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Abstract—We investigate the problem of sequential piecewise
linear regression from a competitive framework. For an arbitrary
and unknown data length n, we first introduce a method
to partition the regressor space. Particularly, we present a
recursive method that divides the regressor space into O(n)
disjoint regions (partitions) that can result in approximately
1.5™ different piecewise linear models on the regressor space.
For each partition, we introduce a universal linear regressor
whose performance is nearly as well as the best linear regressor
whose parameters are set non-causally. We then use an infinite
depth context tree to represent all piecewise linear models and
introduce a universal algorithm to achieve the performance of
the best piecewise linear model that can be selected in hindsight.
In this sense, the introduced algorithm is twice-universal such
that it sequentially achieves the performance of the best model
that uses the optimal regression parameters. We then show that
the performance of the introduced algorithm is asymptotically
the same as the optimal twice differentiable function that is
selected in hindsight. Our algorithm achieves this performance
only with a computational complexity upper bounded by O(n).
Furthermore, we present a low complexity, namely O(log(n)),
implementation of the algorithm achieving the same upper bound
under certain regularity conditions. We provide the explicit
description of the algorithm as well as the upper bounds on
the regret with respect to the best nonlinear and piecewise
linear models, and demonstrate the performance of the algorithm
through simulations.

Index Terms—Online, sequential, nonlinear, piecewise linear,
regression, infinite depth context tree.

|. INTRODUCTION

x[t] £ [z1]t],...,z,[t]]" € Rr for an arbitrary integemp

and |d[t]], |zi[t]] < A < oo for all t andi = 1,...,p.
We call the regressors as “sequential” if in order to estimat
the desired data at timg i.e., d[t], they only use the past
information d[1],...,d[t — 1] and the observed regressor
vectord] z[1],...,z[t]. That is, say we have a sequential
regressorl[t] = f(x[t]), then the regressor functiofi(-) can
be constructed using only, ' and .

A simple and widely used regressor function is the linear
regressolf (z[t]) = w} x;, where the weighting parametar,
is updated at each timeaccording to an update rule, e.g., the
recursive least squares (RLS) algorithinh [9]. However, esinc
the performance of a linear regressor may be unsatisfatory
many cased [1]H8], instead of committing to a linear model,
we partition the regressor space into disjoint regions and fi
a separate linear model in each region. Furthermore, inrorde
to efficiently manage the partitions defined on the regressor
space, we use “context tree§” [10], [11].

Although partitioning the regressor space to introduce-non
linearity and using a tree structure to manage these pengiti
can be an efficient modeling method, the performance of the
regressor is heavily affected by the construction of the (6§

[8]. Particularly, the “accurate” partitioning of the regsor
space mainly defines the performance of the regressor. As an
example, selection of the depth of the tree (i.e., the nuraber
partitions) and the region boundaries of these partitioamin

ONLINEAR regression methods based on piecewi&eﬁne the performance of the regressor. While arbitrarily

linear and locally linear approximations are extensivel
studied in order to capture the salient characteristics of®

signal, where linear modeling yields unsatisfactory ressdl]—

[8]. Although nonlinear models are more powerful than th eSS , i
djot have the theoretical justification or hard to implement i

linear ones, their usage is generally limited due to the-ov

iycreasing the depth of the tree improves the modeling power
a regressor, such an increase usually results in ovegfitti

. Furthermore, although there exist methods that rely on
Reld out data for such decisions, these methods usually do

fitting and convergence problenis [1[-[3]] [5]J [7]. Thenafp @ Seduential manneri[7].

in order to obtain a satisfactory performance while mifigzt
these issues, usually, tree based piecewise linear regses®
introduced instead of linear models [6]-[8].

In this brief, we consider the problem of sequential r
gression, where the aim is to estimate an unknown desi
sequence{d[t|},., by using a sequence of regressor ve
tors {z[t]},> ;.
on the unknown desired signgti[t|},., and the regressor

vectors {z[t]},,, where the desired sequence and the r

gressor vectors are real valued and bounded, d[¢.,c R,
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We refrain from any statistical assumptions

To overcome these issues, we do not directly commit to a
fixed depth (and fixed power) tree, but introduce a method
to construct a context tre¢ [11], whose depth is adaptively

E'1[1cremented according to the unknown data lengthn this

3%%!“

se, the depth of the context tree goes to infinitynas
e data length, increases, hence we call such a tree as the
“infinite depth context tree”[[11]. Clearly, by defining such
a partitioning method, we increase the number of disjoint
egions on the regressor space nasincreases. Therefore,
é1e nonlinear modeling power of the regressor will increase
sequentially as increases, where the computational complex-
ity of the introduced algorithm, in the worst-case scenario

1All vectors are column vectors and denoted by boldface laase letters.
Matrices are denoted by boldface upper case letters. Foctarve, =’ is
the ordinary transpose. We denaif £ {d[t]}?_,.


http://arxiv.org/abs/1401.6413v1

is linear in the data length, i.e., O(n). We also present TA

a low complexity implementation of the algorithm, that is Ry UR Ry
logarithmic inn, i.e.,O(log(n)), and achieving asymptotically T
the same performance with the exact implementation under RiUR, R, 1
certain regularity conditions. URs;UR, R
Hence, the main contributions of this brief are as follows. 1
We introduce a sequential piecewise linear regression-algo R;UR, R, |
rithm i) that provides a significantly improved modeling power —-A

by gdaptively increasing the depth of the Free_ aCCOI’d.in.gleo tFig. 1: The partitioning of a one dimensional regressor space,[ed, A],
arbitrary and unknown data length ii) that is highly efficient using a depti2 full context tree.

in terms of the computational complexity as well as the error

performance, andi) whose performance convergesiiba)

the performance of the optimal twice differentiable fuoanti

that is selected in hindsight ara-») the best piecewise linear

model defined on the infinite depth context tree, with guar-

anteed upper bounds without any statistical assumptions 8 P, Py Py Ps

the desired data. Hence, unlike the state of the art apPeeaCBg. 2: All different piecewise linear models that can be obtainsihg a
whose performances usually depend on the initial construct depth2 full context tree, where the regressor space is one dimeaisiGhese
of the tree, the introduced algorithm increases its noalingmodels are based on the partitioning shown in Elg. 1.

modeling power as the data lengthincreases, which results . . i .
gp gt As an example, in Figldl, we partition the one dimen-

in a significantly superior performance. Furthermore, dur a_. | . deptin here th .

gorithm achieves this performance only with a computaiion%Ona rs;gressor spac(ej ?5'319 adep te_e, \_/vtere | € retghlons |

complexity O(log(n)) under certain regularity conditions. 1>~/ correspond fo In€ respective intervais on the rea
6'5'9 and the internal nodes are constructed using thesengi

The organization of the paper is as follows. We first descri h . ¢ d I h :
the sequential piecewise linear regression problem iniIdellarljit € generic casel,i ora epdhtull context tree, there exist
? leaf nodes an®® — 1 internal nodes. Each node of the

in SectionIl. We then introduce an algorithm in Section I )

and prove that the performance of this algorithm is nearly Hg_e represents a portion of the regressor space Such that th
well as the best piecewise linear model that can be defingdO" of t_he regions represented by the leaf nodes 1S equal
by the infinite depth context tree. Using this result, we ald8 the entlr_e regressor spa{:eA,A]P._ Moreover, the region
show that the introduced algorithm achieves the performan%orreSpor!dmg to each internal node is constructed bylthmun
of the optimal twice differentiable function that is selksdt of the regions of its children. In this sense, we obin' — 1

non-causally. In Section 1V, we demonstrate the performangifgedrer,]t regions on the regressor space and approximately
of our algorithm through simulations and then conclude t b different models that can be repre_sente_d by deptifee
brief with several remarks in Sectiéf V. . We denote the set of all different piecewise linear eied

Il PROBLEM DESCRIPTION defined on a depth-context tree as\{;. As an example, we

. . L nsider the same scenario as in . 1, where we partition
In the aforementioned framework, a piecewise linear mo . . )
, s . the one dimensional real space using a déptontext tree.
is constructed by dividing the regressor space into a unfon

disjoint regions, where in each region a linear model hoids. 'Phen, as shown in Fid12, a depthiree definegMa| = 5

. - _different piecewise linear models, where each of these tsode
an example, suppose that the regressor space is parsel mt|95 constructed using the nodes of the full depth context tree
disjoint regionsRk, ..., Rk such thalUkK:1 Ri =[—A, AJP. 9 P

Given such a model, say model, at each time, the sequen- We emphasize that given a context tree of deptithe
tial lineal regressor ’predict@[t] a;sd ] = vl ,[t]m[t] when nonlinear modeling power of this tree is fixed and finite since

m.k there are only2¢+! — 1 different regions and approximately

x[t] € Ry, wherev,, x[t] e RP forall k =1,..., K. . . . .
[|!|owe\];er by diregt[l)J partitioning the regressor space &552‘1 different nonlinear models defined on this tree. Instead

UK Ry = [~ A, A before the processing starts and opti(-)f introducing such a limitation, we recursively increméme

k=1 - ) .

mizing only the weighting parameters of the piecewise lined€Pth of the context tree as the data Iength“_lnt_:rgases. As
model, i.e. v, [t], one significantly limits the performance ofPT€Viously mentioned, we call such a tree the “infinite depth
the regressor since we do not have any prior knowledge on fiftext tree”[11], since the depth of the context tree goes t

underlying desired signal. Therefore, instead of comntto infinity as the data length increases, hence in a certain sense,
a single piecewise linear model and performing optimizatigVe can achieve an infinite nonlinear modeling power. That is,
only over the regression parameters of this regressor, ane @sn increases, the piecewise nonlinear models d_eflned on the
use a context tree to partition the regressor space, by whithe Will converge to any unknown underlying nonlinear mode
seeking to achieve the performance of the best partitioniH§der certain regularity conditions. .

over the whole doubly exponential number of different medel 10 this end, we try to minimize the following regret
represented by the context trée][12]. n

n

o 2 R 2
dit] = dift])” — inf { inf (a1 - do11))

°Note that affine models can also be represented as linear Isnbgte Z ( H SH meM | v, ER? Z H b[ ] ’

appending al to «[t], where the dimension of the regressor space increasds™! k=1,...,K '~

by one. (1)



for anyn, where M denotes the set of all different piecewise Theorem 2: Ler {d[t|},., and {x[t]},., be arbitrary,
linear models defined on the infinite depth context trgg,,  bounded, and real-valued sequences of data and regressor vec-
is the regression parameter of théh partition of themth rors, respectively. Let F be the class of all twice differentiable
piecewise linear model such tha[t] = vl wx[t] is the functions such that for any f € F, 8 f(x)/0x;0x; < D <
prediction of a batch regressor (wherit] € Ry), whose oo, i,j = 1,...,p and we denote d;[t] = f(x[t]). Then the
parameters can be set in hindsight after observing theeentitgorithm d|t] given in Section IIIZAl when applied to these
data before processing starts. The term[ih (1) represeats #ata sequences yields

difference in the performance of our algorithm and the optim N2 " . 2

batch piecewise linear regressor embedded with the optimal (d[b‘] - d[t]) — Inf (d[t] —dy [t]) <o(p’n),

. e . fer
regression parameters in hindsight. Therefore, an uppgerdo . =1 =1

on (@) shows the convergence performance of the introduég? “)”y n, with a computational complexity upper bounded by
n).

algorithm. . . .
g This theorem presents the nonlinear modeling power of

I1l. NONLINEAR REGRESSION VIAINFINITE DEPTH the introduced algorithm and indicates that the introduced
CONTEXT TREES algorithm can sequentially achieve the asymptoticallystrae

In this section, we introduce a sequential piecewise "nea?rformance as the optimal twice differentiable functibatt

regression algorithm that asymptotically achieves thdoper IS Selected non-causally. _
mance of the best piecewise linear model defined on the! "€ Proofs of Theorem 1 and 2 can be found in the
infinite depth context tree and embedded with the optimuf@!lowWing subsections, respectively.
regression parameters. We provide the algorithmic details 4 Proof of Theorem I and Construction of the Algorithm
the proof of Theorem 1.

Theorem 1: Let {d[t]},., and {x[t]},~, be arbitrary,
bounded, and real-valued sequences of data and regressor
vectors, respectively. Then the algorithm cZ[t] given in Section

[[II-Al when applied to these data sequences yields

In order to prove Theorem 1, we first consider the parameter
regret that results while learning the true regressionrpatars
for a given piecewise linear model. We then introduce a
method to partition the regressor space so that we obtain an
infinite depth context tree. Finally, we consider the stieait

Z (d[t] _ d[t])Q regret that results while learning the true partitioningttoé
—1 regressor space for the introduced infinite depth context tr
" ) For the first part of the proof, consider that a piece-
_ inf inf Z(d[t]—cib[t]) < O (plog?(n)), Wise linear model, say thenth model, havingK,, dis-
meM’ | U, xR £ joint regionsR4, ..., Rk, such thatUkK:m1 Ri = [-A, AP

k=1....Kmn

for any n, with a computational complexity upper bounded by IS given. T_hen’ a piecewise linear regressor. can .be con-
O(n), where M’ 2 {m € M : K, < O(log(n))} and K strupted using the universal linear predictor ofl[13] in leac

’ S " region asd,[t] = vl ,[t]z[t], when z[t] € Ry, with
represents the number of disjoint regions in model m. " , )

This theorem implies that our algorithm given in Sectiofl® regression parametets,, ,[t] = (Ry[t] +0I) " pyt),
MMA] asymptotically achieves the performance of the bedhere I represents the appropna;e sized |dent|tyA ma-
piecewise linear model (having(log(n)) partitions), whose U Rkl = > ci guner, @[]z [('], and pyft] =
regression parameters are optimally set in hindsight, ééfin’_¢<t: z(jex, 'l [t']. The upper bound on the perfor-
on the infinite depth context tree. Note that the number §}ance of this regressor can be calculated following similar
different piecewise linear models defined on the infinitetdeplines to [13] and it is obtained as follows
context tree can be in the order af5™ [12]. This result E 5 2 . - 5 2 2
indicates that as increases, the performance of the introduce; (d[t] ~ [t]) ;mrf}clélw{z (d[t] B db[t]) 3 [[omll }
algorithm sequentially converges to the performance ofemor k=1, Kom
powerful piecewise linear regressors. Hencepascreases, < A2Kppln (n/Kpy) +O(1). )
the difference in the performances of the introduced allgori This concludes the first part of the proof.
and the piecewise linear model that optimally partitions th Before we introduce the partitioning method to generate the
regressor space will decrease. Such a powerful regressioiinite depth context tree, we first introduce a labelingtfos

technique is achieved with a computational complexity upp&ree nodes following[[10]. The root node is labeled with an

bounded byO(n), i.e., only linear in the data length. empty binary string\ and assuming that a node has a lahel
Remark 1: Note that the algorithm in Secti@n TI}A achievesvherex = v ...y is a binary string of length formed from
the performance of the best piecewise linear model havitgtersyy, ..., v, we label its upper and lower children a$

O(log(n)) partitions with a regret ofD(plog®(n)). For the andx0, respectively. Here, we emphasize that a string can only

models havingD(n) partitions, our algorithm still achieves atake its letters from the binary alphabet, i:es {0,1}, where

regret ofO(pn), where we emphasize that no other algorithra refers to the lower child, antl refers to the upper child of

can also achieve a smaller regret th@afpn) [6]. a node. We also introduce another concept, i.e., the definiti
Before proving Theorem 1, we introduce another theoremf the prefix of a string. We say that a strirg = v{ ... v},

where we define the performance of our algorithm with respasta prefix to strings = vy ...y, if I’ <1 andv] = v; for all

to the class of twice differentiable functions. 1=1,...,l', and the empty string is a prefix to all strings.



are shown as dark nodes, whereas the others are light nodes,
and the regressor vectors are marked witls in the one
dimensional regressor space. For instance at time2, we

i o have a depth- context tree, where we have two nodesand
1 with corresponding region®, = [—A4,0], R1 = [0, 4],
A A A A andag = 1, ag = 0. Then, at timet = 3, we observe a
t=0 =1 t=2 t=3 regressor vector[3] € Ry and divide this region into two

disjoint regions using;; = —A/2 line. We then find that in
A A A fact z[3] € Ro1, hence setyy; = 1, whereasyyy = 0.

Clearly, using this method, the number of light nodes on
the tree ist at time ¢, therefore we may observe a context
tree of depthn in the worst-case scenario, e.g., wheft] =
[A,..., A]T for all t. Hence, the computational complexity of
the algorithm is upper bounded ¥y(n). This concludes the
second part of the proof, i.e., the construction of the itdini
depth context tree.

Fig. 3: A sample evolution of the infinite depth context tree, whele t  |n the final part of the proof, we consider the structural
regressor space is one dimensional. The ‘marks on the regressor spacer(:’,(‘:]ret of our algorithm. We first assign a weight based on the

represents the value of the regressor vector at that spéwificinstant. Light
nodes are the ones having an index. pfvhereas the index of the dark nodesPerformance[[10] for each leaf nodec £ as follows

is 0.
1 . 2
L _ —
Pum) 2expl == 3 (dit] = dmald]) .
t<n:L[t|eR,

t=4 t=5 t=6

Finally, we letP (k) represent all prefixes to the string i.e.,
P(k) £ {ko,...,r1}, Wwherel = [(k) is the length of the . _ _ :
string k, &; is the string withi(x;) = 4, and ko = X is the where d,,, x[t] is constructed using the regressor introduced

empty string, such that the firstletters of the strings forms 1" [13] and discussed in the first part of the proof. Then, we
the strings; for i =0, ..., L. define the probability of an inner node¢ L as follows

Letting £ denote the set of leaf nodes for a given contexp, (n) £ 1 0(n) Py (n)
tree, we consider each leaf node of the tkee £, and define 2

a specific indexx,, € {0, 1} for these leaf nodes such that 1 1 . 2
represents whether a regressor vector has fallenfatoThat TPy 5 Z dlt] —dm k[t])
is, a,, = 0 represents that no regressor vector has fallen into . t<n: T[tJER,

— 1 means that there was one. We2SiNg this definitions, we then construct the weight of the

region R,., whereasw,, = d foll — -B h
also store the set of regressor vectors at each leaf nodehwHPOt N0deA as followsPy(n) =3, ¢ v 277 P(n|m), where

“ 2
we denote by, , = {z[t], Vt € {1,n} : z[t] € R.}. P(n|m) £ exp {—% S (d[t] —dp [t]) represents the

We then present the algorithm to construct the infinite depgérformance of a given partition € M over a data length of

context tree as follows. At time = 0, we begin with a n, and B,,, represents the number of bits required to represent

_Sr';'g:]e ngdr%clfs'" :e c:)Or?sttrm;??heh?:\gQ?e T?ri):aagc;rc(i)iﬁ tthe modelm on the context tree using a universal codel [14].
» W ursively u X 9 Hence, the performance of the root node satisfigg) >

the following principle. For every time instant> 0, we find . 5 X
the leaf node of the tree € £ such thatz[t] € R,. For this 277 P(n|m) for anym € M. That is,

node if we have —2aln (Py\(n)) < min {Z (d[t] - ch[t])Q}
e a4 = 1, then we generate two children nodes ~1 for meM i
this node by dividing the regiofR, into two disjoint + 2a1n(2) log(n) + 4A%K,, log(n), (3)
regionsR,o, Rx1 Using the planer; = ¢, wherei —1 = \yhere the last line follows when we maximizB,, with

I(x) (mod p) and c is the midpoint of the regiorR.  respect tan € M and the regret termA2 K, log(n) follows
along theith dimension. Then, we divide the informationque to the adaptive construction of the infinite depth cantex
stored inx,, ,, INtO .0, .1, and assign these sets tqree.
the nodes:0, x1, respectively. Using this information, we  Hence, we have obtained a weighting assignment achieving
calculatevy,, yo[t], vm,x1[t] and finally seta,, = 1 for the performance of the optimal piecewise linear model. We
the noderv, wherev € {0,1}, such thatz[t] € Ry, nextintroduce a sequential algorithm achievifgn). To this
and setv,., = 0, wherev® represents the complementaryand, we first note thaf,(n) = [/, Px(t|t — 1), where
letter of v in the binary alphabef0,1}. Py(t|t—1) 2 P\(t)/Px(t — 1). Now if we can demonstrate
 a, = 0, then we only increment this number Byand 5 sequential algorithm whose performance is greater than or
perform the algorithmic updates without any modificatiogqual toP, (¢ |t — 1) for all ¢, we can conclude the proof. That
on the context tree. is, we present a sequential update fré(t — 1) to Py(t).
As an example, in Figl3, we consider that the regressorAfter the structural updates (which are already discussed i
space is one dimensional and present a sample evolutiontted second part of the proof) are completed, say at tinee
the tree, where in the figure, the nodes having an index ofobserve a regressor vectaft| € R,, for somex € L. Then,



we can compactly denote the weight of the root node at timéhere the upper bound on the regret follows whigp, =

t —1 as follows O(log(n)). This concludes the proof of Theorem 1 and con-
P\(t—-1)= Z T, [t — 1] struction of the algorithm. O
ki €P (k) Remark 2: Note that as mentioned in Remark 1 (and

to the performance of the piecewise linear models having
t<t: TH]ER,, O(n) disjoint regions. Therefore, we can limit the maximum

where d,.[f] represents the output of the regressor for nodi¢Pth of the tree byO(log(t)) at each timet to achieve
%, ki € P(r) is the string formed from the first letters of a low complexity implementation. With this limitation and
K': lyl v, and,, [f] is recursively defined as follows according to the update rule of the tree, we can observe

1 it i—0 that while dividing a region into two disjoint regions, we
~ f " i may be forced to perfornO(n) computations due to the
T ft] = § g Pimave (E = Dme [t fl<i<i—1. accumulated regressor vectors. However, since a regressor
P et =Dme, [t] - ifi=1 vector is processed by at moStlog(n)) nodes for anyn,
Sincez|t] € R, for somer € £, then afterd[t] is revealed, the average computational complexity of the update rule of
the weight of the root node at timecan be calculated asthe tree remaing)(log(n)). Furthermore, the performance of

2} also can be observed if(2)), no algorithm can converge

X exp {—} S (- dal)

follows 1 A ) this low complexity implementation will be asymptoticatlye
Py(t) = Z T, [t — 1] exp {—— (d[t] —dy, [t]) } same as the exact implementation provided that the regresso
i €P(K) 2a vectors are evenly distributed in the regressor spacethey
) are not gathered around a very small neighborhood. Thi¢tresu
X exp 1 Z d[t'] - d., [t’]) _ follows when we multiply the tree construction regret [ (3)
V<t T[]E R, by the total number of accumulated regressor vectors, whose
which results in b ) order, according to the above condition, is upper bounded by
P)\(t|t_1): >\() O(TL)

Py(t—1)
B. Proof of Theorem 2

1 R 2
= Z i [t = 1] eXP{—% (d[t] — dx, [t]) }v (4) We begin our proof by emphasizing that the introduced
i €P(K) algorithm converges to the best linear model in each region

where ) with a regret ofO(plog®(n)) as already proven in Theorem
T, [t — 1] exp{—%zt/d (d[t’] —d,, [t’]) } 1. Therefore, using any other linear model yields a higher
e lt—1] 2 T[t'|ERy, ~ regret. Hence, say we define a suboptimal affine model by
i Py(t—1 applying Taylor's theorem to a twice differentiable furcti
We then focus on [{4) and observe that we have c 7 about the midpoint of each region. Lét[t] denote the
> wiep(s) Mt — 1] = 1, which means that if the secondyregiction of this suboptimal affine regressor. Then, weehav

term in (@), i.e.,f(dx,[t]) £ exp {—% (a1t - dv, [t])Q}, is zn: (a1 - d[t]) < Xn: (a1 - cis[t]) + O(plog®(n)).
t=1

concave, then by Jensen’s inequality, we can conclude that t=1

of the remainder, we obtain

n

2 Now applying the mean value theorem with the Lagrange form
]) = Py(t|t-1)

eXp 4y —5- ( Z Mm

. 2 . 2
K EP () > (di - dil) =3 (i) - dyln)
6) = =1
Since the 2funct|on f(d.[t]) is concave when n (@)
(d[t] —d,, [t]) < a, and we haveld[t]] < A, we have <2AZ{ZZ 0% b(iﬂi[f] = i) (@;[¢] —Gm)},
to seta > 442 Hence, we obtain a sequential regressor ~ ='li=1J /1 T i
in (B), whose performance is greater than or equal to thr somem € M’ andb € R, wherea,, = [a,1, ..., ax ]
performance of the root node. A |s_the midpoint of the regleR Maximizing this upper bound
FinaIIy, we define the final estimate of our algorithiin] £  With respect tax we obtain
Do €P(x d.,[t] and combining the results if(2), e s 2
@), and E(B) we obtaln ; (d[t] d[t]) ; (d[t] df[t])
S (aln) - dp)” ) A .
< 2ADp*n———— + O(plog“(n
pot P o () (plog”(n))
. . - - 2 < o(p°n).
< _ 2
= mem { vmrﬁlélw {; (d[t] db[t]) +vml| }} This concludes the proof of Theorem 2. O
k=1,... K, =

+ A’ Ky, (pIn (n/Ky,) + 4log(n)) +2a1n(2) log(n) +O(1) IV. SIMULATIONS
m n{n/fHLom og(n aln og(n , ) _ .
- R b In this section, we illustrate the performance of our al-

<O(plog®(n)) gorithm under well-known scenarios with respect to various




Data Sois Algorithms 1\ serw | ipcTwee | cTw LR VF FNF
Lorenz Attractor 0.0354 0.0354 0.0360 | 0.0422 | 0.0371 | 0.0403
Mackey-Glass Sequencg 0.0244 0.0244 0.0291 | 0.1031 | 0.0354 | 0.0373
Chua’s Circuit 0.0266 0.0266 0.0316 | 0.0372 | 0.0372 | 0.0802
Duffing Map 0.0124 0.0124 0.0933 | 0.2200 | 0.2308 | 0.5977
Rossler Attractor 0.1468 0.1468 0.1798 | 0.1983 | 0.1765 | 0.1580
Tinkerbell Map 0.0834 0.0834 0.1068 | 0.1083 | 0.1034 | 0.0885

TABLE I: Time accumulated normalized errors of the proposed algosgt Each dimension of the data sets is normalized betyeéni].

methods. Results of the experiments are given in Tableare exactly the same, hence the IDCTW-Ic algorithm can be
where we denote the infinite depth context tree weightingsed as an elegant alternative to the IDCTW algorithm.
algorithm of Theorem 1 by “IDCTW?”, its low complexity V. CONCLUDING REMARKS

implementation in Remark 2 by “IDCTW-Ic”, the context tree

weighting algorithm of [8] having depth by “CTW”, the We study nonlinear regression of deterministic signalagisi

an infinite depth context tree, where the regressor space is

linear regressor by “LR”, the second order \olterra filter biﬂartitioned using a nested structure and independen
“VF” [9], and the second order Fourier nonlinear filter bf [15 . : . 9B
are assigned to each region. In this framework, we introduce

by “FNF". Note that the combination weights of the LR, VF’a tree based algorithm that sequentially increases itSmeanl
and FNF are updated using the RLS algorithm. g d Y

. . : . ._modeling power and achieves the performance of the optimal
The_ Losrznz attractor |dsydef|ned by the fo"og’v'”g dIﬁerehtlatwice-dif?e?entiable function as WeFI)I as the performanc?e 0
\?V?]lé?govcedg; U_(y2gx)’_d_tl§ z%_ﬁz)__g/’?)andﬁ = 2=P%  ihe best piecewise linear model defined on the infinite depth
The Macke —_Glaésas_e u,ence is_defiﬁed by the foIIOWincontext tree. Furthermore, this performance is achievdg on
differential e l)J/ationd—”” _ qﬁm . wherex )(/jenotes the vgith a computational complexity logarithmic in the datadém
q e R T n, i.e., O(log(n)) (under regularity conditions). We illustrate

: a7y
value ofz at timet — 7 and we sef§ = 2, y = 1, 7 = 2, the merits of the introduced algorithm over a series of well-
own nonlinear problems in the literature.

andn = 10 with the initial conditionz = 0.5 for ¢ < 0. We K
generate the time series using the fourth order Runge—KutPa
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