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• Integrating a wavelet neural network to a brain emotional network to accelerate the learning rate.
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A B S T R A C T

Conventional control systems often suffer from the co-existence of non-linearity and uncertainty.
This paper proposes a novel brain emotional neural network to support addressing such chal-
lenges. The proposed network integrates a wavelet neural network into a conventional brain
emotional learning network. This is further enhanced by the introduction of a recurrent struc-
ture to employ the two networks as the two channels of the brain emotional learning network.
The proposed network therefore combines the advantages of the wavelet function, the recur-
rent mechanism, and the brain emotional learning system, for optimal performance on nonlinear
problems under uncertain environments. The proposed network works with a bounding com-
pensator to mimic an ideal controller, and the parameters are updated based on the laws derived
from the Lyapunov stability analysis theory. The proposed system was applied to two uncertain
nonlinear systems, including a Duffing-Homes chaotic system and a simulated 3-DOF spherical
joint robot. The experiments demonstrated that the proposed system outperformed other popular
neural-network-based control systems, indicating the superiority of the proposed system.

1. Introduction

Controlling of nonlinear systems has been one of the focuses in the research of control engineering. Nonlinear
systems often operate in uncertain environments, and the controllers must simultaneously deal with both nonlinearly
and uncertainty features of controlled plants Al-Dunainawi, Abbod and Jizany (2017); Fang, Chao, Lin, Zhou, Yang,
Chang, Shen and Shang (2020). Based on the well understood difficulties of mathematical modeling for nonlinear
and uncertain control problems Chao, Zhou, Lin, Yang, Zhou and Shang (2019); Lin, Huynh and Le (2019), artificial
neural networks possess several intelligent features such as self-learning and auto-adaptation. Therefore, artificial
neural network-based control systems have been recently extensively studied and rapidly developed, so as to obtain
fast convergence and dynamic response Zhao and Lin (2019); Huynh, Lin, Le, Cho, Pham, Le and Chao (2019); Chao,
Zhou, Lin, Zhou, Shi and Lin (2018); Elhaki and Shojaei (2020).

The integration of an adaptive sliding mode controller (SMC) with various neural networks leads to controllers
enjoying the advantages of both constituent components Chen, Huang, Chen, Zhang, Sun, Chen, Gu and Zhu (2019);
Uçak and Günel (2020); Fei and Lu (2018); Mishra and Mohanty (2020); Hadjaissa, Ameur and Boutoubat (2019),
but such neural network-based control systems still face two main challenges. One challenge is sufficient nonlinear
approximation ability of the neural network-based SMC to handle disturbance and uncertainties. This can be observed
by the embedding of the radial basis function (RBF) networks in SMC-like controllers for nonlinear approximation
improvement Lin and Boldbaatar (2017); Huynh, Le and Lin (2018). However, the short-term and low-range input
noises often result to increased chattering to the network-based SMC controllers Huynh et al. (2019); Fang, Chao,
Yang, Lin, Shang, Zhou and Shen (2019b). More investigation is therefore required on the transfer functions of neural
networks.
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The other main challenge is the requirement of fast dynamic response of the controllers, to minimise system re-
sponse latency. Some current studies on feed-forward network-based controllers apply the static mapping structure,
which cannot effectively represent dynamic mappings. Alternatively, some other work introduce additional feedback
mechanisms to the control systems to improve the dynamic response performance Zhou, Shi, Chao, Lin, Yang, Shang
and Zhou (2018); Wu, Lin, Fang, Chao, Yang, Shang and Zhou (2018). However, such additional mechanisms make
the controllers significantly complex, and thus adversely affect the performance. Therefore, a new type of neural
network with strong approximation ability and prompt dynamic response is in demand to efficaciously approximate
dynamic mappings of uncertain nonlinear problems.

This work proposes a recurrent wavelet function-based brain emotional learning network with an internal signals
feedback loop embedded, for intelligent nonlinear control, to address the above challenges. The proposed network
firstly integrates a wavelet neural network and a brain emotional learning network. The two recurrent loop mecha-
nisms are then added into the two channels of the brain emotional learning network. The proposed network is further
enhanced by a compensation controller to establish a network-based nonlinear control system working in an uncertain
environment. The proposed control system features two main advantages: 1) accelerating the learning rate of the intel-
ligent controller thanks to the fast convergence and efficient learning ability of the wavelet neural network; 2) sensitive
sequential input detection by the recurrent loop mechanisms inside the wavelet neural network, leading to improved
dynamic characteristics.

The remainder of this paper is organized as follows: Section 2 explains the basic structure of the brain emotional
learning controller network. Section 3 specifies the proposed network and its implementation. Section 4 introduces
the proposed intelligent controller. Section 5 reports and analysizes the experimental results. Section 6 concludes the
paper and points out important future work.

2. Brain Emotional Learning Network

The conventional brain emotional learning (BEL) network is inspired by the emotional learning ability of a human
brain Qutubuddin and Yadaiah (2017); Baghbani, Akbarzadeh-T, Naghibi-Sistani and Akbarzadeh (2020); Liu, Xie,
Wu, Cao, Mei and Mao (2018), with its structure shown in Fig. 1. A BEL network consists of an orbitofrontal cortex
and an amygdala channels. The orbitofrontal cortex channel is an emotional network and the amygdala channel is a
sensory network. The output of the orbitofrontal channel, o, can be presented as o = w ⋅ SI , where SI denotes the
output of sensory cortex and w denotes the gain in the orbitofrontal channel. The output of the amygdala-like channel,
a, is defined as a = � ⋅ SI , where � indicates the gain in the amygdala channel. Thus, a single-output BEL network
can be summarised as:

uBELC = a − o = (� −w) ⋅ SI, (1)

SI = exp

(
−
(I − c)2

v2

)
, (2)

where I ,c and v denote the inputs, means and variances of BEL.
The sensory channel has an adjustment rule, which is defined by:

Δ� = � ⋅ (SI × max[0, d − a]), (3)

where � is the learning rate in the sensory channel and d denotes an emotional cue. The emotional channel has an
indirect impact on the sensory channel. Thus, the learning rule in the emotional channel is defined by:

Δw = � ⋅ [SI × (uBELC − d)], (4)

where � is the learning rate in the emotional channel, and d is expressed by:

d = b ⋅ I + c ⋅ uBELC , (5)

where b and c are gain parameters, usually empirically determined in practical control systems.
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Figure 1: Structure of Conventional Brain Emotional Learning Controller Network

Due to the efficient learning rate of the BEL network, many variants of BEL have been rapidly developed Baghbani,
Akbarzadeh-T and Sistani (2018). For example, previously, we designed a fuzzy BEL network and a recurrent CMAC
network Fang et al. (2019b); Fang, Chao, Lin, Yang, Shang and Zhou (2019a). In contrast, this work focuses on bring
the advantages of the wavelet function and the recurrent mechanism, to build a more powerful brain emotional learning
system.
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Figure 2: The architecture of the proposed RWBEL neural network.

3. Recurrent Wavelet-based Brain Emotional Learning Network

The proposed recurrent wavelet based brain emotional learning (RWBEL) network, is established by integrating a
wavelet neural network and recurrent loop structures into a classical brain emotional learning network. The structure
of the proposed network is therefore mainly formed by two channels, including a recurrent emotional (REN) channel
and a recurrent wavelet (RWN) channel Oveisi, Jeronimo and NestoroviÄĞ (2018), as illustrated in Fig. 2. Following
the discussion of BEL in Sec. 2, the output of the proposed network is ui = ai − oi, where ai and oi denote the output
of the REN and RWN, respectively.

Each channel of RWBEL is comprised of multiple process layers. In particular, the REN channel has an asso-
ciation memory channel (M1), a weight memory layer (V ), and a sub-output layer (A); the RWN channel is formed
by association memory (M2), receptive-field space (J ), weight memory space (W ), and sub-output space (O). Both
channels share the same input (I) and output layers (U ). The signal process and implementation of each layer are
specified below.

3.1. REN Channel
Input layer The input I = [I1, I2, ..., Im]

T ∈ Rm is a vector that are fed to both REN and RWN channels simultane-
ously; and m is the dimension of the input.

Association memory layer (M1) M1 consists of nb blocks, each of which is represented as a Gaussian basis func-
tion. Thus the output of the first layer is defined as:

fij = exp

⎛
⎜⎜⎜⎝
−

(
Iaij − cij

)2

v2
ij

⎞
⎟⎟⎟⎠
, (6)
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where cij and vij denote the means and variances of REN, respectively; i = 1, 2,⋯ , m; j = 1, 2,⋯ , nb; and Iaij
denotes the input of the recurrent structure of REN.

A block matrix of REN ϝ is defined as:

ϝ =
[
f11… f1nb … fl1… flnb

]T
∈ Rmnb . (7)

Weight memory layer (V ) vijk denotes the weight of the i-th output, j-th input, k-th block of REN.

3.2. RWN Channel
Association memory layer (M2) M2 also consists of nw blocks, each of which is represented as a wavelet function.
The output of M2 is defined as:

ℎij = −

(
Ibij − yij

zij

)
exp

⎛
⎜⎜⎜⎜⎝
−

(
Ibij−yij

zij

)2

2

⎞
⎟⎟⎟⎟⎠
, (8)

where yij and zij denote the means and variances of RWN, respectively; i = 1, 2,⋯ , l; j = 1, 2,⋯ , nw, and Ibij
represents the input of the recurrent structure of RWN.

Reception-field layer (J ) Each block in the Reception-field layer is the product of the corresponding block of the
association memory space M2. Thus, the input of each block in J is defined as:

�j =

m∏
i=1

ℎij . (9)

The block matrix of J is defined as:

Φ =
[
�1 �2…�nw

]T
∈ Rnf . (10)

Weight memory layer (W ) wij represents the weight of the i-th output, j-th block of the Reception-field Space.

3.3. Output Layer
The output of the RWBEL is the integration of the sub-outputs of REN and RWN. These two sub-outputs are

respectively defined as:

ai =

m∑
j=1

nb∑
k=1

vijkfij , (11)

oi =

nw∑
j=1

wij�j , (12)

where ai is i-th output of REN, and oi is i-th output of RWN. The output of the RWBEL is the aggregation of these
two values, defined as:

u = a − o = V T ϝ −W TΦ. (13)

3.4. Recurrent structure
Both associate memory layers M1 and M2 of the two channels imply a recurrent mechanism as shown in Fig. 3.

The recurrent mechanism of M1 and M2 are identical. Each recurrent mechanism has two inputs: one is the recurrent

J. Zhang et al.: Preprint submitted to Elsevier Page 5 of 22
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Figure 3: The recurrent loop mechanism

input I(t) at time t; and the another is the output of the recurrent structure at time t− Γ (Γ is a delay time). Therefore,
the inputs of the two recurrent mechanism (Iaij and Iaij ) are represented as follows:

Iaij (t) = Ii(t) + rijfij(t − Γ), (14)

Ibij (t) = Ii(t) + qijℎij(t − Γ), (15)

where r and q are the recurrent weights of the REN and RWN, respectively.
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4. Neural network based control system

 

Figure 4: Control system with proposed RWBEL

The proposed RWBEL network has been further developed as an nonlinear control system for improved perfor-
mance. The structure of the RWBEL-based control system is shown in Fig. 4. The control system consists of a sliding
surface, an RWBEL network, and a compensator controller. The input of the proposed controller is the errors of the
uncertain nonlinear system. The error values are processed by the sliding surface and delivered to the RWBEL net-
work and the compensator controller. In addition, parameters of the RWBEL and compensator controller are updated
by adaptive laws that are derived from input errors.

To facilitate the description of the RWBEL-based control system, a nonlinear system with uncertainties is formu-
lated as:

x
(n)(t) = f (x(t)) + g(x(t))u(t) + d(t), (16)

where x(t) =
[
x(n−1)(t)… ẋ(t) x(t)

]
∈ Rn×l denotes the state vector of the system; u(t) =

[
u1(t), u2(t)… un(t)

]T
∈ Rn

denotes the output vector of the control system; f (x(t)) and g(x(t)) are unknown but bounded system models; and d(t)
is the unknown external disturbance.

Then, the nominal model of this type of a nonlinear system is defined as:

x
(n)(t) = f0(x(t)) + g0u(t), (17)

where f0(x(t)) and g0 denote the nominal part of f (x(t)) and g(x(t)), respectively. Therefore, Eq. 17 can be re-
expressed as:

x(n)(t) = f0(x(t)) + Δf (x) + g0u(t) + Δg(x(t))u(t) + d(t)

= f0(x(t)) + g0u(t) + l(x(t), t),
(18)

where l(x(t), t) = Δf (x) + Δg(x(t))u(t) + d(t) is referred to as the lumped uncertainty.

Assume the reference tracking state vector, xd(t), is defined as xd(t) =
[
x
(n−1)
d

(t)… ẋd(t) xd(t)
]
∈ Rm×n, the

tracking error of the system is defined as:

e(t) = xd(t) − x(t). (19)

J. Zhang et al.: Preprint submitted to Elsevier Page 7 of 22
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Thus, the tracking error vector can be obtained by:

e(t) =
[
e(n−1)(t)… ė(t) e(t)

]
. (20)

If the nominal functions f0(x(t)), g0 and the lumped uncertainty l(x(t), t) are exactly known, an ideal controller u∗ can
be designed as:

u∗(t) = g−1
0

[
x
(n)
d
(t) − f0(x(t)) − l(x(t), t) +H

T e(t)
]
, (21)

where H =
[
Hn…H2,H1

]T
is the feedback gain vector.

Substituting the ideal controller Eq. 21 in Eq. 18 leads to the error dynamic equation:

e(n)(t) +H
T e(t) = 0. (22)

If H is chosen to correspond to the coefficients of a Hurwitz polynomial, it implies that limt→∞ e(t) = 0. However,
since l(x(t), t) is not known accurately, the ideal controller u∗ is unobtainable. Thus, the RWBEL network is developed
to approximate the ideal controller. To achieve this, a sliding surface is defined as:

s(t) = e(n−1)(t) +H1e
(n−2)(t) +… +Hn ∫ e(t)dt. (23)

Then the derivative of Eq. 23 is:

ṡ(t) = e(n)(t) +H
T e

= x
(n)
d
(t) − f0(x(t)) − g0u(t) − l(x(t), t) +H

T e(t).
(24)

An approximate error, "(t) = u∗(t)−uRWBEL(t), exists between the proposed controller and the ideal controller. Then,
the following can be derived:

ṡ(t) = g0
[
u∗(t) − u(t)

]
, (25)

where u(t) = uRWBEL(t) + uRC (t), uRWBEL is the controller of RWBEL; uRC is a robust controller, employed to
suppress the influence of residual approximation errors between the RWBEL controller and the ideal controller.

Assume that an optimal RWBEL controller exists in the ideal sliding model controller u∗:

u∗ = u∗
RWBEL

(t) + " = V ∗T ϝ̂ −W ∗TΦ∗ + " (26)

where " is a minimum error vector, V ∗, W ∗, ϝ∗, and Φ∗ are optimal parameter matrixes and vectors of V , W , ϝ, and
Φ, respectively. However, the optimal controller is hardly achievable; an estimated controller is used to approach the
optimal controller. The estimated controller is defined as:

u = uRWBEL + uRC = V̂ T ϝ̂ − Ŵ T Φ̂ + uRC , (27)

where V̂ , Ŵ , ϝ̂, and Φ̂ denotes the estimated values of the optimal parameter matrix and vectors of V ∗, W ∗, ϝ∗, and
Φ∗, respectively.

Subtracting Eq. 26 from Eq. 27 gives the estimation error:

ũ = u∗ − u = V ∗T ϝ̂ −W ∗TΦ∗ + " − V̂ T ϝ̂ + Ŵ T Φ̂ − uRC

= Ṽ T ϝ∗ + V̂ T ϝ̃ − W̃ TΦ∗ − Ŵ T Φ̃ + " − uRC ,
(28)

where Ṽ = V ∗ − V̂ , ϝ̃ = ϝ∗ − ϝ̂, W̃ = W ∗ − W̃ , and Φ̃ = Φ∗ − Φ̂. The expansion of ϝ̃ in the Taylor series can be
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obtained as:

ϝ̃ =

⎛⎜⎜⎝

f̃1
⋮

f̃nd

⎞⎟⎟⎠
=

⎛⎜⎜⎜⎜⎝

(
)f1
)c

)T

⋮(
)fnd
)c

)T

⎞⎟⎟⎟⎟⎠

||||||||||c=ĉ

(
c∗ − ĉ

)

+

⎛⎜⎜⎜⎜⎝

(
)f1
)v

)T

⋮(
)fnd
)v

)T

⎞⎟⎟⎟⎟⎠

||||||||||v=v̂

(
v∗ − v̂

)

+

⎛⎜⎜⎜⎜⎝

(
)f1
)r

)T

⋮(
)fnd
)r

)T

⎞⎟⎟⎟⎟⎠

||||||||||r=r̂

(
r∗ − r̂

)
+ Ot1

= ϝc c̃ + ϝvṽ + ϝrr̃ + Ot1,

(29)

where ϝc , ϝv, and ϝr are defined by:

ϝc =
[
)f1
)c

,… ,
)fnd
)c

]T ||||||c=c̃
ϝv =

[
)f1
)v

,… ,
)fnd
)v

]T ||||||v=ṽ
ϝr =

[
)f1
)r

,… ,
)fnd
)r

]T ||||||r=r̃

(30)

where c̃ = c∗ − ĉ, ṽ = v∗ − v̂, r̃ = r∗ − r̂; and Ot1 is a vector with higher order terms. Thus, the following holds:

ϝ∗ = ϝ̂ + ϝ̃ = ϝ̂ + ϝc c̃ + ϝvṽ + ϝrr̃ + Ot1. (31)

Also, the expansion of Φ̃ in the Taylor series can be obtained as:

Φ̃ =

⎛
⎜⎜⎝

�̃1

⋮

�̃nd

⎞
⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎝

(
)�1

)y

)T

⋮(
)�nd

)y

)T

⎞
⎟⎟⎟⎟⎠

||||||||||y=ŷ

(
y∗ − ŷ

)

+

⎛
⎜⎜⎜⎜⎝

(
)�1

)z

)T

⋮(
)�nd

)z

)T

⎞
⎟⎟⎟⎟⎠

||||||||||z=ẑ

(
z∗ − ẑ

)

+

⎛⎜⎜⎜⎜⎝

(
)�1

)q

)T

⋮(
)�nd

)q

)T

⎞⎟⎟⎟⎟⎠

||||||||||q=q̂

(
q∗ − q̂

)
+ Ot2

= Φyỹ + Φzz̃ + Φq q̃ + Ot2.

(32)
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In particular, Φy, Φz, and Φq are defined as:

Φy =

[
)�1

)y
,… ,

)�nd

)y

]T ||||||y=ỹ

Φz =

[
)�1

)z
,… ,

)�nd

)z

]T ||||||z=z̃
Φq =

[
)�1

)q
,… ,

)�nd

)q

]T ||||||q=q̃

(33)

where ỹ = y∗ − ŷ, z̃ = z∗ − ẑ, and q̃ = q∗ − q̂; and Ot2 is a vector with higher order terms. Thus:

Φ∗ = Φ̂ + Φ̃ = Φ̂ + Φyỹ + Φzz̃ + Φq q̃ + Ot2. (34)

Substituting Eq. 34 and Eq. 31 to Eq. 28 and Eq. 25, yields

ṡ(t) = g0

[
Ṽ T ( ϝ̂ + ϝc c̃ + ϝvṽ + ϝrr̃ + Ot1

)
+

V̂ T
(ϝc c̃ + ϝvṽ + ϝrr̃ + Ot1

)

− W̃ T
(
Φ̂ + Φyỹ + Φzz̃ + Φq q̃ + ot2

)

−Ŵ T
(
Φyỹ + Φzz̃ + Φq q̃ + ot2

)
+ " − uRC

]

= g0

[
V̂ T ( ϝc c̃ + ϝvṽ + ϝrr̃) − Ŵ T

(
Φyỹ + Φzz̃ + Φq q̃

)

+ Ṽ T ϝ̂ − W̃ T Φ̂ +� − uRC
]
,

(35)

where � is a combined error, which is defined by:

� =V ∗TOt1 −W ∗TOt2 + " + Ṽ T
(ϝ̂ + ϝc c̃ + ϝvṽ + ϝrr̃)

− W̃ T
(
Φ̂ + Φyỹ + Φzz̃ + Φq q̃

) (36)

where Ṽ = V ∗ − V̂ = [ṽ1, ṽ2,… , ṽm] is an approximation error weight matrix of the REN.
A kind of H∞ tracking performance is designed as:

m∑
i=1

∫
T

0

s2i (t)dt ≤ sT (0)g−1
0
s(0) + c̃T (0)�−1c c̃(0)

+ ṽT (0)�−1v ṽ(0) + r̃T (0)�−1r r̃(0)

+ ỹT (0)�−1y ỹ(0) + z̃T (0)�−1z z̃(0)

+ q̃T (0)�−1q q̃(0) + tr
[
W̃ T (0)�−1

W
W̃ (0)

]

+

m∑
i=1

�2i ∫
T

0

�2i (t)dt +

m∑
i=1

∫
T

0

ṽ2i (t)dt

(37)

where �c , �v, �r, �y, �z, and �q are diagonal positive constant learning rates; and �i is an attenuation constant. The
initial conditions of the system are set as s(0) = 0, c̃(0) = 0, ṽ(0) = 0, r̃(0) = 0, ỹ(0) = 0, z̃(0) = 0, q̃(0) = 0. Then Eq.
37 can be re-written as:

m∑
i=1

∫
T

0

s2i (t)dt ≤
m∑
i=1

�2i ∫
T

0

�2i (t)dt +

m∑
i=1

∫
T

0

ṽ2i (t)dt. (38)
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Assume that the approximation error between the proposed RWBEL and an ideal controller are bounded, which
means � ∈ L2

[
0,M1

]
, ṽ = L2

[
0,M2

]
,∀M1,M2 ∈ [0,∞). Therefore

∑m
i=1 ∫ T

0
�2
i
(t)dt ≤ N1,

∑m
i=1 ∫ T

0
k̃2
i
(t)dt ≤

N2, where N1 and N2 are positive constants. If
∑m

i=1 ∫ T
0

s2
i
(t)dt = ∞, the system will be unstable. Therefore, the

following mathmatical expression must be guanranteed, so as to make sure the controlled system is stable:

m∑
i=1

∫
T

0

s2i (t)dt ≤ ‖�‖2N1 +N2 < ∞. (39)

In order to ensure the stability of the system, the update rules of the RWBEL network and the compensator controllers
must follow the Lyapunov stability theory.

Theorem: For the uncertain nonlinear system represented by Eq. 16, the adaptive laws of REN channel are:

̇̂V = �[ϝ × max(0, D − b)] (40)

D = 
 × I + � × uRWBEL, (41)

where � denotes a learning rate; D is comprised of the input I , output uRWBEL, and 
; and � is the learning rate. All
the adaptive laws of the RWBEL network are summarised as:

̇̂c = �cϝTc V̂ sT (t) (42)

̇̂v = �vϝTv V̂ sT (t) (43)

̇̂r = �rϝTr V̂ sT (t) (44)

̇̂W = −�W Φ̂sT (t) (45)

̇̂y = −�yΦ
T
y Ŵ sT (t) (46)

̇̂z = −�zΦ
T
z Ŵ sT (t) (47)

̇̂q = −�qΦ
T
q Ŵ sT (t). (48)

In addition, the compensator controller is designed as:

uRC =
(
2R2

)−1 [(
I + ϝ2)V 2 + I

]
sT (t), (49)

where R = diag
[
�1�2… �m

]
is a diagonal matrix of robust controller.

Proof : The Lyapunov function of the proposed RWBEL based control system is defined by:

L(s(t), Ṽ , W̃ , c̃, ṽ, r̃, ỹ, z̃, q̃) =
1

2

[
sT (t)g−1

0
s(t)+

tr
[
Ṽ T �−1Ṽ

]
+ c̃T �−1c c̃ + ṽT �−1v ṽ + r̃T �−1r r̃

+ỹT �−1y ỹ + z̃T �−1z z̃ + q̃T �−1q q̃ + tr
[
W̃ T �−1

W
W̃

]]
.

(50)
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Taking the derivative of the Lyapunov function, yields:

L̇(s(t), Ṽ , W̃ , c̃, ṽ, r̃, ỹ, z̃, q̃)

= sT (t)g−1
0
ṡ(t) + tr

[
Ṽ T �−1 ̇̃V

]
+ c̃T �−1c

̇̃c + ṽT �−1v
̇̃v

+ r̃T �−1r
̇̃r + ỹT �−1y

̇̃y + z̃T �−1z
̇̃z + q̃T �−1q

̇̃q + tr
[
W̃ T �−1

W
W̃

]

= sT (t)g−1
0
ṡ(t) − tr

[
Ṽ T �−1

̇̂
V
]
− c̃T �−1c

̇̂c − ṽT �−1v
̇̂v

− r̃T �−1r
̇̂r − ỹT �−1y

̇̂y − z̃T �−1z
̇̂z − q̃T �−1q

̇̂q − tr
[
W̃ T �−1

W
̇̂W
]

= sT (t)Ṽ ϝ̂ − sT (t)W̃ Φ̂ + sT (t)V̂
(ϝc c̃ + ϝvṽ + ϝrr̃)

− sT (t)Ŵ
(
Φyỹ + Φzz̃ + Φq q̃

)
− tr

[
Ṽ T �−1 ̇̃V

]
− c̃T �−1c

̇̂c

− ṽT �−1v
̇̂v − r̃T �−1r

̇̂r − ỹT �−1y
̇̂y − z̃T �−1z

̇̂z − q̃T �−1q
̇̂q

− tr
[
W̃ T �−1

W
̇̄W
]
+ sT (t)

(
" − uRC

)
− sT (t)g−1

0
� sgn(s(t))

≤ sT (t)Ṽ ϝ̂ + sT (t)
(
" − uRC

)
+ c̃

[
sT (t)V̂ ϝc − �−1c

̇̂c
]

+ ṽ
[
sT (t)V̂ ϝv − �−1v

̇̂v
]
+ r̃

[
sT (t)V̂ ϝr − �−1r

̇̂r
]

− ỹ
[
sT (t)ŴΦy + �−1y

̇̂y
]
− z̃

[
sT (t)ŴΦz + �−1z

̇̂z
]

− q̃
[
sT (t)ŴΦq + �−1q

̇̂q
]
− tr

[
W̃ T s(t)Φ̂ +�−1

W
̇̂W
]
.

(51)

Eq. 40 indicates that: If d−b ≤ 0, then ̇̂V = 0; and if d−b > 0 then ̇̂V = �[ϝ×(d−b)] > 0. Given that Ṽ ∈ L2[0,M2],

it can be derived that − tr
[
Ṽ T �−1 ̇̂V

] ≤ 0. Substituting Eqs. 42-48 into Eq. 51, yields:

L̇(s(t), Ṽ , W̃ , c̃, ṽ, r̃, ỹ, z̃, q̃) ≤ sT (t)Ṽ ϝ̂ + sT (t)
(
" − uRC

)

= sT (t)Ṽ ϝ̂ + sT (t)" −
1

2
sT (t)s(t) −

1

2

sT (t)s(t)

�2

−
1

2
sT (t)s(t)ϝ̂ϝ̂T

= −
1

2
sT (t)s(t) −

1

2

[
s(t)

�
− �"

]
−

1

2

[
sT (t)"̂ − Ṽ

]2
+

1

2
�2"2

+
1

2
Ṽ T Ṽ

≤ −
1

2
sT (t)s(t) +

1

2
�2"2 +

1

2
Ṽ T Ṽ .

(52)

Integrating Eq. 52 from t = 0 to t = T , yields:

L(T ) − L(0) = −
1

2

m∑
i=1

∫
T

0

s2i (t)dt +
1

2

m∑
i=1

�2i ∫
T

0

�2i (t)dt

+
1

2

m∑
i=1

∫
T

0

ṽ2i (t)dt.

(53)

Since V (T ) > 0 and V (0) > 0, Eqs. 38 and 39 indicate that
∑m

i=1 ∫ T
0

s2
i
(t)dt < ∞, which means the cumulative error

is not divergent, but bounded. Therefore, the stability of the proposed system is proved.
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Table 1

Parameters of RWBEL and RECMAC

Parameters RWBEL RECMAC

Number of M 10 10

Learning rates of �,
,� and �w 0.01 0.01

Learning rates of �c and �y 0.01 0.01

Learning rates of �v and �z 0.01 0.01

Learning rates of �r and �q 0.01 0.01

5. Experimentation

In this section, an ablation experiment was built to verify the effectiveness of the wavelet function for neural net-
works. Then, to validate the proposed control system and evaluate its effectiveness, a Duffing-Homes chaotic system
and a simulated three degrees-of-freedom spherical joint robotic system were employed in the experimentation. Also,
to enable a systematic comparative study of the proposed RWBEL control system, four reference comparison control
systems, including PID controller, SMC with recurrent emotional CMAC neural network (RECMAC) control sys-
tem Fang et al. (2019b), SMC with fuzzy cerebellar model articulation controller (FCMAC) control system Lin, Chen
and Lin (2019), and SMC with wavelet fuzzy brain emotional learning (WFBEL) controller, were also applied to the
chaotic system and the robotic manipulator system.

5.1. Approximation Comparison of RWBEL and RECMAC
In order to verify the effectiveness of the wavelet function, a piecewise function is used to compare our RWBEL

with RECMAC. The main difference between these two networks is RWBEL owns a wavelet function layer. The
piecewise function is defined as:

f (x) =

⎧⎪⎨⎪⎩

− 2.186x − 12.864, −10 ≤ x < −2

4.246x, −2 ≤ x < 0

10e−0.05x−0.5sin[(0.03x + 0.7)x], 0 ≤ x ≤ 10

(54)

The piecewise function is chosen due to the following two reasons: the function has (1) a turning point (x = −2);
and (2) a coexistence of linearity and nonlinearity. Such function is suitable to evaluate the performance of the two
networks in the dynamic response and nonlinear mapping ability. In this experiment, we sampled 400 points distributed
uniformly over [-10, 10] as training data. Both RWBEL and RECAMC have the same initialization and learning rates
which are detailed in Table. 1.

Fig. 5 shows the complete tracking responses and Fig. 6 illustrates the tracking errors (e2) of the two networks
over the entire domain. In these two figures, the two networks have achieved successful results in approximation the
piecewise function; however, at around the turning pointing of the piecewise function, the RECAMC network cannot
well follow the piecewise function. In order to clearly show the differences, Fig. 7 shows the enlargement picture of
the approximation errors in the interval of [−2, 2]. Thus, the jitter amplitude of RWBEL is much less than that of
RECMAC.

5.2. Duffing-Holmes Chaotic System
The Duffing-Holmes chaotic system is a typical complex and uncertain nonlinear system, and the chaotic system

is formed by two subsystems: 1) drive subsystem and 2) response subsystem. These two subsystems are defined as
follows:

ẍd(t) = f
(
xd

)

= −0.25ẋd + xd − x3
d
+ 0.1

√
x2
d
+ ̇x2

d
sin(t) + 0.3 cos(t)

(55)
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Figure 5: The piecewise function and tracking responses of RWBEL and RECMAC
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Figure 6: tracking errors (e2) in [−10, 10]

ẍ(t) =f (x) + u(t) + Δf (x) + d(t)

= − 0.25xd + xd − x3
d
+ 0.1

√
x2
d
+ ̇x2

d
sin(t) + 0.3 cos(t)

+ u(t) + Δf (x) + d(t),

(56)
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Figure 7: Enlargement of tracking errors (e2) in [−2, 2]
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where xd and x denote the system states of the drive and response subsystems, respectively; u is the control input;
Δf (x) indicates an unknown uncertain term; and d(t) expresses the external disturbance.

In this experiment, the initial conditions were xd(0) =
[
xd ̇xd

]T
= [1 1]T , x(0) =

[
x ẋ

]T
=
[
0.2 0.2

]T
.

The sliding surface is designed as: s(e(t)) = 2e + 1.5e(t), the external disturbance d(t) = 0.2sin(t).
The simulation results of the four control systems is shown in Fig. 8. The red solid line denotes the reference
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Figure 9: State of xd and x for the Duffing-Holmes Chaotic System

trajectory of the drive system; the green solid line, the magenta dotted line, and the black dash line represent the
tracking trajectory generated by the PID, RECMAC, FCMAC, WFBEL and RWBEL control systems, respectively. In
Fig. 8, all the five trajectories generated by the five control systems can successfully track chaotic trajectories, but the
trajectory of the RWBEL control system reached the reference earlier than the rest control systems. Also, the RWBEL
control system had less overshoot amplitudes.

The complete tracking responses of xd and x are shown in Fig. 9(a), to demonstrate the tracking performance.
In this figure, all the five control systems can well follow the target reference xd . The performance differences only
existed at the beginning of the tracking. Therefore, the tracking trajectory in the first two seconds is summarised in
ig. 9(b). The RWBEL achieved a favorable tracking performance. After a few adjustments, the RWBEL can quickly
catch the reference trajectory, and closely follow the reference. In contrast, the trajectories of PID, RECMAC, FCMAC
and WFBEL required a longer time to approximate the target trajectory.

Fig. 9(c) illustrates the tracking errors of the five control systems from 0 second to 50 second, and Fig. 9(d) shows
the tracking errors during the first five seconds. In these two sub-figures, all the control systems can have a stable
performance; however, the RWBEL controller demonstrates a faster and smoother curve to converge. In particular, the
fast converge situation was very clear during the first five seconds as shown in Fig. 9(d).

Table 2 summarises the accumulated RMSE values of the tracking error for all the controllers, to show the per-
formance difference. From this table, the performance of PID and FCMAC were very close; in contrast, due to the
recurrent loop structure and wavelet, RECMAC and WFBEL had a better performance than FCMAC. Nevertheless,

J. Zhang et al.: Preprint submitted to Elsevier Page 16 of 22



RWBEL based Network Controller for Nonlinear Systems

Table 2

Comparison of PID, RECMAC, FCMAC, WFBEL and RWBEL controllers

PID RECMAC FCMAC WFBEL RWBEL

RMSE 6.9659e-02 6.5321e-02 6.9299e-02 6.7194e-02 6.3328e-02

Table 3

Parameters of REN and RWN

Parameters REN RWN

Number of M1 and M2 8 8

Number of J N/A 8

Number of V and W 24 8

Number of A and O 3 3

Initialization range of c and y [-1.0 1.0] [-2.0 2.0]

Initial value of v and z 0.1 1

Learning rates of �,
,� and �w 0.01 0.1 0.1 10

Learning rates of �c and �y 0.1 0.1

Learning rates of �v and �z 0.1 0.1

Learning rates of �r and �q 0.1 0.1

the RWBEL had the smallest RMSE across the board in this experiment. According to Fig. 9, RWBEL reached the
reference trajectory faster than other controllers, and the tracking error did not change significantly during the rest of
the tracking process. Therefore, it can be concluded that the RWBEL-based control system outperformed other control
systems in this experiment.

5.3. Spherical Coordinate Robot Simulation
A spherical robot simulation system was used to evaluate the control performance of the RWBEL based control

system. The dynamic equation of the spherical coordinate robot is presented as:

M(q)q̈ + C(q, q̈)q̇ + g(q) = u + �d , (57)

where q, q̇, and q̈ ∈ R3, represent the position, velocity and acceleration, respectively; M(q) ∈ R3×3 is an inertia
matrix; C(q, q̈) ∈ R3×3 is the Coriolis/Centripetal matrix; and g(q) ∈ R3 is the gravity vector. In this experiment,
g(q) ≡ 0, �d denotes the external disturbance. The initial state is q = [0.2, 0, 0.1]T , q̇ = [0, 0, 0]T , q̈ = [0, 0, 0]T .

To evaluate the robustness of the proposed control system, the target tracking trajectory was converted from one
pattern to another pattern at the 15-th second. The trajectory within the first 15 seconds was defined as:

L1 =0.5 ∗ [0.2 ∗ sin(2t + 0.6) + 0.15 ∗ cos(t + 1),

0.1 ∗ sin(0.5�t), 0.2 ∗ (cos(2t) − sin t)]T .
(58)

After 15s, the reference trajectories was sacrificed as:

L2 =0.5 ∗ [0.3 sin t + 0.2 cos(2t + 0.5) − 0.2,

0.3 sin t + 0.5 sin(2t + 1), 0.25 − 0.1 sin(t + 1) + sin(2t)]T .
(59)

The external disturbance is �d = k ∗ [sin(2t); cos(2t); sin(t)], where k denotes the disturbance constant. During the
simulation, k was set to various values, so as to show the converge abilities of all the control systems. The sliding
surface of the control system was designed as: s(e(t)) = 2e + 2e(t); the compensator controller was designed as:
R = 0.08I3×3. The parameters of REN and RWN are summarised in Table 3.

The tracking performances of the robot’s three joints is illustrated in Fig. 10. Each sub-figure in Fig. 10 includes
two plots: the upper row indicates the tracking trajectories and the bottom row shows the tracking errors in joint
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Table 4

Comparison of PID, RECMAC, FCMAC, WFBEL and RWBEL controllers

Error PID RECMAC FCMAC WFBEL RWBEL

Joint-1 3.6237e-03 3.3973e-03 3.4450e-03 3.455e-03 3.3685e-03

1 Joint-2 4.2596e-03 4.0359e-03 4.1174e-03 3.9861e-03 3.8851e-03

Joint-3 4.0043e-03 2.2511e-03 2.3343e-03 2.2318e-03 2.1505e-03

Joint-1 1.0102e-02 4.6553e-03 5.5054e-03 4.8088e-03 3.4397e-03

5 Joint-2 1.0583e-02 5.6287e-03 6.4735e-03 5.6132e-03 4.1425e-03

Joint-3 1.6361e-02 3.6129e-03 4.4984e-03 3.4002e-03 2.2804e-03

Joint-1 2.0016e-02 6.6272e-03 8.3463e-03 7.4739e-03 3.7359e-03

10 Joint-2 2.0198e-02 7.7088e-03 9.3793e-03 8.4858e-03 4.5920e-03

Joint-3 3.2359e-02 5.2975e-03 6.9587e-03 5.6235e-03 2.6283e-03

angles. This figure reveals that the error oscillation of the PID controller was large than those of the rest controllers;It
is noteworthy that the error performance of RECMAC and WFBEL was close to each other and both are better tan
FCMAC. In contrast, the performance of the RWBEL control system was much more stable than those of other control
systems.

In order to clearly compare the robustness of the controllers in response to the pattern changing at the 15-th second,
three sub-figures in Fig. 11 illustrate the magnified versions of the tracking trajectories of the three joints from the 14-th
second to 16-th second, respectively. The plotting setup of Fig. 11 is identical with that of Fig. 10. In Fig. 11, the
trajectory performance (shown in the upper row of each sub-figure) of the three network-based control systems are
close; however, the superiority of RWBEL based control system is significant when it comes to the tracking errors
(shown in the bottom row of each sub-figure). In addition, the response speed of the RWBEL control system is the
fastest of all three network-based control systems.

To demonstrate the disturbance resistance ability of the proposed RWBEL network control system, quantitative
performance comparisons of the four control systems under the three levels of disturbance are summarized in Table 4.
The level of disturbance, k, was set to 1, 5, and 10, respectively. This table, showing a similar phenomenon with that
in Figs. 10 and 11, proved that the proposed RWBEL network-based control system can have better performance.
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Figure 10: Trajectory responses and tracking errors of Joints 1,2 and 3
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Figure 11: Trajectory responses and tracking errors from 14s to 16s of Joints 1, 2, and 3
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6. Conclusion

This paper reports a new type of recurrent neural network that integrates the key components of the recurrent mech-
anism, wavelet neural network, and brain emotional learning network, to address the uncertainties of nonlinear systems.
The proposed network has been combined with a compensator controller to form a new network-based control system.
The parameters of the controller were adjusted by using the Lyapunov theorem. The simulated results based on two
uncertain nonlinear systems demonstrate the effectiveness and efficiency of the proposed control system. Despite the
promising experimental results, this work can be further improved. First, it is worthwhile to investigate the application
of other feedback methods to replace the dual channels in the brain emotional learning network. Also, the proposed
controller is required to be further evaluated using real-world applications, especially multiple degrees-of-freedom
robotic systems, to explore its full potential.
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