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Abstract

Accumulating evidence suggests the canonical cortical circuit, consisting of exci-
tatory (E) and diverse classes of inhibitory (I) interneurons, implement sampling-
based Bayesian inference to compute stimulus posteriors. However, most of the
identified sampling algorithms in the circuit are still simpler than the nonlinear
circuit dynamics. Through comprehensive theoretical analyses of the nonlinear
circuit dynamics, we discover the canonical circuit dynamics innately implements
natural gradient Bayesian sampling, which is an advanced sampling algorithm that
adaptively adjusts the sampling step size based on the local geometry of stimu-
lus posteriors measured by Fisher information. Specifically, the nonlinear circuit
dynamics can implement natural gradient Langevin and Hamiltonian sampling of
uni- and multi-variate stimulus posteriors, and these algorithms can be switched
by interneurons. We also find that the non-equilibrium circuit dynamics when
transitioning from the resting to evoked state can further accelerate natural gradient
sampling, and analytically identify the neural circuit’s annealing strategy. Re-
markably, we identify the approximated computational strategies employed in the
circuit dynamics, which even resemble the ones widely used in machine learning.
Our work provides an overarching connection between canonical circuit dynamics
and advanced sampling algorithms, deepening our understanding of the circuit
algorithms of Bayesian sampling.

1 Introduction

The brain lives in a world of uncertainty and ambiguity, necessitating the inference of unobserved
world states. The Bayesian inference provides a normative framework for this process, and extensive
studies have suggested that neural computations across domains aligns with Bayesian principles,
giving rise to the concept of the “Bayesian brain” [1]. These include visual processing [2], multi-
sensory integration [3], decision-making [4], sensorimotor learning [5], reinforcement learning (cite),
etc. Recent studies suggested the canonical cortical circuit may naturally implement sampling-based
Bayesian inference to compute the posterior [6–15], in that the large cortical response variability is
consistent with the stochastic nature of sampling algorithms.

The canonical cortical circuit – the fundamental computational unit repeated throughout the cerebral
cortex – consists of excitatory neurons (E) and various classes of inhibitory interneurons (I) (Fig. 1
A) [16–20], including neurons of parvalbumin (PV), somatostatin (SOM), and vasoactive intestinal
peptide (VIP). Different interneuron classes have different intrinsic electrical properties and form
specific connectivity patterns (Fig. 1B). A very recent study has established connections between
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certain neuronal circuit motifs and sampling-based inference [15]. Specifically, the reduced circuit
of only E and PV neurons can implement Langevin sampling in the stimulus feature manifold to
compute the posterior. And incorporating SOM into the circuit introduces oscillations that accelerate
sampling by upgrading Langevin sampling into more efficient Hamiltonian sampling.

Nevertheless, a significant gap remains between identified Bayesian sampling algorithms and the
complex, nonlinear canonical circuit dynamics. A notable distinction is that canonical circuit
dynamics is inherently non-linear and substantially more complex than the linear dynamics of
Langevin and Hamiltonian samplings identified in previous circuit models and used in machine
learning (ML) research. Rather than dismissing the added complexity as incidental to neural dynamics
without computational purpose, we explore whether these nonlinear circuit dynamics may serve some
advanced function. This raises a compelling question: Can nonlinear circuit dynamics implement
more advanced and efficient sampling algorithms? If so, what are advanced circuit algorithms?

To address this question, we perform comprehensive theoretical analyses of the canonical cortical
circuit model composed of E neurons and two classes of interneurons (PV and SOM). Our analysis
reveals that canonical circuit dynamics not only implements standard Langevin and Hamiltonian
sampling as revealed in [15], but innately incorporate the natural gradient (NG) to automatically
adjust the step size (or the “temperature”) in the circuit’s Langevin and Hamiltonian sampling based
on the local geometry of the posterior distribution measured by the Fisher information (FI).

Specifically, we find the total activity of E neurons monotonically increases with posteriors’ FI,
dynamically controlling the effective sampling step size in the low-dimensional stimulus feature
manifold. Remarkably, the natural gradient sampling in canonical circuit dynamics exhibits com-
putational strategies analogous to established numerical techniques in ML [21–23]. These include,
1) the recurrent E input acts as a regularization term analogous to adding a small number to the FI
before inversion to prevent numerical instabilities (Eq. 8, α) – a common practice in NG sampling
algorithms; 2) When coupling multiple canonical circuits interact to sample multivariate stimulus
posteriors, the coupled circuit approximates the full FI matrix with its diagonal elements (Sec. 5),
similar to the diagonal approximation used in scalable NG samplings. In addition, our analysis
reveals that when the circuit transitions from resting state (no feedforward input) to evoked state (with
feedforward input), the non-equilibrium canonical circuit dynamics further accelerates sampling
beyond the efficiency of standard NG sampling. We analytically identify the neural annealing
strategy within canonical circuit dynamics (Fig. 2J, Eq. 13b).

Significance. The present study provides the first demonstration that canonical cortical circuits
with diverse classes of interneurons naturally implement natural gradient Langevin and Hamiltonian
sampling. We establish a precise mapping between circuit components and computational elements
of advanced sampling algorithms, bridging computational neuroscience and machine learning. And
the canonical cortical circuit may inspire more efficient artificial intelligence systems.

2 The canonical cortical circuit model

We consider a canonical circuit model widely used in neuroscience research [24, 25, 11, 15], which
can be regarded as a hypercolumn in the cortex. The circuit consists of E neurons and two classes of
I interneurons (PV and SOM), and is modeled based on continuous attractor networks (CANs, see
detailed description in SI. Sec. 3). Briefly, each E neuron has a stimulus tuning and the preference of
all E neurons tile the whole stimulus space. E neurons are recurrently connected with a Gaussian
kernel in the stimulus space. Both PV and SOM interneurons are driven by E neurons, but differ in
function: PV neurons deliver global, divisive normalization to E neurons, whereas SOM neurons
provide local, subtractive inhibition. The circuit model reproduces how PV and SOM modulate E
neurons’ tunings observed in experiments (Fig. S1).

E neurons’ dynamics. The E neurons in the circuit are selective for a 1D stimulus feature z, e.g.,
spatial location. Denote θj as the preferred stimulus feature of the j-th E neuron, and the preferred
feature of all NE E neurons, {θj}NE

j=1 uniformly cover the whole space of feature space z (Fig.
S1), which is widely considered in neuroscience research. Mathematically, in the continuum limit
(θj → θ) corresponding to an infinite number of neurons, the dynamics of E neurons is,

τ u̇E(θ, t) = −uE(θ, t) + ρ
∑

X=E,F,S(WEX ∗ rX)(θ, t) +
√

τF[uE(θ, t)]+ξ(θ, t), (1)

2

.CC-BY 4.0 International licenseavailable under a
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprint (whichthis version posted July 4, 2025. ; https://doi.org/10.1101/2025.07.03.663069doi: bioRxiv preprint 

https://doi.org/10.1101/2025.07.03.663069
http://creativecommons.org/licenses/by/4.0/


F
e

e
d

fw
d

. i
n

p
u

t
r
F

C

FD

w
XY

µ−µ'
−180 0

0

180

W
X
Y
(µ

,µ
')

X;Y2fE;S;Fg

a
XY

Recurrent kernel

G H

Time (/¿)

Time (/¿) Time (/¿)

Time (/¿)

N
e

u
ro

n
 i
n

d
e

x
 µ

-180

180

0

-180

180

0

100 5

5 5

5

100 10

0

-6

-6

100

6

6

0

0

SOM

0

0

100

100

PV

......
E

SOM

µ

B

r
F

z

Feedfwd.

input

SOM

PV E

VIP

E

Canonical circuitA

Stimulus 

feature

G
e

n
e

ra
ti

v
e

 m
o

d
e

l
S

a
m

p
li

n
g

Circuit model

0

3

6

-180 180
Neuron index µ

0

Stimulus z

L
ik

e
li

h
o

o
d
p
(r

F
jz

)

-10 100

S
p

k
. c

o
u

n
t 
n

Position ¹
z

Mean ¹
z

Var / n -1

E

R
a

te
 (

H
z)

R
a

te
 (

H
z)

E

-6
-6

6

6

S
ti
m

. 
s
a

m
p

le
 z

S

S
ti
m

. 
s
a

m
p

le
 z

S

P
ro

b
.

0

Stim. sample z
E

S
ti
m

. 
s
a

m
p

le
 z

E

0

Elapsed time

4¿

Circuit sampling distribution

Posterior ¼(z)

Figure 1: (A) The canonical circuit of E and diverse types of interneurons and sampling-based
Bayesian inference. (B) The circuit model in the present study consists of E and two types of interneu-
rons (PV and SOM). (C) The recurrent connection kernel between E neurons. (D) Feedforward input
represented as a continuous approximation of Poisson spike trains with Gaussian tuning across the
stimulus feature. (E) The feedforward input parametrically encodes the stimulus feature likelihood.
(F) The population responses of E (top) and SOM neurons (bottom). (G) Stimulus feature values
sampled by the E and SOM neurons respectively. (H) The network’s sampling distribution read
out from E and SOM neurons. The E neuron’s position is regarded as stimulus feature sample zE ,
while the sample of SOM neurons zS contributes to the auxiliary momentum variable in Hamiltonian
sampling. The distribution of zE (top marginal) will be used to approximate the posterior.

where uE(θ, t) and rE(θ, t) represent, respectively, the synaptic inputs and firing rates of neurons
preferring z = θ. X denotes neuronal types with E, F and S stand for E neurons, sensory feedforward
inputs, and the SOM neurons respectively. τ is the time constant, ρ = N/2π is the neuronal density
covering the stimulus feature space, and[x]+ = max(x, 0).

Recurrent connection kernel. WY X(θ) is the recurrent connection kernel from neurons with type
X to those with type Y , which are modeled as Gaussian functions in the model (Fig. 1C),

WY X(θ) = wY X

(√
2πaXY

)−1
exp(−θ2/2a2XY ), (2)

where the scalar wY X is the peak recurrent weight strength and is the only circuit parameter to be
adjusted for realizing Bayesian sampling. and aY X the connection width across the stimulus feature
space. The symbol ∗ denotes the convolution, i.e., W(θ) ∗ r(θ) =

∫
W(θ − θ′)r(θ′)dθ′.

PV neurons provide divisive normalization. PV are driven by all E neurons and then provide global,
unstructured feedback to E neurons. For simplicity, we consider they are not stimulus tuned, as an
extreme case of their weak tuning in reality [16]. It was suggested that PV neurons provide divisive
normalization to module E neurons’ responses, a canonical operation in the cortex [17, 26, 27]

rE(θ, t) = [uE(θ, t)]
2
+/(1 + ρwEP rP ), rP =

∫
[uE(θ

′, t)]2+dθ
′, (3)

where rp (scalar) corresponds the mean firing rate of the population of PV neurons. wEP (a positive
scalar) characterizes the global inhibition strength from PV neurons to E neurons.

SOM neurons’ dynamics. Similar to the PV, the SOM neurons are also driven by the E neurons but
they have local, structured interactions with E neurons. This was supported by experiments that SOM
neurons are selective to the stimulus feature and linearly modulate E neurons’ responses respectively.

τ u̇S(θ, t) = −uS(θ, t) + ρ(WSE ∗ rE)(θ, t); rS(θ, t) = gS · [uS(θ, t)]+, (4)
where gS (scalar) controls the “gain” of the SOM neurons.

Stochastic sensory feedforward input. The feedforward input rF (θ, t) (Eq. 1) is stochastically
evoked by an external stimulus z, and is modeled as conditionally independent Poisson spikes with
Gaussian tuning given a stimulus z (Fig. 1D), consistent with neural coding models (e.g., [28, 12]).

rF (θ|z) ∼ Poisson[λF (θ|z)], λF (θ|z) = RF exp[−(θ − z)2/2a2], (5)
where λF (θ|z) is the mean firing rate. In simulating the rate-based circuit dynamics, rF is approxi-
mated as a continuous Gaussian random variable with multiplicative noise.

3 From circuit dynamics to Bayesian sampling: research philosophy

3.1 Subjective posterior sampling

In our framework, the stage from external stimulus z to the feedforward input rF is regarded as
a generative process (Fig. 1A), and then the circuit dynamics (Eqs. 1 and 4) effectively performs
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Bayesian sampling dynamics to compute the stimulus posterior, π(z) ≡ p(z|rF ) ∝ p(rF |z)p(z). We
hypothesize that the circuit computes subjective posterior distributions π(z) based on its internally
stored generative model [29]. The implicit assumption is the subjective prior in brain’s neural circuits
matches the objective prior (usually not known precisely) of the world. With this hypothesis, we treat
the canonical circuit, strongly supported by experiments, as a “ground truth”, and aim to identify the
circuit’s internal generative model and its Bayesian sampling algorithms.

Subjective prior. We will leave the subjective prior unspecific for now and will find it through the
analysis of the circuit dynamics. This will be shown later at the Eqs. (14 and 17).

Stimulus likelihood L(z). The stochastic feedforward input from the stimulus z (Eq. 5) naturally
specifies the stimulus likelihood that is calculated as a Gaussian likelihood (see SI. Sec. 3.4),

L(z) ∝ p(rF |z) =
∏

θ Poisson[λF (θ|z)] ∝ N
(
z|µz,Λ

−1
)
,

where µz =
∑

j rF (θj)θj/
∑

j rF (θj), Λ = a−2
∑

j rF (θj) =
√
2πρa−1RF .

(6)

The Gaussian stimulus likelihood is resulted from the the Gaussian profile of feedforward input tuning
λF (θ|z) (Eq. 5) [28]. Its mean µz and the precision Λ can be read out from rF via a linear decoder
called population vector [30, 31], Geometrically, µz is regarded as rF ’s location in the stimulus
feature space, and Λ is proportional to the feedforward input strength RF (Fig. 1D-E). In this way, a
single snapshot of rF parametrically conveys the whole stimulus likelihood p(rF |z) [28].

3.2 Natural gradient Bayesian sampling

A recent study proposed the canonical circuit dynamics can implement both Langevin and Hamil-
tonian sampling algorithms, depending on the presence of SOM neurons [15]. The present study
moves one important step further: we ask whether the circuit can adaptively adjust the sampling step
size based on the local geometry (curvature) of the posterior π(z), realizing more efficient sampling.
Mathematically, Amari’s natural gradient is a well-known method to adaptively adjust the sampling
step size based on the local geometry characterized by the Fisher information (FI) G(z) [32–34, 22],

G(z) = −Eπ(z)

[
∇2

z lnπ(z)
]
. (7)

For a Gaussian distribution N (z|µ,Λ−1), the FI will be its precision Λ and doesn’t depend on z.

Natural gradient Langevin sampling (NGLS). For example, the FI will be used to determine the
step size of the Langevin sampling dynamics to sample the posterior distribution π(z) [22],

ż = τ−1
L ∇ lnπ(z) + (2τ−1

L )1/2ξt, where τL = η[G(z) + α]. (8)

α is a small positive constant acting as a regularization term to improve numerical stability in inverting
the FI [21, 23, 35], which is widely used in ML. η is a small constant similar to the inverse of “learning
rate”. In the naive Langevin sampling, τL is fixed rather than proportional to the FI. In the NG
Langevin sampling, the τL scales with the FI. If the distribution is widely spread out, the sampling
step size will be larger, allowing for faster exploration of the space. Conversely, if the distribution is
sharply peaked, the sampling step size will be smaller to explore the local region more thoroughly.

Natural gradient Hamiltonian sampling (NGHS). The natural gradient can also be incorporated into
Hamiltonian sampling [22] with Hamiltonian function H(z, p) defined as (p: auxiliary momentum),

H(z, p) = − lnπ(z)− lnπ(p|z), π(p|z) = N [p|0, G(z)]. (9)

π(p|z) is the momentum p distribution that is conditioned on z, particularly, whose variance (rather
than precision) is the FI G(z). The negative logarithm of π(p|z) is called kinetic energy. The NGHS
with friction is given by [22, 36, 37]

d

dt

[
z
p

]
= −

[
0 −τ−1

H

τ−1
H γ

] [
∇zH
∇pH

]
+
√
2

[
0

γ1/2

]
ξt (10)

where τH is the time constant of the Hamiltonian sampling, and γ is the friction that dampens
momentum. The Hamiltonian dynamics with friction can be interpreted as a Langevin dynamics
added into the momentum dynamics [36, 37]. When γ = 0, the above Hamiltonian dynamics reduces
into the naive Hamiltonian dynamics. Our following analysis will show the canonical circuit can
automatically implement the natural gradient Langevin sampling and Hamiltonian sampling.
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4 A reduced circuit with E and PV neurons: NG Langevin sampling

4.1 Theoretical analysis of the circuit dynamics

To identify the subjective prior in the circuit and investigate how it implements natural gradient
sampling, we start by analyzing a reduced circuit model with only E and PV neurons (setting
WES = 0 in Eq. 1). We perform perturbative analysis of the nonlinear circuit dynamics, analytically
identify the dominant modes (eigenvectors) of the perturbed dynamics, and then project the dynamics
onto these modes. We eventually find the circuit dynamics performs natural gradient sampling in the
stimulus feature manifold (subspace) that has the largest eigenvalue in the perturbation dynamics.

Attractors. Given a feedforward input rF (Eq. 5), it can be checked the synaptic input uE(θ) and
firing rate rE(θ) of E neurons both have Gaussian bump attractor states (Fig. S1; SI. Sec. 3.2) ,

ūE(θ) = ŪE exp[−(θ − z̄E)
2/4a2], r̄E(θ) = R̄E exp[−(θ − z̄E)

2/2a2]. (11)

The Gaussian bump is located at z̄X = µz on the stimulus feature manifold, with µz is feedforward
input’s location (Eq. 6). ŪE and R̄E’ are the “height” of the population synaptic input and firing rate
respectively, whose analytical solutions are in (Eqs.13a-13b and SI. Sec. 3.1-3.3).

Perturbative analysis. The sensory noises and the internal Poisson variability deviate instantaneous
neural responses from the attractor state (Eq. 11). We treat each instantaneous response as perturbed
from the attractor, i.e., uE(θ, t) = ūE(θ)+δuE(θ, t), and analytically derive the relaxation dynamics
of the perturbation δuX(θ, t) and its eigenvectors (SI. Sec. 3.3, [38]). The first two dominant
eigenvectors correspond to the position zx and height UX changes of the population activity [24, 38],

Position : ϕ1(θ|zE) ∝ ∇zūE(θ) ∝ (θ − zE) exp[−(θ − zE)
2/4a2], (12a)

Height : ϕ2(θ|zE) ∝ ūE(θ) ∝ exp[−(θ − zE)
2/4a2]. (12b)

Dimensionality reduction for stimulus sampling dynamics. We further project the E dynamics (Eq.
1) onto the above two dominant eigenvectors, where the projection is computing the inner product
between the neuronal responses and the eigenvector, i.e., ⟨ϕ(θ), f(θ)⟩ =

∫
ϕ(θ)f(θ)dθ, with f(θ)

representing the left or right hand side of Eq. (1). The projection yields the govening dynamics of the
E neurons on the stimulus feature manifold and height manifold (see details in SI. Sec. 3.3)

Position : żE ≈ (τUE)
−1UEF (µz − zE) + σz(τUE)

−1/2ξt, (UXY = ρwXY RY /
√
2) (13a)

Height : U̇E ≈ τ−1[−UE + UEE + UEF ] + σU (τ
−1UE)

1/2ξt, (13b)

where UXY is the population input magnitude from population Y to X . σ2
z = 8aF/(3

√
3π) and

σ2
U = F/(

√
3πa) are all constants that don’t change with network activities. The approximation

comes from omitting negligible nonlinear terms in the circuit dynamics (SI. Sec. 3.3). Our following
theoretical analysis on circuit algorithms will be based on the above two equations.

4.2 Natural gradient Langevin sampling in the reduced circuit

E bump position zE implements Langevin sampling. We convert the Eq. (13a) into a form
consistent with the Langevin sampling (Eq. 8) by rescaling the drift term in Eq. (13a), in that the
feedforward input strength is proportional to the likelihod precision, i.e., UEF ∝ Λ (Eq. 6),

żE = (τUE)
−1λz∇ lnL(zE) + σz(τUE)

−1/2ξt, with ∇ lnL(z) = Λ(µz − z), λz =
wEFa

2
√
π

. (14)

The above equation has several profound implications:
1) The reduced circuit (E and PV neurons) stores a uniform (uninformative) prior and then the circuit

dynamics samples the stimulus likelihood L(z), consistent with the previous study [12, 15].
2) Sampling the likelihood only requires to set the ratio σ2

z/λz = 2 in Eq. (14), which can be
realized by setting the feedforward weight as wEF =

√
πσ2

z/a = (2/
√
3)3F

3) The E bump height UE controls the sampling time constant.
4) Eq. (13b)’s drift and diffusion terms both share the E bump height UE , which ensures the circuit

with the same weights can sample likelihoods with different uncertainties (Fig. 2B, right).

E bump height UE encodes Fisher information. NGLS requires the circuit’s sampling time constant
to be proportional to the posterior FI (Eq. 8), i.e., τUE ∝ G(z) , and the posterior (likelihood) FI is
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Figure 2: Natural gradient Langevin sampling in the reduced circuit with E and PV neurons. (A) The
need for adaptive sampling step size to deal with posteriors with different spreads. (B) The reduced
circuit with fixed weights flexibly samples posteriors with different uncertainties in the equilibrium.
(C-D) E bump height UE increases with posterior Fisher information (C) and determines the sampling
time constant, or step size, in the stimulus feature manifold. (E-F) The sampling convergence with
recurrent weight wEE that acts as the regularization coefficient (Eq. 8) (G) KL divergence; (G)
Convergence time. (G-H) The sampling convergence at different posterior uncertainties. The cross
correlations of samples (E) and the KL divergence from the sampling distribution to the posterior over
time (F). (I-K) Non-equilibrium sampling further accelerates convergence. (I) The non-equilibrium
population responses (J) and bump height (L) from the resting state (no feedforward input) to evoked
state. (K) The KL divergence from the sampling distribution to the posterior.

G(z) = Λ =
√
2πρa−1RF (Eq. 6). We then analyze the relation between the E bump height UE

and G(z). For simplicity, we first focus on the equilibrium mean of UE by averaging Eq. (13b),

ŪE = UEE + UEF , UEF = ρwEFRF /
√
2 = λz ·G(z) (15)

where R̄E = Ū2
E/[1 +

√
2πkρaŪ2

E ] is the average height of the E firing rate bump (Eq. 11), which is
realized by substituting the ŪE into Eq. (3). Combining the above two equations, we find
1) The UE monotonically increases with the FI, confirming the circuit implements the NGLS.
2) The UE is augmented by E recurrent input (wEER̄E in Eq. 15) that acts as the regularization

coefficient α to improve numerical stability in inverting FI (Eq. 8, [21, 23, 35]).
3) The circuit’ NGLS coefficients (Eq. 8, Fig. 4E): η = τλz and α = λ−1

z UEE .

The simulations of the circuit model conform above theoretical analyses. Fig. 2C-D shows the bump
height UE indeed increases with the FI, and determines the sampling time constant on the stimulus
feature manifold. Without recurrent E weight (wEE = 0), the circuit sampling behaves similarly with
the NGLS (Fig. 2E). Including the recurrent weight enlarges the sampling time constant, slowing
down the sampling (Fig. 2E) as suggested by our theory. Nevertheless, the recurrent E input, acting
as the regularizer to stabilize the FI inversion (Eq. 8, α), helps the circuit sampling in the case of very
low FI, exhibited by higher recurrent weight incurring shorter convergence time at extremely low FI
(Fig. 2F). Moreover, a characteristic of the NG Langevin sampling is that the temporal correlation of
samples is invariant with the posterior uncertainty controlled by input intensity RF (Fig. 2F), while
the different decay of KL divergence is due to different initial conditions (Fig. 2H)

4.3 Non-equilibrium circuit dynamics accelerates natural gradient sampling

The above analysis focuses on the equilibrium mean ŪE (Eq. 15). Now we extend to its non-
equilibrium dynamics (Eq. 13b), especially when the circuit is just evoked by a feedforward input
rF from the resting state (no feedforward input). After receiving a rF , the E neurons’ population
activity will gradually grow up until the equilibirum state (Fig. 2I-J). Since a smaller UE leads
to a larger sampling step size, the sampling step size will be larger at the begining of the circuit
dynamics, and then gradually decay to a smaller equilibrium value, similar to the annealing in
stochastic computation. The larger sampling step size during the non-equibrlium implies the circuit
can sample faster than the equilibrium state, confirmed by simulation (Fig. 2K). Furthermore, UE

temporal trajectory (Fig. 2J) describes circuit’ sampling annealing strategy, governed by Eq. 13b.
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Figure 3: Coupled canonical circuits sample multivariate posteriors, with each circuit m sampling
the corresponding marginal posterior of zm. (A) The structure of decentralized circuit with each
consisting of E and PV neurons (the same as Fig. 2B). (B-C) The spatiotemporal E neuronal responses
in two circuits (B) and the decoded stimulus samples (C). (D) When concatenating the samples from
two circuits together, we recover the bivariate sampling distribution. Vector field: the drift term of the
sampling dynamics in the circuit. (E) The vector field of natural gradient sampling with full FIM and
diagonal FIM approximation. (F) The convergence speed in the decentralized circuit. The diagonal
FIM approximation is scalable in high dimensions, while paying the cost of slower sampling speed.

5 Coupled circuits: NG Langevin Sampling of multivariate posteriors

The brain needs to sample multivariate stimulus posteriors, which can be implemented by a decen-
tralized system consisting of multiple coupled canonical circuit modules (Fig. 3A, [39, 12, 40]).
Each circuit module m receives a feedforward input stochastically evoked by a 1D stimulus zm (Fig.
3), and the cross-talk between circuits enables them to read out the circuit prior, and eventually each
circuit m samples the corresponding stimulus zm distributedly. As a proof of concept, we consider
the smallest decentralized system of two coupled circuits to sample bivariate posteriors (Fig. 3A).
The sampling of higher dim. posteriors can be extended by inserting more circuit modules, with the
number of circuit modules determined by the stimulus dimension.

We investigate how the coupled circuits implement bivariate posteriors’ NGLS, and what kind of
approximation, if there is any, is used in the circuit. The theoretical analysis of the two coupled
circuits is similar to a single circuit module, but we perform the analysis on each circuit module
individually, yielding the new position and height dynamics (details at SI. Sec. 4),

Position : żE = (τDU)−1
[
− LzE +UEF ◦ (µz − zE)

]
+ σz(τDU)−1/2ξt. (16a)

Height : U̇E = τ−1
(
−UE +UEE +UEF

)
+ σU (τ

−1DU)1/2ξt. (16b)

zE = (z1, z2)
⊤ is two circuits’ E bump positions. Similarly for µz and RF (feedfwd. input

position and intensity respectively), and UE and RE (bump height of synaptic input and firing rate
respectively). DU = diag(UE) is a diagonal matrix of UE . The ◦ denots the element-wise product.

The (subjective) bivariate stimulus prior. The zE dynamics (Eq. 16a) has a new term, i.e., −LzE ,
which can be linked to the internal stimulus prior (omitting the subscript EE of U for clarity below).

∇ ln p(z) = −LzE , L =

(
U12 −U12

−U21 U21

)
⇔ p(z) ∝ exp

(
−z⊤ELzE/2

)
. (17)

Hence the coupling matrix L is the prior’s precision matrix (details at SI. Sec. 4.2). To ease
of understanding, we expand the bivariate prior as p(z1, z2) ∝ exp

[
−Λ12(z1 − z2)

2/2
]
, with

Λ12 ∝ (U12 + U12)/2. The coupled circuit stores an associative (correlational) stimulus prior
with each marginal uniform, which was also suggested in previous studies [15, 12]. The identified
correlational prior is confirmed by numerical simulation, where the actual sampling distribution of
the circuit dynamics matches the subjective posterior predicted via the identified prior (Fig. S2).

Diagonal Fisher information approximation. Given the identified circuit’s prior, we can calculate
Fisher information matrix (FIM) G(z) of the posterior calculated by the circuit,

FI: G(z) = λ−1
z

(
U1 −U12

−U21 U2

)
vs. Circuit: DU =

(
U1

U2

)
. (18)

The time constant matrix DU in the circuit dynamics is proportional to the diagonal elements of the
FIM, i.e., DU ∝ diag[G(z)], suggesting the circuits utilize the diagonal approximation of the FIM
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to scale the Langevin sampling step size. The diagonal FIM approximation is widely used in ML, as
a trade-off of computational efficiency and accuracy [32–35], where the full FIM is hard to estimate.

To illustrate the effect of diagonal FIM approximation on sampling dynamics, we plot the vector field
of NGLS with full FIM and diagonal FIM respectively (Fig. 3D). All vector fields under full FIM
directly point to the posterior mean, while the ones under diagonal FIM are curled along the long axis
of the posterior. Meanwhile, the curled vector fields also exist in coupled circuits’ sampling dynamics,
confirming diagonal FIM approximation in the circuit (Fig. 3C). The diagonal FIM simplifies the
computation, while paying the cost of sampling speed (Fig. 3E).

6 The circuit with SOM neurons: natural gradient Hamiltonian sampling

We investigate the Bayeisan sampling in the augmented circuit model with SOM neurons providing
structured inhibition to E neurons (Eq. 1). The SOM’s structured inhibition can add the Hamiltonian
sampling component in the circuit [15]. We further analyze whether the augmented circuit with SOM
neurons implements the natural gradient Hamiltonian sampling (NGHS) [15]. For simplicity, we
consider a augmented circuit model to sample a univariate stimulus posterior. Similarly, we derive
the eigenvectors of the SOM’s dynamics and then project the dynamics on dominant eigenvectors
(see details in SI. Sec. 5.1). The position dynamics of the E and SOM neurons are,

E neurons: τE żE ≈ UES(zS − zE) + UEF (µz − zE) + σz
√
τEξt, (19a)

SOM: τS żS ≈ USE(zE − zS), (19b)
where τX = τUX . To understand the circuit’s sampling dynamics, we decompose the E neurons’
dynamics (Eq. 19a) into two parts, i.e., the Langevin and Hamiltonian part,

τE żE = [UES(zS − zE) + (1− αL)UEF (µz − zE)]︸ ︷︷ ︸
Momentum p, (Hamiltonian part)

+ [αLUEF (µz − zE) + σz
√
τEξt]︸ ︷︷ ︸

Langevin part

, (20)

where the momentum p is a mixture of zE and zS . αL ∈ [0, 1] denotes the proportion of Langevin
sampling component. Transforming the (zE , zS) dynamics (Eqs. 19a - 19b, Fig. 1H) into the (zE , p)
dynamics (Fig. 4B) shows a mixture of Langevin and Hamiltonian sampling in the augmented circuit,

d

dt

[
zE
p

]
= −

[
αLλzτ

−1
E −βEΛ

−1

βEΛ
−1 τUEβpβEΛ

−1

] [
−∇z lnπ(zE)
(τEβE)

−1Λ · p

]
+

[
σzτ

−1/2
E
σp

]
ξt (21)

where βp, βE and σp are functions of the coefficients in Eq. (20) (details at Eq. S52). And the
momentum p dynamics has a friction term (Eq. 21), corresponding to a Langevin component.

Conditions for Hamiltoian sampling. Comparing the Eq. (21) with the Langevin (Eq. 8) and
Hamiltonian sampling (Eq. 10), we find the constraint for the circuit to sample the posterior π(zE)

(a). αLλzτ
−1
E = σ2

zτ
−1
E /2 (b). τEβpβEΛ

−1 = σ2
p/2

Solving the two constraints, we can derive the requirement of posterior sampling on circuit weights,(
U−1
E RS

)
· wES −

[
(1− αL)U

−1
E RF

]
· wEF =

[
Q(αL)U

−1
S RE

]
· wSE . (22)

Q(αL) is a nonlinear function of αL specifying the proportion of Langevin sampling, which remains
invariant with feedforward input and network activities (Eq. S57). UX and RX are the height of
the population synaptic input and firing rate of neuronal populations X (Eq. 11). Eq. (22) suggeest
there is a line manifold in the circuit’s weight space of (wES , wEF ) to ensure the correct posterior
sampling, which is confirmed by numerical simulation (Fig. S3). Furthermore, once the weight
parameter is set within the line manifold, the circuit with fixed weights can flexibly sample the
posterior π(zE) with different uncertainties (Fig. 4C).

Natural gradient Hamiltonian sampling. Implementing NGHS requires the precision of the
momentum p to be inversely proportional to posterior’s FI, G(z) (Eq. 10). To verify this, we calculate
the momentum distribution π(p|z) in the circuit (comparing Eqs. 21 and 10),

−∇ lnπ(p|z) = (τEβE)
−1Λ · p ⇒ π(p|z) = N (p|0,Λ−1

p ), where Λp = (τEβE)
−1Λ (23)

We analyze the momentum precision Λp in the circuit dynamics. Since βE is a complex, quadratic
function of neuronal responses, we then use order analysis to provide insight (details at SI. Sec. 5.4).
In the circuit dynamics, we calculate βE ∼ O(G(z)), UE ∼ O(G(z)), and G(z) = Λ, and then we
have Λp ∝ O(G(z)−1), suggesting the momentum precision Λp decreases with posterior’s FI and
satisfys the requirement of NGHS. This is confirmed by simulation results (Fig. 4D).
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Figure 4: Natural gradient Hamiltonian sampling in the augmented circuit with E, PV, and SOM
neurons. (A) The circuit structure. (B) The decoded trajectory of stimulus sample zE and momentum
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is a weighted average of sample zE and zS as shown in Fig. 1H. (C) The circuit with fixed weights
can sample posteriors with different uncertainties. (D) The momentum precision decreases with the
Fisher information controlled by feedforward input strength, satisfying the requirement of natural
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7 Conclusion and Discussion

The present theoretical study for the first time discovers that the canonical cortical circuit dynamics
with E and two classes of interneurons (PV and SOM) innately implement natural gradient sampling
of stimulus posteriors, deepening our understanding of the computational capability of neural circuits.
The circuit dynamics samples stimulus posterior in the stimulus manifold that is geometrically
regarded as the E neurons’ response bump position. Importantly, we find the E bump height (sum of
population responses) encodes the Fisher information of the stimulus posterior, and then utilizing
the local geometry of posterior to determines the sampling step size of the bump position. We find
the non-equilibirum dynamics of the E bump height can further accelerate sampling, and explicitly
identify the circuit annealing strategy (Fig. 2I-K). Remarkably, we discover the circuit dynamics also
utilizes computational approximations widely used in ML algorithms, including the regularization
coefficient for inverting FI (Eq. 15) and the diagonal FI matrix approximation in multivariate cases
(Eq. 16b), which provides a direct evidence to validate the biological plausibility of artificial ML
algorithms. Our work unprecedentedly links the canonical circuit with classes of interneurons to
natural gradient sampling and related computational approximations, providing deep insight into the
capability of circuit sampling.

Comparison with previous studies. To our best knowledge, only one study investigated the natural
gradient sampling in recurrent networks [14]. It is difficult to make direct and “fair” comparison since
the network being used in two studies are different: The previous study considers a spiking network
without explicit defining neuron types, while the present study considers a rate-based network with
diverse classes of interneurons. We explicitly link the role of diverse interneuron classes (PV and
SOM) to the sampling algorithms (Langevin and Hamiltonian), and even identify the computational
approximations in the circuit dynamics. From functional perspective, our proposed circuit with fixed
weights can flexibly sample posteriors with different mean and uncertainties, which is an essential
function for neural circuit. Nevertheless, it remains unknown whether this flexibly can be realized by
the previous study. In addition, the proposed circuit model is similar to the one in [15], which also
suggested the Langevin and Hamiltonian sampling dynamics in the circuit. However, the previous
study didn’t link the circuit dynamics to the natural gradient sampling.

Limitations and future directions. The proposed circuit model doesn’t include VIP neurons (Fig. 1),
which forms one of our future directions. Based on our present finding, it is likely that VIP neurons
act as a “knob” to modulate the sampling speed and the kinetic energy (SI. Sec. 5.4) by modulating
the “gain” of SOM neurons (gS , Eq. 4). Moreover, we find the canonical circuit model widely
used in neuroscience studies only stores a uniform univariate stimulus prior or multivariate prior but
each marginal uniform, as a result of neurons uniformly distributing on the stimulus manifold and
translation-invariant recurrent weights (Eq. 2). The uniform distribution of neurons was proposed
long time ago as an ideal case and significantly simplifies dynamical analysis, however, it imposes
a limit on the prior stored in the circuit. Our result suggests the circuit has to break the neuronal
homogeneity on the stimulus manifold to store a non-uniform (marginal) prior [41]. All of these form
our future research.
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