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Abstract

Given any deep fully connected neural network, initialized with random Gaussian param-
eters, we bound from above the quadratic Wasserstein distance between its output distribu-
tion and a suitable Gaussian process. Our explicit inequalities indicate how the hidden and
output layers sizes affect the Gaussian behaviour of the network and quantitatively recover
the distributional convergence results in the wide limit, i.e., if all the hidden layers sizes
become large.
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1 Introduction

Contemporary machine learning has seen a surge in applications of deep neural networks,
achieving state-of-the-art performances in many contexts, from speech and visual recog-
nition (LeCun et al., 2015), to feature extraction and generation of samples (Goodfellow
et al., 2014). Such a deep learning revolution (Sejnowski, 2018) is often compared to the
advent of the industrial age (Roberts et al. 2022, Chap. 0), to the extent that the search for
powerful and efficient steam machines historically led to the first theoretical investigations
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in thermodynamics. This analogy may be a bit of a stretch, but the fundamental questions
about the scope and limits of deep learning methods have indeed stimulated new mathe-
matical research in various fields, most notably probability, statistics and statistical physics,
with exciting recent progresses towards enlightening answers.

1.1 Random neural networks

A successful approach focuses on the scaling limit of large neural networks whose param-
eters are randomly sampled. Besides the introduction of several mathematical tools, there
are convincing reasons for such a study. Firstly, a Bayesian approach to machine learning
problems would require a prior distribution on the set of networks, which should then be
updated via Bayes rule, given the observations, e.g., the training set in supervised learn-
ing. In practice, however, large neural networks are trained via iterative optimisation algo-
rithms (Goodfellow et al., 2016), which still require a careful initialization of the param-
eters, often suggested to be randomly sampled (Narkhede et al., 2022), thus providing a
second motivation for such a study. Even more strikingly, training only the parameters in
the last layer of a randomly initialized neural network may still provide good performances
and of course an extreme speed-up in the training algorithm, a fact that stimulated a whole
machine learning paradigm (Cao et al., 2018).

In view of the above reasons, the study of random neural networks is thus not new, and
in fact dates back to pioneers in the field (Rosenblatt, 1958). In the seminal work (Neal,
1996), motivated by the Bayesian approach, Neal first proved that wide shallow networks,
i.e., with a large number of parameters but only one hidden layer, converge to Gaussian
processes, if the parameters are random and suitably tuned, as a consequence of the Cen-
tral Limit Theorem (CLT). More recently, in de Matthews et al. (2018), Lee et al. (2018),
convergence has been extended to deeper networks, stemming a series of works that aim
to explain the success story of over-parametrized neural networks, totally unexpected from
traditional statistical viewpoints, by linking it to the well-established theory of Gaussian
processes (Williams & Rasmussen, 2006). A breakthrough is the realization (Lee et al.,
2019) that the training dynamics, e.g. via gradient descent, can be also traced in the scal-
ing limit and become a differential equation of gradient flow type associated to the loss
functional and the so-called Neural Tangent Kernel, i.e., a quadratic form associated to the
gradient with respect to the parameters of the network, evaluated on the training set. Let us
also mention the alternative perspective of the so-called mean field limit of networks (Mei
et al., 2018; Nguyen & Pham, 2023), where parameters are tuned in a Law of Large Num-
bers regime, leading to deterministic non-linear dynamics for the network training.

1.2 Our contribution

In this work, we provide a quantitative proof of the Gaussian behaviour of deep neu-
ral networks with random parameters at initialization, i.e., without addressing the cor-
relations induced by the training procedure. We thus complement the seminal works
(de G. Matthews et al., 2018) and subsequent ones focusing on convergence for wide
networks (Yang, 2019; Bracale et al., 2021; Hanin, 2023), by providing for the first time
explicit rates for convergence in distribution in the case of deep networks. The metric
we adopt is the Wasserstein distance, which generalizes the so-called earth mover’s dis-
tance, and provide a natural interpretation of the discrepancy between the two distribu-
tions in terms of the average cost between transporting one over the other. Indeed, it was
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historically introduced by Monge as the Optimal Transport problem, i.e., to efficiently
move a given distribution of mass from a location to another (Villani, 2009). The theory
of optimal transport has grown in the last decades, with applications beyond calculus of
variation and probability, from geometry and partial differential equations (Ambrosio
et al., 2005), to statistics and machine learning (Peyré et al., 2019). We use in fact only
basic properties of the Wasserstein distance, that are all recalled in Sect. 2.2, and focus
for simplicity of the exposition only on the quadratic case, denoted by W,, i.e., when the
transport cost between two locations is the squared Euclidean distance.

To further keep the exposition short and accessible, we discuss only so-called fully
connected neural networks (or multi-layer perceptrons), where all units (neurons) in
each layer are linked with those on the next layer, from the input layer to the output
(see Fig. 1). We denote by L + 1 the total number of layers (including input and output),
with sizes n for the input layer, n; for the output and (n,, ..., n;_,;) for the intermediate
hidden ones. Then, for every choice of the parameters, often called weights (matrices)
W = (W)Ll and biases (vectors) b = (b)LZ{, and a (usually fixed) non-linear acti-
vation function o acting on each intermediate node (except for the last layer), a neural
network f& : R™ — R™ is defined (see Sect. 2.3 for a precise definition).

Using the concepts and notation mentioned above, our main result can be stated as
follows (see Theorem 2 for a more precise version).

Theorem 1 Consider a fully connected neural network f& : R" — R™ with Lipschitz
activation function o, and random weights W and biases b that are independent Gaussian
random variables, centered with

[E[(Wi(f))z] = i, [E[(bl(.f))z] =1, forevery? =0,1,...,L—1andalli,j. 1)
U nf

. . k N .
Then, for every given set of k inputs X = {xi}i:1 C R™, the distribution of

FOLX] = (FP(x)E, i.e., the law of the output of the random network evaluated at the

=0
inputs X, is quantitatively close to a centered multivariate Gaussian N(KD[X]) with a
(computable) covariance matrix KP[X), in terms of the quadratic Wasserstein distance:

L-1
Wz(PﬂL)[X],N’(K(L)[X])) < C\/”L Z ! s 2)
£=1

ne

Fig.1 Graphical representation
(Cowan, 2022) of a fully con-
nected neural network with L = 3
layers, input size ny = 3, output z[1]
size n; = 2 and hidden layer sizes
n =4,n,=3
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where C € (0, o) is a constant depending on the activation function o, the input X and the
number of layers L only, not on the hidden or output layer sizes (nf)ﬁzl.

The random network considered in our result is also known as the Xavier initialization,
which sets the initial weights using a scaling factor that takes into account the number of
input and output neurons in each layer. Let us point out that several other random distri-
butions can be considered for specific activation functions or network architectures, see
(Narkhede et al., 2022) for a review.

The matrix K[ X] depends on the activation function o, the input X and the output
dimension n; (not on the hidden layer sizes (nf)é;i). It is indeed recursively computable
(see Sect. 2.4) and in some cases — e.g. for ReLU activation — closed formulas can be
obtained, see (Cho & Saul, 2009; Lee et al., 2018). An important feature is that all n;
output neurons in the Gaussian approximation are independent and identically distributed
variables (for any input) — the desirability of such property is often discussed, but let us
recall that we are considering here non-trained networks.

A useful feature of our result is that it explicitly indicates how the layer sizes affect the
Gaussian behaviour of the output of the network. In particular, in the wide limit where all
the hidden layers sizes n;’s are large (keeping n; and n, fixed) the Wasserstein distance
becomes infinitesimal and convergence in distribution for fixed input set follows. Some
considerations apply as well in the narrow deep limit, since the constant C in (2) can be
made explicit and also more general variances in (1) can be introduced: the contribution
\/E / \/@ naturally associated to the Z-th hidden layer is weighted by exponentially con-
tracting (or growing) terms as L becomes large (see Remark 1).

1.3 Related literature

Our proof is based on the natural idea, already present in Neal (1996), that the Gauss-
ian limit emerges due to a combination, in each layer, of the CLT scaling for the weights
parameters and the inherited convergence in the previous layer, which almost yields inde-
pendence for the neurons. For shallow networks, which correspond to the base case of our
argument, exact independence holds and Gaussian behaviour is immediate from the CLT.
When considering deeper architectures, the generalization is not immediate and de Mat-
thews et al. (2018) made use of a CLT for triangular arrays. The arguments were later
simplified, e.g. via the use of characteristic functions (Bracale et al., 2021) or moments
(Hanin, 2023), but quantitative convergence in terms of any natural distance (not only the
Wasserstein one) was missing so far. It turns out in fact that using the Wasserstein distance
allows for quantitatively tracking the hidden layers and yields a relatively straightforward
proof by induction, where the triangle inequality is employed to obtain exact independence
from the previous layers, and most terms are estimated without much effort.

Let us point out that our main result provides convergence for any finite set of k-inputs
of a random deep neural network. Obtaining rates for deep networks in suitable functional
spaces (informally, for infinitely many inputs) seems considerably more difficult, although
useful, e.g. to study architectures with bottlenecks (Agrawal et al., 2020), i.e., when some
hidden layers that are purposely kept with small width, such as in autoencoders. The case
of shallow networks has been addressed in Eldan et al. (2021), Klukowski (2022), using
Stein’s method for the quadratic Wasserstein distance in the space of squared integrable
functions on the sphere. In Sect. 5 we hint at how one could further extend our argument to
obtain bounds in functional spaces.
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1.4 Extensions and future work

As already mentioned, we choose to keep technicalities at minimum by considering only
the quadratic Wasserstein distance, fully connected architectures, Gaussian weights and
biases and a finite subset of inputs. In view of the existing literature on the subject, we
expect however that all such aspects may be relaxed, e.g., from Wasserstein distances of
any order p or further variants, such as the entropic regularized optimal transport (Peyré
et al., 2019); to more general network architectures, such as those of convolutional type
(Borovykh, 2019; Garriga-Alonso et al., 2019), following e.g. the general tensor pro-
gram formulation proposed in Yang (2019), Yang and Littwin (2021); to non-Gaussian
laws for the random parameters, such as discrete cases or heavy-tailed distributions like
stable laws where the Gaussian CLT fails (Peluchetti et al., 2020), by using finer prob-
abilistic tools, such as quantitative multi-dimensional CLT’s in the Wasserstein space
(Bonis, 2020).

Another interesting question is whether (2) are sharp in some sense (eventually allow-
ing for general non Gaussian distributions in the weights and biases parameters) and what
are the properties, e.g. regularity, of the optimal transport map pushing the Gaussian law to
the distribution of the output of the neural network, whose existence follows from general
results (Villani, 2009, theorem 9.4): more precise information may help to transfer finer
results from Gaussian processes to neural networks.

A further direction concerns the validity of similar quantitative approximations after
the training procedure, e.g. by coupling it with the gradient flow description provided by
the already mentioned Neural Tangent Kernel theory. Alternatively, one could investigate
if the arguments in Eldan et al. (2021) for the exact Bayes posterior may be combined with
our quantitative bounds.

1.5 Structure of the paper

Section 2 is devoted to introduce notation and basic facts about neural networks, Gaussian
processes and the Wasserstein distance. Section 3 contains a more precise statement of
our main result, Theorem 2 and its entire proof. Section 4 gives with the proof of techni-
cal Lemma 4, while Sect. 5 contains some remarks on the functional limit (i.e., for infinite
input sets). Finally, in Sect. 6 we report the outcomes of some numerical experiments about
the sharpness of our main result.

2 Notation

Given a set S, we write RS for the set of real valued functions f : § — R, and write
s = f(s), but also frequently use the notation f[s] = f;, to avoid subscripts (in vectors and
matrices). For a subset T C S, we denote by f[T] = (f[t]),er € RT its restriction to 7.
When S = {1,2,...,k}, then we simply write RS = R, which is the set of k-dimensional
vectors v = (v[i)_,, while if § = {1, ..., h} x {1,...,k} then we write RS = R"%*, the set
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pointwise sum (f + g)[s] = f[s] + g[s] and product (Af)[s] = Af[s] and a canonical basis
(e,),es With e [t] = 1if s = f and e [f] = O otherwise.

Given sets S, 7, the tensor product operation between f € RS and g € RT defines
f ® g € R™T with (f ® g)[s, 1] = f(s)g(t). The canonical basis for RS*” can be then written
as (e, = €, ® €)seser- If S, T are finite, then any A € RS*T can be identified also with
the space of linear transformations from R” to RS via the usual matrix product

A:feAf where (ANIs]= Y Als. /1]
teT
The identity matrix Idg € RS is defined as Idg = Y e, ®e,, i.e., Idg[s, 7] = e[7], and
write Id, or Id,, in the case of R¥ or R respectively. If S= S5, xS, and T =T, x T,
and A € RS*Ti, B € RS*"2, then, up to viewing A ® B € REXTXS:XT) a5 an element in
REXS)XTXT2) the following identity holds:

A®B)f ® g = (Af) ® (Bg)

for every f € R"i, g € R™>. When S = T, then any A € R5*S can be also seen as a quadratic
form over RS: A is symmetric if A equals its transpose A [s, ] = A[t, 5], i.e., A[s, 1] = A[t, 5]
for s, t € S and positive semidefinite if, for every finite subset 7 C S the restriction of A to
T x T, that we denote by A[T] (instead of A[T X T]) is positive semidefinite as a matrix,
i.e., forevery v € R,

Y VIslALs, lvIr] > 0.

siteT
If S is finite, we define the trace of A € RS as tr(A) = ZSEsA[s, s]. We use this notion to
define a scalar product on RS as

(f.8) =u(f ®g) =) flslels],

SES

IFIl = Vg @) = [ D Ifls1,
SES

yielding the Euclidean norm in case of a vectors in R¥ and the Frobenius (or Hilbert-
Schmidt) norm for matrices R”**, The tensor product is associative and the norm is multi-

plicative, i.e., |lf ® gll = IIfIlllg]l
Given a symmetric positive semi-definite A € RS with S finite, its square root V/A

is defined via spectral theorem as \/Z =U \/BUT where U € RS is orthogonal, i.e.,
UU* =1d and U'AU =D = ), d.e, @ e, is diagonal with d; > 0 (the eigenvalues of A)

and \/5 =) \/d_ses ® e, is the diagonal with entries being the square roots of the entries
of D. If A, B € RS are symmetric and positive semi-definite, then (Hemmen and Ando,
1980, Proposition 3.2) gives

|vVa- VB < \/%IIA—BII, 3

which induces the norm
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where A(A) = min, d, denotes its smallest eigenvalue (possibly zero: in such a case we
interpret the right hand side as 4+o0). Finally, we will use the fact that1/A @ B = \/Z ® \/1_9
if A € RS, B e R™T are both symmetric and positive-semidefinite, by interpreting the
identity in RSXDXSXD),

2.1 Random variables and Gaussian processes

For a random variable X with values on RS, write E[X] € RS for its mean value, i.e.,
E[X]1[s] = E[X[s]]. The second moment of X is defined as E[X ® X] € RS, i.e., the col-
lection (E[X[s]X[t]]), 5, Which is symmetric and positive semi-definite. We always tacitly
assume that these are well-defined. The covariance matrix £(X) € RS*S of X is defined as
the second moment of the centered variable X — [E[X], which coincides with its second
moment if X is centered, i.e., E[X] = 0. Recalling that I1X11> = (X ® X), and exchanging
expectation and the trace operation, we have that E [||X ||2] = tr(E[X ® X]), hence

E[IX]I°] = w(Z(X)), if X is centered. @)
If A is a random variable with values in R7*S, its second moment
IE[A ®A] c R(TXS)X(TXS)

can be viewed also as in RTXDX8X9) which is a useful point of view we often adopt.

Given a symmetric positive semi-definite K € RS, we write M(K) for the centered
Gaussian distribution on RS with covariance (or, equivalently, second moment) K, i.e., the
law of any Gaussian random variable X with values in RS, E[X] = 0 and £(X) = K. If S is
infinite, the law is Gaussian if for every finite subset 7 C S, the restriction X[7T] = (X[t]),r
has a multivariate Gaussian law with covariance K[T]= K[T X T]. The variable
X = (X[s]),cs is also called a Gaussian process (or field) over S.

2.2 Wasserstein distance

We recall without proof basic facts about the Wasserstein distance, referring to any mono-
graph such as Villani (2009), Ambrosio et al. (2005), Peyré et al. (2019), Santambrogio
(2015) for details. Let S be finite. The quadratic Wasserstein distance between two prob-
ability measures p, g on RS is defined as

W, (P, q) = inf { 1/ [E[||X - Y||2] : X, Y random variables with P, = p, P, = q},

where the infimum runs over all the random variables X, Y (jointly defined on some prob-
ability space) with marginal laws p = Py and g = PP,. For simplicity, we allow for a slight
abuse of notation and often write W, (X, ¥) instead of W, (Py, Py), when we consider two
random variables X, ¥ with values on RS, In particular, it holds

Wh(X, Y) < AJE[IX - YI]. 5)

With this notation, a sequence of random variables (X,), converges towards a random
variable X, i.e., lim, ,  W,(X,,X) = 0 if and only if lim,_, _ X, in law together with their

n—oo
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second moments lim,,_,
triangle inequality holds

E[X, ® X,| = E[X ® X]. Given X, Y,Z all with values on RS, the

WH(X,Z) SWH(X,Y) + W,(Y, 2), (6)
and, if Z is independent of X and Y, the following inequality holds:
W, X+Z,Y+Z) <W,(X,Y). (7)

The distance squared enjoys a useful convexity property, which we can state as follows:
given random variables X, Y, with values on RS and Z, taking values on some RT, then

WH(X,Y) < / WA (Py 7. Py)AP, (2). (8)
RT

Finally, if X, ¥ are centered Gaussian random variables with values on RS (S finite), it holds
Wi, 1) < || VE®) - VED))| ©)

which can be easily seen by considering a standard Gaussian variable Z on R%, i.e., cen-
tered with X(Z) = Idg and letting X = 4/2(X)Z and Y = \/Z(Y)Z.

2.3 Deep neural networks

We consider only the so-called fully connected (or multi-layer perceptron) architecture, which
consists of a sequence of hidden layers stacked between the input and output layers, where each
node is connected with all nodes in the subsequent layer. Let L > 1and letn = (ny,n,, ..., n;)
denote the size of the layers, so that the input belongs to R™ and the overall network outputs a
vector in R™.. Given an activation function ¢ : R — R and a set of weights and biases (in this
section they do not need to be random variables)

W=WO,wh WD) b= 30,60, . b,
where, for every # = 0,...,L — 1, one has W) € R%+*% and b0 € R"+1, we define
YR SR, O] = WOx + 50,
and recursively, forZ =2, ... ,L,
fORRY SR, fOL) = WPl + 570,

where the composition o will be always understood componentwise. Notice that
f is a function of weights and biases (W®,5®)”_!. Given a finite subset of inputs

X= Zf:] X Qe € R™** and consider the restrictions f“)[X] that we interpret also as
matrices

k
fOLx = Zf(””)[x,-] ® e, € R,
i=1

‘We notice that
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O =W @Idp X+ 5 @ 1,, (10)

FO1X = WD @1de(f“ A + 6V @ 1y, D

for=2,...,L, wherel, = Zf;l e; € RF denotes the vector with all entries equal to 1.

2.4 Neural network Gaussian processes

The Gaussian process associated to a wide random neural network (Lee et al., 2018)
is defined merely in terms of its covariance operator (it is centered) and ultimately
depends only on the choice of the activation function o, the non-negative weights and
biases variances

( © O )’02” CEVL_U’C;,L_I)> c RiL

h’w O

as well as the layer dimensions. As with the construction of the network, the definitions are
recursive. We first define the kernel K = (KW[x, YD yerro s

C(O ® _ C(O) 1y (0)
KOLx,y] = e e’ = Zx[z]y[z] + |
=1

It is not difficult to check that KV is symmetric and positive semi-definite, thus there exists
a centered Gaussian process (G[x]),cgm on R™ with covariance kernel KV, i.e.,

E[GVXIGVD] = KDLx, yl.

For 7 =2,...,L, having already defined the positive semi-definite kernel
KD = (K¢-Dlx, YD, yerro We denote with (G“~P[x]),cpr a centered Gaussian process
with covariance kernel K¢~V and use it to define

KOyl = ¢ "VE[o(G P Ie(GU0D] + ¢ 7,

which can be easily seen to be positive semi-definite. For later use, let us also introduce the
kernel

K x,y] = ¢ VE[6(GY P Ix)a(GY VD). (12)

Finally, given layer dimensions n = (ny,n,,...,n;), the Gaussian process approximat-
ing the layer output f“[x], is defined as n, independent copies of G*), i.e., a Gauss-
ian process on § = R" X {1,...,nf}, whose covariance kernel is then K(f)®ldn[
To keep notation simple, at the cost of a slight ambiguity of the notation, we also write

GOx] = (GOx,il)y.. ,, €R™ for the (vector-valued) Gaussian process. In anal-
ogy with the notation for neural networks, given k inputs X = {x} |, write then
GO = Z G[x;] ® e; € R™* which is a centered Gaussian random Variable with
covariance

Z(G(f)[)(]) — Idnf ® K(f)[)(] c R(n/xnf)x(kxk)’
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where KO[X] = (K[x, YDryex

3 Proof of main result

We consider the fully connected architecture described in the previous section, where
weights W and biases b are all independent Gaussian random variables, centered with
variances

(£)

C
TW)y = 2 1d ) =c1d, .
n{ +

g Xng? 1
where (¢, c(bf))é;é € R2. We also assume that the activation function o is Lipschitz, i.e.,
for some finite constant Lip(o)

lo(z) — 6(z)| < Lip(o)|z— 2| forallz,z’ € R. (13)

This is the case with Lip(c) = 1 for the common choice of ReLU activation 6(z) = z*.
O
We state and prove a more precise version of our main result.

Theorem 2 With the above notation for the deep neural network outputs {f(f [ X] }1;=1 with

. . . . L
random weights and biases, and the associated Gaussian processes {G(f )[/\f]} ren evalu-
. k . .. .
ated at k inputs X = {xi}i=l C R™, there exists positive finite constants (C ))§=1 such that,
forevery? =1, ... L, it holds

721 CLip(e) 11y [Ty, o
W10 GOL) < iy 3 ik
i=1 NG

(£) ; (i) D\
Each C'*) depends upon 6, X and only the weights (¢, c,’)._

(14)

Remark 1 Inequality (14) is evidently more precise than (2). In particular, besides recover-
ing the Gaussian convergence of the network outputs (for a finite input set) in the wide
limit, i.e., if all (ni)iL:‘1 become large, it allows for some partial consideration in the deep
limit, i.e., if L becomes large and all the n;’s are uniformly bounded. Let £ = L — oo in
(14) and assume e.g. that Lip(c) < 1 (as in the ReLu case) and all weights variances are
constants, cfﬂ’? =c,,. The i-th term in the sum is then multiplied by the exponential factor

A /cfv—i—2 which becomes negligible as L — oo, if ¢,, < 1. According to Roberts et al. (2022,

Sect. 3.4), the “critical” case in the deep narrow limit is indeed the choice ¢,, = 1, where
the network behaviour is “chaotic” (and not Gaussian), and indeed our inequality becomes
ineffective.

Before we provide the proof of Theorem 2, which is performed by induction over
¢ =1,...,L, we inform the readers that we extensively use tensor product notation. This
is necessary to take into account the joint distributions of the various outputs, which
are independent only in the Gaussian case (or in the wide network limit). The interested
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reader that would prefer to avoid tensor products but still have a good understanding of
the argument is strongly invited to specialize our derivation to the case of a single input
and a one-dimensional output.

Base case. The case £ = 1 is straightforward, since f(V[X]is a linear function of the
Gaussian variable W© and »©, thus it has Gaussian law, centered with covariance

S(fO1X) =(WO @1dpX+ 60 @ 1)
= Z((W(O) ® Idk)X) + Z(b(o) ® lk) by independence,
=1d, ® KV[X, ],

where in the last step we used the following computation which we state in a general form
for later use (here we used A = X' and 7 = 0).

Lemma3 Forany? =0,...,L— 1, given A € R"*k one has

(WP QIdpA) =1d, . ®A, (15)
where A[j,,j,] = Zm | Alm, j1A[m, j,] and
n
[H(Ww ® 14| ] ﬁnAu? (16)

Proof The first identity is an explicit computation, using the covariance of W

(WD @Ud)Aiji» igrja] = E[(WD @ Id)A) i), (W @ 1d)A) [i. o ]]
= ) E[WOli,mADm,,j,1W iy, my]Alm,. j5]|

my,my=1
)
e,][zzl ZA[m JilAIm, j,).

The second identity follows from (4). O

Induction step. We assume that (14) holds for some 1 < # < L — 1 and prove it for Z + 1.
To simplify the notation, we omit to write [X]in what follows, and consider any probability
space where random variables with the same laws as f’[X] and G“’[X] are jointly defined
(but we assume nothing on their joint law). We denote them as f) and G,

Without loss of generality, we assume that the weights W and biases ) are defined
on the same space and independent of £ and G, otherwise we enlarge it to define inde-
pendent copies of W and ). We define auxiliary random variables

KD = (WO @1d)e(G), gD = i) 4+ b0 @ 1,.

To take into account the biases, which play practically no role in our bounds, we also
assume that a centered Gaussian random variable H¢*V is defined on the same space, with
values in R"+** and covariance

d, ® K(()fﬂ)[/\/x X] € RUeXnes)X0x0),

Net1
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with the kernel Ké“l) introduced in (12). Without loss of generality, we also assume that
H“*D is independent from b, so that

HY 450 @ 1,

is Gaussian with the same law as G¢+D = GC¢+D[ ).
By the triangle inequality, we now split

W2 (f(f+1)’ G(f+l)) < W2 (f(f+1)’g(f+1)) + W2 (g(f+1), G(f+l)),

and bound separately the two terms.
First term. We prove that

n 2
W%(f(fﬂ),g(fﬂ)) < Z+1 c(’f)Lip(a)z[E [“f(f) _ G(f)” ] 17)
¢
Indeed,
W%(f(fﬂ)’g(fﬂ)) — W%(W(Z)G(f(f)) + b(f)’ W(f)O.(G(f)) + b(f))
S Wg(W(f)o-(f(f))’ W(f)G(G(f))) by (7)’

IA

E [||W<f>a(f<’f’>) - W“)a(G(f))”Z] by (5).

To proceed further, we condition upon ) and G, so that, with A = ¢(f©) — 6(G¥) in
(16), we obtain

E [”W(f)(,(f(f)) _ W(mG(G(f))”z |f(f>’G<f>] - %Ha(f(f)) _ a(G@)HZ.
ne
Finally, we use (13), to bound from above
o) ~ 6| < Lip@2 |1 - ¢

and conclude with (17).
Second term. We prove that

£+1) (1 e+l ~e41
va(f( + ),G( + )) < ?C( + ), (18)

4

for a positive finite constant C“*+1 depending on X, & and (cfw’?,cg))po

expression is (19) below).
To this aim, we use again (7) to remove the bias terms,

only (an explicit

W, (87, GUHY) = W, (KD + 6O @ 1, HD 45 @ 1)
< W, (KHD, HEHD),

Next, we use (8) with X = h¢*D, ¥ = H?*D and Z = G. Indeed, conditioning upon
G© = 7 € R"** the random variable

KD = (WO @ 1d)e (G9) = (WD @ 1de(2)
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has centered Gaussian law whose covariance is provided by (15) applied with A = ¢(2):
Id,  ® o(z), where 6(2) € R is given by

C(f ) N

o@Ujr-iol = == ¥, o(alm.ji]) ® o (alm. jn])-

¢ m=1

By (9), we bound from above

2

W%(Ph(m]”(;(m:z, PH(!’H)) < ”\/IdW+l ® U(Z) - \/Idw+l ® K(()KH)
2

® (\/ o)~ \/Kg““)
2

/G(Z) _ /K(()f+1)

=Npyy

Therefore, by (8), we have
W%(h(fﬂ),H(fﬂ)) < "f+1[E l

Va7 |

To conclude, we use the following lemma, whose proof is postponed in the next section.

Lemma 4 Ler X = (X[i])i_, be independent and identically distributed random variables
with values in R* and finite fourth moment. Assuming that X is not identically null, let
M = E[X[1] ® X[1]] and define the following random variable, taking values in R,

1w o, .
= Z, X[i] ® X[i]
Then,

E[IX[1] ® X[1] — M|P%]
nAt(M)

2
[E[”\/Mn - \/M” ] < ,
where AT (M) > 0 denotes the smallest strictly positive eigenvalue of M (which exists since
X, hence M, is not identically null). The numerator in the right hand side is finite if X has
finite fourth moment.

Indeed, defining X[i] = 6(G/)[i], i.e., X[i,j] = 6(G*[i,j]), the independence assump-
tion is satisfied, because G” is Gaussian centered with covariance Id ® KY[X] hence
G’li,,j,1 and G’[i,,j,] are not correlated if i; # i,, which yields independence (which is
then preserved after composition with o). Since ¢ is not identically null, so is X hence the
thesis with n = n, yields

neXn,

K(/+ 1)

U(Gf

] (C(zf’+1))2
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where the finite constant C¢+D is explicitly

D = \/[E [HG(GK)“] ® 6(G)[1] - K(()f+1)||2] //1+(K(()f+l))’ (19)

and depends uniquely on the activation function o, the input set X and the weights vari-
ances (¢, cfj))f: - The proof of (18) is completed.
Conclusion. We have proved that

6700 5[ (o el o)
ny

Recalling that we are considering any probability space where random variables with the
same laws as f©[X] and G[X] are defined, we consider the infimum over such spaces in
the above inequality and conclude that

Wy (4D, GUHD) < /1! (Lip(g)\/dmwz(f(f),G(f)) + C<f+1>).
ne

Using the inequality provided by the induction assumption we obtain the thesis.

4 Proof of Lemma 4

The argument relies on (3) and the fact that, by the i.i.d. assumption

n

M=E[M,], and X(M,) = 2(1 Y Xli] ®X[i]) - XX X1
n = n

so that, by (4),

X[ @X[1]) _ E[IX[1] @ X[1] - M]|I’]

[E[”Mn - M||2] = E[r(=(M,))] = —

However, we need to take into account that M may not to be strictly positive, hence A(M)
in (3) could be null. To this aim, we diagonalize M = UDU" with U orthogonal, UU* = 1d
and D = Zf.;l d:e; @ e; diagonal. Assuming without loss of generality that d; > 0 if i < &’
and d; = 0 otherwise, for some k’ < k, we consider the random variables Y[i] = (UX[i]),
i =1,...,nwhich are i.i.d. with second moment matrix D, since

k

> E[UL i)IXI1, 10T ;,]XT1, by ]
iip=1
k
Z Ulj,, i, IMliy, iy]1Uj,, iy] = (UMU")[iy, j, ]

i =1

E[Y[1.7,1Y[1./,]]

It follows that [E[Y[i,j]z] =d;=0if j > k', hence Y[i,j] = 0 almost surely. Therefore, both
D and
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D,=UM,U" = ZU(X 1® X[iDU™ = ZY[z 1® Y]

have a block structure where only the first &’ X k" entries are not null. It follows that the
square root 1/D, has the same block structure and by appling (3) only to these blocks we
obtain

p=oij
T VED)

where At (D) = At (M) is strictly positive. O
To conclude, we use that U is orthogonal to obtain that

VM =U\DU* and /M, = U+/D,U",

as well as the fact that the invariance of the norm ||UAU|| = ||A| (for every A € R®,
Y Ll

Thus,
| VAT M )

squaring both sides and taking expectation the thesis follows.

5 Some remarks on the functional limit

A natural question is to let K — oo in (2), or to consider more generally the neural network
(and the Gaussian process) as random variables with values in a (infinite dimensional) space
of functions, such as a Hilbert space, e.g., a Lebesgue space L*(X, p) or even a Banach space,
e.g., the space of continuous functions C°(X), for a compact subset X C R™ and a finite
measure 4 on X, e.g., X = ™! and u the surface measure. The main obstacle appears to be
Lemma 4, where we use the finite dimensionality assumption on M to obtain a spectral gap,
i.e., a bound from below for the smallest strictly positive eigenvalue. Indeed, in infinite dimen-
sions the general bound (3) still holds but we expect that strictly positive eigenvalues of M
accumulate towards O (M becomes a compact operator). A strategy would be to decompose
the action of M into two eigenspaces (corresponding respectively to large and small eigen-
values) and use (3) in the former space and Holder regularity for the square root in the latter
(which gives a worse bound). An alternative strategy would be to rely on the uniform regular-
ity bounds for the process provided by Kolmogorov continuity theorem: arguing as in Bracale
et al. (2021), one may prove that, for every compact X C R™, and y € (0, 1), letting C" (X) be
the space of y-Holder continuous functions (with the usual norm ||-||»), then

2
apellel] =er

for some constant C(X) depending on XX’ (possibly also y, n; and weights and biases vari-
ances). A similar bound holds for the Gaussian process G®. Given any & > 0, one can find

a finite set K = {x } such that inf, g ||[x — y|| < € for every y € X'. Then, the triangle
inequality gives

@ Springer



6388 Machine Learning (2024) 113:6373-6393

-l = (b
(

If one could jointly define £ and G® in such a way that their restrictions on the finite set
IC satisfy (2) (with K instead of X'), it would imply an inequality of the type

o el e+ - et

L-1
Wy(fP[X), GPA]) < inf ¢ C(X)e” + C(K L
L(F PGP < inf § C()e” + C( )\/’TL;W

where the first constant C(&) in the right hand side is independent of €, while C(K) depends
on ¢ through K. The Wasserstein distance WV, above is between probability distributions in
C°(X) with respect to the cost given by the sup-norm ||-|| 0. Again, the main issue is that if
€ — 0 then the set K becomes large and we expect that the constant C(K) to diverge. It thus
appears achievable, although quite technical, to derive uniform bounds on compact sets for
the network process and its associated processes.

We finally mention the work (Matsubara et al., 2020), where quantitative bounds
have been obtained by considering a non-Gaussian (ridgelet) prior distribution on the
network weights, that approximates the Gaussian process in the output space of the
network of a shallow Bayesian Neural Network. It is proved there that any Gaussian
Process whose covariance regular enough can be approximated by a Bayesian Neural
Network.
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Fig.2 The above plots refer to the case of a fixed single input, namely[1, 1, 1] € R?, and a one-dimensional

output n; = 1, while letting the number of hidden layers vary between 1 and 4. The fitted lines (black) even
suggest a better rate of convergence. Image produced by the authors as described in Sect. 6
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Fig.3 Keeping a single hidden layer and letting instead the number of inputs vary between 1 and 6 show
that the blue lines flatten, because one would need a much larger sample to better approximate the empiri-
cal distance with the theoretical one. However, performing a regression on the first half of the graph still
suggests convergence rates in agreement with our results. Image produced by the authors as described in
Sect. 6

6 Numerical experiments

In this section we present some numerical simulations to investigate the sharpness of
Theorem 1. The results are shown in Figs. 2, 3 and 4. Each experiment is structured as
follows:

1. we fix the main parameters for a network architecture, i.e. the number of layers L, the
input dimension n,, output dimension »; and a set of inputs X' = {x } _1 o SR,

2. we then set the number of neurons (i.e., the width) in the hidden layers as a parameter
n=n, = ... =n;_, (for simplicity we let them be all equal),

3. we sample a large number N of random Gaussian neural networks with weights sampled
according to (1) (for simplicity we let the biases be identically zero), and for each sample
J € {1,...,N} we compute the output y; € R™* of the network at the inputs X', and use
the results to define the empirical distribution

”N_%VZ‘SW

from the centered multivariate Gaussian MK©[X]),
and define a corresponding empmcal distribution

4. we sample N i.i.d. points {z }
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Fig.4 In the plots above, we fix a single input and single hidden layer structure and compute the Wasser-
stein distances of order p, for p € {1,2,4, 8} (defined by replacing the square in the definition of W, with a
p-th power and taking the p-th root). The slopes of the regression lines seem to decrease as p grows, getting
closer to —1/2. The multiplicative constant seems to increase as the black line surpasses the reference red
line. Image produced by the authors as described in Sect. 6

1 N
Vv = N 2 5«?"
j=1
5. we finally compute the Wasserstein distance between the two empirical distributions,

W, (Hys viv)- (20)

As N grows, the empirical quantity (20) converges to the corresponding theoretical one,
i.e., the left hand side of (2). Precisely, using e.g. the bounds from Fournier and Guillin
(2015), we can approximate

|w2 (FO1X1, GPLAT) = Wy (uys VN)| < CN7°,

where a > 0 depends only on the dimension n, X k and C is a suitable constant (depending
on the dimension but also some mild properties of the laws, e.g. their moments). When N
is sufficiently large, so that the error term above is much smaller than the right hand side of
(2), we expect an inequality of the type

Wi (pys vy) <

<o

for some constant C > 0.
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As a rule of thumb, we need N~* < n~'/2. It always holds a < % as dictated by the
CLT, although for higher dimensions the curse of dimensionality appears, making o
smaller as the dimension n; X k grows. In addition to this, the exact computation of (20)
becomes rather time-consuming, and we settled for N = 10° in our experiments. We used
the Python library POT: Python Optimal Transport (Flamary et al., 2021) to compute the
Wasserstein distance (20) and the neural-tangents module (Novak et al., 2020) to compute
the kernel K[ X].

In the plots below, the blue lines connect the computed Wasserstein distances between
the empirical distributions (in logarithmic scale as a function of the width n of the hidden
layers), the black line is a regression line whose slope m is reported at the corner of each
plot. The red line is the function n~'/2 and it is purely provided for reference. They all show
a good agreement with our theoretical result, and may suggest even better rates of conver-
gence, due to a fitted slope m much smaller than —1/2.
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