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Abstract

In this work we investigate an observation made by Kipf and Welling (5th International
Conference on Learning Representations, 2017), who suggested that untrained Graph Con-
volutional Networks (GCNs) can generate meaningful node embeddings. In particular, we
investigate the effect of training only a single layer of a GCN or a GAT (Graph Attention
Network), while keeping the rest of the layers frozen. We propose a basis on which the
effect of the untrained layers and their contribution to the generation of embeddings can
be predicted. Moreover, we show that network width influences the dissimilarity of node
embeddings produced after the initial node features pass through the untrained part of the
model. Additionally, we establish a connection between partially trained GCNs and over-
smoothing, showing that they are capable of reducing it. We verify our theoretical results
experimentally and show the benefits of using deep networks that resist oversmoothing, in
a “cold start” scenario, where there is a lack of feature information for unlabeled nodes.

Keywords Graph neural networks - Oversmoothing - Partially trained networks

1 Introduction

Graph Neural Networks (GNNs) have shown promising results in diverse graph analytics
tasks, including node classification (Zhang et al., 2018; Hamilton et al., 2017), link predic-
tion (Liben-Nowell et al., 2003; Zhang & Chen, 2018), and graph classification (Klicpera et
al., 2020). Consequently, they play a key role in graph representation learning, employing
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message passing schemes to aggregate information from neighboring nodes and construct
informative node representations. One of the most prominent GNN models is the Graph
Convolutional Network (GCN) (Kipf & Welling, 2017), which generates node representa-
tions by computing the average of the representations (embeddings) of each node’s immedi-
ate neighbors.

At the same time, the improved performance of deep Convolutional Neural Networks
(CNNs) compared to their shallow counterparts, has led to several attempts towards build-
ing deep GNN, in order to solve graph analytics tasks more effectively (Li et al., 2018; Xu
et al., 2018). Greater depth offers the potential for more accurate representational learning,
by expanding the model’s receptive field and integrating more information. Hence, there is
a demand for the creation of new models capable of scaling efficiently to a significant num-
ber of layers. However, designing deep GNNs has proven to be challenging in practice, as
increased depth often leads to performance degradation.

The performance decline observed in deep GNNs is primarily attributed to oversmooth-
ing (Lietal., 2018; Xu et al., 2018; Klicpera et al., 2018; Wu et al., 2019), induced by graph
convolutions. Graph convolution is a type of Laplacian operator and causes node represen-
tations to converge to a stationary point when applied iteratively (Li et al., 2018). At that
point, all initial information (i.e., information captured by node features) is dispersed due to
the Laplacian smoothing. Therefore, oversmoothing hurts the performance of deep GNNss
by making node embeddings indistinguishable across different classes.

Several attempts have been made to reduce oversmoothing, belonging mainly into two
categories: altering the architecture of the model and modifying the topology of the graph.
Approaches introducing residual and skip connections (Chen et al., 2020; Xu et al., 2018)
fall into the former category, while methods focusing on removing edges or nodes from the
graph (Rong et al., 2020; Do et al., 2021) belong to the latter. More recent strategies explore
the impact of the activation functions (Luan et al., 2019; Kelesis et al., 2023) or leverage the
Dirichlet energy (Zhou et al., 2021) to reduce oversmoothing.

Most of the existing GNN approaches train the entire model to generate node embed-
dings. Kipf and Welling (2017) demonstrated that even an untrained GCN can generate
informative node embeddings suitable for node classification tasks, as exemplified by their
experimentation with the Zachary’s karate club network (Zachary, 1977). Based on this
observation, we investigate scenarios where only a single layer of the GCN is trained, while
the remaining model parameters retain their initial random values. We refer to such mod-
els as partially trained ones, and we examine how altering the width of the model impacts
its effectiveness in generating node embeddings. Our findings indicate that increasing the
width of partially trained GCNs enhances their performance, making them resistant to
oversmoothing. Our analysis provides both experimental results and theoretical insights, in
order to construct a comprehensive picture of the behavior of partially trained GCNs.

In summary, the main contributions of this work are as follows:

* Partially trained GCNs: We investigate scenarios where only a single layer of a GCN
model is permitted to receive updates during training. Our analysis reveals that as the width
increases, the model is capable of obtaining high accuracy. We further validate our results
through experiments with a Graph Attention Network (GAT).

» The power of deep partially trained GCNs: Deep partially trained GCNs are shown
experimentally to resist oversmoothing. Additionally, we highlight the advantages of these
deep GNN s in scenarios with limited information, such as the “cold start” situation, where
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node features are only available for labeled nodes in a node classification task. These results
were also confirmed for GAT models.

* Position and type of the trainable layer: We conducted experiments to explore the
effect of placing the trainable layer at different positions within the network. Additionally,
we examined different options for the trainable layer and found that utilizing a simple GCN
layer is a good choice.

The paper is structured as follows. Section 2 introduces the notation and preliminaries
essential for our analysis. In Sect. 3, we delve into our theoretical analysis. The experimen-
tal evaluation of the proposed method is detailed in Sect. 4, while Sect. 5 discusses related
work. Finally, Sect. 6 offers a summary of our conclusions and outlines potential future
directions for research.

2 Notations and preliminaries
2.1 Notations

We consider the task of semi-supervised node classification on a graph G(V, E, X), where
|V| = N denotes the number of nodes, u; € V represents the nodes, (u;,u;) € E stands
for the edges, and X = [x1,...,zy]T € RN *C indicates the initial node features, with each
node having a feature vector of dimensionality C. The edges collectively form an adjacency
matrix A € RN*Y  where edge (u;, u;) is associated with element A; ;. A; ; can take arbi-
trary real values indicating the weight (strength) of edge (u;,u;). Node degrees are cap-
tured by a diagonal matrix D € RV*Y_ where each element d; represents the sum of edge
weights connected to node i. During the training phase, only the labels of a subset V; C V
are accessible, where |V;| = Nypqin- The objective is to develop a node classifier that lever-
ages the graph topology and the provided feature vectors to predict the label of each node.

GCN, originally proposed by Kipf and Welling (2017), utilizes a feed forward propaga-
tion as:

HEY = g(AHOWO), (1)

where H(") = [hgl) s hg\l,)} are node representations (or hidden vectors or embeddings) at the
[-th layer, with h,gl) denoting the hidden representation of node i; A = D~1/2(A + 1) D~1/2
is the augmented symmetrically normalized adjacency matrix after self-loop addition, where
D corresponds to the degree matrix; o(-) is a nonlinear element-wise function, i.e. the acti-
vation function, where ReLU is a common choice in the literature, and W is the trainable
weight matrix of the /-th layer.

2.2 Understanding oversmoothing

Oversmoothing occurs as node representations converge to a fixed point with increasing
network depth (Li et al., 2018). At that point, node representations contain information
about the graph topology, disregarding the input features. This phenomenon was initially
observed in Kipf and Welling (2017) and latter analyzed by Li et al. (2018). The latter dem-
onstrated that each node’s new representation is a weighted average of its own representa-

@ Springer



211 Page 4 of 24 Machine Learning (2025) 114:211

tion and that of its neighbors. This mechanism is a form of Laplacian smoothing operation,
which allows the node representations within each (graph) cluster, i.e. highly connected
subgraph, to become more similar. Increasing similarity of neighboring node embeddings
often enhances performance in semi-supervised tasks. At the same time, however, stacking
multiple convolutional layers intensifies the smoothing operation, leading to oversmooth-
ing of node representations. Consequently, the hidden representations of all nodes become
similar, resulting in information loss.

Oono and Suzuki (2020) have generalized the idea in Li et al. (2018) by considering that
the ReL U activation function maps to a positive cone. In their analysis, oversmoothing is
explained as the convergence to a subspace rather than to a fixed point. Following a simi-
lar approach, Cai and Wang (2020) presented a different perspective to the oversmoothing
problem using Dirichlet energy.

It is worth looking closer at the main result in Oono and Suzuki (2020), which estimates
the speed of convergence towards a subspace M, where the distance between node represen-
tations tends to zero. We denote as djs(X) the distance between the feature vector X and
the subspace where oversmoothing is prevalent. For this distance, Oono and Suzuki (2020)
prove an interesting property.

Theorem 1 (Oono and Suzuki 2020) Let the largest singular value of the weight matrix Wy,
H
be sy, and s; = ﬁ Sin, where Wy, is the weight matrix of layer h and H) is the network’s
h=1
depth, following the notation of the original paper. Then it holds that dp (fi( X)) < siddp (X)
forany X € RNXC where f{ ) is the forward pass of a GNN layer (i.e. o(AXWy,)).

Theorem 1 indicates that increasing the network’s depth results in node representa-
tions being closer to the subspace M. If the products of maximum singular values and the
smallest eigenvalue of the Laplacian of each layer are small, then node representations
asymptotically approach M, regardless of the initial values of node features. Extending the
aforementioned theorem, the authors conclude to the following estimate about the speed of
convergence to the oversmoothing subspace.

Corollary 1 (Oono and Suzuki 2020) Let s = sup s;. then dp(X1D) = O((s\)!), where
lEN,

is the layer number and if s\ < 1 the distance from oversmoothing subspace exponentially
approaches zero. Where ) is the smallest non-zero eigenvalue of I - A.

According to the authors, any sufficiently deep GCN will inevitably suffer from over-
smoothing, under some conditions [details can be found in Oono and Suzuki (2020)]. We
build upon this result, aiming to show that partially trained GCNs resist oversmoothing and
enable deeper architectures.

2.3 Initialization and largest singular value
In our analysis, a significant portion of the model remains untrained, retaining its initial
weight elements. Therefore, we briefly discuss the common weight initialization method

for GNNE, i.e. Glorot initialization (Glorot & Bengio, 2010). Glorot initialization proposes
drawing each element of the weight matrix independently from the same zero-mean distri-
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bution, which can be either Uniform or Gaussian. For simplicity in notation and analysis,
we adopt Glorot initialization using a zero-mean Gaussian distribution with variance equal
to 1/d, where d represents the width of the layer.

Theorem 2 (Bai-Yin's law Bai and Yin 1993) Let Z = Zy ,, be an N x n random matrix
with elements that are independent and identically distributed random variables having
zero mean, unit variance, and finite fourth moment. Suppose that the dimensions N and n
tend to infinity while the aspect ratio n/N converges to a constant in [0, 1]. Then, almost
surely, we have:

$maz(Z) = VN + v/n + o(v/n). )

Here, $pq.(Z) denotes the largest singular value of matrix Z, and o( ) is the little—o.
Applying Bai-Yin’s law to a Glorot-initialized square matrix leads to the following
Corollary.

Corollary 2 Let Z = Zy n be a Glorot-initialized random matrix. As N tends to infinity,
Smaz(Z) = 2 4 o(1).

This is true because Z is initialized with a zero-mean Gaussian distribution having vari-
ance equal to 1/ N, instead of unit variance (as Theorem 2 suggests). Therefore, the largest
singular value in Eq. 2 is scaled by a factor of 1 /\/N.

Corollary 2 shows that a randomly Glorot-initialized weight matrix has a largest singular
value greater than 2 as its width increases. We leverage this observation to establish a con-
nection between our analysis and the findings in the existing literature about oversmoothing.

2.4 Partially trained neural networks

While fully untrained models are expected to perform poorly, limited attention has been
paid to partially trained networks. This approach resembles the fine-tuning (Zhou et al.,
2023) of pretrained models, which is common in large neural networks. In classical pre-
training methods, a large model is initially trained on generic data and then fine-tuned on
a downstream task. During fine-tuning, only a subset of its upper layers are permitted to
receive updates and modify the weight values.

As initially noted by Kipf and Welling (2017), even an untrained GCN can generate node
features suitable for node classification. In our analysis, we permit only a single layer of the
model to receive updates during training, while maintaining the remaining layers in their
initial random state.

3 Theoretical analysis
3.1 Partially trained GCNs

We propose partially training of a GCN, where the training process is constrained to a
single layer of the network. The model architecture remains the same as the one presented
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in Eq. 1, but all weight matrices except one remain constant during training. The trainable
layer can be placed anywhere within the network. The proposed architecture is presented in
Fig. 1. With training limited to a single layer (i.e., j-th layer) of the network, we can parti-
tion the weight matrices into three sets: i) The lower j — 1 untrained matrices, ii) The j-th
trainable matrix, and iii) The upper L — j untrained matrices, where L is the model depth.
Since learning is a dynamic process, which cannot be fully controlled, we investigate the
properties of the two sets containing the untrained matrices and their effect on the model’s
behavior.

To simplify the notation, we omit the influence of the ReLU activation functions in our
analysis. This simplification also provides an upper bound for the final node representations
of the model, due to the fact that ReLU is 1-Lipschitz. That particular property restricts the
extent to which the output of the function can change in response to changes in its input.
Therefore, by disregarding the impact of ReLU activation functions, we establish a theoreti-
cal ceiling on the improvement achievable in the model’s node representations.

Considering the partition of matrices into three sets and disregarding the ReLUs, we
rewrite Eq. 1 to represent the final node embeddings, as follows:

j—1 L—1
o) _AL—l.X(.HWﬁ)) .Wm.( I1 W(i))
i=1 =41

3)
:ALfl . X - Wleft . W(j) . WTight,

where L is model’s depth, A is the augmented symmetrically normalized adjacency matrix,
X are the initial node features, W) is the weight matrix of the trainable layer of the model,
and W'e/t TWright denote the products of the untrained weight matrices.

Depending on the value of j, representing the position of the trainable layer, the behavior
of the network changes: i) j = 1: Learning occurs in the first layer, with subsequent layers
propagating and aggregating information using random weights. ii) j € [2, L — 2]: Initial
node features undergo random transformations, followed by learning in layer j. The learned
features are then randomly aggregated by subsequent layers. iii) j = L — 1: Initial features
pass through the random network, where information is propagated and aggregated. The
final layer is responsible for generating meaningful representations.

In the following analysis, we study the formulation of W'/t and W7%9" the distribu-
tion of their elements, and how they affect the information flow within the network. The
analysis holds also for Graph Attention Networks (GAT), which can be viewed as a GCN
applied to a weighted graph.

47 Untrained Trained Untrained Untrained
{Input —~ GCN —>RelU .. ~GCN —>RelU—> GCN —RelU .. GCN

A Layer Layer Layer Layer

Fig. 1 Architectural diagram of a partially trained GCN
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3.2 Product of untrained weight matrices

We now take a closer look at the properties of W!ef* and W97, Our analysis focuses on
the product of two untrained matrices, denoted as WM and W@, of size d x d. The prod-
uct of these two matrices is expressed as:

- -
Wi ... Wig Wi 1 Wy .4
wh.w® =1 : :
1 1 2
L Wdaa Wy | Wy Wy d
1,2 1,2 7
Wy q Wy q
1,2 )
Wy Wy

L N N J

We focus on wi f of the resulting matrix, as the same analysis extends to all elements. Since
both W) and W (2) remain constant during training, and all their elements are drawn from
the same distribution, it suffices to determine the distribution of wif We are interested in

the distribution of w1 2, because they remain fixed throughout the training process, thereby
influencing the flow of the initial node information within the model. By characterizing their
distribution, we aim to gain insights into how this information evolves and study the proper-
ties of the resulting embeddings.

12 .
The value of w; ;] is computed as:

d

12 _ 12
wy = Zwl,iwi,l' “)

i=1

Each term of the sum in Eq. 4 is a product of two independent and identically distributed
Gaussian Random Variables (R.V.). The following Lemma shows the distribution of the
product of two such R.V.s.

Lemma 1 Let Y, Yo be two independent R.V.s which follow the same Gaussian distribu-
tion. Their product can be written as:

Yi+Y)? (M —Y2)2_

Y, =
1¥2 1 1

If (Y; £ Y;) follow a Normal distribution then (Y; 4 Y2)? will follow a Chi-square
(x?) distribution. Therefore,

Var(Y1 + YQ)Q _Var(Y1 —Ys)

Y1Ys ~ 1 4 R
B Var(Y1) + Var(Y2)

where Q, R ~ x? and are independent of each other.
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Lemma 1 shows that each term in the sum of Eq. 4 follows a ? distribution with one
degree of freedom. Based on that result, we focus on determining the distribution of the dif-
ference of two R.V.s, when each of them follows a x? distribution.

Lemma2 Let F = Q — R, where Q, R ~ x%. Then F follows a symmetric around zero Vari-
ance-Gamma (V.G (q, g, x,,0)) distribution with parameters: « = A = 1/2 and 8 = p = 0.

The proof is based on the moment-generating function of the Chi-square distribution
with one degree of freedom.

M () = Mp(t) = (1 - 20)"/2.

1/2
M (t) = (Ui/ftg) . )

Eq. 5 shows that the moment of F matches the moment of a variance-gamma distribution
with the aforementioned parameters.

Using the parameter set defined in Lemma 2 to the equations of the Variance-Gamma
distribution we get: i) E[F] = 0, and ii) Var(F) = 4.

Combining the results of Lemma 1 and Lemma 2, we deduce that the product of two
independent R.V.s, Y7, and Y5, each following a Gaussian distribution, follows a Vari-
ance-Gamma distribution. Specifically, the parameter set of the distribution is outlined
in Lemma 2, ie. V1Ys ~ Jy, v, - F, where Jy, v, = (Var(Y1) + Var(Y2))/4, and

F ~ V.G.(1/2’071/2’0) .

Applying this result to Eq. 4 leads to:

2 Var(Init(W)) + Var(Init(W®)) g~ .
1~ i
4 .

where Var(Init(W*))) is the variance of the distribution used for the initialization of the
weight matrix of the k-th layer, and F; ~ V.G (1/2,0,1/2,0)-

Both W) and W) are initialized by a zero-mean Gaussian distribution with variance
equal to 1/d (Glorot initialization), which in turn leads to the following result about the dis-
tribution of each element of the W) - W (2) matrix:

d d
1,2 1/d+1/d B 1 B
wl,l~f§:Fi_Td§: '_7Fd7
i=1 i=1

with F being the average of Fj’s.
For the last step of our analysis of the product of the weight matrices, we uti-
lize the Central Limit Theorem (CLT). CLT states that the distribution of

Vd(Fy — E[F;)) 2% N(0, Var(F;)) as d increases.
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Considering that E[F;] =0 and Var(F;) =4, we conclude that the distribution of

- approx. 4
Fy 0 A7 (0,4).
approx.

Hence, we arrive at the distribution of wif ~1F, N (0, %), which is the same
distribution as the one used in Glorot initialization. Consequently, the elements of the prod-
uct of two weight matrices follow the same distribution as that followed by the elements of
the initial matrices. Using induction we can also prove that the product of an arbitrary num-
ber of untrained weight matrices is a Gaussian matrix, with elements following a (07 %)

distribution, as model’s width (i.e., d) increases.

3.3 Effect of Wieft

We have proved that both W'/t and W "*9"* are Gaussian matrices, with random elements
following the distribution of the Glorot initialization method. Looking back at Eq. 3, since
both the graph topology and the initial node features are fixed, their product (B = AL=1X)
remains constant during training. Therefore, we investigate the effect of multiplying a Gauss-
ian matrix with a constant matrix, i.e. matrix B. In order to keep the notation simple, we
analyze the case of j = L — 1 in Eq. 3, which means that W "9"* disappears. Equation 3 is
transformed as follows:

HD) = (B . W16ft) W) (6)

Lemma 3 Let Y be a random vector with Y ~ N (u, X), and O a non-singular matrix, the
distribution of O - 'Y is given as:

0-Y ~ N(Op, 0507).

According to Lemma 3, every column of the product of a Gaussian matrix and a non-singu-
lar matrix follows the same Gaussian distribution. Hence the resulting matrix also follows
that particular Gaussian distribution.

The proof of Lemma 3 comes from the definition of a multivariate Gaussian random
vector and the impact of an affine transformation on its distribution. Lemma 3 indicates that
B- W't ~ N(0, 2 BBT), because W'“/* ~ N(0, ) and B is non-singular.

Let us take a closer look at matrix B, ignoring temporarily W!eft, Matrix B comprises
node features that are averaged multiple times, based on the underlying graph topology.
As the depth increases, the number of copies of A in B also increases, intensifying the
averaging process. This, in turn, increases the similarity and the correlation between the
feature vectors (i.e., rows of B). Highly correlated features become too similar, causing
oversmoothing. This problem can also be viewed as a reduction in the standard deviation of
each feature column in B.

We focus on the training subset, as it drives representations (via weight updates) either
towards or away from the oversmoothing subspace. Let By,4ir, be the observed dataset, i.e.,
a submatrix of B containing only the respective rows of the training (i.e., labeled) nodes.
We assume that the initial node features are independent and identically distributed (i.i.d.),
drawn from an unknown distribution. Consequently, the row vectors of By, , representing
node features averaged multiple times, also follow an unknown distribution. Additionally,
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we assume that these row vectors B;, follow a continuous and irreducible p-dimensional
distribution with mean 1 and a positive-definite covariance matrix X, e.g., B; ~ Np(p, X).
Lastly, we make the mild assumption that y = 0.

Next, we focus on estimating the sample correlation matrix. Let
Y = (Yij)Nypinxp be the matrix resulting from the original dataset

Birain, normalized by column, i.e. Y;; = (B;; — fi;)/6;, where fi; = Nwlam va’i“”" Bi;
and ¢;° = Ntm — ZN”‘“” — [1;)2. Then the sample correlation matrix R is defined

as:

1

train

R= YTy.
Since we assumed that fi; =0 Vj, we get that Y;; = B;;/6;, which in turn leads to
Y = Birain, where & = diag(1/o1,1/09,....,1/0¢).

In this formula of fl, o; represents the standard deviation of each feature column in B,
computed column-wise. That is, o; corresponds to the standard deviation of the i-th feature
across all nodes, assuming each node has C initial features. This, in turn, transforms R as
follows:

SBY  Biaind=3%-5-3,

train

R=

train

1

where § = =Bl in

Birain 1s the sample covariance matrix, because fi; = 0 Vj.

Leveraging the properties of the diagonal matrix 3., we can derive bounds for R as
follows:

1) 1\’
Clower * S = (mln > S<R<Z <maX ) S = Cupper -5, 7

J 05 J 0y

2 2
A oo 1

where Clower = (Imn aj) ,and Cypper = (m@x ) .
J

Ve
The addition of W'/t alters the distribution from which the samples B are drawn. The
product B - W'/t follows a Gaussian distribution with a predefined variance. We proved
that B, ~ N (0 ( N'”“" (Nt}am BtTmthmm)) =N (O, %5’) As a consequence, the

correlation matrix R’ after the addition of W'/t is bounded as follows:

Ntrazn Ntrain

Clowc'r S S R/ S d

CuPPE’I‘ : 57 (8)

where d the width of the trainable layer.

Therefore, the presence of W!¢f* in Eq. 6 modifies the upper and lower bounds of the
correlation matrix.

We observe that both Cjoyer and Cypper depend on the inverse of the smallest and larg-
est standard deviations among the columns of By,q4in, respectively. As depth increases and
oversmoothing occurs, the largest standard deviation shrinks. This shrinkage increases the
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value of Cjower, Which, in turn, increases the lower bound of R, leading to higher correla-
tion values.

On the contrary, when W'e/? is introduced, the denominator d keeps the upper bound
of R’ small. Comparing Eq. 7 with Eq. 8 leads to the following conclusion: Increasing the
depth reduces the smallest standard deviation among feature elements, thereby increasing
the lower bound and overall values of the correlation matrix. The introduction of W'eft
adjusts the upper bound of the correlation matrix and reduces its values as d increases.

Since the rows of B are highly correlated, as the depth increases, we expect that the cova-

riance matrix (and its estimator S) will contain large elements. This, in turn, highlights the
Nirain
d

role of the term , which tones down these large elements. Therefore, we would like

to adjust the elements of the correlation matrix, in order to: i) prevent similar embeddings
for all nodes, and ii) avoid highly dissimilar embeddings between nodes of the same class.

Therefore, the term 2 train plays a crucial role in reducing the correlation between the rows

of matrix B. Given that Ny,..,, is fixed, we can reduce the correlation, by increasing d.

Additionally, since we assume zero-mean distribution of the row values, the cosine simi-
larity of vectors equals their correlation coefficient. Hence, lower values in the correlation
matrix correspond to lower cosine similarity, indicating less similar node representations.

This observation highlights the effect of TW'e/*, which can increase the dissimilarity
between node embeddings, counteracting the oversmoothing caused by repeated multipli-
cations with the adjacency matrix. Finally, we observe that d serves a dual purpose, as its
increase (a) strengthens the conditions of CLT; namely the more random variables we sum,
the stronger is the convergence of their average to a Gaussian distribution, and (b) reduces
the correlation between node features (as explained above). However, excessively increas-
ing d might lead to very dissimilar node embeddings and poor training performance.

3.4 Untrained weight matrices and oversmoothing

Conceptually, as discussed in Sect. 3.3, untrained weight matrices act as reducers of the cor-
relation between node embeddings before learning occurs. Their presence helps the model
to preserve the informative aspects of the initial node embeddings, while also aggregating
information from distant nodes in the multi-hop neighborhood, due to the powers of the
adjacency matrix. Consequently, the trainable layer is applied to node embeddings that con-
tain information from distant nodes, thereby enabling effective learning.

We now shift our focus to the singular values of the weight matrices, which are known
to influence oversmoothing. The untrained matrices are all initialized using Glorot method
and remain constant during training, which means that their singular values do not change.
Leveraging Corollary 2 about these matrices, we conclude that their largest singular value
is greater than 2, as their width (i.e., d) tends to infinity. Therefore, the product of the larg-
est singular values of the untrained weight matrices maintains a high value. According to
Corollary 1, a large value of the product of the largest singular values of the weight matrices
allows the model to reduce oversmoothing, which is what we expect from the partially
trained models.
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4 Experiments
4.1 Experimental setup

Datasets: We conduct experiments on well-known benchmark datasets for node classifica-
tion: Cora, CiteSeer, Pubmed, utilizing the same data splits as in Kipf and Welling (2017),
where all nodes except the ones used for training and validation are used for testing. Fur-
thermore, we use the Photo, Computer, Physics and CS datasets, adopting the splitting
method presented in Shchur et al. (2018). To assess the real world applicability of our partial
training paradigm, we extended our evaluation to the Arxiv dataset (Hu et al., 2020) as well.
Dataset statistics can be found in Appendix C.

Models: The focus of our work is on the effect of the model’s width, under the partially
trained setting. Therefore, our base model is the simple and conventional GCN architecture
(Kipf & Welling, 2017). To further validate the proposed method, we also experiment with
the GAT model (Velickovic et al., 2018), which leverages an attention mechanism for node
feature aggregation, i.e., the features of each node are derived by the weighted sum of the
features of its neighbors. Additionally, we experimented with a more advanced method that
addresses the problem of oversmoothing, through the use of residual connections and iden-
tity mapping, namely GCNII (Chen et al., 2020). The reason for including such a method
was to verify that the proposed partial training approach does not harm its performance. All
partially trained models update a single layer, and keep the rest of the model weights frozen
to the initial random values.

Hyperparameters: We vary the width of GCNs and GATs between 64 and 8192. The
fully trained models are subject to Lo regularization with a penalty of 5- 104, while the
partially trained models do not use regularization. The learning rate for the fully trained
models is set to 1073, whereas for the partially trained, it is set to 0.1. For GAT we use a
single attention head. The above values are determined, based on the performance of the
models on the validation set.

Configuration: Each experiment is run 10 times and we report the average accuracy and
standard deviation over these runs. We train all models for 200 epochs using Cross Entropy
as the loss function. For the Arxiv dataset training was run for 10.000 epochs to ensure
convergence.

4.2 Experimental results

One trainable layer for different widths and depths

In our first experiment, we investigate the effect of width and depth in partially trained
GCNs and GATs, of varying depth. Specifically, in Figs. 2 and 3 we observe that wider
networks tend to be more resistant to oversmoothing, as the depth of the network increases.
This aligns with our theoretical findings, as presented in Sect. 3. The trainable layer of the
networks is the second, a choice which was based on experimentation. Additionally, par-
tially trained GCNs and GATs outperform fully trained ones given a wide enough trainable
layer. Therefore, a wide single layer can effectively learn informative node representations,
when node information is appropriately aggregated by untrained layers.

To further explore the capabilities of the partial training paradigm and assess real-world
applicability, we evaluated GCN with and without partial training on the large-scale Arxiv
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Fig. 2 Comparison between a fully trained GCN and different configurations (in terms of width) of par-
tially trained GCNs across 8 datasets for varying depth. The trainable layer is always the second
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Fig. 3 Comparison between a fully trained GAT and different configurations (in terms of width) of par-

tially trained GATs across 8 datasets for varying depth. The trainable layer is always the second. Arxiv
experiments were limited to 8 layers due to hardware constraints
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dataset. Across all depths, both partially trained variants yield consistent accuracy improve-
ments over the fully-trained baseline. At shallow depths (4 and 8 layers), the gains are
modest, but increase at deeper settings (16 and 32 layers). For the GAT model, experiments
on the Arxiv dataset were limited to 8 layers due to hardware constraints. The above results
highlight again that partially trained models are more effective under conditions where over-
smoothing risk is higher. Additionally, the results with the Arxiv dataset demonstrate that
the partial training setup can scale to million-edge graphs, with its benefits becoming more
evident at greater depths where the risk of oversmoothing is higher.

It is also noteworthy, that increasing the width of fully trained GCNs and GATs does not improve
their performance, while, in contrast, we observe significant improvements for the partially trained
models as their width increases. In particular, Figs. 4 and 5 illustrate that fully trained models per-
form better with smaller widths. Wider fully trained models achieve lower accuracy, likely due to
the increased number of trainable parameters that hinder the optimization process.

As mentioned in Sect. 4.1, we also experimented with the more advanced GCNII across
varying network depths. The results of those experiments, which can be found in Appendix
A, show that the proposed approach does not harm the performance of GCNII and in some
cases may even improve it slightly.

Partially trained GNNs can solve the “cold start” problem:

The second set of experiments aimed at demonstrating the advantages of using deep architec-
tures that are resistant to oversmoothing. For this purpose, we simulate the “cold start” scenario,
which resembles the situation where a new item enters a recommender system without any fea-
tures. This setup, initially proposed in Zhao and Akoglu (2020), requires leveraging information
from distant nodes to create meaningful embeddings for the new item. In order to simulate it,
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Fig. 4 Comparison between different configurations (in terms of width) of fully trained GCNs across 8
datasets for varying depth
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Fig. 5 Comparison between different configurations (in terms of width) of fully trained GATs across 8
datasets for varying depth. Arxiv experiments were limited to 8 layers due to hardware constraints

we create the cold-start variants of the datasets, by removing feature vectors from the unlabeled
nodes and replacing them with all-zero vectors. Classification accuracies under this “cold start"
scenario (see Table 1) are lower than in the standard setting, as the model is trained without
feature information for the unlabeled nodes. These modified datasets enable us to assess the
effectiveness of deep architectures in handling scenarios with limited feature information.

For different widths of partially trained GCNs and GATs, we present the best perfor-
mance achieved and the depth at which the model attains that performance in Table 1.

In this context, we observed that partially trained models perform better if both of their
last two layers are allowed to receive updates. This is due to the increased difficulty of the
problem, compared to standard node classification without missing features. From Table 1,
we observe that the deeper models consistently outperform shallower ones in almost every
dataset, underscoring the necessity of relatively deep architectures, which are less prone to
oversmoothing. Additionally, Table 1 shows that as width increases, the performance of the
models improves, and the depth at which optimal performance is attainable also increases.
It is worth noting that the fully trained GCNs and GATs generally exhibit inferior perfor-
mance, which is also attained by shallower architectures. This is due to the high-degree of
oversmoothing of such models, which makes deeper architectures unusable.

Role of the position of the trainable layer:

Having demonstrated the advantages of partially trained GCNs and GATs in both stan-
dard node classification tasks and the “cold start” problem, we now conduct a set of ablation
experiments. According to Eq. 3, the trainable layer can be placed at any position within
the network. Our theoretical analysis has primarily focused on the scenario where the final
layer is trainable.
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Table 1 Comparison of different  pataset Width GCN GAT
model widths of partially trained -
GONs and GATs with fully gcscgacy (%6)  #L gc;zracy (%) #L
trained ones, in the “cold start”
scenario Cora 128 6331+25 6 5841+23 4
512 70.60 £ 1.5 15 66.66+1.8 22
8192 7324+ 0.6 17 72.09+1.6 28
Trained 69.35+0.9 6 66.23 £ 1.3 5
CiteSeer 128 42.09+0.7 4 40.75+2.0 5
512 48.17+1.2 14  4526+2.6 19
8192 51.32+0.6 31 50.29+0.9 31
Trained 46.62 +0.7 7 4438 +0.8 5
Pubmed 128 64.68 +3.2 7 63.47+3.5 5
512 69.80 £ 0.8 7 67.22+2.7 28
8192 72.73+£05 16  69.83+0.8 7
Trained 69.48 +0.6 7 66.50+ 1.3 5
Physics 128 38.61 +£0.0 2 5499+75 3
512 75.82+0.6 4 72.11+1.5
4096 88.11 £ 0.5 14  75.29+5.7 16
Trained 82.50+0.1 5 74.11+2.6 4
CS 128 40.52+0.2 2 4342+14 3
512 63.94+0.8 4 56.12+£0.7 4
8192 7749+ 04 14 72.43+3.0 17
Trained 66.11+1.2 6 61.32+3.1
Photo 128 73.87+0.5 2 67.14£2.0
Bold values indicate the best 512 76.72 £ 0.0 2 68.85+2.5 2
performing configuration 8192 86.11 + 0.2 5 75.90+3.5 12
Only the features of the nodes Trained 82.53+1.2 5  7408+1.1 3
in the training set are available Computers 128 61.07+0.7 2 5646+26 2
to the model. We present the 512 67.07+0.0 2 5772 +2.1
glejtdaeictﬂrgcg Efﬁgie‘?s‘;‘iﬁli:nd 4096 765804 5 6392443 13
Trained 74.03 £ 0.8 6 57.55+33 3

accuracy is achieved

Table 2 shows the impact of varying the position of the trainable layer across different combina-
tions of widths and depths. We observe that, in general, the optimal position for the trainable layer
is the second. Placing the trainable layer at a relatively early stage of the model, facilitates training
on the basis of a very local aggregation of information, i.e. 2-hop. Subsequent convolutional layers
then distribute the learned embeddings, while also preventing over-correlation, as explained theo-
retically. The performance gap between different positions of the trainable layer diminishes with
increasing width, showing that a large width makes the model more robust to the placement of the
trainable layer. Additionally, the optimal position is different for different datasets. Table 2 presents
the results for three datasets chosen to highlight this observation. For the rest of the datasets we have
observed similar behavior and the respective results appear in the Appendix B.

MLP vs GCN for trainable layer:

In this experiment, we aimed to answer the question of whether the trainable layer has
to be a graph convolutional layer, or if it could be replaced by a Multi-Layer Perceptron
(MLP). The underlying hypothesis was that if sufficient information has already been effec-
tively propagated through the network by the untrained graph convolution layers, then an
MLP could potentially generate informative node representations.
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Table 2 Performance comparison of GCN models with different width and depth, as well as different place-

ment of the trainable layer

Accuracy (%) & std

Dataset (Width, Depth) Position
2 4 8 16 32
CiteSeer (512, 8) 67.58+1.25 62.13+1.18 53.47+1.85 - -
(2048, 8) 7120+049 6720+1.18 61.14+1.11 - -
(8192, 8) 70.78 £+1.45 69.52+1.08 66.39+0.74 — -
(512, 32) 3435+1225 32.40+9.81 29.01+9.86 27.72+11.78 30.12+10.94
(2048, 32) 5736+6.46 5576+5.72 5722+287 56.72+3.84 58.69+3.80
(8192, 32) 70.18 £0.64 6821+0.87 6545+1.06 6545+0.99 65.99+1.09
Photo (512, 8) 8453+132 83.54+0.74 66.85+544 - -
(2048, 8) 89.68+0.12 89.41+0.18 82.59+0.36 - -
(8192, 8) 90.26 =021 89.82+022 87.73+0.18 - -
(512, 32) 22.69+15.00 22.15+11.70 24.42+15.12 25.68+15.29 21.61 +12.61
(2048, 32) 41.12+£17.04 4496+1592 50.78+13.71 51.76 £13.70 50.19+13.14
(8192, 32) 7232+293 71.39+2.04 70.58+1.27 70.66+195 71.62+1.80
Computers (512, 8) 64.74+214 63.81+1.57 59.70+1.03 - -
(2043, 8) 73.10+£026 7222+0.22 64.77+0.71 - -
(4096, 8) 74.80+0.00 73.15+0.00 66.52+0.00 - -
(512, 32) 8.43+5.18 8.83£5.24 1271+ 11.89 10.82+548 833+5.21
(2048, 32) 45.74£19.44 48.15+19.88 49.38+19.14 50.85+17.11 50.97+17.32
(4096, 32) 65.00£0.00 67.62+0.00 65.17+0.00 66.28+0.00 64.84+0.00
Bold values indicate the best performing configuration
Table 3 Performance comparison Accuracy (%) & std
between an MLP and a QCN, Dataset Model
used as trainable layers, in a
16-layer GCN model, for Cora, MLP GCN
Citeseer and Pubmed datasets Cora 80.83+0.8 81.09+0.4
Bold values indicate the best CiteSeer 7031+1.2 711511
Pubmed 78.32+0.8 78.55+0.3

performing configuration

Table 3 presents the performance achieved by models employing either a single GCN or an

MLP as their trainable layers. We focus on a rather challenging configuration of a 16-layer model,
which has access to distant information but needs to avoid oversmoothing. Results indicate that
GCN slightly outperforms MLP in terms of accuracy and stability, as evidenced by achieving better
scores with smaller standard deviations. However, the performance improvement is marginal, sug-
gesting that both approaches can generate informative node representations, provided the necessary
information has been appropriately received and not excessively mixed by graph convolution.

Varying width within the network:

In our final experiment, we investigate the impact of changing the width of the untrained
layers. Table 4 shows the performance of a 16-layer partially trained GCN with varying
width across all of its untrained layers. Each row corresponds to a model with a different
configuration. In our experiments, wide layers are placed lower in the model, but changing
their position does not yield improvements.
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Table 4 Performance compari- Width Accuracy (%) & std
son on the Cora dataset, when

we vary the width of a 16-layer 2048 4096 8192

GCN model, in which only the 12 0 3 76.54+1.0

final layer is trainable 8 0 7 76.82+1.0
4 0 11 77.50 £ 1.0
0 0 15 79.45+1.0
0 12 3 78.37+0.7
0 8 7 78.62 £ 1.0
0 4 11 79.06 £ 0.8

Bold values indicate the best performing configuration

For each configuration each width column indicates the number of the
untrained layers which have that particular width. Wider layers are
placed at the lowest positions

Table5 Peak memory and con- Depth Width Model Memory  Timex Epochs
vergence metrics 4 128 (Full) GCN 1.6 0.1x8000
1024 (Partial) ~ GCN 6.0 0.4x4500
256 (Full) GCNII 9.1 0.4x800
512 (Partial) GCNII 176 0.8x400
8 128 (Full) GCN 2.5 0.2x7000
1024 (Partial) ~ GCN 11.2 1.0x4000
256 (Full) GCNII  14.0 0.8x800
512 (Partial) GCNII 225 1.6x600
Each entry shows memory (GB) 16 128 (Full) GCN 4.5 0.3x10000
and time per epochxepochs. 1024 (Partial)  GCN 23.0 2.4%8000
Width is annotated with (Full) 256 (Full) GCNII  19.0 1.7%1000
or (Partial), depending on the ’
type of training adopted 512 (Partial) GCNII 322 3.3%800

Results indicate that models having the majority of their layers wide, perform better. This
observation is aligned with our theoretical analysis, in which we have assumed wide square
weight matrices (i.e., maintaining the same width throughout the network).

Memory and convergence:

Table 5 reports peak GPU memory and convergence metrics for GCN and GCNII on the
Arxiv dataset, for varying depth and width.! As expected, wider and deeper networks demand
more memory, but this cost depends solely on the architecture size. Partially-trained models
consistently converge faster than the fully trained ones (at 50% - 75% of the epochs), while
achieving higher accuracy as shown in Sect. 4.2. Per-epoch runtime increases with width,
due to larger number of parameters, but partially-trained models require fewer epochs and
achieve superior performance, reducing oversmoothing in deeper architectures.

5 Related work

There is limited published work on partially trained graph neural networks, despite the
observation made in the original paper by Kipf and Welling (2017). They observed that an
untrained GCN can indeed generate meaningful node representations, but did not explore

'GAT was excluded from this study, due to its memory-handling problems.
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the underlying reasons or mechanisms. They also did not study the effect of model width in
such models.

An area of research that is marginally related to ours is the study of Neural Tangent Ker-
nels (NTK), which formulates the relationship between the width of deep neural networks
and kernel methods. NTK provides insights into the dynamics of neural network training
using a system of differential equations, particularly in the limit of infinite width, where
the network behavior becomes increasingly deterministic. While NTK has primarily been
applied to deep neural networks, recent work has extended its applicability to GNNs (Du et
al., 2019). However, the focus of NTK literature is on the theoretical understanding of graph
classification tasks. In contrast, we examine mainly node classification tasks and further
establish a connection between the behavior of these models and oversmoothing.

Finally, another relevant area of research is the ongoing efforts to reduce oversmoothing
in GNNs. Several approaches have been proposed to address the problem, typically involv-
ing modifications to either the model architecture or the structure of the underlying graph
(Chen et al., 2020; Rong et al., 2020). Chen et al. (2020) proposed GCNII which use resid-
ual connections and identity mapping in order to enable deep architectures and alleviate
oversmoothing. That particular approach injects part of the initial information into higher
layers of the network, implicitly downgrading the importance of intermediate layers, and
forces the model to remain in the local neighborhood around each node. DropEdge (Rong
et al., 2020) aimed to address oversmoothing by altering the graph topology, and remov-
ing edges at random, in order to slow down message passing. On the other hand, Jumping
Knowledge Networks (JKNet) (Xu et al., 2018) introduce layer-wise skip connections and
an adaptive aggregation mechanism to combine features from all intermediate layers, in
order to avoid feature collapse in deep GNNs. Methods such as FAGCN (Bo et al., 2021)
perform an explicit spectral decomposition of node signals and learn separate low and high-
frequency filters to preserve discriminative information, while AKGNN (Ju et al., 2022)
employs adaptive per-node kernel modules to dynamically balance smoothing and input
signal retention. In contrast to those approaches, our method maintains the original graph
topology without additional filter modules and uses the prominent GCN architecture, keep-
ing the larger part of the model untrained and showing its capabilities in node classification
tasks, even in the demanding “cold start” scenario.

6 Conclusion

In this work we proposed the use of partially trained GCNs for node classification tasks. We
have shown theoretically that training only a single layer in wide GCNs and GATs is suf-
ficient to achieve comparable or superior performance to fully trained models. Additionally,
we linked our proposed method to existing literature on oversmoothing and demonstrated
that partially trained models can perform well even as their depth increases. We emphasized
the dual role of width in our analysis, both in terms of Central Limit Theorem convergence
and for reducing the correlation of node embeddings, due to repeated weight averaging.
We have assessed our theoretical results through a variety of experiments that confirmed
the potential of partially trained GCNs and GATs. As future work, we would like to shed
more light to the dataset properties and the number of trainable layers that are required in
the partially trained setup.
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Appendix A: Partially trained GCNII

Figure 6 presents the comparison of fully-trained GCNII and partially trained GCNII across
eight benchmark datasets. Each subplot reports mean test accuracy over 10 random seeds,
using the original hyperparameter settings from the GCNII authors. Across all datasets,
partially trained GCNII performs at least as well as the fully-trained GCNII. This behavior
aligns with expectations: GCNII already employs identity mappings and residual connec-
tions to resist oversmoothing and achieves near state-of-the-art accuracy, leaving limited
room for further improvement. Nonetheless, the consistent positive results confirm that our
partial training paradigm can complement even highly optimized architectures. We also
conducted a hyperparameter sweep over larger width values on the fully-trained GCNII and
observed no significant performance gains, confirming that improvements arise specifically
from the use of the partial training mechanism.
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Fig. 6 Comparison between a fully trained GCNII and different configurations (in terms of width) of
partially trained GCNIIs across 8 datasets for varying depth. The trainable layer is always the second.
Experiments were limited to the reported widths due to hardware constraints

Appendix B: Extended Table 2

We present the extended version of Table 2 of the main text.
See Table 6.
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Table 6 Performance comparison of GCN models with different width and depth, as well as different place-

ment of the trainable layer

Accuracy (%) & std
Dataset (Width, Depth) Position
2 4 8 16 32
Cora (512,8) 79.65+£0.62 78.07+131 73.49+228 - -
(2048,8) 81.85+034 81.09+0.74 78.06+1.12 - -
(8192,8) 81.25+0.71 81.47+0.89 81.04+0.56 - -
(512,32) 3529+12.74 36.60+11.21 38.83+9.03 39.65+10.99 33.55+12.14
(2048,32) 76.90+223 77.09+2.05 7743+1.88 7722+195 7699+222
(8192,32) 78.87+0.45 78.44+0.58 79.07+0.73 78.83+043 7897+0.61
CiteSeer (512, 8) 67.58+1.25 62.13+1.18 53.47+1.85 - -
(2048, 8) 7120+£049 67.20+1.18 61.14+1.11 - -
(8192, 8) 7078 +1.45 69.52+1.08 66.39+0.74 - -
(512, 32) 3435+12.25 3240+9.81 29.01+9.86 27.72+11.78 30.12+10.94
(2048, 32) 5736+6.46 55.76+572 5722+2.87 56.72+3.84 58.69+3.80
(8192, 32) 70.18 £0.64 6821+0.87 6545+1.06 6545+0.99 6599+1.09
Pubmed (512, 8) 78.07+085 7699+0.88 72.68+2.19 - -
(2048, 8) 77.18+0.66 77.53+0.52 76.72+0.66 - -
(8192, 8) 74.05+£2.67 7620+143 7775+0.67 - -
(512, 32) 6691 £14.76 68.56+11.22 68.99+11.79 68.32+13.51 65.56+18.07
(2048, 32) 7855+0.40 7822+0.48 78.06+0.61 77.96+093 78.24+0.77
(8192, 32) 78.63 £0.44 7857+0.51 78.53+045 78.56+0.57 78.57+0.45
Photo (512, 8) 8453 +132 83.54+0.74 6685+544 - -
(2048, 8) 89.68+0.12 89.41+0.18 82.59+0.36 - -
(8192, 8) 90.26 =021 89.82+022 87.73+0.18 - -
(512,32) 22.69+£15.00 22.15+11.70 24.42+15.12 25.68+15.29 21.61 +12.61
(2048, 32) 41.12+£17.04 4496+1592 50.78+13.71 51.76 £13.70 50.19+13.14
(8192, 32) 7232+293 71.39+2.04 70.58+1.27 70.66+195 71.62+1.80
Computers (512, 8) 64.74+214 63.81+1.57 59.70+1.03 - -
(2048, 8) 7310+£0.26 7222+022 64.77+0.71 - -
(4096, 8) 74.80+£0.00 73.15+0.00 66.52+0.00 - -
(512, 32) 8.43+5.18 8.83+5.24 1271 +11.89 10.82+548 833+5.21
(2048, 32) 45.74+£19.44 48.15+19.88 49.38+19.14 50.85+17.11 50.97 +17.32
(4096, 32) 65.00£0.00 67.62+0.00 65.17+0.00 66.28+0.00 64.84+0.00
Physics (512, 8) 92.88+0.14 92.68+0.11 9097+0.71 - -
(2048, 8) 92.51+0.06 9247+0.12 92.66+0.17 - -
(8192, 8) 9246 +0.06 92.41+0.09 92.65+0.13 - -
(512, 32) 39.50 £27.73 37.52+26.90 40.04+27.52 38.29+£26.26 33.93+26.08
(2048, 32) 81.54+£24.21 80.75+24.78 86.35+14.05 85.72+13.94 86.09+13.89
(8192, 32) 9247+0.18 9253+0.16 92.44+0.09 9240+0.10 92.43+0.12
CS (512, 8) 87.16+133 86.83+1.39 79.82+1.76 - -
(2043, 8) 88.34+0.09 8845+0.16 88.20+0.30 - -
(8192, 8) 87.17+£0.09 87.45+0.08 8893+0.12 - -
(512, 32) 7.17+528 9.04+7.78 592+392 599+3.75 7.30 +£3.53
(2048, 32) 36.07+14.23 38.16+10.80 41.19+11.22 3935+9.42 41.39+11.59
(8192, 32) 8296+092 8232+1.53 82.62+0.30 82.56+036 82.37+0.43

Bold values indicate the best performing configuration
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Appendix C: Dataset statistics

See Table 7.

Table 7 The statistics of all Datasets # Nodes # Edges # Classes # Features

datasets used in this work Cora 2708 5429 7 1433
CiteSeer 3327 4732 6 3703
Pubmed 19717 44338 3 500
Physics 34493 495924 5 8415
CS 18333 163788 15 6805
Photo 7487 119043 8 745
Computers 13381 245778 10 767
Arxiv 169343 1166243 40 128
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