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Abstract

The total variation distance is a metric of
central importance in statistics and probabil-
ity theory. However, somewhat surprisingly,
questions about computing it algorithmically
appear not to have been systematically stud-
ied until very recently. In this paper, we con-
tribute to this line of work by studying this
question in the important special case of multi-
variate Gaussians. More formally, we consider
the problem of approximating the total varia-
tion distance between two multivariate Gaus-
sians to within an e-relative error. Previous
works achieved a fized constant relative error
approximation via closed-form formulas. In
this work, we give algorithms that given any
two n-dimensional Gaussians D1, Do, and any
error bound € > 0, approximate the total vari-
ation distance D := dpy (D1, D2) to e-relative
accuracy in poly(n, %, log %) operations. The
main technical tool in our work is a reduction
that helps us extend the recent progress on
computing the TV-distance between discrete
random variables to our continuous setting.

1 INTRODUCTION

A fundamental problem in applied probability is to
understand how different two probability distributions
are from each other. Depending upon the applications,
various measures of divergence are used for this purpose;
one of the most important of these is the total variation
(TV) distance. Given two probability distributions P
and @ on the same set €2, the total variation distance
drv (P, Q) is the largest possible difference, over all
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tests S C €, between the probabilities P(S) and Q(5)
of the test “succeeding” on a sample drawn from P and
Q respectively.

A natural question then is: given the specifications of
P and @, can one compute drv(P,Q)? A standard
alternative expression for the TV distance in terms of
the ¢;-norm shows that when the sample space €2 is
finite, drv(P, Q) can be computed exactly in O(|Q|)
arithmetic operations, given the values of P(w) and
Q(w) for each w € Q. However, even in the slightly
more general (and much more important!) setting of
product distributions, the problem becomes much more
interesting. Now, we are given distributions (P;, Q;)
on the same finite set 2, for 1 < ¢ < n, and we wish
to compute the TV distance between the product dis-
tributions P:= P X --- X P, and Q := Q1 X --- X Qp,
on Q". The obvious algorithm from above now has a
prohibitive, exponentially growing cost of ©(|Q|™).

Somewhat surprisingly, it seems that the computational
complexity of computing the TV distance, even in such
simple settings, had not been systematically studied
until recently. Bhattacharyya et al. (2023) provided ev-
idence that even in the setting of product distributions,
we probably cannot do much better than the above
obvious algorithm if we want to compute drv exactly.
They did so by proving a #P-hardness result: a polyno-
mial time algorithm for the above problem would imply
a polynomial time algorithm for counting satisfying as-
signments to Boolean formulas. We therefore turn to
approrimation, and require instead that given a further
input € € (0, 1), the algorithm should output a number
Z such that |Z — drv(P, Q)| < edrv(P,Q) (i-e., the
algorithm makes small relative error), in time that is
polynomial in n,|Q2|,1/e and log(1/drv(P,Q)). We
note here that the dependence on log(1/drv(P,Q)) is
reasonable. First, we may assume that dpv (P, Q) # 0,
since otherwise, the problem is trivial. Further, if the
final answer is a binary number, then the output bit
length itself is Q(log(1/drv (P, Q@))). In addition, if all
the input numbers are rationals specified as ratios of
binary integers, then log(1/drvy(P,Q)) is at most a
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polynomial in the input size.! We refer to this problem
as DISPRODTV; see Problem 2.4 for a formal de-
scription. Bhattacharyya et al. (2023) gave algorithms
for DISPRODTYV in certain special cases. An ele-
gant randomized algorithm for DISPRODTV that
covers all cases was then given by Feng et al. (2023).
More recently, Feng et al. (2024) gave a deterministic
polynomial time algorithm for DISPRODT V.

1.1 Owur Contribution

In this paper, we consider the problem of computing the
TV distance between P and @ when they are Gaussian
distributions in R™, specified by their mean vectors and
covariance matrices. Towards this goal, we make the
following contributions.

A General (and Simpler) Analysis Feng et al.
(2024) developed a framework for studying TV distance
estimation between products of discrete distributions
on finite sets. We simplify and also extend this frame-
work to the setting of general product distributions
(including those without a probability density func-
tion). Our framework allows us to bypass one of the
main innovations of Feng et al. (2024), which they
referred to as the Ap;ry distance, by recasting the
analysis in terms of a more direct quantity that we call
the extension distance. As an application, we give an
arguably simpler proof of correctness of the algorithm
of Feng et al. (2024) in Section 3.

TV Distance between Gaussians We then apply
our framework to the problem of estimating the TV
distance between P and ) when P and () are arbitrary
Gaussian distributions in R™. Our first step is to use the
linear algebraic properties of Gaussians to reduce the
problem to the case where P and @ are both products
of one-dimensional Gaussians. Assuming that linear
algebraic operations such as eigen-decomposition of
symmetric matrices can be performed exactly, this part
of the reduction is exact; however, we comment on
the bit-complexity issues arising in this part in the
supplementary material. After this reduction, we are
almost in the setting of prior work (Feng et al., 2023,
2024) that studied the problem of estimating the TV
distance between product distributions, except that
the time complexity in these works has a polynomial
dependence on the size of the state space Q of each
component of the product. For us, however, this set
is the uncountable set R of all real numbers. We thus
need to perform a careful discretization step to bring

'However, if we measure only the number of arithmetic
operations, rather than the number of bit operations, then
this dependence on log(1/drv (P, Q)) is not necessarily es-
sential. We comment further on this point later in the
paper.

the problem to the setting of prior work. Happily, it
turns out that this discretization can be analyzed using
our extension (described above) of the framework of
Feng et al. (2024). Combining everything, we obtain
an algorithm for approximating TV distance between
arbitrary Gaussian distributions P and @ in R™ to a
relative accuracy of +e in time polynomial in n,1/e
and log(1/drv (P, Q)), in a computational model where
eigenvalues and eigenvectors of symmetric matrices are
assumed to be exactly computable. Below, we give
the statements of our results regarding TV distance
between Gaussians; the proofs of these results are given
in Section 4. The problem we are interested in is the
following.

Problem 1.1 (MultGaussianTV). INPUT: Two
n-dimensional mean vectors p, t; € R™ and two n x
n positive semi-definite covariance matrices X1, Xy €
RZ5"™, and a rational number € € (0,1). OUTPUT:
A number z such that (1 —¢€)D < z < (14 ¢€)D, where
D :=drv (N(“1721)7N(/1’2722))'

The case D = 0 occurs only if 3 = pg and 31 =
Yo, which can be easily detected. Thus, for ease of
presentation, we assume that the algorithm only has
to consider inputs for which D > 0.

Computational model For ease of presentation, in
the main body of the paper, we present our results using
the real-RAM model, where basic arithmetic operations
(comparison, addition, subtraction, multiplication, divi-
sion, logarithm, and square root) on real numbers take
one unit of time. This is one of the standard cost mod-
els in numerical analysis and computational geometry
(see, e.g. Preparata and Shamos (1985, Section 1.4)
and Biirgisser and Cucker (2013, Section 5.1)). For the
randomized version of our algorithm (Theorem 1.3),
we also assume that the algorithm can access random-
ness in the following way: for any p € [0,1] that the
algorithm constructs, it can obtain, in one operation, a
random bit sampled according to Bernoulli(p) and in-
dependent of all previous bits it has used. However, our
algorithm does not require the ability to sample from
continuous distributions (e.g. Gaussian distributions).?
However, as stated above, we do assume the ability to
perform diagonalization of symmetric matrices. Our
results assuming this computation model are stated
below in Theorems 1.2 and 1.3.

Theorem 1.2. There exists a deterministic algo-
rithm that solves MULTGAUSSIANTV using at most

2Note, however, that in the supplementary material,
we describe how to implement our algorithms given access
only to an approximate diagonalization oracle; and the best
known approximate diagonalization algorithms do require
access to approximate samples from uniform or standard
normal distributions.
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0 (Z—j log” 2 (log 2 + loglog &) + "72 log® %) arith-
metic operations along with diagonalizations of two
square matrices of size at most n X n.

Theorem 1.3. There exists a randomized algorithm
that solves MULTGAUSSIANTV with probability at least

1 — 6§ using at most O (’Z—; log -5 log% + "?2 log® %)
arithmetic operations along with diagonalizations of
two square matrices of size at most n X n.

The bit complexity model Although the real-
RAM model we use above is convenient to work with
(and also popular), a more realistic cost model is to
assume that the inputs are rational numbers encoded as
ratios of integers specified in binary, and to account for
costs using the total number of bit operations required
to produce the desired output. This is one of the stan-
dard cost models in computational complexity theory
and in optimization (Grotschel et al., 1993). Note that
in this model, operations such as logarithm, square
root, and matrix diagonalization can only be carried
out approximately.? An algorithm in this model is said
to run in polynomial time if the total number of bit
operations it performs is at most a polynomial function
of the total representation length of the input.

In Sections 6 and 7 of the supplementary material,
we show how our algorithms continue to work effi-
ciently even when steps requiring exact computation
of functions such as logarithm, square root and matrix
diagonalization are replaced by polynomial-time but
approximate versions of these functions implemented in
the bit complexity model. While we focus on the real-
RAM model in the main body of the paper, we include
pointers to the supplementary material at points where
such replacements may be required when analyzing the
algorithm in the bit complexity model.

1.2 Discussion and Related Work

The problem of approximating drpv (P, Q) to within
additive error of +1/10, given access only to efficient
samplers for P and @ is believed to be hard even for
discrete distributions on finite sets (Sahai and Vad-
han, 2003): solving it efficiently would break certain
cryptosystems (see, e.g., Bouland et al. (2020, Sec-
tion 1.1)). This hardness result holds even if one is
also given access to descriptions of the circuits imple-
menting the samplers. If one is also in addition given
access to the probability density functions of P and

3The floating point model (see, e.g., Demmel (1997)),
perhaps the most widely used in practice, can be seen as a
version of this model in which one fixes a precision k and
a range parameter R, and must approximate the result of
every intermediate operation by a number of the form s x 2™
where s, m are integers satisfying |s| < 2¥ and |m| < R.

@, then one can attempt a Monte Carlo approach, but
such an approach would require about 1/e? samples
for an estimate with an additive error e. Such additive
error algorithms for the TV distance have also been
studied by Kiefer (2018), Bhattacharyya et al. (2020),
and Tao et al. (2024) in various settings. However,
such additive error results can become inefficient when
transferred to the relative error setting because the
TV distance itself can be exponentially small in the
underlying dimension (so that, e.g. in the Monte Carlo
approach, the required number of samples would also
grow exponentially). One is therefore forced to look
for other methods in the relative error setting, and this
has been done in various discrete settings in papers by
Bhattacharyya et al. (2023, 2024) and Feng et al. (2023,
2024) (some of which were already discussed above).

Prior work on approximating TV distance between
Gaussians has focused on achieving a fized relative
error, but by means of closed form formulas; see, e.g.
Devroye et al. (2023) and references therein, Barabesi
and Pratelli (2024) for some recent progress in a spe-
cial case, and Davies et al. (2022) for similar results
in the setting of mixtures of Gaussians. The quanti-
tatively best such result we are aware of appears in
the work of Arbas et al. (2023, Theorem 1.8), who
give a 1001/2-factor approximation for the TV distance
between multivariate Gaussians via a closed form for-
mula. (In contrast, note that Theorems 1.2 and 1.3
produce (1 + €)-factor multiplicative approximations
for any € > 0.) The case of one-dimensional Gaus-
sians is related to the numerical evaluation of the error
function, a problem of much interest in numerical anal-
ysis (Chevillard, 2012). In our analysis, we do use
some of the above results (see, e.g., Proposition 2.3
and Lemma 4.3).

2 PRELIMINARIES

Total Variation Distance Let P and @Q be two prob-
ability measures on a measurable space (Q, F). Their
total variation distance (TV distance) is defined as
drv (P, Q) :=sup ¢ 7 |P(A) —Q(A)|. We often denote
drv (P,Q) by dry (X,Y), where X ~ Pand Y ~ Q
are random variables with laws P and @ respectively.

For real vector valued random variables with 2 = R™,
we assume F = B(R"™) is the usual Borel o-field. In
particular, if P and Q) are two probability measures in
R? with probability density functions (PDFs) p and ¢

respectively, then drv (P, Q) = % vera |P(7) — q(@)|dz.

We will use the following standard property of drv.

Proposition 2.1. Let X and Y be two random vari-
ables. For any measurable f, it holds that dry(X,Y) >
drv(f(X), f(Y). If f is further an invertible function,
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then drv(X,Y) = drv(f(X), f(Y)).

Gaussian Distribution A real valued random vari-
able X is said to be Gaussian with mean p and vari-
ance o if it has the probability density function (PDF)
J = fuo2 (shortened to f when ;v and o2 are clear from

the context) given by f(x) = 2;02 exp (_ (12—;;)2> or

all x € R. The probability distribution of X is denoted
by N(u,02). N(0,1) is called the standard Gaussian
distribution.

A vector valued random variable X taking values in R™
is said to be Gaussian with mean g € R™ and (symmet-
ric, positive semi-definite) covariance matriz ¥ in R™
if for every vector a € R"™, the real valued random vari-
able a” X has law N (a® u,a”%a). The distribution
of X is denoted N (p,Y). When p =0 and ¥ = I,
(the n x n identity matrix), the distribution is said to
be the standard Gaussian in n-dimensions. In general,
when ¥ is diagonal, the individual components X; of
X are independent (real) Gaussian random variables
with variance X; ;. We collect below some standard
facts about the Gaussian distribution.

Fact 2.2. The random variable X ~ N(p, ) is iden-
tically distributed as CZ + p, where Z ~ N(0, 1I,.) is
a standard r-dimensional Gaussian, C = R"*" is a
matriz such that CCT =%, and r < n is the rank of
the matriz 3. Thus, X is supported on the affine space
Range(X) + p, where Range(X) is the column space
of . Further, if Y = AX + b, where A € R™*™ and
b e R™, then' Y has the law N (Ap + b, AXAT).

The distribution N (p, ¥) is said to be non-degenerate

if 3 is invertible, and hence positive definite. The

probability density function (PDF) f = f, s : R" —

R>¢ (shortened to f when p and ¥ are clear from

the context) of a non-degenerate N(u,Y.) is given by
_ exp(—3@-wTS (@-p)

f(@) = V(2m)n det(2) '

The Error Function The error function, erf (-), de-
fined as erf (z) := % Ofexp(—tQ) dt, for x € [—o0, oq],

is a useful primitive arising in several numerical appli-
cations. Note that if F' denotes the cumulative distribu-
tion function CDF of N'(0,1), then for all z € [—o0, o0],
F(z)=1 (1 + erf (%)) . The computation of the er-
ror function has been extensively studied. We will
need the following result about the additive approxima-
tion of the error function, which follows from methods
reported by Chevillard (2012) (we include the proof,
along with an analysis in the bit complexity model, in
Section 6 of the supplementary material).

Proposition 2.3. There exists an algorithm such that

given p,0%, —0o < a<b<ooand 0 < e < 1/2, it

returns a real number y > 0 such that |y — f; f@®)dt] <
t=m)?
€, where f(t) = \/ﬁe* %7 . The algorithm uses

O(log*(1/€)) arithmetic operations.

Discrete Product Distributions We collect here
known results on approximating TV-distances between
products of discrete distributions, that were discussed
in the introduction.

Problem 2.4 (DisProdTV). INPUT: 2n discrete
distributions P;, Q; for 1 <4 < n over a finite domain
[M] ={1,2,..., M}, and a rational number € € (0,1).
OUTPUT: A number z such that (1 —e¢)drv (P, Q) <
z < (14 ¢€)drv (P,Q), where P=P; x...x P, and
Q =Q1 X ...xQ, are two product distributions over
[M]".

As mentioned in the introduction, the case ¢ = 0 of the
above problem is #P-complete (Bhattacharyya et al.,
2023). The following two approximation algorithms
are known.

Theorem 2.5 (Feng et al. (2024)). There exists a de-
terministic algorithm that solves DISPRODTV in time
O( Mn® 166 M log

€

(P

Theorem 2.6 (Feng et al. (2023)). There exists a ran-
domized algorithm that solves DISPRODTYV in time
O(MLQ2 log %) with probability at least 1 — 4.

The running time in the above theorem is in terms of
the number of arithmetic operations. Further, the ran-
domized algorithm underlying Theorem 2.6 is assumed
to have the following access to randomness: for any
p € [0,1] that the algorithm constructs, it can obtain,
in one operation, a random bit sampled according to
Bernoulli(p) and independent of all previous bits it has
used.

We will use both these algorithms as subroutines in
order to derive Theorems 1.2 and 1.3. However, in
Section 3, we give a new (and arguably simpler) proof of
correctness of the algorithm underlying Theorem 2.5, as
a corollary of our framework for analyzing TV distance
between product distributions.

Remarks on bit complexity The proofs in Feng
et al. (2023, 2024) show that the algorithms in The-
orems 2.5 and 2.6 are also polynomial-time in terms
of bit complexity. (In particular, note that when the
inputs (P;, Q;)"_; to DISPRODTV are rational num-
bers specified as ratios of integers denoted in binary,
drv(P,Q) has a representation length that is linear
in the total input size.) Further, the model of access
to randomness for the algorithm in Theorem 2.6 can
be relaxed so that the algorithm can only access a
sequence of i.i.d. Bernoulli(1/2) random bits: this is
essentially because for any p of the form k/2¢, where



Arnab Bhattacharyya, Weiming Feng, Piyush Srivastava

¢ is a positive integer and k < 2! is an odd integer,
a sample from Bernoulli(k/2¢) can be obtained using
¢ i.i.d. bits sampled from Bernoulli(1/2) (in fact, in
expectation, one only needs to sample two bits, even if
p is not of the form k/2°).

Note, however, that in the algorithm of Theorem 2.5,
not the just the number of bit operations, but even the
number of arithmetic operations depends upon both
the number of input parameters and their total repre-
sentation length. In other words, while this algorithm
is polynomial-time in term of bit complexity, it is not
“strongly polynomial” (Grotschel et al., 1993, p. 32).
In the context of Theorem 2.5, a strongly polynomial
algorithm would have to be polynomial-time in terms
of bit complexity, and in addition, the number of arith-
metic operations it performs would be bounded above
by a polynomial only of n, M and 1/e. To the best
of our knowledge, it is not known whether a strongly
polynomial deterministic algorithm for DISPRODTV
exists.

3 THE EXTENSION DISTANCE

In this section, we present a proof of correctness of the
algorithm of Feng et al. (2024) for discrete distributions
by recasting its analysis in the general framework of
Radon-Nikodym derivatives. For our application to
Gaussians, we do not need the results at this level of
generality, but we believe that presenting the ideas
of Feng et al. (2024) in this general framework both
simplifies the presentation and can also be helpful for
future extensions of their algorithmic ideas. Further,
even in the case of discrete distributions, our proof of
correctness of their algorithm is different (and arguably
simpler) because it dispenses with one of the main
innovations of Feng et al. (2024) (which they referred
to as the Aprry distance) and shows instead that their
algorithm for product distributions can be analyzed
in terms of a more direct quantity which we call the
extension distance (see Definition 3.9).

We begin with some preliminary notions. Our notations
and conventions for the standard notions described be-
low follows the standard references Williams (1991)
and Durrett (2019, Appendix A.4). In particular, fol-
lowing these references, we will agree that two random
variables are said to be the same (with respect to a
measure) if they differ only on a set of measure 0.

Definition 3.1 (Radon-Nikodym derivative (Dur-
rett, 2019, Theorems A.4.7 and A.4.8)). Let P
and ) be probability measures on a measurable space
(Q, F). There exists a unique decomposition of P into
two finite non-negative measures P; and P, such that
P =Py + Pé, Pg is absolutely continuous with re-
spect to @ (denoted P <« @, and meaning that for

every event A € F, Q(A) = 0 implies Py(A4) = 0),
while Pé and @ are mutually singular (meaning that
there exists an event A € F such that Pé- (4 =0
and Q(A°) = 0). Further, there exists a unique (with
respect to the probability measure () F-measurable

non-negative random variable R, denoted d—g, such

that for any event A € F, P(A) = Py (A) + Eq[RI4],
where I4 denotes the indicator function of A. In case
P <« @, we have PL = 0, so that the first term on
the right hand side of the above equation is zero, and

dpP
R= @ is referred to as the Radon-Nikodym derivative

of P with respect to Q. Also, Eg[R] < 1, with equality
holding if and only if P < Q.

Remark 3.2. The random variable R = %, to-

gether with the law induced on it by the probability
measure (), was called the ratio in the work of Feng
et al. (2024), and was denoted in that paper by the
notation P|Q. We also adopt this notation. Note
that the ratio is the same as the usual Radon-Nikodym
derivative when P <« Q). The following definition (a
rephrasing of similar definitions given by Feng et al.
(2024)) will be useful.

Definition 3.3 (Valid ratio and independent
products). A non-negative random variable R defined
on a probability space (2, F, @) is said to be a valid
ratio if E[R] < 1. Given valid ratios R; on (;, F;, @;)
for ¢ € 1,2, the independent product Ry od Ry of Ry

and Ry is the valid ratio on (21 x Qg, F1 X F2, Q1 X Q2)
defined by (R1 o Rs)(w1,ws) := Ry(wy)Ra(ws). Note

that the blnary operatlon o is associative, and that
the random variables R, o Rs and RQ o R, have the

same cumulative dlstrlbutlon functlon

We record the following standard observation about the
Radon-Nikodym derivatives in the setting of product
measures.

Fact 3.4. Let (,F1) and (2, Fs) be measurable
spaces, and consider the product measurable space
(Q1 X Qo, F) where F = F; X Fo denotes the prod-
uct o-algebra of Fy and Fo. Let w1 and mo be proba-
bility measures on (Q1, F1) and, similarly, let Q and
P be probability measures on (2, F2). Then for the
product measures w1 X Q and wo X P on (Q,F) we
have (2 x P) || (m1 % Q) (wi,w2) = (mallmy) (1) -
(P||Q) (we). In terms of Definition 3.3, this can be
written as (my X P) || (m1 x Q) = (ma||71) 2 (P|lQ).

It is well known that dpv(P, Q) = E[(1 — R)4] when
R = P||Q (where |z|+ := max{z,0}; see the supple-
mentary material for a proof). This expression suggests
defining the following functional.



Approximating the Total Variation Distance between Gaussians

Definition 3.5 (The TV functional). Let R be a
valid ratio on the probability space (Q, F, Q). Then, we
define TV(R) :=E[(1- R)+] =E[(R—1)4+]+1—E[R]
= 1 (E[|1 — R[] + 1 — E[R]) , where the equality of the
three expressions follows by simple algebra. Thus, if
P and @ are probability measures on (£, F) such that
R = P||Q, then drv(P,Q) = TV(R).

An important property of the TV functional is that
TV (R) depends only upon the cumulative distribution
function (c.d.f.) of the random variable R, and it does
not otherwise depend on the probability space on which
R has been defined. In particular, if R and S are valid
ratios defined on possibly different probability spaces,
but if R and S have the same c.d.f., then TV(R) =
TV (S). The following monotonicity properties of the
TV functional are useful.

Lemma 3.6. Let R be a valid ratio defined on a prob-
ability space (Q, F,P). Then, (1) For every c € [0,1],
the walid ratio cR satisfies TV(R) < TV (cR). (2)
If G C F is a sub-o-algebra, then the wvalid ratio
Rg := E[R|F] satisfies TV (Rg) < TV(R). Further,
if the event {R < 1} is G-measurable, then the events
{R < 1} and {Rg < 1} are almost surely equivalent
(i.e., the probability that exactly one of them happens
is0), and TV(Rg) = TV(R). (3) If S is a valid ra-
tio defined on some probability space (', F', P') then
TV(R) <TV(R o S).

At the heart of the algorithmic framework of Feng et al.
(2024) is a discretization scheme for ratios. Consider
the following partition of the non-negative reals.

Definition 3.7 ((v, d)-partition). Fix v,6 € (0,1),
and let m = 1+ [In(1/7)/In(1 4+ 0)]. Define ag = 1,
@y = 0and ag := 1—(14+0)* 1 for integers 1 < k < m,
and the intervals Iy := [1,1] = {1} and Ij, := [ag, ax—1)
for 1 < k < m, which partition [0,1] into disjoint
intervals. Similarly, define Jy := (1/ag_1,1/ay] for
1<k<mand J, :=(1/am-1,00). The collection of
disjoint intervals

I%(;::{IO}U{Ii : 1Sk§m}U{J1 H 1§k’§m}

is called a (v, 6)-partition of R>o. By a slight overload-
ing of notation, we will also view Z, 5 as a function
from R>¢ to the set Z, s by setting 7, s(z) = I for
x € R>g when I is the unique interval in Z,, 5 satisfying
xel.

We can now describe the discretization procedure of
Feng et al. (2024) in our setting.

Definition 3.8 ((v,d)-discretization). Let R be a
valid ratio on some probability space (92, F, P). Let
Z, s be the partition of R>( in Definition 3.7. The
(7, 0)-discretization of R is the o(Z, s5(R))-measurable

random variable R, s defined by
R =R, ;s:=E[R|L, ;(R)). (1)

In particular, it follows from item 2 of Lemma 3.6 that
R is also a valid ratio satisfying TV (R) = TV (R), and
that, almost surely, the events {R < 1} and {R < 1}
are equivalent. In fact, a very similar argument as in
the proof of that lemma (given in the supplementary
material) shows that for each I € Z, s, the events
{R e I} and {R € I} are almost surely equivalent.

Our point of departure from the work of Feng et al.
(2024) is in how the “error” introduced by the above
discretization is measured. Feng et al. (2024) defined a
quantity which they call Aysry, and which they relate
to Le Cam’s deficiency, and measure the discretization
error in terms of this quantity. However, this quantity
is defined in terms of total variation distances between
distributions realizing the appropriate ratios. We follow
instead a more direct approach, and show that the
discretization error can be measured in terms of the
following, arguably simpler, definition.

Definition 3.9 (Extension distance). Let Ry and
R5 be valid ratios defined on some probability space
(Q, F, P). The extension distance ext(Ry, Ro) between
Ry and R5 is defined as

sup |TV (S 2 Ry) —=TV(S o Ra)|, (2)
S m m

where the supremum is over all valid ratios S. Recall
that since TV (R) depends only upon the c.d.f. of R,
we can restrict S to the set of non-negative Borel mea-
surable random variables with expectation at most 1.
From the definition itself, it is apparent that ext(-,-) is
at least a pseudo-metric: it is non-negative, symmetric,
and satisfies the triangle inequality. These properties
will be sufficient for our purposes, and so we do not
consider the question of whether it is a metric as well.

The utility of the extension distance comes from the
following result, which relates it to the discretization
procedure of Feng et al. (2024). Some of the compu-
tations in the (short) proof of this result (given in the
supplement) are similar in spirit to parts of the analysis
by Feng et al. (2024), though there they were performed
with the goal of controlling their Ay distance.

Theorem 3.10. Let R be the (v,d)-discretization
of a valid ratio R defined on some probabilily space
(Q,F,P). Then ext(R,R) < v+ 0TV(R).

As an application of the extension distance framework,
we now analyze the correctness of the algorithm of Feng
et al. (2024) for computing the total variation distance
between products of discrete distributions. We restate
their algorithm for reference as Algorithm 1.
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Theorem 3.11. The algorithm DISPRODTYV is cor-
rect.

Proof. We follow the notation used in Algorithm 1. For
1 <'L <TL—1 deﬁne St = R7,+1 O Rz+2 o ... O Rn’

ind ind
and set S, =1 (i.e., the trivial ratlo that takes value

1 with probability 1) Note that A < dry(P,Q) =

TV (Y, 0 S1). Further, foreach 1 <i<n-1,Y; o
Si =Y o Si+1 (from line 6 of Algorithm 1). The
algorithm’s output is Z = TV(Y,) = TV (Y, o Sn)-

Thus, we get
drv(P.Q) ~ Z| = |TV(¥i o $1) = TV(Y, o Sy)

ié(TV)Qﬁ Si) —

i=1

TV(Y: o 5))[. (3)

We can now use the definition of the extension distance,
followed by Theorem 3.10 to estimate the ith term

[TV 0 8~ TV(Y: o 8))| <

ext(Y;, ;) < v+ 6TV (Y;). Plugging in the values of
and ¢, we thus obtain

above as follows:

|drv (P, Q) — Z|<*+* Y TV(Y). (4)

1<1<n

A direct inductive argument then shows that each Y;

is a conditional expectation of Ry o Ry o ... o R;.
ind ind ind

Applying items 2 and 3 of Lemma 3.6, we thus obtain,
for each 1 < i < n:

TV(Y;) STV(Ri o ... o R)
§TV(R10...OR oS)
ind ind ind
= TV(Rl n?d”.n?dR i]? Rz+1 Od ix?d Rn)
= dTV(PaQ)'

Substituting this in eq. (4) and recalling that A <
drv(p,q), we obtain the claimed result. O

Given its correctness, a runtime bound for Algorithm 1

can be estimated easily, and is as given in Theorem 2.5.

An argument similar to (but simpler than) the proof
of Theorem 3.11 also gives the following.

Lemma 3.12. Fizv,§ € (0,1). For 1 <i<mn, let R;
be valid ratios defined on probability spaces (Q;, Fi, P;),
and let R; be their corresponding (v, 8)-discretizations.
Mmﬂvmﬁﬁ&ﬁkuﬁR@fﬂﬂﬁﬁﬁH%

-0 Rn)| < ndk +ny, where k= maxic,., TV (R;).

Input: n pairs of probability distributions
(P;,Q;)!_ on the finite set [M], and a
rational number € € (0,1).

Output: A number Z satisfying

(1—€)drv(P,Q) < Z <

(1+ e)drv(P,Q), where

P:=P x P, x---x P, and

Q=01 X Q2 X X Q.
Set A + 1121?2(” drv (Pi, Ql),

=

2 Initialize v < % and § < 5-;

3 Set R; + P;||Q; for 1 <i < n,and Y7 < Ry;
4 for i <1 tondo

5 Set Y; to be the (v, §)-discretization of Y;;
6 If i <n, set YiH(_Yiir?dRiH;

7 end

8 return TV (Y,,);

Algorithm 1: DisPRODTV (Feng et al.,
2024)

4 TV-DISTANCE BETWEEN
GAUSSIANS

Consider Problem 1.1. Given two n-dimensional Gaus-
sians N (p1,21), N (p2,X2), we want to approximate
D = dyy (N (p1,%1),N(p2,X2)) within relative er-
ror (1 £ ¢€). Without loss of generality, we may
further assume that both ¥X; and X3 have the full
rank n. Otherwise, if Rank(X;) # Rank(X,), then
D = 1, since one of the distributions then has zero
probability mass on the support of the other. If
Rank(¥;) = Rank(¥;) = r < n, then consider
the TV-distance between X ~ N(0,%;) and Y ~
N(p2 — p1,32), which is the same as D. By Fact 2.2,
X is supported on Range(X;). There are two sub-
cases: (1) If Range(3s) + (2 — p) # Range(X;),
then D = 1, as in the previous case. (2) If
Range(¥s) + (p2 — p1) = Range(X,), let II be
an r X n matrix whose row vectors form an or-
thogonal basis of Range(X;). Since II is a bi-
jection between Range(X;) and R”, by Proposi-
tion 2.1, dTV (X,Y) = dTV (HX,HY) How-
ever, we then have IIX ~ N(0,1IX;1I7) and
oY ~ N(II(pe — p1),I3:107), so that they are
r-dimensional Gaussian vectors whose covariance ma-
trices have full rank r. Using (unnormalized) Gram-
Schmidt orthogonalization, the process described above
can be implemented using O(n?) arithmetic operations
(and also in polynomial-time in terms of bit complexity:
see, e.g., Grotschel et al. (1993, Section 1.4)). From
now on, we always assume that 3; and Y5 have the
full rank n.
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Reduction to Product Distributions We now use
standard linear algebraic properties to reduce to the
case of product distributions. This is the only part of
our algorithm that needs access to a diagonalization
sub-routine. (As discussed in the introduction, Sec-
tion 7 in the supplementary material describes how
to implement a version of the next lemma in the bit
complexity model.)

Lemma 4.1. There exists an algorithm which given
(p1,%1) and (pa2,X9) (where X1, X5 are n X n positive
definite matrices and p1, pa are vectors in R™ ), outputs
(1, X), using O(n3) arithmetic operations and two diag-
onalizations of n xn symmetric matrices, such that X is
a diagonal matriz and dry (N (p1,21), N (p2,X2)) =
dTV (N(H, E)aN(Ov In))

Proof. Let X ~ N(py,%1) and Y ~ N(py, X2).
We use diagonalization to decompose Yy as QaA2Q3
where 2 is an orthogonal matrix and A is a diagonal
matrix. Define the matrix A := Q2A2_1/2Qg. Now,
we diagonalize the matrix AX; AT to obtain the de-
composition Q1A1QT (where @Q; is orthogonal and
Ay is diagonal). Define X = QTA(X — pz) and
Y = QTA(Y — p2). Note that the transformation
v = QT A(v — p2) is invertible. Thus, by Proposi-
tion 2.1, drv (X,Y) = dry (XY) Finally, X ~

N(p, %) and ¥ ~ N(0, 1), where o = QT A(pa — p2)
and ¥ = Ay. Apart from the two diagonalization oper-
ations, the algorithm only performs a constant number
of matrix multiplications that cost a total of O(n?)
arithmetic operations. O

Discretizing Product Gaussian Distributions
With Lemma 4.1, we only need to approximate the
TV-distance between the Gaussian A (u,Y) with diag-
onal covariance matrix ¥ and the standard Gaussian
N(0,I,,); both of which are continuous product distri-
butions. We give the following reduction algorithm that
transforms this task into the task of estimating the TV-
distance between two discrete product distributions.

Lemma 4.2. There exists a deterministic algo-
rithm, which given a vector w € R"™, a positive
n X n diagonal matriz X, and € > 0, outputs 2n
discrete distributions (]Si,Qi)lgign, using at most
O(”T?log3 m) arithmetic operations, and sat-
isfying the following properties (here X ~ N(u,X)
and' Y ~ N(0,1) are Gaussian random vectors):

o every P; and Q; is defined over the domain [M]
with M = O(2 1og 7—txvy):

o the product distributions P = ]51 X...xP, and Q =
Q1 x...% Qy satisfy |dry (P, Q) — dry (X,Y)] <

Ldpy (X,Y).

We now proceed to prove this lemma. We start
with the following estimate. For each i € [n],
Xi ~ N(w,%;) and Y; ~ N(0,1), define
A; = 555 min {1, max {|%;; — 1],40/x;|}} and A :=
maxi<i<n ;. Then, one has the following estimate
from previous works (see the supplementary material

for a proof).
Lemma 4.3. A <drv (X,Y) < 10'nA.

Define R; to be the ratio N (p;, Xi;) ||V (0,1) defined
on the probability space (R, B, N(0,1)). We set

eA €

"5 7 Bon (5)
and let R; denote the (v, d)-discretization of R;, for
each 1 < i < n. Now, let P; (respectively, Q;) denote
the probability distribution on the finite set (see Defini-
tion 3.7) Z, 5 defined by P;(J) = E[R; - I[R; € J|]
(respectively, Q;(J) = P[R; € J]) for each interval
J € 1, 5. Since R, = E[R;|Z, s(R;)], it then follows
that R’L = PZ”QZ

The exact computation of the discrete distribution P;
and @Q; involves computing probabilities and expecta-
tions of Gaussian variables, which, in turn, amounts to
evaluation of the error function. The following lemma
shows that we can compute an approximate version of
these distributions.

Lemma 4.4. There exists an algorithm which, for each
i € [n], computes a pair of discrete distributions (P;, Q;)
over [M], where M = O(2 log 2% ), using O(2 log” X&)
arithmetic operations such that dpv(P;, P;) < % and
drv(Qi, Qi) < &5

Proof. Fix an index 1 < ¢ < n. Let f(z) =

—€ enote e density function o
V215

N (13, i4) and g(z) = —=e~="/2 denote the density

Ver
function of A(0,1). Recall that v = £ 6 = .

Let M = |Z, 5|, so that, by definition of v, and Z, s,

M = O(log(1/~)/log(1 + 8)) = O (% log 6%) .

For any J € Z, 5, we then have, by definition,

P,(J)=E[R; - I[R; € J]] = f(z)dz, and (6)
z€D(J)
QuJ) =P[R € J] = / o(x)dz, (7)
xzeD(J)
where the integration domain D(J) is defined by

D(J) == {RieJ} = {2 | {]gzg € J}. If a < b are
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the endpoints of J then the set? D(Z) is the set of all z

satisfying In (a\/EM) (Z “’) + = > < 1n (b\/ i 1)
By solving the quadratic mequahty7 we see that D(J) is

a union of at most two intervals. From eqs. (6) and (7),
we thus obtain that the distributions P; and Q; can
be computed exactly if one has an exact oracle for
computing the error function erf (-). However, since
we can only compute such integrals approximately, we
compute two distributions P; and Q; over [M] that
approximate P; and @; respectively.

We show how to compute P;. The distribution Q, can
be computed similarly. Let ¢ = 15 M g(ﬁ For each
J € I, 5, we need to compute fweD(J) f(x)dx where

D(J) is a union of at most two intervals. We use Propo-
sition 2.3 to compute the integration over each interval
with additive error (/2. By adding the results together,
we obtain a number p; > 0 such that |p; — P;(J)| < ¢.
One may consider defining P; as the distribution such
that for any J € Z, 5, Pi(J) = p;. However, it may
not hold that ZJEIM p; = 1. Note, however, that
IS, ps — 1] < M¢. We thus make the following ad-
justments on the vector (ps)sez, , to define the distri-
bution P;: (1) If > ps <1, weadd1—73" py proba-
bility mass to P;([1,1]). (2 ) If >, ps > 1, we remove
>, ps—1 probability mass in total for P; to make P; a
valid distribution. We can then bound~the TV-distance
as follows dtv (PZ-, PZ-) = %ZJGIW; ’P» — PZ-(J)’ <
QZJEI 5(‘P( ) pJ|+|pJ_ (J)|) < MC< 50n
By Proposmon 2.3, the number of arithmetic opera-
tions needed for computing each p; is O(log®(1/¢)).
The total number of arithmetic operations is therefore
O(M10g?(1/C)) = O(* log® ). O

Lemma 4.5. Let X,Y,P;,Q; be as above. For any
distributions (P;, Q1)1<1<n with dpv (PZ,P) < £ EA and
drv (Qz,Q ) < 50 , define the product dzstrzbutwns
P P1 . X P and Q Ql X ... X Qn Then
’dTV (ﬁ)a Q)

_dTV(X7Y)|S dTV(XaY)'

Wl m

Proof. The following proof uses the extension distance
based generalization of the framework of Feng et al.
(2024) that was developed in Section 3 above. Define
the product distributions P = P; X --- X P, and Q =
@1 X -+ X Q. A simple coupling argument then shows
that Dp = dry (P, P) < % and Dg := drv (Q, Q) <
%. By triangle inequahty for drv,

ldrv (P,Q) —drv (P,Q)| < Dp + Dg < 62? (8)

4Depending on the definition of J, some < signs should
be replaced with <, but that does not affect the result of
integration in this case.

Next, we claim the following result,

€
ldrv (P, Q) —drv (X,Y)| < %dTV (X, Y). (9)
To see this, recall that each R; = P;||Q; is a (v,0)-
discretization (with v,d as above) of R; = Ly, ||Lx,
(where Lz denotes the law of the random variable
Z). It thus follows from Fact 3.4 and Definition 3.5
that dpv(P,Q) = TV(R1 o R, o0 Rn) while
drv(X,Y) = TV(Ry o Rg O e o R,). Eq. (9)
then is a direct consequence of Lemma 3.12, com-
bined with the facts that A < dpy (X,Y) and that
for each i, TV(RZ) = dTV(Xi7 Y;) S dTV ()(7 Y) The
lemma then follows by combining (8) and (9) with
A< dTv(X, Y) O

Proof of Lemma 4.2. We apply the algorithm of
Lemma 4.4 to each dimension to obtain the discretized
distributions P; and Q;. The running time can be ver-
ified by Lemma 4.3 and Lemma 4.4, while the error
bound is given by Lemma 4.5. O

The Final Algorithm By Lemma 4.1 and
Lemma 4.2, to solve MULTGAUSSIANT YV, we only
need to approximate the TV-distance between the
discrete product distributions P,Q constructed in
Lemma 4.2. Since P,Q are discrete, the resulting
problem can now be solved using existing algorithms in
Theorem 2.5 and Theorem 2.6. Note that our reduction
algorithm is deterministic and uses O(n?® + n log3 =)
operations (in addition to diagonalizations of two nxn
matrices), where D is the TV-distance between the two
input Gaussian distributions. This gives both Theo-
rems 1.2 and 1.3.

5 CONCLUSION

We give an efficient algorithm for approximating the
TV-distance between two multivariate Gaussians with
relative error. Along the way, we extend the analysis
framework of Feng et al. (2024) from discrete prob-
ability distributions to general probability measures.
Several directions remain open; including TV distance
estimation for general log-concave distributions, graph-
ical models, and Gaussian-perturbed distributions; and
approximations for other notions of distance such as
the Wasserstein distance. A more open-ended question
is to find as yet unexplored applications of algorithms
for estimating total variation distances, especially given
the role constant factor approximations for total vari-
ation distance between Gaussians (discussed above)
have played in various applications: see, e.g., Arbas
et al. (2023) for an example and Davies et al. (2022)
for references.
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SUPPLEMENTARY MATERIAL

Structure of the Supplementary Material For clarity of reference, the section numbers in the supplementary
material follow on from the section numbers in the main paper. Section 6 provides the omitted proof of
Proposition 2.3 on computational estimation of the error function, and also includes a sketch of how to carry out
the proof of Lemma 4.4 in a weaker computational model where logarithm and square root cannot be computed
exactly. Section 7 shows how to carry out the reduction to the product case (described in Section 4) assuming
access only to an approximate diagonaliztion oracle that can be implemented using floating point arithmetic.
Finally, Section 8 contains proofs omitted from Section 3, while Section 9 contains proofs omitted from Section 4.

6 PROPERTIES OF THE ERROR FUNCTION

We start with the following proposition, which follows from ideas reported by Chevillard (2012). Here, we denote
by len (z) the representation length in bits of a rational x, when it is specified by its numerator and denominator.
Later, we also use the same notation len (S) to denote the total representation length of a collection of rational
numbers.

Proposition 6.1. There exists an algorithm such that given any small 0 < € < 1/2 and x > 0, it returns a
real number y > 0 satisfying |y — erf (z) | < € using O(log®(1/€)) arithmetic operations. Further, for rational
inputs, these operations may be assumed to be performed on rational numbers of representation length at most

O(len () - log?(1/e)).

Proof of Proposition 6.1. Without loss of generality, we assume e < 10~* (if the input € is larger, we replace it
with 10=%). If = > In(1/e), we simply return the number y = erf (+00) = 1. The error can be bounded as follows

ly —erf (z /
t>In l

€

2 1 1
<X ctntgr= 21 xp<_1n2 )
V7 Jisin f 1 5

Since € is a small constant, the last term is at most e.

Now, we assume z < In(1/€¢). The following equation can be found, e.g. in the work of Chevillard (2012, eq. (1)):

2n+1

o) = G 2 G

Let N = 10[In(1/€)]%. We compute y = % Zﬁi:o(* )"m using O(log?(1/€)) arithmetic operations on
rational numbers of representation length at most O(len (x)-log?(1/€)) (at present, we ignore the small contribution
to the error that comes from having to use rational approximations of /7). To bound the error, we note that
n! > (n/e)™ so that
2 x2n+1
ly—erf(2)| < = ¥ iy
|
NG = (2n 4+ 1)n!
2 $2n+1en
cZy e
LS nm

n>N
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where the last inequality holds because € is sufficiently small. Finally, if y < 0, we let y = 0, which only decreases
the error. This proves the first claim in the proposition.

It remains only to account for the error arising from having to use a rational approximation to 1/4/m, when
working with rational numbers only. Propagating such an error through the above analysis shows that it is
sufficient for our purpose to compute 1/7 up to an additive error of €¢/10. This can be accomplished using
O(log?(1/€)) arithmetic operations on rational numbers of representation length at most O(log?(1/¢)) using
well-known series for the approximation of 1/7; see, e.g., eq. (1) of Chan et al. (2004) and the work of Ramanujan
(1914) and Borwein and Borwein (1987) for the original results. O

Proof of Proposition 2.3. First, let a < (a — p)/V202, b+ (b—p)/vV20? and f(t) = ﬁe‘tz. The value of the

integration remains unchanged. If ab <0, then fab f(t)dt = L(erf (|a]) + erf (|b])). If ab > 0, say a > 0 and b > 0,

then f; f(t)dt = L(erf (b) — erf (a)).> Using Proposition 6.1, we compute the value of each error function with
additive error €, which, by substitution in the above, gives us an additive error of at most e for the integrals.
Finally, if our answer y < 0, we let y = 0, which only decreases the error. From Proposition 6.1, the runtime is as
claimed. O

Note that the proof of Proposition 2.3 using Proposition 6.1 also gives the corresponding bit complexity result,
except for the extra factor of 1/v/2 that appears in the computation of the approximation y as defined in
Proposition 6.1. This factor can be handled as the same (in fact simpler) way as the factor of 1//7 was handled
in the proof of Proposition 6.1.

6.1 Proof of Lemma 4.4 in the bit complexity model

The algorithm in Lemma 4.4 needs to solve the following quadratic inequality.
G 2 —
In (a 2171) < —T + ? <In (b Ez,z) .

The solution is a union of at most two intervals. One can solve for the endpoints of these intervals exactly if the
computational model can exactly compute square roots and logarithms.

In the bit complexity model, we can only find these endpoints approximately. Let ¢ and d be the two end-
points of one of the intervals. Then, using standard approximations for the logarithm, we can obtain two
approximate solutions ¢ and d such that |¢c — ¢ < ¢ and |d — d| < § for some error bound § € (0, 1), using

poly (len (d) ,1len (X;;) ,len (i;)) bit operations. Let f(z) = \/%e_(w_‘”f/@&ﬂ) be the density function in the

proof of Lemma 4.4. The error can be controlled as

/jfmdz /jmdx

< 26 sup f(2)

2
wEi,i '

=26f(pi) =6

mmin (1,3, ; Mn
Then the rest of the proof of Lemma 4.4 works exactly as before even in this computational model. The running
time for solving the inequality in this model is poly(log(Mn),len (¢),len (X;;) ,len (u;) ,len (A))).

Similarly, for g(z) = \/%e_fm, the error is at most 5\/2. One can take ¢ such that 4, /% =0(&).

7 ALGORITHM WITH APPROXIMATE DIAGONALIZATION ORACLE

In the main paper (specifically, in Lemma 4.1) we assumed the existence of an oracle that computes the ezact
orthogonal diagonalization of a real symmetric matrix. It is common to work in such an exact real arithmetic
model for ease of presentation and in order to understand the high-level properties of numerical algorithms.

5The case a < 0 and b < 0 follows by the symmetry of erf (-).
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However, such a model of computation is not realistic (see, e.g., Dey et al. (2023) for a discussion). More realistic
models include floating point arithmetic, or a model of exact arithmetic with rationals represented as ratios of
integers.

In this section, we show that the algorithm in Lemma 4.1 remains efficient even in the bit complexity model.
We do so by showing that this algorithm can be implemented given access only to an appropriate approximate
diagonalization oracle.

The oracle we work with is the following. Given a small enough positive é and a real symmetric positive definite
matrix A € Q"*" such that the input size is len (A), we assume that the approximate diagonalization oracle
returns, using at most poly (n,len (A),len (§)) bit operations, an n x n diagonal matrix A'/? and an n x n matrix
Q, all whose singular values lie in the interval [1 — 6/3,1 4+ /3], such that

14— QAQT| < 8]l All (10)

The existence of such an oracle in the floating point model of computation (and hence also in the bit complexity
model) is known: see Shah (2024, Theorem 4.2) for a state-of-the-art randomized algorithm implementing such
an oracle in the complex Hermitian case, and the earlier paper by Banks et al. (2023, Remark 6.1) for an explicit
instantiation in the case of real Hermitian matrices.® Note also that it follows from the condition on @ that
1QTQ — I|| <6 (when ¢ is small enough).

We now show that there exists a polynomial-time algorithm that performs a similar reduction as in Lemma 4.1,
while only accessing the above approximate diagonalization oracle.

For any real symmetric positive definite matrix A, define the condition number

)\max (A)
)\min (A) ’

where Amin(A), Amax(A) > 0 are the minimum and maximum eigenvalues of A.

k(A) =

Theorem 7.1. There exists an algorithm such that given ¢ > 0, (pu1,31), (p2, X2) (where X1, 39 are nxn positive
definite matrices in Q™™ and p1, p2 are vectors in Q™ ),a lower bound A with D = dpv (N (1, X1), N (g, 22)) >
A, and an upper bound k > 1 with k(X1), k(X2) < k, it returns u € Q™ and a diagonal positive definite ¥ € Q"*™
such that
€

|D —drv (N(H, E)aN(Ovjn))| < ﬁDv
The algorithm uses O(n3) arithmetic operations and two approzvimate diagonalizations of n x n symmetric positive
definite matrices of representation length poly (2,len ((p1, p2, X1, E2))) with error bound § = poly (%)
Given the p and ¥ returned by the algorithm in Theorem 7.1, one can use the discretization procedure in the
main paper to approximate the TV-distance between N (u, ) and N (0, I,,) within relative error €/2, which, by
Theorem 7.1, approximates D within relative error e.

The algorithm in Theorem 7.1 needs to know a lower bound parameter A and an upper bound parameter  in
advance. If, however, pq, pty and positive definite 31, 3o (assume p, # p, or Xy # X, otherwise D = 0) have
rational entries with numerators and denominators that are all integers represented by at most poly (n) bits, then
K = 2P(") (see Srivastava (2023); Dey et al. (2023)) and A = 27 P°Y(™) (see Lemma 7.6 below). The overall
running time is thus poly (2,len ((p1, p2, X1, X2)) ,len (6)) = poly (2,len ((p1, p2, X1, X2))).

The following standard upper bound on TV-distance will be used in the proof of Theorem 7.1. It follows from the
exact expression for the KL divergence between Gaussians, and Pinkser’s inequality.

Fact 7.2 (see, e.g., Devroye et al. (2023, Proposition 2.1)). Let pq, gy € R™ and 31, 3o € R™ " be two
covariance matrices with rank n. The TV-distance between N (py,%1) and N (py, X2) is at most

det(El)

1 _ —
2\/tr(2122 D=t (g — ) TS (1 — p2) +In det (%)

5The oracles in the papers by Shah (2024) and Banks et al. (2023) return the diagonal matrix A directly. However, for
ease of presentation, we include the entry-wise square root of the diagonal matrix A into the oracle itself. In the floating
point model, this entry-wise square root only needs to be computed to an additive accuracy of O(4||Al|), and this can be
done without significantly modifying the runtime characteristics of the oracle.
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In particular, if p1 = py and Xo = I, then the TV-distance is at most %\/tr(Zl) —n+ Indet(3).

In the proof of Theorem 7.1, we will repeatedly use the following standard facts from linear algebra.

Fact 7.3 (Weyl’s inequality, see, e.g., Demmel (1997, Theorem 5.1)). If A and B are n X n real symmetric
matrices with eigenvalues oy > ag > -+ >y and By > P2 > ... By, then for each 1 < i <mn, |a; — B;| < ||A—B||.

Fact 7.4. If A is an n X n matriz then [tr(A)| < n||A]l.

In particular, we record the following simple consequence of these facts.

Claim 7.5. Let A be an n X n positive definite matriz. Let 6 < 1/k(A) be a small enough positive number, and
suppose that Q, A are obtained by calling the above approximate diagonalization oracle on A with a small error
parameter 6 > 0. Then,

o Amax(A) < (14 8)3Amax(A4) = (14 8)3|A||, and

1—0k(A))Amin(A)
o Amin(A) > U2 ()

Thus, K(A) < (14 6)° 520

Proof. Using Fact 7.3, Apnax(QAQT) — Amax(4) < |4 — QAQT|| < 6||A|| = 6Amax(A). Note that (1 —
5/3)?Amax(A) < Amax(QAQT). The first item thus holds when § > 0 is small. For the second item, by Fact 7.3,
Amin(4) = Amin(QAQT) < ||A — QAQT|| < 6)|A]| = 6Amax(A). Note that (1 4+ 6/3)%Anin(A) > Amin(QAQT).
Putting the two inequalities together proves the second item. O

Proof of Theorem 7.1. Let X ~ N (uy,21) and Y ~ N (4, 32). We use the approximate diagonalization oracle
on Y, with error bound ¢ = poly (%) chosen small enough, to compute Qo and [\5/ % with the guarantees of
eq. (10). Define A := Q2/~\2_1~/2Q2T; note that fl is symmetric. Consider the random variable X = AX — Ap,,
which follows the law of N'(A(p; — py), AX1AT), and the random variable Y = AY — Ap,, which follows the
law of N'(0, AX3AT). Since A is invertible, by Proposition 2.1, we have

D =drv(X,Y) =dpy (X,Y). (11)
However, to mimic the proof of Lemma 4.1, we replace Y’ with Y ~ A(0,1,). Note that Y’ may not be a

standard Gaussian because we use only an approximate diagonalization oracle. We thus need to bound the total
variation distance between Y and Y’. Using Fact 7.2,

drv (Y,Y') < %\/tr(flnglT) —n + Indet(AN, AT). (12)

Using the invariance of trace under cyclic shifts followed by the guarantee of the approximation diagonalization
oracle along with Fact 7.4 above, we get (we also use that § is small enough so that (1 +6)* < 1.1 for k < 10).

tr(AX, AT) (13)

= tr(ATA%y) (14)

< tr(ATAQ2A2Q5 ) + nd|||||| A (15)

< tr(ATAQyA2QY) + nd(1 + 5)45(22)“‘1“7@2) (16)
min 2

< r(QF AT AQuy) + 1 a7)

Here, in the first inequality, we use tr(ATAY,) < tr(ATAQ2A2QT) + | tr(AT A(S5 — Q2A5QT))|, where we bound
the second term by Fact 7.4. In the last inequality, we use Claim 7.5 along with the approximate diagonalization
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oracle’s guarantees. Now, to estimate the first term, we expand A = Q2 120

Repeatedly using this last estimate along with Fact 7.4 above then gives

7n5)\max(/~\2) n 2ndk
Amin(A2) 1-0k

<n+ 10ndk

- 1—6K’

where we again use Claim 7.5 along with the approximate diagonalization oracle’s guarantee in eq. (10) to get the

last inequality.

7', and note that ||Q Qs — I|| < 6.

tr(AS, ALY < trl +

(18)

Next, we need to bound the determinant of AX, AT, where A = Q,A I/QQT Let \; for 1 <7 < n denote the
elgenvalues of ¥y arranged in descending order. Recall that k(X3) < k. We have

det(AX,AT) = det(A)? det(2y)
~ det(Eg)
= d t Gf
N @D
() L \i
<(1 ‘|'5/3)6n1_[)\_77(”\1
i=1""

3ndk
SeXp<1_5ﬁ>, (19)

where (%) holds because of Weyl’s inequality in Fact 7.3 (with A = ¥5 and B = Q2A,Q7) and the guarantees
from the oracle. As our § = poly (%) is chosen small enough, we thus get (by substituting egs. (18) and (19)

into eq. (12))
- - 1 /13ndk eA eD
d Y,Y < =<, 20
v (YY) < V1—35x = 200 = 200 (20)

The final step in the proof of Lemma 4.1 is to transform X into a product distribution. Let > = AElzﬁiT be the
covariance matrix of X. We use the approximate oracle on ¥; with a small error bound § = poly ( ) to obtain

Q1 and Al/ satisfying the guarantees of eq. (10): in particular, we have |2, — Q1A1QT || < 6]|=1]|. We then let
= QX and Y’ = QTY. Then, as § is small enough, @Q; is invertible so that

dov(X',Y") = dpy(X,Y). (21)

o \

Define first ¥ to have the same distribution as ¥ ~ N(0,1). Note that Y’ ~ N(0,QTQ,). The guarantees from
the approximate diagonalization oracle yield that ||QT Q; — I|| < J. Thus, Fact 7.2 yields that

dTV }A/ Y \/tr —-n -+ 10g det(QTQl)
< WT
eA eD
<—< —
— 200 — 200

where the last two inequalities come from the small choice of §.

(22)

We now consider X'. The covariance matrix of X’ is ¥’ = QT%1Q; and the mean vector of X’ is QT A(py — pto).
Since )1 is obtained using the approximate diagonalization oracle, Y may not be diagonal. Define a product
Gaussian X with the same mean vector QT A(py — p) but a diagonal covariance matrix A;. By Fact 7.2,

~ A ~ /
drv(X', X) < ;\/tr(E’Al_l) —n+1In det(%} ) . (23)

det(Al)
In a manner analogous to egs. (15), (17) and (18) above, we then get that

tr(DATY) = tr(QTS,01A7Y) < n + : (24)
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provided § < 1/#(%;) is small enough. We thus need to bound the condition number of ¥; = A%, A”. Note that
by the small enough choice of 8, all of the matrices ¥1, %1, and A are positive definite. We then have
Amax(£1) = [|Z4]]
< JAJZ - 1=l
< (14 0) A (A2) Amax(%1), and
Anin (21) = 1577
< A2 =t
< (1 + 5) maX(A2))\m11n(21)

Hence, (1) < (14 6)%k(A3)k(21). By assumption, x(X;) < k. By Claim 7.5 apphed with A in the statement
of the claim set to X3 and A to Ay, we thus get that (for & small enough) x(X1) <7 4” (since k(X21) and k(X3)

oK

are both at most x). Substituting this bound in eq. (24), we get (again for § = poly (n ) small enough)

tr(X'ATY) < n 4 200002 (25)
Next, we need to bound the ratio of determinants, which is (by a calculation similar to eq. (19), and using the
estimate on k(X1) above)

det(X)
det(A;)

- ~ 4 det(il)
=4 G GT)

< exp(24ndr?). (26)

We now substitute the bounds in egs. (25) and (26) into the bound in eq. (23) for the total variation distance
between X and X’. Since d = poly (%) is small enough, the total variation distance between X and X’ is thus
bounded as

o D
drv (X,X’) L /52inenz < 200 < 2600 (27)

Let u = QT A(p, — p,) and Y= Ay be the mean vector and covariance matrix of the product Gaussian X, as
computed above. Recall that Y ~ N(0, I,,). By triangle inequality,

dTV(Xv )
<dpy (X, X') +drv (X/, Y’) +drv (Y’, }A’) (by triangle inequality)
D o
< fﬁ +drv(X,Y) (by egs. (21), (22) and (27))
D _ _
< fm +drv(X,Y") +dry(Y,Y) (by triangle inequality)
eD
< 0 +D. (by egs. (11) and (20))
A similar triangle inequality calculation starting with D = drv(X,Y) = dpv(X,Y”) (see eq. (11)) shows that
A eD
drv(X,Y)>D — —
v(X,Y) > L
which completes the proof. The running time of the algorithm is almost the same as the running time of the
algorithm in Lemma 4.1 except that the two algorithms use different oracles. O

Finally, we give a lower bound A if all inputs are given as rational numbers. Following the notation of Dey et al.
(2023), let Z{(a)) denote all integers of bit length at most a, and let Q{a) denote all rational numbers p/q with

p,q € Z{a).
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Lemma 7.6. Suppose that p, py € Qa)” and £1,%s € Q(a)"™", where a = poly (n). Assume that either
M1 # p2 or else oy # Yo, and let D = dpv (N (1, 21), N (g, $2)). Then, D > A = 27 polv(n)

Proof. Let X ~ N (p1,%1) and Y ~ N (py, X2). Note that if u; = po and Xy = Xy then D = 0.

Consider the first case that there exists 1 <4 < n such that p,(i) # po (i) or 31(4,4) # Xa(i,i). The TV-distance
between X,Y can be lower bounded by the TV-distance between X; and Y;. Using the lower bound of Devroye
et al. (2023, Theorem 1.3; see Lemma 9.1), we have the following lower bound

D > drv (X;,Y))

L. |32(4, 1) — X1 (d,4)[ 40|p1 (i) — pa(d)|
> 200Inm{l,max{ 1 07) , SN }}

i Ay > 27 poly(n)

because each rational number is in Q{a)) with a = poly (n).

Assume the first case does not hold, which implies g, () = po(2) and 31 (4,4) = Xo(i,¢) for all 1 <4 < n. There must
exist ¢ # j such that 3, (4, j) # ¥2(4, j). Define the vector a € R™ such that a; = 1,a; =1 and ar, = 0forall k # i, j.
By Proposition 2.1 , D > dry (a7 X,a”Y), where a” X ~ N (py (i) + py(5), 1(3,4) + 251(4,5) + £1(j,5)) and
alY ~ N (po(i)+po(5), B2 (i, ) +252(i, ) +32(4, ). The same proof as above shows that D > dry (a7 X,a”Y) >
Ay = 2—poly(n)

Let A = A; for the first case and A = Ay for the second case. O

In passing, we note that several fundamental problems regarding the computational complexity of diagonalization
and related procedures remain open. We refer to the recent survey by Srivastava (2023) for a discussion and to
the papers by Armentano et al. (2018), Banks et al. (2023), Dey et al. (2023), and Shah (2024, 2025) for recent
progress and further references: this list of references is by no means meant to be exhaustive.

8 PROOFS OMITTED FROM SECTION 3

In this section, we often use the definition and standard properties of conditional expectation, which may be
found, e.g., in Williams (1991, Sections 9.2 and 9.7).

The following alternative expressions for the total variation distance are well known, but we include the proofs
for completeness.

Fact 8.1. Let P and Q) be probability measures on a measurable space (2, F). Let the decomposition Pg, Pé- of
P and the random variable R be as in Definition 3.1. Then, we have

drv(P, Q) = Eq[(1 - R)4] (28)
=Eq[(R~1)4] + P5(Q) (29)
- %EQ[H — R[]+ %P(j(Q). (30)

In particular, if P < Q then dov(P,Q) = Eg[(1 — R)4] = Eq[(R — 1)4] = 1Eq[|1 — R|]. (Here, we use the
standard notation x4 := max {x,0} for any real number x, so that |x| = x4 + (—x)4+.)

Proof. Equation (30) follows by averaging egs. (28) and (29), so we focus on proving the latter two equations. Let
B € F be such that Q(B¢) = 0 and Pé(B) = 0 (such a B exists as @ and Pé are mutually singular). Denote by C
the subset {w € @ : R(w) < 1} N B of B on which R <1, and by D the subset {w € Q : R(w) > 1} N B on which
R > 1: both these sets are F-measurable since R is F-measurable. We then compute (using Q(B¢) = Pé- (B)=0
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and the decomposition in Definition 3.1) that
Q(C) = P(C) = Eq[(1 — R)+], and (31)
P(DUB°) —Q(DUB°
= EQl(R —1)4] + Py (B°)
=EQ[(R —1)4] + Pg (). (32)

Since C° = D U B¢, this calculation also shows that the right hand sides of eqs. (28) and (29) are equal.
We thus focus on proving eq. (28). To do this, it is sufficient to observe that for any A € F, we have
QANC) —P(ANC°) <0 and that Q(ANC) — P(ANC) = Eg[(1 — R)+14]. Adding these two equations and
taking the supremum over all A € F then shows that drv (P, Q) < Eg[(1 — R)4], which combined with eq. (31)
completes the proof. O

8.1 Proof of Lemma 3.6

Proof of Lemma 3.6. Ttem 1 follows from the definition of the TV functional since  — (1—x)4 is a non-increasing
function (and since R > 0). For item 2, it follows from standard properties of the conditional expectation (Williams,
1991, Section 9.7 (a, d)) that the conditional expectation of a valid ratio is also a valid ratio. The first part of
item 2 then follows from Jensen’s inequality for conditional expectations (Williams, 1991, Section 9.7 (h)), since
the function = — (1 — )4 is convex:

E[(1 - E[R|G])+] < E[E[(1 - R)1|9]] = E[(1 - R)]. (33)

For the second part, consider the events F1 = {R < 1 and Rg > 1} and E; = {R > 1 and Rg < 1}. We wish to
show that P(E; U E3) = 0. By the hypothesis for this item, both F; and Es are G-measurable sets, so that (by
the definition of the conditional expectation) the integral of the random variable R — Rg is zero on both F; and
E5. However, this random variable is (by definition) strictly negative on E; and strictly positive on F5. It then
follows by a standard argument (e.g., by considering probabilities of events of the form E3 N{R — Rg < —1/n} for
positive integers n for the case of Ep) that P(E;) = P(E2) = 0, which implies the claim that the events {R < 1}
and {Rg < 1} are almost surely equivalent. For the equality, we now compute using the above equivalence and
the definition of the conditional expectation:

TV(R) =E[(1 - R) - I[R < 1]
—E[(1-R)-I[Rg < 1]
— E[(1 - Ro) - I[Rg < 1]
=TV(Rg).

For the third part, we note that E[R o Slo(R)] = E[S] - R. Since 0 < E[S] < 1, we get the result by applying
item 1 followed by item 2. O

8.2 Proof of Remark in Definition 3.8

Towards the end of Definition 3.8, we remarked that for each interval J € Z, 4, the events {R € J} and {R € J}
are almost surely equivalent (i.e., the probability that exactly one of them occurs is zero). Given the definition of
R, this is intuitively obvious, and the formal proof is very similar to the argument in the proof of Lemma 3.6. We
include this argument for completeness.

We show first that for any two distinct intervals J # J’ € Z, 5 the probability of the event {R eJ,Re J’} is
zero. Let E denote this event. By definition of Z, 5, any two distinct intervals in Z, s are disjoint. Thus, either
all points in J are smaller than all points in J’, or else all points in J’ are smaller than all points in J. Define
Z = R— R in the former case and Z = R — R in the latter case. We then have that Z is strictly positive when E
occurs. In particular, if we define Ey := EN{Z > 1/k} for each positive integer k, then E = J,~, Ex, so that if
P [Ex] = 0 for each positive integer k then P [E] = 0 follows from the countable sub-additivity of probabilities.
We now show that P [E}] = 0 for each positive integer k.

Note that by definition of the o-field G := o(Z, 5(R)), the event {R € J} is G-measurable (since {R € J} is by
definition the same as {Z, s(R) = J}). R = E[R|J] is by definition G-measurable, and therefore so is the event
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{]:E eJ } Thus, E is also G-measurable. It thus follows from the definition of conditional expectation that
E[R-I[E]| = E[E[R|G]- I[E]] = E[R- I[E]]. We thus get that E[Z - I[F]] = 0. Thus, since E}, C E and Z is strictly
positive on E, we get that E[Z - I[E)]] = 0 as well. On the other hand, when the event Ej, occurs, Z > 1/k. Thus,
we also have E[Z - I[Ey]] > P [Ex] /k. We thus get that P [E;] = 0, for each positive integer k.

We thus have P [R eJRelJ } = 0 whenever J and J’ are distinct intervals in Z, 5. The claim in the remark
now follows since R, R are non-negative so that for any interval J € Z, 5,

P[ReJR¢J) = Y P[ReJReJ]=0 and

J' €L, s
J'AT

PR¢gJReJ]= Y P[ReJRelJ]=0.

J' €L, s
J 2]

8.3 Properties of the (v,d)-Discretization

The following elementary property of (v, d)-partitions turns out to be very useful.

Observation 8.2. Suppose z,y € [0,1] lie in the same partition in I s, i.e., I, s(x) =Ly s(y). Then

-y < ¥ if v,y € 1. (34)
| (1—x)d otherwise.

Proof. We use the notation of Definition 3.7. If 2,y € Iy = {1}, there is nothing to prove. Otherwise, if ,y € I},
for k > 1, we have |z —y| < ag—1 — ag, which is equal to v when k£ = 1. Otherwise, when k > 1, it equals
(1 — ag—1)d, which is at most (1 — x)d. O

We record the following simple properties of the (v, d)-discretization.

Observation 8.3. Let R be the (7, 8)-discretization of a valid ratio R defined on some probability space (2, F, P).
Then

1. E[|[R— R|I[R < 1]] < v+ 6TV (R).

2. E H% - %‘RI[RE 1]} <~ +0TV(R).

Proof. Let the intervals Iy, I1,J1,. .., L, Jm be as in the definition of Z, 5 in Definition 3.7. Then I[R <
1] =" IR e ;] and I[R > 1] = I[R € Io] + X" I[R € J;]. As noted in Definition 3.8, the random
variables I[R € I] and I[R € I] are almost surely equal. Thus, almost surely, R € I = R € I for each
I € 7, 5. Thus, by the construction of Z, s (see Observation 8.2), we have |R - R’ < ~v when R € I, and
‘R — ]:2| <ap_1—ar =v5(1+8)* 2 =6(1—ar_1) <6(1—R); when R € I}, for 2 < k < m. Combining these gives
item 1. Similarly, we have R = R when R € Iy, |[I/R—1/R|R < yRwhen R € J; and |I/R—1/R|R < §(R—1)4
when R € Jy for 2 < k < m. Combining these and recalling that E[R] < 1 gives item 2. O

8.4 Proof of Theorem 3.10

Proof of Theorem 3.10. Consider any valid ratio S defined on some probability space (€2, F’, P'). Then the
definitions of S o Rand S o R show that we can assume that S, R, R, S o Rand S o R are all defined on the
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space (€ x Q, F' x F, P’ x P), in such a way that S is independent of R and R. We now note that

’TV(S o R)~TV(S o R)‘

_ % |B[11 - SR - |1 - SR + EIS(R - R))|

:%.‘E (11— SR| |1 - SR)I[R < 1]] (35)
+E[(|1 - SR| — |1 — SR|)I[R > 1]]
+mﬂé—mm

Note that the last term is zero since by the independence of S with R and R,
E[S(R— R)] =E[S]-E[R— R] =0, (36)
since R is a conditional expectation of R. For the first term we have

IE[(|1 - SR| — |1 — SR)I[R < 1]]|
<E[||t = SR| - |1 = SR||-I[R < 1]]
<E[S-|R-R|-I[R < 1]

E[S]-E[|R — R|- I[R < 1]] < v+ TV (R).

Here, the first inequality is Jensen’s inequality, the second inequality uses |[a| — [b]| < |a — b] for real a and b, the
equality is by the independence of S from R and R, and the last inequality is from item 1 of Observation 8.3 and
the fact that S being a valid ratio satisfies E[S] < 1.

For the second term, we begin by noting that for any fized w’ € ', the random variable ’% — S’ )’ -I[R > 1]

is a random variable on the probability space (Q, F, P) that is measurable with respect to the sub o-algebra
G :=0(Z,s(R)) (since so are R and I[R > 1]). We then have

[ s

I[R > 1] R P(dw)

weN

_ / E U; ~ S| - IR = 1] R|G| P(dw)
weN

-/ \; ~ ()| IR > 1] EIRIG] P(dw)
weN

- / ‘]1% — S| -I[R>1]-RP(dw), (38)
weN

where the first and second equalities are by standard properties of the conditional expectation (Williams, 1991,
Section 9.7 (a, j)), while the third is by the definition of R as E[R|G]. Integrating this equation over w’ using the
measure P’, we then have from Fubini’s theorem that

EH;_s’.I[Rzu.R]

:EH;—S‘-I[R>1]-R] (39)
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We can now estimate the second term on the RHS in eq. (35) as follows.

el sl b e|)m=1]
(b))

1 1
<El|||5-S|-|=-S||-R-I[R>1
<=5 fg s o=

(40)

EH;—;‘-R-I[R>1]} <+ 6TV(R).

Here, the first equality is valid since on the event {R > 1} we also have { R > 1} so that 1/R and 1/R are bounded
random variables on this event. The second equality uses eq. (39). The two inequalities after that follow from
Jensen’s inequality and the triangle inequality, exactly as in the estimation of the first term of eq. (35) as carried
out in eq. (37). The final inequality uses item 2 of Observation 8.3. The claim now follows by substituting the
estimates in egs. (36), (37) and (40) into eq. (35), and then taking supremum over all possible choices of S. [

8.5 Omitted Arguments in the Proof of Theorem 3.11

In the proof of Theorem 3.11, we noted that a direct inductive argument shows that each Y; is a conditional
expectation of Ry o Ry o ... o R; (where the notation is as in the proof of Theorem 3.11). While this is an
11 jest

ind
easy and standard argument, we include the details here for completeness.

All the following arguments are performed on the probability space ([M]™,H,Q), where H is the o-field of all
subsets of [M]", and @ is the product distribution on this space defined in Algorithm 1. For 1 < i < n, let
F; denote the o-field o(R;) generated by R;, and define the product o-fields H; := F; x --- x F;. Under the
underlying product probability distribution @, note that for all j > 4, any event in H; is independent of any
event in fj.7 We will show by induction that for every 1 < i < n, there is a sub o-field G; C H; such that

The claim is trivially true in the base case i = 1, since Y; = Ry, so that we can take G; = F; = H;. For the
inductive case, suppose that ¥; = E[R1 Ry ... R;|G;] for some o-field G; C H;. Note that this implies that Y; is G;
measurable (m other words, o(Y;) C G;). Thus, the o-field G} := 0(Z, 5(Y;)) C o(Y;) is a sub-o-field of G, as well.
Since Y; = E[Y; |G!], we thus see from the tower property of conditional expectations (Williams, 1991, Section 9.7
(i) that

V; =E[E[R1Rs> ... Ri|Gi]|G]] = E[RiR>... RG], (41)

where G! C H;. Now, define G;1 := G x F;4+1, which by definition, is a sub-o-field of H,11. Note also that R;;
is measurable with respect to F;11 (by definition) and hence also with respect to G;11. Thus, by a standard
property of conditional expectations (Williams, 1991, Section 9 (j)),

E[R1R2 . RiRi+1|gi+1] = E[RlRQ . Ri|gi+1]Ri+1. (42)

Now, as noted above, by construction of the product distribution @, every event in G; C H; is independent of
every event in F;41. It then follows from the construction of the product o-field and the interaction between
independence and conditional expectation (Williams, 1991, Section 9.7 (k)) that

eq. (41)

Combining eqs. (42) and (43), we thus see that Y1 = Y; R, satisfies
Yiy1 = E[RiRy ... RiRi1|Giv1], (44)
which completes the induction.

"Note that since Theorem 3.11 is in the setting of finite sets, the “o-fields” here are just finite set systems closed under
complement and union, and containing the universal set. However, it is convenient to do the argument in this general
setting. Note, however, that x denotes the product operation on o-fields, and not merely the Cartesian product: for
example, F1 X Fa is the set system generated by sets of the form {A x B : A € F; and B € Fa}.
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8.6 Proof of Lemma 3.12

Proof of Lemma 3.12. Define Z; = Ry o Ry o ...

o . . Ri_1, and S; = R;4, . Rit2 o ... o R, (so that
Z1 = Sp, =1). Then we have

ind ind

‘TV(Rl.o Ry o ..o Ry)=TV(Ry o Ry o ... o Ry)

nd ind in ind ind ind

S Z "TV(ZZ 'Od Sz _Od Rl) — TV(Zl 'Od Sz 'Od Rz)
i—1 11! 11 11 11!

n

< Z ext(R;, R;), (45)

i=1
where the last inequality is by the definition of the extension distance. The claim now follows from Theorem 3.10.

(Note that we also use implicitly the fact that the _od operation is “commutative” in the sense that Ry o Rs has
11

ind

the same law as Ro o R;.) O

9 PROOFS OMITTED FROM SECTION 4

We need to use the following result of Devroye et al. (2023).

Lemma 9.1 (Devroye et al. (2023, Theorem 1.3)). Let X ~ N(u,0?) and Y ~ N(0,1) be two one-
dimensional Gaussians, then

1
%min{l,maxﬂl—02|,40|u|}}
<drv (X,Y)

3lo® — 1] | |ul
e A oy
- 2 + 2

9.1 Proof of Lemma 4.3

Proof of Lemma 4.3. Using Lemma 9.1, we know that A; < dpv (X;,Y;). Furthermore, if max{|1—-%, ;|,40|u;|} >
1, then A; = 1/200 and 10*A; > 1 > dpy (X;,Y:). If max{|1 — X, ;],40|u;|} < 1, we have

25 25
10%A; > 5|1 — Yl + 5 X 40) 15
3 1
> o1 =%] + S lw
S
> drv (Xi,Y5).
Hence, for any 1 < i < n, we have
A; < drv (X3, Y) < 10%A,.
Recall A = max; A;. We have A < max;dry (X;,Y;) < drv (X,Y). In the other direction, n10*A >
10030 A > 30 dry (X, Y;) > dry (X,Y), where the last inequality holds due to > | drv (X;,Y;) >

drv (X,Y). To verify the last inequality, consider a coupling of X, Y that couples each dimensional independently
and optimally, and the inequality follows from the coupling characterization of the total variation distance. [



