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Fractional Extreme Value Adaptive Training
Method: Fractional Steepest Descent Approach
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Abstract—The application of fractional calculus to signal
processing and adaptive learning is an emerging area of research.
A novel fractional adaptive learning approach that utilizes
fractional calculus is presented in this paper. In particular,
a fractional steepest descent approach is proposed. A fractional
quadratic energy norm is studied, and the stability and
convergence of our proposed method are analyzed in detail. The
fractional steepest descent approach is implemented numerically
and its stability is analyzed experimentally.

Index Terms—Fractional calculus, fractional differential,
fractional energy norm, fractional extreme point, fractional
gradient.

I. INTRODUCTION

HE integer-order adaptive learning approaches based

on the integer-order calculus, such as the classical
first-order steepest descent (FOSD) method, produce
time-varying parameters relevant for nonlinear systems by
generalizing finite quantity of pattern training. The integer-
order adaptive learning approaches automatically adapt to the
optimal requirements of non-stationary variations in a system.
Furthermore, they can produce improvements in system
performance even if the characteristics of input signals are
unknown or varying with time [1]-[5]. The FOSD method
is a widely used gradient-based approach for optimizing
the traditional integer-order pattern recognition, adaptive
control, and adaptive signal processing problems. Unlike the
traditional integer-order Newton optimization approach, the
reverse incremental search employed in the FOSD method
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is in the opposite direction of the first-order gradient of
a quadratic energy norm [1]-[3]. For digital analysis, the
quadratic energy norm is a typical choice. However, in most
of the actual integer-order adaptive systems, the quadratic
energy norm of system is unknown; thus, it should be
measured and estimated in accordance with the actual
random input data of the integer-order adaptive system. The
FOSD method utilizes a filtering process that reduces the
noise of gradient measurement errors [4], [5]. The least mean
squares (LMS) algorithm based on the FOSD method is
simple and effective [6], [7]. Because the LMS algorithm
was initially proposed for non-recursive linear filters, its
applications were limited. Later, many improved variants
of LMS algorithm have also been proposed, like the
LMS-Newton algorithm [8], sequential regression
algorithm [9], [10], and random searching algorithm [9], [11].
However, the integer-order adaptive learning approaches
cannot be used for fractional pattern recognition, adaptive
control, or adaptive signal processing. In this paper, a novel
fractional adaptive learning (FAL) approach is proposed,
which is called the fractional steepest descent approach.

Over the past three hundred years, fractional calculus
has become an important branch of mathematical
analysis [12]-[15]. Fractional calculus is as old as integral
calculus, although, until recently, its utility has been confined
to the domain of mathematics only. Fractional calculus is a
novel mathematical method that may be useful for physical
scientists too. Most of the special functions in mathematical
physics involve differintegrable series. Fractional calculus
extends and unifies the concepts of difference quotients and
Riemann sums [16], [17]. The random variable in a physical
process can be deemed as the displacement corresponding
to the random movement of particles. Fractional calculus
can be used to analyze and process several specific physical
problems; in particular, it is useful in fields such as biomedical
engineering, diffusion processes, viscoelasticity theory, fractal
dynamics, and fractional control [18]-[26]. One main
advantage of fractional calculus is that most functions are
equivalent to a power series, whereas others are equivalent
to the superposition or product of a certain function and a
power function [12]-[17]. Unfortunately, the majority of its
usage still lies in describing the transient state of physical
change. It is seldom used for the processes involving systemic
evolution [18]—[30].

The issue of how to efficiently apply fractional calculus for
the purpose of signal analysis and signal processing, especially
for the purpose of adaptive learning, is an emerging area of
research. Till now, several researchers have concentrated in
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this problem domain [29]-[35], [38]-[48]. Fractional calculus
has also been hybridized with artificial machine intelligence,
mainly because of its inherent strength of long-term memory
and non-locality. In the fields of fractional pattern recognition,
adaptive control, and adaptive signal processing, fractional
partial differential equations, based on the fractional
Green formula and fractional Euler-Lagrange equation, must
be implemented [46]—-[48]. The fractional extreme points of the
quadratic energy norm are quite different from the traditional
integer-order extreme points such as the first-order stationary
points. To determine the fractional extreme points of the
quadratic energy norm, we propose generalizing the integer-
order steepest descent method to the fractional-order one.

Unlike the classical FOSD method, the FAL approach has
two distinct properties. First, the v-order fractional extreme
points of the quadratic energy norm E are not coincident with
the first-order extreme points of E. In this manner, the iterative
search process of the FAL approach can easily pass over the
first-order local extreme points of E. Second, if the fractional
differential order of the FAL approach satisfies 0 < v < 1,
then the quadratic energy norm E has a single fractional
extreme point or two asymmetric v-order fractional extreme
points in a pair. The number of fractional extreme points
depends on the value of v. To obtain a single fractional extreme
point of E, v must be set to the appropriate value. If 1 < v < 2,
then the quadratic energy norm E has two asymmetric
v-order fractional extreme points in a pair. This asymmetric
characteristic is essential to the quadratic energy norm E and
the property of nature. If 2 < k < v < k+ 1, where k is a
positive integer, the quadratic energy norm E has no fractional
extreme point.

II. RELATED WORKS

This section includes a brief introduction to the basic
definitions in the domain of fractional calculus. It is well
known that fractal geometry generalizes the Newton—Leibniz
derivative. Fractal theory modified the perspective of measure
theory; in particular, Euclidean-measure-based fractional
calculus is more developed than the Hausdorff-measure-based
one. This is why the definition of fractional calculus based on
the Euclidean measure is widely used. The commonly-used
fractional calculus definitions are the Griinwald—Letnikov
definition, Riemann—Liouville definition, and Caputo
definition [12]-[15].

The Griinwald-Letnikov fractional calculus of order v is
defined by

D{_s(x)
dV
=—%§
[d(x —a)]” G-L
x—a)~vV N—1
I'(k— —
_ gim | 7 z( Do x (2 (1)
N—oo | I'(—v) =0 I'k+1) N
where s(x) is the signal under consideration, [a, x] is the
duration of s(x), v is a real number (can be fractional in
nature too), and [I" is the Gamma function. Here, Dy,_;

denotes the Griinwald-Letnikov fractional differential opera-
tor. The Griinwald-Letnikov definition of fractional calculus is

(x)

easy to calculate numerically; its numerical computation only
requires the discrete sampling values, s(x — k((x — a)/N)),
of signal s(x). It only carries out the derivative or integral
operation for the signal s(x).

The Riemann-Liouville fractional integral of order v is
defined by

v — dv
Dp_;s(x) = Ao —aF a)]vs(x) s
_ 1 / _ vl
-5 / (= sOrpd

-1 y .
- = / sd@ —m™, v<0 @)

where D} _, denotes the Riemann-Liouville fractional
differential operator. The values of v > 0, and 0 <n —1 <
v < n,n € R are fixed. The Riemann-Liouville fractional
differential of order v is defined by

Dy _;s(x)= 7[(1()6 — a)]vs(x) .
_4 LHS(X)
dx" [d(x — a)] R-L
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The definition of the Caputo fractional differential of
order v is defined by

¢ DYs(x) = ﬁ / -0 W (@de @)

where €DV is the Caputo fractional differential operator.
In this manner, the Fourier transform of signal s(x) is
defined by

n—1 v—1—k
d
FT[D"s(x)] = () FT[s(1)] = 3 (i)' ————5(0)  (5)
k=0

where i is the imaginary unit, and w is the digital frequency.
If s(x) is a causal signal, (5) simplifies to FT[D"s(x)] =
(iw)"FT[s(x)].

III. FRACTIONAL ADAPTIVE LEARNING APPROACH
AND ITS CONVERGENCE

In this section, a FAL approach is proposed, which has
been named as the fractional steepest descent approach and
its convergence is described in detail. To better understand
the difference between the FAL approach and the integer-
order one, the first-order extreme value is taken into account
to construct the quadratic energy norm, given as

E = E\, +n(s"™ —s)? (6)
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Fig. 1. Tterative search process of the FAL approach.

where v > 0, E is the quadratic energy norm, 7 # 0 is a
constant that controls the degree of convexity-concavity, and
Eélin is the first-order extreme value of E. The performance
curve of E is a parabola whose a priori knowledge is
often unavailable. The reverse incremental search of the
FAL approach is in the negative direction of the v-order

fractional gradient of E, which can be given as
Sk+1 = sk + u(=Dy) @

where k is the step size or number of iterations, sx is the
current adjusted value of s, sx+1 is the updated adjusted value
of s, Dy is the v-order fractional gradient of energy norm E
at s = sk, and p is the constant coefficient that controls the
stability and the rate of convergence of the FAL approach.
Thus, the iterative search process of the FAL approach can be
shown as given in Fig. 1.

As shown in Fig. 1, for the first-order extreme value EL. |
A is the first-order extreme point or stationary point of E,
and s'* is the first-order optimal value of s. In contrast, for
the fractional extreme value Exvnin’ B is the v-order fractional
extreme point or fractional stationary point of E, and s"* is
the fractional optimal value of s. s¢ is the initial value of s,
selected at random.

From (1), it can be derived that D}_,[0] = O and
DY_,lc] = c¢((x —a)™")/(I'(1 —v)), where [0] denotes the
permanent zero constant, and [c] iS a non-zero constant.
Unlike the integer-order differentials, the fractional differential
of a non-zero constant is equal to a non-zero value. Thus,
the v-order fractional extreme point B is not coincident
with the first-order extreme point A, and E. is not the
smallest value of E. If n and N are non-negative integers,
(I'(=n)/T'(=N)) = (=DHN="(N!/n!). From (1) and (7), and
according to properties of fractional calculus, the following is
true:

1 12—
D;z — d'E — [Emin +77(S *) ]Sk '
k ds¥ |, r'a-v)
277s1*s,1_v 2173,3_" o
Ire—-v)y I'G-v) ®)

Equation (8) shows that Dy is a nonlinear equation of s,
involving non-constant coefficients. It is quite difficult to
directly derive the analytical expression of Dy using v as a
variable. Fortunately, if the order v of the FAL approach is
known or specified, the formula described in (8) gets trans-
formed to a constant coefficient nonlinear equation. When the
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iterative search process of the FAL approach converges to a
stable solution, sgy+1 = s = s"%, stk =0,and E = E}. .
Thus, from (6) and (8), the following can be obtained:
I\;lin — Erlnln + ;,l(sl*)z _ zﬂsl*sv* + ”(Sv*)z (9)
1 2
(sv*)—v Emin +77(S1*) _ 27]‘91* 277 (sv*)Z
ra—-v r2-v r'G-v
=0. (10)
From (10), we conclude that s** # 0. Thus, (10) can be
simplified as a constant coefficient quadratic equation, given as

s 4

1 2
Euin 0077 2057y 20 2y
ra-v r2-v I'3—v)
From (11), we can derive the relationship between s"* and s'*
e T(3—v)
=T
n

7751* \/ 712(51*)2 2’7[E1£1in + n(sl*)z]
r2-—v) r2Q—v)y I(1—-wI@-v)

12)

Equation (12) implies that the v-order fractional extreme points
of E are not always unique; however, they always appear as
a pair of points. In general, the v-order fractional extreme
points of E in a pair are asymmetric about s'*. If (12) has
two different solutions, the FAL approach will converge to
either s7* or s)*, respectively. Fig. 1 and (12) show that the
convergence value (s}* or s55*) of the iterative search process
is related to the initial value sg, selected at random. If (12)
has two different solutions, the FAL approach is difficult to
control and does not converge to the expected stable point.
Hence, in order to ensure the convergence to a single v-order
fractional extreme point, the two solutions in (12) must be
equal, i.e., s = s{* = s7*. Let us make s"* # 0. Then,
according to the properties of the Gamma function, it can
be derived that 1/(I"(1 —v)I'3—v)) = 0, if v = 1,3, and
1/(I'(2—v)) = 0, if v = 2. Thus, from (12), the relationship
between a single fractional optimal value s** and the first-order
optimal value s'* can be derived as

F(S - V)Sl* v=1 1%

= = 5 .
r'2-v)

Equation (13) shows that the classical FOSD method is a

special case of the FAL approach (called fractional steepest
descent approach). When v # 1,2, 3 and

7]2(31*)2 B 2'7[E11nin + 7’](31*)2] B
Ir’e—vy raa-vwr@é-v
(12) has a unique solution s"* = s;* = }*, and E has a

single v-order fractional extreme point. Note that the v-order
FAL approach must satisfy

r(a—-wr@a-vy 2k£L. ,
= 2, ifv#£1,2,3.
1—,2(2 _ V) + b 1 V# 2 b

- ;7(51*)2
Substituting (14) into (12),
s¥* and s'* can be derived as
I'(3—v)s*

2r@2—v)’

vk

if v=1,3, and v#2. (13)

(14)

the relationship between

vk __

ifv#1,2,3. (15)
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In this equation, if v # 1,2,3 and v satisfies (14), the
convergence value of the iterative search process of the FAL
approach is s"*. Thus, substituting (9) and (15) into (6), the
energy norm E, expressed in terms of the fractional extreme
value EIVnin and fractional optimal value s”*, can be derived as

4ArQ—-vy—r@-v
Ir'3—v)

42 —v)

VD)

Substituting (8) into (7), the transient property of the

iterative search process can be derived from sy to s"*, for
this FAL approach, given as

E = Er‘;nn —|— n [ (SV*)2

sV + 52:|. (16)

g H[EN it ()]s Zyr]sl*s,i_v B Zyns,f_v
kel =2k (1 —v) I'C—v) TG-v
(17)
Substituting (11) into (17), one can obtain
2/“7 2 F(?’_V) 1% Vviy2
Sk = Sk r@—w[% r2—v" (™)
F(3 B V) 1% vk —v
e —— . (18
L R R
Then, substitution of (15) into (18) results in
2
Sea1 = Sk — o (se — s, ifv£1,2,3. (19)

I'G-v
Equation (19) shows that it is a nonlinear, non-constant
coefficient, difference equation. It is not possible to directly
derive the general term of s; by mathematical induction.
To simplify this nonlinear calculation, let us consider sy
as a discrete sampling of the continuous function s(t)
about ¢. Then, the first-order difference can be used as
an approximation for the first-order differential. It means
Dtls(t) = sk+1 — Sk. In addition, the power series expansion
of sV about (s — s"*) can also be derived. It can be given as

e¢]

- 1"(1 + V)(SV*)V*H (S _ SV*)V[
=2 T+ OI(I—n+v)

n=0
To further simplify this nonlinear computation, we only take
the item summation of the power series expansion of s”, when
n =0 and n = 1, as the approximation of s”. One can then
derive that s¥ = v(s"*)"~!s. Thus, (19) can be rewritten as

—2un
I G=v)v(sv*)'~ls(r)

Dls(t)= [s(r)—s"1%, ifv#1,2,3.

(20)

Equation (20) is a first-order ordinary differential equation
with variables that are separable. Solving (20) by separation
of variables, one can arrive at the solution s(¢). By discretely
sampling s(¢) about #, the general form of s; can be obtained

—2unk
(3 —v)v(sv*)r—1
For the iterative search process of the FAL approach to
converge, it must meet the condition

. 2punk
lim
k—+oo I'(3 — v)v(s"*)V~!

skgsv*—i—exp( ) ifv£1,2,3. (21

:+Oo

which implies
2un
'3 —v)v(svx)r-1

where y is a positive constant. Thus, the constant coefficient
U satisfies

~ 2T G =v(is™)!
u= 2 )
Variables s; and k of the classical FOSD method are
related by a geometric series [49]. The iterative search process
of the FOSD method can be classified as three categories:
1) overdamped oscillation; 2) critically damped oscilla-
tion; and 3) underdamped oscillation [49]. Unlike the
FOSD method, (21) shows that the relationship between
sk and k of the FAL approach is an approximate negative
power geometric series. First, when y =1

ra— v)v(sv’")"_1
2n ’
Substituting this approximation into (21) yields

=x>0

ifv£1,2,3. (22)

~

L ifv#1,2,3.

sp = sV +exp(=k), ifv#1,2,3.

Thus, when y = 1, the iterative search process of
the FAL approach converges in the form of exp(—k).
Second, when y =2

_ TG = ()"

H >
n

Substituting this approximation into (21) yields

ifv 1.

sk =57 +exp(=2k), ifv#1,2,3.

Thus, when y = 2, the iterative search process of the
FAL approach converges rapidly in the form of exp(—2k).
Third, when y is an integer and y > 3, the iterative search
process of the FAL approach converges sharply in the form
of exp(—yk). Similarly, when n — 1 < y = v < n, the
iterative search process of the FAL approach converges rapidly
in the form of exp(—vk). In general, the FAL approach
on multi-dimensional performance surface of the quadratic
energy norm is a generalization of (6). Equation (6) shows
that the energy norm and reverse incremental search process
of the multi-dimensional FAL approach are equivalent to
E = Erlmn—i— nis™ —s)?andspy ) = sk+u(=Dy,), respectively,
where the constant coefficients 5 and g are multi-dimensional
vectors. Here u satisfies the condition, given as

~ [){F(3 —vv(s™)"!
’L —
2y

], if v#£1,2,3. (23)

IV. EXPERIMENTS AND ANALYSIS
A. Application of the Fractional Adaptive Learning Approach

This section briefly describes the application of the
FAL approach. In view of signal processing applications,
the fractional differential has the following nonlinear
characteristics [34], [42], [44], [45]. First, the fractional
differential of a non-zero constant is not equal to zero.
It decreases gradually to zero from the highest value on
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details when 1 < s < 10and 1 <v < 2.(g) 2 < v < 3. (h) Partial enlarged details when —1 < s < —0.2 and 2 < v < 3. (i) Partial enlarged details

when 1 <s <10and 2 <v < 3.

a singular impulse signal. In contrast, any integer-order
differential of a constant is equal to zero. This is a remarkable
difference between the fractional differential and the integer-
order differential. Second, the fractional differential at the
initial point of a ramp function is equal to non-zero, which
nonlinearly enhances the high-frequency singular information.
If v=1 or v =2, the classical Sobel operator and Gaussian
operator coincide with the first-order and second-order dif-
ferential operators, respectively. In contrast, if 0 < v < 1,
the fractional differential enhancement of high-frequency
singular information is smaller than its first-order differential
enhancement; moreover, when the order of the fractional dif-
ferential increases, the enhancement of high-frequency singu-
lar information also increases. Third, the fractional differential
of a ramp function does not possess a linear relation; instead,
it yields a nonlinear curve. In contrast, the integer-order
differential of a ramp function does possess a linear relation.

Based on the aforementioned nonlinear characteristics of
the fractional differential, the FAL approach can be applied
to the image processing problems [34], [42], [44]-[48]. The
fractional differential has been demonstrated to preserve, in
great detail, the low-frequency contour features in smooth
areas. It also enhances the high-frequency marginal informa-
tion in highly variable greyscale areas and enhances the texture
details in areas where greyscale changes are not as obvious.
All of this is done in a nonlinear fashion. As such, the FAL
approach can be used to perform reverse incremental opti-
mizing searches on the fractional total variation in an image.

By using the FAL approach, we can implement a class of
multi-scale denoising models for texture images based on the
nonlinear fractional partial differential equations that preserve
texture details. In this case, the desired objective is achieved
in a non-linear fashion [46]-[48].

B. Stability and Convergence of the Fractional
Adaptive Learning Approach

In this section, the stability and convergence of the
FAL approach are discussed. The properties of the v-order
fractional differential of the energy norm E are analyzed
using fractional calculus. Without loss of generality, we set
El. =10,7 =2, and s'* =5 in (6) and (8). Then, as shown
in Fig. 2, we numerically implement the v-order derivative

DY — d'E _ [Eélin + n(sl*)z]s_v B 2ps sty 252
S dsY r(1—v) I'2—v)  TB-v
of the energy norm E = El. + 5(s'* — 5)? about s.

As shown in Fig. 2, if v = 0, D} performs neither the dif-
ferential nor the integral operations. If v > 0, D} performs the
fractional differential operation. In Fig. 2(a), (d), and (g), for

oy @E _ [Emin +1G6"2]s™ 205 275>

S dsY I'(l—v) I'—-v) TI'(B-v)
the v-order fractional calculus has two obvious undermen-
tioned features. First, the v-order fractional calculus of most

functions is equal to a power function. Second, the v-order
fractional calculus of the remaining functions is equal to the

l*slfv
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Fig. 3. Relationship between s]* and s3* and the v = 0.28577 order fractional derivative of E. (a) Relationship between s{* and s3*. (b) v = 0.28577 order

fractional derivative of E.

sum or product of a certain functions and power function.
In this way, the v-order fractional calculus may go on ad
infinitum if the denominator of the power function is equal to
zero. Therefore, in Fig. 2(a), (d), and (g), if s =0, d"E/ds"
has a singular impulse. Fig. 2(a) and (b) also show that if
s < 0,0 <v < 1,and v # (1/2), (d"E/ds") has a
non-zero crossing point. If s < Oandv = 1/2, (dVE/ds") = 0.
Equation (14) shows that when v, satisfies

r(—v)lrG-v) _ 2En, .
= 2, if 1
Pe—v) e 2 N
(12) has two identical solutions. There is a single fractional
optimal value s = s{* = sJ* when the value of v, is
related to Erlnin’ 5, and s'*. As shown in Fig. 2(a) and (c),

if 0 < v <v, <1, (d"E/ds”) has a non-zero crossing
point. If 0 < v = v, < 1, D} = (d"E/ds") has a single
zero crossing point, and if 0 < v; < v < 1, it has two zero
crossing points. In other words, if 0 < v < 1, there may
not be a single fractional extreme point of E; in general, the
v-order fractional extreme points of E occur in pairs, which
are asymmetric about s'*. This suggests that if E!. , s1*, and
n are arbitrary, the v-order fractional extreme value s"* of
E exists either individually or as a pair. Fig. 2(a)—(c) show that
if v=1, D] = (d"E/ds") has a single zero crossing point.
As shown in Fig. 2(d)-(f), if 1 < v < 2, D} = (d"E/ds")
has a pair of zero crossing points asymmetrical about s'*.
If v=2 D = (d"E/ds") = n = 2 # 0. As shown in
Fig. 2(g)-(i), if 2 < v < 3, D] = (d"E/ds") has a non-zero
crossing point. If v = 3, D} = (d"E/ds") = 0. Therefore,
if2 <k <v<k+1, D; = (d"E/ds") has a non-zero
crossing point. If v=£k 4+ 1, DY = (d"E/ds”) = 0.

Furthermore, from (14), we can further conclude that if
Eélin =10,y =2 # 0, and s1* = 5, the solution of

rd-wr@a-v) 2EL. ,
= 2, ifv#1
T T

is equal to v = 0.28577, which shows that E has a single v-
order fractional extreme value. Thus, from (8), (12), and (14),
we can numerically implement s*, s;*, and the v = 0.28577
order fractional derivative of E. It is shown in Fig. 3.

From Fig. 3(a), note that if v = 0.28577, (12) has
two identical solutions, and there is a single fractional optimal
value s* = s;* = sJ* of E. From Fig. 3(b), if v = 0.28577,
DY = (d"E/ds") has a single zero crossing point of E.

The experiment results obtained coincide with the aforemen-
tioned theoretical derivation.

Recall that the v-order fractional extreme point of E is
not coincident with the first-order extreme point of E. This
implies that the iterative search process of the FAL approach
easily passes over the first-order local extreme points of E.
From (14), if v, satisfies

2E]

Ir'd—v)r3—v;) _ min if v, # 1
Q2 —vy) n(s1*)?
(12) has two identical solutions, and there is a single fractional
optimal value

+2,

_I3—vs'™*
S 2r@2-v)
Furthermore, if 0 < v, < v < 1, (12) has two different
solutions; specifically

vk

if v £ 1.

ysl* \/ P2 2g[EL + n(s19)?]
“Nre=w \VT22=v TA-wmIG-v

The v-order fractional extreme points of E occur in pairs that
are asymmetrical about s'*.

We also consider the stability and convergence rate of
the FAL approach. If (12) has two different solutions, the
FAL approach will converge to s;* or sy*. The convergence
value (s;* or s5*) of its iterative search process is related to the
randomly selected initial value sg. In Fig. 2(d)—(f), v = 1.25
serves as an example for discussion. Equation (12) shows
that when the iterative search process of the FAL approach
converges to a steady state, then sgy| = sp = 5%, stk =0,
and E = E}. . Specifically, we determined s{* = 4.3906
and s;* = —0.6406. For numerical implementation, Let us
set 4 = 0.005, the total number of iterations k = 500, and
the initial values s;9 = 4.5 and so9 = —0.25. From (17), we
implement the iterative search process of the FAL approach
in 1-D space, as shown in Fig. 4.

As shown in Fig. 4, when the iterative search process of the
FAL approach converges to a steady state, s = 4.3906 = s*
and sp; = —0.6406 = s3*. The reverse incremental search of
the FAL approach is in the negative direction of the v-order
fractional gradient of E. Thus, if u is set to an appropriate



PU et al.: FRACTIONAL EXTREME VALUE ADAPTIVE TRAINING METHOD

659

4.52 T

4'380 100 200 . 300 400 500
4

(2)

03f |

5, -0.45] g
_0.5! 4

-0.550;

-0.65

0 100

-0.6-

200 i 300 400 500

(b)

Fig. 4. Randomly selected initial value sg and the final convergence value of the FAL approach when (a) sj9 = 4.5, and (b) sp9 = —0.25.

Fig. 5.

value, its iterative search process will stop when D = 0
and converge to the v = 1.25 order fractional extreme point
of E. The results in Fig. 2(d)—(f) conform to the theoretical
derivations achieved in (7), (12), and (17), respectively. Thus,
in order to converge to a single v-order fractional extreme
point, the two solutions of (12) must be identical, i.e., there
is a single fractional optimal value s"* = s}* = s)*.

If (14) is satisfied, (12) has two identical solutions
sV* sy*. From (14), when v 0.28577,
it has a single v-order fractional extreme point of E.
Thus, from (9) and (15), we derive

~

— vk
= sl

(3 — v)sh* v=028577

2r2—v)

v _El + 1*2_2 Ix vk vk 2
= n(s™) ns ST 4 n(s™)

min min

SV* —

4.2856

= 11.0208.

For (19), the randomly selected initial value sg 15, and
the total number of iterations is 200. Furthermore, It is also
assumed that 0 < y = 025 < 2,0 < y = 1.75 < 2,
and y 2 in (22). Equations (19) and (22) are imple-
mented numerically using the iterative search process of the
FAL approach in 1-D space, as shown in Fig. 5.

As shown in Fig. 5 and (21), if 0 < y = 0.25 < 2,
& = 0.0099. The iterative search process of the FAL approach
converges in the exponential form of exp(—0.25k) that depicts
that its iterative search process is slower in nature. When
k = 200, the search process converges to the stable state
sk = 4.3270. On the other hand, if 0 < y 1.75 < 2,
u 0.0691. The iterative search process of the FAL
approach converges in the exponential form of exp(—1.75k).
As y and u increase, the iterative search process is accelerated.

50 100 150

i

(b)

200

Iterative search process of the FAL approach in 1-D space when (a) 0 < y =0.25 <2 and 0 < y = 1.75 < 2, and (b) y = 2.00.

When k = 50, the search process converges to the stable state
of sy = 4.3270. Furthermore, if y = 2, u = 0.0790. The
iterative search process of the FAL approach converges in the
exponential form of exp(—2k) which depicts that its iterative
search process is very fast. When k = 1, it converges to the
stable state of s = 4.2945, only in a single one step. Note
that to simplify the nonlinear calculation in (20), only the
item summation of the power series expansion of s' needs
to be considered when n = 0 and n = 1. This approximation
leads to a small deviation. The three extreme values of the
aforementioned experiments are approximate to sp = s,
respectively.

Next, the stability and convergence rate of the FAL approach
in high-dimensional space are examined in depth. In 3-D

space, we assume E!. 10, 7y = 2 # 0, s}* =5,

vEmin = +Epin Epie 1y = 3 # 0 and 5;* = 6.
Consequently, £ = Eéﬁn + (s — 502 + ny(sy™ — sy)z.

~

As shown in (14), when v, 0.28577, E has a single
vy-order fractional extreme point in the x coordinate direction.
Likewise, when v, = 0.15625, E has a single v,-order
fractional extreme value in the y coordinate direction. From
(9) and (15), it follows that:

I3 = vy)s)* ne=028577

vk

S =
* 2I'(2 —vy)

2
*Enin = x Enin 105 (857) " — 208,753
ra- vy)s;,* vy=0.15625

~

4.2856

+ e (s7*)° = 11.0208

SV* —

Y 2ar@—vy)

v 1 1%)2 1x vk
y Emin -y Emin + Ny (sy ) - 277)“9)’ Sy

5.5313

+ 1y (s))7 210.6592.
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o= e 1y} P 22000099, 0.0027), (b) =
(d) 7 = 175 and g = max{pey, 1y} * =" {0.0691,0.0691}.

In (19), the randomly selected initial values are ys9 = 15
and yso = 12. In (22) and (23), we fix the total number of

iterations k = 4000, and set y = 0.25, y = 1.75, and y = 2.

Thus, we determine g = {iy, iy} " = {0.0099, 0.0027},

=1.75 =2

po= {x 1y} =710.0691,00187) po= {px, py} =
=1.75

{0.0790,0.0214}, and g =  max{ue uy) =
{0.0691,0.0691}. In (7) and (17), we set yso = 15,

yso = 12, v =1, ux = uy = 0.01, and k = 250. These
values are used to implement the 3-D iterative search process
of the FAL approach, as shown in Fig. 6.

As shown in Fig. 6(a), if y = 0.25 and p = {ux, 1y} ¥ 2%
{0.0099, 0.0027}, the iterative search process of the FAL
approach converges to (i, ysx) = (4.3137,5.6221) =
(s%, s%). Tn Fig. 6(b), if x = 175 and g = {x, iy} =
{0.0691, 0.0187}, the iterative search process converges to
(«Sk, ySk) = (4.2859, 5.5437) = (537, s;*). Similarly,

in Fig. 6(c), if y = 200 and p = {uppuy}’=
{0.0790, 0.0214}, the iterative search process of the FAL
approach converges to (ysx, ysx) = (4.2890, 5.5421) =
(s7%, s;’,*). Finally, as shown in Fig. 6(d), if y = 1.75

and u = max{,ux,,uy}X::1'75{0.O691,0.0691}, the iterative
search process converges to (;sx, ySx) = (4.2895, 5.5346) =
(sy*, sy*). These results suggest that if x and p = {ux, uy}
are different values, the FAL approach converges simultane-
ously in the x and y coordinate directions.

Note that the nature of the curve surface of quadratic

energy norm looks quite similar to a bowl in 3-D space.

Comparison of the iterative search process of the FAL approach and classical FOSD method in 3-D space when (a) y =

=1.75
175 and p = {px, uy) =1
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The FAL approach does not converge to the bottom of the
bowl of the quadratic energy norm E. The larger the value
of y is, the faster is the convergence rate of FAL approach,
and, the sparser is its convergence trajectory. As shown
in Fig. 6(a)-(c), for u, # u,, the convergence rates in
the x and y coordinate directions also vary; the convergence
trajectory of the FAL approach is a nonlinear curve.
Fig. 6(d) shows that for u, = uy, the convergence rates in the
x and y coordinate directions are equal; the convergence
trajectory of the FAL approach is a straight line. As shown
in Fig. 6(a)-(d), the iterative search process of the classical
FOSD method converges to (xsk, ysk) = (5.0004, 5.0003) =
(s)¥, s;*). The classical FOSD method does converge to the
bottom bowl of the quadratic energy norm E. As shown
in Fig. 6, for (s, sy*) # (s}c*, s;*), there is a small deviation
between (s}, s;*) and (s;*, syl,* .

V. CONCLUSION

In recent times, the notion of how to apply fractional
calculus to perform signal processing, and for the purpose of
adaptive learning, has become a potent, emerging research
problem and a few research studies have been initiated and
reported all over the world. In the fields of fractional pattern
recognition, adaptive control, and adaptive signal processing,
fractional partial differential equations based on the
fractional Green formula and fractional Euler-Lagrange
equation have been implemented. The fractional extreme
point of the quadratic energy norm is quite different from
the traditional integer-order one such as the first-order
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stationary point. To identify the fractional extreme points of
the quadratic energy norm, we generalized the integer-order
steepest descent method to a fractional approach. Based on
the characteristics of fractional calculus mentioned above,
a novel mathematical method is proposed where fractional
calculus is used to implement FAL approach, named as
fractional steepest descent approach.

Unlike the classical FOSD method, the FAL approach has
two different properties. First, the v-order fractional extreme
point of quadratic energy norm E is not coincident with the
first-order extreme point of E. This means E}. is not the
smallest value of E. In this manner, the iterative search process
of the FAL approach can easily pass over the first-order local
extreme points of E. Second, if the fractional differential order
of the FAL approach satisfies 0 < v < 1, the quadratic
energy norm E may have a single fractional extreme point, or
two asymmetric fractional extreme points in a pair about s'*.
The number of fractional extreme points depends on the value
of order v. In order to achieve a single fractional extreme point
of E, v must be set to an appropriate value. If 1 < v < 2, the
quadratic energy norm E always has two asymmetric v-order
fractional extreme points in a pair about s'*. This shows that
the asymmetric characteristic is an essential property of the
quadratic energy norm E and is also an essential property of
nature. If 2 < k < v < k + 1, where k is a positive integer,
the quadratic energy norm E has no fractional extreme point.
For (sy*, sy") # (s)lc*, syl.*), there is a small deviation between
(sy*, sy%) and (sl*, syl,*).

The FAL approach can be suitably applied to implement
textural image denoising [46]-[48]. It is well-known that
the classical first-order Hopfield neural networks are based
on the first-order differential and first-order adaptive learn-
ing approach, specifically the FOSD method. Thus, the
FAL approach can also be applied to implement fractional
Hopfield neural networks and anti-chip cloning attacks for
anti-counterfeiting. Some initial discussions in these aspects
are presented in [50] and [51]. It is intended that in-depth
studies in these directions will be undertaken as future course
of work.
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