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Abstract

Monte Carlo Tree Search (MCTS) is a widely used approach for policy improve-
ment and action selection in Reinforcement Learning. Due to its sequential and
deterministic nature, principled runtime-scaling of MCTS with parallel compute
remains a major challenge. We introduce Particle MCTS (PMCTS), a principled
parallel MCTS algorithm suited for neural network evaluations and designed for
GPU-acceleration with batch-parallelization. We establish policy improvement
properties for modern MCTS variants, and show that PMCTS maintains them. Em-
pirically, PMCTS scales well with parallel compute and consistently outperforms
or compares well to the popular heuristic-based baselines across a range of MCTS
and RL evaluation domains, including the board games chess and Go and popular
discrete action and continuous control benchmarks.

1 Introduction

Monte Carlo Tree Search [MCTS, [1]] is a popular search algorithm that plays a central role in
modern reinforcement learning (RL). MCTS performs policy improvement and action selection
through lookahead and evaluation (i.e., search) in a model of the dynamics of the environment. This
paradigm has been popularized in RL by the AlphaZero family of algorithms [2} 3] and has since
been successfully applied to a wide range of domains, including zero-sum games [3]], discrete-action,
single-agent tasks [4-7] as well as continuous control [§]]. The wide applicability of MCTS, including
for practical applications [SH7]] and LLM inference scaling [9-16], makes its inference-time scaling
with parallel compute a critical challenge and the subject of significant attention [17-22].

Parallelizing MCTS is challenging for two main reasons: (I) In each iteration, MCTS selects a
trajectory for evaluation using conventionally deterministic selection policies that depend on statistics
from previous iterations in a deterministic dynamics model [1} 23] 24]. This makes the principled
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selection of multiple unique trajectories in parallel a significant challenge, because repeated parallel
selection steps result in the same trajectory. (II) Modern MCTS methods use a deterministic deep
neural network (DNN) for evaluation. This makes scaling the evaluation of a single trajectory
with parallel compute a significant challenge, because repeated evaluations of the same trajectory
result in the same evaluation rather than improved evaluation. Together, these properties also make
independent instances of MCTS at the same state (root parallelization) expand similar trees and return
similar search results, which prevents root parallelization from being an effective inference-time
scaling method and makes the selection of multiple unique trajectories in parallel a critical challenge.

To overcome these challenges popular methods use heuristic selection policies such as Virtual Losses
[18] and Virtual Means [22]] which rely on communication between processes during selection. These
methods suffer from three main limitations: first, they do not provide principled policy improvement.
Their heuristic selection policy does not have a clear interpretation as an improved policy and thus no
guarantees that the search results in policy improvement. Second, communication during selection
hamstrings parallelization and precludes batched-parallelization, which is an effective and popular
approach for GPU-acceleration in RL specifically and Deep Learning in general [25]. Third, they do
not correctly account for the effect of duplicate trajectories on the evaluation.

To address these limitations, in this work we introduce Particle MCTS (PMCTS), a novel parallel
MCTS algorithm which is principled, well suited for GPU acceleration through batch-parallelization
and correctly accounts for the presence of duplicate trajectories. PMCTS samples multiple unique
trajectories fully independently in parallel from a theoretically motivated, stochastic selection policy;
explicitly controls the entropy of the selection policy, to reduce the number of duplicate trajectories;
uses Sequential Monte Carlo (SMC, see [26]]) within the framework of MCTS to maintain principled
estimates of the expected return with respect to the intended target policy and account for the presence
of any remaining duplicate trajectories; uses the Effective Sample Size (ESS, see [26]) to estimate
the variance of the SMC expectation estimator and maintain principled updates to the search tree;
and last, uses importance sampling to mitigate the effect of over-commitment to catastrophic returns.

We establish policy improvement theoretical guarantees for baseline MCTS as well as for PMCTS.
Empirically, PMCTS demonstrates strong inference-time scaling, outperforming or comparing well to
the popular, heuristic-based baselines across a range of classical RL and MCTS benchmark domains,
including hard zero-sum games such as chess and Go, discrete-action, single-agent tasks and classical
continuous control.

2 Background

In RL, the environment is represented by a Markov Decision Process [MDP, 27] M =
(S, A,p,R,P,v). S is a set of states, A is a set of actions both of which we will consider as
finite for presentation and analysis simplicity. p is an initial state distribution, R : S x A — R
is a bounded possibly stochastic reward function and P is a transition distribution s’ ~ P(:|s,a).
The policy of the agent 7 € II is defined as a distribution over actions a ~ 7(s) with probabilities
specified by 7(a|s). The objective J, is the maximization of the expected discounted return, or
state-value V'™ (s):

Jr =E,[V™(s1)] = E[Ziﬂt_lR(St,at)], 51~ p, ap ~ 7(se), Se41 ~ Pse,ar), (1)

over the initial state distribution p. The discount factor 0 < v < 1is used when H — oo to guarantee
that V™ remains bounded or for stability and otherwise usually v = 1. A state-action Q-value
function is defined as follows: Q7 (s,a) = E[R(s,a) + vV 7 (s')].

2.1 Search for policy improvement

RL algorithms which have access to a dynamics model of the environment M = (P, R) (exact or
approximate) often use search to drive the iterative improvement of the acting policy [28]]. Search
refers to the process of look-ahead in the model from a state s, often using a DNN-based prior
policy 7 and state value function vy, in order to extract an improved policy Tsearch () at the current
state s. A popular example is AlphaZero which uses MCTS for that purpose.

For a policy improvement operator Z : II x Q — II, policy improvement is formally defined:
Vs € S : VI(ma)(s) > V7 (s) and there is at least one state where this inequality is strict, unless



m is already optimal. We define Q generally as the set of all bounded functions on the state-action
space ¢ € Q : S x A — R, to indicate that the operators are defined for exact as well as approximate
values. Search algorithms generally return: (I) A selected action a, (IT) An improved policy Tsearch ()
and (III) A value Viegren(s) &2 Vet (8), Tgearcn($) is used to train 7y with cross entropy loss and
Viearen (8) is used to produce bootstraps for TD-targets [4] or even value targets directly [29].

2.2 Monte Carlo Tree Search (MCTS)

The MCTS algorithm maintains a search tree over states with its root s =: s; representing the current
state s in the environment. Traditionally, MCTS is used for search with an exact, deterministic
model M and finite state-action environments. For simplicity of presentation, we will maintain these
assumptions hence. However, MCTS has been used successfully for policy improvement and action
selection with learned [4] and stochastic transition [[30] models as well as in continuous state-action
spaces [8, 31]. None of the contributions we make in this paper disagree with these applications. The
tree is constructed by iterating (I) selection, (Il) expansion and (III) backpropagation M times (often
called number of expansions, simulations or the search budget):

Selection: At iteration 4, a trajectory 7{ ;. := 7}, = (s}, ai, ..., 5%, ak) in the tree is selected using a
selection policy ;. Traditionally, MCTS uses deterministic selection policies such as 7T or 7FUCT
[ 12, 23 see Appendix for additional detail]. m; uses the current state-action evaluation g;, the
number of prior backpropagation steps M, (s;) through each node s; (and M; (s, a) which can be
computed using M;(s¢+1) of the node associated with the transition (s¢, a)) and often a prior policy
7. It has been shown that 77T 7PUCT track the policy improvement of specific improvement
operators Z(mg, g;) [32]. Further, that using Z(7y, ¢;)(s) directly rather than 7Y¢7 () results in

better performance, for example with 7 the regularized policy improvement operator L., [24]:

mi(alsy) = Treg (76, i) (als) o< exp(log mg(als;) + Bi(se)qi(se, a)), ()
Bi(st) = (cvisit + max M;(s¢,a))Cscale 3

To compute 7;, evaluation ¢;(s¢, a) is needed for all actions, including those that have not yet
been searched. To achieve this, the completed () values mechanism [24] is used, which replaces
qi(st,a) = vmix(s) &= V™ (s;), when M (s;,a) = 0 while preserving policy improvement.
UmiX(S) = ZaG{a:]ﬂ(st,a)>O} o (a|st)qi(8’ a’) + ZaE{a:M(st,a):O} o (a|st)v¢(s).

Expansion: When selection arrives at an unobserved transition (st, ar) (a leaf), it is expanded.
This gathers information from the model: rr = E[R(sr, ar)], s7+1 ~ P(s7,ar),vit1(s741) =
V7 (sry1). In classical MCTS, the new node is evaluated using the average returns of K rollouts in
the model, sampled i.i.d. from state sp using a rollout policy. Following AlphaGo [2]], modern
variants use a DNN v;41(s741) 1= vg(s7+1) instead.

Backpropagation: The bootstrapped return of the selection trajectory v;(s;) = Z]T;()t ¥ir; +

AT= 10,11 (s741) is propagated backwards through all nodes s; along the trajectory. The nodes
maintain the reward to the node r(s;_1, a;—1) and an estimate of the average value across 7y, .. ., 7;:

Vip1(se) = ﬁm Z;M:ifs”)’/j(st), Gi+1(8t, ae) = (e, ar) + Yvir1(se41). “)

MCTS returns Teearch (5) = Zreg (70, qar ) (5) and Viearcn(5) = D4 c 4 Tscarch(a]5)qnr (s, a). To act in
the environment, an action can be sampled from e, (s) (see appendix for more detail).

2.3 Sequential Monte Carlo for search for policy improvement in RL

SMC methods use sequential importance sampling (SIS) to approximate a sequence of trarget
distributions using proposal distributions [26]. In RL, SMC methods have been adapted for search for
policy improvement [33]] by formulating the proposal and target as distributions over trajectories 7y
using 7y as the proposal policy and 7' (sy) = I(mwg, Q™ )(s¢) as the target policy [34]]. At each time
stept € {1,...,T}, N particles comprised of a trajectory and weights {7/*, w?}_, are updated
via sampling and correction. Sampling: each trajectory 7;° ; is extended by sampling si’,; ~
P(:|sP, alt),al ~ mp(|s}), sT = s, where s is the current state in the environment. Correction:
The weights are corrected using SIS (left) such that the weighted particles {77*, w?}_; provide



consistent approximation of expectations under the target:

N
Y= wt_lwe(aﬂsff)? SV wp nz—:lwt (R(T) + 7' V™ (sp1)) —— V™ (s1). (5

N—oc0
n=1

We refer to [34] for derivation and Appendix @] and [26] for more detail.

3 Particle Monte Carlo Tree Search

We design Particle Monte Carlo Tree Search (PMCTS) to achieve three desiderata: (I) Theoretically
motivated selection and evaluation, to enable principled policy improvement. (II) Selection of
multiple unique trajectories fully independently in parallel, to support batch-parallelization. (III)
Correctly account for the presence of remaining duplicate trajectories, to provide principled updates
to the tree. We begin by designing a simple, principled, particle-based batch-parallel variant of MCTS,
which preserves policy improvement under classical assumptions (namely, unbiased and uncorrelated
evaluations). Next, we identify the challenges that arise from using DNN evaluations which do not
satisfy these classical assumptions. We then proceed to present PMCTS, which addresses these
challenges and achieves the set desiderata.

3.1 A simple, parallel, particle based Monte Carlo Tree Search algorithm

We begin with an observation: the principled stochastic selection policies proposed by [32], such as
7; (Equation[2)), enable the principled selection of multiple unique trajectories fully independently
in parallel through i.i.d. sampling from ;. Motivated by this observation, we design a simple
particle-based MCTS algorithm which preserves the policy improvement properties of MCTS and
reduces evaluation variance. The algorithm operates the same as baseline MCTS, except that each
step is now batch-parallelized over particles.

Particle-based selection: At each iteration ¢, IV trajectories are sampled independently in parallel
from the stochastic selection policy m; (Equation [2).

Particle-based expansion: N nodes s7., | are expanded in batch-parallel:

7 ] n N
{S;L“Jrl ~ P('ls?’va%)a T(S%’ a%) = E[R<s%7a71“)]’ ’Ui(s?url)v 770(5?“+1)}n:1- (6)

Particle-based backpropagation: We now need to compute the particle-based return v; and back-
propagation v;. Under classical assumptions, the leaf evaluations v;(s., ) are unbiased and inde-
pendently sampled and the average of the returns of the particles that passed through s; (Equation
left) provides an unbiased estimate of V™ (s;). To compute the backup v;(s;) we use 1/N(s;) in the
optimal estimator of the mean (the inverse-variance weighting [33], Equation [7|right, see Appendix
for derivation). N (s;) is the number of particles passing through the node this iteration and is
inversely proportional to the variance V{v;(s;)]:

(vi(se) — wilse)) N (se)
M1 (st) ’

and M;41(s) = M;(s;) + N(s;). We summarize Simple PMCTS in Algorithm [I]in Appendix
Action selection and policy improvement follow the description in Section 2] see Appendix [H.2]for
more detail. Simple PMCTS is principled and batch-parallelizable, addressing the first and second
limitations of prior methods, but does not yet account for the combined effect of duplicate trajectories
and DNN evaluations.

1 N
V’L(St) = W 7;1 ]]-s,efq’}Vn(St), ’U,;_H(St) = Uz'(St) + (7)

3.2 Enter Deep Neural Networks

With DNN evaluations, the returns v*(s;) cannot be assumed to be entirely uncorrelated or unbiased.
This is a general problem in search algorithms such as MCTS, SMC for search [33,134] and MPPI [36].
Despite this, these algorithms are extremely successful in practice, implicitly assuming that unique
evaluations are sufficiently uncorrelated and unbiased. In discrete-action, parallel search algorithms
this problem is significantly exacerbated. Multiple parallel selection trajectories can arrive at the same



leaf s711, even when m; is stochastic. In this case, all trajectories where s7, | = s7y1 will have
fully correlated returns. This causes two main problems: (I) Duplicate leaf evaluations do not reduce
the evaluation’s variance and waste compute. (IT) The variance V[v;(s;)] cannot be assumed to be
proportional to 1/N (s;) resulting in incorrectly weighted backpropagation. We proceed to extend
Simple PMCTS with mechanisms that address problems (I-II) and design the complete PMCTS
algorithm.

3.3 Weighted Particle Monte Carlo Tree Search (PMCTS)

Addressing problems (I-II) requires the algorithm to reduce the number of duplicate trajectories while
accounting for the remaining duplicate trajectories and maintaining a principled estimate of V™.
To achieve that, we use SMC within PMCTS, with four mechanisms: higher-entropy sampling to
increase the number of unique trajectories; Deduplication to mitigate the effect of remaining duplicate
trajectories and maintain a principled estimate of V™ ; And the Effective Sample Size (ESS) 26l
for principled backpropagation. In addition, SMC allows the algorithm to address a more general
problem to MCTS, over-commitment to catastrophic returns, through a fourth mechanism we call
retrospective reweighting. The resulting algorithm is PMCTS, which is described below. PMCTS
maintains the same structure of particle-based selection, expansion, backpropagation, except that
each particle n is now associated with a weight w{® which is updated during selection.

Weighted particle-based selection with higher-entropy sampling: To increase trajectory diversity
actions are sampled from a higher-entropy proposal policy 7; rather than 7;. The particle’s weight is
computed using SIS to maintain a principled estimate of the expectation with respect to 7;:

1
wy = w; | —————= 7ri(ae]se) oc mi(ag|se) 706 . 8
¢ (a5 i(at]se) o< mi(ast) )
This mechanism allows the algorithm to minimize the variance of the update by trading off between
two sources of variance: the effect of 7; diverging from m; and the effect of reduced duplicates.

For simplicity, in this work we use a constant rather than a dynamic 7(s) := 7. In general, any
policy 7; that is absolutely continuous with respect to 7r; can be used. If particles are allowed to
communicate at the cost of parallelization the temperature can be chosen based on the number of
particles per node to reduce variance. SMC resampling techniques can additionally be incorporated for
further variance reduction [26]]. However, resampling reduces trajectory diversity, requires particles
to communicate and can insert bias, and we leave its investigation for future work.

Weighted particle-based backpropagation with deduplication and ESS: After expansion, PMCTS
aggregates all duplicate trajectories into a single particle while preserving the correct total weight:
w(sr41) = 25:1 wilsy, =sp, ,» which we call deduplication. This results in a new set of
particles where all trajectories are unique while correctly preserving the estimate of the expectation
with respect to ;. We will refer to this new particle set using the same notation {77%, w/}N_,. The
backup v;(s;) is computed using the particles’ normalized weights @w/.(s;) and returns ™ (s¢):

n
W ]lsteﬂk

N
vi(st) = Z@%(st)vn(st)]l&@n, wr(st) = =x ™ . ©
n=1 - Z'rn:le ]]'Sf, E‘ﬂ}n
| —

Weighted particle returns

Normalized per node

To accurately estimate the update to the average v;41 we need to estimate the variance V[v;(s;)]. A
standard choice is the inverse ESS [26] V [v;(s;)] ~ m = SN (@ (s;))%. Thus:

(vi(st) — vi(s))ESS(s¢t)
Mit1(se) 7
and M (s741) = 1. See Appendix|C.2|for more detail and derivation.

Retrospective reweighting: SMC additionally enables PMCTS to address a third problem, general to
MCTS: over-commitment to catastrophic returns [see[37]). At parent sy MCTS samples ap ~ m;(s7)
leading to evaluation g;(st, ar) = 77 + v (sr+1). The action ar may be catastrophic in terms of
its true value Q™ (sp, ar) (for example, falling off a cliff), which cannot be known in advance: the
purpose of the expansion is to gather new information. In standard MCTS variants, this catastrophic

Ui+1(8t) = Ui(st) + Mi+1(8t) = Mi(St) + ESS(St), (10)



evaluation will then be backpropagated to the root, unnecessarily contaminating all nodes along
the trajectory even if the catastrophic action is entirely avoidable. To address this problem, after
the expansion step and before backpropagation we first compute the “retrospective”-target policy
mi+1(sT) by computing g;+1 (s7) and then use ;11 instead of 7; to compute w:

n Tiri(a} | sh)

wp = wp_————A—2L5 i (ar|st) o< mo(ar|st) exp ( Biv1(sT)git1 (st ar) ). (11)
Tilag | s7)

Post-expansion.

The weight w7 now accounts for the new evaluation ¢;4 1. As a result, at any node s; with more than
one particle N;(s;) > 1 the aggregation of catastrophic trajectories is reduced.

This completes the PMCTS algorithm, which remains principled and batch parallelizable while
accounting for the effects of duplicate trajectories. We summarize PMCTS in natural language in
Appendix [B.2] for added clarity, along with pseudocode in Algorithm 2]

4 Theoretical Analysis

The main use case of MCTS is for policy improvement: either explicitly to produce an improved
policy in an RL training loop, or implicitly to select better actions by sampling from an improved
policy. For this reason, our analysis focuses on establishing that PMCTS is a principled policy
improvement operator.

[32] have shown that MCTS with 7PUCT tracks policy improvement and proposed to use a principled
improved policy such as 7; (Equation 2), the policy tracked by 7PUCT | as the search policy, showing
that MCTS can be inferpreted as a policy improvement operator. We extend this result, showing
that the MCTS variant which uses 7; guarantees policy improvement at every iteration under
classical assumptions and with respect to the expected-backpropagation. That is, when v;(s;) <
E[R(7,r) + V™ (s741)]. The classical assumptions under which MCTS is traditionally analyzed
are that of i.i.d., unbiased and finite-variance node evaluations at the leaves and a deterministic and
accurate dynamics model.

Theorem 1 (MCTS as a Principled Policy Improvement Operator). (Informal) Under the clas-
sical assumptions, with m; (Equation [2)) as the selection policy and with respect to the expected
backpropagation, MCTS guarantees policy improvement at every iteration.

Intuition: In expectation on each backpropagation step, v; is the true value of the selection policy,
which is an improved policy with respect to mg. The value at each node g; is the average across
iterations and is thus also the value of a mixture across the historical policies 71 (s), ..., m;(s). A
policy which is a mixture of improved policies is an improved policy, and policy improvement with
respect to the value of an improved policy maintains policy improvement [34]. We include the formal
theorem and proof by induction over iterations in Appendix

Analyzing MCTS with respect to the expected backpropagation is necessary because in every iteration
MCTS conducts policy improvement (i.e. maximizes the policy) with respect to observed returns
rather than the true value and thus suffers from over-estimation bias. As a result, policy improvement
is only guaranteed with respect to the expectation on the backpropagation step itself, rather than
on the entire search. The notion of the expected backpropagation is somewhat artificial in standard
MCTS: it corresponds to an expansion step which expands all leaves in the tree at every iteration with
accurate evaluations, and correctly weighting them under 7;, which is not how the algorithm works
in practice. In Simple PMCTS and PMCTS however, this notion is natural, as it directly corresponds
to the limit of N — oo. In fact, baseline MCTS can be interpreted as single-particle Simple PMCTS.
This allows us to establish a stronger result, that Simple PMCTS and PMCTS are both principled
policy improvement operators under the more natural notion of N — oco.

Theorem 2 (Simple PMCTS is a Principled Policy Improvement Operator). (Informal) Under the
classical assumptions and in the limit of N — oo, Simple PMCTS guarantees policy improvement at
every iteration almost-surely.

Intuition: The backpropagation estimates of Simple PMCTS converge almost-surely (i.e.
P (limy_ 0 Vv(s) = V™i(s)) = 1) to the expected backpropagation values as N — oo, and thus
the same proof as applies almost-surely. See Appendix [D.2]for the formal Theorem and its proof.



Theorem 3 (PMCTS is a Principled Policy Improvement Operator). (Informal) Under the classical
assumptions and in the limit of N — oo, PMCTS guarantees policy improvement at every iteration
almost-surely.

Intuition: The SMC estimates used by PMCTS converge almost-surely to the expected backpropaga-
tion values as N — oo. Deduplication preserves the importance-weighted particle distribution, while
the ESS-based weighting becomes exact in the limit. Thus, almost surely, the same proof as Theorem
[[]applies to PMCTS. See Appendix [D.3|for the formal Theorem and its proof.

We additionally include a runtime complexity analysis in Appendix

5 Related Work

Runtime-inference scaling of MCTS has been a long time objective of Al research [17]. The canonical
approaches are (I) root parallelization (running different instances of MCTS in parallel) and (II) leaf
parallelization (scaling the evaluation of leaves with parallel compute). Both rely on stochasticity
in the selection and / or evaluation to scale and are thus unsuited for runtime inference scaling
with modern DNN evaluations and deterministic dynamics and selection. (III) Tree parallelization
(parallelizing the search itself), which canonically uses the virfual visits heuristic to incentivize the
selection of multiple unique trajectories and circumvent these challenges. When a process arrives at
action a in node s it increments a virtual visit M}™ (s, a) [18]. When another process arrives at
s it computes the deterministic selection policy 7FV¢T(s) using M}™4l(s ) and a heuristic which
effectively predicts the evaluation of the previous processes in the hope that 7PU¢T selects a different
action. The selected trajectories are then evaluated in parallel, usually batched, and backpropagated,
whether they are unique or not, resulting in incorrectly weighted estimates of the evaluation’s variance
(when DNNs are used for evaluation) as well as an unclear interpretation of the policy being evaluated.
In addition, to work as intended this selection requires the processes to operate sequentially at each
shared node, both preventing effective batched-parallelization as well as in the worst case resulting
in entirely sequential-rather than parallel-selection (See Appendices [F and [H.3| for more detail).
In contrast, PMCTS is both principled (Theorem 3] and selects trajectories fully independently in
parallel, enabling fully-batched parallelization of the selection step.

Adjacent to MCTS and PMCTS, SMC has been used directly for search for policy improvement
[331134,138]. The resulting SMC-based search algorithms are fundamentally different to MCTS: They
maintain statistics only over N particles rather than memorize the entire search tree. As a result,
they can only converge to the value of an improved policy in the limit of infinite search horizon
[34], rather than the optimal policy in the case of MCTS [[1]]; they also struggles to scale with large
search horizons without large particle budgets [34] as we also demonstrate in Appendix [G} And they
are not designed to account for duplicate trajectories. In contrast, PMCTS memorizes the entire
tree and performs well with large search budgets irrespective of the number of particles. PMCTS is
additionally designed to account for the presence of duplicate trajectories with the three mechanisms
increased-entropy selection, deduplication and the ESS which are novel to this line of work.

6 Experiments

Our objective in this work is to present a novel and effective tree-parallel MCTS algorithm which is
both principled as well as suited for batch-parallelization and runtime scaling on the GPU. In this
section, we evaluate PMCTS empirically across three popular MCTS and RL benchmark domains and
one LLM inference scaling experiment. These encompass: (I) Zero-sum board games (chess, 19x19
Go, 9x9 Go and Gardner chess) [39]]; (II) Discrete-action popular [34}38] single actor environments
(Snake and RubiksCube [40]); (IIT) Classical continuous control environments (Ant, HalfCheetah
and Humanoid [41]), where MCTS is extended to continuous actions in the manner of [31] (see
Appendix |L.5|for more detail); And (IV) scaling the inference of an LLM solving different Sokoban
puzzles. As performance metrics, we use the popular Bayes Elo [42] metric (measures strength of
play in zero-sum games), the observed averaged return and number of Sokoban instances solved,
each where relevant. To aggregate across different environments, we take the averaged Bayes-elo,
average normalized return and averaged number of instances solved, respectively.



To evaluate PMCTS as a tree-parallel MCTS algorithm, we begin by comparing the inference-time
scaling of PMCTS with number of particles N to the two standard and popular tree-parallel MCTS
variants, Virtual Means and Virtual Losses. In each environment, all agents use the same 7y and
vy DNNGS in the search and the default, popular MCTS hyperparameters [24, 43]. The only new
parameter introduced with this work is the temperature 7, whose effect is investigated in Figure 3]
based on which we choose 77 = 1.5 which is used in all experiments. For additional experimental and
implementation details see Appendices [H|and[l]

Zero Sum Board Games c Classical Continuous Control Discrete Action Single Player 100 LLM Reasoning (Sokoban)
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Figure 1: Scaling of tree-parallel MCTS variants with parallel compute (number of particles N)
across different domains. Bayes Elo with 95% CI, in board games and 95% Gaussian CI in discrete
and continuous and 95% Wilson CI in Sokoban.

PMCTS consistently scales with N in all domains; Outperforms or performs comparably (no statisti-
cally significant difference) to both baselines, at every parallelization budget N > 1, in every domain;
And is the only method that is consistently dominant across all four domains. We additionally
investigate the scaling of the different tree-parallel algorithms in an example environment across
different parallel-simulation budgets M, in Figure ] in Appendix [G| PMCTS scales well across
increasing M and outperforms both baselines at every budget pair M and N.

To validate that PMCTS indeed provides effective runtime scaling with batch parallelization we
investigate the wallclock runtime scaling of the different tree-parallel MCTS variants with vectorized,
synchronously parallel implementations suited for batch-parallelization, in Figure 2]left and center.
PMCTS’s runtime scales very well with additional particles, as expected from an algorithm suited
for batch parallelization. In contrast, the synchronous implementations of Virtual Means and Virtual
Losses do not scale well, as expected, due to their inability to select multiple unique trajectories fully
independently in parallel and subsequent collapse to sequential rather than parallel selection (see
Appendix [F. 1| for additional detail).
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Figure 2: Left: Runtime scaling, Bayes Elo with 95% CI, N = (1,4, 16,64) plotted. Center:
Runtime scaling, 95% confidence interval across repeated evaluations. Right: Win rate vs. frames
during training of AlphaZero with PMCTS and Gumbel MCTS, mean and 95% CI across 3 seeds.

To investigate the benefits of PMCTS to an RL training loop, we investigate scaling policy improve-
ment during training with PMCTS, in Figure 2] right. We compare to GumbeIMCTS [24]], a modern
non-parallel MCTS baseline. PMCTS with N = 4 outperforms baseline Gumbel MCTS in sample
efficiency, demonstrating better policy improvement. During training, one may trade off parallel
compute for increased data diversity (root-parallelization across different states) or for better policy
targets (tree-parallelization in the same state). We include an example of this tradeoff with the
dashed-line agent, which trades off increased N = 4 and reduced data generated during training by
1/4. All other training parameters, which were tuned for the baseline agent, are kept the same. This
agent performs similarly in sample efficiency to the baseline in this example.

To validate that each mechanism developed in Section [3.2]indeed contributes to the overall perfor-
mance of the algorithm, we ablate the different mechanisms in sequence on 9x9 Go (M = 128),



in Figure [3] left. A very large number of mechanism combinations is possible. To maintain an
informative and reasonable number of experiments, we compare from Simple PMCTS all the way to
full PMCTS, with the different mechanisms activated in order, resulting in 6 different agents, each
having one more mechanism activated than the previous. These are: (I) Simple PMCTS (Algorithm
shortened to S). (I) + Deduplication which removes duplicate trajectories. Deduplication computes
the weight of the update (Equation |7} right) using the number of unique trajectories instead of N (s;).
(IIT) + ESS which replaces the weight of the update with a direct estimate of the evaluation’s variance,
1/ ESS (Equation[I0). (IV) + Temperature, which increases the number of unique trajectories by
increasing the entropy of the selection policy using the temperature 7 (Equation 8] right). (V) + weight
Correction which uses SIS (Equation [8] left) to estimate the expected return with respect to m; rather
than 7;. (VI) The PMCTS algorithm, which uses retrospective reweighting in addition to all prior
mechanisms. As expected, performance increases consistently with every additional feature.

PMCTS Ablations Effect of Temperature n PMCTS with Sequential Halving
- PMCTS 600 1 3 . PMCTS + SH
S+D+E+T+C H 4004 - PMCTS

29007 o siprEsT 4001 '/'/._.\.\._. S. PMCTS + SH
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Number of Particles N Temperature Number of Particles N

Figure 3: Ablations and hyperparameter evaluation on 9x9 Go (M = 128). Bayes Elo with 95% CI.

To investigate the effect of the introduced temperature hyperparameter 7, we investigate the effect
of different 1) on the performance of PMCTS across different N in Figure [3| center. The dominating
temperature is 1.5, the temperature used in all other experiments. Sequential Halving (SH, [44]])
has been used by [24} 34] to improve search at the root. We investigate its effect on PMCTS, in
Figure 3| right. SH, which enforces particle diversity at the root, has a strong positive effect on Simple
PMCTS. However, when combined with PMCTS, is has no additional effects on the scaling. To
reduce unnecessary complexity, we use PMCTS without SH in all experiments.

We include several additional results in Appendix |G| These include the individual results aggre-
gated in Figure |[Ij An example comparison to root-parallelization, to demonstrate that indeed
root-parallelization is not effective for runtime scaling with DNN evaluations, as discussed in Sec-
tions E] and E]; A comparison to the non-MCTS, SMC-based search variants, demonstrating their
limitations compared to parallel-MCTS variants; And an investigation of the manner in which the
temperature 7 allows PMCTS to minimize evaluation variance by trading off between increased
number of unique trajectories and reduced divergence between the proposal 7; and target ;.

7 Conclusions and Future Work

In this work, we introduced Particle MCTS (PMCTS), a principled, tree-parallel MCTS algorithm
suited for runtime scaling through parallel compute, batch-parallelization and GPU acceleration.
PMCTS uses stochastic selection policies and Sequential Monte Carlo (SMC) to select and evaluate
multiple unique trajectories independently in parallel while maintaining principled evaluation with
respect to the target policy. We established that MCTS and PMCTS are both principled policy
improvement operators. Empirically, PMCTS scales well with parallel compute and significantly
outperforms prior, heuristic based approaches across a wide range of benchmark domains, including
two-player zero-sum board games, single player discrete action and classical continuous control
domains. PMCTS opens up multiple exciting venues for future work such as more advanced
temperature schedules for better proposal policies, incorporating proposals that sample without
replacement to increase the number of unique trajectories and resampling methods [26]] for different
variance tradeoffs.
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A Acronym and Symbols List

Variable | Meaning
7 | discount
Bi | Q-value scale at iteration ¢ (inverse-temperature)
S¢ | state at step ¢
T{* | trajectory at step ¢ for particle n
T | last step

mg(s¢) | prior policy network at state s;
v(st) | value network prediction at state s¢
7' (a¢|s¢) | target improved-policy for action a; at state s;
m;(a¢|s¢) | selection policy at iteration ¢ for action a; at state s;
7i(a|s¢) | sampling (e.g. proposal) policy at state s; and iteration i
M;(s¢) | visit count (or effective visit count in PMCTS) in the tree for state s at iteration ¢
v;(s¢) | value estimate in the tree for state s; at iteration ¢
v(sty1) | value prediction at leaf s in the tree during expansion
qi(st,at) | Q-value estimate in the tree for state s; and action a; at iteration i
N (s;) | number of particles passed through state s;
ESS(s;) | effective sample size for particles that passed through state s;
wy' | weight of particle n at step ¢
wi(sy) | weight of particle n at step T' normalized for state s;
v value update at state s; by particle n

<
)
+

value update at state s; across all particles
possibly state-dependent temperature

)
B

/\/_\/\/_\
¥
o~

— N —

3

B Pseudocode

B.1 Simple PMCTS

Algorithm 1 Simple PMCTS

Require: Number of particles V, Number of iterations M, Root state s;, Environment model M,
DNNs 79, vg.
1: Initialize a tree with capacity for NM + 1 nodes.
2: Initialize root using predictions 7y (s1) and vy (s1).
3: fori <~ 1to M do
4
5

Sample {7 = (s1,a?, ..., 5%, a®)}_, from 7;, M independently in parallel. > Selection.
Expand and add to the tree up to N leaves in parallel: > Expansion.

N
{S%Jrl ~ P(s%,a%), T(S%,CL%) = ]E[R(S'&L“’a%)L U(S%+1)7 FQ(S?Url)}n:l'

6: Compute the value update v;(s) (Equation left) sy € 77, V¢, Vn: > Backpropagation.

N

1
vi(sy) = Nen Z Ls,ernv™(st),

n=1
7: Update the tree (Equation right) s; € 71, Vt,Vn

(vi(st) — vi(se)) N (st)
M;(ss) + N(s¢) 7

vit1(st) = vi(se) + Mii1(st) = M;(se) + N(s¢).

8: end for
9: return : > See Appendix [H.2] Equation [50]
7T-secn“ch(algl) :I<7r9>QM)> ‘/:98(17‘0}7,(81) = Zﬁ(a|51)QM(51,a)7 a'\’ﬁ-(sl)-
acA
_ Tsearch(als1) if:  M(s1,a) >0
mlalsy) o {0 ift M(s1,a) =0
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B.2 PMCTS

For added clarity, we include a brief summary of PMCTS in natural language in addition and
following the pseudocode.

Algorithm 2 PMCTS

Require: Number of particles IV, Number of iterations M, Root state s;, Environment model M,
DNNSs 79, vg.
1: Initialize a tree with capacity for N M + 1 nodes.
2: Initialize root using predictions 7y (s1) and vy (s1).
3: fori < 1to M do

4: for t <~ 1to T for n € N particles independently in parallel do > Weighted Selection
5: Sample and append to trajectory 7;_i: > SMC’s Sampling
ai ~ & (aflsy), sty ~ P([st,af),
6: Update particle weights (Equation [8): > SMC’s Correction
(AT n
wp = wp, L),
Ti(af | st)
7: end for
8: Expand and add to the tree N leaves in parallel: > Expansion.
n n n n n n n n n N
{ST+1 ~ P(sy,ar), r(st,ar) = E[R(sT, ar)], v(s111), 7T0(3T+1)}n:1-

9: Compute the updated values and policy of the parents of the leaves:

Tiy1(ar|sT) o< mo(ar|st) exp(Biv1(s7)qiv1(s7, ar))-

10: Update weights w. with respect to ;41 (s7) (Equation : > Retrospective reweighting

n Tiv1(af | 57)

n
wp — W
mi(ay | s7)
11: Merge duplicates, preserving weight w’:(spy1) = 22:1 wy'lsy  —sp | per unique trajec-
tory and setting duplicates to zero.

12: Normalize weights with respect to each other at all nodes s;:

_ w?‘]]-s ETH

w%(st) - N — T

- .
Zm:le ]]‘StET}"’

13: Compute v;(s¢) (Equation@], left) and the ESS s, € 77, Vt, Vn:> Weighted Backpropagation.

N
vi(ss) = Z@%(Stﬂs,efglfn(st)» ESS(s¢) = —
n=1

14: Update the tree (Equation[I0) Vs; € 77, Vt, Vn:

(vi(st) — vi(st))ESS(s¢)
Mz(St) + ESS(St) ’

viy1(se) = vi(se) + Miv1(se) = M;(s) + ESS(sy).

15: end for
16: return : > See Appendix [H.2] Equation [50]
7T-search(al‘sl) :I<7r9>QM)> V:eearch(sl) = Zﬁ(a|51)QM(51,a)7 a'\’ﬁ-(sl)-
acA
— 7Tsearch(a|31) if: M(Sl,a) >0
mlalsy) o {0 ift M(s1,a) =0
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PMCTS summarized: At each parallel MCTS iteration ¢, N particles sample trajectories indepen-
dently in parallel from a higher-entropy stochastic-selection policy 7; (Equation [§] right). At each
step during selection, the particles’ weight are updated with SIS, maintaining a principled estimate of
the distribution over trajectories with respect to m; (Equation|[8] left). When all particles arrive at a
leaf, N the leaves are expanded in batch parallel, as in Simple PMCTS. Retrospective reweighting is
then applied, updating the particles’ weights to estimate the distribution with respect to ;1 rather
than 7; (Equation[TT). Deduplication is applied, removing duplicate trajectories while maintaining
the correct importance weight per unique trajectory. Backpropagation is applied, computing the
returns v; and the ESS and using them to update v;1 (Equations[9and [I0|respectively). At this point,
the iteration is complete, and the algorithm proceeds to the next iteration.

C Derivations

C.1 Derivation of the numerically stable weighted average

_ v(se)Ni(se) + vi(se) M;(se)
Vit1(se) = M;(s¢) + N(s¢) (12)

v(st)Ni(se) + vi(se) Mi(st) + vi(s¢)Ni(s) — vi(se)Ni(se)

- Mi(St) —|—N(St) (13)
_vi(s¢) M (s¢) +vi(se)Ni(se) | v(s:)Ni(s¢) — vi(se)Ni(st)

T M)+ Nis) T Mis) T NiGse) (1
o 4 050~ )N s

M;(s¢) + Ni(s¢)

C.2 Derivation of the particle-based backpropagation step in PMCTS
C.2.1 Derivation of the variance estimator

We analyze the variance of the PMCTS estimator and construct an estimator of it by considering the
set of IV particles contributing to the update of node s;. The estimator is defined as the weighted sum:

N
> wfu"(st)] (16)
n=1

We assume that we have merged all duplicate particles into one particle with the total weight and all
trajectories are unique. While particles in SMC are inherently correlated due to their shared ancestry
and the weight normalization constraint > @} = 1, a standard heuristic in the analysis of particle
filters is to treat unique trajectories as approximately uncorrelated [26]. Under this assumption, and
by treating the weights as approximately constant relative to the variance of the returns, we obtain:

Viv(st)] =V

N N
Viv(s)] = > V[wpv™(s)] = Y (@])>V[v"(s1)] (17)

This formulation mirrors the derivation of the Effective Sample Size (ESS) [26], where the variance of
a weighted importance sampling estimator is shown to scale with " (w?")?. The ESS approximation
is widely used as a proxy for estimator quality when the true covariance structure is intractable.

Assuming the variance of the return for any single trajectory is bounded by V[v"(s;)] < 02, we
arrive at the following practical bound for the estimator variance:

N N 1

Vivsl = X @)V ()] < 0* 3 (@) = 0* poges (18)

n=1 n=1

This suggests that the variance of the node update is approximately proportional to the sum of the

squared weights, 25:1 (wi*)?, allowing us to use this term as a scaling factor for uncertainty in the
tree search.
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C.2.2 Derivation of the node value update

The weight of the update to the variance-minimizing unbiased estimator of the mean is the inverse
variance. Assuming that the variance of all trajectories is bounded by 25:1 (wi)%0?, we can divide

all updates by o2 to arrive at the variance bound being 25:1 (w)2. The inverse variance is then
=v——5 = ESS(s;) (the effective sample size, see [26]).

n:l(w?)z

We can now derive the update:

_ v(5¢)ESS(s¢) 4 vi(se) M;(st)
vit1(st) = Mz(st) —i—ESS(St) (19)

v(s:)ESS(8:) + vi(s:) M;(st) + vi(st)ESS(s¢) — v;(s:)ESS(s¢)

B M;(s¢) + ESS(s) 20)

_ vi(8¢)M;(s¢) + vi(s:)ESS(s¢) N v(st)BSS(s:) — vi(s¢)ESS(s¢) 21
Ml(St) + ESS(St) Mi(st) + ESS(St)

g5 + (v(st) — vi(st))ESS(s¢t) 22)

M;(s:) + ESS(s7)

C.3 Approximating expectations under the target in Sequential Monte Carlo

There are multiple approaches to approximating expectations under the target using the particles
{7, wP}N_, of SMC, for some example function R (in RL terms, we can think of R(7}) as the
return along the trajectory).

The standard approach is to use the self-normalizing estimator:

1 N ,
S 2 WR(E) BB =V (s1) 23)
n=1 n=1

It normalizes with respect to the sum of the weights of the particles Zgzl wy. It is the more
common of the options, as it allows for SIS even with access only to the probability mass / density
functions 7’ (a|s), mg(a|s) up to a proportionality constant. This estimator however is biased (although
consistent), introducing bias of order O(1/N) [45]], because the ratio of two unbiased estimators:

SN wpR()/ SN, wh, is not itself unbiased [26].

However, when we have access to the full densities / masses 7/ (al|s), 7 (a|s), we can also use the
estimator (Equation [5):

’

1 N
¥ D WiR(T) & B [R(r])] = VT (s1). (24)
n=1

This is an unbiased estimator of expectations under the function R.

In practice, the first estimator (Equation [23) is much lower variance, despite being biased, and we use
it in the practical algorithm.

C.4 Unbiased estimates of the value at any depth

The unnormalized estimator provides unbiased estimates of the expectation at the root s;. However,
we cannot simply use the same weights for any node under the root (the way we could for the self-
normalizing estimator) and expect unbiased expectations, because the weights will be proportional to
the probability of reaching those nodes. As a result, unlikely trajectories will have value estimates
close to zero (because their weights will be close to zero) and using them directly to update the tree
will effectively set all the values closer to zero.

This can be addressed however, by maintaining an array of weights per particle n, which save a
weight per depth ¢. At each depth ¢ the new-weight to depth ¢ is initialized with 1.0, and is updated
in the same manner as all other weights at all depths. As a result, a different weight is available per
particle per depth to compute the expectation at each depth (i.e. each node along the trajectory). This
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can effectively be thought of as "restarting" the SMC process at each depth guaranteeing that its
properties apply for each depth and not just the root.

In practice however, the self normalizing estimator is the popular estimator which will be used in
practice in most practical settings and much-reduced bias versions of it exist [45].

D Formal Theoretical Analysis

D.1 MCTS as a principled policy improvement operator

We begin with the formal Theorem [I] and proceed with its proof.

Theorem 4 (MCTS as a Principled Policy Improvement Operator (Formal)). Given selection policy
m; (Equation [Z]), a deterministic true model M, evaluations v(sr11) of leaves spy1 sampled
independently from a distribution with mean V7 (st11) and variance < o? (i.e. the relaxed
assumptions, which contain the classical), g having support over the entire domain A and in
expectation with respect to backpropagation: v;(s;) < E|R(7,r) + V™ (sp41)], MCTS satisfies
Policy Improvement:

Vi > 1: Vi (81) > Ve (81) (25)

Proof.

Preliminaries: Let 7y be the prior policy with support over the entire domain (required for Zg sz to
be defined) and v(s) be an unbiased value estimator such that E[v(s)] = V™ (s) with finite variance
(e.g. rollouts).

We define the MCTS iteration sequence for ¢ = 1,..., M. At each iteration i, a selection policy 7; is
determined using ¢; and 7g as follows:

mi(als) = Zamz(me, qi)(als) o< mo(als) exp(Bi(s)qi(s; a)). (26)

We define the mixture policy 7 as the policy which selects 71, . . ., m; with equal probability at state
s, and follows the selected policy from s.

Lemma 1 (The expected backpropagation). The expected backpropagation E[v;(s;)] at any node s;
in the search tree is the value of the selection policy V™ (s;).

Proof Lemmall] Taking the expectation with respect to all random variables:

[T
E[vi(s¢)] =E Z Y r(sg,a5) + 4T  u(sra) (27)
_‘j:t
o -
=E Z Yt (s, a5) + 4T T R [u(srg)] (28)
_j:t m
o :
=E | Y 7 (sj,a5) + "IV (sr40) (29)
j=t
=V (s1) (30)

Since T; is followed until the leaf s74 1, and 7 is implicitly followed thereafter (via the value head
v), this expression is precisely the value function of a policy that follows 7; for T" steps and then
switches to 7y. In the context of MCTS, this defines the value of the selection policy ;. O

Lemma 2 (Value of the Mixture Policy). The state-action value q;1(st, a) with e)_cpected evaluations
E[v;(s;)] at every step is the Q-value of the mixture policy 7*: q;1(st,a) = Q™ (s¢,a).

Proof Lemmal2] Let iterations ¢ enumerate all iterations through node s, and action a without loss of
generality. By the definition of the MCTS node evaluations and Lemma 1:
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1< ‘1
Qi+1(5t»a) = gZQﬂj(SnG) = Zg@ﬂj(st;a) 31
j=1

j=1

By the linearity of the Q-function with respect to the policy distribution in an MDP:

1 ;
> -Q i (si,a) = Q" (s1,0). (32)
="
where Q™' (8¢, a) is the value of the policy which picks 7 (s¢), ..., m;(s¢) with equal probability and
acts with that policy to termination. O

Lemma 3. A mixture of improved policies is an improved policy.
Proof Lemma[3] Lemma[3]is proven by [34]] in their Lemma 1. O

D.1.1 Proof by induction for Theorem [d;

Using Lemmas we will prove the following by induction: If evaluations v(sry1) of leaves sp41
are sampled i.i.d. from a distribution with mean V™ (s7.41) and variance < o*, m; = Tanz(7e, ¢;)
and Ty has support over the entire domain then in expectation with respect to search MCTS satisfies
policy improvement:

Vi>1: V7Ti(sy) >V™(s1). (33)
Inductive Hypothesis For all i: V™i(s;) > V™ (s), qi(st,a) > Q™ (s, a).

Base case i = 1 At the first iteration ¢ = 1 through any node s, (which is the expansion s;, a;) we
have 7y (s¢) = mg(s;). By Lemmal[l]we have ¢;(s;, a) = Q™ (s;, a). QED base case.

Inductive step We need to show that yt (s¢) > V7™ (sy) and gi+1(s¢,a) > Q™ (s¢, a), given
V7Ti(s1) > V™ (s1) and g;(s¢,a) > Q™ (s¢, a) the inductive hypothesis.

From Lemma 2 ¢;11(s¢,a) = Q™ (s¢,a), the value of the mixture policy 7. From the inductive
hypothesis, all 7;, j < i are improvements over 7. By Lemmatheir mixture 7* is also an improved

policy: V™ (s1) > V™ (s;). Therefore, the value g;1(s;,a) = Q (s¢,a) > Q™ (sy,a) is the
value of an improved policy at any state s; and action a.

The selection policy 7,41 is defined with:
miv1(alst) = Zamz(mo, qiv1)(als), (34)
which satisfies policy improvement over 7y by definition. Therefore, we have:
VTitt(s1) > V7™ (s1). (35)
QED Inductive step.

Conclusion By induction, every selection policy 7,41 generated by the MCTS operator with respect
to expected evaluations E[v;(s¢)] at every step is a policy improvement over the prior 7y at any state
s¢. By generality, this applies to the root state s; as well.

Therefore we have, under the assumptions stated in the Theorem, that:

Vi>1:VT(s1) > V™ (s1). (36)
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D.2 Simple PMCTS is a principled policy improvement operator

We begin with the formal Theorem [2] and proceed with its proof.

Theorem 5 (Simple PMCTS is a Principled Policy Improvement Operator (Formal)). Given selection
policy w; (Equation , a deterministic true model M, evaluations v(st.1) of leaves st sampled
i.i.d. from a distribution with mean V™ (s1) and variance < o2 (i.e. the classical assumptions),
g having support over the entire domain A, and when N — oo, Simple PMCTS satisfies Policy
Improvement:

Vi>1: V7Ti(sy) >V™(s1), a.s. 37)

Proof. Consider iteration ¢ and condition on the search history prior to iteration 7, which fixes the
selection policy ;. Since 7; has support over all actions supported by 7y, every reachable node
s¢ is visited with positive probability. Hence, as N — oo, the number of particles reaching every
reachable node satisfies

N;(s¢) — o0 a.s.

At any such node s;, the returns used for backpropagation are conditionally i.i.d., with mean
E[R(7e,0) + V7™ (s141) [ se] = VT (se),
and finite variance by assumption. Thus, by the strong law of large numbers, the empirical backprop-
agation estimate satisfies
vi(sy) —2 V™i(sy).
N— 00
Therefore, in the limit N — oo, the backpropagation of Simple PMCTS is exactly the expected
backpropagation of Theorem|[I} almost surely.

Let E; denote the probability-one event on which this convergence holds for every node in iteration .
Since the set of iterations and the set of nodes are countable,

P(ﬁ E) 1

On this event, Simple PMCTS coincides with the expected-backpropagation MCTS of Theorem [T]at
every iteration. Consequently, by Theorem ]

Vi>1: VTi(s1) > V™ (s1).

Hence Simple PMCTS guarantees policy improvement at every iteration almost surely. O

D.3 PMCTS is a principled policy improvement operator

We begin with the formal Theorem |3} and proceed with its proof.

Theorem 6 (PMCTS is a Principled Policy Improvement Operator (Formal)). Given selection policy
m; (Equation [Z]), a deterministic true model M, evaluations v(sry1) of leaves s11 sampled i.i.d.
from a distribution with mean V™ (st.1) and variance < o2 (i.e. the classical assumptions), Tg
having support over the entire domain A and when N — oo, PMCTS satisfies Policy Improvement:

Vi>1: V7i(sy) >V™(s1). a.s. (38)

Proof. We show that in the limit N — oo, each of the mechanisms introduced by PMCTS preserves
the expected-backpropagation limit of MCTS.

Consider iteration ¢ and condition on the search history prior to iteration ¢. This fixes the selection
policy 7; and hence the proposal policy 7;. Since mg has full support over A and m; and 7;
are constructed from 7y by strictly positive transformations, 7; and 7; have the same support.
Consequently, every trajectory with positive probability under 7; also has positive probability under
.
Under the classical assumptions, the particles are sampled independently from 7;, and their sequential
importance weights are
n__ n T (CL? | S?)

'LUt = wt—l o n

i(ay | s)
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Thus, at any node s;, the PMCTS backup v;(s;) is a self-normalized importance-sampling estimator
of the expectation under the target policy ;. More generally, after retrospective reweighting, the
same estimator is a self-normalized importance-sampling estimator under the updated target policy
used by the subsequent MCTS update.

Since the importance weights have finite expectation and the backpropagated returns have finite first
moment, the strong law of large numbers for self-normalized importance sampling gives

vi(s)) —=—= Vi(s,),
N—o00

with the corresponding target policy after retrospective reweighting. The result also holds at every
depth because PMCTS maintains depth-specific importance weights, so that the self-normalized
estimator is applied to the particles contributing to each node.

Deduplication does not alter this limit. It only aggregates particles corresponding to identical
trajectories by summing their importance weights. Hence the weighted empirical distribution, and
therefore the self-normalized estimator v;(s;), is unchanged.

After retrospective reweighting, the estimator converges to the value of the corresponding updated
selection policy 7;41. However, since this policy remains an improved policy which maintains the
same properties as 7;, we overload the notation and set 7; as the policy in Equation [2| with respect to
4i, Bi at all nodes that have not been expanded, and Equation 2] with respect to g1, 541 at expanded
nodes, without influencing the convergence or the recursion.

The ESS-based update also preserves the expected-backpropagation limit. Since the SMC estimator
is consistent,

1
Varly; — 0, ——— — 0 a.s.
ar[v;(st)] FSS(sr) a.s
and hence ESS(s;) — oo almost surely. Therefore, in the limit N — oo, the update

vit1(se) = vise) + Mi(s7) + ESS(s1) (vi(se) —vi(se))

becomes a convex combination of the previous tree value and the exact expected-backpropagation
value v;(s;). The previous tree value is, by induction, the value of a mixture of policies that satisfy
policy improvement, while v;(s;) is the value of the newly improved selection policy. Thus the
resulting v; 41 (s¢) retains the same policy-improvement property as in Theorem

Finally, consider the randomness across MCTS iterations. Let E; denote the probability-one event on
which the above convergence holds for every node involved in iteration 7. Since the set of iterations

and the set of nodes are countable,
Pr <ﬂ E) =1.
i=1

On this event, PMCTS coincides with the expected-backpropagation MCTS in the limit N — oo, up
to the convex averaging of values from previous improved policies. The proof of Theorem [ therefore
applies by induction over iterations. Hence,

Vi>1: V7Ti(s1) > V™ (s1), a.s.

Thus PMCTS guarantees policy improvement at every iteration almost surely in the limit N —
0. O

E Worst-Case Complexity Analysis

In this section we analyze the computation complexity of Simple PMCTS (Algorithm[I)) and PMCTS
(Algorithm[2). We begin with a brief complexity analysis of baseline MCTS, for reference.

E.1 MCTS Worst Case Complexity Analysis

MCTS is given a search budget of M simulations, i.e. iterations of selection, expansion, and
backpropagation. Expansion takes a constant amount of time, and both selection and backpropagation
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scale linearly with the depth d; of the newly expanded leaf. d; < M since in each iteration, the
depth of the tree increases by at most one. Thus we can bound the worst-case runtime complexity by
O(M?).

Each expansion step adds a new node to the tree, and the rest of the operations (selection and backup)
use a constant amount of space, so in total the space complexity of MCTS is O(M).

E.2 Simple PMCTS Worst Case Complexity

We analyze the worst-case complexity of Simple PMCTS (and next PMCTS) with respect to the
search budget of M simulations (i.e. iterations) and number of particles V.

Selection: Each particle can do selection completely independently, so the time taken again scales
linearly in the maximum depth across particles d;. Even though we may add up to N nodes in each
iteration, the depth still only increases by at most one, so we have d; < M again.

Expansion: Expansion is done as a batch. We compute the value predictions, new prior policies, and
add up to N nodes to the tree. This can be done in constant time by having every particle create the
new node in a predetermined spot based on its index. To connect the parent nodes to the new children,
each particle tries to assign its child index to the parent, and in the case of contention, one arbitrarily
wins out. Each particle then checks what was written and reassigns itself to the child node that won.

Backpropagation: Each particle can independently calculate its contribution to each node by tracing
its trajectory in the tree. This will take a linear time in d;. The contributions can then be combined
for each state in parallel, either with a linear scan O(V) or tree reduction O(log(N)) [46]. Thus the
time for backpropagation scales as O(d; + log(N)).

Total: In each iteration we take O(d;) for selection, O(1) time for expansion, and O(d; +1og(NN)) for
backpropagation. Over M iterations this amounts to O(M (M + log(N))) = O(M? + M log(N)).

Space: Since each iteration can add at most NV new nodes, the space required for the search tree is
O(MN). Additional space is required during backpropagation to keep track of the contribution of
each particle at each affected node: There are IV particles and each affected at most d; nodes, so
O(d;N) < O(MN) space.

E.3 PMCTS Worst Case Complexity

Selection: Selection is much the same as in Simple PMCTS. The few differences are that we must
now compute a sampling policy 7; to sample from, and the particle weights must be updated. The
weight update is constant-time per step, and when using a temperature-based sampling policy as in
this work, 77; can also be computed in constant time (independently by each particle). This gives the
same linear time O(d;) < O(M) for selection.

Expansion remains identical to Simple PMCTS, so O(1).

Backpropagation: Most of PMCTS’s features come into play in this step. We compute the un-
weighted returns contributed by each particle in parallel in O(d;) time. Retrospective reweighing can
be done in parallel for each particle in constant time. De-duplication of particles can be done using
reduce-by-key in O(log(N)) time [47] (i.e. by using a parallel sort, detecting boundaries, and then
tree-reducing). Computing ESS can be done for each affected state in parallel in time O(log(NV))
using tree reduction for sums over particle weights, and parallelism across particles for operations
such as squaring or dividing weights. Calculating the weighted return similarly takes O(log(N))
time with tree reduction and can be done in parallel per state. In total the worst-case time complexity
for backup is O(d; + log(IV)).

Total: Similar to Simple PMCTS, the worst-case complexity of one iteration is O(M + log(N)) and
O(M? + Mlog(N)) the entire algorithm.

Space: The space required for the search tree is O(M N). Space required for backpropagation is
dominated by the weighted return and ESS calculations which need O(d; N) < O(M N) as before
to store the contribution of each particle.
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F MCTS and Parallelization: A Brief Survey

F.1 Synchronous vs. asynchronous parallelism

A system of parallel processes is called synchronous if all processes run using the same clock, i.e., all
operations are executed in lockstep (physically or conceptually). It is called asynchronous if each
process has its own independent clock, i.e. the different processes execute independently, potentially
interleaving arbitrarily [48]].

Asynchronous parallelization is very popular, as it allows multiple processes to run independently in
parallel, and is indeed a popular way to implement virtual-visits based heuristic parallelization of
MCTS [49].

In contrast, modern GPU acceleration with Jax [25] enables a form of semantically synchronous
parallelization, typically expressed via batching or vectorization. In this setting, computations are
defined so that elements of a batch are processed independently but conceptually in lockstep, with
no observable ordering or interaction between them. This has popularized synchronous parallelized
acceleration of the RL framework, based on “batched" operations, for training as well as search
[2411341138]]. As aresult, it is much easier to benefit from GPU acceleration with Jax with conceptually
synchronous parallelization.

F.2 Parallel MCTS: A brief survey

Many approaches for parallelizing MCTS under different practical constraints have been proposed
over the years [17, [18] 20, 22} 50552]]. Among them, the three canonical approaches are root
parallelization, leaf parallelization and tree parallelization |17, [18]].

Root parallelization parallelizes across multiple instances of MCTS. To achieve runtime inference
scaling, all instances run from the same root state and aggregate their results once search has
concluded. This approach builds search trees of the same size, and in expectation each tree is the
same. It also relies heavily on stochasticity in the selection and/or evaluation and thus is not well
suited to modern uses of MCTS that rely on fully deterministic selection and evaluation.

A variant of this approach is very effective for scaling up during training however. Instead of running
multiple instances of MCTS in the same state in parallel and aggregating their results, the search can
be parallelized across NV different states. The results are then aggregated in a training batch over these
states. This approach is the go-to in Jax based implementations of training RL agents with MCTS for
policy improvement (e.g. AlphaZero variants) [43]].

Leaf parallelization parallelizes the evaluation of the same leaf across N parallel processes. This is
only effective when evaluation is stochastic, and thus is not suited for modern algorithms either.

Tree parallelization parallelizes the search with multiple parallel, synchronous or asynchronous,
selection, expansion and backpropagation processes operating on the same tree. The immediate
challenge these methods run into are duplicate selection trajectories. To overcome this challenge, the
canonical approach in practice is the virtual visits family of heuristics. To reduce the probability that
different processes attempt to expand the same leaf, the main idea is that when a process arrives at a
node during selection, it appends a count of "virtual" visits before the expansion and backpropagation
steps complete. These visits are taken into account by other processes arriving at the same name, as
if the node was fully updated with backpropagation.

This approach is very popular in practice, and has been very successful for benefiting from parallel
compute during inference time. However, it is not principled, in the sense that there are no guarantees
over which policy is evaluated by the tree at each iteration.

Additional approaches have iterated on the notion of virtual visits with informed-virtual visits, using
smaller DNNs or other forms of cheaper evaluations to direct the search, while spending the cost for
expensive evaluations only later or only on specific nodes [53H55]].

Prior work analyzed this direction theoretically from the perspective of how much worse than regular
MCTS can the decisions induced by virtual visits be [21]. In contrast, in this work we develop
methods that both do as well as MCTS in expectation (unbiased), and reduce variance in proportion
to the number of parallel processes.
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Overall, a large number of approaches have investigated using virtual visits in different implementa-
tions with different levels of synchronous and asynchronous parallelization [17, 18} 20} 22} 50, 51].

Other approaches for parallelizing MCTS have been proposed. [52] replaces the DNN-learned
dynamics model of MuZero [4] with a transformer, to unroll multiple action trajectories in the tree in
a batch. This approach is not suited for MCTS in general, only for DNN-based dynamics models,
modifies the backpropagation of MCTS, and does not provide any theoretical analysis or guarantees
of policy improvement with respect to the modified selection policies.

G Additional Results

Scaling across M in an example environment is investigated in Figure 4]
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Figure 4: Scaling of parallel MCTS variants with parallel compute (number of particles V) and
simulation budgets M in Gardner chess. Bayes Elo with 95% CI.

The individual boardgames results aggregated in Figure 2] are presented in Figure[5]
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Figure 5: Scaling of tree parallel MCTS variants with parallel compute (number of particles ) in
different boardgames. Bayes Elo with 95% CI.

The individual discrete and continuous action results aggregated in Figure [2]are presented in Figure 6}
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Figure 6: Scaling of parallel MCTS variants with parallel compute (number of particles V) across
different environments in the discrete and continuous domains. Mean expected return with 95%
Gaussian CIL.

A comparison between tree-parallel MCTS with PMCTS and root-parallel MCTS is presented in
Figure[7] demonstrating that indeed, root-parallelization is not an effective runtime-scaling approach
when DNNGs are used for evaluation. For this comparison, we use a modern version of non-parallel
MCTS, GumbelMCTS, and run it vectorized across different instances at the same state, which also
allows us to compare the performance of PMCTS to a popular version of non-parallel MCTS.
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Figure 7: Scaling of tree parallel MCTS with PMCTS vs, root parallel MCTS with GumbelMCTS

across boardgames, discrete and continuous environments. Average Bayes Elo or expected return

with 95% CL

In Figure [§ we investigate the effect of different action selection mechanisms across the different
baselines. We find that our experiments use the best action selection mechanism per algorithm.
Improved Policy refers to selecting the action that maximizes the improved policy. Max. Visits
chooses the action with the most visits. For GumbelMCTS, we compare different ways to aggregate
across trees, specifically averaging the improved policy (Aggregate Policy), averaging the Q-values
(Aggregate Values), and choosing the action picked by the most independent searches (Aggregate
Voting), see Appendices [[.3]and [H.2] for more detail.
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Figure 8: Action selection ablations across the different baselines, in 9x9 Go (M = 128, N = 16).
Bayes Elo with 95% CL

We include a comparison to TSMCTS and SMC on Garnder chess and 9x9 Go, demonstrating their
challenge to perform well with a larger simulations budgets (and smaller particle budgets, in the case
of TSMCTS), in Figure[9]
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Figure 9: PMCTS vs. TSMCTS and baseline SMC in Gardner chess and 9x9 Go, with larger
simluation budgets M = 128, 256. Bayes Elo with 95% CL

To investigate how the temperature 7 trades off between increased number of unique trajectories and
reduced divergence from the target m; we include search statistics averaged over multiple trees at
different states in different games of 9x9 Go with M = 128, N = 64 (unless otherwise specified), in
Figure[TI0] On the left, we see that as the temperature increases, the number of unique trajectories
increases, as expected. Second from left, we see that as the temperature increases, the divergence
between the sampling policy 7; and the target policy m; increases, as expected. On the third from
the left we see that the temperature parameter that consistently achieves the lowest variance V[v;],
estimated with 1/ESS — the best tradeoff — is = 1.5 (marked in blue for clarity). We also see that it
achieves a rather-large number of unique trajectories (left), and rather-low KL divergence (second
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from left), as expected from the temperature that trades off the best between the two to minimize
variance. Finally, we can see that indeed this results in the best performance (right), as expected.
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Figure 10: Search statistics for PMCTS on 9x9 Go with M = 128. Means and 95% Gaussian or
Bayes Elo Cls, where relevant. The temperature that achieves the best tradeoff 7 = 1.5, the one that
minimizes variance (second from right), is also the one that achieves the best performance (right).
H Implementation Details

H.1 The search policies PUCT and UCT

log M;(s¢)

ucT

h = i\t NTF My(si, ) ¥

7T (s) argen;axq (st,a) + mo(alst) 1+ M;(s¢,a) 39
M;

WEUCT(S) — ar%éﬁax qi(5t7 a) + 7o (a‘St) C]_—’—ML((SS:’)(L) (40)

H.2 Improved Policy, Value and Action Selection - A Brief Survey of Design Choices

At the end of search, PAMCTS has ¢, and 7,; from which it needs to return an action to take in the
environment, an improved policy Tseqrch, to train the policy network 7y, and value Vieqpcn to train
the value network v. This can be (and is) done in multiple different ways, which we discuss below.

MCTS for Heuristic Policy Improvement: In AlphaZero [3]], MCTS is used to train the policy. As
prior to [32]’s work, MCTS was not theoretically interpretable as a policy improvement operator,
it was not clear how to extract a target for the prior policy. [3] chose the visitations distribution
M(s1,a):
M(s1,a)
classical ’
= 41

Tsearch (a|51) Zbe_A M(Sl,b) (41)
Although this does not guarantee policy improvement [24], it has been extremely successful in
practice and paved the way for the great influence MCTS-based agents had on RL.

It is natural to then compute the root value and select an action to take as:

Viearen(s1) = Y momsic™(als1)qnr (s1,0),  a~ momic (s1). (42)
acA

When we want a deterministic action, we can use select the action with the most visits M (s1, a).

MCTS as a Policy Improvement Operator [32]] showed that MCTS tracks, approximates and
therefore can be interpreted as a policy improvement operator. More specifically, their results can be
summarized as follows: (I) The popular selection policies UCT and PUCT converge over iterations
(e.g. track) to the solution of an optimization problem of the form:

7'(s) = arg max Z 7' (a|s)qi(s,a) — Ny D(7', 7p). (43)
™ acA

Here, D is some regularization term and A, is a function of the visitation counts M (s, a). Fur-
ther, [32] showed that PUCT corresponds to the the specific regularization term D(7/,7p) =
K L(mg,n'), i.e. the reverse KL divergence. We apply the following definition of the K L(x,y) =

> wea z(a)log zgzg .
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Next, [32] showed that the solution 7/ (Equation[43)) can be used directly, for three purposes: First,
for selection actions in the environment. Second, for training the policy. And third, for driving the
search itself, replacing deterministic PUCT with stochastic 7’.

The operator ' = Z(my, qpr) which solves Equation 43|is not a very popular operator, and requires
solving an optimization problem numerically to find the normalization constant of 7’. [24] showed
that it can be replaced by 7, effectively.

Respectively, this suggests the following natural return values:

7Tsearch(a|51) = I(Tfa, QM)7 V;earch(sl) - Z Wsearch(a‘sl)qlw<517 a)v a ~ 71—search(sl) (44)
acA

Sequential Halving and Completed Qs: [24] introduced Sequential Halving (SH) to search at the
root. SH is a bandit algorithm which optimizes for simple-regret, best action identification given
known search budget M. In contrast, PUCT was designed for anytime, cumulative-regret, best
action identification. SH can be interpreted in two different ways: First, it is just a budget-allocation
algorithm, which assigns different actions different action budgets, without a direct influence on the
action values themselves. The one exception to this statement is that in expectation, the values of
all actions increase with increased search resources (Theorem E]) This was modeled as drift by [L]].
From the perspective of policy improvement however, irrespective of the resource allocation at the
root, the algorithm remains an unbiased estimator of policy improvement.

Second, SH can be viewed as a best-action selection algorithm. At the last iteration of SH, it outputs
a recommended-best action. [24] used SH to select actions in the environment. However, they found
that in order to retain sufficient exploration in board games, the agents benefited from sampling

proportional to nge‘;i?}f“l, the policy induced directly by the visitation counts M (s, a).

Additionally, [24] proposed the completed Q values, which predicts the value ¢(s, a) of unvisited
actions M (s, a) = 0 with a mixture of the form:

A _ faqi(s,a) ifM(s,a) >0
ai(s,a) = {vmix(s) ifM(s,a) =0" 45)

e gy ZaMlsa) s
Pmix(8) = 1432, M(s,a) ( #(s) + > acamolals) 2 molels)ails )>7 40

a€A
A={a:M(s,a) > 0}. 47)

The value vyix (s) is intended as a more stable estimator of V™ (s) than the single DNN prediction
vy (s). [24] showed that using estimators of this form preserves policy improvement.

This distills to the following return values:

o (als1) = Teg(m9,qrr), Viewen(s1) = > momai(als1)qar(s1, a), (48)
acA

a ~ 7T_classical(sl)
7

search or a = SH recommended action. (49)

Putting it all together Recent work from the SMC for search literature [34] uses SH only for search
budget allocation at the root s; to great benefit. Since this does not bias the search, it maintains the
same policy improvement properties of Tseqrch -

However, the completed Qs, although sound for policy improvement, may result in large mass for
unvisited actions. This results in potentially a very high entropy policy for action selection in the
environment, which may be catastrophic in environments where one bad move can terminate the
agent (falling of cliffs, or catastrophic moves in boardgames).

Putting all of this together, we opt for the following:

7Tsearch(a|51) = I(We, QM)a ‘/;earch(sl) = Z 777'(a|51)(]M(31a a)a a ~ ﬁ'(51)- (50)

acA
_ Tsearch(@]s1)  if: M (s1,a) >0
51
m(alsy) o {0 ift M(s1,a) =0 oD
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The policy 7 has mass only on visited actions, and otherwise is proportional to Tgeurch- As a result,
the root value Vieuen(s1) only incorporates gps of visited actions (e.g. no completed Q values
participate in the value computation). Similarly, the acting policy is not over-entropic and only
incorporates information from visited actions (e.g. again, no completedQ values participate in the
value computation). 7search and can be thought of as a more principled way to achieve the sampling
used by GumbelMCTS a ~ mélassical (g,

search

Using Viearch to generate value targets [29] has been shown to be sound by [56], despite Viearch NOt
being the value of the policy my.

H.3 The Virtual Losses and Virtual Means Heuristics

We use two popular variations of virtual visits: Virtual Means (VM) [22]] and Virtual Losses (VL)
[18,!49]. Under these heuristics, the deterministic search policy is computed as follows:

VAL (s)) MG )

PUCT/_\ ._ VL
TVL,i (s) = ar§£axqi (st,a) +7T9(a|3t)01 + M, (51, a) + MY™al(5, q)’ (52)
M; 4 )/ Viral
71{’,[1{,[(33(5) := arg max q; (s, a) + mg(a|sy) C \/ (5t) C (5¢) (53)

acA 1+ M;(s¢,a) + MYm™al(s, a)’

This is the PUCT formula [23]] but including the virtual visits added by unevaluated particles /
processes. ¢V is ¢; except each virtual visit is treated as a [oss, i.e. a return of —1. We keep the
implementation of VM and VL consistent with mctx’s [43] PUCT implementation: the Q values of
unvisited actions are completed with the value prediction v4(s) and normalized after virtual losses
are added. After normalization, the normalized Q-values for unvisited actions are set to 0.

H.4 Sequential Halving with P/MCTS

GumbelMCTS [24] modifies the search at the root of the tree with Sequential Halving (SH, [44]]).
The SH algorithm is a budget-allocation algorithm, which takes as input number of actions to
search K and divides the search into log, K iterations. Each iteration is assigned a search budget
B = M/log, K. At each iteration ¢ > 1, the number of searched actions halves K; = K/ 2i=1 and
assigned equal budget: B/ K.

When implementing SH with particles, the budget is treated as M N instead of IV, and divided
accordingly. To keep the parallelization across N intact, N particles are used during search at every
iteration. See [34]] for more detail.

SH interacts with PMCTS: on the one hand, it allows PMCTS to drive diversity by setting large
K = N for example. On the other hand, in later iterations, all particles are forced to search the same
actions, which can reduce trajectory diversity. As a result, it’s not clear whether SH should increase
performance or reduce performance when coupled with PMCTS. In our experiments, we were not
able to see benefit from using a parallel, particle-based variation of SH at the root of PMCTS.

H.5 Baselines

All baselines are implemented within our PMCTS framework. Virtual Means / Losses are thus also
implemented as batch-parallel and synchronous. This means that all "particles" (what would be
threads or processes) have to select trajectories fully sequentially in order to communicate the virtual
losses added. If we attempted to select all actions simultaneously, all "particles” would pick the
same action, since Virtual Means / Losses are deterministic. Their backpropagation is the same as
used by PMCTS, but without the PMCTS-specific features such as ESS, de-duplication, etc. As a
result, Virtual Means / Losses only parallelize the expansion well, which is not the best case for these
algorithms. In more standard implementations of Virtual Means / Losses, selection and backup are
done asynchronously with atomics or locks to deal with the situation where multiple threads are at
the same node at the same time. Even in these implementations however, in the worst case, when all
threads are at the same node at the same time, the selection is effectively sequential.

GumbelMCTS and PUCT MCTS are implemented in our setup, to keep comparison as direct as
possible, based on the official implementation [43]. We have tested our implementation against [43]]
and match it almost perfectly, with remaining differences attributed to floating point inaccuracies.
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Root-parallelization with GumbelMCTS We conduct independent search on N copies of the state
with different random keys and then aggregate the results. In continuous action environments the
"action space" at the root is shared by sampling K actions from 7y once and treating this as a discrete
action space [31]. From that point on, every search tree is unique. Once search has concluded, we
aggregate across search trees by taking either the mean of the Q values (in continuous environments)

or the mean of the policy (in board games): gar(s,a) = & SN | ¢h,(s,a) orw = L SN 7.

I Experimental Details

L1 Environments and Scaling Experiments Across Domains

We evaluate PMCTS empirically across four domains and 10 environments: four two-player zero-sum
board games (chess, Gardner chess, 19x19 Go and 9x9 Go) implemented by PGX [39]; Two standard
discrete-control single-agent problems (Snake and RubiksCube) implemented by Jumanji [40]; Three
classical continuous control tasks (Ant, Humanoid and HalfCheetah) implemented by Brax [41]]. One
LLM-scaling inference in the environment Sokoban [40] described in more detail in Appendix [[.8]

We have DNN models (vg and 7y pairs) for each environment: In 9x9 Go and Gardner chess we use
the baseline models provided by PGX. For full chess and 19x19 Go we trained our own networks as
PGX does not supply those (architecture is described in Appendix[J.2). In the discrete and continuous
control environments we use three models (three pairs), trained independently for different numbers
of steps. We use checkpoints prior to convergence to keep the evaluation as meaningful as possible.

For each environment, agent, particle budget /N and model, we run multiple evaluation episodes. In
the board game environments, this amounted to each variant (agent and particle budget N) playing
multiple games against each other variant, and computing Bayes Elo, which also provides a 95%
confidence intervals. The games started from positions in an opening book, generation of which is
explained in[[.2] In the single-player environments, this amounted to each variant (environment, agent,
particle budget [NV and model) running 256 episodes. We then compute the mean and a £2-SEM based
> 95% confidence interval. The SEM is across both models and games (Figure[6). In the aggregated
results presented in Figure |1} each individual run is first normalized between minimum possible
return (O in these environments) and maximum observed across all agents in each environments.
Then the results are aggregated per agent and a similar mean and SEM-based > 95% confidence
bound is computed and presented.

1.2 Opening Book

All agents in the board-game scaling experiments are deterministic. Starting every match from the
initial position would make all matches identical, so we use an opening book: a set of starting states.
Each environment’s book contains 20,000 unique positions, generated by sampling from the policy
network up to a predetermined move count, then filtering for roughly balanced positions. A position
is roughly balanced when that model’s value prediction lies in [—0.3,0.3]. The number of moves
sampled per environment is given in Table

LI.3 Acting in the Environment

The different agents act as follows: PMCTS selects the actions which maximizes the improved
policy at the root: argmax, Tsearch(a|s1). Virtual Means / Losses act in the standard manner of
this heuristic, by taking the action with the most visitations: arg max, M(s1, a). The aggregated
GumbelMCTS is implemented as taking the action which maximizes the aggregated improved policy
(Appendix [H.5). See Figure[§]for the effect of action selection for each agent.

In the learning experiment, GumbelMCTS picks an action stochastically from the improved policy in
the first 8 moves, and after that picks deterministically the action recommended by SH. Similarly, in
the learning experiment PMCTS selects by sampling from ms.q.cp () at the first 8 actions, and then
deterministically taking the arg max, 7(als) (see Appendix [H.2).
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1.4 Evaluation Metrics

In the standard RL environments, we use the observed averaged return across multiple independent
evaluation episodes. In the board game environments, we use BayesElo [42]], a commonly used metric
for comparing the relative strength of agents in two-player zero-sum games. Elo rating difference
is related to the win-rate between agents. Bayes Elo finds the maximum likelihood ratings using
MM [57]] where the prior on the Elo distributions is assumed to be uniform. Elo is shift agnostic:
only the relative Elo between agents matters, not the absolute score. To compute the average Elo
across board games we shift a single agent to 0 in every environment (the N = 1 Virtual Means),
shift the Elo scores of all other agents in each environment accordingly, and then take the average
across environments per agent. For the policy improvement experiment in Go, we plot the win-rate
against the PGX baseline agent.

We configure BayesElo with first-player advantage fixed at zero, since whenever we simulate a match
between two agents, we play the the same opening from both sides. Reported intervals are BayesElo’s
95% confidence intervals.

L5 Discrete vs. Continuous Action Spaces

To extend PMCTS and MCTS to continuous actions we follow the popular approach of SampledMZ
[31]], which samples C' actions from 7y at each node in the search tree and treats {a1,...,ac} asa
discrete action space with uniform logits.

1.6 Runtime Experiments

We measured the runtime for every algorithm at every particle budget (powers of 2 from 1 to 128)
with a simulation budget of 128. Each measurement consisted of 3 warmup runs to remove the
overhead of JIT compilation, followed by 10 trials of 10 runs each. Every run used a different input
state (generated ahead of time) to reflect real use.

We plot the mean across trials, in effect the mean across all runs, and the 95% confidence intervals
computed from the trials.

L.7 Policy Improvement Experiment

We use [39] implementation of a simple on-policy AlphaZero training loop for the policy improvement
experiments on board games. The training hyperparameters (learning rate, batch sizes, etc.) were
tuned for the baseline GumbelMCTS based AlphaZero, and were not modified and thus are likely to
favor the baseline agent (purple line in Figure 3] right).

L8 LLM inference scaling on Sokoban

In this experiment, the LLM is playing instances of the game of Sokoban in which we use text-based
rendering (ASCII). Each Sokoban instance is a procedurally generated solvable 1-box puzzle. The
model we used was Qwen2.5-14B-Instruct. The LLM supplies the prior policy over the actions to
search at each step. For the value approximation at the leaves uniform random rollouts are used with
a true model of the environment.

The system prompts used were:

You are solving a Sokoban puzzle. You control the player (P) on a grid. Your goal: push all boxes (X)
onto the targets (O).

Symbols: # wall, _ floor, O target, P player X box, V box on target, S player on target.
Rules:
. Move up, down, left, or right.

. Push a box by moving into it (space behind must be empty).
. You cannot pull boxes or push two at once.

AW N =

. Boxes cannot be pulled back. A box pushed into a corner or against a wall may be stuck
forever — plan multiple steps ahead before pushing.
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First reason about which moves are useful inside <think>...</think> tags. Then choose exactly one
action inside <action>...</action> tags. Example: <think>The box is above me and the target is above
the box. Pushing up will place it on the target without blocking anything.</think><action>up</action>

Then in each step, the system prompt is concatenated with this message:

Step {step_count} of {max_steps}.

{board_text}

Moves so far: {action, action, ...} (only present if move_history is non-empty).
Your move?

We do not concatenate the entire history into the LLM as that would results in very expensive
runtime.

J Hyperparameters

J.1 Hyperparameter tuning

All hyperparameters except the temperature parameter 7 introduced in this work follow [24] as
published in [43]]. Search over 7 is presented in Figure 3} where 7 = 1.5 dominates all other constant
temperatures. We leave the investigation of more complex temperature schedules depending on state,
policy entropy, number of particles at the state, etc. to future work.

J.2 Network architectures

Different architectures are used in different environments. In the discrete-action and continuous-action
single-agent environments, we use the architectures used by [38]]. These are MLPs in all environments
except Snake, where a CNN followed by an MLP is used. See [38]] for a full specification.

In the board game experiments we use the PGX [39] baseline models for 9x9 Go and Gardner chess:
small AlphaZero-style ResNets with 6 layers and 128 filters. For chess and 19x19 Go where we
trained our own models, we used the same architecture as the PGX models, except for 19x19 Go we
used 16 residual blocks instead of 6.

J.3 Hyperparameters

This subsection covers the hyperparameters used for the experiments. ?? gives the hyperparameters
shared among experiments: These are the PUCT parameters used by Virtual Means and Virtual Losses,
and the Q-normalization used by both PMCTS and Gumbel MCTS. lists hyperparameters
specific to the experiments in 9x9 Go and Gardner Chess. details the episode length per
environment used. The sampled actions refer to how many actions we sample from the continuous
action space for search. Finally, gives hyperparameters for the policy optimization experiment.

Table 1: Shared Hyperparameters for All Experiments

Category Hyperparameter  Value

PUCT (used by Virtual Means / Losses)  Cpase 19652
Cinit 1.25

Q-value Scaling for the Improved Policy  3; (cyisit + maxy, M; (s, a)) Cscale
Cyisit 50
Cscale 0.1
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Table 2: Hyperparameters for Board Game Experiments

Category Hyperparameter Value
Gumbel MCTS  Sampled Actions 16
Gumbel Scale 0.0
PMCTS Temperature 1.5
Model Model for 9x9 Go PGX baseline v0
Model for Gardner Chess PGX baseline v0
Opening Book  Size per Environment 20000
Allowed Value Range [—0.3,0.3]
Steps for 9x9 Go 12
Steps for 19x19 Go 12
Steps for Gardner Chess 8
Steps for Chess 8

Table 3: Training hyperparameters for the chess and 19x19 Go evaluation networks.

Hyperparameter Chess 19x19 Go
Search used in self-play GumbelMCTS  GumbelMCTS
Simulation budget M 24 32
Considered actions 8 16
Discount 0.997 0.997
Self-play steps per iteration 256 512
Self-play batch size 1024 1024
Training batch size 256 512
Learning rate 1073 10~
Momentum - 0.9
Training iterations 250 670

Table 4: Hyperparameters for Continuous and Discrete Environments

Environment Type Episode Length Bootstrapped Actions
Snake Discrete (jumanji) 4000 -
RubiksCube Multi-Discrete (jumanji) 20 -

Ant Continuous (brax) 1000 30
HalfCheetah Continuous (brax) 1000 30
Humanoid Continuous (brax) 1000 30
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Table 5: Hyperparameters for Policy Optimization Experiment (AlphaZero Training)

Category Hyperparameter Value
Network Architecture ResNet V2
Number of Filters 128
Number of Residual Blocks 6
Self-Play Batch Size 1024
Simulations per Step 24
Max Number of Steps 256
Random Plies 8
Gumbel MCTS  Sampled Actions 8
Gumbel Scale 1.0
PMCTS Number of Particles 4
Temperature 7 1.5
Training Batch Size 256
Discount 0.997
Optimizer Adam
Learning Rate 0.001
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