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Abstract

Neural scaling laws provide a critical compass for large-scale pretraining,
yet estimating data scaling exponents traditionally requires fitting dozens
of compute-intensive proxy models, an unsustainable bottleneck for data
curation and resource allocation. We propose the Data Manifold Oracle
(DMO), a training-free framework that predicts neural data scaling trajecto-
ries directly from the static, lossless compression properties of raw text. By
linking the sequence-length scaling behavior of DEFLATE compression to
neural loss decay, DMO forecasts the data scaling exponent ap before any
model is trained on the candidate corpus. Moreover, we pair the empirical
predictor with a rigorous theoretical boundary, proving that symbol-level
compressibility cannot uniquely resolve the dimension of a continuous
source, and showing that it is nonetheless an accurate empirical proxy for
neural learning dynamics. A calibration frozen on 38 pretraining corpora
predicts the exponents of five held-out corpus families to an MAE of 0.029
without GPU overhead, against 0.084 for a proxy model trained on the
candidate corpus itself. By turning scaling law estimation from a multi-
GPU training challenge into a data-profiling task, DMO provides a scalable
foundation for lightweight data selection and pretraining optimization.

1 Introduction

A raw-text compression curve can predict how quickly a language model benefits from
more training data. The Data Manifold Oracle (DMO) measures how compressed bits per
character change with window length, then uses a fixed calibration to predict a corpus’s
data-scaling exponent. The manifold in the name and the curve that does the predicting
have separate jobs. Geometry says what a symbol-only measurement can never determine;
the compression curve, calibrated once against trained grids, is what we test as a predictor
of the fitted data exponent. On five evaluable new parent families measured before their
training outcomes existed, this prediction reduces mean absolute error by 40% relative to a
fixed-intercept baseline and 36% relative to a domain mean. Applying it requires only the
candidate text.

The quantity being predicted has a direct training interpretation. Scaling-law experi-
ments (Hestness et al., 2017; Kaplan et al., 2020; Hoffmann et al., 2022) fit how loss changes
with parameter count P and training-token budget D. At fixed model size, the data depen-
dence takes the form
L(D) =E+ AD™ "D,

where E is the loss floor and A sets the amplitude. Doubling the data multiplies the excess
loss L — E by 27%D: a larger ap means faster improvement at a given floor and amplitude.
Fitting these quantities means training a family of models at several scales: the Chinchilla
exponents rest on over 400 models from 70M to 16B parameters (Hoffmann et al., 2022),
and 512 proxy runs were needed to regress loss on data mixture weights (Liu et al., 2024).
That cost is per corpus, which is why data is normally chosen by a heuristic and measured
afterwards, if at all. DMO supplies a prediction before that sweep; one low-data training
run then fixes the amplitude for loss extrapolation.
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Figure 1: Explanatory three-point compression plane. Corpora placed by the three-point floor i and
residual exponent a§3) of Figure 3, at 10,000 documents each; median splits define the four descriptive
quadrants, whose corner names Section 5 reuses for its document-level split. The deployed map uses

the eight-point slope @ 7 in place of &5,3) (Table 1).

What the manifold oracle reads. DMO asks which structure relevant to prediction can be
recovered from symbolic observations. The source manifold describes the system generating
the symbols; the predictive-state manifold describes a sufficient state used to predict the next
symbol. Under the conformal assumptions of Assumption A .4, the entropy rate hx and an
independently measured expansion rate A on the same clock recover the source dimension,
dgeo = hx/A. A lower-dimensional regular predictive state admits faster approximation by
a head that receives that state directly, a direct head: dpeaq > 2/dpreq- This is a lower bound
on the model axis; it does not order the fitted data-axis exponents. We therefore test the
compression slope directly as a calibrated predictor of ap.

The same frame fixes the limit. Two sources of different dimension can emit one symbol law,
so no symbolic-only estimator is consistent for the dimension, and Theorem B.7 states that
as a lower bound holding at every sample size. Raw text supplies an empirical ap ordering
under the fixed protocol, not a geometric scale. Section 3 develops the geometric result and
its assumptions.

Reading structure across scales. Longer text windows give a compressor access to more
repeated structure. We measure the mean DEFLATE rate on random windows and read

two features from its dependence on length: a long-window level /1 and a log-log slope &} 7.
The level summarizes where the measured curve settles; the slope records how quickly the
rate falls over the measured lengths. A frozen calibration maps that slope to the fitted data
exponent. A gzip statistic has previously been related to scaling parameters (Pandey, 2024),
and conditional-entropy and token-correlation statistics measured on trained models have
been used to derive a data-scaling exponent (Cagnetta et al., 2026). DMO tests a multiscale
compression measurement as a frozen predictor on new corpus families (Sections 2 and 4).

The predictive-information connection. An exact loss decomposition separates informa-
tion outside the predictor’s context from information within that context that it has yet to
learn. It gives a common language for the compression-scale measurements and the training
outcomes, and identifies context-dependent prediction gain as the next quantity to measure
directly (Section 3).
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Table 1: The fixed DMO-Corpus map. The two rankers use independent corpus budgets
and length grids; neither uses a trained-model quantity.

Output  Corpus budget Character lengths N (draws per length) Definition
n 100,000 documents 128, 2048, 32768 (2000, 1000, 500) max{0, (C128Cs2768 — C20a5)/ (C128 + Ca2768 — 2C2048) }
Az 10,000 documents 64,128, ..., 8192 (300, 150, 100, 75, 60, 50,42,37) | OLSslope(log Cy on log N)|

From prediction to intervention. On the 38-corpus calibration panel, a1z ranks fitted data
exponents at p = 0.84; the ranking also holds at individual model sizes from 16M to 1B
parameters. The floor readout ranks 26 near-converged neural floors at p = 0.75. Neither
is read as a dimension, which is what the obstruction forbids; the frozen map gives the
exponent’s value, and the floor readout is used as a ranker. The prospective family test then
evaluates the chosen predictor without refitting.

Changing sequence order tests the same connection within a corpus. We permute text blocks
in code, web, and math, retain the strings inside each block, and retrain. Both @17 and ap
move with block length. In code, the intervention shifts compression gains toward longer
windows while slowing improvement with more training data. This gives the correlation a
concrete interpretation: the manipulation changes the window at which sequential structure
is available, and both readouts move with it. Combining the readouts with a 12M-token
anchor run reduces median loss-prediction error from 32% to 14% across 882 larger-budget
cells under leave-one-corpus-out calibration (Section 4).

2 DMO-Corpus: measuring a compression curve

What the curve is a measurement of. The measured object is the compression curve: a
finite, compressor-specific statistic, not a latent state (Theorem B.7). That is why the map
from curve to exponent is fit on trained grids instead of derived.

The compression curve. DMO-Corpus needs only the joined raw text X from a candidate
corpus. At each character length N, it samples random starting positions and measures the
raw-DEFLATE rate

_ 8| Deflatey, 15(UTF8(xii1n))|
N

where level 9 and wbits= —15 fix headerless DEFLATE, whose LZ77 window is 32,768
bytes. Let Cy be the mean over independent starting positions drawn with replacement,
uniformly from {0, ..., |X| — N —1}; Table 1 gives the number of draws per length. DMO

reads this curve in two deployed ways: its long-window level gives the floor ranker h, while
its log-log decay over shorter windows gives the rate-slope ranker a; z. With Z denoting

~

the sampled start indices, Qpmo (X;Z) = (h(X;Z),8z(X;Z)). Figure 3 shows the shared
compression measurement and its measured three-point plane; Table 1 specifies the separate
eight-point slope used for deployment.

en(x, i) : bits/character,

Floor ranker. The floor formula extrapolates three measured rates using the finite-range
template

C(N) = Hg+ AgN~*%. @)
The three lengths are in geometric progression, so (1) can be solved for Hy in closed form,

and 1 is that solution clipped at zero (Table 1). It summarizes the curve’s long-window level
and is evaluated as a corpus ranker against neural loss floors.

Rate-slope ranker. The slope uses the raw Cy values at eight lengths from 64 to 8192
characters; the 16k and 32k points are excluded because of compressor saturation. A slope
of @17 = 0.18 means that, along the fitted line, doubling the window reduces bits per
character by about 12%. This is a relative decline in the total compressed rate. Its relation
to a conditional-entropy-tail exponent depends on the rate’s floor and the compressor; the
exact distinction is derived in Section I.
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Figure 2: Predictive raw-text readouts versus external references and fitted scaling quanti-
ties. The left pair compares compression readouts with published scaling exponents and
entropy references. The right pair shows our 38-corpus exponent calibration and 26 near-
converged neural floor fits. Panels 1 and 3 use the slope @1 z; panels 2 and 4 use the floor

ranker /1 in bits/character, against entropy in bits/character and neural floors in nats/token
respectively. Colors denote data type, and four or five corpora are named in each panel,
each joined to its point by a leader line. Axis titles are shortened to fit four panels across one
text width. Panel 3’s dashed line is the frozen map @p = 1.182a1 7 — 0.046; the other dashed
lines are ordinary least squares. Insets give Spearman p, R? where shown, and panel size.
Some entropy references share same-language proxies; neural floor fits require a D = 20P
run of at least 11B tokens. Corpus values and fitting details are in Table 8 and Section J.3;
prospective transfer is tested separately in Table 2.
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Figure 3: Reading a corpus into two coordinates without GPUs. The curve panel is
schematic: one fixed compressor reads random bytes, repeated ABAB, and text across a
geometric grid of window lengths. Random bytes remain near 8 bits per character, ABAB
collapses toward zero, and text falls toward a nonzero level. On the text curve, Cy, C, C3

denote rates at N, ¢N, and g>N. The two closed forms give the floor h= (C1C3—C3)/(C1+

C3 — 2C;) and the three-point residual exponent a§3) = logg[(C1 —C)/(Cy — C3)]|. The

final panel plots these recorded coordinates for 36 real corpora from the same three-point
artifact used in Figure 7; faint points are corpora, filled markers are data-type centroids, and
the crosshairs are coordinate-wise medians. The deployed slope @} 7 is a separate statistic,
an eight-length regression of the raw rate, and enters the frozen map ap = 1.182x1z — 0.046
(Table 1). Computing the two plotted coordinates trains no model. The training grids of
Section 4 are used only to fit and evaluate the separate a7 —ap map.

The fixed prediction rule. The fixed calibration maps this compressor-and-grid statistic to

Ap = 1.182@7 — 0.046. )

For a new corpus, the evaluations in Table 1 suffice to compute the prediction. On the
38-corpus calibration panel, a;z ranges from 0.119 to 0.454 (median 0.180). Rerunning
the readout at five start-index seeds moves it by 0.0006-0.0022, which is its noise floor; a
synthetic source with no long-range structure reads 0.152 under the same grid, so the bottom
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of the panel’s range is where a structureless control reads (Section D.2). The compressor,
grid, and calibration were chosen on that panel and fixed before the prospective family test
in Section 4. Section S.1 and Table 9 reports the estimator comparisons; Section P records
preprocessing, sampling, and numerical edge cases.

3 The data manifold oracle: information, geometry, and prediction

DMO asks what the structure of a data source tells us about the difficulty of learning from
it. The theory starts with a latent source manifold and the symbols it generates. Entropy
measures the information carried by those symbols; an independently measured dynamical
scale converts that information into geometric dimension. For prediction, the relevant
geometry is that of a sufficient state: a representation of the past that retains everything
needed to predict the next symbol. The geometry settles two questions and leaves the
paper’s main one to measurement. The first is the source dimension, which those two
measurements recover and no reading of the symbols alone can. The second is how fast
a head supplied with the state can be made to learn, which that dimension bounds from
below. Neither result gives the corpus prediction, which we obtain by calibrating @17
against trained grids (Sections 2 and 4).

3.1 Source dimension from entropy and expansion

Entropy and that dynamical scale combine into a single ratio. Under the conformal
expanding-source assumptions of Assumption A.4, the source dimension is

_ hx
dgeo = "X, (3)

Here hy is the entropy rate in bits per symbol step, and A is the average base-2 logarithmic
expansion per step. The numerator counts information produced; the denominator measures
how quickly geometric resolution is lost. Their ratio recovers the dimension, provided both
use the same clock. Ideal universal compression identifies hx in its asymptotic regime
(Theorem B.1 and Proposition B.6).

The distinction between information and geometric scale is exact. A fourfold expanding
map on a circle and a coordinatewise twofold expanding map on a two-dimensional torus
both generate independent, uniform four-symbol observations. Their entropy rates are
both 2 bits per step, but their expansion rates are 2 and 1. Equation (3) therefore returns
dimensions 1 and 2. The identical symbolic laws also give a sharp identification limit: for
every observation length, any symbol-only dimension estimator has expected absolute error
at least 1/2 on one of these sources (Theorems B.7 and H.1). Measuring expansion supplies
exactly the scale that additional symbols cannot determine.

From a manifold to a prediction rate. With that scale in hand, dimension also fixes a
guaranteed rate for a learner given the state. For P-parameter deep-ReLU logit heads
given a smooth sufficient predictive state, Lipschitz conditional logits admit a best-in-class
parameter-count approximation exponent apheaq > 2/dpred: lower-dimensional predictive
states admit a faster guaranteed rate. That is a statement on the model axis, about what the
function class can reach; the corpus experiments measure ap on the data axis and test the
oz — ap calibration directly. If the source manifold maps onto that predictive state through
a sufficient y-Holder factor, the conditional composition in Theorem C.1 gives
2y 29A

2
o > > = . 4
head = dpred - dgeo hX ( )

This bound concerns a head supplied with the state. Proposition C.2 then proves that an
expanding source never supplies the factor it needs, so an instance has to come from an
invertible source instead. Sections A to C give the full state, regularity, and factor conditions.
The ratio also has a finite-sample form: a one-sided entropy ceiling U}, and same-clock
expansion lower bound Ay > 0, with failure probabilities J, and 6, yield dgeo < Uy /AL
with probability at least 1 — 6, — J, (Corollary C.3).
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3.2 The information a learner can use

The practical readout starts from the numerator of this ratio, the entropy. Longer windows
expose more structure to compression. To connect that scale dependence to prediction,
consider a stationary ergodic process on a finite alphabet. Let p,; be the true next-symbol

distribution conditional on the last m symbols, let h,, = H(Xo | X_}), and let g, be a
predictor using that context. Its population log-loss satisfies
L(gm) —hx = hp — hx + E KLy (pml|qgm) : )

-
information beyond the context  prediction error within the context

The first term is the best possible gain from access to the more distant past. It equals
the conditional mutual information between the next symbol and that past, given the
visible context (Proposition B.2). The second term is the gap between the predictor and
the best prediction available from the same m symbols. The entropy chain rule and the
cross-entropy—KL identity prove (5); the full argument is in Section N.1.

More training data reduces the second term: it improves the use of information already
inside the context. In the horizon-limited model of Cagnetta et al. (2026), the growth of
a usable prediction horizon links conditional-entropy decay to the data-scaling exponent.
Their entropy-tail measurement uses trained-model losses. DMO measures the raw corpus
first and tests its forecast against the subsequent training curve.

The empirical readout. What we measure on the raw corpus is a gain per doubling. The
observed gain Geomp(N) = Cn — Can records how many additional bits per character the
compressor saves when its input window doubles. The slope @1z summarizes relative rate
changes over eight lengths. These are measurements of the specified compressor’s access
to structure; (5) describes an ideal prediction target. The empirical question is whether the
compression readout predicts how quickly trained models approach their fitted floors.

Section 4 tests that connection, while (3) states the additional measurement that supports its
geometric interpretation.

4 Predicting data scaling from raw text

DMO-Corpus predicts how quickly loss falls as training data grows. We first test the fixed
map on new corpus families, then change sequence order within a corpus, and finally use
one training point to predict the benefit of a larger data budget.

4.1 Transfer to new corpus families

The fixed map reduced prediction error by 40% against the intercept baseline and 36%
against the domain mean on five new parent families, each one source, such as BigPatent or
Hacker News, trained on its own 6 x 5 grid of model sizes and data budgets. Six families
were measured before their scaling fits existed; all 180/180 training cells passed the technical
checks, and five families passed the fit-quality threshold declared before training, a joint-fit
R? > (.85 on at least 16 cells; these are the evaluable families. On those five, mean absolute
error (MAE) was 0.029, against 0.048 and 0.045 for the two baselines. The predicted and
measured exponents had Spearman correlation p = 0.800, and all five fell within the fixed
prediction intervals. These results satisfy every criterion of the frozen transfer rule (Table 2
and Section ].7; the appendix files the corpus-level experiments as Case 1). Neither the map
nor the calibration panel was updated with these outcomes.

Spending training compute on the candidate corpus does not buy a better exponent.
The obvious alternative to reading the text is to train something small on it. Fitting L =
E 4+ AD™* on the 16M-parameter row of the same grid, five budgets and 1.1B tokens per
corpus, gives MAE 0.084 on these five families, against 0.029 for the raw-text map. Three
budgets instead of five costs a sixth of the tokens and gives 0.085. The proxy fails by bias
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Table 2: Prospective transfer: recorded numerical precision. Predictions use the fixed

map without refitting. Residual is observed minus predicted ap, and fit R? is computed
separately within each family. All five residuals are inside intervals of fixed half-width
0.103.

Family w7 predicted ap  observed ap  residual fit R2
BigPatent descriptions  0.207 0.198 0239  +0.041 0.930587
Hacker News 0.141 0.120 0.139 +0.019  0.950144
Dolmino FLAN 0.220 0.214 0.151 —0.063 0.947757
YouTube Commons 0.159 0.142 0.146 +0.003  0.954415
Amazon Books 0.149 0.130 0.111 —0.019 0.928724

Table 3: Floor prediction has weaker transfer. The first two rows are within-panel associa-
tions; the third is the prospective diagnostic, scored by leave-family-out prediction error.
Sections J.3, ].6 and ].7 give the full record.

Evaluation Rank correlation Scope or prediction error

Published entropy references p =088 n=19 Some assignments reuse same-language
proxies

Long-run neural floor fits p=075n=26 Runs consumed > 11B tokens, against a

gate of half the requested 20B; no separate
convergence test

Matched-token diagnostic p=030,n=5 Leave-family-out MAE 2.064 vs. intercept
1.414 bits/token

rather than by noise: one model size underestimates the joint exponent on every family,
by two to three times. On ranking the two are indistinguishable at this sample size: the
three-budget proxy orders the five families exactly (o = 1.00, exact p = 0.008) against
o = 0.80 for &1z, and one adjacent swap moves p by 0.1 at n = 5. What the raw text supplies
without training is the value of the exponent, not only its ordering (Section ].8).

Calibration and model-size transfer. The slope @ ranks fitted ap at p = 0.84 on the 38
calibration corpora passing the declared scope and fit-quality filters (Figure 2). The ordering
also holds at each model size: fitting L(D) = Ep + ApD~*P.P separately with a free floor

gives p(@pz, app) = 0.88-0.96 from 16M to 1B parameters. After controlling for h, the
partial correlations remain 0.73-0.85 (Section ].4). Thus the association is visible within fixed
model sizes as well as in the joint scaling fits.

Leaving out each of the calibration panel’s 27 parent families gives MAE 0.0514 and Q? =
0.584, compared with 0.0785 and —0.057 for an intercept. A domain-mean baseline has
similar MAE (0.0510), with lower Q% = 0.332 and rank correlation 0.543, versus DMO’s
0.795. This is internal validation of an estimator selected on the panel; the frozen five-family
test above measures prospective transfer. Compressor variants, common-grid refits, and
measurement resampling are reported in Sections .3, ].7 and S.1.

The floor coordinate. The floor ranker & orders 19 published entropy-reference assign-
ments at p = 0.88 and 26 near-converged neural floors at p = 0.75 (permutation p = 107>;
Table 3). These are within-panel rankings, and some references reuse same-language proxies.
The slope adds information beyond this compression level, retaining partial p = 0.74 with

ap after controlling for  on the 38-corpus panel.

4.2 Moving structure across scales changes data scaling

Changing sequence order moves ¥z and the fitted data exponent together within code, web,
and math corpora. We cut documents into ¢-character blocks, shuffle the blocks, and retrain
a fifteen-cell grid for each arm, using ¢ € {64,256,1024,4096} and an unshuffled control.
From the 64-character shuffle to the original order, ap rises from 0.032 to 0.055 on FineWeb-
Edu (Penedo et al., 2024), 0.085 to 0.130 on StarCoder (Li et al., 2023), and 0.053 to 0.098 on
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Proof Pile 2 arXiv (Azerbayev et al., 2024). Every tested compression-slope estimator tracks
these changes; the selected slope gives a one-sided stratified exact permutation p = 0.00013
over the three within-corpus arm orderings (Section ].9). The manipulation retains block
contents and document lengths while changing order and post-shuffle tokenization.

Where the compression gain occurs. The diagnostic compression curves extend to 32,768
characters and show which window lengths recover the structure affected by shuffling.
Define

Gcomp(N) =Cn—CoN, (6)

the bits saved per character when the compression window doubles. On code, shuffling
at / = 64 raises Gcomp(16,384) from 0.024 to 0.128 bits/character, a 5.33 X increase, while
«p falls from 0.130 to 0.085. Compression gains have moved toward longer windows
as learning from additional data becomes slower. Across the fifteen arms, gains at short
windows are positively associated with ap, whereas gains from 2048 characters onward
are negatively associated after centering within each corpus. This locates the empirical
connection at the scale of predictable structure; the compression window is a measured
property of the text and compressor, not a measurement of the model’s effective context.

Matching the slope across different mixtures. The scalar slope also predicts two StarCoder
mixtures that distribute the shuffle differently across documents. We shuffle a fraction of
documents at ¢ = 64 and leave the rest intact, choosing the fraction to match a uniformly
shuffled arm’s slope. Both mixture grids completed 15/15 cells. Their measured exponents
lie 0.0026 and 0.0035 from the matched-arm predictions, compared with 0.0105 and 0.0164
from a weighted average of the two ingredient exponents: the matched-slope predictions
are 4.1x and 4.7 x closer. This two-pair test supports the aggregate slope as a predictor
within code; the construction and realized matching errors are given in Section J.9.

4.3 One anchor run predicts the return to more data

One training point supplies the amplitude missing from the compression readouts. At a
fixed model size, let (Dy, Lg) be the loss after training on Dy = 12M tokens. Using the
calibrated floor and exponent gives

L(D) = E+ (Lo — E)(D/Dg) *>. )

The anchor fixes the amplitude of the curve; the exponent determines how quickly its
reducible loss falls. Across 882 larger-budget cells, with all calibration constants fitted
without the predicted corpus, median relative error drops from 32% when carrying the
anchor loss forward to 14% with this extrapolator; refitting the full curve gives 5.9%. This
within-panel check supports predictions to roughly ten times the anchor’s data budget
(Section J.10). It gives a concrete use for the raw-text readout: estimate the return to
additional training data after paying for one low-data-budget run.

What the ordering establishes. The recovered ordering is an empirical ordering of the
fitted data exponent, not of a latent dimension. Across 38 corpora the rank correlation
is p = 0.84, and it ranges from 0.88 to 0.96 within each model size. The block-order
intervention provides within-corpus evidence: it preserves the strings inside each block
while changing longer-range order, and the compression slope and fitted exponent move
together (p = 0.00013). The readout tracks where accessible sequential structure sits, not
how much text there is.

The floor separates by data type more than it separates within one, which the frame also
predicts: the level a curve settles at is set by the source’s irreducible content, and code, math,
and web differ in that content by more than corpora inside any one of them do. Per-type
intercepts take the floor panel from R? = 0.483 to 0.742 on a common slope of +0.362, while
within web the association is p = 4-0.64 and within code it is —0.10 on five corpora spanning

27% of the pooled h range (Section ].3). The two coordinates are not two views of one axis.
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Table 4: Downstream accuracy of the four quadrants. Mean accuracy (%) across four multiple-choice
tasks for the four DMO-Doc quadrants. Bold marks the best and underline the worst quadrant at each
model size.

Size  FORMAL RICH ROTE COLLOQUIAL Left—Right (pt)

150M 447 445 449 43.8 +0.7
300M  47.8 477 482 47.4 +0.5
600M  50.2 494 508 495 +1.1
2B 52.6 51.9 525 51.6 +0.8

Evaluation note. Results are 0-shot Im-eval averages over HellaSwag, ARC-Easy, PIQA, and SciQ,
using 1,000 examples per task. LAMBADA is omitted because a formatting artifact produces 0-2%
accuracy at these scales. Each cell is one run, and the 1.2B row is omitted for the reason given in
Section O.2; Section 5.1 reports the held-out bits-per-byte results.

5 Extension: pre-training data selection

DMO-Doc uses compression level and sequential structure to select individual documents.

Its two scores are the whole-document compression rate C?OC and Higuchi persistence

rHig := 2 — Dpjg, computed in about 3 ms per document on one CPU core. These document
scores have their own training tests: when aggregated over corpora, their correlations with

h and @y 7 are 0.84 and 0.58, respectively (Section O.1). Splitting a pool at both medians gives
four quadrants, carrying the corner names of Figure 1 and named for what they contain:
RICH (high compression rate, high persistence) holds diverse or rare text, FORMAL (low,
high) coherent structured prose, COLLOQUIAL (high, low) templated or fragmented scrapes,
and ROTE (low, low) repetitive text (Section O.1). What follows is the pretraining evidence:
a median split of one pool across four model sizes, then a selection-strength sweep.

5.1 Pretraining across four model sizes

High-persistence data gives lower held-out Paloma loss at all four model sizes, and the
lead holds rather than shrinking with scale. We split one DCLM (Li et al., 2024) pool at the
medians of the two document scores and pretrain 150M-2B models on each quadrant at
D = 20P through 600M; at 2B the quadrant pool runs out first, so that size trains on the
whole pool, 11.2-11.9B tokens, which leaves it at D ~ 6P. Averaging the two quadrants on
each side of the persistence median, the high-persistence groups lead by 0.032 bits/byte at
150M and by 0.023 at 2B, with the two intermediate sizes inside that range (Figure 4). Each
cell is a single run. A separate six-arm 150M grid at three seeds puts the single-run seed
standard deviation at 0.0086 bits/byte and reproduces the persistence gap at 0.024.

That six-arm grid also says what the split buys against not selecting at all. RICI trains 0.015
bits per byte better than a random draw of its own pool (t = 2.7); a length-only filter blind
to both document scores does not (+0.004); FORMAL matches the draw and ROTE is 0.028
worse (Figure 6C). Task accuracy follows the other split, favouring the more compressible
quadrants (Table 4). A fifth size, 1.2B, is left out: its four quadrants drew from two different
document pools in different proportions, and two of its cells were scored from checkpoints
stopped mid-schedule. Per-size readings and the data checks are in Sections O.2 and T,
which file the document-selection runs as Case 2.

5.2 Selection strength: keeping the top T percent

Keeping the top-scoring tenth of a pool trains a better model than drawing the same number
of documents from that pool at random, at all four sizes we ran. We rank a 350B-token
FineWeb sample (Penedo et al., 2024) by the two scores the document selector records, a
multi-window LZ rate slope and a PPM floor fit, keep the top T percent, and pretrain models
from 150M to 1.2B on a step budget fixed within each size. Each arm then draws its 200,000
training documents uniformly from its own top-t pool, so T = 100 is a random draw of the
whole pool at the same budget: the T = 10 and T = 100 arms share 0.1% of their documents,
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Figure 4: The four quadrants keep their order from 150M to 2B: the two high-persistence pools
train better models at every size, and the four curves descend in parallel. Held-out mean Paloma
bits per byte, lower is better, for DCLM split at the medians of the two document scores and pretrained
at D = 20P through 600M. At 2B the pool binds first: every quadrant trains on the whole of its own
pool, 11.2-11.9B tokens, which leaves 2B at D ~ 6P. Solid lines are the high-persistence quadrants
FORMAL and RiCH, dashed the low-persistence ROTE and COLLOQUIAL. The gap between the two
sides is 0.0315, 0.0285, 0.0225 and 0.0230 bits per byte at the four sizes, between 2.6 and 3.7 standard
deviations each; a separate six-arm 150M grid at three seeds reproduces it at 0.0243 (4.9 sigma). Error
bars are one single-run seed standard deviation, 0.0086 bits per byte, measured from that grid. Fitted
slopes are —0.022 to —0.038 bits per byte per decade of P and no pair separates by more than 1.2
standard deviations, so the quadrant effect reads as an offset rather than a change in how each pool
scales. Each cell of this figure is one run. A fifth size, 1.2B, was trained and is not plotted; Section O.2
gives the reason. Model size is written P in the paper and N elsewhere.

and the mean scores of what each arm actually trained on move with 7 in the predicted
direction, by 0.65 standard deviations on the slope and 1.0 on the floor.

Mean 0-shot accuracy over eight tasks favours T = 10 over that random draw by 1.1, 0.6,
1.0 and 0.8 points at 150M, 300M, 600M and 1.2B (Figure 6). Accuracy falls as T loosens at
150M and 600M, Spearman —1.0, and less cleanly at 300M and 1.2B, —0.8 and —0.4. The
gain is concentrated: SciQ moves 4.2 points averaged over the four sizes and ARC-Easy 1.7,
between them 0.74 of the 0.88-point mean. Counting each task once across sizes, six of the
eight improve at 0-shot and all eight at 5-shot, a second reading of the same checkpoints,
sign test p = 0.008.
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A Setup: Compression, Source Geometry, and Prediction

DMO-Corpus measures a compression curve; the theory concerns entropy, source geometry,
and prediction on a supplied state. These objects are related only under explicit assumptions.
This section fixes the distinctions before stating the results.

A.1 Source and Predictive Dimension

The central distinction is between the latent source and the state used for prediction. dge, is
the Hausdorff dimension of the source support Mgeo. By contrast, dpeq is the dimension of
the particular sufficient state and metric supplied to the predictor. The direct-head theorem
uses dpreq; the recurrence theorem concerns dgeo. The two dimensions need not be equal.

Quantity Meaning and role

dgeo Hausdorff dimension of the latent source support Mgeo; in the smooth
case, Neov (& Mgeo) = O (e ).

du(x) Local mass-scaling exponent of the source measure. Under Assump-
tion A.1, it equals dgeo almost surely.

Apred Dimension of the supplied predictive-state law and metric; it appears in
the one-sided direct-head approximation bound and is representation-
relative.

Formally, the pointwise dimension is

— i 108 H(B(x,7))
An(x) = lrlﬁ)1 logr

when the limit exists.

Recurrence is an observable, not another dimension. Ideal LZ match lengths are dual to
return times, and the Wyner—Ziv sliding-window rate has iterated expected limit hx (Wyner
& Ziv, 1989; Ornstein & Weiss, 1993). Conformal dynamics, a generating code, and a shared
clock then connect recurrence to source geometry through dgeo = hx /A (Proposition B.6).
An additional Holder sufficient factor relates source geometry to the predictive state, whose
direct-head rate obeys apeaq > 2/dpred- The empirical finite-window slope Wz is not any of
these dimensions.

A.2 Compression Level and Learning Rate

The population floor is the irreducible per-symbol cross-entropy hx of an infinite-context
predictor under stationarity and ergodicity (Theorem B.1); a finite-context model can stop

higher. Ideal universal coding identifies hx asymptotically. The deployed / is instead a
finite-window ranker. It inherits no consistency or coverage guarantee from that limit; the
multi-document statistic U, gives a finite-sample upper bound under its own sampling
assumptions.

Units matter. Case 1 compression is bits per Unicode character (compressed UTF-8 bits
divided by Python character count), while fitted neural floors are nats per token. The cross-
unit floor comparison is a rank diagnostic, not a claim that the levels agree. Formal source-
coding statements use bits and KL,; logit calculations use natural logs. The Lyapunov
exponent uses base-2 logs whenever entropy is divided by it. Converting bits to nats
multiplies a loss by In2 and leaves decay exponents unchanged.

The exponent depends on the scaling axis. Against parameter count, a smooth predictive-state
problem admits the one-sided best-in-class head bound apeaq > 2/dpreq (Proposition B.4).
Against training data, long memory and estimator choice matter; on the tested panels, a1z
is an empirically calibrated ranker of ap. The asymmetry follows because compression rates
average surprisal, while their finite-N residuals reflect memory and estimator choice. Only
a population recurrence observable, together with same-clock geometric assumptions, can
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be related to dgeo; the deployed @y 7 estimates a different quantity (Propositions B.6 and B.8
and Theorem B.7).

A.3 Assumptions behind Each Link

The assumptions fall into three groups. The LZ limit needs only a symbolic source; the
direct-head rate needs predictive-state geometry and regularity; the recurrence bridge needs
conformal source dynamics. A final Holder condition connects the source and predictive
states. Throughout, (X;);ez is a two-sided stationary process on a finite alphabet ¥, so
conditioning on the infinite past X<; is well defined; Assumption A.3 adds ergodicity and
fixes the entropy rate.

Source-side assumptions.
Assumption A.1 (Smooth exact-dimensional geometry). Mgeo C R%e0amb is a compact
dgeo-dimensional Ckseo Riemannian manifold (kgeo > 2),and p < Hgeo |/\/lgeo obeys

<
0< 1 =< o, dgeo
Thus small-ball masses and covering counts report the same dgeo. The arguments that do
not use smoothness require only an exact-dimensional measure with local dimension dgeo;
the displayed form is the integer-dimensional specialization. Singular measures are handled
only by the fractal extension of Remark G.6. Write pgeo for the Riemannian distance on

< 0y < 0.

geo-
Assumption A.2 (Geometric dynamics). The source geometry is a stationary ergodic system
(Mgeo, T, i) with T measure-preserving.

Assumption A.3 (Stationary ergodic symbolic source). (X;);ez is a two-sided station-
ary ergodic process with law Px on a finite alphabet X, with finite entropy rate hx =

limy e H(Xp | XZ1,). This assumption supports the ideal universal-LZ and symbolic
return-time limits; it imposes no smooth geometry.

Assumption A.4 (Conformal expanding bridge [Cond. D]). In addition to Assump-
tions A.1 and A.2, the symbols arise from a finite generating partition of finite entropy,
and (Mgeo, T, 1) is a Cl*tPam conformal expanding map for some Bgy, > 0 with abso-
lutely continuous SRB/ACIP measure. The process (X;) of Assumption A.3 is the resulting
symbol stream; a non-invertible T codes to a one-sided shift, whose unique two-sided
stationary extension has the same entropy rate, so every statement proved under Assump-
tion A.3 applies verbatim to that coding. Thus D,T is a scalar multiple of an isometry,

|det Dy T| = || Dy T||%°, |D,T|| > 1, and the single positive Lyapunov exponent is
A= [ log, ID:T| dy > 0.
Maeo g | DT | dp

Their dimension consequence is stated in Proposition B.6, with the full Rokhlin—Pesin
argument in Lemma G.4. The generating, absolute-continuity, and conformality clauses
play distinct roles; the singular and non-conformal alternatives are treated in Remarks G.6
and G.7.

Remark A.5 (Same clock and fixed blocking). Entropy and expansion must use the same
time unit and logarithmic base. Under fixed k-blocking,

W =k,  A®=kr, B /AB =ny/a,

so 2yA/hx is invariant. Variable-length tokenization is not fixed blocking; both inputs must
first be converted to a common clock. For UTF-8, Lemma B.11 relates character-normalized
population surprisal to the entropy rate of the character-aligned byte stream. It does not
convert an arbitrary Lyapunov exponent or certify the finite-window DEFLATE statistic; a
geometric bridge must justify the entropy and expansion clocks separately.

Remark A.6 (Ergodicity versus mixing). The entropy, return-time, and ideal universal-LZ
limits require stationarity and ergodicity, not a mixing rate. Fast mixing enters only when
the recurrence-dimension lower bound is upgraded to a two-sided limit (Saussol et al., 2002;
Galatolo, 2007); Assumption A.4 supplies it.
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Predictive-side assumptions.
Assumption A.7 (Predictive-state law and direct-state input). Fix a past-measurable state
St = e(X<¢) that is predictively sufficient:
P(Xe41 € - | X<t) =P(Xpy1 € St) as.
Under stationarity let v = Law(S¢) and Meq = suppv. For Proposition B.4, Mpreq is

a compact embedded dpyeq-dimensional Cpred manifold, kpred > 2, in R%redamb | where
0 < dpred < dpred,amb- Write ppreq for the induced Euclidean metric. A fixed affine change

of coordinates places M q inside [0, 1)%predamb - Moreover,

dv < Cpred

0<c}1)red< 5 < oo

- depred -
These are prediction-side conditions and imply no source geometry. The function class
receives Sy directly. Thus ape.q excludes the cost of learning e, optimization, and end-
to-end Transformer realization. A zero-dimensional state is handled by finite or exact
representation, not by the quotient 2/deq.

v < |y

red”

The quantity d;,;.q belongs to this declared state representation and metric. It is unchanged
by bi-Lipschitz reparameterization, but can change under non-bi-Lipschitz recoding or the
addition of irrelevant past-measurable nuisance coordinates.

Assumption A.8 (Prediction regularity). On Meq, write p(- | s) for the conditional law
of X1 given S; = s, with coordinates p;(s) := P(X;11 =i | St = s). Assume p;(s) > 0 for
every s € Mpq and i € X, and define the canonical conditional-logit map by

Aifs) = Inpi(s) ~ [£] L Inp(s).
]

Assume that A is Ljogji-Lipschitz in sup norm. This regularity converts a geometric covering
rate into cross-entropy achievability. On compact Mg it also implies a finite bound
|A(s)|| < B and hence p;(s) > e 28/|x|.

Remark A.9 (Probability floor and the KL constant). Compactness and Lipschitz conditional
logits imply a positive probability floor: ||A(s)||c < B gives p;(s) > e~28/|Z|. The excess-
risk proof uses the uniform softmax bound (21n2)~!||4||2,, whose constant is independent

of the value of that floor. Non-Lipschitz rare-token cliffs remain outside Assumption A.8's
scope.

Connecting source and predictive states.

Lemma A.10 (Holder sufficient factor). Suppose Zt € Mgeo and Sy = D(Z;) almost surely,
where Sy is past measurable and predictively sufficient as in Assumption A.7, v = ®yp, Mpreq =

D(Mgeo), and
Ppred (P(2), @(2')) < Kpgeo(2,2')7,  0<y <L

Then .
< dimyy Mgeo _ dgeo

B i v

dpred = dimy q)(Mgeo)

Proof sketch. A y-Holder map sends a cover of diameter 6 to one of diameter at most Ké7;
the Hausdorff-cover definition therefore gives dimy ®(Mgeo) < dimp(Mgeo)/y. See
Section N.1.

Remark A.11 (Geometric and predictive states). Mg, supports the dynamical system in
Assumptions A.2 and A.4; Mpeq supports the sufficient statistic used for prediction. Only
Lemma A.10 compares their dimensions. Simple examples show why this condition matters.
The binary doubling map has nontrivial source geometry but an i.i.d. symbol stream, so its
minimal predictive state is constant; feeding an exact deterministic state instead makes the
next-symbol law a point mass and violates the finite-logit assumption. In the other direction,
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a hidden-state filter can have a positive-dimensional Blackwell predictive law with smooth
logits, but its dimension involves projection entropy and filter contraction, not the source
Lyapunov exponent, and its support is generally Cantor rather than smooth.

The examples therefore instantiate the source and prediction results independently. The
source-to-head bound in Theorem C.1 additionally requires a positive-dimensional smooth
sufficient state satisfying Assumptions A.7 and A.8, the conformal source bridge in Assump-
tion A.4, and the Holder map above. No nontrivial source satisfies all of them at once, for
the reason Proposition C.2 proves.

A.4 Requirements and Notation

Assumptions A.7 and A.8 support the direct-state head bound; Assumption A.3 supports
the symbolic limit. The source-to-head composition additionally needs Assumptions A.1,
A.2 and A4, same-clock A, and Lemma A.10. Finite-N refinements state their stronger
assumptions locally.

We reserve P for parameter count, D for the training-token budget, N for text length, Niot
for total corpus length, w for the LZ window, m for context length, ¢ for a recurrence block,
b for a certificate window in source symbols, r for a metric radius, and g for the geometric
grid ratio. Empirical fits use P and D for the model and data axes and write ap for the
data-scaling exponent.

B Theory: From Compression to Geometry and Model Scaling

Compression provides two source-side quantities with different guarantees. An ideal
universal-coding limit identifies the entropy rate l1x, whereas a multi-document construction
gives a finite-sample upper certificate Uj,. Under conformal dynamics, an independently
supplied Lyapunov scale converts hx into geometric dimension. Once a sufficient predictive
state is supplied, a Holder factor from source geometry can then turn that dimension into a
direct-head approximation rate. This composition is conditional on a geometric scale that
text alone leaves undetermined, uniformly over the stated class.

B.1 The Symbolic Side: An Ideal Limit and a Finite Certificate

We begin with the population entropy target and then give the multi-document procedure
that covers it at finite sample size.
Theorem B.1 (Symbolic LZ entropy limit (Wyner & Ziv, 1989; Ornstein & Weiss, 1993;
Wyner & Ziv, 1994); [Theorem]). Under Assumption A.3, let Cwz(N;w) be the per-symbol bit
length of the sliding-window code analyzed by Wyner & Ziv (1994), with that paper’s parsing and
pointer/length accounting. For each initial database, its suffix code is uniquely decodable. This ideal
code is distinct from the fixed DEFLATE implementation used by the empirical instrument. Writing
hy := limsup ECwz(N; w),
N—oo

the ideal universal-LZ floor satisfies

lim hw = hx.

w—r0
The order of limits is fixed: a diagonal w = w(N) and any finite realized codelength sit outside it. If
hx > 0, the associated LZ match length Ly also obeys Ly / log, N — 1/hx in probability.

Proof sketch. Kraft’s inequality gives the lower bound hy, > hy for every fixed window,
while the expected-rate theorem of Wyner & Ziv (1994) gives the converse after w — co.
The match-length conclusion is the Ornstein-Weiss/Wyner—Ziv recurrence theorem quoted
in Lemma G.2. The limit-order and initial-database details are proved in Section N.1.

The corresponding source-side notion of memory is compressor-independent.
Proposition B.2 (Conditional-entropy tail). For the two-sided stationary process of Assumip-
tion A.3, let hy, == H(Xo | X=1L). Then hy, | hx and

o = hx = 1(Xo; X“0 70| X7 ).
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Moreover, hy, is the minimum population log-loss among predictors using the last m symbols. Thus
hy, — hx is exactly the Bayes penalty for truncating the past, distinct from a finite LZ residual or
from Wy z’s decay exponent.

Proof sketch. Martingale convergence sends the finite-past conditional law to the infinite-past
law, and bounded continuity of entropy gives hy, | hx. The conditional-mutual-information
identity is then the entropy chain rule, while the Bayes claim follows from the usual cross-
entropy-KL decomposition. See Section N.1.

The ideal limit leaves finite-sample coverage to the certificate below, whose structure is
simple: inflate the mean wrapped-compression rate to account for inserted separators, then
add one error term for sampling window offsets and another for sampling documents. The
statement gives the exact constants needed for coverage.

Proposition B.3 (Finite-sample one-sided floor certificate; [Theorem]). Fix a finite source
alphabet %, a window length b in source symbols, M > 2, and § € (0,1). Concatenate Jqoc
independent blocks of fixed lengths Ly, ..., Ly, drawn from one common stationary source on

Y, whose entropy rate is hx. Insert a fixed string osep € xbsep at the positions determined by
those known lengths; its positions, rather than its symbol values, identify it. Let the resulting total
length be Niot > b. Sample M offsets independently and uniformly from the legal window starts
{0,..., Nwot — b}. Suppose each window contains at most smax < b inserted symbols. Encode
each source symbol injectively with a prefix-free byte code of maximum length Lmax, and apply the
wrapped prefix-free DEFLATE construction of Section N.1.1. Let Zy, . .., Zp be the resulting rates
in bits per source symbol, with mean Z and sample variance

2L Y z_zp
Z o M — 1 i:l 1 .
With q;, = [log,(8Lmaxb + 1)], define
Kzib ’ BbZSLmax+qb+1 c *Bb(Lkeril)

b — Smax b’ K Nit—b+1 '

/25%21n(4/8) = 7B,In(4/06) 1 5
V= i + 3M—1) * €doc = Eln(Z/(S)KZJd; cr.

Then, jointly over document contents and sampled offsets,

Plhx < Uy(b, M) :=x(Z +eym + edoc) | 219, ®)

with hx and Uy, (b, M) in the same source-symbol unit. The byte identity map gives a bits-per-byte
certificate (Lmax = 1); UTF-8 gives a bits-per-character certificate (Lmax < 4). The result is finite
sample at fixed b and fixed wrapped compressor and assumes no power-law residual model.

Proof sketch. Kraft’s inequality lower-bounds the expected wrapped length by the entropy
in each sampled window. Empirical Bernstein controls offset sampling within a realized
corpus, McDiarmid controls replacement of its independent documents, and a union bound
yields (8). The exact wrapper and proof are in Section N.1.1.

In practice, one sufficiently long document can support the empirical scores (h,@1z). The
certificate U}, instead requires independent documents and randomized long windows; only
Uy, has finite-sample coverage.

B.2 From Predictive Geometry to Model-Size Scaling

We next assume that a predictive state is supplied. The parameter count below covers only
the prediction head, not the cost of learning or computing the state from token history.

Proposition B.4 (Cross-entropy achievability exponent). Let Assumptions A.7 and A.8 hold on
a predictive-state manifold Mpreq of dimension dpreq > 0 with state law v. For the P-parameter
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deep-ReLU logit class of Lemma E.3, define

AL(P) := inf Es,KLy(p(- | s) | softmax(f(s))),
fG.Fp (9)
Opead := sup{a : AL(P) = O(P™")}.

For every y > 0 there is a sequence fp € Fp satisfying
lEs~vKL2(P(' | S) || Softmax(fp(s))) = O’] (sz/(dpred+77)) .

Consequently AL(P) obeys the same bound and opeaq > 2/ dpred. This is a one-sided best-in-class
result about what the function class can reach, independent of the optimizer used to train it.

Proof sketch. The manifold approximation theorem gives uniform logit error

Oy ( p~ 1/ @preatn) ). Hoeffding’s lemma turns that error into a uniform quadratic softmax-KL
bound. Because this holds for every # > 0, taking # | 0 in the definition of aye,q gives
Ahead = 2/ dpred- See Section N.1 for the endpoint and constant bookkeeping.

Lemma B.5 (Predictive states carry the entropy floor). For the stationary process of Assuimp-
tion A.3, if Sy is a measurable function of X<; and is predictively sufficient, then

EH(p(- | St)) = H(Xp41 | X<t) = hx.

An exact latent state of a deterministic system need not have this property; the theorem therefore
concerns Mpred, not an arbitrary geometric state space.

Proof sketch. Predictive sufficiency identifies conditioning on S; with conditioning on the
complete past; stationarity then identifies that conditional entropy with hx. The two-line
formal argument is recorded in Section N.1.

Compression reaches source geometry only after one geometric scale is supplied.

Proposition B.6 (Conformal entropy-dimension bridge [Cond. D]). Under Assumptions A.1
to A.4, with a conformal expanding map, an absolutely continuous invariant measure, and a
generating coding,

hx
doeo := dimg (M = =, A= /
geo 1 H( geo) A v
Entropy and A must use the same logarithmic base and the same iterate clock. The scalar identity is
specific to conformality; non-conformal systems require the Lyapunov vector formula of Remark G.7.

log, ||D«T|| dp(x) > 0.

ge

Proof. The coding partition of Assumption A.4 is generating, so the symbolic entropy
rate is the measure-theoretic entropy of the map, hx = h,(T). Rokhlin—Pesin for the

absolutely continuous invariant measure gives 1, (T) = [ Maeo log, | det D, T|du(x), and

conformality replaces the Jacobian by || Dy T ||%, so hy(T) = dgeoA. Since A > 0, dividing
gives dgeo = hx/A. Lemma G.4 records the same calculation antf extends it to the pointwise
dimension. O

Fixed blocking preserves this ratio: grouping k source steps multiplies both entropy and the
Lyapunov exponent by k. This same-clock invariance is formalized in Remark A.5.

B.3 The Same Symbolic Law Admits Different Source Dimensions

Some non-symbolic geometric side information is necessary over this class; our confor-
mal bridge uses a same-clock Lyapunov exponent as one sufficient choice, though other
geometric information may also suffice.

Theorem B.7 (Symbolic obstruction to recovering dimension). Geometric dimension is not
a function of the symbolic process law. There exist two systems satisfying Assumptions A.1, A.2
and A.4 whose symbolic codings are identical in law, and hence agree on every finite or infinite
stream statistic, but whose geometric dimensions differ. Consequently, no symbolic-only estimator
can be consistent for dgeo over this class. The statement includes every compression curove.
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Proof sketch. A g*-fold map on the circle and a coordinatewise g-fold map on the k-torus
both emit the i.i.d. uniform process on g* symbols under their natural generating partitions.
Their dimensions are nevertheless 1 and k, so a common-law estimator cannot converge to
both. The construction and consistency argument are in Section N.1. Every compression
curve is a measurable function of the common symbolic law and any auxiliary compressor
seed, so the two witnesses induce the same law on it too.

Known finite-N redundancy results sharpen this boundary but do not replace it.

Proposition B.8 (Finite-N LZ redundancy: a hierarchy of claims). For the unifilar and Markov

source classes covered by Savari (1997), the corresponding idealized LZ78/LZW rates satisfy
]ECL278(N) - hX = O(l/ 10g2 N) (Savari, 1997). (10)

This is an upper envelope: it leaves the decay order and the leading residual open. For the nondegen-
erate binary memoryless sources and the precise LZ78 phrase-code convention covered by Louchard
& Szpankowski (1997), the redundancy has the exact logarithmic leading form

Arz +4(N) 0 log, log, N
log, N (log, N)2 )’

with a non-vanishing leading coefficient and bounded oscillation. The memoryless case therefore rules
out a universal N~/ % law as the leading LZ78 asymptotic. Both theorems are about LZ78/LZW;
coverage for the deployed fixed-window statistic comes from the separate Uy, of Proposition B.3, under
its own sampling assumptions.

11

Proof sketch. The first claim is the upper bound of Savari (1997). The binary-memoryless
expansion of Louchard & Szpankowski (1997) supplies the nonzero logarithmic leading
term that rules out a universal polynomial LZ78 law. The precise scope comparison is in
Section N.1.

Remark B.9 (Two axes and three exponents). The model and data axes are different. ayeyq is
the one-sided, best-in-class model-axis exponent of Proposition B.4; ap is a trained model’s
fitted data-scaling exponent, which can depend on memory and spectral structure; and @y 7
is the estimator-dependent finite-scale compression slope used to rank ap empirically. The
first composes with source geometry only under the factor assumptions of Theorem C.1,
while the @y z-to-ap link is only a calibration. These are the only established pairings, and
Theorem B.7 rules out interpreting &1z universally as geometric 1/dgeo.

B.4 Entropy Does Not Determine the Data Exponent

Theorem B.7 concerns geometric dimension, which is not what the corpus experiments
predict. The corresponding statement about the fitted data exponent needs a different
witness, because ap is a functional of the process law: two processes with the same law have
the same exponent. What is needed is a pair with the same entropy function and different
laws.

Proposition B.10 (An entropy-matched family). Fixk > 1and a € {0,1}* with a; = 1. Let
(Ut)tez bei.id. uniform on {0,1} and set

X = (U, (a,(Up_y, ..., Ui_1))) € {0,1}2,
with (-, -) the GF(2) inner product. Every X\%) is stationary and ergodic, and for every N > 1
H(X\,..., XY = N + min(N, k). (12)

The right-hand side does not depend on a. Consequently all members share the entropy rate hx =1,
the conditional-entropy tail hy, = 2 for m < k and hy, = 1 for m > k, the excess entropy k, and
hence the value of every functional of the block-entropy function, including every Hilberg-type
exponent.

Proof. Write u;j := U;_y forj =1,...,k: the prefix bits that precede the observation window.
They are uniform on {0, 1}* and independent of UL . Set r := min(N, k).
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Step 1: the first coordinates contribute N bits. They are Uy, ..., Uy, so H(UN) = N.

Step 2: only the first r second coordinates stay random once UY is known. The window read at time
tis (Up_g, ..., Us—1), whose i-th entry U;_ ;1 is a prefix bit exactly whent —k+i—1 <0,
thatis wheni < k+1 —t, and then equals u;,,;_1. For t > k + 1 no entry is a prefix bit, so
the second coordinate is a function of U{V .For1<t<v,

(a)
Xig = @ ajUpi—1 © @ aiUy_jyiq.- (13)
i<k+1—t i>k+1—t
<Ut , u> measurable w.r.t. U{\]

Step 3: the rows vy, . .., v, are independent over GF(2). The row v; is supported on coordinates
t,..., k,and its entry at t is a; = 1. Stacking t = 1,...,r gives a matrix in row echelon form
with unit pivots, of rank » whatever the remaining entries of a.

Step 4: conclude. Conditionally on UV, the vector (Xt(fz) )i<y in (13) is a rank-r linear image of

the uniform u shifted by a constant, hence uniform on a coset of an r-dimensional subspace.
Its conditional entropy is r bits and does not depend on the conditioning value, so adding

Step 1 gives H(Xga), e, XI(\LII)) = N + r, which is (12). O

What separates the witnesses needs no reference to a learner. Ata = e the second coordinate
is the window’s first bit, readable from lag k alone; at a = 1¥ it is the parity of all k, and
nothing short of all k positions helps at all. The two ends of the family differ in whether the
next symbol admits partial credit, not in how much information it carries. Sparse parity is
already the standard hard target in this literature, and power-law scaling has been derived
for it (Nam et al., 2024) and observed in data without explicit power-law structure (Barkeshli
etal., 2026). What (12) adds is exact entropy matching, which turns the observation into a
statement about what a training-free predictor cannot do.

The deployed readout cannot separate them either. On five arms at k = 16 with |a| €
{1,2,4,8,16}, each rendered so that one process step is one token, ¥ 7z spans 0.1979 to 0.1984:
a cross-arm spread of 0.0005 against a start-index noise of 0.0009, so 0.6 of its own noise.
The three-point floor agrees to 0.001. The frozen map therefore predicts the same exponent,
0.188, for every arm. Whether the trained exponents agree is a measurement, recorded with
the family’s construction in Section Q.

B.5 The Character Clock of the Deployed Instrument

The symbolic results are normalized per source symbol. Case 1 instead compresses UTF-8
bytes and divides by a Unicode-character count. The following lemma places that quotient
on a declared clock, not on the byte-level certificate.

Lemma B.11 (Character clock of a UTF-8 encoded source). Let (X;)iez satisfy Assumption A.3
on a finite character alphabet, with hy in bits per character. Let ¢ be the prefix-free UTF-8 map, write

Cue(a) = |p(a)] € {1,2,3,4}, Ly = Blyy(Xo), and let Ky = Yy« Lurs(X¢) be the byte length
of4>(Xf]). Then:

(i) Kn/N — Cyy almost surely and in L.

(ii) For every lossless binary encoder L of byte strings whose range is prefix-free,

]E|L(</JJE]X{V))| N H(ﬁ% >y (N>1).

(iii) For prefixes anchored at character boundaries,
1 N hX
——1log, P(X]") — == almost surely.
Kn utf
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Proof sketch. Birkhoff controls Ky /N, Kraft gives the expected-length inequality, and
Shannon-McMillan-Breiman combined with N/Ky — 1//; gives the anchored byte
rate. See Section N.1.

Implication for Case 1. Compressed bits divided by character count are on the character
clock of hx. The inequality above holds in expectation, so coverage for a realized fixed-
window DEFLATE curve comes from the byte-level certificate instead, which assumes
a stationary byte source and returns bits per byte. Part (iii) converts character-aligned
population surprisal, and each guarantee stays in the normalization it was stated in.

C Available Conclusions and Required Information

The results require different kinds of information. Text alone gives empirical corpus scores;
a multi-document protocol gives a one-sided entropy certificate. Geometry additionally
requires a same-clock dynamical scale; a source-to-head bound further requires a sufficient
predictive state and a Holder factor to it. The table below is a lookup: bring the information
in a row’s middle column and that row’s statement is available, whatever the other rows
have.

Table 5: Available conclusions. Each row lists its required information and the resulting statement.
The last two rows are conditional implications, and Proposition C.2 proves that an expanding source
never supplies their Holder factor, so an instance has to come from elsewhere.

Conclusion Required information Statement
Empirical Candidate corpus (ﬁ, ¥ z): empirical point estimates, used
corpus scores as rankers
Certified Declared source alphabet and clock, hx < U, with probability at least 1 —

target Jj, and the multi-document
protocol of Proposition B.3
Conformal-source hypotheses;
exact hx and external A > 0 on the
same declared source clock/log
base

Conformal-source hypotheses;
one-sided Uy, A, > 0 on the same
declared source clock/log base,
with their marginal guarantees
Supplied sufficient state satisfying
Assumptions A.7 and A.8
Population-geometry information

entropy ceiling

Population
geometry

dgeo = ix /A

Finite-sample
geometry

dgeo < Uy, /AL with probability at least
1—-0, =0,

Direct-head rate Xhead = 2/ dpred
Population

dpred < hx/(7A); under those
source-to-head

Finite-sample
source-to-head

and a fixed factor (P, ) satisfying
Lemma A.10; Assumptions A.7
and A.8 additionally for the
exponent bound

Finite-sample geometry
information and a fixed factor
(®, v) satisfying Lemma A.10;
Assumptions A.7 and A.8

additional assumptions, also
Qhead = 2/dprecl > 2vA/hx

At confidence 1 — d;, — J,:
dpred < Up/(7AL); under those
additional assumptions, also
Xhead = 27AL/ Uy,

additionally for the exponent
bound

The final two rows of Table 5 combine a geometric comparison with a neural approximation
result. A y-Holder map can increase Hausdorff dimension by at most a factor 1/+; if its
image is a sufficient predictive state, a direct prediction head inherits the corresponding
dimension-dependent rate.

Theorem C.1 (Conditional source-to-head composition [Cond. D]). Let (Mgeo, T, it) satisfy
the ideal LZ limit and the conformal bridge of Theorem B.1 and Proposition B.6, so that

hx

dgeo = dlmH(Mgeo> - 7,
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where A > 0 is supplied independently on the same clock and in the same logarithmic base as hx. Let
Assumptions A.7 and A.8 hold for a fixed sufficient state Sy with law v on a dpreq > 0 dimensional
manifold Mpreq. Finally, suppose there is a y-Holder sufficient factor @ : Mgeo — Mpred,
0 < v <1, satisfying Lemma A.10. Then

2 S 2y 29A

Xhead = = - .
dpred dgeo hx

Scope. The bound is one-sided and best-in-class, for a head that directly receives Sy: it says what
the function class can reach, not what a given optimizer or history encoder reaches. The empirical
WLz —ap calibration rests on trained grids, not on this chain.

Proof sketch. Three links yield the chain: the conformal bridge gives dgeo = hx /A, the Holder
factor gives dpreq < dgeo/7, and the direct-state theorem gives apeaq > 2/dpreq- Predictive
sufficiency puts the head loss above the same Bayes floor Iix. The full argument is in the
deferred oracle proofs.

Expansion and prediction pull the state in opposite directions, and that is a theorem rather
than a gap in our search.

Proposition C.2 (Expanding sources cannot supply the factor). Let (Mgeo, T, ) satisfy
Assumption A.4, so that T is a non-invertible conformal expanding map with a finite generating
partition, and let (X;) be the resulting symbol stream. Write Z; for the source point at time t. Then
Z; is measurable with respect to 0(Xy11, Xi+o,...) up to a y-null set. Consequently a state Sy
that is past measurable as Assumption A.7 requires and also satisfies Sy = ®(Z;) almost surely
as Lemma A.10 requires is measurable with respect to 0(X<;) N o (Xs¢). Whenever the past and
the future are independent, as they are for the doubling map with Lebesgue measure, that o-algebra
is trivial, Sy is almost surely constant, and d,req = 0. No expanding source of this kind therefore
carries a Holder factor into a predictive state of positive dimension, which is what the last two rows
of Table 5 would need.

Proof. The source point lies in the future. A generating partition determines Z; from its forward
itinerary (X;41, X¢+2,...) up to a y-null set; for the doubling map the coding is the binary

expansion
Zy =Y X270
i>1

So Z; € 0(X~t) mod y, and so is ®(Z;) for any measurable P.

A past-measurable state is then trivial. If also S; € 0(X<;), then S; is measurable with respect
to 0(X<¢) No(X>¢). For independent o-algebras F, G, every A € F N G satisfies P(A) =
P(A)? and so has probability 0 or 1; the intersection is trivial and S; is almost surely
constant. A constant state makes M eq a single point, which djeq > 0in Assumption A.7
excludes. O

Expansion is what makes dgeo = hx /A available and it is also what puts the source point in
the future rather than the past. Prediction needs the opposite. The two halves of Theorem C.1
therefore cannot be joined by a source of the kind Assumption A.4 describes, and the way
to join them is to replace the expanding source by an invertible one whose past determines
its state, at the price of restating the entropy—-dimension bridge for the invertible extension.
Remark A.11 records the other direction, where a filter supplies a positive-dimensional
predictive law on a generally Cantor support.

Corollary C.3 (Finite-sample propagation). Assume the conformal-source hypotheses of Proposi-
tion B.6, and suppose two procedures have the marginal guarantees

P(hy < Uy) >1— 4y, PA>AL) >1—4,,
where Uy, Ay, > 0and dy, + 65 < 1. Then, with probability at least 1 — 6, — ),

Uy,
dgeo < TL

27



Published as a workshop paper at Sci-FM@COLM 2026

If a fixed factor (®,y) satisfying Lemma A.10 is also supplied, then on the same event

Uy
da < =
pred = 'Y)\L’

and if the direct-head assumptions Assumptions A.7 and A.8 also hold, then

29AL
Xhead > uh .

No independence is required. For known exact A, set Ay, = A and 8, = 0. Here 7y is fixed; a random
lower bound for it would need its own failure event. The entropy certificate and Lyapunov bound
must use the same alphabet clock (Remark A.5).

Proof sketch. Intersect the two marginal events, use the union bound, and substitute the
one-sided bounds into whichever of the bridge, factor, and head inequalities have their
stated inputs. See the deferred oracle proofs.

The two readouts and the certificate are separate purchases. The instrument of Section 2

returns (1, & z) from one pass over the text and ranks corpora with them; when a number
with coverage is wanted instead, the multi-document protocol of Proposition B.3 buys
hx < Uy, and the geometric rows of Table 5 buy the rest once their dynamical inputs are in
hand.

D Controlled Checks of the Theory’s Components

On problems with known answers the components behave: switching long-range structure
on in a source whose conditional-entropy tail exponent is known by construction moves
Wz by six to thirty times its noise floor, the finite-grid residual estimator tracks 1/d on
four manifold families, 1-NN covering rates land within 1% of 2/d, and independently
measured entropy and expansion return the known dimension on a conformal torus. The
nearest-neighbour experiments run a different learner and loss from Proposition B.4: they
test the covering-rate mechanism, not end-to-end Transformer scaling. Supporting figures
and measurement protocols for the corpus readouts are in Section P; the Case-1 training
record is in Section J.

D.1 Controlled Readout Checks with Known Targets

On four controlled manifold families the finite-grid residual estimator follows ngS) ~1/d,
and the floor-side estimates line up with the known entropy rates. That agreement is an
empirical calibration on this panel; coverage is what the U}, procedure of Proposition B.3
supplies.

D.2 The Readout on a Source With a Known Exponent

Switching long-range structure on, with the string held fixed, moves @1z by six to thirty
times its own noise floor. The source is the Santa Fe process of Debowski (2011), the
toy source Debowski (2025) uses to exhibit Hilberg scaling: draw K; from a Zipf law
IP(K = k) « k~1/P over 10° facts and emit the pair (K¢, Z,) from a fixed knowledge base of
bits. Conditioning on that base makes the process i.i.d., so the entropy rate is exactly H(K),
while H(Xy.ny) — Nhy ~ NP. The conditional-entropy tail exponent is ycg = 1 — B, known
by construction.

The comparison is paired. We keep the drawn fact sequence, the string template, every
character position and every field width, and change one thing: whether a repeated fact
carries a repeated answer. At ycg = 0.70,0.50,0.30,0.10 the readout rises by 0.060, 0.014,
0.014 and 0.006 when reuse is switched on, against a window-resampling standard deviation
of 0.0006-0.0022 measured by rerunning the same readout at five start-index seeds. Four of
four, and the effect grows with the known exponent.
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Long-range structure supplies 4% to 19% of the value, and that number sets how the readout
is read. Without reuse the same sources still return &z between 0.129 and 0.250, from the
Zipf marginal and the rendering alone. An absolute & therefore mixes memory with
surface form, and holding the surface form fixed is what separates them, which is what the
block-order intervention of Section 4.2 does.

One reading of this family stays ambiguous. In the unmodified Santa Fe sources a1 z orders
YcE perfectly across all seven, but hy = H(K) and B are both set by the same Zipf exponent
there, so that ordering alone cannot say which of the two produced it. The paired reuse
switch above is what breaks the tie. Section R gives the full sweep.

D.3 A Covering-Rate Analogue and a Component-Wise Conformal Check

Noiseless 1-NN regression on Unif([0, 1)) recovers the expected covering rate to within
1%: aynnd = 2.013 £0.018 for d = 1,..., 8. The constant-scale conformal x2 torus lets the
two sides be measured separately. LZ estimates hx, the known A = log, 2 = 1 turns it into
d = hx /A, and pairing that source-side estimate with the independent nearest-neighbour
curve gives &1nnd = 2.03 £ 0.02. Away from sharp spectra the scalar summary fails: three
shapes at matched dpr = 4 spread aynN by 47%, ruling out that scalar as a sufficient
description of the tested learner.

Roadmap of this appendix. The four pillars are the head-approximation, local-dimension,
conformal entropy—dimension, and non-identification results. Their principal statements
are Propositions B.4 and B.6, Lemma F.1, and Theorem B.7. The finite-N coding result in
Proposition B.8 supplies separate estimator scope. This appendix supplies the supporting
lemmas and scope, with longer proofs in Section N.

E Predictive Dimension Controls Direct-Head Approximation

Assumptions A.7 and A.8 provide the predictive manifold and its Lipschitz logit map.
Assumption A.3 is needed only to identify the symbolic cross-entropy reference loss.

Why should predictive dimension affect a model-size exponent? Covering M4 at resolu-
tion ¢ costs @(e~?pred) balls (Lemma E.2); a ReLU network with P parameters can approxi-
mate at every rate Oy (Pil/ (dprea-+1) ), 1 > 0 (Lemma E.3); and softmax cross-entropy admits
a uniform quadratic upper bound in the logit error. Together these facts give the one-sided,
best-in-class bound apeaq > 2/dpred- They do not determine the exponent of a particular
trained model (Remarks E.4 and E.5).

Remark E.1 (Specialization to Lipschitz (Bapp = 1)). For the remainder of this paper we
specialize to the Lipschitz case Bapp = 1, as stated in Assumption A.8. If each target
coordinate instead admits an ambient extension in the Holder class of order Bapp (with the
usual derivative interpretation when Bapp > 1), the same argument gives the sup-norm
rate Oy (P_ﬁaPP/ (dpred+’7)) for every 7 > 0 and &neaq > 2Papp/dpred in cross-entropy. That
extension hypothesis is automatic for fapp = 1 by McShane’s theorem, but is additional
structure for Bapp > 1; the Lipschitz restriction keeps the paper’s assumptions uniform.

Lemma E.2 (Kolmogorov-Tihomirov Metric Entropy). Let M be a compact d-dimensional C*
embedded Riemannian manifold. Its minimum e-cover size satisfies

Neov (g M) = @(e*d> ase — 0.

Proof. Compactness and a finite smooth atlas give constants rg,c_,c+ > 0 such that, for
every x € Mand 0 <r < rg,

c_r! <HYB(x,r) " M) < cpr. (14)
The same bounds hold whether the balls are taken in the intrinsic metric or in the ambient

metric, after changing the constants, because the two metrics are uniformly locally bi-
Lipschitz on a compact embedded manifold.
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Let Neoy (¢, M) denote the least number of radius-¢ balls covering M. If ] such balls cover
M, discard any that miss M and pick a point x; € M inside each of the balls that remain. A

remaining ball has radius ¢ and contains x;, so its intersection with M lies in B(x]-, 2¢) N M.
The upper bound in (14) and subadditivity of H? give

HI(M) < Jes(2¢),

and hence Noy (e M) > H4 (M) /(2% ). For the reverse inequality, choose a maximal
e-separated set {x1,...,x;} C M. Maximality makes the radius-¢ balls about these points a
cover, whereas the radius-¢/3 balls are pairwise disjoint. The lower bound in (14) therefore
yields
3dyyd
Je (e/3)' < HAM), Nl M) < 1 < ZHEA

Both estimates hold for all sufficiently small ¢, proving the asserted @ (e~%) rate; see also
Kolmogorov & Tihomirov (1961). O

Lemma E.3 (ReLU approximation rate on manifolds). For a positive integer P, let Np denote
the scalar-output deep ReLU networks with at most P trainable parameters. For P > |¥|, let

iex

Fp = {(fi)i@: : fi € Np, for integers P; > 1, ZPi < P};

thus P is the total, rather than per-coordinate, budget. Under Assumptions A.7 and A.S8:
(a) (Upper bound) For every i > O, there is an fp € Fp such that
sup || fp(s) — A(s)]|eo = Oy (P—1/<dpred+i7)>

SGMpred

in the Lipschitz case. More generally, if each target coordinate extends to an ambient Holder
class of smoothness order Bapyp, the exponent 1 is replaced by Bapp-

(b) (Sup-norm parameter-count lower bounds, Yarotsky 2017) For an integer smoothness
order Bapp > 1 and the unit ball of WP ([0, 1]%red) in || - ||eo: (b1, unconditional,
Thm 4a) any fixed ReLU architecture achieving error € uniformly over this ball has P =
Qe %rea/ Bare)y; (b2, bounded depth, Thm 4b) for fixed Cyeptn > 0 and pgep > 0,
any fixed ReLU architecture of depth Lnet < Cgeptn logh®(1/€) that achieves error e

uniformly over this ball has P = (e “pred/Pare Jog=2Paep=1(1/¢)). These are class-
uniform (minimax) bounds over the Sobolev ball, not per-target bounds.

Proof sketch. Part (a) is cover-and-glue on local charts (Nakada & Imaizumi, 2020); part (b)
is VC-dimension counting (Yarotsky, 2017), whose quadratic parameter-count growth is
where the factor-two gap of Remark E.4 originates. The full argument is in Section N.

Together, the lemmas yield the main-text result Proposition B.4: the sup-norm approxima-

tion rate Oy (P_l/ (de€d+'7)) becomes tpeaq > 2/dpreq in cross-entropy. The proof applies
Lemma E.3(a) and the softmax’s quadratic bound without introducing a probability-floor-
dependent constant (Remark A.9); see Section N.1. The following remarks separate this
achievability result from a two-sided law and from finite-resolution spectral heuristics.

Remark E.4 (Approximation-Error Lower Bound and the Loss Exponent). The Yarotsky/De-
Vore approximation-error bounds (sup-norm, parameter count) do not transfer linearly to the
loss exponent.

(i) Approximation-error metric. Lemma E.3(bl) (Yarotsky 2017, Thm 4a) gives P =

Q(sfdpfed/ 2) for Lipschitz targets, so the minimax sup-norm error has decay order at most
2/dpred, while part (a) certifies every decay order below 1/d,eq. The resulting interval of
possible endpoint orders is therefore [1/ Apred, 2/ dpred]. The interval closes to the endpoint
1/dpreq under bounded (poly-log) depth (Thm 4b) or continuous weight selection (DeVore
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et al., 1989; Siegel, 2024), neither of which is automatic for arbitrarily-trained unbounded-
depth nets (Yarotsky, 2017).

(ii) Transfer to the loss exponent. The softmax makes excess cross-entropy quadratic in logit
error, which is what turns an approximation rate into a loss rate:

2
2In2

KL, < — Khead > (Proposition B.4).

dpred
This strengthens achievability from 1/dpeq to the proven 2/d,..4 but does not pin it from
above: a trained network can decay faster (favourable loss geometry) or slower (optimization
slack), consistent with the apeaq o 1/dpeq scaling of the empirical literature. Sharma-—
Kaplan’s predicted loss exponent 4/ dq (Sharma & Kaplan, 2022) is itself a theory prediction
(smooth-target manifold regression, an order-2 approximation rate squared by the quadratic
loss), so the factor-2 gap from our Lipschitz-target 2/dpq floor is explained by target
smoothness (Bapp=2 Vs. Bapp=1, Remark E.1). The quadratic loss supplies the common
multiplier (Bahri et al., 2024).

(iii) Scope. The result is best-in-class: it concerns the best P-parameter model, not any
particular trained run. The fitted data-scaling exponent is the memory-governed quantity
of Remark B.9.

(iv) Endpoint. For each 1 > 0 the construction has order p~2/(@preat) wyith a constant
depending on 7, the logit Lipschitz constant, and |X|. This does not give a single bound at

the endpoint p~? deEd, nor does it determine the loss magnitude.

Remark E.5 (Scope of the proportionality: a sharp-spectrum hypothesis beyond the exac-
t-manifold model). The predictive reading that d,,;.4 alone fixes a trained-run exponent

through apeag « 1/dpreq is not a corollary (Remark E.4). On the exact compact CFered mani-

fold of Assumption A.7, upper Minkowski, Hausdorff, and intrinsic dimension coincide at
dpred (proof of Lemma E.3); the theorem needs no covariance spectrum.

A different, finite-resolution question is whether a spectral summary of an approximately
low-dimensional cloud predicts the rate of a specified learner. The following is a heuristic,
not part of Proposition B.4. Order the local covariance or kernel eigenvaluesas {1 > {p > - - -.
A sharp gap separating a small set of resolved directions from a negligible tail is one
sufficient scenario in which an effective direction count might summarize the spectrum.
Turning that scenario into an inverse-dimension learning law would still require a separate
theorem specifying the learner, sampling regime, resolution, and loss. With a slowly
decaying spectrum, the whole eigenvalue profile may matter instead.

The fixed-participation-ratio experiment in Section D illustrates only this last possibility:
within the tested construction, two spectral shapes matched on dpr produce a 47% spread

in @1nN. It shows that this scalar is insufficient there. The arms are full rank in R?#, so their
exact manifold dimension and their finite-resolution participation ratio are also different
objects. The analogy with the non-conformal Lyapunov-vector obstruction is therefore
structural rather than a theorem transferring one setting to the other.

F Local Dimension of the Source Measure

The conformal bridge uses the local mass-scaling exponent of the source measure. Under
Assumption A.1, this exponent agrees with the manifold dimension.

Lemma F.1 (Local Dimension Constancy). Under Assumption A.1, the local dimension

. logu(B(x,1)
Ap(x) = lim ==

exists and equals dgeo for p-almost every x € Mgeo.
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Proof. Let f = du/d(H % | Mgeo)- By Assumption A1, ¢; < f < ¢, almost everywhere.
Combining this with the uniform small-ball estimate (14), for every x € Mge, and every
sufficiently small »* we have

cre_reo < u(B(x,r)) < cpcy e,

Consequently log j(B(x,7)) = dgeologr + O(1), with the O(1) uniform in x. Dividing
by logr and letting r | 0 proves dj,(x) = dgeo (in fact, at every x € Mge,). The same
local-volume estimate is discussed in Mattila (1995). O

G From Symbolic Recurrence to Geometric Dimension

Assumption A.3 supplies the symbolic entropy limit; Assumptions A.1, A.2 and A .4 supply
the conformal geometric bridge. Results marked [Cond. D] require the smooth conformal-
expanding structure of Assumption A.4.

Three similar-looking recurrence quantities play different roles. The block return time Ry
and LZ match length Ly recover the symbolic entropy rate, whereas the metric return time
T, recovers local geometric dimension. Conformality and the Rokhlin—Pesin identity, not a
formal comparison of these estimators, put the symbolic and geometric quantities on one
clock and give dgeo = hx/A.

Concretely, symbolic block returns grow like 2/x¢, while metric returns to radius r grow like
r~. A direct cylinder-to-ball comparison would require additional Markov-partition and
distortion hypotheses and is not used here. The bridge uses the population limit lim_sco /1;
finite-N compression rates are treated separately in Remark G.5.

Lemma G.1 (Ornstein-Weiss Theorem (Ornstein & Weiss, 1993)). Under Assumption A.3, the
return-time complexity satisfies

log, R

ng/(x) LENE
where Ry(x) is the first return time of the {-block starting at x, and hy is the entropy rate of
Assumption A.3. Moreover, if MiN(x) is the LZ78 phrase count, then My (x)log, Mn(x)/N —
hx a.s. (Ziv & Lempel, 1978).

Proof. Apply the Ornstein—-Weiss recurrence theorem to the finite-alphabet stationary ergodic
shift specified by Assumption A.3. Its cylinder return time is precisely the random variable
Ry in the statement, so the theorem gives 1 log, R, — hy (o) = hx almost surely, including
when hx = 0. The parsing assertion is the coding theorem of Ziv & Lempel (1978) applied
to the same shift. It is a separate consequence of stationarity and ergodicity, rather than a
use of Kac’s mean-return identity as a pathwise approximation. O

The next lemma records the equivalent match-length formulation of symbolic recurrence;
the expected-rate limit and its order of limits are in Theorem B.1.

Lemma G.2 (Match-length/recurrence-time duality (Wyner & Ziv, 1989)). Under Assump-
tion A.3, the LZ77 match length Ly(x), the length of the longest prefix of (XN+1,XN+2/---)
occurring as a substring of x, satisfies

log, N p 1 as.
LN(JC) — hx, Zlongg(x) — hx,

where Ry is the waiting time until the first £-block recurs. Thus match length is the inverse
statistic associated with symbolic recurrence time. If hx > 0, the first convergence is equivalently

Ly/log, N Loy hx. For hx = 0, only the reciprocal formulation is asserted; division by the
entropy rate is not defined.

Proof. The waiting-time limit is the Ornstein—-Weiss theorem for cylinder sets, in the formula-
tion of Ornstein & Weiss (1993); Kontoyiannis (1998). The match-length theorem of Wyner &
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Ziv (1989) gives log, N/ Ly — hx in probability for every stationary ergodic finite-alphabet
source. When hyx > 0, the map u — 1/u is continuous at hx, so the continuous-mapping
theorem yields Ly / log, N — 1/hx in probability. No reciprocal is taken in the zero-entropy
case. O

Lemma G.3 (Recurrence-Dimension Identity (Barreira & Saussol, 2001) [Cond. D]). Under
Assumption A.4, the metric return time T,(x) := inf{t > 1 : pgeo(T'x, x) < r} satisfies, for p-a.e.
X,
log, T+(x)
lim —22222 = g, (x) = d
Py —log, r u(x) geor

a genuine limit (lower and upper recurrence rates coincide).

Proof. For an ergodic equilibrium measure of a Holder potential on a C!Pam conformal
expanding system, the quantitative recurrence theorem of Barreira & Saussol (2001) identi-
fies the lower and upper recurrence exponents with the corresponding lower and upper
pointwise dimensions:

I 1 _
liming 0827 (%) _ d,(x), limsup logy w(*) _7 (1)
rlo —log,r rlo - —logyr

for y-almost every x. Under Assumption A.4, the ACIP is the equilibrium (Gibbs) measure
for the Holder geometric potential —In | det D, T|; Holder regularity follows from T €

C'"Pam. Thus the recurrence theorem applies. If one uses a formulation stated for a
topologically mixing expanding map, apply it to the mixing components of a finite cyclic
decomposition and to the corresponding fixed iterate T"<<; multiplying return times by
the fixed factor ncyc does not change their logarithmic exponent. By Lemma F.1, d,,(x) =

dy,(x) = dgeo almost everywhere, so the displayed liminf and limsup coincide and equal

geo- O
Lemma G.4 (Pesin Entropy Equality, Conformal ACIP Case (Rokhlin, 1967; Pesin, 1977;
Young, 1982; Ledrappier & Young, 1985) [Cond. D]). Under Assumption A.4 (conformal
expanding map with absolutely continuous invariant measure y < H%%eo| Moo the pointwise
dimension is constant and equals the entropy/exponent ratio:

hx
dy(x) = < = dgeo (p-a.e.),

where hy is the symbolic entropy rate, equal under the generating code to the measure-theoretic
entropy hy (T); A is the conformal Lyapunov exponent of Assumption A.4.

Proof. The Rokhlin—Pesin entropy formula for the absolutely continuous invariant measure
in Assumption A.4 gives

I, (T) = /M log, | det Dy T| dy(x).

geo

Conformality implies | det Dy T| = || Dy T||%<, and hence
(T) = dgeo |
u(T) = dgeo v

The partition in Assumption A 4 is generating, so its symbolic entropy rate hx equals /1, (T).
Since A > 0, division gives hx/A = dgeo; combining this identity with Lemma F.1 yields
dy(x) = hx/A = dgeo for p-almost every x. O

log, ||DxT|| dp(x) = dgeoA.

ge

Proposition B.6 (dgeo = hx /A, conformal case [Cond. D]) is proved in the body (Section B)
from this lemma, which also supplies the pointwise statement. The remarks that follow
delimit its scope: the finite-window bias, the fractal Gibbs extension, and the non-conformal
Lyapunov vector.
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Remark G.5 (What LZ Measures: The Entropy Side of the Bridge). Proposition B.6 uses the
population identity hx = limy e by together with the supplied scale A; it does not use a
finite-N residual exponent. The ideal code provides hx, and the geometric dynamics provide
its conversion to dimension. The deployed DEFLATE curve at wy = 32,768 is a different
statistic: it is not identified with hy, and has no coverage statement here. Finite-sample
coverage belongs instead to the wrapped statistic U}, under the independent-document and
random-offset protocol of Proposition B.3. The non-identification result in Section H shows
why a symbolic statistic alone cannot supply the missing geometric scale uniformly over its
stated class.

Remark G.6 (General Gibbs / information-dimension extension). The absolute-continuity
hypothesis of Assumption A.4 is what pins dge, to the integer manifold dimension. If we
drop it and instead let u be a general ergodic equilibrium (Gibbs) state of a Holder potential

on a C'*Pam conformal expanding repeller, then Ruelle’s inequality gives hx < dgeoA.
Under the usual rigidity hypotheses, equality is the ACIP/SRB case; non-ACIP Gibbs states

are singular with respect to H%| Megeo and satisfy the strict inequality ix < dgeoA. The
same ratio identity survives, but now reads the measure / information dimension rather than
the manifold dimension:
: hx
dimp(p) = du(x) = = (p-ae),

by the Ledrappier-Young formula in the conformal case (Ledrappier & Young, 1985; Young,
1982). Here dimyy () = hx/A < dgeo, with equality iff y is the ACIP of Assumption A.4.
Within this conformal Gibbs class the population Rényi dimensions satisfy Dy < Dy, and the
ratio reads the information dimension Dj, not an embedding dimension. A finite-sample

empirical estimate 152, however, is not a certified lower bound on D; without an error
analysis. If a conformal Gibbs model were justified for language belief dynamics, the
relevant population object would likewise be Dy; that model identification is not made here.
Proposition B.6 remains the absolutely continuous special case.

Remark G.7 (Non-conformal expanding case: the Ledrappier-Young vector formula). The
identity dimgg 4 = hx /A needs conformality: a single exponent A expanding every direction

equally. For a C!'"Pam non-conformal expanding system the distinct exponents A1) >

A > ... are anisotropic and must 1ot be collapsed into one A. Under the hypotheses
of the Ledrappier—Young dimension formula, the dimension is instead a sum of partial
dimensions over the expanding Oseledets subspaces,

dimgp = Y 0, ¢ = — 1
i

with A()) the distinct (unstable) exponents and H; — H;_; > 0 the entropy increments
subordinate to the i-th invariant foliation (so ¥;(H; — H;_1) = hx, 0 < & < dim E()).
Conformality (Assumption A 4) is the degenerate case with all A()) = A, collapsing to hx /A;
see Ledrappier & Young (1985); Barreira et al. (1999) for the hyperbolic product/dimension
structure. For an invertible hyperbolic diffeomorphism, the displayed sum describes the
conditional dimension on unstable leaves; the total pointwise dimension also contains the
stable conditional contribution, obtained from the inverse dynamics. It is therefore not
equal to the unstable sum without an additional hypothesis. Hence the LZ-based oracle
dgeo = hx/A of Proposition B.6 is a genuinely conformal reading of hy; non-conformal
geometry carries strictly more information than this ratio.

H Why Symbols Do Not Identify Geometric Dimension

Theorem B.7 gives the exact equal-law non-identification result in the body. This section
quanttifies its irreducible error and its degradation when two symbolic laws nearly collide.
The finite-N LZ hierarchy in Proposition B.8 is a separate coding result; neither statement
turns a symbolic residual into a geometric observable.

Theorem H.1 (Quantitative obstruction: an irreducible minimax error). Fix integers q,k > 2
and take the corresponding witnesses Wi, Wy constructed in the proof of Theorem B.7, with
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dimensions 1 and k, respectively. For every N > 1 and every measurable estimator dy -
{0,...,45 = 1}N — R that reads the token stream alone,
~ ~ k-1
max { lel‘dN — 1|, ]szldN — k‘ } > —

with equality for the constant estimator dy = 1T+k Taking q = 2, the family of 2X-letter witnesses

has irreducible error (k — 1) /2 — oo: no token-stream estimator is uniformly consistent for dgeo
over the conformal-expanding class.

Proof. By Theorem B.7 the stream X;. has one common law under W; and W, (i.i.d. uniform
on g letters), so dy(X1.y) has a single law Qy on R and

Ey |dy — di :/|t—dl-|dQN(t), (15)

with the two dimensions d; = 1, d, = k.

A maximum dominates an average, and |t — 1| + |t — k| > k — 1 for all ¢ (triangle inequality,
k > 2), so (15) gives

ldnw —d:| > 1 _ _ > _
max B ldy —di| > [ (e=11+ 1= Kydon® = (k=172 (6

Att = (14 k)/2 both terms equal (k —1)/2, so the constant estimator named in the
statement attains the bound. The estimate is uniform in N because the two observation laws
coincide; this is precisely the degenerate Le Cam two-point experiment. O

The obstruction does not hinge on the exact symbolic collision: the bound degrades continu-
ously in the separation between the two observation laws, which converts the impossibility
statement into a sample-size requirement for any pair of sources that merely nearly collide.
Proposition H.2 (Robust obstruction and a sample-size floor). Let Wy, W, satisfy Assumnip-
tions A.1, A.2 and A.4 with geometric dimensions dq,d, and gap A = |dy — dp| > 0. Write IPZ(N)
for the law of Xy.y under W; and Vi = TV(]P%N),]PéN)). For every N > 1 and every (possibly
randomized) estimator dy N that reads the token stream alone,

~ A
ldy —di| > = (1—VWy).
ig{lg} Ew,|dy — d;| > 5 (1-Vn) (17)

If moreover the symbolic laws have natural-log divergence rate at most 5, in the sense that
KLnat (PN | PSN)Y < NG for all N, then
-~ A
max Ey |dy —di| > = (1 - \/N5/2), 18)
ie{1,2} ! 2

so the risk remains at least A/4 for every N < 1/(26). Therefore, any procedure whose minimax
expected absolute error on this pair is strictly below A /4 must use
N > 1 (19)
26

symbols. This necessary condition is independent of the estimator. Setting 6 = 0 returns Theo-
rem H.1.

Proof. Let fl.(N) be the counting density of ]PZ(N) on £V, and let &y = ]P%N) A IPEN) be the

measure with counting density min( fl(N), fz(N)). Then ¢y (ZN) =1~ Vyy and IPZ(N) > ¢y for
i=1,2. Because |t —dq| + |t —dy| > Aforeveryt € R,

Euw, |dy — d1| + Ew, |dy — da| > /(|EN—d1|+|EN—d2|)dgN > A(1-Vy),
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and a maximum dominates half the sum, giving (17); for randomized dy apply the display
conditionally on the randomization seed and average. Pinsker’s inequality gives Vy <

\/KLnat(ngN)HngN))/Z < +/Né/2, which is (18); and v/Né/2 < % exactly when N <
1/(26). 0

Two readings matter. First, the witnesses of Theorem H.1 sit at 6 = 0, where (19) is vacuous
and the floor A/2 holds at every N: that is the impossibility. Second, (18) is informative
only while Né < 2, so for sources that are genuinely distinguishable it is a small-sample
statement rather than an impossibility, and it says what the finite-corpus cost of a near-
collision is. Neither reading licenses a dimension estimate from symbols; together they
show the boundary is a neighborhood rather than a single point.

Remark H.3 (Status of the three-point estimators). On an admissible geometric three-point
grid, the explanatory estimators recover the intercept and residual exponent exactly when
the measured values follow a nonconstant pure-power template. Section P4 gives their
definitions, domain conditions, and full algebra.

The coding results do not validate this template for the deployed inputs C;: Proposition B.8
(3)

is code- and source-class-specific. Thus @5’ remains a descriptive finite-grid fit. The general
separation among the empirical rankers, the certified Uj,, and the conformal population
identity is stated in Remark G.5.

Which side of hx does a three-point floor land on? Write a; = C(N;) — hx and A, = a1 + a3 — 2a;.
If A; = 0, the extrapolant is undefined. If A, # 0, direct subtraction gives the exact identity
2
~5(3) he — a1as — da,
0 X Au 7
and therefore 5
sgn(H(g ) hx) = sgn(ajas — a3) sgn(A,).

If ay,a;,a3 > 0 and A, > 0, log-convexity on the grid (a% < aya3) implies Hé3) > hy; when
A, < 0 the implication is reversed, and for residuals of mixed sign log-convexity is not
defined. No theorem here supplies those hypotheses for the deployed curve. Which side
of hx the three-point floor lands on therefore remains open. In a PPM screening sweep

(Section S.1) the raw extrapolant for opc_synth is negative and the clamped  is exactly 0.
The clamp never fired on a reported number: no floor in any deployed panel sits at or below
0, the smallest being 0.169.

I Compression measurement details

Remark 1.1 (Total-rate slopes and entropy tails). For a stationary finite-alphabet source on
one fixed alphabet and clock, let HS" = H(X,,,1 | X1.,). The chain rule gives

H(Xp.n) 1 N=1 4
_ hX = — Z (Hcon — hx)
N N =

Thus a tail H™ — hy =< n~7CE with 0 < ycp < 1 transfers that exponent to the ideal
residual block-entropy rate. If an idealized total rate obeys C(N) = H + AN~ 7CE, its positive
local log-log slope is
dlog C(N) AN—TCE
dlogN " H 1+ AN e

For H, A > 0, the floor attenuates the slope. Attenuation alone therefore cannot explain a
compression fit larger than the entropy-tail exponent. The deployed eight-point estimate
also depends on the source, sample, compressor, finite window, grid, alphabet, and clock.
Outside this idealization, the calculation fixes neither the sign nor the magnitude of its gap
from ycg. In particular, the raw-rate slope @y 7z, the template exponent as in (1), and the
conditional-entropy-tail exponent are distinct measurements.

36



Published as a workshop paper at Sci-FM@COLM 2026

Compressor comparisons. The four LZ-slope variants agree with one another at p > 0.93

(> 0.81 after controlling for h), and each ranks ap at p > 0.63 on all three corpus sets. The
compressor and grid were selected on the Case 1 calibration panel; Section S.1 and Table 9
reports the full sweep. The prospective family test evaluates the selected estimator without
refitting.

The exploratory level-rate plane. Figure 1 plots a three-point analogue of the level-rate
pair to display how text types occupy different regions of the plane. The deployed Case 1
estimator is the higher-sample, eight-point map in Table 1.

J Case-1 Evidence and Reproducibility

This section answers four questions about Case 1: how the neural targets were measured,
how the calibration changes across corpus sets and model scales, whether the exponent
map transfers to new parent families, and whether changing sequence order moves both
the readout and the fitted exponent. Data sources and preprocessing are given in Section P,
and compressor comparisons in Section S.1.

Prediction metrics. MAE is the mean absolute difference between a prediction and the fitted
exponent. The usual squared-error prediction coefficient is

Q?=1- Li(yi — 9:) _
i(yi — 75°)?
Its value depends on the reference predictor and on how predictions are pooled across
folds, so we fix both: the reference ggef is the panel mean ap = 0.1828, and held-out
predictions are pooled over folds before scoring. Every leave-one-parent-family-out number
below is recomputed under that definition from the frozen 38-row calibration artifact by
pre-train/scripts/casel_lofo_recompute.py, which refits the predictor with one parent
family removed, predicts that family’s rows, pools, and scores. The reconstruction returns
the calibration line 1.1821&1 7 — 0.0461, in-sample R?> = 0.635 and p = 0.845, and the five
frozen domain means to six digits, so the artifact and the reported calibration agree. One
number does not reproduce exactly: the domain-mean baseline’s Q? is 0.317 here against

0.332 as first recorded. The panel’s other domain has a single member, so the fold that
removes it has no in-fold domain mean, and the two runs fall back differently.

J.1 Full Compression Measurement Protocol

Training target. Let P be the parameter count and D the training-token budget. The training
grids fit the additive scaling model

L(P,D) = E+ ApP™®" 4+ ApD "D, (20)

Our target is the fitted ap, which depends on the model family, tokenizer, training schedule,
and range of budgets. At fixed P, the model-size term is constant; the sensitivity analysis
instead fits L(D) = Ep + AL,D~*DP separately at each size with a free floor. The primary
grids use GPT-2-style models from 16M to 1B parameters, sequence length 512, and token
budgets D € {12,40,130,250,700} million. Longer runs at 2-20B tokens support the
separate floor analysis. Section .2 gives the training schedules. The two exponent analyses
are reported separately in Sections 4 and J.4. A larger exponent implies faster reduction of
excess loss when the floor and amplitude are held fixed.

Compression measurement. We concatenate the corpus documents and sample character
windows with replacement, uniformly by starting position. For a window x;.; 1y, its com-
pressed rate is

o _ 8[Deflateg_15(UTF8(x;:i4n))|

en(x, i) N bits/character.
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Level 9 and wbhits= —15 specify headerless DEFLATE with a 32,768-byte LZ77 window.
Write Cyy for the mean rate at length N. We define the compression slope as

apz = |OLS slope(log Cy on log N)|, N € {64,128,...,8192}. (21)

The fit uses the total rates. Longer 16k and 32k windows are omitted from this slope because
of compressor saturation. The fixed corpus sample contains 10,000 documents; the numbers
of windows at the eight lengths are 300, 150, 100, 75, 60, 50, 42, 37.

Calibration. The prediction rule is
ap = 1.182a; 7 — 0.046. (22)

The compressor, length grid, and linear map were selected on the calibration panel of 38
corpora. The compression slopes on that panel range from 0.119 to 0.454, with median 0.180.
Applying the frozen rule to a new corpus requires the compression measurement above.
Section S.1 records the estimator comparisons; Section .7 records the subsequent transfer
test.

Companion floor estimate. A separate sample of 100,000 documents gives a three-point
extrapolation from rates at N = 128, 2048, 32768, with 2000, 1000, 500 windows, respectively:

~ C128C32768 — Copus
h = max< 0, . 23
{ Ci28 + Cs2768 — 2Co048 @)

This expression follows from the finite-range template
C(N) = Hg+ AgN~*%. (24)

The rate slope ¥ 7 is computed independently of this extrapolation, so the template exponent
s and the total-rate slope measure different features of the curve. Exact preprocessing and
the near-zero-denominator fallback are specified in Section P. The two empirical outputs

~

are Qpmo(X;Z) = (W(X;Z),aLz(X;Z)), where Z denotes the sampled start indices.

J.2 Case-1 Training Grid: Batch Size, Learning Rate, and the Batch-Tier Audit

Case 1 fits data-scaling laws on 51 corpora to test whether compression ranks the fitted
exponents, which requires a consistent training grid: the same (P, D) factorial per corpus,
with specified batch schedules and learning-rate rules. These choices reduce scheduled
differences across cells but do not by themselves exclude optimization interactions. This
subsection documents that grid.

The panel is a full 6 x 5 factorial in (P, D) per corpus, with GPT-2-style models at d;,oge1 €
{256,512,768,1024,1536,2048} (Nhead = dmodel/ 64, 4-22 layers, 16M—-1B parameters) and
token budgets D € {12,40, 130,250,700} M at sequence length 512, with longer floor runs at
D € {2,5,10,20}B.

Batch size. Tokens per optimizer step follow the critical-batch law of Zhang et al. (2025),
whose central finding is that the critical batch size scales with the data budget and is largely
independent of model size: we set Bf., = 22.91 D%, apply the paper’s 0.8 x safety buffer,
and floor to a power of two in sequences (minimum 16). This P-independence lets each
fixed D share one batch across all six sizes, so the loss-versus-P comparison of Section J.5
does not mechanically vary the batch schedule with P.

Learning rate. A width rule, Ir = 0.0015 x 512/d 041, With a two-point sweep at {1.0,0.6} x
the anchor and the better validation loss kept per cell. For D > 10B, the rule is capped at the
anchor. Without this cap, the width rule sets Ir = 0.003 for the 256-wide model. This setting
is stable at short budgets but diverged in 20/21 cells at D = 10B and 7/15 at D = 20B.
Wider models remained stable at Ir < 0.0015.
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J.3 Case-1 Corpus Sets, Filters, and Confidence Intervals

The slope correlation p = 0.84 uses the 38 corpora retained after the language and fit-quality
filters. The floor correlation p = 0.75 uses the 26 corpora whose long runs consumed at least
11B tokens. The fixed-model-size analysis in Section J.4 uses 29 language corpora. These
analyses have different eligibility criteria.

Targets. The observational targets are literature exponents and entropies for C4 (Krajewski
et al., 2025), FineWeb (Volkova et al., 2026), and the loss-to-loss corpora of Brandfonbrener
et al. (2024a). The experimental targets are data-scaling exponents ap that we fit across 51
Web, Code, and Math corpora. Of these, 26 also provide long-run floor fits: their D = 20P
runs train for at least 11B tokens rather than merely requesting that budget.

Corpus-set sensitivity. Removing protein/DNA, LM-generated synthetic data, and instruc-
tion/SFT sets leaves 41 language corpora. Requiring at least 16 grid points and joint-fit
R? > 0.85 then removes the_stack, Wikipedia RU, and Wikipedia AR, leaving 38. The slope
association is p = 0.65 on all 51 corpora and p = 0.84, R? = 0.60 on the 41 language corpora;
the fit-quality filter changes the strength but not the conclusion. The four literature points
agree in sign (p = 0.95) but are nearly indistinguishable and therefore uninformative for
ranking.

The floor: published references. Against published entropies, p = 0.88 and R? = 0.88 (bootstrap
95% CI [0.56, 0.97], n = 19), now spanning English, code, Chinese, Japanese, Korean,
Russian, French, and German literature values. The Chinese, Japanese, Korean, French,
and Russian entries all come from one table and one method: context-aware PPM entropy
rates extrapolated to infinite length on same-language newspaper and literary corpora
(Takahira et al., 2016, Table 1, stretched-exponential fit), following the same-language-proxy
convention already used for the English rows above (e.g. Gao et al., 2020’s Pile-CC value is
reused for FineWeb, C4, and The Pile Deduplicated); German uses an older, pre-compression

letter- prediction estimate (Kiipfmiiller, 1954). Wikipedia ZH is the highest point on the h

axis (h = 8.9, literature 3.1 bits/char, the mean of the four non-romanized Chinese corpora
in Takahira et al.’s Table 1). It sits on the fitted line rather than off it: dropping it lowers
the fit to p = 0.86 and R* = 0.86 (n = 18). Earlier versions of this panel scored Chinese
with a Oth-order unigram character entropy (9.6 bits/char), which measures the size of the
Hanzi inventory rather than the conditional predictability the other rows report; the wider
bootstrap interval reflects the shorter reference range that follows from the corrected value.
The Russian row likewise replaces two single-pass compression rates on a Bible translation
(1.92 and 2.00 bits/char, Behr et al., 2003) with the extrapolated rate from the same table
as every other non-Latin row. Neither substitution moves the rank statistic: Spearman is
0.88 before and after both. The observational floor comparison remains a ranking result
throughout.

The floor: neural fits. Against our own fits we use the 26 corpora whose D = 20P run
consumed at least 11B tokens; the other 25 request D = 20B but exhaust their tokenized
pool at = 0.9B, and a run 23 x short of budget is not a converged floor. This budget
criterion excludes severely truncated runs; a separate loss-tail convergence criterion is not
documented. On those 26, p = 0.75 in nats/token (bootstrap CI [0.50, 0.90], permutation

p=1x10">, Q% = 041).
Unit diagnostics. Character/token conversion remains associated with the floor residual, but
no comparable association is detected for the slope residual. On the 26 long-run corpora, con-

verting both axes to bits per character introduces the shared denominator chars_per_token
and lowers the floor rank correlation from 0.75 to 0.61. The pooled bits/character fit reaches

R? = 0.94 only with multiscript leverage extending to h = 8.9, and its floors come from
capped runs.
The unit effect is not removed completely by returning to nats per token. After regressing

the raw floor on , the residual still correlates with chars_per_token (Spearman p = 0.40,
Pearson 0.45, permutation p = 0.022). Adding log(chars_per_token) raises R? from 0.483

39



Published as a workshop paper at Sci-FM@COLM 2026
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Figure 5: The floor panel’s unexplained variance is the offset between data types, not noise around
a single relationship. Both sides show the same 26 corpora and the same h axis as Panel 4 of Figure 2;
grey segments are residuals, whose squared lengths are what R? summarizes. Left: one intercept for
every corpus, R? = 0.483. Right: one intercept per data type with a single shared slope of +0.362 on
h, R? = 0.742, with fitted lines drawn over each type’s own h range. The residuals that shrink are
between-type, so most of the gain is the ordering of the three levels (3.283, 1.834 and 1.126 nats/token
for web, math and code). Residuals within a type shrink much less, matching the weak within-type
associations reported in Section ].3. The rank statistic quoted in the panel, p = 0.752, is computed on
the pooled points and is unaffected by this refit.

to 0.691 (bootstrap 95% CI [0.53,0.86]; permutation p = 0.0006 against a shuffled covariate).
The headline remains the unadjusted rank statistic p = 0.75.

Why the pooled R? is low: data type, not training depth. A single line through all 26 corpora
is a misspecification, because the three data types sit at different loss levels. Fitting one
shared slope with a per-type intercept raises R? from 0.483 to 0.742, with slope +0.362
and intercepts 3.283 (web), 1.834 (math) and 1.126 (code) nats/token (Figure 5). What the
shared slope buys beyond the intercepts is modest: within web the association is p = +0.64
(R? = 0.250, n = = 11), within math +0.41 (0.055, n = 10), and within code —0.10 (0.000,

n = 5), where i spans only 27% of its pooled range. So h separates the loss levels of different
data types and orders web corpora moderately, and it does not resolve differences inside
code or math at this sample size.

Training depth is not the limiting factor. The published floor is a minimum over each
corpus’s own converged cells, so corpora are read at different model sizes and token budgets.
Reading every floor instead at one common (P, D) cell removes that inhomogeneity, and
bounds what depth can contribute: the shallowest matched cell, 16M parameters at 2B tokens,
gives the highest matched R? at 0.568, while the deepest matched cells, at 19B tokens, give
0.477 to 0.491. Under a training-depth explanation the ordering would run the other way.
Holding the corpus set fixed at the corpora with a complete model ladder and reading
the floor off each size in turn is equally flat, moving R? by —0.014 across a 62x range in
parameters.

One corpus is a documented exception. AutoMathText (py-code) trains to the largest
negative residual on this panel, and it is also the most repetitive corpus of the seven probed
for duplication: its distinct word-8-gram ratio is 0.7255, below every other corpus measured
and below both controls chosen to separate the plausible confounds, namely another LLM-
synthesized corpus at 0.9845 and another pure-code corpus at 0.9084. That measurement
is independent of the residual. Setting it aside leaves p = 0.768 and R? = 0.525 on the
remaining 25, and R? = 0.804 with per-type intercepts. The panel and the headline retain
all 26 corpora.

For &1z on the same 26 corpora, the analogous residual correlation is Pearson p = —0.33
with permutation p = 0.17. A log-log slope is algebraically less sensitive than a level to
rescaling the token axis. Unit conversion can therefore contribute to the difference between
the floor and slope results, but the present test does not identify it as the mechanism.
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Distinct information in the compression statistics. They correlate at p = —0.82, but on the same

41 corpora h ranks ap at only p = —0.54, compared with 0.84 for @;z. The single-point
alternatives are weaker still: —0.38 for the corpus-growth exponent, the closest analogue to
a raw gzip ratio, and +0.22 for the three-point closed form of Section P.4. Conversely, a1 7

retains partial p = 0.74 after controlling for T. The two measurements are related, but the
floor readout is a substantially weaker predictor of how fast a corpus scales.

Headline exponent association. On the selected 38-corpus set, p = 0.84 and R? = 0.64, with
Fisher and bootstrap 95% CIs [0.72,0.92] and [0.71,0.92], permutation p < 10~#, and leave-
one-out Q? = 0.59. Both the corpus set and the eight-point trimmed log-log z1ib estimator
were chosen on this panel. Six of the ten corpus exclusions were introduced when 18 corpora
were added, and a1z was one of six readouts compared in Section S.1.

The full estimator/corpus-set comparison is therefore more informative than its best cell
(Table 9). All four LZ-slope estimators rank ap at p € [0.63,0.84] with Q% € [0.13,0.59],

and agree with one another at p > 0.93 (> 0.81 after controlling for /). In each of the 12
cells, none of 20,000 label permutations matches the observed statistic; these are unadjusted
cell-wise counts, and no selection-adjusted p-value is available for the chosen estimator. The
three-point readout and the sharper predictive compressors (order-16 PPM and LZ 100k) do
not show a comparable corpus-set-wide association. Proposition B.8 allows such finite-scale
estimands to differ but does not predict their empirical ordering.

Leave-one-parent-family-out evaluation. Leaving out each of the panel’s 27 parent families
gives the recorded results below. Estimator selection used the same corpus panel, so this
analysis measures internal robustness. The slope predictor’s MAE is close to the domain
mean’s, while its rank correlation is higher.

Predictor MAE Q2 Spearman p
Compression slope  0.0514 0.584 0.795
Intercept 0.0785 —0.057 —
Domain mean 0.0508 0.317 0.535

Later measurement on known corpora. After the estimator was fixed, a 270-cell remeasurement
of the nine widest-@; 7 corpora on one Chinchilla grid gives p = 0.87, R> = 0.90, and exact
permutation p = 0.0023 over all 9! relabelings. Applying the earlier line to these newly
measured exponents gives R? = 0.56, or 0.47 under a matched D < 700M ceiling. Because
the corpora already appeared in the original panel, this is a later outcome measurement
rather than a new-corpus test.

Consistent-training sensitivity. Replacing the capped-pool exponents for those nine corpora
puts all 41 language corpora on one training protocol. The rank statistic is unchanged:
p = 0.839 versus 0.838, with bootstrap CIs [0.69,0.92] versus [0.71,0.91] on the same corpora
and @1z span [0.12,0.45]. The apparent R? increase from 0.60 to 0.81 is not resolved: the
paired change is +0.20 with 95% CI [—0.12, +0.38], and removing the two highest-a; 7 points
reduces both fits to R? ~ 0.50 at p = 0.813. The evidence supports stable ranking under this
protocol change, not a gain in explained variance.

Dependence on prior outcomes. The superseded and remeasured exponents correlate at p =
0.65. After controlling for the old values, the @} association is partial p = 0.76 with
exact p = 0.015, compared with 0.22 and p = 0.30 for order-16 PPM on the same nine

corpora. The partial correlation after controlling for I is 0.74, rising to 0.80 on the English
Web/Code/Math subset. These small, overlapping comparisons support the estimator
ordering but do not replace the headline panel or a prospective corpus test.

J.4 The Exponent Link Across the Tested Model-Scale Range

No weakening is detected from 16M to 1B parameters. We fit L(D) = Ep + ApD~*D.P sepa-
rately at each model size, excluding the D = 20B cells used for the floor proxy, and correlate
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ap p with &1z over the 29 language corpora. For the selected z1ib estimator, Spearman cor-
relations at P = 16M/51M/124M/253M /512M /1B are 0.88/0.91/0.92/0.96/0.93/0.89. The
fitted trend is +0.005 per model size across this 64 x range; the three largest sizes average
0.93, compared with 0.90 for the three smallest. Order-16 PPM gives lower correlations,
0.34-0.46, but also a nonnegative trend (+0.016 per model size; Section S.1). Neither result
extrapolates beyond 1B.

Each fit must estimate Ep freely. Reusing the largest model’s floor forces its residual toward
zero and creates an artificial trend of —0.111 per model size (0.75— 0.20). After controlling
for the correlated floor readout (Pearson —0.70 between the two measurements), &y 7 still
ranks ap p at partial Pearson 0.73-0.85 at every size; the reverse partial correlations are —0.23
to —0.43. No fit reaches its bound, median per-cell R?> ~ 0.97, using only the five shared
data budgets gives Spearman 0.95-0.96, and leave-one-out Spearman spans 0.88-0.96.

J.5 The Model Axis, Measured: Ranking with Data-Axis Overlap

Every Case-1 result so far is on the data axis (¢p). The theory distinguishes that from
the model axis (apeaq): the data axis has no geometric target, while the head bound is
conditional. Transposing the factorial—fitting L(P) = Ep + ApP~*P across six model sizes
at each fixed D—shows a weaker positive association with @17 (p =~ 0.75 rather than 0.84),
with substantial overlap with the data-axis result.

Eligible data budgets. A model exponent is not meaningful where the sweep is not parameter-
limited. We therefore require at most half the corpora to have loss non-monotone in P. The
D < 40M budgets fail because 98% and 84% of corpora are data-starved; at D = 10B the
largest model regresses for 57% of corpora because of the batch-tier artifact in Section J.2,
rather than divergence (dropping Ps restores p = +0.46).

Result and data-axis overlap. Across the five eligible budgets, &1z ranks ap at p = 40.53 to
+0.79. At the least noisy budget, D = 5B, the correlation is +0.75 (n = 26, exact permutation
p = 5 x 107°), below the data-axis correlation 0.84. The two fitted exponents correlate
at p = +0.68; controlling for ap reduces the model-axis association to partial p = +0.31,
showing substantial overlap without assigning a fraction of signal to either axis.

The result is compatible with, but not predicted by, the one-sided achievability bound,
which does not order corpora. Descriptively, ap > 2a} z for all 24 corpora with median slack
+0.227, and 2/ap € [3,100] for 18 of 24. This is not a test of the theorem because @} 7 is not a
dimension estimate.

Fit controls. The joint Chinchilla fit'’s ap column cannot be used because its bound at 1.5 binds
for 9 of 38 corpora. We refit each budget with bound 4.0; none reaches it at the headline
budget. The leave-one-P-out SD is 0.17 of the between-corpus SD there and at most 0.43
at any eligible budget, compared with 0.93 where the per-domain measurement becomes
noise (Section S). Pairwise rank agreement across eligible budgets is +-0.40 to +0.91, with
median exponent ratios near one.

J.6 Prospective Case-1 Pilot

The exponent pilot improves on the intercept, whereas the floor mapping does not. For

FineWeb-2 ZH, FineWeb-2 AR, and Lucie, the fixed line a5}°! = 1.182&; ; — 0.046 gives
predicted/observed exponents 0.089/0.099, 0.156/0.252, and 0.245/0.361: MAE 0.074 versus
0.111 for the intercept, or 1.33x the calibration residual RMS. The readouts were computed
before the neural outcomes existed and the line was not refit. With only two parent families
and no ex-ante decision threshold, this is a prospective calibration diagnostic, not the
family-generalization test; the points remain outside Figure 2 and the calibration panel.

The two non-Latin floor points lie outside the published floor range. Their fixed mapping
has MAE 5.194 nats/token versus 0.684 for the intercept and 0/2 family-block interval
coverage; the gap persists across pooling, refitting, and unit changes. The scope of the
empirical cross-script floor mapping is limited accordingly; the entropy-rate result and the
certificate in Theorem B.1 and Proposition B.3 do not depend on it.
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J.7 Six-Family Blind Transfer and Measurement Checks

On the five families with valid scaling fits, the fixed map has MAE 0.02891, compared
with 0.04821 for the intercept and 0.04490 for the domain baseline (ratios 0.600 and 0.644).
Spearman correlation is 0.800, and all five residuals fall within the fixed interval half-
width 0.103. The result passes all five criteria of the frozen transfer rule in Table 6. With
five evaluable families, the exact two-sided permutation p = 0.133 and Q? = 0.325 are
descriptive statistics, as specified in that protocol; Table 2 reports the five eligible residuals
at recorded precision.

The test comprised BigPatent, Hacker News, FLAN, YouTube Commons, Amazon Books,
and FinePDFs English, each trained ona 6 x 5 (P, D) factorial, for 180 cells. Before any neural
outcome existed, the protocol fixed the family set, the rounded map ap = 1.182a1 7 — 0.046,
the requirement of at least 16 cells and joint-fit R? > (.85, both baselines, the family-block
prediction half-width of 0.103, and five success criteria. The map and 38-corpus calibration
artifact were not refit.

The evaluation rule is recorded in pre-train/casel_blind_eval_v1/preregistration.json
(lines 72-103). The corrected execution protocol, pre-train/casel_blind_family_v2/
preregistration.json, was frozen at 2026-08-13T21:20:18Z and retained the same eval-
uator and predictions. Its freeze manifest pins the evaluation protocol to SHA-256
d2e79c7fd57bcb7c5665110900c11ae306€207414271f16a0052b4b1ca38dc3a. The prediction
lock records the roster and domain assignments before training.

All 180/180 cells passed the technical checks and all six outcomes were revealed once. An
earlier attempt was quarantined before reveal because its seed /resume semantics failed the
integrity check; no scientific result from that attempt was used. The corrected run preserved
every scientific choice, restarted each attempt from step zero, and used atomic no-overwrite
promotion. The exponent metrics therefore describe the five eligible families from this
six-family test.

The excluded family, re-measured. On a denser grid at double the data budget, the family the
gate excluded agrees with the frozen prediction. FinePDFs English originally fit xp = 0.562
at R? = 0.850, against a predicted 0.160 and a fixed interval [0.058,0.263]. That fit carried the
two marks of a misfit: the lowest R? of the six families, which is what the gate caught, and
ap = 1.44 against the fitter’s bound of 1.5, where the other five sit between 0.22 and 0.52.
We rebuilt its tokenized pool to 1.6B tokens with the original bytes as an exact hash-checked
prefix, added a D = 80M rung to resolve the knee between 40M and 130M, added a 1.4B
rung, and retrained the whole 6 x 7 grid on one common validation clock. Every fit window
lands inside the frozen interval: 0.092 on the original five rungs read on the new clock, 0.099
on all seven, 0.132 for D > 130M, 0.174 for D > 80M, 0.195 for D > 40M, and 0.208 for
D > 80M with the 1.4B rung dropped. Replacing the anchor cell with two further training
seeds moves the exponent by 0.0003. No window returns more than 0.208, so 0.562 does not
reproduce.

This is a post-reveal measurement. It does not change the frozen decision, which rests on the
five eligible families, and the six-family metrics above are unchanged. Two of the 52 runs,
the seed replicates of the largest cell, were lost to preemption and cannot be regenerated,
because the protocol pins the training harness by content hash and that content was never
committed. Under the classification rule declared for this diagnosis the result is MIXED
rather than PRE-ASYMPTOTIC: the shift from the original-rung fit to the asymptotic one is
0.083 against a declared threshold of 0.10. The record is pre-train/reports/casel_finepdf_
partial_readout.md.

What the fit-quality gate should check besides R2. With five data budgets the joint fit does
not pin ap independently of the window. Dropping each family’s smallest budget, leaving

four, raises every fitted exponent by two to four times while raising R?: BigPatent goes
from 0.239 at R2 = 0.93 to 0.588 at 0.98, Hacker News from 0.139 to 0.510, Amazon Books
from 0.111 to 0.494. One window is applied to every corpus, so the rankings are unaffected
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and the exponents are protocol-relative; the point is that a higher R? is not evidence of a
better-determined exponent. Two of the six fits also put a parameter at a bound, FLAN at

E=103 against a minimum observed loss of 1.35 and FinePDFs at ap = 1.44 against 1.5,
and FLAN carries the largest residual among the eligible families (—0.063). A boundary

check belongs beside R? > 0.85 in the gate.

Table 6: Frozen prospective protocol and observed outcome. All five decision criteria passed.

Item Recorded specification

Prediction ap = 1.182a1 7 — 0.046, fixed before outcomes

Families and grid Six named families; 6 X 5 cells per family; 180 cells total

Fit eligibility At least 16 cells and joint-fit R?% > (.85; one family excluded

Baselines Global calibration mean 0.182787; calibration domain mean with
global-mean fallback

Prediction interval Half-width 0.103: higher empirical 95th percentile of the maximum
absolute residual per held-out parent family

Decision rule At least five evaluable families; MAE < 0.0785; MAE ratios to both
baselines < 1; p > 0.7; interval coverage > 0.8

Reported outcome Five eligible families; MAE 0.02891; p = 0.800; interval coverage 5/5

The fixed domain means, computed from the frozen 38-row calibration artifact, are 0.093573
for web/prose, 0.228049 for math, 0.247706 for code, 0.162158 for reference/science, and
0.139885 for other. The locked roster assigns Amazon Books, Hacker News, and YouTube
Commons to web/prose; FinePDFs to reference/science; and BigPatent and FLAN to other.
The interval uses leave-one-parent-family-out calibration fits, with one maximum absolute
residual per family, and is descriptive rather than a calibrated coverage guarantee. The
thresholds concern prediction error, direction, and coverage; the exact rank p-value is not a
separate pass criterion.

Measurement repeatability. Resampling barely changes the family ordering. Before reveal,
the DMO-Corpus statistic was recomputed on the same six source corpora with window
seeds 0-19. Across families, the propagated @p SD is 0.0010-0.0067; seed zero reproduces
every reported value exactly. The rank correlation with the reported six-family ordering has
mean 0.997 and descriptive 2.5-97.5% range [0.970,1.000]. A second sensitivity draws 100
contiguous 100-document blocks with replacement in each of 20 replicates; its mean rank
correlation is 0.986, with range [0.883,1.000]. These are repeatability diagnostics for the first
10,000 valid documents, not population confidence intervals.

Sequence-structure control. Shuffling word order lowers @} 7 in all six families while pre-
serving their rank order. The control first reproduced the reported DMO-Corpus scores,
then shuffled maximal non-whitespace tokens within each document while preserving
their multiset, whitespace slots, document character length, sampling grid, and seed. The
resulting &1z was lower in all six families: the median original-minus-shuffled difference
was 0.02574, with exact two-sided sign p = 0.03125. As an implementation-sensitivity
baseline, XOR relabeling preserved byte length and equality structure and changed @12
by median absolute 0.00341. The sequence contrast is therefore larger than this byte-label
baseline, but the original and shuffled family orderings remain identical (Spearman p = 1).
The control shows that the finite-grid statistic responds to sequential organization, but it
does not isolate a dependency scale or explain the cross-family neural ordering.

Same-tokenizer, same-clock floor diagnostic. The floor gap persists with tokenizer and clock
matched. Among the five families with valid fits, validation-tail floor versus neural E has
p = 0.30 (exact two-sided p = 0.683 over all 5! = 120 permutations), Pearson » = 0.159,
in-sample R? = 0.025, and leave-family-out MAE 2.064 bits/token versus 1.414 for the
intercept. The reported Q2 is —0.968.

The protocol was fixed before reveal to test whether the earlier floor gap was merely a unit
or tokenizer mismatch. It reads the exact GPT-NeoX unsigned-16-bit token streams used
for training, measures raw-DEFLATE rates at 128, 2,048, and 32,768 tokens, and applies
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the same three-point extrapolation. Its primary analysis uses the fixed 5% validation tail;
the full bin is a sensitivity analysis. After reveal, neural E was refit in bits per GPT-NeoX
token from each family’s same 30 primary cells. The full-bin sensitivity likewise detects
no rank association and performs worse than the intercept (0 = —0.10, exact p = 0.950,
Q? = —0.589). The gate-failing family is excluded from both associations because its fit
failed the primary criterion.

J.8 An Equal-Target Training Proxy on the Same Five Families

A proxy that trains on the candidate corpus predicts the level worse and the ordering no
worse. The comparison uses cells that were already trained for the six-family test, so it
adds no compute: for each family we take the 16M-parameter row of its own 6 x 5 grid, fit
L = E + AD™* on the cheapest budgets alone, and use « as the prediction. The target, the
five families, and the pooling are the ones the frozen rule already fixed.

Predictor MAE Spearmanp exactone-sided p tokens trained per corpus
Compression slope @ 7 0.0289 0.800 0.067 none
Fixed intercept 0.0482 — — none
Domain mean 0.0449 0.866 0.100 none
16M model, 5 budgets 0.0836 0.900 0.042 1.13B
16M model, 3 budgets 0.0851 1.000 0.008 0.18B
16M model, 2-point slope  0.1151 0.900 0.042 0.05B

The proxy’s error is bias, not noise. Its predictions are 0.036, 0.057, 0.072, 0.098 and 0.106
against observed exponents of 0.111 to 0.239: a single model size reads the joint exponent
two to three times too low on every family, because the joint fit pools six sizes and the
one-size fit cannot separate E from A over five budgets. Rescaling it needs a calibration
panel, which is the cost the raw-text map already paid once.

Ranking is where the proxy holds up. The three-budget proxy orders the five families
exactly and the five-budget proxy misses by one adjacent swap, against p = 0.800 for ¥y z;
at n = 5 one swap is worth 0.1 in p, so these orderings are not separable. This matches
Magnusson et al. (2025), who find that ranking data recipes from single-scale runs is about as
compute-efficient as extrapolating a scaling law. The two claims that survive the comparison
are the level and the cost: 0.0289 against 0.0836 on the same target, at zero training tokens
against 1.13B per candidate.

The three training-free rows reproduce the frozen protocol’s recorded MAEs (0.02891,
0.04821, 0.04490) from full-precision @1 y; the script is pre-train/scripts/casel_blind_
cheap_proxy_baseline.py and the figure is generated by hurst/make_main_transfer.py.

J.9 A Within-Corpus Intervention: Multi-Scale Block Shuffle

This experiment tests whether moving sequential structure within a fixed corpus changes
both @1 7 and the fitted exponent. It does on all three tested corpora. The design removes
between-corpus variation but changes several order-dependent features at once, so it does
not identify a unique mechanism. For a corpus X, the intervention T;(X) cuts each document
into /-character blocks and permutes the blocks within the document. Document length,
the block multiset, and every block’s internal character string are unchanged; block order
and cross-block context change, and retokenization can change token frequencies. We apply
Ty at ¢ € {64,256,1024,4096} plus an unshuffled control to three corpora spanning the
exponent range and the three Case-1 domains — StarCoder (code), FineWeb-Edu (web),
and Proof Pile 2 arXiv (math). For each arm, we rerun the DMO-Corpus readout, retrain
a fifteen-cell (three model sizes x five data budgets) grid per arm from scratch, and refit

Xp (f)

Arm ordering. Across all three corpora, the fitted exponent rises with ¢ (0.032 at /=64 to
0.055 at the control on web; 0.085 to 0.130 on code; 0.053 to 0.098 on math), and @y y rises
with it under every estimator. Per corpus the Spearman correlation over the five arms is 1.00
on web and math and 0.70 on code under the selected trimmed-z1ib slope (0.90/0.70/1.00
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under PPM, 0.90/0.60/0.90 under LZ3); code’s £=4096 arm is near its control. The function
block_shuffle_text in pre-train/block_shuffle_exp.py (lines 76-81) leaves documents of
length at most 2¢ unchanged. Longer documents are split into /-character blocks, including
any shorter final block, and all blocks are permuted together. Only 38.8k of the 530k code
documents exceed 8k characters, so the 4096-character arm changes a small subset.

Stratified inference. Five-arm rank tests have coarse resolution. To combine the three within-
corpus associations, we use a stratified exact permutation: relabel arms within each corpus
((5!)3 = 1,728,000 relabelings, statistic the mean per-corpus p). This reference distribution
assumes exchangeable arm labels under a no-association null and does not quantify training-
seed or new-corpus uncertainty. The analysis script pre-train/scripts/blockshuffle_
pooled.py (lines 59-74) enumerates the upper tail Prperm(pperm > pPobs) and reports a one-
sided probability. Reconstruction from the listed untied five-arm correlations yields 224,
560, and 2435 qualifying relabelings out of 1,728,000 for trimmed z1ib, PPM, and LZ3,
respectively. These counts reproduce the recorded probabilities: p = 0.00013 (trimmed
z1ib), 0.00032 (PPM), and 0.00141 (LZ3). The absolute two-sided probabilities are twice
these values. The script does not record when the tail was chosen. A common slope with
corpus fixed effects (both variables centred within corpus, fifteen arms, eleven degrees of
freedom) is significant for all three estimators (t = 6.5-7.4, within-R? 0.80-0.83); the per-
corpus slopes agree within 29% across code, web, and math for PPM and LZ3 but span 2.2 x
for trimmed z1ib. Thus, within these three corpora, every tested estimator tracks the arm
ordering, while the across-corpus magnitudes are more similar for the two predictive-match
estimators. This is consistent with the estimator sweep of Section S.1.

Floor-side behaviour. The floor estimate is the intervention’s control on code and web — 1 is
flat across their arms — but not on math, where displacing the long-structured text changes

the compression curve’s curvature enough to move the three-point floor extrapolation (iz\LZ
falls from 1.83 to 1.30 at /=64). The exponent result does not rest on floor flatness, and
the floor theory rests on Theorem B.1 rather than on this invariance, but the clean two-
coordinate separation is a two-of-three-corpora observation. The five arms are five points of
one ordered intervention, not independent draws; the observed mean rank association is
unusual under independent random relabeling of the five arms within each corpus.

Lag decomposition. Block shuffling preserves block contents and changes their relative
positions. The observed compression gains shift toward larger windows; this does not
establish preservation of every original dependency. Writing Geomp (N) = Cn — Con for
the marginal gain (bits/char) from doubling the compression window at N, the association
with «p across the 15 arms, with corpus fixed effects, changes sign with N: positive at
short lags (t = +7.3 at N=64, 7.7 at N=128), insignificant at N=512-1024, and negative
from N=2048 on (t = —5.4 to —6.8). The cumulative long-window gain Geomp,>(N) =
Y m>N Geomp (M) is negatively signed at every N > 256, peaking at N=512 (t = —10.5,
within-R? = 0.91). The block multiset is unchanged, while original cross-block adjacency
is disrupted. The measured curves show greater compression gains at long windows
after shuffling. On code, for example, Geomp(16,384) rises from 0.024 in the control to
0.128 at ¢ = 64. The pattern therefore implicates the location of predictable structure, not
simply its total amount. The nine N values are correlated measurements from the same
curve summarized by @1z, so this is a decomposition of the intervention result rather than
independent evidence; the sign-change location is approximate.

Matched-slope control. On two StarCoder pairs, mixtures with the same @y z as a uniform-
shuffle arm also have fitted exponents closer to that arm than to a document-mixture
prediction. To construct the pairs, we shuffle a Bernoulli-g fraction of documents at /=64
and leave the rest intact. The resulting bimodal spectrum has a trimmed slope determined
by the endpoint arm curves. We tune g=0.674 to match the /=256 arm and §=0.364 to
match {=1024. The realized slopes are 0.2192 versus the target 0.2222 and 0.2384 versus
0.2378; both training grids completed 15/15 cells. We compare two benchmark predictions:
a scalar-only interpolation assigns each mixture its slope-matched arm’s exponent, while a
simple document-mixture heuristic uses the corresponding mix of the endpoint exponents,
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0.008-0.020 away. The observed values are ap = 0.1101 against 0.1075 slope-matched and
0.0996 mixture-predicted at g=0.674, and 0.1298 against 0.1333 and 0.1134 at 4=0.364. The
respective errors are 0.0026 versus 0.0105 and 0.0035 versus 0.0164, making the matched-
slope predictions 4.1 x and 4.7 x closer, at the grid’s refit-noise scale and with mixed residual
signs. The values and completion counts are recorded in pre-train/reports/blockshuffle_
matched_slope.md. This two-pair, one-corpus check is consistent with the scalar readout
but does not establish that it is generally sufficient. Across the observational corpus set, no
single Geomp (N) band out-ranks the aggregated slope.

Extension across model sizes. The control-minus-shuffled exponent gap remains positive
through 512M parameters. We extend the maximum-contrast pair (control versus {=64)
from 16M-124M to 253M and 512M parameters on both corpora and refit L(D) = Ep +
ApD™*D.P at each model size with a free floor. The reported quantity is the control-minus-
shuffled exponent gap at each size.

model size 16M 51IM 124M 253M 512M
gap,code  0.033 0.069 0.073 0.081 0.077
gap, web 0.018 0.023 0.024 0.028 0.032

The recorded gap is smallest at 16M, grows, and then plateaus on code while continuing
to rise through 512M on web. One possible explanation is that larger models use order-
dependent information that the shuffle disrupts. These fits do not isolate that mechanism
or quantify training-seed variation. Across the measured 32x size range, the observed
endpoint gap persists alongside the rank stability in Section J.4. The measured window
ends at 512M; no decreasing trend is visible in these point estimates.

J.10 One Anchor Run Yields an Empirical Curve Extrapolator

Construction. The calibrated readouts predict the fitted floor E and exponent ap, but not
the amplitude A in L(D) = E + AD~%0. One anchor run (Dy, Lg) supplies it: L(D) =
E+ (Lo — E)(D/Dg) . We take the Dy = 12M-token cell of each corpus/model-size row
as the anchor and predict its larger-budget cells. The 17 — ap map and every calibration

constant are fitted without the predicted corpus. Because 11 > Ly in 29% of rows, the method
also calibrates the floor without the held-out corpus rather than using h directly.

Accuracy and range.  Across all 882 predicted cells, median relative error is 14.0% and the
90th percentile is 26.2%, compared with 32.1% for carrying the anchor loss forward and 5.9%
when the full curve is refitted. Error grows with distance: 3.7% at 2-5x the anchor budget,
17.6% at 5-15x, and 66.8% beyond 30x. On this panel, the useful range is therefore roughly
10x the anchor budget, where median errors are about 10-15%. Longer extrapolation still
requires a direct sweep.

Filtering trades coverage for task accuracy. On the 11 Paloma subsets the T = 10 arm is 0.068 bits per
byte worse than the random draw at 150M and 0.001 worse at 300M, and neither larger size has a
bits-per-byte readout. What separates this sweep from the quadrant grid is the dose: splitting at both
medians leaves each quadrant about a quarter of its pool, where this one keeps a tenth.

K Related Work

Predicting scaling from trained models. Conventional scaling laws are fit to several trained model
sizes (Hestness et al., 2017; Kaplan et al., 2020; Hoffmann et al., 2022), with results that depend on the
fitting protocol (Krajewski et al., 2025; Volkova et al., 2026). Recent methods reduce the new sweep by
transferring information from other trained models (Ruan et al., 2024; Brandfonbrener et al., 2024a;
Mayilvahanan et al., 2025), while prescriptive scaling uses trained-model evaluations to estimate
attainable capability boundaries (Zhang et al., 2026). Cagnetta et al. (2026) explain data scaling through
the growth of a usable prediction horizon. When this mechanism dominates, conditional-entropy and
token-correlation decays give ap = Ycg/ (2Bcorr); their entropy exponent is estimated from converged
short-context losses of trained models. DMO-Corpus supplies a calibrated forecast from raw text
before a model is trained on the candidate corpus.

47



Published as a workshop paper at Sci-FM@COLM 2026

A the selection is real B less data, better model C DCLM pretraining
—, = 9 o120 2.39
0.31 \ S/ or2tg g a2 \, -— 238 1 -[
=) / £ & 8 n
N > —
20'30- \ / -2.24@ A .GOOM €$237- l
2 ./ 2210 “Sooma—, 83
% =e— LZ slope (higjeY is better) [ 2.0 5 o .\ = o2 2.36 T
N 0.29 7 —m- PPM floor (Jowelis better)} =~ é = .\ /. E E ________________ ¢
N / < @381 * g © 235 +—e !
g 028 1 / 18 A 3 g2 =2
o U / o, O o=
g 1 \ s @ S 7 2.34 1 T
e L16 8 % 364 A
0.27 7 \ g o 2.33 _—rand(;t)drawofpool
e Y o".’ = = length-only
10 25 75 100 10 25 75 100 Formal Rich Rote Colloq.
T : percent of pool kept T : percent of pool kept quadrant, median split
(t = 100 is a random draw) (t = 100 is a random draw) (150M, 3 seeds, 95% CI)

Figure 6: Selecting the top 7% of a pool by the two document scores trains a better model than
not selecting at all, at four model sizes. (A) The selection does what it claims. Mean LZ rate slope
and PPM floor of the documents each arm actually trained on, read back from the selected-document
records: the slope rises 0.65 standard deviations and the floor falls 1.03 as 7 tightens, and the T = 10
and T = 100 arms share 0.1% of their documents. (B) Mean 0-shot accuracy over eight tasks. Every
arm draws its 200,000 documents uniformly from its own top-7 pool, so T = 100 is a random draw
of the whole pool at the same budget, not a ranked prefix of it; T = 10 beats that random draw at
all four sizes, by 0.9 points on average, and accuracy falls as T loosens at every size. Counting each
task once, averaged over the four sizes, six of eight improve at 0-shot and all eight at 5-shot (sign test
p = 0.008); the movers are SCIQ (+4.2 points) and ARC-Easy (41.7), which between them supply
0.74 of the 0.88-point mean. Each cell is one run. (C) The same two scores used as a median split on
DCLM, run as a separate six-arm grid at three seeds against a random draw of that pool. RICH trains
0.015 bits per byte better than the random draw (¢ = 2.7); a length-only filter blind to both scores does
not (40.004); FORMAL matches the draw to 0.000 and ROTE is 0.028 worse. A median split leaves each
quadrant about a quarter of the pool where (B) keeps a tenth, so selection strength is what separates
the two designs.

Raw corpus statistics. The closest precedent is Pandey (2024), who measure gzip compression ratios
on fixed-length sequences generated by probabilistic grammars and fit scaling parameters as functions
of that compression level. DMO measures how the compression rate changes with window length and
tests the resulting fixed predictor on new natural-text families. Other routes connect corpus statistics
to an exponent under additional assumptions: Debowski (2025) chain Zipf, Heaps, and Hilberg laws
to neural scaling at one literature value of the Hilberg exponent, and Han et al. (2026) transfer a
fitted exponent across corpora through a gzip ratio. The distinctive test here is transfer of a frozen
compression-to-exponent map, followed by interventions on sequence order within the same corpus.

Representation and geometry. Manifold models obtain « o< 1/d from regularity assumptions on
the learner and data geometry (Sharma & Kaplan, 2022); resolution-limited, random-feature, and
quantization models derive exponents from spectra or skill frequencies (Bahri et al., 2024; Maloney
etal.,, 2022; Michaud et al., 2023). Approximation rates on manifolds can depend on intrinsic rather
than ambient dimension (Shaham et al., 2018; Chen et al., 2019; Nakada & Imaizumi, 2020; Schmidt-
Hieber, 2020). Our direct-head result specializes this principle to softmax cross-entropy on a supplied,
smooth predictive state with regular conditional logits (Proposition B.4).

Dimensionality reduction and finite-sample tests probe geometry in a chosen metric representa-
tion (Tenenbaum et al., 2000; Roweis & Saul, 2000; Belkin & Niyogi, 2003; Narayanan & Mitter, 2010;
Fefferman et al., 2016). Prior studies use such estimates to predict image difficulty and representation
compression (Pope et al., 2021; Ansuini et al., 2019), and to measure dimension in language represen-
tations (Du & Tanaka-Ishii, 2024). Our symbolic obstruction identifies the geometric information that
a text-only measurement leaves undetermined, and our conformal bridge shows how an independent
expansion rate resolves it.

Coding, memory, and recurrence. Probabilistic prediction and code length are operationally linked
under the usual coding construction (Délétang et al., 2024; Huang et al., 2024). Compression quantities
also constrain context-length scaling in the settings analyzed by Shi et al. (2025). Universal-coding
and Brudno-type limits identify entropy rates (Brudno, 1983); Ornstein-Weiss and Wyner-Ziv connect
LZ match lengths to recurrence (Ornstein & Weiss, 1993; Wyner & Ziv, 1989). Under dynamical
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assumptions, quantitative recurrence recovers local dimension (Boshernitzan, 1993; Barreira & Saus-
sol, 2001; Galatolo, 2007), and entropy—expansion formulas give dgeo = hx/A in the conformal
setting (Ledrappier & Young, 1985; Young, 1982). A finite-N Hilberg residual concerns memory and
mutual-information decays (Hilberg, 1990; Debowski, 2011; Ebeling & Poschel, 1994; Lin & Tegmark,
2017).

Data selection. Current curation pipelines use classifiers, deduplication, importance resampling, or
reference-model perplexity (Li et al., 2024; Xie et al., 2023b; Marion et al., 2023; Brandfonbrener et al.,
2024b). The closest line to ours predicts good data by training first and reading the result: Liu et al.
(2024) train 1M-parameter proxy models on Dirichlet-sampled mixtures for 1B tokens and regress
loss on the mixture weights, and Magnusson et al. (2025) rank data recipes from small runs, finding
that eight scaling-law extrapolation variants are no more compute-efficient than ranking single-scale
experiments directly. Xie et al. (2023a) reweight domains from a small proxy pair, and Ye et al. (2024)
fit loss as a function of mixture proportions so that a mixture can be chosen without training on it.
All of these spend training compute on the candidate data first, and the amount can be small: on
our own prospective families, 0.18B tokens on a 16M-parameter model orders them as well as the
raw-text readout does, while predicting the exponent three times worse (Section J.8). DMO reads the
candidate text itself, so it supplies a calibrated exponent at no training cost, and the cost of a decision
does not grow with the number of candidates. Jiang et al. (2025) fit per-domain scaling laws during
training and allocate samples using the expected marginal loss reduction: the scaling exponent times
the remaining reducible loss, divided by the number of samples. DMO-Corpus provides its raw-text
forecast before training; the anchor experiment tests how one subsequent loss measurement can turn
that forecast into a curve extrapolation.

L Discussion

A training decision from a raw-text measurement. DMO predicts the rate of improvement with
more data before training on the candidate corpus. That prediction, frozen before the test, transfers
to new parent families, and changing sequence order moves both the compression slope and the
fitted training exponent (Section 4). The compression slope and the floor become a loss prediction
in the one-anchor experiment, where a low-data run supplies the amplitude that the raw text leaves
undetermined.

The exponent and the remaining reducible loss jointly determine the value of more data. Both quanti-
ties appear in the derivative of the fitted law L(D) = E + AD~“P, where the marginal improvement
® dL _ap

dD D
This is the natural quantity for comparing further training budgets. Comparing budgets this way is
supported so far for corpus ranking and, with one anchor, for loss extrapolation over roughly ten
times the anchor budget. Beyond that budget, a prospective allocation experiment can test whether
initializing training decisions with these predictions reduces the tokens needed to reach a target loss.

(L(D) — E).

Measure what the model learns at each scale. The loss decomposition in Section 3 suggests the
next direct connection between compression and training: we would measure how much a model
gains when its available context doubles, at several training budgets. That training-side gain, paired
with the compressor’s own gain Geomp (N), would show which scales contain accessible structure and
which scales the learner has begun to use. Code, web, and math already provide an intervention that
changes this scale profile within each corpus. Matching the two measurements on the same data and
prediction units would test the proposed mechanism directly.

What the manifold picture earns, and what it forbids. The geometric result and the corpus result
answer different questions. A supplied predictive state of dimension d},q admits the best-in-class
direct-head rate apeaq > 2/dpred- The compression slope instead predicts the fitted data-axis exponent
through a frozen empirical calibration, so ranking corpora by that slope ranks their measured ap
under this protocol, not their latent dimension.

Three things the frame forbids, and the prohibitions are its content. A circle and a k-torus emit the same
symbol law, so no statistic of the symbols recovers dimension uniformly: any estimator’s expected
absolute error is at least (k — 1)/2 on one of them, at every sample size (Theorem B.7). The two
halves of the geometric picture never compose over the class we state them on, because an expanding
source leaves its own state in the future of the symbol stream while a predictive state has to live in
the past (Proposition C.2). And information alone never fixes the data exponent: Proposition B.10
gives processes with identical block entropy at every length that differ only in how hard their next
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symbol is to compute, and on five of them the deployed readout returns the same ® 7, a spread of

0.0005 against a start-index noise of 0.0009 (Section Q).

Each of the three says where the measurement has to come from instead. Geometry needs expansion
on the same clock, dgeq = hx /A, taken on the source rather than on its output. The data exponent
needs a trained grid, which is why the map from @ 7 to ap is fit once and then frozen. That is the
division of labour the paper is built on. The cost that used to fall on every candidate corpus is now
one pass over its raw text, which gives the exponent and a floor ranking, plus one anchor run for the

amplitude.

M Notation

Symbol

Where

Meaning

MgeO/ dgeo: dgeo,amb

Mpredr v, dpredr dpred,amb

h, Pm, Gm

Geomp (N)

Assumption A.1

Assumption A.7

Assumption A.2

Assumption A.3

Assumptions A.3 and A.4

Proposition B.2

Section J.9

Section 2

Section 2

Equation (1)
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geometric source
manifold, Hausdorff
dimension, and
ambient dimension
predictive-state
manifold, its law,
representation-
relative dimension,
and ambient
dimension

invariant data
measure; generating
dynamics

law of the stationary
symbolic source
symbolic entropy rate;
measure-theoretic
entropy of the
geometric dynamics,
equal under the
generating code
optimal loss using the
last m symbols; true
conditional law given
those symbols; a
predictor using that
same context
compression gain
Cn — G from
doubling the
character-window
length; bits per
character

sampled start indices
for the compression
measurement
sampled
raw-DEFLATE rate
and its mean at
character length N
functional notation
for the finite-range
curve template; not
an unspecified
asymptotic diagonal
w = w(N)
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Symbol

Where

Meaning

DCS/ AH

XINN

YCE

Uh, K, V4

&p, &p, &D,p

Xhead

Equation (1)

Section 2 and Remark B.9

Section P4

Section D

Section I

Section D

Equation (8)

Proposition B.4

Remark B.9

Proposition B.4
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structural exponent
and amplitude of the
Hilberg template; fit
parameters, not
source invariants
(Remark H.3)

empirical floor and
rate-slope rankers;
neither denotes a
source invariant

explanatory readouts
from three rates on
the grid N, gN, ¢2N;
71 is the first of these
evaluated at
128,2048,32768
characters, while the
deployed slope @ 7 is
a separate
eight-length
regression

(Remark H.3)
exponent of the
nearest-neighbour
learning curve in the
fixed-participation-
ratio construction
tail exponent of the
conditional entropy,
Hflond —hx < n—7cE
Spearman rank
correlation; the
subscripted

Pgeos Ppred below are
metrics, not
correlations
one-sided
finite-sample upper
bound on Ky, its
window-overhead
factor b/ (b — Smax),
and the mean
per-symbol
codelength it is built
from

arbitrary positive
slack in the
approximation-rate
exponent; the
training learning rate
is written Ir

fitted data-axis
exponent, fitted
model-axis exponent,
and data-axis
exponent refit at one
model size P
best-in-class
cross-entropy
exponent, sup{a :
AL(P) =0(P~")}
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Symbol Where Meaning

A Assumption A.4 conformal Lyapunov
exponent (geometric
side-input)

dpr Section D participation ratio
(LiCi)*/ Lid? ofa
spectrum; a
finite-resolution
effective dimension,
distinct from the
exact dimpg (M preq)
of Assumption A.7

Bapp, Bdyn, ¥ Remark E.1, Assumption A.4, and Lemma A.10  target smoothness,
dynamical
smoothness margin,
and Holder exponent
of the source-to-state
factor

P, D, N, Niot Section A.1 parameter count;
training-token
budget; text length;
total
certificate-corpus
length

w, m, ¥, b Section A.1 LZ window;
predictive context
length; recurrence
block length;
certificate window
length in source
symbols

Losts Lot Lemma B.11 UTF-8 codeword
length in bytes and its
mean; the
bytes-per-character
factor relating the
byte and character
clocks

Pgeor Ppred: T+ § Section A.1 and Lemma A.10 source and predictive
metrics; metric
radius; three-point
grid ratio Ni+1 /N,

N Deferred Proofs and Supporting Results

Scope and organization. This section first gives the proofs deferred from the main-results narrative,
including the exact wrapped-code construction behind the finite-sample certificate. It then proves
the supporting results stated in the technical pillars and closes with the deferred oracle proofs. The
preceding formal sections state the entropy, geometry, and head-rate results.

N.1 Proofs Deferred from the Main Results

Proof of Lenmima A.10. Set s = dimy Mgeo and fix g > s/v. Then yg > s, so H"(Mgeo) = 0. For
every § > 0, let {Uj } j>1 be a countable relative cover of Mgeo, with u; < Mgeo and diam(ll]-) < 4.
The Holder condition implies

diam (®(U;)) < Kdiam(U;)7,
and {®(U;) }j>1 covers ®(Mgeo). Consequently,

Hi s, (P(Mgeo)) < KIH]T (Megeo).
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Letting & | 0 gives H(P(Mgeo)) = 0, hence dimpy ®(Mgeo) < g. Since this holds for every g > s/,
dimy (Mgeo) < s/7. Finally, Mpreq = P(Mgeo) identifies the image with the predictive-state
support used in Proposition B.4. O

Proof of Theorem B.1. LetLY% = NCwz(N;w) be the codelength. If the initial window is sent verbatim,
Kraft’s inequality gives ]ELYVV%U >H (X{V ). If it is instead treated as an initial database available to both
encoder and decoder, the conditional form of the same inequality gives

ELWZ > H(XY,, | X§) = H(XY) - H(XD).

For fixed w, division by N and the entropy-rate identity N1 H(X}) — hx show that /1y, > hx.

The expected-rate sliding-window theorem of Wyner & Ziv (1994) gives the converse bound

limsup limsup ECwz(N;w) < hy.

wW—r0 N—oco

Together with iy, > hx, this implies /i, — hx. The argument concerns the expected iterated limit; it
neither asserts that a fixed-w sample-path limit exists under Assumption A.3 nor controls a diagonal
w = w(N).

When hx > 0, the match-length assertion is the theorem quoted as Lemma G.2: under the same
stationary ergodic hypothesis, L/ log, N — 1/hx in probability. The waiting-time formulation in

the same lemma gives ¢! log, R, — hx almost surely for the recurrence time R, of an ¢-block. This is
the pathwise recurrence statement of Ornstein—Weiss; Shannon-McMillan-Breiman and Kac’s lemma
describe its mechanism, but the asserted convergence follows from the cited recurrence theorems
rather than from that heuristic alone. O

Proof of Proposition B.2. Let Fy = 0(X—pm,...,X 1) and Feo = 0(X; : j < —1). Because Fy 1 Foo,
conditioning reduces entropy and hence h,, = H(Xy | F) is non-increasing. For every a € ¥, the
martingale convergence theorem gives

P(Xg=a|Fu) —PXo=a|Fw) as.

The alphabet is finite, so the entropy of these conditional probability vectors is bounded and continu-
ous. Dominated convergence therefore yields

Tim hy = H(Xo | Feo).

Stationarity gives hy, = H(X;y41 | X1,-.., Xm), whose limit is hy by Assumption A.3. Hence
H(Xp | Foo) = hx. Since Fy; C Foo, the definition of conditional mutual information now gives

[(Xo; X~V | X—L) = H(Xo | Fin) — H(Xo | Feo) = hm — hx.

Finally, let g(- | X_1,) be any predictor based on the last m symbols and let py,(-) = P(Xo € - | Fin).
Its population log-loss decomposes as

E[~1og, q(Xo | X73)] = b + E[KL2(pue[|9)] > him,

with equality for g = p;; almost surely. Thus the optimal m-context loss is h;,, whereas the infinite-past
optimum is hy, proving the final claim. O

N.1.1 Exact Wrapper for the Finite-Sample Certificate

The proposition fixes the source alphabet, document sampling law, and an injective symbol encoder
e:x — Ujg Lmax{O, ...,255}] with prefix-free range and maximum codeword length Lmax bytes.
Apply e symbolwise, let Defl be a fixed lossless DEFLATE encoder, and put g, = [1og, (8Lmaxb +1)].
For y € X!, the wrapper E;, uses one of two encodings:

1. If |Defl(e(y))| < 8Lmaxb, emit a one-bit compressed flag, the g;,-bit binary representation of
the compressed length, and then Defl(e(y)).

2. Otherwise emit a one-bit literal flag followed by an 8Lmax-bit index for each of vy, ..., yp, for
8LmaxD literal bits.

53



Published as a workshop paper at Sci-FM@COLM 2026

The flag distinguishes the two cases; the compressed header fixes the remaining length, and all literal
encodings have one common length. The range is therefore prefix-free. The byte identity map and the
UTEF-8 character map give the two unit-specific instantiations in the proposition.

The coverage proof has three steps: Kraft’s inequality lower-bounds the population mean, empirical
Bernstein controls the sampled offsets within a realized corpus, and McDiarmid controls replacement
of the independent documents.

Proof of Proposition B.3. All entropies in this proof are in bits, and all rates are in bits per source symbol.

Population lower bound. Fix an offset u, and let Y, be the corresponding length-b window of source
symbols. After deleting the symbols at its inserted separator positions, Y, consists of contiguous
pieces of lengths a1, . .., a; taken from distinct documents. For a stationary source,

a
Z (X; | X0 Y >ahy  (a>1).

The documents are independent, and reinserting separators at known positions is injective. Conse-
quently, if s;, is the number of inserted separator symbols in the window, then

]
Yu Z —Su)hX > (b —Smax)hX'

The wrapper is a code on ¥P. Its literal branch is injective because || < 28Lmax g0 8L max bits index
¥; in the compressed branch the prefix-free range of ¢ makes a concatenation of codewords parse
uniquely, so y — e(y) is injective on X!, and Defl is lossless, so y is recovered from Defl(e(y)). Both
branches are therefore lossless on . The range of Ej, is prefix-free: the first bit separates the two
branches; literal codewords all have the same length 1 4 8Lmaxb; and in the compressed branch the
fixed-width header determines the number of remaining bits. Kraft’s inequality therefore implies that
the expected length is at least H(Y,,). Writing Z, for this length divided by b and then averaging over
a uniform offset U gives

h
?X < 1Edocs,ll [ZU]- (25)

Offsets, window lengths, document lengths, and Niot are counted in source symbols throughout, so
stationarity is used only for the source process and no shift invariance is required of the byte image
e(Yy).

Offset-sampling error. For a realized corpus D, put z2(D) = E[Z; | D]. Conditional on D, the sampled
rates Z1, ..., Zys areiid. in [0, B]: the literal branch has rate 8Lmax + 1/b, and the compressed branch
is entered only when |Defl(e(y))| < 8Lmaxb, giving rate at most 8Lmax + 4 /b, both at most B,. The
one-sided empirical Bernstein inequality, with failure probability /2, therefore gives

2(D) < Z+epm. (26)

Document-sampling error. It remains to compare z(D) with its expectation over documents. Replacing
document k can change only those windows whose starting offsets lie within b — 1 positions of that
document. There are at most Ly + b — 1 such offsets, and each rate changes by at most B,. Thus Z has
bounded difference
By(Lg+b—1) .

Nt —b+1

The lower-tail form of McDiarmid’s inequality, again with failure probability 6/2, yields

zZ(D) + / In(2/9) Zc (D) + egoc- (27)

On the intersection of the events in (26) and (27), (25) gives

|2(D) —2(DW)| <

]EDZ(D)

IN

hx < xEpz(D) < K(Z +éepm+ sdoc) = Uy(b, M).
The union bound assigns this event probability at least 1 — 4. The bounded-difference argument uses

both the fixed document lengths and independence across documents, which is why those conditions
cannot be dropped from the stated coverage guarantee. O
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Proof of Proposition B.4. The canonical map A: Mpreq — Rl is Lipschitz by Assumption A.8. The
density and support hypotheses of Lemma E.3(a) are supplied by Assumption A.7. Applying that
lemma to the coordinates of A in parallel (with the fixed alphabet size absorbed into the constant)
shows that, for every # > 0, there is an fp € Fp such that

epi= sup [fp(s) = A(S) oo = Oy (P Corat)) (28)
seMpred

Fix s, set ps = p(- | s) = softmax(A(s)), and write § = fp(s) — A(s). If g = softmax(fp(s)), then

5.
_ Psie?
9= =35

1 5.
ST KLy (psllg) = ™ <1n1Ei~p5€o’ —Ei~p55i> .
j Psj

The random variable §; takes values in an interval of length at most 2||6||. Hoeffding’s lemma
consequently gives the uniform bound

2WPsl9) = 9102 = 2In2°

(29)

This estimate is uniform over the simplex and therefore introduces no lower bound on the coordinates
of ps. Integrating (29) with respect to v and using the infimum in (9) yields

AL(P) < BssKLa(p(- | 5) || softmax(fp(s))) = Oy (P~2/Woms 1))
Because the bound holds for every 1 > 0, the definition of ape,q gives

2
Xhead = SUP ————— = :
>0 dpred +7 dpred

The constants may depend on 7, so this argument does not assert the endpoint bound O(P —2/dprea)

Proof of Lermma B.5. By definition of conditional entropy,
EH(p(- | St)) = H(X¢41 | St).

Predictive sufficiency identifies the conditional law given S; with the conditional law given X< almost
surely, and hence
H(Xpi1 | S1) = H(Xpp1 | X<i)-

For a stationary finite-alphabet process, the latter is the limit of the finite-past conditional entropies
and therefore equals the entropy rate hx; this is also the m — co identity proved in Proposition B.2. O

Proof of Theorem B.7. Fix integers g,k > 2. On the circle S! = R/Z, let
Tix = g*x (mod 1)

with normalized Lebesgue measure and the partition into the g* half-open intervals of length g=%. On
the torus Tk, let

Ta(y1--yx) = (qy1,--- qy) - (mod 1)
with Haar measure and the partition into the ¥ half-open cubes of side length g~!. Partition bound-
aries have measure zero. Both partitions are generating, and both maps are computable conformal

expanding maps with absolutely continuous invariant measure, so the two systems satisfy Assump-
tions A.1, A.2 and A 4.

For the first system, the cylinder determined by any word of length ¢ is an interval of Lebesgue
measure (%) ~¢. For the second, such a word specifies ¢ successive base-q digits in each of the k
coordinates, and its cylinder has Haar measure ¢ = (g)~‘. Hence, in both systems,

P(Xy =uy,..., Xp=ug) = () ~*

for every word (uy, . .., u;). Their coded processes are therefore the same i.i.d. uniform process on g
symbols, although

dimy(S') =1,  dimy(TF) = k.
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To see the consequence for consistency directly, choose 0 < & < (k —1)/2. If a symbolic estimator dn
were consistent on both systems, then under their common law both

P(ldy —1] <e) —1,  P(ldy—k| <e) — 1.

The two events are disjoint, so their probabilities cannot both tend to one. This proves the obstruction.
Theorem H.1 strengthens the same construction to the finite-N minimax lower bound (k —1)/2. O

Proof of Proposition B.8. Equation (10) is the O(1/ log, N) expected-redundancy result of Savari (1997)
for the stated LZ78/LZW source classes. It is not a matching lower bound: if ry = O(1/ log, N), for
example, the same statement remains true when ry is of order N~° for some ¢ > 0. Thus these results
alone do not determine a leading residual.

For a nondegenerate binary memoryless source under the phrase-code convention fixed in Louchard
& Szpankowski (1997), that paper identifies the sharper expansion

Apz +6(N) o(logzlogzN)

E[CLzzs(N)] — hx = log, N (logy N)2

including the nonzero leading logarithmic contribution and its bounded oscillation. Since 1/ log, N is

not of order N~1/9 for any fixed finite d, this source class already rules out the proposed polynomial
form as a universal LZ78 leading law. These theorems are tied to LZ78/LZW; neither applies by
substitution to the deployed fixed-window statistic. Its coverage statement must therefore come from
Proposition B.3, whose proof does not use a redundancy expansion. O

Proof of Lemma B.11. (i) £y4¢(X¢) is a bounded measurable function of a stationary ergodic process, so
Birkhoff’s theorem gives N~! Yi<n lutt(Xt) — Ly almost surely, and the uniform bound (s < 4

upgrades this to L.

(ii) The range of ¢ is prefix-free, so a concatenation of UTF-8 codewords parses uniquely and ¢ is in-
jective on Zé\ﬁ. Composing it with a lossless L whose range is prefix-free makes xV — L(¢(x]))
an injective map with prefix-free range on the block alphabet Zi\] , so Kraft’s inequality gives
E|L(¢(xN))| > H(XY). Stationarity gives H(XY) = Yoy H(X; | X;_l) > Nhy, because each

conditional entropy is at least the limit /1y of that non-increasing sequence.

(iii) Shannon-McMillan-Breiman on the character source gives — N~ log, ]P(X{\f ) — hx almost surely.
Writing

1 Ny N 1 N
KN logZIP(Xl ) - KN( N10g2IP(X1 ))

and applying (i), with Zs > 1, gives the stated limit. O

N.2 Proofs of Supporting and Appendix-Only Results
Proof of Lemma E.3. Part (a): Nakada & Imaizumi (2020) prove that, for every
dimy suppv < d’ < Apred,amb/

deep ReLU networks achieve
i] lf | f - | © < C d’P ‘Bapp/d// (30)
feNy 7= fle ) e

for an ambient Bapp-Holder target. The strict inequality in their hypothesis matters: their theorem
does not, by citation alone, give one Big-O bound at the endpoint d’ = dimy; supp v.

For the compact Ckeed manifold Mopreq of Assumption A.7, the upper Minkowski, Hausdorff, and
intrinsic dimensions all equal dj,req. The upper bound a < Apred,amb 18 part of Assumption A.7.
Given 7 > 0, choose 0 < 7" < min{#, dpredamb — dpred } and set d’ = dpreq + 1" in (30). Each scalar
coordinate of the Lipschitz logit map extends from M4 to the ambient unit cube by McShane’s
theorem. Moreover, the strictly positive density in Assumption A.7 implies suppv = M eq. If 1 is
continuous on M4, every nonempty relatively open subset of M4 has positive v-measure, and
hence

ull =@y = sup fu(s)].
SEMopred
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Thus (30) is a uniform bound on Mpeq. Since P > 1 and 7' < n, its Lipschitz specialization is the

stronger estimate O, (P~ preatn’)y = OW(P’U (dprea 1)) When Bapp > 1, this application requires
the additional ambient or Whitney extension hypothesis stated in Remark E.1; Lipschitz regularity
alone does not supply it.

Part (b): Throughout this part Bapp € IN is an integer smoothness order. Yarotsky (2017) proves both
bounds by a VC-dimension argument on piecewise-polynomial networks (his Theorem 4); the metric
is the sup-norm and the variable is the parameter count.

For completeness, the counting reduction is as follows. Place g =< ¢t/ Parp disjoint Bapp-smooth
bumps on a regular grid and assign an independent sign to each bump. These 29 functions remain

in a fixed multiple of the unit WPr* ball. A network that approximates every one of them in sup
norm to less than half the bump height realizes, after thresholding at the bump centres, all 27 binary
labelings. Its VC dimension is therefore at least g. Substitution of the piecewise-polynomial network

VC bounds in Theorem 4 of Yarotsky (2017) gives P = Q(g~%prea/ (2Bapp) ) without a depth restriction and
P = Qe e/ Papp Jog=2Paer=1(1 /¢)) when Lpet < Cdepth log* (1/¢). These are minimax statements
over the target ball; they do not give a lower bound for each individual logit map.

Assumption A.8 enters this lemma only by fixing the target class of the downstream application
(Bapp = 1, the Llogit—Lipschitz logit map of Proposition B.4); the rates themselves depend only on the

smoothness-dimension pair (Bapp, dpreq) and the network class. O

Oracle composition and finite-sample propagation.

Proof of Theorem C.1. By the conformal bridge and the ideal LZ limit,

_ hx
dgeo = X, (31)

The Holder factor has image ®(Mgeo) = Mpred, s0 Lemma A.10 gives

. d
dpred = dimy q>(Mgeo) <2

(32)
Because djreq > 0 and v > 0, (32) implies dgeo > 0; then (31) and A > 0 imply hx > 0. Applying
Proposition B.4 and taking reciprocals in (32) yields

2y _ 290

pred dgeo hx '

Xhead > d

It remains to identify the reference loss. The state S; is past measurable and predictively sufficient,
so Lemma B.5 gives EH(p(- | S¢)) = hx: the excess cross-entropy of the head is measured above the
same Bayes floor the symbolic limit identifies.

Two different implications can fail. Without A, the equal-law systems in Theorem B.7 have identical
symbolic data but different dgeo, s0 a symbolic-only rule cannot recover (31) uniformly over the
stated class. Without a sufficient factor, Assumption A.7 supplies no comparison between Mgeo, and
Mred, and hence no replacement for (32). A separately supplied direct predictive state still supports
Proposition B.4, and the symbolic entropy-rate result remains available in either case. O

Proof of Corollary C.3. Let

No independence is needed: the union bound gives
P(E,NEy) =1—P(E, UES) > 1~ 4, — 4.
On E; N E,, the conformal bridge and positivity give
hx _ Uy _ Up
Aopo = 2 < 21 < Zh
BTN T A T AL

This proves the geometric conclusion without any predictive-state or factor hypothesis. If a fixed
factor (P, 7v) satisfying Lemma A.10 is also supplied, its deterministic Holder comparison implies

o U
pred = Ty " = A
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If the direct-head assumptions Assumptions A.7 and A.8 additionally hold, taking reciprocals and
applying Proposition B.4 gives
2 = Z’Y/\L

dpred - U .

Xhead >

Every applicable conclusion holds on the same event. If A is known exactly, set A;, = A and let E, be
the sure event. O

O Case-Study Details and Overlap Checks

0.1 The Document-Level Quadrant Scorer

The corpus-level rate-slope ranker @y z of Section 2 aggregates sampled windows at the eight dyadic
lengths from 64 through 8192 characters. A single document is usually too short for that measurement.
The document-level scorer for the selection experiments therefore uses the Higuchi fractal dimension
DHig (Higuchi, 1988) of the mean-centred UTF-8 byte-value stream (adaptive kmax < 32), reported as

"tig = 2 — DhHig-

This is a persistence-oriented score under a fixed encoding, not intrinsic geometric roughness. A
separate corpus-level Higuchi calculation on 200 KB byte streams, with kmax = 64, correlates with @y z
at Spearman p = 0.76 on 13 corpora. Aggregating the document scores gives p = 0.58 in the 18-corpus
comparison of Section O.1.

The second document score is the whole-document bits-per-character compression rate C?OC: gzip
for the Case 2 DCLM partition and order-16 PPM on OpenThoughts reasoning data. On the three
OpenThoughts pools where both were run, the two compressors rank documents near-identically
(Spearman p = 0.97-0.99, n > 173k each), and their median splits agree on 93-97% of documents.
(Cdoc
1
level variant. Both coordinates rank documents within a pool. They are their own statistics, cfloc next
to 1 and rhig next to the corpus-level rate slope Lz, and they carry neither of those estimands.

The four cells of the within-pool median split on , rHig) define DMO-Doc, a separate document-

What the quadrants contain. We sampled 2,000 documents from DCLM-Baseline-1.0 web text and
2,000 from the OpenThoughts-114k reasoning dataset, scored each with the two coordinates above,
and split at the within-dataset medians after min-max normalization within each dataset.

Quadrant compression score  ryjg  Observed tendency
FORMAL low high  coherent or structured text
RICH high high diverse, difficult, or rare text
ROTE low low  repetitive or simple text
COLLOQUIAL high low fragmented or templated text

Up to eight documents per cell were read.

Results. The DCLM cells hold 413 /497 /961 /129 documents for FORMAL/RI1CH/ROTE/COLLOQUIAL,
so the recorded split is unbalanced on both coordinates and its thresholds were not kept; the grouping
stands as a description of this sample. FORMAL holds coherent narrative and technical prose, ROTE
repetitive low-information text such as transcripts, polls and reference lists, RiC1 high-diversity, high-
surprise fragments such as email threads and niche technical content, and COLLOQUIAL XML-encoded,
templated or fragmented scrapes.

On OpenThoughts the FORMAL cell holds 65 of the 2,000 sampled documents: concise, well-structured
problems with clean chains of thought. RiCi1 holds harder and longer problems with denser reasoning,
ROTE repetitive or trivially simple ones, and COLLOQUIAL rare, structurally malformed examples.
These are readings of a few documents per cell. What tests the selection is the training outcome in the
selection experiments.

Aggregate stability and the corpus-to-document gap. Split-half agreement measures how stable the
corpus aggregates are to document resampling. For each of 18 corpora, we draw 4000 documents and
split them into disjoint halves. We run the corpus-level readout (3000 windows) and the document-
level scorer on each half, aggregate within each half, and Spearman-Brown-correct the half-to-half
agreement across corpora. The resulting reliability estimates are high at this sample size.
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Under a classical additive measurement-error model with uncorrelated errors, an observed Pearson
correlation is attenuated by /71172, which is the model’s ceiling for it. We apply the analogous
correction to Spearman correlations as a diagnostic; the raw values are what describe agreement
between the reported corpus rankings.

model-based

comparison raw p reliability = reference corrected p (95% CI)
h vs. aggregate ¢ +0.84 0.99/0.99 0.99 +0.85 [0.53,0.98]
Wz Vs. aggregate raig +0.58 0.97/0.99 0.98 +0.59 [0.04,0.87]

The compression-score aggregate correlation changes little after this correction (0.84 to 0.85); the raw
value is below the model-based reference of 0.99. The two aggregates share an empirical ordering,
although their levels differ by roughly 1.2 bits/char because a 32 KB window amortizes its dictionary

over much more text than a median document. We use C?OC only to rank documents within a pool.
For persistence the raw correlation is 0.58 against a model-based reference of 0.98, and correcting
split-half instability moves it to 0.59: the disagreement is in what the two statistics measure, not in
how many documents were drawn. Across 20k bootstrap resamples the reference exceeds the raw
correlation every time, and 99% put the corrected value below 0.90. The selection experiments are
evaluated by their own training outcomes.

0.2 Case 2: Document-Score Quadrant Pretraining

Case 2 asks whether the separate whole-document selector changes pretraining outcomes. We partition
one DCLM pool at the C?OC and rpjg medians into four document-level (c?oc, rHig) score quadrants
(FORMAL/RICH/ROTE/COLLOQUIAL, Section O.1) and pretrain transformers of four reported sizes
(150M, 300M, 600M, 2B) on each quadrant at the Chinchilla budget D = 20P tokens. Realized tokens,
read out of each cell’s own training record, are 3.00B at 150M and 6.00B at 300M, exactly 20P. At
600M and 2B the quadrant pool binds first and every cell consumes the whole of its own pool, 11.2—-
11.9B tokens, a 7% spread across quadrants; thatis D/P = 19.2 at 600M and 5.8 at 2B. The protocol
equalizes realized token exposure across the four quadrants of a given size and uses single-epoch
sliding-window packing (stride = sequence length). This removes a direct token-count imbalance,
but it does not eliminate all selection-correlated differences in document length, composition, or
optimization. Held-out evaluation uses the accuracy suite and Paloma bits-per-byte throughout.

Why 1.2B is not reported. At 1.2B the four quadrants did not train on the same data. The grid
restarted many times and some restarts switched pretokenized pools, so we charge each run’s wall
clock to the pool named by the job that produced it. All sixteen reported cells trained entirely on
one pool, dclm_quadrants_40b_tok. The four 1.2B cells did not, and they disagree with each other:
ROTE took 53% of its training from that pool, FORMAL 9%, and RiCH and COLLOQUIAL none, the
rest coming from dclm_quadrants_43b_fast, a looser selection that a matched re-run puts 0.45 bits per
byte behind. A quadrant contrast whose arms consumed different pools in different proportions is
not a quadrant contrast. Wall clock is a proxy for optimizer steps and the two pools do not run at the
same rate, so these shares are approximate.

The checkpoints say the same thing a second way. Reading global_step out of every surviving
checkpoint and comparing the exported weights against it, 16 of the 20 cells end at 98.2-100% of
their cosine schedule with the learning rate annealed below 1076, and all four 2B cells were scored
from exactly those checkpoints. At 1.2B, RICH was scored at 55.4% of schedule with the learning rate
still at 4.3 x 10~% and it is the best number in that row, FORMAL at 88.5%, and COLLOQUIAL from a
checkpoint that no longer exists. Two of the row’s cells have fully annealed seed replicates on the
same pool, and those replicates land 0.018 and 0.020 worse than the cells they replicate: a checkpoint
taken partway through a cosine does not beat the annealed endpoint of its own recipe by twice the
seed standard deviation, in both quadrants. The four reported sizes still span 150M to 2B because 1.2B
was interior to that range; results in Section 5.1.

Shared selection and uncertainty. The same scored partition is used at every model size. The 4/4
sign pattern therefore repeats the training comparison at four scales, not the document selection on
four independent samples; we report it without a binomial p-value. Each cell is a single run. A six-arm
mini-grid at 150M with three training seeds supplies the noise scale: the pooled single-run standard
deviation is 0.0086 bits per byte, and that is the error bar drawn in Figure 4. The persistence gap
reproduces in the mini-grid at 0.024 bits per byte, 4.9 standard errors. The separation margin between
the worst high-persistence cell and the best low-persistence one does not: 0.021 from single runs
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against 0.005 at three seeds. A difference of two extremes carries the seed noise twice, so the margin at
2B (0.003) sits below the floor and we do not read it.

The mini-grid also supplies the random-selection and length-only baselines the published grid lacks.
They cannot be added to the grid itself: the tokenized pool behind it was deleted, and the surviving,
more loosely filtered pool trains about 0.45 bits per byte worse. Built instead from one pool at 150M
over three seeds, the six arms read ROTE 0.028 worse than random (£(8) = 5.1, p = 0.0009), RiCH
0.015 better (p = 0.03), COLLOQUIAL 0.005 worse, FORMAL level with it, and length-only selection
0.004 worse. The persistence contrast inside the grid is therefore two effects of unequal size, ROTE
falling behind the random draw and RiCH pulling ahead of it. That the length-only arm, blind to both
document scores, does not clear the draw is what separates the selection from a length proxy; RICH
documents are longer than COLLOQUIAL ones, so the control was needed.

The accuracy suite (task axis). The same checkpoints are evaluated 0-shot on the multiple-choice
suite; Table 4 reports the per-quadrant means, with the protocol and the observed numerical alignment
between the two document scores and the tested evaluation axes in its caption and in Section 5.1. The
grid does not establish that either score governs an axis causally.

0.3 Benchmark-Overlap Audits for Case 2

We audit benchmark overlap with three nested tests: strict equality after NFKC, case, and whitespace
normalization; formatting-insensitive equality of deterministic word /math tokens; and token 5-gram
Jaccard or directional containment of at least 0.80, with at least ten shingles. Rare shingles retrieve
candidates, and every reported pair is then rescored exactly.

Case 2 scope. Against 2,640 Paloma items, the extant scored DCLM source-pool JSONLs contain
no strict- or canonical-exact pair and three near matches, all in Wikitext-103: two evaluation items in
FORMAL and one in ROTE. The dclm_quadrants_40b_tok bins actually consumed by the published
training ladder were deleted. This is therefore an audit of the surviving scored source pool, not a
token-for-token contamination certificate for those bins.

P Data and Measurement Details

DMO-Corpus implementation details. For a requested document budget, the loader scans at most
four times that many records, keeps strings longer than 100 characters, reads the declared text field
with fallbacks text and then content, and joins documents with \n\n. If the joined corpus is too short,
it is repeated until it spans twice the largest requested window. In the three-point floor calculation, the
implementation returns Csp7ss when |Cizg + Caazes — 2Copas| < 10~7; otherwise it clips only negative
extrapolates to zero. The committed three-point value for the one legacy row without a 100k-document

artifact is the only artifact fallback. The @} 7 path uses Python random seed zero. Historical T values
are fixed realized Monte Carlo outputs, not retrospectively seeded reruns.

P1 Data Availability

All experiments use public data and models, as distributed; exact sources (Hugging Face dataset paths,
benchmark versions, model families) are given below for replication.

Case 1 fits data-scaling laws on the 51 corpora of Table 8, which gives the Hugging Face dataset and
subset behind each label, resolving a corpus label to the exact shard trained on; several labels are
different subsets of one release, as with the five AutoMathText configurations and the three Proof Pile 2
splits, and the table is the only place that distinction is unambiguous.

Table 8: The 51 corpora in the Case 1 panel, with the Hugging Face dataset and subset each was drawn
from. A dash in the last column marks a corpus with no source publication of its own, identified by
path instead.

Corpus Hugging Face dataset Subset Source
AutoMathText math-ai/AutoMathText arxiv-0.50-to-1.00  (Zhang etal., 2024)
(arxiv)

AutoMathText math-ai/AutoMathText arxiv-full (Zhang et al., 2024)

(arxiv-full)

continued on the next page
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Table 8, continued

Corpus Hugging Face dataset Subset Source

AutoMathText math-ai/AutoMathText code-0.50-to-1.00 (Zhang et al., 2024)

(code)

AutoMathText math-ai/AutoMathText code-python-0.50- (Zhang et al., 2024)

(py-code) to-1.00

AutoMathText math-ai/AutoMathText web-0.50-to-1.00 (Zhang et al., 2024)

(web)

C4 English allenai/c4 en (Raffel et al., 2020)

CodeParrot Clean codeparrot/codeparrot- - -
clean

CodeXGLUE google/code_x_glue_ python (Lu et al., 2021)

(python) ct_code_to_text

DCLM Baseline mlfoundations/dclm- - (Lietal., 2024)
baseline-1.0

Falcon RefinedWeb  tiiuae/falcon- - (Penedo et al., 2023)
refinedweb

FineMath (3plus) HuggingFaceTB/ finemath-3plus (Lozhkov et al., 2025)
finemath

FineMath (4plus) HuggingFaceTB/ finemath-4plus (Lozhkov et al., 2025)
finemath

FineWeb HuggingFaceFW/fineweb  default (Penedo et al., 2024)

FineWeb-Edu HuggingFaceFW/fineweb- default (Penedo et al., 2024)
edu

FineWeb-HQ epfml/FineWeb-HQ - (Messmer et al., 2025)

FreeLaw pile-of-law/pile-of- courtlistener_ (Henderson et al., 2022)

(CourtListener) law opinions

GitHub Jupyter codeparrot/github- - -
jupyter-code-to-text

InfiWebMath HuggingFaceTB/ infiwebmath-3plus (Lozhkov et al., 2025)

(Bplus) finemath

Isabelle Proofsteps ~ xu3kev/proof-pile-2- - (Azerbayev et al., 2024)
proofsteps

Open-Genome LongSafari/open- stage2 (Nguyen et al., 2024)

(DNA) genome

OpenCodelnstruct  nvidia/ - (Ahmad et al., 2025a)
OpenCodelnstruct

OpenCodeReason-  nvidia/ split_o (Ahmad et al., 2025b)

ing OpenCodeReasoning

OpenCoder OpenCoder-LLM/opc- algorithmic_corpus  (Huang et al.,, 2025)

(algorithmic) annealing-corpus

OpenCoder OpenCoder-LLM/opc- synthetic_qga (Huang et al., 2025)

(synth-QA) annealing-corpus

OpenMathInstruct- nvidia/ - (Toshniwal et al., 2025)

2 OpenMathInstruct-2

OpenMathReason-  nvidia/ default (Moshkov et al., 2025)

ing (CoT) OpenMathReasoning

OpenWebMath open-web-math/open- - (Paster et al., 2024)

(full) web-math

OpenWebText Skylioneo7/ - (Gokaslan & Cohen, 2019)
openwebtext

Project Gutenberg manu/project_ - -

EN gutenberg

Proof Pile 2 aklein4/proof-pile-2-  algebraic-stack (Azerbayev et al., 2024)

(algebraic-stack)
Proof Pile 2 (arxiv)

Proof Pile 2
(open-web-math)
PubMed (full text)

SlimPajama-6B

fixed
aklein4/proof-pile-2-
fixed
aklein4/proof-pile-2-
fixed
armanc/scientific_
papers
DKYoon/SlimPajama-6B

arxiv
open-web-math
pubmed

default

(Azerbayev et al., 2024)
(Azerbayev et al., 2024)
(Cohan et al., 2018)

(Soboleva et al., 2023)
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Table 8, continued

Corpus Hugging Face dataset Subset Source
SmolLM HuggingFaceTB/smollm-  cosmopedia-v2 (Ben Allal et al., 2024)
cosmopedia-v2 corpus
Stack Edu Python zaydzuhri/stack-edu- - (Ben Allal et al., 2025)
python
StackExchange HuggingFaceH4/stack- - -
exchange-preferences
StackMathQA math-ai/StackMathQA stackmathgafull- (Zhang, 2024a)
1qla
StarCoderData bigcode/starcoderdata - (Li et al., 2023)
TemplateGSM math-ai/TemplateGSM templategsm-7473- (Zhang, 2024b)
1k
The Pile EleutherAl/the_pile_ - (Gao et al., 2020)
Deduplicated deduplicated
The Stack bigcode/the-stack - (Kocetkov et al., 2023)
The Stack Dedup bigcode/the-stack- - (Kocetkov et al., 2023)
dedup
TinyStories roneneldan/ - (Eldan & Li, 2023)
TinyStories
UniRef50 (protein)  agemagician/uniref50 - (Suzek et al., 2015)
Wikipedia AR wikimedia/wikipedia 20231101.ar -
Wikipedia EN wikimedia/wikipedia 20231101.en -
Wikipedia JA wikimedia/wikipedia 20231101.ja -
Wikipedia KO wikimedia/wikipedia 20231101.ko -
Wikipedia RU wikimedia/wikipedia 20231101.ru -
Wikipedia ZH wikimedia/wikipedia 20231101.zh -

P2 Supporting Measurement Figures

The main text reports the headline numbers; the figures below collect the corresponding measurements
(Figures 7 and 8), and each caption states its scope and interpretation.

P3 Synthetic Data Generator

To evaluate the sequence analysis algorithms, synthetic sequences of length N = 200,000 were
generated, each isolating one structural property: a fractal backbone (deterministic L-system over the
alphabet ~ = {A, B,C, +, —, / } with production rules A — AB+C, B — CA—B, C — B/ AC, giving
strong long-range deterministic correlations); pure chaos (i.i.d. uniform over the same alphabet, the
maximum-entropy baseline at matched character diversity); linear refinement (mixtures S, selecting
per position between backbone and chaos through one fixed random mask at purity p € {0.5,0.7,0.9};
the static mask makes the true signal at 50% a strict subset of that at 70% and 90%, simulating
progressive denoising); and long-period order (a random length-1000 block repeated N /1000 times:
high apparent entropy in short windows, strict global periodicity, an adversarial control against
false-positive structure detection).

P4 Derivation of the Explanatory Three-Point Readouts

Abbreviate Hy := Héw“). Let N = gNj and N3 = gle with ¢ > 1, and suppose the three values
follow the nonconstant pure-power template C; = Hy + AgN, i_“s with Ay # 0 and as > 0. Writing
a=AuN; ™ and x = g~ gives C; = Hp + ax'~1. The explanatory estimators are

@ _ GG- 3 20 _ llog((C1 — C2)/(Ca2 — C3))|
0 Ci+C3—2GC s log g ‘

~

Adjacent differences cancel the floor and their ratio cancels the amplitude:

Ci—-C a(l—x) 1
C—C3  ax(1-x) «x
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The Data-Refinement Chord: Synthetic Anchors Calibrate Real Corpora

Y Real-world Web Data
TS~ Real-world Code Data
— 0.7 \\\ Real-world Math Data
% . S~ s% Synthetic Anchors
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g *
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Figure 7: Synthetic controls in the (ﬁ, Ws ) plane. Stars mark five 6-symbol sources evaluated by the
same three-point routine: a deterministic L-system, three nested corruption levels (p = 50/70/90%)
generated with one fixed mask, and a repeated 1,000-symbol block whose residual exponent falls once
the measured windows exceed the period. The dashed line connects the nested denoising sequence;
dots mark the 36 recorded real-corpus readouts in Figure 3. Generator details are in Section P.3.

)

Substitution in the slope definition gives @
C1C3 — G5 = aHp(x —1)?,
C1+C3—2C, =a(x—1)%,

= wg. For the floor estimator,

SO ﬁéB) = Hy. Under the stated template, the denominator is nonzero and the adjacent-difference
ratio is positive, so both estimators are defined. Outside it, the slope estimator still requires a positive
adjacent-difference ratio. If measurement noise makes that ratio smaller than one, the absolute value
reverses the sign of its logarithm and keeps the reported slope nonnegative; it does not make a
nonpositive ratio admissible.

Status of the ansatz. The power-law residual form is a heuristic scaffold for this algebra, not a universal
finite-N law for a Lempel-Ziv code. Known redundancy bounds do not justify a geometric power law,
and the exact leading correction is logarithmic in the stated memoryless LZ78 case (Proposition B.8).
The Case 1 floor retains a high-sample three-point extrapolation. Its deployed @1z, however, is the

®)

separate eight-point slope of the compression rate itself. It is neither @g

1/4d.

, the Hilberg parameter, nor

Q The Entropy-Matched Parity Family

Proposition B.10 is verified numerically before it is used. Brute-force enumeration over all 2K+N
prefixes at k = 4 reproduces H(X1.y) = N + min(N, k) for N = 1,...,6 and every support order
1,...,4, in 24 of 24 cases to within 10~7; the leakage rank at k = 16 is min(N, k) for every order, as
the triangular argument requires. The check is pre-train/scripts/parity_family.py and its record
is pre-train/reports/parity_family_identity. json.

Rendering. Each process step is written as one of " 0", " 1", " 2", " 3", which the GPT-NeoX
tokenizer maps to exactly one token each (470, 337, 374, 495), verified before the corpora were
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~- Data Manifold Oracle: FineFineWeb Domain Plane
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Figure 8: Within-corpus domain comparison on FineFineWeb. We apply the three-point statistic of
Figure 1 once per domain; dashed lines mark the medians. Technical domains tend toward the low-h
side and cultural domains toward the high—ﬁ side, so the same exploratory (h, af’)) coordinates give a

similar descriptive partition among domains within one corpus. All 66 non-outlying domains of the
67 scored are named, with leader lines where needed.

generated. One token is therefore one process step and the parity window is a token window, with
no byte-pair grouping in between. Generation is chunked with a k-symbol carry so the parity is
continuous across chunk boundaries; a break there would insert an unpredictable step per chunk and
would not affect the arms equally.

The readout on the five arms.

|a] Az start-index SD h predicted ap
1 0.1981 0.0004 1.3792 0.1881
2 0.1979 0.0007 1.3784 0.1879
4 0.1979 0.0001 1.3783 0.1879
8 0.1984 0.0001 1.3789 0.1885
16  0.1982 0.0009 1.3783 0.1883

The cross-arm spread in @ 7 is 0.0005 against a largest start-index SD of 0.0009. Both readouts land mid-
range for natural corpora, @17 near the panel median of 0.180 and T inside the code and math band,
so these are not pathological inputs to the instrument. The protocol, the locked per-arm predictions
and the decision rule are in pre-train/casel_parity_v1/preregistration.json, frozen before any
cell was trained; success requires the fitted spread to exceed three times the largest leave-one-cell-out
refit SD, with monotonicity in the support order reported separately.

R Calibration Certificate on a Source With a Known Exponent

Section D.2 gives the paired result. This section records the full sweep, the control that failed, and the
window reach. All measurements use the deployed grid of Table 1 unless stated: raw DEFLATE level
9, wbits= —15, eight character lengths from 64 to 8192, the 300-window schedule, seed 0. Sources
have 10° facts and 4M steps in the first sweep, 8M steps in the other two.

The unmodified family: monotone and over-determined. Seven Santa Fe sources at § =0.3,...,0.9
give
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B Yce=1-8 Az &s@ &5(,3) (floor-subtracted) h
0.30 0.70 0.311 0.536 0.547 0.31
0.40 0.60 0.253 0.548 0.566 0.57
0.50 0.50 0.235 0.610 0.602 091
0.60 040 0.208 0.648 0.628 1.30
0.70 0.30 0.183 0.686 0.647 1.76
0.80 0.20 0.158 0.708 0.661 2.25
0.90 0.10 0.135 0.741 0.692 2.70

w7z orders ycg at Spearman +1.00. The ordering is real and it does not identify a mechanism:

hx = H(K) and f are both functions of the same Zipf exponent, so Tt is rank-collinear with B and the
floor-attenuation route and the memory route push the readout the same way. The paired arm in
Section D.2 is what separates them.

The three-point column is the one that fails. It rises monotonically as the true exponent falls, Spearman
—1.00 against the known answer, and subtracting the fitted floor does not repair it. Neither column
recovers the value 1 — B. This is the measurement behind treating Figure 1 as an exploratory display
and deploying the eight-point slope instead.

A matched-entropy control that does not work. Appending an i.i.d. field U; whose alphabet is
chosen per B holds the per-step entropy rate at 10.63 bits and leaves @y flat: 0.161-0.168 across
Ycg = 0.10-0.70, Spearman —0.64. The construction cannot be read, because the compensating field
shrinks from |U| = 930 to |U| = 1 as B rises and so changes the string in the direction that cancels the
effect being measured. It is recorded because it was run.

Reach of the deployed grid. At 8192 characters a Santa Fe source has revealed only tens of distinct
facts, so none of these measurements sits in the asymptotic N regime. Extending the grid to 21°
characters roughly halves every measured slope, 0.086 against 0.152 on the structureless control,
without changing an ordering. The certificate reports what this grid resolves.

S Estimator Sensitivity

S.1 Compressors Ablation

This ablation compares how several compression algorithms behave as the available context length in-

creases, using the rate-slope ranker &z and floor ranker h. The comparison spans standard dictionary
methods and more elaborate predictive models (figure in the supplementary note); it is a finite-sample
comparison, not an ordering certified by an entropy theorem.

Evaluated algorithms: LZ (zlib Deflate; 32KB window + Huffman, the baseline), LZMA (larger
dictionary + arithmetic coding), Zstd (large window + FSE), order-16 PPM (a conditional context
model), and PAQ (context mixing).

Estimator selection. Lower finite-length rates can indicate a tighter coding model, but the exponent
readout is a different question: what matters is how well @z ranks the fitted data-scaling exponent
«p. We choose it using a like-for-like comparison over the same n = 38 corpora of the Case 1 panel
(identical subset, identical fitted ap; only the compressor behind ®z varies), and repeat it on two
wider corpus sets. Six of the ten exclusions were introduced when the panel expanded by eighteen
corpora (Table 9).

Every cell of the LZ-slope family has an unadjusted per-cell permutation p < 10~*: none of 20,000
label permutations matched the observed statistic in any of the twelve cells. No cell of the lower block
clears p < 1072 on every corpus set. Because the estimator/corpus-set comparison uses this same
panel, the per-cell values are not a selection-adjusted p-value for the selected maximum.

The four LZ-slope variants agree with one another at p > 0.93 (> 0.81 after controlling for 1), and each
ranks ap at p > 0.63 on all three corpus sets. The ordering runs opposite to compressor sharpness: the
coarser dictionary methods rank ap better than the sharper predictive model. The chosen statistic is
the finite-scale slope of the compression rate itself, not an entropy estimate or the residual exponent in
(1). PPM’s lower finite-length rate therefore need not improve this empirical ranking. This is why the
deployed predictor uses the many-point zlib slope, and why the exponent is treated as an empirical

ranker under a fixed estimator. The floor ranker / is likewise a finite-sample point estimate. Universal
coding identifies the source invariant hx asymptotically, but this fixed-window statistic does not

65



Published as a workshop paper at Sci-FM@COLM 2026

Table 9: Estimator x corpus-set sensitivity of the exponent association. Each cell reports Spearman
0(81z,&p) / Pearson R? / leave-one-out Q? against identical fitted ap; only the compressor behind @y 7
and the corpus set vary. Sets: the selected 38-corpus set; that set with the six exclusions added during
the panel expansion restored; and no exclusions at all. The bold row marks the selected estimator; the
upper and lower blocks separate the LZ-slope family from the alternative estimators.

p(8Lz,ap) / R* / Q* by corpus set

A1 7 estimator selected (n=38) plus six (n=44) all (n=48)
zlib 8-pt trimmed slope (selected) .84 /.64 / .59 76 / 48 / 43 65/.24 /.18
zlib slope, untrimmed 84 /.64 /.59 74 / 47 / 41 63 /.23 /.17
Zstd slope .84 /.65 /.59 75/ 48 / 42 .64 /.21 /.13
LZMA slope .76 / .55 / .51 .69 / 42 / .38 .67 /.28 / .24
PPM (order-16, 100k) 46 / .42 / .33 47 / .34/ .26 36 /.18 / —.01
zlib 3-point readout 32/.19/ .12 33/.18/.11  24/.00/-137

)

inherit that consistency. The raw-rate slope @1 7 and the three-point residual exponent @™’ agree only
moderately on corpus rankings (o ~ 0.52), so the choice genuinely matters, and it was made on this
panel, which is why the comparison is reported in full rather than summarized by its winner. We use
the trimmed 8-point zlib slope for every reported corpus-level exponent.

The corpus-set comparison above is in-sample. A chronological check uses nine corpora whose ap
values were fitted after the estimator choice was fixed. On that small, not-independently-sampled
panel, the LZ-slope family gives p € [0.80,0.92] while PPM gives p = 0.53 and R2,, < 0; the
gap survives partialling out the overlap with their superseded exponents (details with the Case 1
statistics).

T Additional document-selection results

T.1 Case 2: pretraining comparisons and data audit

The high-r;; quadrants (FORMAL, RiCH) have numerically lower mean Paloma bits per byte than the
low-ry;g quadrants (ROTE, COLLOQUIAL) at every tested size. Averaged over the two quadrants on
each side, the gap is 0.032 bits per byte at 150M and 0.023 at 2B, and does not shrink monotonically in
between. Quadrant COLLOQUIAL improves most with scale, closing most of its gap to FORMAL by 2B.
Task accuracy follows the compression-score axis: the left quadrants score numerically higher at every
size, while differences within each side are small (Table 4).

The error bars in Figure 4 are one single-run seed standard deviation, 0.0086 bits per byte, measured
in the 150M six-arm three-seed mini-grid; individual departures such as RiCH at 600M sit inside them.
All sizes reuse one scored partition and each cell is a single run. This grid compares the four quadrants
against each other; the random and length-only baselines live in the mini-grid instead (Section O.2).
The surviving scored DCLM source pool contains no strict or canonical exact Paloma matches, but the
deleted training bins prevent a bin-level audit (Section O.3).
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