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Abstract

In this paper we ask when it is possible to transform a given sequence into a frame or a
lower semi frame by multiplying the elements by numbers. In other words, we ask when a given
sequence is a weighted frame or a weighted lower semi frame and for each case we formulate a
conjecture. We determine several conditions under which these conjectures are true. Finally, we
prove an equivalence between two older conjectures, the first one being that any unconditionally
convergent multiplier can be written as a multiplier of Bessel sequences by shifting of weights, and
the second one that every unconditionally convergent multiplier which is invertible can be written
as a multiplier of frames by shifting of weights. We also show that these conjectures are also related
to one of the newly posed conjectures.

Keywords: weighted frames, weighted lower semi frames, multipliers, unconditionally convergent mul-
tipliers.

1 Introduction

Let H be an infinite dimensional separable Hilbert space with inner product (-,-) and norm || - ||.
Throughout the paper we use N as an index set, also implicitly. Let (f,,) be a sequence with elements
of H. Recall that (f,) is called a frame for H if there exist positive constants A and B such that

AIFIP <D UL P < BIFIP, Vfe®. (1)

Frames have been introduced by Duffin and Schaffer [21] and they provide reconstruction formulas on
the entire Hilbert space. More precisely, if (f,) is a frame for H, then there exists a frame (g, ) for H
such that

=Y fdgn =D (o) fns Y EH,

n n



see [21]. Separate consideration of the inequalities in (1) has also been of interest. The sequence (f,)
is a Bessel sequence in H with Bessel bound B € (0, c0) if the upper inequality in (1) holds for every
f € H. For more on frames and Bessel sequences, we refer e.g. to the books [17,26]. The sequence

(fn) is called a lower semi frame for H with bound A > 0 if the lower inequality in (1) holds for every
f € H. A lower semi frame F = (f,) for H provides a reconstruction formula of the type

= i fdgn,  VfeD(Cr), (2)

where (g,) is some Bessel sequence in H and D(Cz) is the domain of the analysis operator! of (f,).

This result dates back to [L5]. Contrary to the frame case, where reconstruction of all the elements of
the Hilbert space is guaranteed, for certain lower semi frames a reconstruction formula may hold only
on a strict subset of H, see [15,33]. For more on lower frame sequences, we refer to [1,2,15, 18,22 33 34].

For the purpose of a notion symmetrical to the lower semi frame one, an upper semi-frame for H has
been introduced [1] to be a Bessel sequence in H that is furthermore complete in H.

This paper is centered on the following notions.

Definition 1.1. A sequence (f,) in H is called a weighted frame® (resp. weighted lower semi frame)
for H if there ezists (wy,) C (0,4+00) such that (w,fn) is a frame (resp. lower semi frame) for H.

Specifically, in this paper we study the following problems

P1) Under which conditions is a given sequence a weighted lower semi frame for H?

P2) Under which conditions is a given sequence a weighted frame for H?

Further introductory definitions and results are given in Sect. 2. Weighted lower semi frames and
Problem P1 are studied in Sect. 3. Similarly, we dedicate Sect. 4 to weighted frames and to Problem
P2. At the end of Sect. 4 we relate the topic to unconditionally convergent multipliers. In particular,
we establish the equivalence between two conjectures put forward in [38]. We show the surprising fact
that if it is true that any unconditionally convergent invertible multiplier is a multiplier of frames by
shifts of weights, then it is also true that any unconditionally convergent multiplier is a multiplier of
Bessel sequences by shifts of weights.

2 Preliminaries

Given an operator T on a vector space we write D(T") for its domain and R(T) for its range. As usual,
the symbol B(H) stands for the set of all bounded operators with domain H and GL(H) denotes the
set of all bounded bijective operators from H onto H. A sequence (f,) of elements of H is complete
in H if its linear span is dense in H. A sequence (f,) in H is called minimal if f; ¢ span(f,)nz;
for all j. As it is well known, (f,) is minimal if and only if it is biorthogonal to some sequence
(gn), i-e. (fn,9m) = Onm; a minimal sequence that is complete in #H has a unique biorthogonal in
H. Throughout the paper, we will make use of two operators associated to a sequence F := (f,).

!See Section 2 for the definition of the analysis operator.
ZWeighted frames were previously introduced and studied in [6, 14,29]. The notion is also connected to scalable
frames [31].



The analysis operator Cx : D(Cx) C H — (% is given by D(Cr) = {f € H : >, ([, fu)]? < oo}
and Crf = ((f, fn), for f € D(Cx). The synthesis operator Dr : D(Dx) C (* — H is given
by D(Dr) = {(cn) € (2 : Y, cnfn converges in H} and Dz(c,) = >, ¢ufn, for (¢,) € D(Dx). The

operator Cr is always closed [15] and Cr = D% [11]. Detailed properties of the analysis and synthesis
operators (alongside other operators associated to sequences) can be found in [11].
Let us recall some basic results from frame theory (that can be found e.g. in [17]). For a Bessel

sequence (f,) and (c,) € £? the series Y - ¢, f, is always convergent. A Riesz basis (f,) for H is a
complete sequence in H satisfying

AZ |Cn|2 <

for some positive constants A and B. A sequence is a Riesz basis for H if it is a frame for H that
has a biorthogonal sequence. As done for frames and lower semi frames, we say that a sequence (f,)
is a weighted Riesz basis for H if there exists (w,) C (0,4+00) such that (w,f,) is a Riesz basis for
H. Note that Problem P2 with respect to weighted Riesz bases is related to the following well-known
characterization of Riesz bases.

> ntn

n

2
<BY e’ V(e) €

Theorem 2.1. [/7, Lemma 3.6.9] A sequence (f,) is a Riesz basis for H if and only if it is an
unconditional basis for H and it is norm-semi-normalized (i.e. 0 < inf || f,|| < sup||fn]| < 00). In other
words, a sequence (f,) is a weighted Riesz basis for H if and only if it is an unconditional basis for H.

In [9, 32] reproducing pairs have been introduced and studied as a way to go beyond the frame
reconstruction formulas. A pair of sequences ((f,),(g,)) is called a reproducing pair for H if the
operator T' defined weakly by (T'f,g) = >, (f, fu)(gn,g) belongs to GL(H). Reproducing pairs are
related to the more general notion of sesquilinear forms. For study on sesquilinear forms, we refer
to [18,22,30].

3 Weighted lower semi frames

Since a weighted frame is, in particular, a weighted lower semi frame, we start by analyzing sequences
that can be transformed into lower semi frames. First, observe that if a sequence is a weighted lower
semi frame for H, then it is complete in H. We conjecture that completeness is furthermore a sufficient
condition for the lower semi frame property:

Conjecture 3.1. Let (f,) be a complete sequence in H and A € (0,00). There exists (wy) C (0,00)
such that (w, f,) s a lower semi frame for H with a bound A.

In this section we determine some classes of sequences for which Conjecture 3.1 holds. First of all,
we prove that the corresponding problem for Bessel sequences can be easily solved and it is helpful for
dealing with special cases of the above conjecture.

Lemma 3.2. Let (f,,) be a sequence in H. For any B > 0 there exists a sequence (\,) C (0,00) such
that (Anfn) is a Bessel sequence with bound B.



Proof. Let B > 0 and let (7,,) C (0,00) be a sequence such that 3" 72 = 1. Define \, = 7,V B|| f,|| ! if
fn #0and A, =1 (or any other positive number) if f,, = 0. Then, by the Cauchy-Schwarz inequality,
we have for all f € H that

STUE AL <> R2BIFIIP = Bl fFII* 0

With this lemma we can then prove our first result.

Proposition 3.3. Let ((f.), (gn)) be a reproducing pair for H. Then there are weights (\,) C (0, 00)
and (B,) C (0,00) such that (ﬁfn) and (%ﬂgn) are lower semi-frames for H, and (A\,gn) and (Bnfn)

are upper semi-frames for H. In particular, Conjecture 3.1 is true for (f,) and (g,).

Proof. Let T' € GL(#) be the operator such that (T'f, g) = >, (f, fu){9n, ) for all f,g € H. Then

(f.9) =D (f fu)hnrg),  Vf.geH, (3)

n

where (h,) = (T tg,).
Let A > 0. By Lemma 3.2, there exists a sequence (\,) C (0,+00) such that (A,h,) is Bessel with
bound A=t Since
(£,9) =Y (LA ) Anhrg), Vg €M,

n

using the Cauchy-Schwarz inequality, similar to [17, Lemma 6.3.2] we get that for every f € H,
IAIE < QO KA AT F) YIS Ak B) < ATHLFIP DD 1AL Fd P

Thus, (A\;'f,) is a lower semi frame for H with bound A. Since (A\,h,) is a Bessel sequence, clearly
(Angn) is also Bessel.

Further, by Lemma 3.2, take a sequence (f3,) C (0,+o00) such that (5, f,) is Bessel with bound
B = A7Y|T71||72. Similar to the above paragraph, using the Cauchy-Schwarz inequality, we get that
the sequence (3, 'h,) is a lower semi frame for H with bound B~!. Then (3, 'g,) is a lower semi frame
for H with bound B~!||T7!|7% = A.

Since (A, f,) and (3, 'g,) are complete in H, clearly (\,g,) and (3,f,) are also complete in H. [

As particular case, Proposition 3.3 applies to sequences (f,) and (g, ) which are weakly dual to each
other in the sense that

(f.9) =Y {f. fadlgnr9),  VEgeEH, (4)

n

or when the operator M given by
Mf = (f gn)fn (5)

is well defined on ‘H and belongs to GL(H). Note that an operator M determined by (5) is a multiplier
with a constant symbol (see Section 4.4 for the definition of multipliers); see [30,37,12] for results related
to the question when a multiplier is in GL(H). For studies of representations of unbounded operators
like (5) we refer to [12].

In particular, by the proofs of Proposition 3.3 and Lemma 3.2, the following can be stated for the
important case of weakly dual sequences:



Corollary 3.4. Let ((f.),(gn)) be a weakly dual pair for H, i.e., (4) holds. Then there are weights
(M) C (0,00) and (B,) C (0,00) such that (5= fu, Angn) and (Bnfn, ,3%9") are weakly dual pairs for H,
(ﬁfn) and (ﬁingn) are lower semi-frames for H, and (\,g,) and (B, f.) are upper semi-frames for H.
The weights can be chosen e.g. as Ay = Tollgnll™" if gn # 0, \n =1 if g, = 0, B = Tl full 7' if fu #0,
and B, =1 if f, =0, where (1,) C (0,00) is a sequence such that Y 12 =1.

As another direct application of Proposition 3.3 we have the following statement for Schauder bases®.

Corollary 3.5. Let (f,) be a sequence in H containing a Schauder basis for H or a frame for H. Then
Conjecture 3.1 is true for (fy).

Recall that when (f,) is a sequence in ‘H whose synthesis operator is closed and surjective, then
there is a Bessel sequence (g,) such that f = > (f, gn)fn for every f € H and (f,) satisfies the lower
frame condition for #H, see [17, Theorem 8.4.1]. Let us now consider the following (more general) case
using closed and surjective operator of the form (5):

Proposition 3.6. Let (f,) and (g,) be sequences in H. Define the operator M by (5) with domain
determined by those f for which the series in (5) converges. If M s closed and R(M) = H, then
Conjecture 3.1 is true for (fp).

Proof. By [13, Lemma 1.1, Corollary 1.2], the operator M admits a pseudo-inverse M which belongs
to B(H) since R(M) = H. This means, in particular, that MM*h = h for every h € H. Then

h=MM"h=> (M hg)fo=> (h,M™g)f,, VheH

By Corollary 3.4, Conjecture 3.1 is true for (f,). O
We proceed with one more class of sequences for which Conjecture 3.1 holds.

Proposition 3.7. Any complete sequence in H whose analysis operator has finite dimensional domain
is a lower semi frame for H (thus, Conjecture 3.1 trivially holds for it).

Proof. Let (f,) be a complete sequence in H such that its analysis operator C' has finite dimensional

(closed) domain D(C). Then for f € D(C) we have

o0

S OUL I =D I PP, (6)

where P is the orthogonal projection onto D(C). The sequence (Pf,) is complete in D(C) and since
dimD(C) = d < oo, there exist f,,, fny, .-, fn, such that Pf,, Pfn,, ..., Pf,, are linearly independent
and thus a Riesz basis for D(C'). This implies that (Pf,) is a lower semi frame for D(C). By (6), (f,)
satisfies the lower frame condition for D(C') and hence (f,) is a lower semi frame for H. O

Note that if the analysis operator C' of (f,,) has finite dimensional domain then also the orthogonal
complement of (f,) is finite dimensional. This follows by the fact that if A L f, for every n, then
h € D(C).

3Recall that a sequence (f,) in H is a Schauder basis for # if there exists a unique sequence (g,) in H such that

f =220, gn) fn for every f € H.



Remark 3.8. As it can be expected, the above propositions do not cover all the possible classes of
sequences for which Conjecture 3.1 holds. As an illustration, consider for example the sequence
(fn)2y = (n(er + €,)), where (e,)5%, denotes an orthonormal basis for H. It is shown in [33]
that (f,,)r2, satisfies the lower frame condltlon for H, but not all the elements of H can be represented
in the form ) ¢, f, (hence, Proposition 3.6 does not apply) and the representation (2) can not be
extended to the entire space H. In a similar way as in [33] it can be shown that (f,,) does not generate
a reproducing pair (f,, g,) for H and thus Proposition 3.3 does not apply. Clearly, the domain of the
analysis operator of (f,,) is not finite dimensional, so Proposition 3.7 does not apply either.

The above remark motivates interest to further consideration of Conjecture 3.1. Let us end this
section showing that we can reduce the conjecture studying only sequences with densely defined analysis
operators.

Theorem 3.9. The following statements are equivalent.

1. Congecture 3.1 is true.

2. Conjecture 3.1 is true for every complete sequence in H whose analysis operator is densely de-

fined*.

Proof. 1. = 2. Clear.

2. = 1. Let F := (f,) be a complete sequence in H with analysis operator Cx. We will prove
that Conjecture 3.1 holds for F' based on the assumption for validity of 2. Let W = D(C%) be the
closure of D(C#) in ‘H and let Py be the orthogonal projection onto W. If dimW < oo, then the
conjecture is true for F by Proposition 3.7. Assume that W has infinite dimension. Recall that H is
separable, therefore W is separable and there exists a unitary operator J : W — H (i.e., J* = J71).
Define (h,) := (Pwf.) and G := (g,) := (Jh,). The sequences (h,) and (g,) are complete in W and
H, respectively. Let Cg : D(Cg) C H — £? be the analysis operator of G. Observe that for f € W the
following relations hold

S NI F )P =D 1 ) Z|ow fa)? Zlffn ,

which implies that Jf € D(Cg) if and only if f € D(Cx). Therefore, JD(Cr) = D(Cg), leading to the
conclusion that D(Cg) is dense in H.

Fix an arbitrary A > 0. Since (g,) is complete in H with D(Cg) being dense in H, by assumption
there is a sequence (w,) C (0,00) such that (w,g,) is a lower semi frame for H with bound A. By
making the substitution w,, = w, + 1, we can assume that w, > 1 for every n. It remains to prove that
(wnfn) is a lower semi frame for H with bound A.

Let f e H. I Y, [(f,wnfn)|> = 0o, then the lower frame inequality trivially holds. Now consider
the remaining case. In this case we have

DAL <D W frwnfu)l?

so f is necessarily in D(Cx) C W. Therefore,

ZI frwnfa) Z! Py frwn fu)|? Z\ Fronbad P =D (T frwnga)* = AITFIP = AlfIP. O

4

i.e., whose synthesis operator is closable [11]; in such case one also has D C C* [16].



In [8] a similar approach looking at the closure of the domain of the analysis operator is used for
results of lower frames sequences and Riesz-Fisher sequences.

4 Weighted frames

Note that in the literature [0, 14, 29] Definition 1.1 was used to define the concept of w-frame while
weighted frames were used either with the meaning of a w-frame or with the meaning of a sequence
which can be transformed to a frame via a weight (w,) C C. Trivially, Definition 1.1 is equivalent to a
definition which requires (w,) C C and w,, # 0 for every n (taking (|w,|) in consideration). Notice that
Lemma 3.2 can bring conclusion for equivalence of Definition 1.1 to a definition that furthermore allows
zero elements in (w,) (so, one can also use [0,+oc] or the entire set C for an equivalent definition).
Indeed, assume that (f,) is a sequence such that (! f,) is a frame for H for some (w]) C [0, 00).
Denote I = {n € N : w;, # 0} and split (f,) = (fin)mer U (fe)rgr- By Lemma 3.2, there exists a
sequence (7y)rgr C (0,00) such that (75 fr)rer is a Bessel sequence. Now, define w, = wy, if n € I and
Wy, = T, if n ¢ I. By construction, (w,) C (0,400). Since (wy, fr)mer is a frame for H and (7, fi)rer is
a Bessel sequence, the sequence (w, f,) is a frame for H.

4.1 Necessary conditions

We begin with some necessary conditions that are easy consequences of known results about frames:

Corollary 4.1. If (f,) is a weighted frame for H, then (f,,) is complete in H and there exists a sequence
(gn) in H such that

F=Y A fdgn =Y (o) fn VI EH,

n n

with unconditional convergence.

As in the case with frames, where completeness is necessary and not sufficient condition when the
space is infinite dimensional, here completeness is also necessary and not sufficient for the weighted
frame property. An illustration is given in the following example.

Example 4.2. Let (f,)22, = (e1 + €)%, where (e,)52, is an orthonormal basis for H. It is easy to
see that (fn)ey is complete in H. However, (f,)32, is not a weighted frame for H. Indeed, with an
argument similar to the one used in [75], there does not ezist a sequence (g,)>, such that

F=Y (f fa)gn, VfEM

Then, by Proposition 4.1, (fn)5, is not a weighted frame for H.

The next statement gives a class of complete sequences that are not weighted frames. For recent
results on completeness in relation to the Bessel and Riesz basis properties we reefer to [35].

Proposition 4.3. Let (f,) be a complete minimal sequence in H whose biorthogonal sequence is not
complete in H. Then (f,) is not a weighted frame for H.



Proof. Suppose that (f,,) is a weighted frame for H and a minimal sequence. In particular, this means
that there exists (w,) C (0,400) such that (w,f,) is a Riesz basis for H. Then the biorthogonal
sequence to (wyf,) is a Riesz basis for H too. This implies that the biorthogonal sequence to (f,) is
complete in H, which leads to a contradiction. O

Remark 4.4. The sequence (f,,)°, in Example 4.2 is minimal and complete in H, and its biorthogonal
sequence is (e,)2,, which is not complete in H. Hence, Proposition 4.3 gives another proof that (f,,)%,
is not a weighted frame for H.

Further necessary conditions for the weighted frame property are given in the next proposition:

Proposition 4.5. Let (f,) be a sequence in ‘H and (w,) C (0,+00) be such that (w,f,) is a Bessel
sequence in H. Then

1. sup,, (W[ foll) < oo;
2. if inf,, || f.|| > 0, then sup,(w,) < co;
3. if (fn) is not a Bessel sequence, then inf,(w,) = 0.

Proof. Statement 1. comes from a well known result that the elements of a Bessel sequence are
norm-bounded from above. Statement 2. follows trivially from 1.

3. Assume that (f,) is not a Bessel sequence and inf,(w,) = ¢ > 0. In this case there exists f € H
such that > |(f, fu)|* = +0oc, which leads to a contradiction:

00 =Y (f fadP <D [ frwnfu)l? < oo, O

Remark 4.6. Let us come back again to the sequence (f,)3%, from Example 4.2. As it was proved
above in different ways, (f,)>, is not a weighted frame for #. Here, we give another proof by applying
Proposition 4.5. Assume that (w, f,,)%°, is a frame for H for some (w,,) C (0,400). Since (f,,)5, is not

a Bessel sequence, inf, (w,)>, = 0 by Proposition 4.5, and thus there exists a subsequence (w,, ) such
that klim Wy, = 0. This leads to the following contradiction:
—+00

s

1= ||€le”2 ~ Zw121|<6nk7fn>|2 = CUQ —0as k — oo.
n

4.2 Sufficient conditions

Proposition 4.7. If a sequence (f,) contains a proper subsequence which is a weighted frame for H,
then (f,) is a weighted frame for H.

Proof. Let us assume that (f,) = (fu,)ker U (gm)mes with some (not necessarily infinite) sequence
(gm)mes in H such that (wgfn, )rer is a frame for H with (wy) C (0,400). Then, by Lemma 3.2, there
exists a sequence (Ay,)mes C (0,+00) such that (A;,gm)mes is a Bessel sequence. Hence, (wy fn, )ker U
(AmGm)mes is a frame for H and (f,) is a weighted frame for H. O



We recall that the excess of a sequence (f,) in H is defined as

6((fn>> = Sup{"]‘ oJ g I and Spﬁ{fn}ne]\J - m{fn}nel}a

and, moreover, a frame has null excess if and only if it is a Riesz basis (see, e.g., [20, Section 8.7])°.
The next statement gives a description of the class of weighted frames among all sequences with finite
positive access.

Proposition 4.8. If a sequence in H has finite positive excess, then it is a weighted frame for H if
and only if it contains a proper subsequence which is a weighted frame for H if and only if it contains
a proper subsequence which is a weighted Riesz basis for H.

Proof. One of the directions follows from Proposition 4.7. For the other direction, assume that (f,) is
a weighted frame for H with finite positive excess. Then there exists (w,) C (0, +00) such that (w,fn)

is a frame for H. Clearly, (w,f,) has finite positive excess. Hence, by [20, Lemma 8.42], there exists
a proper subsequence of (w,f,) which is a Riesz basis for H. Thus, (f,) contains a weighted Riesz
basis. B

4.3 Some characterizations of weighted frames

Here, we consider more general operators than the analysis and synthesis ones. Given a sequence
F = (fn) in H, we consider the operator Cx : H — CN defined by Cxf = ((f, f»)), and the operator
Dr : D(Dx) C CY — H determined by Dx(c,) = Y, ¢, fn for those complex sequences (¢,) for which
>, Cnfn converges in H. Note that Cx is a linear operator between vector spaces and it is equal to the
analysis operator of (f,,) if and only if (f,,) is a Bessel sequence. The following characterizations of the
weighted frame property are inspired and based on known characterizations of the frame property [17,
Corollary 5.5.3 and Theorem 5.5.1].

Proposition 4.9. Given a sequence F = (f,) in H, the following statements are equivalent.
1. (fn) is a weighted frame for H.
2. There exists (w,) C (0,400) such that R(Cx) is a Hilbert space with inner product (-,-),2 defined
by
<<CTL)7 (dn)>w2 - Zwicnd_ru

and Cx is a bounded and bijective operator between H and R(Cx).
3. There exists (wy,) C (0,400) such that the operator D is well-defined on the Hilbert space (2 _,
determined by

2, = {(cn) eCM: Z |ZZQ|2 < oo} . {(en), (dp))p—2 = Z CZJ%,

and R(Dx) =H.

5The excess of frames have been studied also in [3, 4,27,
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4.4 A conjecture about weighted frames and relation to unconditionally
convergent multipliers

Proposition 4.1 suggests the following conjecture:

Conjecture 4.10. A sequence (f,) in H is a weighted frame for H if and only if there is a sequence
(gn) so0 that for every f € H one has f =3 (f, fn)gn with unconditional convergence.

First note that the representation f = > (f, f.)g» in the above conjecture can equivalently be
replaced by f = > (f, gn) fn, because validity of f = > (f, fu)g, with unconditional convergence for
every f € H is equivalent to validity of f = > (f, gn)f, with unconditional convergence for every
f € H (see [38, Lemmas 3.1 and 2.3]).

As it was noticed in Prop. 4.1, the “only if” direction of Conjecture 4.10 holds true, so only the
“if” direction is still open. The “if” direction can be related to conjectures and results on invertible
unconditionally convergent multipliers in [38]. Let us first recall that a multiplier of two sequences
® = (¢,,) and ¥ = (¢,,) in H and a symbol (complex sequence) m = (m,,) is the operator M,, ¢ v given
by

Mm,<1>,\llf = Z mn<fa @bn)(pn (7)

for those f from H for which the series in (7) converges. Multipliers were extensively studied in
[5,10,20,21,23,36-12] and generalized in different ways [7,19]. Note that a multiplier which is defined on
the entire space H is automatically bounded on H [38]. A multiplier M,, ¢ v is said to be unconditionally
convergent if the series in (7) is unconditionally convergent for every f € H. The multiplier of two Bessel
sequences and bounded symbol belongs to B(#) and it is unconditionally convergent [5]. In [38], a main
topic was a converse question, namely, the question whether an unconditionally convergent multiplier
can be written as a multiplier of two Bessel sequences and symbol (1) just by shifting of weights. This
question was affirmatively answered for some classes of multipliers [25, 38] and the general case was
posed as a conjecture:

Conjecture (M1) ( [35]). Let My, 0w be an unconditionally convergent multiplier. Then there exist
(o) € C and (B,) C C such that (cnpn) and (Baiby) are Bessel sequences and oy, 3, = m, for all n.

A question in a similar spirit, related to representation of an invertible multiplier as a multiplier of
frames by shifting of weights, was also investigated in [38] and it can be stated as a conjecture too:

Conjecture (M2) ( [38]). Let M, e v be an unconditionally convergent multiplier which is invertible
on H. Then there exist (a,) C C and (8,) C C such that (anpn) and (B,1n) are frames for H and
B = my, for all n.

The two conjectures (M1) and (M2) are actually related. That validity of (M1) implies validity of
(M2) was observed already in [33]. Surprisingly, the converse implication turned out to also be true.

Theorem 4.11. Conjectures (M1) and (M2) are equivalent.

Proof. (M1) = (M2) See [38, Section 4] for a proof.

(M2) = (M1) Let M,, v be an unconditionally convergent multiplier and thus a bounded
operator on H as well. Write I — M, v = M) rg for some multiplier M) ¢ with symbol (1) and
Bessel sequences F = (f,) and G = (g,,) (for instance, take G to be an orthonormal basis for H and
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fn = (I_Mm,<1>,‘1/)gn fOI' every n) Deﬁne E= <£n) = (()01>f17()027f27 .. ')7 @ = (9n> = (w1,91,¢27927 .- ')7

and m' = (m}) = (my,1,me,1,...). It is easy to see that M,, =z ¢ is unconditionally convergent and
equals to . Then, if Conjecture (M2) is true, there exist (a,,) C C and (f3,) C C such that (a,&,) and
(Bnbn) are frames for H and «,, 0, = m,, for every n, so (ao,—1¢,) and (B2,-11y,) are Bessel sequences

and qop_102n—1 = mb,,_, = m, for all n. O

Let us now return to Conjecture 4.10 and its relation to the above conjectures. Using the equivalence
of definitions of weighted frames discussed at the beginning of Section 4, it is clear that validity of
Conjecture (M2) implies validity of the “if”-direction of Conjecture 4.10 and thus one can state the
following;:

Proposition 4.12. Conjecture (M2) implies Conjecture 4.10.

It is still an open question whether the converse holds, i.e., whether validity of Conjecture 4.10
implies validity of Conjecture (M2).
We end the section with some classes of sequences for which Conjecture 4.10 is true.

Proposition 4.13. Let (f,) and (g,) be sequences in H such that inf,, || fulll|gnll > 0 or (g,) is minimal
or (fn) is minimal. The following statements are equivalent.
1. For every f € H, f =>_(f, fn)gn with unconditional convergence.

n

2. (lgnllfn) and (||gnll"tgn) are dual frames for H.
3. (I fullgn) and (|| full 7t fr) are dual frames for H.

Proof. The implication 2. = 1. (resp. 3. = 1.) follows from well known results in frame theory for any
two sequences (f,,) and (g,) with g, # 0 for every n (resp. (g,) and (f,) with f,, # 0 for every n).

For the converse implications, assume that 1. holds. If inf,, || f,|/||gx|| > 0, then [38, Corollary 3.6] im-
plies that (||g.||f) and (||g. ||~ g.) are Bessel sequences and then [17, Lemma 6.3.2] completes the proof
that 2. holds. If (g,) is minimal, then the proof of [38, Proposition 4.8] implies that inf,, || f.||||g.|| > 0
and thus 2. holds by what is already proved. As mentioned at the beginning of Section 4.4, statement
1. is equivalent to validity of f =" (f, gn)f, with unconditional convergence for every f € H. Thus,
3. holds again from what is already proved. Finally, if (f,) is minimal, then 2. and 3. hold with similar
arguments. O
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