizes H(v̂,D) is the kernel regression194

solution for kernel with eigenvalues {λk} when λ → 0. The optimal weights v̂ can be identified195

through the first order condition ∇H(v̂,D) = 0 which gives196

w∗ = (ΨΨ> + λΛ−1)−1ΨΨ>v = v − λ(ΨΨ> + λΛ−1)−1Λ−1v (App.41)197

where Ψk,µ = ψk(θ
µ) are the eigenfunctions evaluated on the training data and Λk,` = δk,`λk is198

a a diagonal matrix containing the kernel eigenvalues. The generalization error for this optimal199

solution is200

Eg(D) = ||w∗ − v||2 = v>Λ−1G(D)2Λ−1v , G(D) =

(
1

λ
ΨΨ> + Λ−1

)−1
(App.42)201

We note that the dependence on the randomly sampled dataset D only appears through the matrix202

G(D). Thus to compute the typical generalization error we need to average over this matrix203 〈
G(D)

〉
D. There are multiple strategies to perform such an average and we will study one here204

based on a partial differential equation which was introduced in [12, 13] and studied further in205

[11, 10]. In this setting, we denote the average matrix G(P ) =
〈
G(D)

〉
|D|=P for a dataset of size206

P . We first will derive a recursion relationship using the Sherman Morrison formula for a rank-1207

update to an inverse matrix. We imagine adding a new sampled feature vector φ to a dataset ψ208

with size P . The average matrix G(P + 1) at P + 1 samples can be related to G(P ) through the209

Sherman Morrison rule210

G(P + 1) =

〈(
1

λ
ΨΨ> +

1

λ
ψψ> + Λ−1

)−1〉
ψ,D

= G(P )−

〈
G(D)ψψ>G(D)

λ+ ψ>G(D)ψ

〉
ψ,D

≈ G(P )−

〈
G(D)

〈
ψψ>

〉
ψ

G(D)

〉
D

λ+
〈
ψ>G(D)ψ

〉
ψ,D

(App.43)

where in the last step we approximated the average of the ratio with the ratio of averages. This211

operation, is of course, unjustified theoretically, but has been shown to produce accurate learning212

curves [11, 13]. Since the chosen basis of kernel eigenfunctions are orthonormal, the average over213

the new sample is trivial
〈
ψψ>

〉
φ

= I. We thus arrive at the following recursion relationship for G214

G(P + 1) = G(P )−
〈
G(D)2

〉
D

λ+ Tr G(P )
(App.44)215

By introducing an additional source J so that G(D, J)−1 = 1
λΨΨ> + Λ−1 + JI, we can relate216
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G(D, J)’s first and second moments through differentiation217

∂

∂J
G(P, J) =

∂

∂J

〈(
1

λ
ΨΨ> + JI + Λ−1

)−1〉
D

= −
〈
G(D, J)2

〉
D
. (App.45)218

Thus the recursion relation simplifies to219

G(P + 1, J)−G(P, J) ≈ ∂

∂p
G(p, J) =

1

λ+ TrG(P, J)

∂

∂J
G(P, J), (App.46)220

where we approximated the finite difference in P as a derivative, treating P as a continuous variable.221

Taking the trace of both sides and defining κ(P, J) = λ + TrG(P, J) we arrive at the following222

quasilinear PDE223

∂

∂P
κ(P, J) =

1

κ(P, J)

∂

∂J
κ(P, J) (App.47)224

with the initial condition κ(0, J) = λ + Tr(Λ−1 + JI)−1. Using the method of characteristics, we225

arrive at the solution κ(P, J) = λ + Tr
(
Λ−1 + (v + P

κ(P,J))I
)−1

. Using this solution to κ, we can226

identify the solution to G227

G(P, J)k,` =

(
P

κ
+ J + λ−1k

)−1
δk,` =

κλk
λkP + κ+ Jκλk

δk,`. (App.48)228

The generalization error, therefore can be written as229

Eg = v>Λ−1
〈
G(D)2

〉
D

Λ−1v = − ∂

∂J
v>Λ−1G(P, J)Λ−1v (App.49)

= −
∑
k

v2k
λ2k

∂

∂J

(
P

κ
+ J + λ−1k

)−1
=

κ2

1− γ
∑
k

v2k
(λkP + κ)2

, (App.50)

where γ = P
∑

k
λ2k

(λkP+κ)2
, giving the desired result. Note that κ depends on J implicitly, which is230

the source of the 1
1−γ factor. This result was recently reproduced using techniques from statistical231

mechanics [11, 10].232

3.3 Spectral Bias and Code-Task Alignment233

Through implicit differentiation it is straightforward to verify that the ordering of the mode errors234

Ek = κ2

1−γ (λkP + κ)−2 matches the ordering of the eigenvalues [10]. Let λk > λ`, then we have235

d

dP
log

(
Ek
E`

)
=2

[
λ`

λ`P + κ
− λk
λkP + κ

]
+2κ′(P )

[
1

λ`P + κ
− 1

λkP + κ

]
. (App.51)

Since λ` < λk, the first bracket must be negative and the second bracket must be positive. Fur-236

ther, it is straightforward to compute that κ′(P ) = − κγ
P (1+γ) < 0. Therefore λk > λ` implies237
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d
dP log

(
Ek
E`

)
< 0 for all P . Since log

(
Ek
E`

)
= 0 at P = 0 we therefore have that log

(
Ek/E`

)
< 0 for238

all P and consequently Ek < E`. Modes with larger eigenvalues λk have lower normalized mode239

errors Ek. This observation can be used to prove that target functions acting on the same data240

distribution with higher cumulative power distributions C(k) for all k will have lower generalization241

error normalized by total target power, Eg(P )/Eg(0), for all P . Proof can be found in [10].242

3.4 Asymptotic power law scaling of learning curves243

Exponential Spectral Decays: First, we will study the setting relevant to the von-Mises kernel244

where λk ∼ βk and v2k ∼ αk where α, β < 1. This exponential behavior accounts for differences in245

bandwidth between kernels which modulates the base β of the exponential scaling of λk with k.246

We will approximate the sum over all mode errors with an integral247

Eg =
κ2

1− γ

∞∑
k=0

v2k
(λkP + κ)2

∼ κ2
∫ ∞
0

αk

(βkP + κ)2
dk. (App.52)248

If we include a regularization parameter λ, then κ ∼ λ as P →∞. With this fact, we can therefore249

approximate the integral at large P by splitting it up into all k < k∗ = ln
(
P/λ

)
/ ln
(
1/β

)
and250

k > k∗.251

Eg ∼
λ2

P 2

∫ k∗

0

αk

β2k
[
1 + λ

Pβk

]2dk +

∫ ∞
k∗

αk[
1 + βkP

λ

]2dk = AP
− log(1/α)

log(1/β) +

∞∑
n=0

AnP
−n−2 (App.53)

for P -independent constants A and An. Thus, we obtain a power law scaling of the learning curve252

Eg which is dominated at large P by Eg ∼ P
−min

(
2,

ln(1/α)
ln(1/β)

)
. For the von-Mises kernel we can253

approximate the spectra with λk ∼ σ−2k and v2k ∼ σ−2kT giving rise to a generalization scaling254

scaling Eg ∼ P
−min

(
2,

lnσT
lnσ

)
.255

Power Law Spectral Decays: The same arguments can be applied for power law kernels λk ∼ k−b256

and power law targets v2k ∼ k−a, which is of interest due to its connection to nonlinear rectified257

neural populations. In this setting, the generalization error is258

Eg ≈
∫ ∞
1

k−a

(k−bP + κ)2
dk ≈ κ2

P 2

∫ P 1/b

1
k−a+2bdk +

∫ ∞
P 1/b

k−adk

=
1

P 2(1− a+ 2b)

[
P (1−a)/b+2 − 1

]
+

1

a− 1
P (1−a)/b. (App.54)

We see that there are two possible power law scalings for Eg with the exponents (a − 1)/b and259

2. At large P this formula will be dominated by the term with minimum exponent so Eg ∼260

P−min(a−1,2b)/b.261
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3.5 Laplace Kernel Generalization262

We calculate similar learning curves as we did for the von-Mises kernel but with Laplace kernels to263

show that our results is not an artifact of the infinite differentiability of the Von Mises kernel. Each264

of these Laplace kernels has the same asymptotic power law spectrum λk ∼ o(k−2), exhibiting a265

discontinuous first derivative (Figure App.5 A). Despite having the same spectral scaling at large266

k, these kernels can give dramatically different performance in learning tasks, again indicating the267

influence of the top eigenvalues on generalization at small P (Figure App.5). Again, the trend for268

which kernels perform best at low P can be reversed at large P . In this case, all generalization269

errors scale with Eg ∼ P−2 (Figure App.5B). More generally, our theory shows that if the task270

power spectrum and kernel eigenspectrum are both falling as power laws with exponents a and b re-271

spectively, then the generalization error asymptotically falls with a power law, Eg ∼ P−min(a−1,2b)/b
272

(Methods) [11]. This decay is fastest when b ≥ a−1
2 for which Eg ∼ P−2. Therefore, the tail of the273

kernel’s eigenvalue spectrum determines the large sample size behavior of the generalization error274

for power law kernels. Small sample size limit is still governed by the bulk of the spectrum.275

3.6 Learning with Multiple Output Channels276

Our theory is not limited to scalar target functions but rather can be easily extended to multiple277

output functions y1, ..., yC from the same data, if for example the task requires computing class278

membership for C categories. In this setting, each data point has the form (θµ,yµ) with yµ ∈ RC .279

For these C classes, the generalization error takes the form280

Eg =
〈
||f(θ)− y(θ)||2

〉
=

C∑
c=1

〈(
fc(θ)− yc(θ)

)2〉
=
∑
k

[∑
c

〈
yc(θ)φk(θ)

〉2]
Ek . (App.55)281

We therefore find that the generalization error in the multi-class setting is the same as the Eg282

obtained for a single scalar target function with power spectrum v2k =
∑

c

〈
yc(θ)φk(θ)

〉2
[11, 10].283

The relevant cumulative power distribution measures the fraction of total output variance captured284

by the first k eigenfunctions of the population code285

C(k) =

∑
c

∑k
`=1

〈
yc(θ)φk(θ)

〉2∑
c

∑∞
`=1

〈
yc(θ)φk(θ)

〉2 . (App.56)286

3.7 Convergence of Delta-Rule for Nonlinear Readouts287

In this section, we consider gradient descent dynamics on a least squares cost with nonlinear readout288

function. Let D = {θµ, yµ}Pµ=1 be the dataset with samples θµ and target values yµ. We introduce289

a shorthand rµ = r(θµ) for convenience. We consider output neurons which produce activity290

f(θ) = g(w · r(θ)) for invertible nonlinear function g with non-vanishing gradient. The empirical291
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loss we aim to minimize is a sum of the squared losses of each data point in the training set292

L(w) =
P∑
µ=1

(g(rµ ·w)− yµ)2. (App.57)293

Performing gradient descent updates294

wt+1 = wt − η
∂L
∂w

= wt − η
P∑
µ=1

rµg′(w · rµ)(g(rµ ·wt)− yµ), (App.58)295

recovers the delta rule that we discussed in the main text for g(z) = z [7, 8]. We define the variables

zt = R>wt which satisfy the dynamics

zt+1 − zt = ηK diag(g′(zt)) (y − g(zt)) (App.59)

The possible fixed points of this system are the z which satisfy K diag(g′(z)) (y−g(z)) = 0. We can296

make further progress under the condition that K is full rank (generally true in overparameterized297

setting N > P ), the activation function is monotonic g′(z) > 0 for all z and is invertible (some298

examples include softplus g(z) = ln(1 + ez), sigmoids such as g(z) = tanh(z), erf(z), etc.). If yµ are299

in the range of g, then we obtain the simple fixed point condition z∗ = g−1(y). From this condition,300

we can infer the learned function. First note that wt ∈ span{rµ}Pµ=1 for all t so that w∗ = Rα∗.301

Multiplying both sides of this last expression by R>, we find302

R>Rα∗ = R>w∗ = Kα∗ = z∗ =⇒ α∗ = K−1z∗ = K−1g−1(y) (App.60)

which is legitimate under the assumption that K was full rank. Now, the final learned function is303

merely f(θ) = g(w∗ · r(θ)) = g
(
r(θ)>RK−1g−1(y)

)
= g

(
k(θ)>K−1g−1(y)

)
.304

3.8 Comparison of our Theory with Recursive Least Squares Adaptive Filter305

In the under-parameterized regime where P > N , the asymptotic error of recursive least squares306

adaptive filter has been obtained in prior works [14, 15]. Let w represent the weights and rµ307

represent the µ-th presented example. We aim to reproduce a noisy ground truth yµ = w∗ ·rµ+ εµ.308

Analysis of the recursive least squares filter in the under-parameterized regime P > N + 1 can be309

performed exactly310

w(P ) = argminw∈RN

P∑
µ=1

[yµ −w · rµ]2 (App.61)

This has a unique minimizer when P > N . Letting C(P ) =
∑P

µ=1 rµr
>
µ311
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w(P ) = C(P )−1

 P∑
µ=1

yµrµ

 = C(P )−1

C(P )w∗ +
P∑
µ=1

rµεµ


= w∗ + C(P )−1

∑
µ

rµεµ

 (App.62)

This filter can be computed efficiently in an online manner using the Recursive Least Squares312

(RLS) algorithm. This recursion is obtained through the formula for the rank-one update to an313

inverse matrix314

w(P + 1) =
[
C(P ) + rP+1r

>
P+1

]−1 P+1∑
µ=1

rµεµ


= C(P )−1

P+1∑
µ=1

rµεµ

− C(P )−1rP+1r
>
P+1C(P )−1

1 + r>P+1C(P )−1rP+1

P+1∑
µ=1

rµεµ


=

[
I−

C(P )−1rP+1r
>
P+1

1 + r>P+1C(P )−1rP+1

] [
w(P ) + rP+1εP+1

]
. (App.63)

Under the assumption that the noise has covariance
〈
εε>
〉

= σ2I and the neural responses are315

Gaussian rµ ∼ N (0,Σ), the excess generalization error can be obtained exactly using the formula316

for the average of an inverse Wishart matrix
〈
C(P )−1

〉
= 1

P−N−1Σ−1 giving317

Eg − σ2 = TrΣ
〈

(w(P )−w∗)(w(P )−w∗)>
〉
{rµ,εµ}

= TrΣ
〈
C(P )−1R(P )εε>R(P )>C(P )−1

〉
= σ2TrΣ

〈
C(P )−1

〉
= σ2

Tr[ΣΣ−1]

P −N − 1
= σ2

N

P −N − 1
. (App.64)

This analysis shows that RLS is consistent in the sense that as P → ∞ with N held constant the318

generalization error reach its theoretical minimum σ2.319

Though our main paper focuses on noise free estimation (σ2 = 0) and the over-parameterized320

(N > P ) rather than under parameterized case (which is what is discussed above), the above result321

agrees with what is obtained by our theory in the under-parameterized case since, in the P > N322

limit, κ = 0 and γ = N
P . From our previous work, the error in the underparameterized noisy case323

for large P is [10]324
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Eg − σ2 = σ2
γ

1− γ
= σ2

N/P

1−N/P
= σ2

N

P −N
(App.65)

which is agrees with the exact result up to an error which is negligible in the large N,P limit. In325

this over-parameterized setting, the only contribution to the error comes from the explicit noise in326

the target function σ2.327

We note however, that the above technique does not generalize to the overparameterized setting328

where the system is trying to learn from a small number of examples P < N . In this case, when329

σ = 0, the delta-rule converges to the minimum norm solution which has the form330

w(P ) = R(P )K(P )−1y(P ) = R(P )K(P )−1R(P )>w∗ (App.66)

where K(P ) = R(P )>R(P ). We see that the learned weight vector w(P ) is a random rank-P331

projection of the optimal weight vector w∗. The challenging task is to compute an average over332

the random data R to get generalization error333

Eg = w∗>
〈(

I−R(P )K(P )−1R(P )>
)

Σ
(
I−R(P )K(P )−1R(P )>

)〉
w∗ (App.67)

We solve this problem by first making a relaxation to the λ→ 0 limit of ridge regression334

R(P )K−1R(P ) = lim
λ→0

R(P )
(
K(P ) + λI

)−1
R(P )> = lim

λ→0

(
C(P ) + λI

)−1
C(P )

= lim
λ→0

[
I− λ

(
C(P ) + λI

)−1]
=⇒ Eg = lim

λ→0
v>Λ−1

〈(
1

λ
ΨΨ> + Λ−1

)−2〉
Λ−1v

= − lim
λ→0

lim
z→0

∂

∂z
Tr

〈(
1

λ
ΦΦ> + Λ−1 + zΛ−1vv>Λ−1

)−1〉
(App.68)

where v = Λ1/2U>w∗. This average can be characterized exactly for arbitrary λ,Λ,w∗ only in335

asymptotic limits where the number of samples P and the number of features N are both large.336

Though in this present work, we resort to the PDE approximation, our theory can also be derived337

with the replica method from disordered systems [11, 10].338

3.9 Comparison of our Theory with Wiener Filter and Equivalent Kernel339

We will provide a discussion of how the theory of generalization used in our paper differs from these340

older results, such as those discussed in Chapter 7 of [2]. Many of the older asymptotic results for341
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kernel regression with a ridge λ can be obtained through an averaging argument (see for example342

Rasmussen and Williams Chapter 7.1 and 7.2 [2]). In the limit where the number of independent343

samples is large, we have by the strong law of large numbers, a convergence of the empirical loss344

to an expectation integral345

L[f ] =
1

P

∑
µ

(
f(θµ)− y(θµ)

)2
+
λ

P
||f ||2H ∼

∫
p(θ)

(
y(θ)− f(θ)

)2
dθ +

λ

P

∑
k

〈
ψk(θ)f(θ)

〉2
θ

λk

(App.69)

for a complete orthonormal family of eigenfunctions ψk. The minimizer to the above functional f346

and its corresponding generalization error Eg have the form347

f(x) =
∑
k

Pλk
Pλk + λ

vkψk(x) , Eg = λ2
∑
k

v2k
(Pλk + λ)2

(App.70)

for target coefficients vk =
〈
y(x)ψk(x)

〉
. This equation (which is equivalent to the Wiener filter348

when ψk are plane waves; see [2] Ch 7.1) is somewhat sensible in that this function approaches349

y(x) as P →∞, and agrees with our theory in the limit of large ridge parameter λ→∞. Further,350

the large eigenvalue modes are learned at smaller values of P : it takes roughly P ≈ λ/λk samples351

to learn mode k. Note, however, that this theory is essentially useless in the interpolating limit352

λ → 0+ where it predicts that the learning curve has no dependence on sample size. This occurs353

because the fluctuations in the loss function from sample to sample (quenched disorder in statistical354

physics language) have been disregarded. Our analysis does not suffer from this issue and predicts355

the effects of sampling induced fluctuations in the loss function. Such sample fluctuations cannot356

typically be disregarded in thermodynamic limits where both dimension and dataset size are taken357

to infinity simultaneously [16]. A more complete discussion of the error due to sampling noise can358

be found in [10]. Our theory, in contrast to the Wiener filter described above, gives the following359

average predictor.360

〈
f(x)

〉
D =

∑
k

Pλk
Pλk + κ

vkψk(x) , κ = λ+ κ
∑
k

λk
Pλk + κ

(App.71)

We see that even in the λ → 0 limit, the mean predictor is not equivalent to y(x) at finite P .361

Rather the sample complexity of each eigenmode ψk is set by the evolution of the self-consistent362

function κ which can be nonzero even in the λ → 0 limit. The full generalization error can be363

decomposed into bias and variance components, where bias component corresponds to the error of364

the average predictor
〈
f(x)

〉
D.365
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Eg =

〈(〈
f(x)

〉
D − y(x)

)2〉
x

+

〈(
f(x)−

〈
f(x)

〉
D

)2〉
x,D

(App.72)

where the bias and variance have the forms366

Bias =

〈(〈
f(x)

〉
D − y(x)

)2〉
x

= κ2
∑
k

v2k
(Pλk + κ)2

(App.73)

Variance =

〈(
f(x)−

〈
f(x)

〉
D

)2〉
x,D

=
κ2γ

1− γ
∑
k

v2k
(Pλk + κ)2

(App.74)

γ = P
∑
k

λ2k
(Pλk + κ)2

(App.75)

We see that the bias is identical to the generalization error predicted by the equivalent kernel367

provided that the self-consistent function κ is substituted for the ridge parameter λ. This substitu-368

tion allows for nonvanishing bias in the λ→ 0 limit since κ > 0 for P smaller than the number of369

nonzero eigenvalues. We find that the sample-to-sample variance of the learned predictor is nonzero370 〈
f(x)2

〉
D−

〈
f(x)

〉2
D > 0 and varies with P . This is unlike the Wiener filter theory which treats the371

variance as 0 for all P due to concentration of the training loss.372

We note a correspondence between the two theories in the heavily regularized λ → ∞ limit.373

In this limit, κ ∼ λ and the bias approaches the risk predicted by the equivalent kernel theory.374

Further, the variance goes to zero in the λ→∞ limit since γ ∼ λ−2 → 0. A comparison of the two375

theories for linear ridge regression on random Gaussian design is provided in Figure App.7.376

4 Visual Scene Reconstruction Task377

4.1 Reconstruction of Natural Scenes from Neural Responses378

Using the mouse V1 responses to natural scenes, we attempt to reconstruct original images from379

the neural codes using different numbers of images. The presented natural scenes are taken380

from ten classes of imagenet which can be downloaded from https://github.com/MouseLand/381

stringer-pachitariu-et-al-2018b. Let θµ ∈ RD be a D-dimensional flattened vector contain-382

ing the pixel values of the µ-th image and let rµ ∈ RN represent the neural response to the µ-th383

image. The goal in the problem is to learn a collection of weights W ∈ RD×N which map neural384

responses rµ to images θµ385

θµ ≈Wrµ. (App.76)386

The generalization error Eg again measures the average error on all points, averaged over all387

possible datasets D = {(θµ, rµ)}Pµ=1 of size P . If the optimal weights for dataset D is W(D) then388
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the generalization error is389

Eg =
〈
||W(D)r(θ)− θ||2

〉
θ,D

. (App.77)390

After identifying eigenfunctions φk(θ), we expand the images in this basis θ =
∑

k vkφk(θ) where391

vk ∈ RD. The generalization error is therefore Eg =
∑

k |vk|2Ek(P ) and the cumulative power392

is C(k) =
∑
`<k |v`|2∑∞
`=1 |v`|2

. We perform this reconstruction task on many filtered versions of the nat-393

ural scenes. To construct a filter, we first compute the Fourier transform of the image. Let394

M(θ) ∈ R
√
D×
√
D represent the non-flattened image and let M̂(θ) ∈ R

√
D×
√
D represent the Fourier395

transform of the image, computed explicitly as396

M̂k,k′(θ) = D−1/4
∑
n,m

Mn,m(θ) exp
(

2πi(nk +mk′)/
√
D
)

(App.78)397

To develop the band-pass filter, we calculate |k| =
√
k2 + (k′)2 for each of the indices in the matrix.398

For a band-pass filter with parameters smax, r we simply zero out the entries in M̂ which correspond399

to states with frequencies outside the appropriate band: for any k, k′ with |k| 6∈ [
√
s2max − r2, s2max]400

then M̂k,k′ → 0. We then perform the inverse Fourier transform on M̂ to obtain a filtered version401

of the original image.402

5 A Simple Feedforward Model of V1403

5.1 Linear Neurons404

We consider a simplified but instructive model of the V1 population code as a linear-nonlinear405

map from photoreceptor responses through Gabor filters and then nonlinearity [17, 18, 19]. Let406

x ∈ R2 represent the two-dimensional retinotopic position of photoreceptors. The firing rates of407

the photoreceptor at position x to a static grating stimulus oriented at angle θ is408

h(x, θ) = cos
(
k(θ) · x

)
, k =

cos(θ)

sin(θ)

 ∈ R2 , θ ∈ [0, 2π]. (App.79)409

We model each V1 neuron’s receptive field as a Gabor filter of the receptor responses h(x, θ).410

The i-th V1 neuron has preferred wavevector ki, generating the following set of weights between411

photoreceptors and the i-th V1 neuron412

F(x, θi) =
σ2

2π
e−

σ2

2
|x|2 cos

(
k(θi) · x

)
. (App.80)413

The V1 population code is obtained by filtering the photoreceptor responses. By approximating414

the resulting sum over all retinal photoreceptors with an integral, we find the response of neuron i415
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to grating stimulus with wavenumber k is416

w(θi) · F(θ) =

∫
F(x, θi)h(x, θ)dx =

1

2
e−

1
2σ2
|k+ki|2 +

1

2
e−

1
2σ2
|k−ki|2 . (App.81)417

The response of neuron i is computed through nonlinear rectification of this input current ri(θ) =418

g(w(θi) · h(θ)). For a linear neuron g(z) = z, the kernel has the following form419

K(θ, θ′) =
cosh

(
cos
(
θ − θ′

)
/σ2
)

cosh
(
σ−2

) , (App.82)420

where the kernel is normalized to have maximum value of 1. Note that this normalization of the421

kernel is completely legitimate since it merely rescales each eigenvalue by a constant and does not422

change the learning curves.423

Since the kernel only depends on the difference between angles θ − θ′, it is said to posess424

translation invariance. Such translation invariant kernels admit a Mercer decomposition in terms425

of Fourier modes K(θ) =
∑

n λn cos(nθ) since the Fourier modes diagonalize shift invariant integral426

operators on S1. For the linear neuron, the kernel eigenvalues scale like λn ∼ βn

2nn! , indicating427

infinite differentiability of the tuning curves. Since λn decays rapidly with n, we find that this428

Gabor code has an inductive bias that favors low frequency functions of orientation θ.429

5.2 Nonlinear Simple Cells430

Introducing nonlinear functions g(z) that map input currents z into the V1 population into firing

rates, we can obtain a non-linear kernel Kg(θ) which has the following definition

Kg(k,k
′) =

∫
p(ki)g(F(ki) · h(k))g(F(ki) · h(k′))dki. (App.83)

In this setting, it is convenient to restrict ki,k,k
′ ∈ S1 and assume that the preferred wavevectors431

ki are uniformly distributed over the circle. In this case, it suffices to identify a decomposition432

of the composed function g(wi · h(θ)) in the basis of Chebyshev polynomials Tn(z) which satisfy433

Tn(cos(θ)) = cos(nθ)434

an =
1

2π

∫ 2π

0
g

(
e−

1
σ2 cosh

(
1

σ2
cos(θ)

))
cos(nθ)dθ

=
1

2π

∫ 1

−1

1√
1− z2

g

(
e−

1
σ2 cosh

(
z/σ2

))
Tn(z)dz, (App.84)

which can be computed efficiently with an appropriate quadrature scheme. Once the coefficients435

an are determined, we can compute the kernel by first letting θi to be the angle between k and ki436
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and letting θ be the angle between k and k′437

Kg(θ) =

∫ 2π

0

dθi
2π

∑
n,n′

anan′Tn(cos(θi))Tn′(cos(θi + θ))dθi

=
1

2

∑
n

a2n cos(nθ). (App.85)

Thus the kernel eigenvalues are λn = 1
2a

2
n(ψ).438

Asymptotic scaling of spectra: Activation functions that encourage sparsity have slower eigen-439

value decays. If the nonlinear activation function has the form gq,t(z) = max{0, z − a}q, then440

the spectrum decays like λn ∼ n−2q−2. A simple argument justifies this scaling: if the function441

g(e−σ
2

cosh
(
σ2z
)
) is only q − 1 times differentiable then ann

q ∼ n−1 since
∑

n ann
q must diverge.442

Therefore λn = a2n ∼ n−2q−2. Note that this scaling is independent of the threshold.443

5.3 Phase Variation, Complex Cells and Invariance444

We can consider a slightly more complicated model where Gabors and stimuli have phase shifts445

h(x, θ, φ) = cos
(
k(θ) · x− φ

)
, F(x, θi, φi) =

σ2

2π
e−

σ2

2
|x|2 cos(ki · x− φi). (App.86)446

The simple cells are generated by nonlinearity447

ri(θ, φ) = g(F(θi, φi) · h(θ, φ)). (App.87)448

The input currents into the simple V1 cells can be computed exactly449

w(θi, φi) · F(θ, φ) =
〈
cos(ki · x− φi) cos(k · x− φ)

〉
x∼N (0,σ2I)

. (App.88)

=
1

2
cos(φ+ φi)e

− 1
2σ2
|k+ki|2 +

1

2
cos(φ− φi)e−

1
2σ2
|k−ki|2 . (App.89)

When |k| = |ki| = 1, the simple cell tuning curves ri = g(wi · h) only depend on cos(θ − θi)450

and φ, allowing a Fourier decomposition451

ri(θ, φ) =
∑
n

an(φ, φi) cos
(
n(θ − θi)

)
). (App.90)452

The simple cell kernel Ks, therefore decomposes into Fourier modes over θ453

Ks(θ, θ
′, φ, φ′) =

∑
n

bn(φ, φ′) cos
(
n(θ − θ′)

)
, (App.91)454

where bn(φ, φ′) =
〈
an(φ, φi)an(φ′, φi)

〉
φi

. It therefore suffices to solve the infinite sequence of455
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integral eigenvalue problems over φ456

1

2π

∫ 2π

0
bn(φ, φ′)vn,k(φ)dφ = λn,kvn,k(φ

′) =⇒ Ks(θ, θ
′, φ, φ′) =

∑
n,k

λn,k cos
(
n(θ − θ′)

)
vn,k(φ)vn,k(φ

′).

(App.92)457

With this choice it is straightforward to verify that the kernel eigenfunctions are vn,k(θ, φ) =458

einθvn,k(φ) with corresponding eigenvalue λn,k. Since bn is not translation invariant in φ − φ′,459

the eigenfunctions vn,k are not necessarily Fourier modes. These eigenvalue problems for bn must460

be solved numerically when using arbitrary nonlinearity ψ. The top eigenfunctions of the simple461

cell kernel depend heavily on the phase of the two grating stimuli φ. Thus, a pure orientation462

discrimination task which is independent of phase requires a large number of samples to learn with463

the simple cell population.464

5.4 Complex Cells Populations are Phase Invariant465

V1 also contains complex cells which possess invariance to the phase φ of the stimulus. Again using466

Gabor filters467

F(x, θi, φi) =
σ2

2π
e−

σ2

2
|x|2 cos

(
k(θi) · x− φi

)
, (App.93)468

we model the complex cell responses with a quadratic nonlinearity and sum over two squared filters469

which are phase shifted by π/2470

ri(θ, φ) = (F(θi, φi)·h(θ, φ))2+(F(θi, φi−π/2)·h(θ, φ))2 =
1

4
e−

1
σ2
|k+ki|2+

1

4
e−

1
σ2
|k−ki|2+

1

2
e−σ

2
cos(2φi),

(App.94)471

which we see is independent of the phase φ of the grating stimulus. Integrating over the set of472

possible Gabor filters (ki, φi) again gives the following kernel for the complex cells473

Kc(θ) =
1

cosh(2β)
cosh

(
2β cos(θ)

)
. (App.95)474

Remarkably, this kernel is independent of the phase φ of the grating stimulus. Thus, complex cell475

populations possess good inductive bias for vision tasks where the target function only depends on476

the orientation of the stimulus rather than it’s phase. In reality, V1 is a mixture of simple and477

complex cells. Let s ∈ [0, 1] represent the relative proportion of neurons which are simple cells and478

(1 − s) the relative proportion of complex cells. The kernel for the mixed V1 population is given479

by a simple convex combination of the simple and complex cell kernels480

KV 1(θ, θ
′, φ, φ′) =

1

N

N∑
i=1

ri(θ, φ)ri(θ
′, φ′)→

〈
r(θ, φ, c)r(θ′, φ′, n)

〉
n∼pV 1(n)

= s
〈
r(θ, φ, n)r(θ′, φ′, n)

〉
n∼ps(n) + (1− s)

〈
r(θ, φ, n)r(θ′, φ′, n)

〉
n∼pc(n)

= sKs(θ, θ
′, φ, φ′) + (1− s)Kc(θ, θ

′), (App.96)
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where n denotes neuron type (simple vs complex, tuning etc) and PV 1(n), ps(n), pc(n) are prob-481

ability distributions over the V1 neuron identities, the simple cell identities and the complex cell482

identities respectively. Increasing s increases the phase dependence of the code by giving greater483

weight to the simple cell population. Decreasing s gives weight to the complex cell population,484

encouraging phase invariance of readouts.485

5.5 Visualization of Feedforward Gabor V1 Model and Induced Kernels486

Examples of the induced kernels for the Gabor-bank V1 model are provided in Figure App.4. We487

show how choice of rectifying nonlinearity g(z) and sparsifying threshold a influence the kernel and488

their spectra. Learning curves for simple orientation tasks are provided.489

6 Time Dependent Neural Codes490

6.1 RNN Model and Decomposition491

In this setting, the population code r({θ(t)}, t) is a function of an input stimulus sequence θ(t)492

and time t. In general the neural code r at time t can depend on the entire history of the stimulus493

input θ(t′) for t′ ≤ t, as is the case for recurrent neural networks. We denote dependence of a494

function f on θ(t) in this causal manner with the notation f({θ}, t). In a learning task, a set495

of readout weights w are chosen so that a downstream linear readout f({θ}, t) = w · r({θ}, t)496

approximates a target sequence y({θ}, t) which maps input stimulus sequences to output scalar497

sequences. The quantity of interest is the generalization Eg, which in this case is an average over498

both input sequences and time, Eg =
〈
(y({θ}, t)− f({θ}, t))2

〉
θ(t),t

. The average is computed over499

a distribution of input stimulus sequences p(θ(t)). To train the readout, w, the network is given a500

sample of P stimulus sequences θµ(t), µ = 1, ..., P . For the µ-th training input sequence, the target501

system y is evaluated at a set of discrete time points Tµ = {t1, t2, ..., t|Tµ|} giving a collection of502

target values {yµt }t∈Tµ and a total dataset of size P =
∑P

µ=1 |Tµ|. The average case generalization503

computes a further average of the generalization error Eg over randomly sampled datasets of size504

P.505

Learning is again achieved through iterated weight updates with delta-rule form, but now have506

contributions from both sequence index and time ∆w = η
∑

µ

∑
t∈Tµ rµt (yµt − fµt ). As before,507

optimization of the readout weights is equivalent to kernel regression with a kernel that computes508

inner products of neural population vectors at different times t, t′ for different input sequences509

{θ}, {θ′}: K({θ}, {θ′}, t, t′) = 1
N r({θ}, t) · r({θ}, t′) . This kernel depends on details of the time510

varying population code including its recurrent intrinsic dynamics as well as its encoding of the time-511

varying input stimuli. The optimization problem and delta rule described above converge to the512

kernel regression solution for kernel gram matrix Kµ,µ′

t,t′ = 1
N rµt ·r

µ′

t′ [20, 21, 22]. The learned function513

has the form f({θ}, t) =
∑

µ,t′∈Tµ α
µ
tK({θ}, {θ}µ, t, t′), where α = K+y for kernel gram matrix514

K ∈ RP×P which is computed for the entire set of training sequences, and the vector y ∈ RP is the515

vector containing the desired target outputs for each sequence. Assuming a probability distribution516
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over sequences θ(t), the kernel can be diagonalized with orthonormal eigenfunctions ψk({θ}, t). Our517

theory carries over from the static case: kernels whose top eigenfunctions have high alignment with518

the target dynamical system y({θ}, t) will achieve the best average case generalization performance.519
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Appendix Figures520

A

B

C

Figure App.1: Our metabolic efficiency finding is robust to different pre-processing techniques and
upper bounds on neural firing. A We show the same result as the main text except we use raw (non
z-scored) estimate of responses for each stimulus. B Our result is robust to imposition of firing rate
upper bounds ub on each neuron. This result uses the z-scored responses to be consistent with the
rest of the paper. The biological code achieves a maximum z-score values in the range [3.2, 4.7],
which motivated the range of our tested upper bound values {3, 4, 5}. C Our finding is robust
to the number of sampled stimuli P as we show in an experiment where rotations in N = 500
dimensional subspace.
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A B C

D E F

G H I

Figure App.2: The observation that randomly oriented codes with the same kernel require higher
spike counts than the original code is reproduced from electrophysiological recordings of Mouse
visual cortex (VISp and VISal) from the AIBO. A Distribution of average spike count for a random
selection of N = 10 neurons. B The same for N = 500 randomly selected neurons. C Since the
distribution of average spike count for the randomly rotated codes concentrates with N the number
of standard deviations the true code is from the mean increases with N . We show that this scaling
is approximately like

√
N which suggests that the variability in average spike count for randomly

rotated codes goes scales with neuron count like 1√
N

. This is intuitive since the average spike count

over the rotated code is an empirical average over N random variables. D The lifetime sparseness
of neurons in the true code are spread out over a large range. E The lifetime sparseness distribution
for an example RROS code does not have the same range. F The average (over neurons) lifetime
sparseness of RROS codes over random rotations is significantly lower than the average lifetime
sparseness of the true code. G-I The true visual cortex code has much higher population sparseness
over each grating stimulus as well
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r = 0.15 r = 0.2 r = 0.25
A

B

Figure App.3: The inductive bias to reconstruct low spatial frequency components of natu-
ral scenes from the population responses holds over several band-pass filters of the form |k| ∈[
max(

√
s2max − r2, 0), smax

]
. A The cumulative power curves for reconstruction of the filtered im-

ages with different values of c and smax. Lower values of smax and higher values of c preserve
mostly low frequency content in the images and are easier to reconstruct from the neural responses.
B The learning curves respect the ordering of the cumulative power metric C(k).
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C

D

B

A

Figure App.4: Nonlinear Rectification and proportion of simple and complex cells influences the
inductive bias of the population code. A The choice of nonlinearity has influence on the kernel and
its spectrum. If the nonlinearity is g(z) = max(0, zq), then λk ∼ k−2n−2. B The sparsity can be
increased by shifting the nonlinearity g(z) → g(z − a). Sparser codes have higher dimensionality.
Note that a = 0 is a special case where the neurons behave in the linear regime for all inputs θ
since the currents w · h are positive. Thus, for a = 0, the spectrum decays like a Bessel Function
λk = Ik(β). C-D Easy and hard orientation discrimination tasks with varying nonlinear polynomial
order q. At low sample sizes, large q performs better, whereas at large P , the step function
nonlinearity q = 0 achieves the best performance.
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A

B

Figure App.5: A, B Kernel regression experiments are performed with Laplace kernels of varying
bandwidth on a non-differentiable target function. The top eigenvalues are modified by changing
the bandwidth, but the asymptotic power law scaling is preserved. Generalization at low P is
shown in the contour plot while the large P scaling is provided in the generalization. In A-right
and B-right, color code is the same as in the main text.
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A B C

FED

Figure App.6: Non-differentiable kernels can generalize better than infinitely differentiable kernels
in a variety of contexts. A An infinitely differentiable von-Mises kernel (blue) will be compared to
a non-differentiable Laplace kernel (green). B For a non-differentiable target function y(θ) with a
cusp, the non-smooth kernel can provide a better fit to the target function at P = 30 samples. C
The learning curves for this task. Solid lines are theory, circles are simulations. D The lengthscale
of the kernel can be more important than local smoothness. We will now compare a narrow von-
Mises kernel (still infinitely differentiable) with a non-differentiable wide kernel. E The non-smooth
kernel generalizes on a smooth task almost perfectly whereas the narrow smooth kernel only locally
interpolates. F The learning curves for this smooth task.
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Figure App.7: Our theoretical prediction for generalization error Eg (solid lines) on a linear kernel
K(x,x′) = x · x′ regression problem with uncorrelated Gaussian design x ∼ N (0, I) and linear
teacher y = β ·x in N = 500 dimensions. The generalization error as a function of sample size P is
plotted predicted by the equivalent kernel/Wiener filter (dashed). Each color represents a different
regularization level λ. The experimental generalization is shown as dots of the corresponding
color and shows the numerical error obtained from solving the kernel regression problem with
regularization level λ. We see that the two theories coincide at large λ but are drastically different
at low levels of explicit regularization λ.
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