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Abstract

Conformal Prediction (CP) is a popular framework for constructing prediction bands with valid
coverage in finite samples, while being free of any distributional assumption. A well-known limitation
of conformal prediction is the lack of adaptivity, although several works introduced practically efficient
alternate procedures. In this work, we build upon recent ideas that rely on recasting the CP problem
as a statistical learning problem, directly targeting coverage and adaptivity. This statistical learning
problem is based on reproducible kernel Hilbert spaces (RKHS) and kernel sum-of-squares (SoS)
methods. First, we extend previous results with a general representer theorem and exhibit the
dual formulation of the learning problem. Crucially, such dual formulation can be solved efficiently
by accelerated gradient methods with several hundreds or thousands of samples, unlike previous
strategies based on off-the-shelf semidefinite programming algorithms. Second, we introduce a new
hyperparameter tuning strategy tailored specifically to target adaptivity through bounds on test-
conditional coverage. This strategy, based on the Hilbert-Schmidt Independence Criterion (HSIC), is
introduced here to tune kernel lengthscales in our framework, but has broader applicability since it
could be used in any CP algorithm where the score function is learned. Finally, extensive experiments
are conducted to show how our method compares to related work. All figures can be reproduced with
the accompanying code.

1 Introduction

In many applications, machine learning regression models require a trustworthy uncertainty quantification
in their predictions. This is especially true for high-stakes applications such as design optimization,
non-destructive testing, medical diagnostics, autonomous vehicles, or financial forecasting, where decisions
based on model predictions can have significant impacts. Having a reliable uncertainty quantification
is thus fundamental. Several machine learning models come with uncertainty quantification in their
predictions, such as Gaussian Processes [Rasmussen and Williams| 2005|, Random Forests
or Bayesian Neural Networks [Wang and Yeung] 2020, among many others, but these models generally
provide inaccurate prediction bands: coverage guarantees typically hold asymptotically or with strong
distributional assumptions. In practice, however, especially for high-stakes decisions, we should at least
provide marginal coverage guarantees that hold in finite sample and without making any distributional
assumptions on the data. In addition, a desirable feature is adaptivity: we would like prediction bands to
be wide when either the model lacks confidence or if the variability in the data is high, and narrow when
both the model is confident and the variability is low. Having adaptive prediction bands means having an
uncertainty quantification that is informative on either the performance of the model or the variability of
the data, which is key in crucial applications.

Conformal Prediction (CP) (see, e.g., [Gammerman et al.l 1998 [Papadopoulos et al. 2002} [Shafer|
[and Vovk| 2008] or [Angelopoulos and Bates, [2023] for a modern introduction) has been designed from
the ground up to be an uncertainty quantification statistical framework that provides marginal coverage
guarantees in finite sample while being distribution-free. In particular, the split conformal procedure
proposed by [Papadopoulos et al.| [2002] is especially easy to implement. CP is becoming widely used in
many different applications (see |[Balasubramanian et al.l [2014, [Vazquez and Facelli, 2022 and references




therein), but unfortunately, by construction, standard CP does not provide adaptive prediction bands. A
lot of research has been done in this direction, which we will review later.

In parallel, for specific statistical learning problems, [Marteau-Ferey et al.| [2020] introduced a new
kernel framework known as kernel sum-of-squares (SoS), tailored specifically to estimate non-negative
functions. Their key idea is to characterize such functions of interest by a linear positive semidefinite
Hermitian operator, which admits a finite-dimensional representation through a representer theorem.
Since then, it has been leveraged for non-convex optimization |[Rudi et al.l |2025|, estimation of optimal
transport distances [Vacher et al., [2021], modeling of probability densities |[Rudi and Ciliberto, [2021]
and PSD-constrained functions [Muzellec et al., [2022|. Very recently, kernel SoS was also identified as
a powerful framework for constructing more adaptive prediction bands by [Liang [2022] and |[Fan et al.
[2024]. They were the first to propose to build prediction bands as solutions of such a learning problem,
where adaptive coverage is targeted with additional constraints. This point of view is the one we adopt
and generalize in this paper.

Outline and contributions. We start by presenting CP in Section [2] as well as recent variants
developed to improve adaptivity. We also introduce the kernel SoS framework, since our proposed method
extensively relies on it. In Section [3| we introduce our approach that learns a CP score function by solving
a statistical optimization problem with several ingredients: an objective function controlling both the
width and the regularity of the prediction bands, and constraints for coverage. We also discuss a new
criterion dedicated to the tuning of kernel lengthscales, with local coverage as an objective. In Section [4]
we finally conduct extensive experiments to compare our method to other conformal prediction methods
that provide adaptive bands.

Our contributions are as follows:

e We generalize the previously introduced kernel SoS point of view for prediction bands and precisely
analyze the contribution and practical effect of each term in the objective function,

e We provide a representer theorem that makes the problem numerically tractable,

e We derive a dual formulation of this problem and propose an accelerated gradient algorithm to
enable faster computation on large datasets, unlike previous work that was limited to small datasets,

e We introduce a new criterion to tune kernel hyperparameters based on the Hilbert-Schmidt Inde-
pendence Criterion (HSIC), which is also applicable to any other CP method. In particular, we
provide both theoretical and empirical evidence of the effectiveness of this metric to achieve better
adaptivity.

2 Conformal prediction and kernel sum-of-squares

2.1 Conformal prediction

Split conformal prediction. CP was introduced by |Gammerman et al.| [1998|, with the so-called
full-variant, but we focus here on the split variant, introduced by |Papadopoulos et al.|[2002|. Suppose
we have a training dataset Dy = {(X;,Y;)}Y, from a pair (X,Y) ~ Pxy where X € X C R? and
Y € Y C R. This dataset is split in two parts: a pre-training dataset D,, = {(X;,Y;)}?_; and a calibration
one D, = {(X;,Y:)}, with N =n +m.

The pre-training dataset D,, is used to first fit a predictive model 7, (-), which can be any machine
learning algorithm. The second step consists in computing performance scores associated to m, on
the hold-out calibration dataset D,,. The usual score in the literature is defined as the absolute errors
S(X;,Y:) = S; = |Y; — m,(X;)| for i € D,,, which are used to compute the quantile g, of the set
{Si}iep,, with an adjusted level [(1 — «)(m + 1)]/m, where « is the desired error rate. Finally, for a new
observation X1, the split CP prediction bands are aN(XNH) = [Mn(Xn41) £ Ga), which satisfy the
marginal coverage

P (YN—H S 5N(XN+1)) >1—«a (1)

for any N as long as (X1,Y1),...,(Xn,Yn), (Xnit1, Yvy1) are exchangeable. Unfortunately, as under-
lined by [Romano et al.|[2019], these prediction bands cannot be adaptive since they have constant width
2G.,. The research direction in recent years has been to adjust CP procedures to target more adaptive
bands.



The quest for adaptivity. Historically the first idea was to change the score function by rescaling
the scores with an estimate of the variability 7,(-) > 0. The new scores are thus defined as S; =
|Y; — 0 (X3)| /5n(Xi), i € Dy with prediction bands Cn (Xn41) = [in(Xn41) £ Guon(Xn11)]. Lei and
Wasserman| [2014] first proposed to use an estimate of the conditional mean absolute deviation for &, (-).
Another sensible choice is to scale the scores by an estimate of the standard deviation, as was suggested for
several machine learning models like Gaussian Processes, Random Forests and Bayesian Neural Networks
|[Johansson et al.| 2014, [Papadopoulos|, 2024, |[Jaber et al., |2024]. However, such scaling functions are
rarely estimated in a goal-oriented way, without quantitative and explicit consideration for adaptive
coverage. This often leads in practice to poorly adaptive prediction bands. In a parallel line of work, the
popular Conformalized Quantile Regression (CQR) |[Romano et all 2019] proposes to change the score
function by leveraging quantile regression. Instead of using an interval built around an estimate m,,(-) of

the regression function, they rely on estimates g2ewer(-) and g,"*”" (-) of the conditional quantiles, and
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build an interval aN(XNH) = [qg“’w’“ (XN+1) — Gas n (XNt1) + qAa] where now ¢, is the adjusted
quantile of the set {max (¢2'>»=" (X;) — Y3, Y; — gn"""*"(X;)) , i € Dy, }. In other words, the score function
is chosen as S(X,Y) = max (¢g2'ov=" (X) = Y,Y — ¢n """ (X)). By design, the CQR model is adaptive
and generally provides sensible prediction bands. However, it suffers from two practical limitations: (a)
decision-making people usually prefer a point estimate with an interval around this estimate and (b)
quantile regression in a small data regime can be quite challenging. Also note that a regularized version
of CQR tailored to target test-conditional coverage was recently proposed by [Feldman et al.| [2021].

Another line of work consists in modifying the calibration step. For example, |Guan|[2023] and Hore
and Barber| [2024] propose to weight the scores when computing the adjusted level quantile, where the
weights depend on the test point Xy 4i: this directly implies that the quantile changes with Xy,
and as a result the prediction bands are adaptive. More precisely, given a kernel H(-,-) that defines
a density H(zx,-) for all z € X, sample )Z'NH from H(Xn41,-). The quantile qAa(XNH,)?NH) is
computed on the empirical distribution Zzzl W;ds;, + WN1+104+00, Where the weights are computed as
w; = H(X;, )?NH)/(Z?:l H(X;, Xn41) 4+ H(Xny1, Xn41)). Although appealing, such modifications
to the score function have some practical shortcomings. First, computing different weights for all test
points can be computationally demanding during inference. Second, the method suffers in practice from
the randomization induced by the sampling of X 1. To overcome this issue Hore and Barber| [2024]
propose the m-RLCP methods that averages the predictions bands over m sampling of X N+1. However
this leads to a marginal coverage equal to 1 — 2a and the computational cost increases significantly.
Finally, and perhaps more importantly, the kernel H(-,-) involved in the definition of the weights depends
on a bandwidth hyperparameter that must be tuned. This choice has a strong impact on the shape of
the prediction bands as shown in Hore and Barber| [2024]. We will come back to this point later since
our framework shares the same characteristic. Finally, another reweighting method based instead on
Jackknife+ was proposed by [Deutschmann et al.| [2024].

2.2 Kernel sum-of-squares

Since our proposed method is based on kernel SoS for positive functions, we give a brief overview following
Marteau-Ferey et al.|[2020].

Let H be a RKHS with associated kernel k and ¢: X — H one of its feature map such that
k(z,2") = ¢(X)T¢(X). Let S(H) be the set of bounded Hermitian linear operator from #H to H. For
A € S(H), we write A = 0 when A is a positive semi-definite (PSD) operator, and S;(H) the set of
such PSD operators. For all z € X, we define f4(X) = ¢(X) T A¢(X), A € S (H) which is non-negative
by construction. Kernel SoS refers to a statistical learning problem where the unknown nonparametric
function is constrained to be non-negative and obtained as the solution of

Inf L(fa(X1),- - falXn)) + Al Al + o[l AlE- 2)

Interestingly, Marteau-Ferey et al.| [2020] show a representer theorem for Equation , which makes
kernel SoS computationally tractable in finite-dimension and is recalled below.

Theorem 1 (Marteau-Ferey et al.[[2020]) Assume L: R™ — RU{+00} to be a lower semi-continuous
and bounded below loss function. FEquation admits a solution A* which can be written A* =
S B%(b(Xi)QS(Xj)T for some matriz B* € R"*" B* > 0. Furthermore A* is unique if L is convex

ii=1

and Ay > 0. The corresponding non-negative function is given by fa-(X) = 37, Bfk(X;, X)k(X;, X).

i,i=1



Theorem [I] provides a finite-dimensional equivalent problem which involves an unknown PSD matrix
B. But Marteau-Ferey et al.|[2020] also propose an equivalent formulation: considering K the kernel
matrix with elements K;; = k(X;, X;) and V its upper Cholesky decomposition, we can define ®(X) =
V-~ Tky with kx = (k(X, X;))i=1...n and fa(X) = ®(X)T A®(X). With these notations, the following
proposition shows that we obtain the same solution if we optimize the PSD matrix A instead of B.

Proposition 1 (Marteau-Ferey et al.|[2020]) Under the assumptions of Theorem the following
problem has at least one solution, which is unique if Ao > 0 and L is convex:

i LA, - Fa (X)) + M| AL+ Aol A (3)

For any given solution A* € R™ "™ of Equation , the function fa« is also solution of Equation .

Although such a result may appear of minor impact, the A formulation actually yields significant
computational savings in practice, as we illustrate in our numerical experiments (see Appendix [B.1]).

Remark 1 Operator A is PSD, hence it admits an eigendecomposition A = ,<, \uy @ wy with Ap > 0
and w; € H. By the reproducing property, we have fa(X) =50 N (X)u (X)_T. Hence, fa(X) is an
infinite sum of squared functions in H. Equivalently in finite din_zensz'on, for a PSD matriz B=UDU"
we have fg(X) =k UDU ky =Y, M(X 1, uak(X, X;))%. Thus fg is a function defined as a linear
combination of squared functions from H.

3 Regularized kernel SoS for adaptive prediction bands

We now come back to our initial problem of building adaptive prediction bands. To do so, we focus on
the split CP setting with two i.i.d. datasets D,, = {(X;,Y;)}"; and D,, = {(X;,Y;)}>,, and consider
estimating a score function in a specific supervised learning problem to achieve better adaptivity.

3.1 Learning the scores through an optimization problem

A general framework for learning score functions was recently introduced by Xie et al.|[2024a]: given a task-
specific loss (e.g. conditional coverage or minimum interval width), an optimized score function is obtained
via a boosting algorithm. In this work, the score function S(X,Y) = max (u1(X) =Y, Y — pa2(X)) /o(X)
is inspired by CQR and is parameterized by three unknown functions (u1, g2, o) such that p(-) < pa(+)
and o(-) > 0, which are iteratively optimized during boosting rounds. From a practical viewpoint however,
the constraints on these functions are not inherently accounted for in the boosting algorithm.

We advocated before the use of prediction intervals built around a point estimate, which corresponds to
the particular case m = u; = pg and yields a score function S(X,Y) = |Y —m(X)|/o(X), or equivalently
S(X,Y) = (Y —m(X))?/f(X) with f(-) := o(-)? since only the score quantiles are involved in the final
prediction interval: we thus recover the rescaled conformal score setting where we learn the rescaling
function f(-), with an additional non-negativity constraint. The kernel SoS framework is thus a natural
candidate for this learning task.

Kernel SoS formulation for prediction intervals. We introduce two RKHSs H™ and H7 associated
to kernels k™ with lengthscales ™ and k/ with lengthscales 7, respectively. The regression function m
will be estimated in the RKHS H™ while the non-negative scaling function f will be estimated using
the kernel SoS framework in the RKHS H/. The first step is to derive our proposed infinite-dimensional
learning problem from the key properties that we impose on prediction bands, which writes

) g n . ‘ 2 ﬁ n . 2
e By DO S 406+ ML AT 0
st fa(Xi) > (Y —m(X0)?, i€ [n], (5)

lml3m < s (6)

where ||A|, and ||A||r denote the nuclear norm and the Frobenius norm of operator A, respectively. In
this problem, we propose to include several key components:



1. Accurate mean estimation (first term in ) with regularity penalty @, as in standard kernel ridge
regression [Schélkopf and Smolal, [2002],

2. Prediction intervals with minimum mean width (second term in (4)) and an additional regularity
penalty (third and fourth terms in (4)),

3. 100% coverage on pre-training data , later calibrated on the calibration dataset.

Minimizing the nuclear norm with coverage constraints was originally proposed by [Liang [2022], and
minimizing the mean width was later proposed by [Fan et al.| [2024]. Our proposition essentially differs
from their work for a broader and more efficient practical applicability: (a) we place ourselves in the split
CP setting, whereas [Liang [2022] and |[Fan et al.| [2024] propose different calibration procedures that are
harder to implement in practice, with theoretical coverage guarantees that depend on hyperparameters, (b)
we rely on a dual formulation which can handle several hundreds of samples, (c¢) we propose a goal-oriented
tuning strategy for 4, and (d) our proposal is more general and we give better understanding of why
this targets adaptivityﬂ In particular, adaptivity can actually be controlled through the complexity of
the scaling function f, in three different ways:

1. The sparsity in the linear combination. This can be controlled by the nuclear norm ||.Al|+, which
acts as a lasso-type penalty (see Recht et al.| [2010]),

2. The £5 norm of the coefficients in the linear combination, which is equal to the Frobenius norm
||l and is similar to a ridge penalty,

3. The RKHS H/ which impacts the functions u;(-), and notably the lengthscales 6.

To further illustrate point 3., if we take kf(z,2') = (x,2') (RHKS of linear functions), the rescaling
function will be a second-order polynomial (thus not complex), while with a Gaussian kernel if 87 — o0
the prediction intervals will be constant (not adaptive enough) and if 67 is small they will be very wiggly
(too adaptive). We thus see that in between, we can target better adaptivity: we propose in Section a
new goal-oriented criterion related to local coverage to tune the lengthscales 7. Note also that 1 — «
instead of 100% coverage can be considered in the constraints, but this unfortunately leads to a non-convex
optimization problem [Braun et al.l [2025].

Before discussing in detail the choice of our problem hyperparameters, we first derive a representer
theorem which makes the optimization numerically tractable.

Theorem 2 (Representer theorem) Let (a,b,s,A\1) € Ry and Ay > 0. Then Equation ad-
mits a unique solution (m*, fa~) of the form m*(X) = Y1 | v k™(X;, X) = Y TKE and fa-(X) =
®(X)TA*®(X) for some vector v* € R™ and matriz A* € R™*" A* = 0.

The detailed proof, based on Marteau-Ferey et al. [2020] and [Muzellec et al| [2022], can be found in
Appendix This representer theorem leads to the following tractable semi-definite programming
(SDP) problem:

i AN~y AT PNy 2
yeriMhesy 2o (6T TRR) T 03 FaX) + MlAlL + el Al
st faX) > (Y= TkR,) i€ fn), (™)
,7T1<m,,7 <s.

In practice, such SDP problem can be solved using off-the-shelf solvers like SCS [O’Donoghue et al., 2016],
as was advocated by [Liang| [2022] and [Fan et al.| [2024]. However, our numerical experiments show that
this strategy does not scale past a few hundreds pre-training samples: this is thus a severe practical
limitation which, in our opinion, heavily weakens the kernel SoS point of view. To circumvent this major
issue, we rely instead on a dual formulation of Equation .

1This lack of understanding is for example pointed out by |Liang et al.| [2024].



Dual formulation. First note that this formulation is possible only when Ay > 0 (thus excluding [Liang
[2022] framework) and that it consists of an optimization problem over (n + 1) variables rather than
(n +n x n) variables.

Proposition 2 (Dual formulation) Let (a,b,s,\1) € R4, Xy > 0 and A := R}, Equation
admits a dual formulation of the form

sup r(T,0) " Diag(Ta)r(T,0) + 0(y(T,0) ' K™~(T,0) — s) — Q*(VDiag(T_,)V ") (8)
(T,0)eA

where r(T',0) = Y — K™(T,0), v(I',0) = C(T,0) ' Diag(T,)Y, C(I',d) = Diag (Ta) K™ + 0L,
O*(B) = &H[B — ML), % and Vz € R, Diag (T';) := Diag (T') + £L,. Moreover, if (T',0) is solution

of Equation , a solution of Equation can be retrieved as

~ ~ 1 ~ —~ 1 ~
5= (Diag(ra)Km + GI,L) Diag(Ta)Y and A= —— [VDiag(I‘_b)VT - )\11”}
+

29
where [A] . denotes the positive part 0fAE| .

A detailed proof is given in Appendix as well as the dual analytical gradient. Interestingly, this dual
formulation can be efficiently optimized using accelerated gradient-ascent algorithms [Ruder], [2017} Xie
et al., [2024b|. For an even faster implementation, we also take advantage of the sparsity induced by the
Lagrange multipliers I' and leverage GPU computation, see Figure [§] for an illustration of the numerical
speed-up.

Final prediction bands. Solving the dual formulation yields estimates m(X) =5 ' k'z and Fa(X) =

®(X)TA®(X), from which we derive the estimated score function S(X,Y) = |[Y — m(X)|/\/fA(X).
Following standard split CP, our prediction interval is given by

On(Xn4) = [WXNH) o Fa(Xnan), (Xnar) + e fA<XN+1>} ©)

where ¢, is the adjusted quantile of the estimated score function on the calibration set. By design, they
satisfy the same marginal coverage guarantee as split CP, as formalized below.

Proposition 3 If the samples (X1,Y1),...,(Xn,YN),(Xnt1, YNi1) are exchangeable, then the predic-
tion interval (@) satisfies the marginal coverage .

Extensions. Similarly to [Liang [2022], if a point estimate 7i(-) is available beforehand from any
machine learning model trained on a separate dataset, our dual formulation can be easily modified. More
importantly, it is also straightforward to consider non-symmetric intervals by estimating two functions
faww(:) and faue(-), at the cost of increasing the dual problem dimension to (2n + 1), see Appendix
We also strongly believe that incorporating constraints of the form g (+) < uo(+) as proposed by Xie et al.
[20244] is possible with kernel SoS, by taking inspiration from |Aubin-Frankowski and Rudi| [2024]. Kernel
SoS is also complementary to [Hore and Barber| [2024], as our learned score can be post-processed with
their approach. Finally, since we aim for 100% coverage, our framework may lack robustness with respect
to outliers: however, we can take advantage of our preliminary estimate mgp(-) (see next section) to
filter out samples with large residuals.

3.2 Hyperparameter tuning

First, the hyperparameters 8" and s related to the regression function m(-) are fixed with a preliminary
estimate mgp(+) obtained from Gaussian Process (GP) regression with kernel £™: 6™ is optimized
by maximum likelihood and s = ||map||%;m. Second, our numerical experiments below show that Ao
has a very small impact on the shape of the intervals, as long as Ay > 0. Not only does it make the
initial problem strongly convex and makes the dual formulation possible, but it also facilitates numerical
optimization. In the following, we thus fix it at Ay = 1.

Hyperparameters a, b, \; and 67 necessitate more attention. Hence, we perform an extensive numerical
studies where we evaluate the marginal impact of each of them on several test cases with different training

2For a PSD matrix A with eigendecomposition A = UDU T, its positive part is defined as [A]+ = Umax(0,D)UT.



size and repeated random seeds (see Appendix for details). Boxplots of the combined indicators are
given in Figure [1 We first observe that a has very little influence on mean squared-errors when the
noise is symmetric (top left). This phenomenon was commented in [2024], where they argue
that the coverage constraints have the additional effect to reduce mean squared-errors. Our experiments
confirm this intuition, we simply set a = 0 for the symmetric case. Note however that our conclusions
related to a only apply to test cases with symmetric noise (which is the case in this benchmark). In
presence of asymmetry, it may be required to select a > 0 to ensure a satisfying estimation of the mean
function: we give an illustration in Appendix [B:4] Furthermore, Figure [I] also shows that b and A\; have
highly different influence (bottom row). This may seem surprising, given how they interact in the dual
formulation through the last term in . A potential explanation is that b controls a data-driven term,
unlike A1, and the latter does not have a strong impact on the optimal solution provided it is positive. As
a result, we choose to set Ay = 1. On the contrary, b has the expected behavior, in the sense that higher
values yield narrower intervals, at the cost of increasing the nuclear norm, that is the function complexity.
But the last hyperparameter #/ also controls such complexity: we thus expect a compensation between
these two hyperparameters through an interaction. Numerical experiments in Section [4 actually confirm
this phenomenon and show that as long as b is sufficiently large (e.g. 10), it is possible to tune only 6/ to
reach the same level of adaptivity. # thus requires specific consideration, since it has the most impact on
the shape of the prediction bands when b is fixed. This is the one we focus on below.

1.2 x 10"
1.15 x 10"
100
11100 =
& 5
g £
= g
105 % 10° 3
2
E 107!
) % ? T
EE MeanWidth
9.5 % 107! . A
108 102 107t 100 10 10% 10% 10t 10° 106 107 0% 102 10! 100 10 10% 10% 10t 10° 106 107
a Ay
(a) Impact of a on RMSE (b) Impact of A2 on mean interval width and ||A]|«

1

2

L
- jgﬂnﬂ

.

Al

109 102 10 100 100 102 100 10t 100 108 107 0% 102 100t 100 100 100 10% 10t 100 108 107
Avorb Avorb

(c) Impact of A1 and b on mean interval width (d) Impact of A1 and b on [|A||.

Figure 1: Marginal impact of hyperparameters a, b, A\; and Ay over several values of 67, test cases and
random seeds on rmse, mean interval width and regularization norms.

Goal-oriented criterion. Adaptivity is tightly related to local coverage P(Yn 41 € 6(XN+1) | Xni1 =
x) > 1 — «, which is impossible to achieve exactly in a distribution-free setting [Vovk, 2012 Barber et al
. We focus ourselves on a weaker version, where we condition on X being in a small neighborhood
wyx € Fx from the event space Fx such that for all x € X, P(z € wx) > 6: P(Yn41 € 6(XN+1)|XN+1 €
wx) > 1 — a. Recently, Deutschmann et al.| [2024] showed that such coverage with split CP can be




controlled with the mutual information (MI) between the inputs and the score function, namely

P(Y € Cp, (X)|Dy, X €wx)>1—a— %\/1 — exp(—MI(X, Sp, (X,Y))). (10)

Note that contrary to |Deutschmann et al.|[2024], we explicitly write the coverage conditionally on the
training set Dy . Inherently this bound is uninformative for low-probability sets, but interestingly we
can counterbalance this effect by choosing a score function which is as independent as possible of the
inputs in order to get MI(X, S(X,Y)) close to 0, see Deutschmann et al.|[2024]. However, this implies
computing MI for a random vector in dimension d: from a practical perspective, MI suffers from the
curse of dimensionality and rapidly becomes numerically unstable. Instead, for a re-scaled score function,
we show that a similar bound holds with MI between one-dimensional variables, which is more robust.
Furthermore, using recent inequalities between the total variation distance and the maximum mean
discrepancy [Wang and Tay, [2023|, we also extend our result to replace MI with HSIC
, for which we observe in practice much improved numerical stability.

Proposition 4 Let GDN be the prediction intervals built from a score function S(X,Y) = |Y —
m(X)|//f(X) through split CP with D = D, UD,,. Then for any wx in Fx such that P(X € wx) > 0,
denoting ppy, = P(Yni1 € Cpy (Xn+1)| DN, Xn+1 € wx) we have:

1 =
Poy > 1—a— g\/l —ay exp(MI(rp, (Xn+1, Y1), fp, (Xn+1))) (11)

where a1 does not depend on f(-) and rp, (X,Y) =Y —mp, (X)|. In addition, we have

1
poy >1—a— - e (12)

1-— =
5\/ 1 — aHSIC(rp, (XNn+1, YN+1), [D, (XN41))

where ag only depends on the kernel used for HSIC, which must be characteristic.

To target local coverage, we can then maximize HSIC(r(X,Y"), f(X)): in our kernel SoS procedure, this
means that #/ can be tuned efficiently according to this criterion. For HSIC estimation, we need samples
Xn41 independent of D,,: we thus rely on a cross-validation procedure, see Appendix [AZ3] for the proof
and [B:2] for implementation details. In order to illustrate the reason why we advocate using HSIC over
MI, that is numerical stability, we reproduce here our experiment on test case 2 from Section [d] For
several values of b, we compute both criteria for a grid of 8 candidate values, with n = 100 and 10-fold
cross-validation. Figure [2[ shows that HSIC (left) allows to clearly discriminate the lengthscales, while
MI (right) suffers from estimation instability and is thus unusable in practice to identify a satisfying
lengthscale.
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Figure 2: Test case 2 with n = 100. HSIC (left) and MI (right) criteria between r(X,Y) and f(X) as a
function of b and 6/ (confidence intervals obtained by bootstrap and optimal values of 6/ in dashed lines).

Remark 2 We believe that Proposition[] is also of interest beyond kernel SoS, in the sense that it provides
a principled way to tune hyperparameters in all score functions, such as in|Hore and Barber| [2024)] or
[Braun et al] [2025] for ezample. However, its true potential would lie in generalizing Equation (12)) to
other score functions, which is left as future work. It could also be directly used as a loss function in

20244, instead of estimating local coverage.

4 Experiments

In our experiments, we first focus on test cases with a relatively small number n of training samples, and
later increase n to reach several thousands to highlight the benefits of our dual formulation.



4.1 Small data experiments

Our proposed kernel SoS algorithm is first compared in the small data regime to standard competitors for
splitCP: CQR (with random forests, following experiments from Romano et al.| [2019], Hore and Barber|
[2024]) and rescaled scores. For the latter, we only consider two variants of GP for fair comparison, since
we also place ourselves in the RKHS setting. We focus on a homoscedastic and heteroscedastic [Binois|

2018 GP model, and consider here Y = m(X) + o(X)e with:

\ m(X), Z=10X +1 | eXx) | X | e
Case 1 | sin(ZZ + 027221 x <96 + (£ — Dlxsos | VO.I+2X2 | U[-1,1] | N(0,1)
Case 2 X/2 | sin(X)| N(0,1) | N(0,1)
Case 3 X/2 1(2X) N(0,1) | NV(0,1)
Case 4 2sin(nX) + 7X V1+ X2 uo,1] | N(0,1)

We begin by illustrating the interaction between b and 6/ in Figure [3|left. For all values of b, we
observe a consistent HSIC behaviour: it first increases with 6/, thus improving adaptivity, until it reaches
a peak and then decreases. Interestingly, we also note that the higher b, the higher the optimal 67: this
clearly shows that both hyperparameters have opposite effects on adaptivity. Furthermore, we see that
for b > 10 we reach a plateau for the optimal HSIC. In practice it is thus sufficient to only optimize 67 as
soon as b is fixed at a large enough value. Figure [3also shows that a small value for ¢ leads to overly
adaptive bands, while the HSIC-optimized 67 produces smooth and adaptive ones.
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Figure 3: Test case 2 with n = 100. Left: HSIC criterion between r(X,Y") and f(X) as a function of b
and 67 (confidence intervals obtained by bootstrap and optimal values of # in dashed lines). Middle /
Right: optimal prediction bands with too small and optimized lengthscale, respectively.

In the following we now fix b = 10 and compare kernel SoS with HSIC-optimized #/ to CQR and
rescaled GPs on test case 1 with 20 replications. In Figure [ we investigate several metrics related to
adaptivity: mean width, MI, R%QI and local coverage (see Appendix for details).
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Figure 4: Test case 1 with n = 100. Adaptivity metrics and density of local coverage.



We note that CQR and standard GP yield larger intervals and local coverage with great variability
around the target. Heteroscedastic GP produces intervals similar to ours, but with higher mean width.
In contrast, kernel SoS gives prediction intervals with both small width and satisfying local coverage
properties.

This behavior is confirmed on test cases 2 and 3, as illustrated in Figure [ and Figure [6} For test
case 2, we observe that all methods tend to produce prediction bands that are too large (hence a local
coverage density leaning towards 1), with a notable exception for kernel SoS. Although MI and R%QI are
similar for the heteroscedastic GP and kernel SoS, the latter has intervals with much smaller mean width.
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Figure 5: Test case 2 with n = 100. Adaptivity metrics and density of local coverage.

Focusing on test case 3, the homoscedastic GP has poor local coverage, but with small prediction
bands. Kernel SoS and the heteroscedastic GP have highly similar characteristics, with excellent local
coverage as well as low MI and intervals with small mean width.
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Figure 6: Test case 3 with n = 100. Adaptivity metrics and density of local coverage.

Test case 4 exhibits a different behavior due to oracle prediction bands being actually close to a
constant: since R%QI is not a relevant indicator in such situation (see Appendix or details), we
discard it from our analysis. We display the remaining adaptivity metrics in Figure [7] As expected,
homoscedastic GP, which produces almost constant intervals, performs the best in this setting. Except
CQR, all methods yield similar MI, as well as similar satisfying local coverage. But this time, kSoS tend
to select larger intervals than GPs: the good performance of heteroscedastic GP actually comes from
the fact that it often prefers a homoscedastic model during fitting. An additional experiment in higher
dimension is to be found in Appendix [B4}
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Figure 7: Test case 4 with n = 100. Adaptivity metrics and density of local coverage.

4.2 Large scale experiments

Finally, we demonstrate that our dual formulation for solving the kernel SoS problem can scale to several
hundreds or thousands of training points, unlike previous work that relies on SDP solvers. Figure [§] left,
shows that as expected a SDP solver can only handle up to n = 200 training samples, while our dual
solver scales linearly with n and is robust to user tolerances, see Appendix for details. When we
optimize 67 with HSIC, we can retrieve the optimal solution for n = 2000 displayed in Figure |§] right.
The only computational burden comes from the HSIC optimization with cross-validation, but this is an
embarrassingly parallel step.

10| ¢ Dual solver CPU tol. 0.0001 » ) — kSoS
~-# Dual solver CPU tol. 0.001 /
--e=- Dual solver CPU tol. 0.01 / L Test data
1001 —e— Dual solver GPU tol. 0.0001 5 . N - Training data
I

—a— Dual solver GPU tol. 0.001 < . Oracle
—e— Dual solver GPU tol. 0.01 /
Primal solver SCS

0 200 400 600 800 1000 —1.00 —0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00
Sample size (n) z
Figure 8: Test case 1. Left: time for SDP and dual formulation as a function of n and tolerance
(a=b=0, 0/ = 0.3, max iter = 10%). Right: optimal solution of dual formulation for n = 2000.

5 Conclusion

We introduce a generalized kernel sum-of-squares framework for building scalable and adaptive prediction
bands for conformal prediction. Scalability is achieved through a new representer theorem together
with a dual formulation which can be solved efficiently with accelerated gradient algorithms. Unlike
previous work, this makes the kernel SoS paradigm for CP able to scale up to thousands of training
points, as we illustrate in our experiments. On the other hand, adaptivity and local coverage are targeted
by optimizing hyperparameters with a new HSIC-based criterion, which is numerically robust and has
excellent practical performance. Since such a criterion appears promising, as a perspective, we plan to
investigate its extension to more general score functions.
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A Proofs

A.1 Proof of Theorem 2 - representer theorem

To begin, we first introduce some notation. When considering objects related to functions m and f, we
will use the superscripts ™ and / to differentiate them. Associated to each function we consider a RKHS
M), a kernel k() a kernel matrix K(), a feature map ¢() and a column vector such that for z € X

k) (X) = (k(')(Xl,X), N .,k:(')(Xn,X))T

For the kernel matrix [K/];; = k/(X;, X;) only, we consider its Cholesky decomposition and empirical
feature map

K/ =VT'V and ®(X)=VTk/(X).

Next, for a Hilbert space H we write S(H) the set of bounded Hermitian linear operators from H to H
and S; (H) those that are positive-definite. We also write S? = S, (R™*"™) the set of real, symmetric and
positive-definite square matrices of size n.

To prove our representer theorem, we first rewrite as

n

1
inf 0 LS - m(x)) . fzfA DML+l (1)

meH™, AeS (HT) n ]

st (Yi—m(X)? — fa(Xy) <0, i€ [n],
[mlf3m — s < 0.

In order to show that there exists a finite-dimensional representation for both m* and A*, we will
first show that for any fixed m € H™, the optimal .4 has a finite-dimensional representation. Indeed if
m € H™ is fixed, the problem writes

mf AlAlL + Aol A
e ZfA )+ A (Al + Aol AlZ

s.t. (Y m(X )) — fa(X;) <0, i € [n]

or equivalently

Aegﬁm)Lm (falX0),.-, fa(Xn)) + 2 (A)
where
b n ] i m _ p "
Lo (fa(X1),..., fa(Xn)) = {Jrozoj =1 falXa) eflsiy (X:)* = fa(X;) <0, i € [n],
and

Q(A) = Al + ol Al 7

Since Ly, : R™ — RU {+o0} is lower semi-continuous and bounded below (notice that it is linear and
bounded below by 0), we can apply Theorem 1 and Proposition 3 from [Marteau-Ferey et al.| [2020] to
deduce that the solution is entirely characterized by a PSD matrix A € R™*" given by

. f e A . A
At ZfA )+ MAL + XAl

s.t. (Y m(X:)? — fa(X:) <0, i€ [n],

12



with
fa(Xi) = (®(X;),A®(X;)) and ®(X;) =V kI (X)).
Since this representation is valid for any m € H™, Problem is thus equivalent to

n

merMacan fZY m(X ZfA D+ M lAlL + oAl (14)

st (Vi —m(X)? — fa(X;) <0, i €[n],
[l — 5 < 0.

Now, to show that m* € ‘H™ has a finite-dimensional representation, we will rely upon the dual problem.
To do so, we first need to show that strong duality holds. Since our problem is convex, it is enough to
check Slater’s constraint qualification, i.e. we simply need to exhibit a strictly feasible point (mg, Ag).
We first take mg = 0 € H™ which satisfies [mo||3,» —s = —s < 0. If we assume that K/ is of full
rank (this assumption is always satisfied if k() is universal and all training points X; are distinct), it
is invertible and we can define o = (K7)~'Y such that Y; = > kP (X;, X;). Denote By = 0
the positive-definite matrix with elements [Bgl;; = a? + €l,,—0 and [Bygli; = 0 if i # j where € > 0
(note that in general all «; will be non-zeros, but if it it not the case we introduce a small €). Then by
Cauchy-Schwartz we have for alli =1,....n

Zajk(f) (qu Xj)

Jj=1

<ny aj(kV(X;, X;))?

< nzn:(oz? + e]lajzo)(k(f)(Xan))Q
=n Y _[Boly; (kD(Xi, X)) = nfa, (X)

with Ag = VBV T = 0, which implies (Y; — mo(X;))? = Y2 < fAO (X;) as soon as n > 1. Consequently
(mg, Ag) is a strictly feasible point and strong duality holds. We thus introduce I' € R”} the Lagrangian
multipliers associated to the first n constraints and 6 € R, the Lagrangian multiplier associated to the
constraint on the norm of m. The Lagrangian function writes:

£0m,AT0) =237 (% - m(X))* + = 37 Fa(Xo) + MlIALL + Aol Al
=1 i=1
+Y I {(Yi - m(X;))* - fA(Xiﬂ +0 (|lm||3m — 5)
1=1
= (% + Fz—) (Y; — m(X:))* + 0 (|m]|3m — ) + M| Al + A2l A]1%
i=1
- b
- Z (Fi - ) fA(Xv)
=1

Following Muzellec et al.| [2022] Appendix C.5, the optimality conditions of the Lagrangian function w.r.t.
m are
n
Vo L(m,A,T,0) =32 (ri T

i=1

)™ (K, ) (), K™ (X, D) — i)+ 20m()

=2 (D o) K7(Xi) @ K™ (X, )] (m) + 26m()

i=1

13



and setting this gradient to 0 leads to

m =3 (1ot ) vikn ().

=1 i=1

[i (it ) (X3 ) @ K™ (Xs, ) + 6T,

To conclude, we denote

C (T',0) := Diag (I'a) K™ + 01,
v(T,6) := C (T,6)"' Diag(Ta) Y,
Diag (T's) = Diag(T") + %In

such that m* has the finite-dimensional representation
Z% (X, X) = yTK™(X).
In the end, plugging this expression in Problem yields the semi-definite problem from Equation :

S o fZY m(X ZfA )+ AllAlL + ol Al

st (V- ')’Tkm(Xi)) — fa(Xi) <0, i€ [n],
'Ky — s <0.

A.2 Proof of Proposition 2 - dual formulation

Proof. The dual problem of Equation is defined as

d= sup inf L(m,A,T',0)= sup D(I,0)

rer? men™ TeR?
ocr, A8y 0cR,
where the dual function is D (T, 0) := inf L(m,A,T,0). Remark first that in the previous

meH™, AESi
section we already introduced the Lagrangian function

S

Lim, AT,0) =Y (= +10) (¥ = m(X)* + 0 (Imlffn — ) + Al AL + Az Al

i=1

S (n ) e

with optimality condition for m given by m*(X) = vTk™(X). Now, we need to derive the optimality
conditions for A:

it ML+ xallaly - 3 (1= 1) ace)

=1
= inf ArfAllL+ Xo||All% — (A, VDiag (T _p) V") (15)
n
= — sup (A, VDiag (T ) V') = Ay [|A |, — A || All%
Aesn
= — Q* (VDiag (T'-) VT) (16)

where * is the Fenchel conjugate of Q; Equality comes from the fact that > ., T fA(Xi) =
(A, VDiag (T') VT). Indeed, recall that fa(X;) = (®(X;), A®(X;)) and ®(X;) = V- Tk/(X;), which
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yields

Zn:FifA(Xi) = znjri@(xi Zr Tr (2(X:)"A®(X)))

—ZFTr AD(X; Zr A, ®(X;)®(X:)T)

i=1

- <A,im<1><xi><1><xi>T>
i=1

where the second term inside the brackets can be expressed as

Zn:ri,@(xi) erka Dk (X)TVv!

ZFikf(Xi)kf(Xi)T v
=1

=V TK/Diag(T)(K/)TVv~!
= VDiag(I') VL.

Equation is simply the definition of the Fenchel conjugate of Q (A) = A1||A||x + X2||A||%. Finally,
replacing m by its optimal value and the regularizations involving A by the above expression, the dual
function is

D(T,0) = inf L(m,A,T,0)

meH™
Aesh

= r(T, 0)" Diag(Ta)r(T, 0) + 0(y(T,0)TK™~(T, ) — s) — Q*(VDiag(T_,)VT)

first term second term third term

where r(T',0) := Y — K™~(T, ), which corresponds to Proposition

Gradient computation. To solve the dual problem

d= sup D(T,0)
TeR?
0eR
we propose to use an accelerated gradient algorithm, which requires the gradient of the dual function
w.r.t. the Lagrange multipliers. We now provide the explicit computations for this gradient. In what
follows, J;; denotes the matrix filled with zeros except for a 1 at row j and column j.

Gradient of first term r” Diag(T,)r.
It is straightforward to show that

oCc 8Diag(I‘a)K

Z~ = J. K™
or; ar; T K
o L0C
— (1t = _Cfl K™ —1
o C arj C J,;KmC,
oy 0C~ _, 0Diag(T")
oy _ Y 18y
ar; ~ or, Deslla)Y + ar,;
=C 'J;; [-K"C 'Diag(Ta) +I,] Y
= Cfleju
81‘ m a’y _ me—1
8? =-K 3I‘ K"C Jjju

15



where u := [-K™C™'Diag(Ta) + I,] Y. We then get

orTDiag (Ta) T 2 T or
al"j T’j +2r lag( )8Fj
=r? — 2r" Diag(T's) K" C~'Jj;u
= 7“]2« — 2STJjju7
TD' T
&lg—ga)r —r®2 _2%0ou

where s := r” Diag(T'a)K™C~!. Similarly,

oC
= =1,,
00
oc™! oC
-~ _0717071 _ _072
08 06 ’
~1
g—g = age Diag(Ta)Y = —C?Diag(T,)Y,
or mOY 2 o
90 = K 50 = K™C “Diag(T,)Y = t,
such that
orTDiag(T,)r P or
— 8 - 2r Dlag(I‘a)%
= 2r" Diag(Ty)t.
Gradient of second term O(yT K™~y — s).
90(v" K™y — s) Trem O
AT T2 g TK™ L
ar; Ko,
=20v"K™C 'Jj;u,
=20p”J;;u
TR MA,
%y K"y = 5) =20pOu

or
where p := vyTK™C~!. We also have

00 (’yTKm'y - 8)
00

_ Tyma, Tmal
= (v"K™y —s) +20y"K 5

= ('yTKm'y —s) — 20T K™C?Diag(Ta)Y
= (’yTKm'y — s) —20~T't.

Gradient of third term Q*(VDiag(T'_p)V7T).
From Marteau-Ferey et al.| [2020] Lemma 5, we have

VO (A¥) =

= 5y (A AL

We then use the chain rule following Equation (137) from [Petersen and Pedersen| [2012]:

00*(VDiag(T_p)VT)
or;

= Tr [V (VDiag(T1,)V")]" VI, V7]

b

- (VT [vor (VDiag(r_b)VT)}TV)jj

00*(VDiag(T_p)VT)
or

= Diag (V" [V (VDiag(T,)V")]" V).
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Recovering the solution from optimal Lagrange multipliers. Once the dual problem is solved
(in practice the convergence of our accelerated gradient algorithm is checked with some small relative
tolerances on the constraints and the duality gap, e.g. 1074, see Appendix [B.3)), we need to recover the

optimal solutions of the primal problem. Denoting I € R"} and 6 € R the optimal Lagrange multipliers,
the approximated mean function is recovered by

~ L ~
7= (Diag(I‘a)Km + HIn) Diag(Ta)Y.
On the other hand, to reconstruct the matrix A, we follow Theorem 8 from Marteau-Ferey et al.| [2020]:
A=vQr (VDiag(f‘_b)VT)

1 P
= o [VDlag(I‘_b)V —AllnL

A.3 Proof of Proposition 4 - local coverage

Before giving a detailed proof of our bounds, we first recall the definitions of the maximum mean
discrepancy and the Hilbert-Schmidt independence criterion.

MMD and HSIC.

Definition 1 (Maximum Mean Discrepancy [|Smola et al., |2007]) Let X and Y be random wvec-
tors defined on a topological space Z, with respective Borel probability measures Px and Py. Let
k:Zx Z— R be a kernel function and let H(k) be the associated reproducing kernel Hilbert space. The
mazximum mean discrepancy between Px and Py is defined as

MMDy,(Px, Py) = HfHSup ) |Ex~py[f(2)] = Eyp, [f(W)]] -
H(E) S

The squared MMD admits the following closed-form expression:

MMDy(Px, Py)? = Exops x/npy [R(X, X)) + By wpy yinpy [k(Y,Y7)]
- 2EXNPx,YNPY [k(X? Y)] ?

which can be estimated thanks to U- or V-statistics.

Now given a pair of random vectors (U, V) € X x ) with probability distribution Pyy, we define
the product RKHS H = F x G with kernel ky ((u,v), (v/,v")) = kx(u,u')ky(v,v"). A measure of the
dependence between U and V' can then be defined as the distance between the mean embedding of Pyy
and Py ® Py, the joint distribution with independent marginals Py and Py :

MMD?(Pyv, Py ® Py) = |[upyy — 1py @ ppy I3

This measure is the so-called Hilbert-Schmidt independence criterion (HSIC, see (Gretton et al|[2005])
and can be expanded as

HSIC(U,V) = MMD?(Pyv, Py ® Py)
=Eyu vy kx (U, U )ky(V, V')
+Eyuka (U, U)Ey,v ky(V, V')
— 2By vy [Evkx (U, U )Ey ky(V, V"))
where (U’, V') is an independent copy of (U, V). Once again, the reproducing property implies that HSIC

can be expressed as expectations of kernels, which facilitates its estimation when compared to other
dependence measures such as the mutual information.

Bounds on local coverage. To lighten notations, we denote X = Xyy1, Y = Yny1, R= 1Y —
mpy(X)], V = fpy(X) and S = R/V/V. In the frame of Proposition 4, we work conditionally on Dy,
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which means that in what follows Mip, (-) and fDN(~) are deterministic functions. The chain rule for
mutual information gives

MI((X,V), R) = MI(X, R) + MI(V, R|X)
= MI(V, R) + MI(X, R|V).

Conditionally on X, V is constant and then R and V are independent. This implies MI(V, R|X) = 0 and
MI(X, R) — MI(V, R) = MI(X, R|V).

We now write

V) (Vg MI(g(X),Y) < MI(X,Y))

)’ (R7 V)) (MI((X17X2)»Y) > MI(XMY))
V)+H(V) (MI(X,Y|Z2)=MI(X,2),(Y,Z)—- H(Z))
V) +H(X) (Vg, H(g(X)) < H(X))

) — MI(V, R) + H(X)

and we can observe that only MI(V, R) depends on V. We thus deduce that
1 —exp(-MI(X, S)) <1 — a; exp(MI(V, R))

where ay = exp(—MI(X, R) — H(X)) is independent from V', which proves Equation .

For the second part of the proposition, from Equation (15) in [Wang and Tay| [2023], we have the
bound

TV(P,Q) > MMDy (P, Q)

1
2v/ My,
where TV(P,Q) = sup |[P(A) — Q(A)| for P, Q defined on a measurable space (2, F) and MMD (P, Q)

AeF

are the total variation and the maximum mean discrepancy between probability distributions P and Q,
respectively. Here, the MMD depends on the choice of a kernel k, which is bounded by My = sup k(z,x),
reX

and must be characteristic for the inequality to hold. We then apply this inequality to P = Py i the joint
distribution of (V, R) and Q = Py ® Pg the joint distribution with independent marginals Py and Pg, to
get

1 — exp(=MI(V, R)) > TV?(Py g, Py ® Pg) > aoHSIC(V, R),

where the inequality on the left is the Bretagnolle-Huber inequality, the inequality on the right comes
from the HSIC definition HSIC(X,Y) = MMD?(Pxy, Px ® Py) and we denote ay = 1/(4M},) with k
the kernel used in HSIC. We finally have

1 — azHSIC(V, R)

1 —ajexp(MI(V,R)) <1

and Equation follows.

Remark 3 In our initial mutual information bound, we replace H(V') by H(X) in order to obtain in the
end a bound which can be expressed only with HSIC. This may seem crude, and of course we could easily
incorporate H(V') in our criterion to get a sharper bound: however, our numerical experiments show that
even without this term the criterion yields satisfying adaptivity.
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B Additional experiments and details

B.1 Hyperparameter influence

Figure [1] quantitatively evaluates the influence of each hyperparameter in our kernel SoS formulation,
obtained through the following extensive study:

1. We select test cases 1, 2 and 3 (see Appendix for details)
2. For each test case:
(a) We generate a training dataset of size n = 50, 100 for 3 different random seeds and 10 different
values for 0/

(b) For each hyperparameter of interest a, b, A\; and Ay

i. We fix all hyperparameters to 1 except the one of interest which varies between 102 and
107
ii. We solve the kernel SoS problem
iii. We compute the root mean-squared error, the mean width, the nuclear norm and the
Frobenius norm of the optimal solution

(¢) We normalize these indicators with their median over all combinations to be able to compare
the different test cases on a common ground

B.2 Cross-validation for kernel hyperparameter estimation

Let K be the number of folds. For k € [K], we write Dy, the fold dataset k and D_y = D,, \ Dx. We

denote by m_y, f_k the mean and scaling functions trained on D_j according to Equation @b Define
two sets,

K K
Ri = [ J{(Vi = m4(X:))’}iep, and  Fi = [ J{/-#(Xi)}ien,-
k=1 k=1
We seek .
max HSIC(R,F), (17)
0f € R4

where ﬁSI\C(R, F) is estimated with samples Rx and Fk. In all our experiments, we use the energy
distance kernel k(z,2’) = |z| 4+ |2'| — |z — 2’|, which has been shown to be characteristic by |Sejdinovic
et al.| [2013]. In practice, since HSIC is estimated with samples, the objective function of this optimization
problem is noisy: consequently we resort to the BOBYQA optimization algorithm [Powell et al.| [2009)].

Once the lengthscales 67 are selected, we train the scores on the whole pre-training dataset to learn
mp, and fp,. From there, we use the calibration set following the split conformal procedure. Our
complete algorithm is summarized in Algorithm

Algorithm 1: Split CP with adaptive kernel SoS
Data: Dy = D,, UD,,, the pre-training and calibration datasets.
Input: (a,b, A1) € R%, Ay > 0, the error-rate a € ]0, 1] and choose kernels £™ and kL.
1 Fit a GP on D,, with estimated nugget effect. Retrieve estimated lengthscales ™ and set
s = [[mgpl?

Solve Equation to estimate 6
8)

Solve Equation (8) to get mp, and fpn

Compute the scores {s;}icp,, = {(Yi —mp, (Xi))2/‘]?pn (X:)}iep,,
Compute the adjusted level quantile ¢, ({s; }iep,,) of these scores

Output: Cp, () = [ﬁlpn(') + \/m]

[SL VU ]

B.3 Implementation details

This section provides additional details about the SDP and dual solvers used throughout the experiments.
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SDP solver. The SDP problem is solved with the SCS algorithm |O’Donoghue| [2021], (O’Donoghue et al.
[2023] available in the convex optimization software CVXPY |[Diamond and Boyd| [2016], |/Agrawal et al.| [2018].
An example of script that implements the SDP problem defined by Equation is shown below. Here,
vector_variable and matrix_variable denote the unknowns v € R"™ and A € S7}. The remaining
variables, such as the Gram matrix Km_train (K™) and the feature vector phi_variance_gram_matrix
(®(X)) have to be computed by the user using the training set and the chosen kernel functions.

import numpy as np
import cvxpy as cp
import scs

# Variables

matrix_variable = cp.Variable((n, n), symmetric=True)
vector_variable cp.Variable ((n, d4))

# Expressions
f_A = cp.reshape(
cp.diag(phi_variance_gram_matrix.T @ matrix_variable @
phi_variance_gram_matrix),
(-1, 1),
order="C",
)

mean_estimator = cp.matmul (Km_train, vector_variable)

# Objective

objective = cp.Minimize(
(a/n) * cp.sum_squares(y_train - mean_estimator)
+ (b/n) * cp.sum(f_A)
+ lambdal * cp.trace(matrix_variable)

+ lambda2 * cp.square(cp.norm(matrix_variable, "fro"))
)
# Constraints
constraints = [
matrix_variable >> 0,
f_A >= (y_train - mean_estimator) **2,
cp.quad_form(vector_variable, Km_train, assume_PSD=True) <= s,
]
# Problem definition
problem = cp.Problem(objective, constraints)
# Solve

problem.solve(solver=cp.SCS, verbose=False)

Listing 1: Solving the SDP problem with CVXPY and SCS.

Dual formulation algorithm. We optimize the dual objective Equation using a projected gradient
method with Nesterov acceleration, enforcing feasibility by clipping the Lagrange multipliers multipliers
and applying convergence checks on constraint satisfaction and duality gap. The gradient is computed
analytically and exploits problem structure, including sparsity and Cholesky factorization for efficiency.

Our implementation leverages JAX Bradbury et al.| [2018] to accelerate the projected gradient method
and enable GPU support. We use just-in-time compilation to accelerate key components such as the
dual objective, gradient computation, and update steps, enabling GPU/TPU acceleration and reduced
runtime through ahead-of-time compilation with XLA. This results in a solver that is both scalable and
portable across CPU and GPU environments, making it practical for medium- to large-scale datasets.
We use Optax’s [DeepMind et al.| [2020] implementation of gradient descent with Nesterov acceleration to
optimize the dual function.

In Table [If below, we complement our time comparison on test case 1 from Figure 8| (left) with the
standard deviations of the computation time. All experiments are carried out with a =b =0, #f = 0.3
and a learning rate of 1072.
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Table 1: Computation time (mean =+ std in seconds) for each n and stopping tolerance tol.

Device: CPU Device: GPU
Stopping tolerance Stopping tolerance
n 0.01 0.001 0.0001 0.01 0.001 0.0001
100 1.32 £ 0.89 1.37 £ 0.16 2.30 £ 0.81 2.41 £ 0.72 3.28 + 0.15 5.00 £ 0.14
200 2.23 £+ 0.56 4.30 + 1.36 4.88 + 0.11 2.69 £+ 0.35 4.61 + 0.18 6.01 + 0.14
300 3.76 = 0.19  10.58 &+ 1.57  12.67 £ 1.37 3.55 + 0.33 8.27 £ 0.15 10.24 + 0.16
400 11.35 £ 0.63 31.07 £ 1.49 34.20 £ 12.64 | 6.12 £ 0.33 14.17 £ 0.20 14.05 £ 0.17
500 11.05 £ 0.92 30.29 + 2.47 52.22 £+ 1.80 5.78 + 0.32 15.22 + 0.88 25.63 £ 0.16
600 22.71 £ 7.10 32.06 &+ 2.19 42.85 £ 2.58 10.20 4+ 0.38  14.84 + 0.22  19.26 £ 0.22
800  25.69 £1.90 4191 +£1.93 66.07 £ 2.06 12.34 + 1.21 19.10 £ 0.25 30.06 + 0.33
1000 41.59 +1.32 83.08 £1.39 136.86 £+ 1.48 | 17.86 &= 0.60 34.23 + 0.34 56.37 £ 0.33
Illustration. For sanity check, we show in Figure [J] that the solution of our dual formulation algorithm

coincides with the SDP solver one on test case 1, and in Figure [I0] the corresponding HSIC estimation
with 5-fold cross-validation.

= Primal solution

- Dual solution
« Test Data

Figure 9: Optimal solution obtained with our dual formulation and the SDP solver SCS on test case 1
with n = 100, and trained with hyperparameters a = b =0, A\; = Ay = 1, #f = 0.4. The dual solver was
run with convergence tolerance set to 10~# and learning rate set to 0.01. Note that here the predictions
bands are not calibrated.

0.00145

0.00140

0.00135

0.00130

HSIC(5 folds)

0.00125

0.00120

0.00115

0.2 0.4 06 & 08 1.0 1.2
of

Figure 10: Test case 1 with n = 1000 and a = b =0, A\; = A2 = 1. HSIC criterion between r(X,Y) and
f(X) as a function §/ and optimal value of #/ in dashed line.
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B.4 Additional numerical experiments

Formulation B versus formulation A. As mentioned in Section [Marteau-Ferey et al|[2020]
provide two equivalent formulations of the kernel SoS problems in terms of a PSD matrix B or A. Though
theoretically equivalent, we propose to investigate their respective numerical efficiency. For different test
cases, different lengthscales and different random seeds, we record the computational time of the SCS
solver to obtain the optimal solution with the B formulation, the A formulation and with or without
Frobenius regularization for both, see Figure[II] The latter serves as a numerical illustration of its interest
from a computational perspective, beyond the theoretical one related to strong convexity.

I Formulation B
[ Formulation A

71 No Frobenius reg.
10° [ Frobenius reg.
1
2100
z
&)
w2
100 ﬁ

(0,0,1,0) (0,0,1,0) (0,0,1,1) (0,1,1,0) (0,1,1,0) (0,1,1,1)
Liang [2022] Fan et al. [2024]
Parameters (a, b, A1, A2)

Figure 11: Time comparison between formulation A, B and with or without Frobenius regularization.
Each model has been run for test cases 1, 2 and 3 with three random seeds, two sample sizes n = 50 and
n = 100 and ten lengthscales between 0.1 and 1.0. The y-axis is plotted on a logarithmic scale.

In average for different hyperparameter combinations, we observe a significant reduction between
both formulations, with formulation A yielding 90% computational savings. Setting Az > 0 also improves
resolution times, in particular when b > 0.

Evaluation metrics. For our experiments, we compute the following metrics:

e The mean width of the prediction intervals on the test set

e The mutual information between X and S(X,Y’) on the test set

e The R%QI criterion proposed in [Deutschmann et al.l 2024". We first discretize the interval widths of
test samples with quantiles, leading to a partition of the test set. For each partition, we compute the
(1 — a)- quantile of the absolute residuals and the median width: the Rgq; is the R? determination
coefficient of the linear regression without intercept between these two

e The local coverage, obtained by approximating P(Yy41 € a(X N+1) | Xn41 = z) by its empirical
counterpart with samples from Yy (of size ny) at different random locations X 11 (of size nx)

We discuss in further detail the Rgq; criterion proposed in Deutschmann et al.| [2024], using Figure
as a visual aid. This illustration excludes the CQR model due to the lack of a predictor for the mean
function.

For the homoscedastic GP model (left) we observe constant width of the prediction bands. Consequently,
the median width quantiles form a constant line with respect to the absolute error quantiles. The linear
model without intercept thus fits these data very poorly and results in a negative determination coefficient.
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Figure 12: Test case 1 with n = 100, nx = 100 and ny = 1000. We showcase prediction bands (top row)
and the absolute residuals quantiles versus the median width quantiles (bottom row) for three models,
homoscedastic GP (left column), heteroscedastic GP (middle column) and kernel SoS (right column). We
use 50 quantiles to compute Rgq;.

This behavior is observed throughout cases 1, 2 and 3, where the homoscedastic GP always outputs
constant prediction bands.

For the heteroscedastic GP model, we see that the prediction bands are more adaptive than the
homoscedastic one, resulting in a positive determination coefficient. However, the linear regression is
not perfect: we can spot some bands that overcover (top row, middle column), for X € (0.75,1.0] and
around X = 0.5 and X = —0.5. On the corresponding quantile plot, these points correspond to the
mean width quantiles that are above the regression line in red. We see that the model mostly overcovers
for points with high residuals. In addition, the model also undercovers in some regions, for instance at
X = —0.2, which corresponds to the black points in the lower left of the quantile regression plot, where
the absolute errors are very low, or at X = —0.7 and X = —1 where the absolute errors are larger. The
latter correspond to the black points in the middle of the figure under the red regression line.

Finally, for the kernel SoS model, we observe a better linear regression model. In particular, prediction
bands (top row, right column) are indeed narrower in the middle where the mean predictor makes smaller
errors and the data are less noisy, and wider at both ends, where the data have more noise which results
in a mean predictor with larger errors.

Additional test cases and results. The complete list of test cases we consider is given below. Note
that we only provide R%QI for kernel SoS and the heteroscedastic GP: homoscedastic GP typically yields
constant bands with largely negative determination coefficient, and CQR does not provide a mean function
predictor. For all experiments related to adaptivity metrics, we perform 20 replications with different
random seeds, and local coverage is estimated with nx = 100 independent random locations X1 for
which we generate ny = 1000 independent samples from Yy 1. R%QI, MI and mean width are estimated
with a test set of size nesy = 1000.

Case 1. Inspired from |Gramacy and Lee| [2009)].

d=1, X ~U[-1,1, Y=m(X)+o(X)e, e~N(0,1)

() = [FnTCX +1/5) + 0.2 cos(4n(2X +1/5)) i 10X +1<96
m(X) =
X —9/10 otherwise

o(X) = /0.1 + 2X?2

Figure [f] and [§] from the main paper report the results on this test case.
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Case 2. Corresponds to setting 1 in [Hore and Barber| [2024].

X ~Ny(0,14), Y =m(X)+0o(X)e, e~N(0,1)
d
m(X) =05 X
] i=1 |
o(X) = Z | sin(X@)|
i=1

Results for d =1 and n = 100 are to be found in Figure 5] Figure [I3]shows the optimal solution of
our dual formulation for n = 2000.

—— kSoS
3 - Test data
Training data

<1 ——— Oracle

Figure 13: Test case 2 with d = 1 and n = 2000. Optimal solution of dual formulation for a = 0, b = 1000,
A =Xy =1and 6/ =12

Remark 4 We do not investigate this test case in larger dimension, since by concentration due to the
additive structure, the intervals tend to be constant when d increases. The same comment applies to test
case 3. For brevity, we thus postpone the investigation of such a setting to test case 4.

Case 3. Corresponds to setting 2 in |Hore and Barber| [2024].

X ~Ny(0,14), Y =m(X)+0(X)e, e~N(0,1)
d
m(X)=05» X0
i=1

d
4 2X
o(X) = Z ggb(?), ¢ : pdf of standard Gaussian

i=1

For d =1 and n = 100, adaptivity metrics are given in Figure[6] With n = 2000, we obtain in Figure
the following optimal solution of the dual formulation.
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—— kSoS
1.5 . Test data

Training data

—— Oracle

Figure 14: Test case 3 with d = 1 and n = 2000. Optimal solution of dual formulation for a = b = 0,
)\1 = )\2 =1 and 9f =0.9.

Case 4. Inspired from [Kivaranovic et al.| [2020].

X ~Ul0,1%, Y =m(X)+0o(X)e, €~N(0,1)
m(X) = 2sin(7f' X))+ 78" X

o(X) = /1+ (BTX)?

In dimension d = 1 we set 8 = 1 and obtain the adaptivity metrics given in Figure [7] We give in
Figure [T5] the optimal solution of the dual formulation obtained with n = 2000.

— kSoS
Test data

Training data [N :- .': e

o
L

0.0 0.2 0.4 0.6 0.8 1.0

Figure 15: Test case 4 with d = 1 and n = 2000. Optimal solution of dual formulation for a = b = 0,
A =Xy =1and 6/ = 16.

We now turn to the same test case in dimension d = 5 with n = 150 and 8 = (1,0.1,0.1,0.1,0.1).
Figure [I6] shows a comparison with all competitors in terms of adaptivity metrics, but observe that we
also do not compute MI since estimation is not robust due to the dimension.

We can first remark that all methods tend to overcover more than in dimension d = 1. But similarly
to d = 1, here the homoscedastic GP is also the best model in terms of local coverage and mean width.
Interestingly, the performance of heteroscedastic GP and CQR degrades, while kSoS still achieves local
coverage as good as homoscedastic GP, although with slightly larger intervals on average.
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Figure 16: Test case 4 with d = 5 and n = 150. Adaptivity metrics and density of local coverage.

Non-symmetric intervals. We can readily extend our kernel SoS framework to non-symmetric
prediction intervals of the form

O (X) = [(X) = Fasow (X) = G (X) + Faon (X) + ]

with score function S(X,Y) = max (m(X) — faw(X) =Y, Y —m(X) — faw (X)) inspired by CQR. In
this setting, the kernel SoS problem writes

n n
a

in S Wm0 2 (e (X + Lo (X))

meH™, Alow, AweS, (Hf) N “ =1
LAY A A A1 A A AP+ Ao [l AP
s.t. fAlow(Xi) > m(Xz) —Y, i€ [n] s
fAup (Xz) > Y; — m(Xi), = [n] s

[m||3m < s.

Contrary to the symmetric noise case, here the constraints no longer ensure a good fit of the regression
function: this means that we need to set a > 0. Also remark that different RKHSs can be chosen for
A" and A" in order to adapt to different regularities for the left and right tails of the conditional
distribution.

As an illustration, we focus on a test case from Braun et al.| [2025], which involves an exponentially
distributed noise:

d=1, X~U[-1,1], Y=m(X)+0(X)e, e~&(1)

The optimal solution of the kSOS problem is given in Figure [17] for symmetric and non-symmetric
intervals with a = 0 and a = 1000, for n = 100. First observe that when a = 0 the mean function is
biased, unlike for @ = 1000. In addition, breaking the symmetry clearly improves adaptivity.
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