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Abstract

A central goal of biology is to predict the dynamics of multicellular systems. Lineage context (the states of
a cell’s sisters, cousins, etc.) could inform these predictions, but how best to leverage it remains unclear.
Here we introduce lineage inpainting, a generative modeling approach that uses lineage context with tree-
structured transformers and stochastic interpolants to model cell state dynamics across lineage trees. Applied
to a lineage-traced transcriptional atlas of mouse embryogenesis, it recovers dynamics not resolved by gene
expression alone, including multiple transcriptional convergence events where distinct lineages are drawn to
a common state. Despite being fit on unperturbed development, lineage inpainting can generate hypotheses
about perturbation responses by simulating counterfactuals. These simulations agree in many cases with
observed developmental phenotypes, including a single-cell measurement of the Tbx5 knockout response. Our
results show that lineage information provides a rich source of context for learning multicellular dynamics.

1. Introduction

Biologists have long sought to understand how a pluripotent cell gives rise to the many cell types in a fully
developed organism [1–4]. Technologies such as single-cell RNA-sequencing (scRNA-seq) have enabled atlases
which enumerate the cell states that appear during development [5–9]. While these atlases have mapped out cell
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state landscapes in remarkable detail, they do not provide explicit information about how states change over
time, because transcriptomic measurements are typically destructive.

A large body of work has focused on the problem of inferring developmental dynamics from molecular snap-
shots alone [10–17]. A fundamental challenge of these efforts is that the problem is underconstrained: multiple
possible dynamics can give rise to the same snapshots [18]. Many approaches, including optimal transport meth-
ods, resolve this ambiguity through a prescribed transport cost or dynamical regularization that favors short
paths supporting a putative least-action principle driving cell dynamics. These assumptions are useful but can
obscure biological transitions when molecular similarity is an unreliable proxy for shared ancestry or fate [3, 7, 19].

Lineage tracing provides complementary information about cell fate dynamics. Rather than inferring lineage
relationships from molecular similarity, these techniques directly measure shared ancestry. In small, transparent
embryos, such as C. elegans and the early embryo of D. rerio, cell divisions can be tracked by microscopy [20–
22]. Mammalian embryos are larger and less accessible, so lineage relationships are instead reconstructed from
heritable marks that cells pass to their progeny [23–25]. These marks can be naturally occurring DNA mutations,
static barcodes introduced at a given time point, or DNA edits that are continuously introduced over time by
an engineered lineage tracing system [26–32]. In particular, recent methods including DNA Typewriter and
PEtracer use prime editing to continuously and irreversibly modify synthetic edit sites in genomes [33–35]. With
PEtracer, we recently reconstructed lineage trees that resolve ∼ 75% of cell divisions across early embryogenesis
[36]. However, again due to the destructive nature of transcriptomics, the internal node states (and the state
dynamics) cannot be observed directly – regardless of whether trees are measured by imaging or molecular
recording.

The first step to shed light on the full progression of states is to make measurements across developmental
times. If we observe both the lineage tree and transcriptional states at two or more timepoints, we can try to
integrate them by matching the leaves of an earlier tree to the internal nodes of a later one. In C. elegans,
every individual organism follows the same sequence of cell divisions, producing the same tree [7, 20]. Trees from
different organisms can be directly overlaid, and the exact correspondence between cells at different timepoints
is known.

In mammals, however, development is non-deterministic, so lineage relationships do not specify a fixed cor-
respondence between cells in different embryos [37, 38]. Lineage nevertheless provides a context in which to
interpret each cell’s measured state. This context can be informative both because development is regulative,
with cell fates shaped by interactions with other cells [39], and because developmental history can bias fate in
ways not captured by cell state measurements [19, 40]. Considering a cell together with its relatives could there-
fore help distinguish dynamics that are ambiguous without lineage context. This motivates a shift from pairing
cells to instead modeling distributions over states on a tree, considering the cell’s state and its recorded lineage
context simultaneously.

Recent methods have begun to use lineage information for dynamic inference. LineageOT [41] and moslin
[42] refine optimal transport couplings between timepoints using lineage information, returning a coupling over
observed cells rather than a generative model. Consequently, one cannot directly use these methods to sample
trajectories, forecast states, or predict the effects of perturbations. GENOT and related methods [43, 44] provide
approaches to lift such couplings into generative models, but operate at the single-cell level, predicting a cell’s
future or past from its current state alone.

Here we show that lineage context enables more faithful modeling of developmental trajectories beyond
single-cell transcriptional states. We introduce lineage inpainting, a generative approach that jointly samples
unobserved cell states across a reconstructed lineage tree using the states of related cells observed at a single
time point. The transformer architecture provides a natural foundation for this task: their attention mechanisms
can integrate information across variable numbers of cells [45, 46]. We develop a tree-structured attention
mechanism to incorporate lineage relationships and use it to build a transformer-based stochastic interpolant
model [47–49]. We fit the model using a consistency objective: generated states must match observations from
other trees collected at the corresponding developmental times in distribution. This objective allows lineage
inpainting to integrate measurements across embryos without requiring exact cell-to-cell correspondences or a
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predefined transport cost between cell states.

We apply lineage inpainting to PEtracer data spanning mouse embryogenesis from E7.5 to E10.0 [36]. The
model yields a data-driven map of state transitions and recovers transcriptional convergence events missed by
alternatives using gene expression alone, revealing how distinct progenitors can reach a common transcriptional
state. We further show that a model trained on unperturbed development can be used to make predictions about
the developmental effects of genetic perturbations at single-cell resolution. Together, these results demonstrate
that lineage context can improve the reconstruction and prediction of developmental trajectories.

2. Results

The development of an embryo can be represented as a lineage tree branching through time as cells divide
[2]. Retrospective lineage tracing methods such as PEtracer [33, 36] allow us to reconstruct these trees. For
each sequenced cell, these methods provide both its transcriptional state and its position among the leaves of a
reconstructed lineage tree. The internal nodes of that tree represent ancestral cells, each with an inferred time
from molecular clock-based branch length estimation [50, 51]. Because sequencing is destructive each tree is
observed only at a single time. We see the “snapshot” of cells alive at the time of capture (the leaves of the
reconstructed tree) while every earlier ancestor and later descendant is unobserved (Fig. 1a). Sampling multiple
embryos across development yields many trees, observed across different times.

Our goal is to turn these partial observations into a model of developmental dynamics which can condition
on any observed snapshot and sample from the distribution of possible ancestors and descendants of each cell
in the snapshot (Fig. 1b). We split this into two subproblems (Fig. 1c). First, we need to somehow fill in the
unobserved states at internal nodes of measured trees, providing us with samples of complete trees. Second, we
need to fit a generative model capable of sampling from a distribution of states forward or backward in time,
conditional on a single snapshot. We refer to these subproblems as imputation and sampling respectively.

Below, we show how to address these problems. We first introduce a method for filling in internal node
states which learns an imputation function rather than imposing any explicit transport cost, a second generative
model for sampling states which operates over entire trees rather than individual cells and a tree-aware attention
mechanism which underlies both models (Fig. 1d).

2.1. Lineage inpainting

2.1.1. Learning to impute ancestral states

Imputing states at the internal nodes of a tree is a classic problem in phylogenetics. In ancestral state recon-
struction, one has access to trait measurements (e.g., tail length) at the leaves of a phylogenetic tree (i.e., extant
species), and the goal is to reconstruct the traits of ancestral species represented by internal nodes of the phy-
logenetic tree [52–55]. This problem has one key distinction from our lineage tracing setting, which is that in
phylogenetics only a single evolutionary tree is available, whereas in our developmental system we are able to
observe multiple trees which have different observation times.

A common approach to ancestral state reconstruction is to assume that evolutionary dynamics are Brownian.
Under this assumption, Felsenstein’s independent contrasts summarizes descendant states by averages weighted
by their distance in the tree and their uncertainty [52, 56]. The assumption of Brownian dynamics is sensible and
perhaps necessary when one only has access to a single snapshot of a single tree. But with access to observations
across multiple trees at different times, we can hope to learn a more specific ancestral reconstruction operation
which is consistent with our observations.

The central challenge of fitting such an ancestral reconstruction model is that no internal node is ever mea-
sured, so there are no ground-truth ancestral states to regress against. Instead, we optimize our model using a
loss function which encourages imputed node states to be consistent across our trees. Imputing the ancestors
of a tree captured late in development yields a prediction for the populations at earlier timepoints, and we can
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Figure 1 | Reconstructing developmental dynamics using lineage inpainting. (caption con-
tinued on next page)
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(a) Form of preprocessed lineage-traced scRNA-seq snapshots. States at the leaves of the tree are
measured, and the tree topology and internal node timings are measured by tree reconstruction
methods. (b) Our modeling objective: given a population of cells and an associated lineage tree
with unobserved cells, sample from the distribution of possible state-filled trees. Nodes represent
cells, and bold colors represent observed states. Colorless nodes are cells with unobserved states,
pale colored nodes represent predicted node states. (c) A general approach to fitting a model of
developmental dynamics to lineage-traced snapshots. Since direct measurements only ever provide
states at the leaves of a tree, we first fill in internal nodes using an imputation model. We then
mask all but one layer of the tree, and fit a generative model to match the masked node states. We
refer to the two steps of the process as imputation and sampling. (d) (left) Lineage inpainting’s
sampling model is a stochastic interpolant model over trees, where states across an entire tree are
simultaneously denoised using a tree-aware transformer architecture. (right) Lineage inpainting is
built on a modified attention layer which incorporates a tree distance (dtree) bias.

compare these against true measurements of other embryos at earlier timepoints. A good ancestral reconstruction
will match the distribution of the states at each time from the trees we observed at each of those times. Because
each tree anchors this comparison to real data at a different time, requiring all trees to agree constrains the
inferred dynamics to be consistent with our snapshot observations.

We implement this idea as an alignment loss that minimizes the distributional distance, across trees, between
what we call tree features. The simplest and most essential tree feature is the state of a single cell and its
corresponding time. Matching the distribution of these across trees makes the cell population at each time point
consistent from one tree to the next. This alone is not sufficient, because a model can reproduce the correct
distribution of states at every time while still completely distorting the tree structure. So we also align higher-
order tree features, including pairs of sister-cell states and trajectories of states across time (see Section 4.1.3 for
full details). Our alignment loss is the sum of the distributional distance of several tree features, between each
pair of trees (Supplemental Figs. S14– S15).

We compute these imputations with a transformer that takes the nodes of a tree as input, representing each
observed node by its measured state and time, and each unobserved node starts as noise, with the model learning
to turn this noise into consistent imputations. Tree structure is encoded in the model through a modified attention
layer, where we bias each attention score by the tree distance between the two nodes it relates (Box 1).

This imputation model provides predictions backward in time, filling in internal node states given the leaf
states as input. However, it cannot sample from the distribution of descendants of a cell. To make predictions
both forward and backward in time, we fit a separate sampling model.
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Box 1: A tree-structured transformer

A cell’s fate and history are not fully determined by its current transcriptional state alone. Cells sharing a recent
ancestor inherit common factors that indicate their origin and shape how they develop [19, 40]. A single-cell level
predictor is not able to leverage this shared information. Instead, we would ideally like a model that can process an
entire tree — each cell alongside all of its relatives — at once. Here, we show how a simple extension of the transformer
architecture allows us to do this.

The transformer is best known as the architecture at the heart of modern language modeling [57, 58], but it is also
a general purpose tool for processing sets of “tokens”. In language, each “token” is a few characters in a sentence, and
the transformer uses a mechanism called attention to allow each token to aggregate information from all others. Here,
instead each token represents a cell state. Learned projections map token i to a query qi, key ki, and value vi, and
attention updates it by averaging the values according to how well its query matches each key:

hi =
∑

j

αijvj , αij ∝ exp
(

q⊤
i kj√
dk

)
, (1)

with αij normalized over j and dk the query/key dimension. The update therefore combines information from the
cells assigned the largest weights.

On its own, attention treats its inputs as an unordered set: tokens can influence one another only through their
contents, never through their arrangement. Transformers conventionally supply the missing structure with positional
encodings—embeddings of each token’s position added to its input—but these presume a left-to-right ordering like a
token’s position in a sentence, which cells across a branching tree do not have. An alternative approach is to encode
relative position information in the attention mechanism itself [59], by adding distance-dependent biases to the attention
logits. This, in principle, generalizes to any setting where we have a pairwise distance between tokens that can be used
to bias attention (e.g., spatial information).

Here, we use tree distance rather than the distance in the sequence (Fig. 1d). In particular, we use the patristic
distance pat(i, j) between two cells: the total branch length along the path joining them through their most recent
common ancestor. We add the patristic distance to each pair’s attention logit before normalization, scaled by a learnable
weight γ(l,h), one per layer l and head h:

αij ∝ exp
(

q⊤
i kj√
dk

+ γ(l,h) pat(i, j)
)

(2)

Patristic distance is how phylogenetics measures relatedness: under a Brownian model of state drift [52], the variance
of the difference between two cells’ states is proportional to their patristic distance, so biasing attention by it tells the
model that recently diverged cells should resemble one another.

Early layers have large negative γ(l,h), concentrating attention on closer relatives, with positive weights only occurring
in some heads of later layers (layers 3 and 4) favoring more distant relatives (Supplemental Fig. S2).

2.1.2. Learning to sample ancestor and descendant states

Given trees with filled in internal states, our goal is to be able to condition on all the cells alive at any given time
and sample the states for all the descendant and ancestral nodes. This problem resembles settings in computer
vision called “inpainting” where we observe one part of an image and try to sample the rest, matching the natural
distribution over images [60, 61]. Building on these approaches, we introduce a tree-structured generative model
that enables conditionally sampling ancestors and descendants based on the observed snapshot (Section 4.1.4).
Denoising diffusion models (and related flow matching and stochastic interpolant constructions) are widely used
generative models that start from random noise and take denoising steps, with each step leading to sharper
generated samples. We use a training recipe similar to the standard diffusion approach [47]. We pick a snapshot
of the filled in tree to condition on, which we treat as the observed states. We then corrupt the remaining nodes
– treated as unobserved – with noise, and train the model to predict the unnoised clean states. Similar to the
imputation model, we use a tree-based transformer architecture for the sampling model, so that the model can
learn to integrate information over the entire lineage tree. When we want to sample the ancestors or descendants
given an observed snapshot we can then initialize all the unobserved nodes as random noise and iteratively
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de-noise them, conditioning on the observed nodes throughout (Fig. 1d).

2.1.3. Jointly learning to impute and sample

Although in principle the imputation model and sampling model can be completely separate objects, we optimize
the two models jointly (that is, end-to-end and simultaneously). At each training step, the imputation model
first completes a partially observed tree, and that completed tree is then used to train the sampling model.

Because the internal node states used to train the sampler are imperfect synthetic states produced by the
imputation model, training directly on these outputs could lead the sampler to reproduce low-quality outputs
from the imputer. To avoid this, we instead snap the imputer outputs to their nearest observed real cell at
the corresponding or adjacent developmental snapshot, thereby providing sharp (realistic) training targets. We
interleave these targets with training steps that retain the imputed states themselves, allowing the sampling loss
to remain differentiable through the imputer. In this way, the sampler learns to generate realistic cell states while
preserving the developmental correspondence learned by the imputation model (Supplemental Fig. S12). Full
training details are provided in Section 4.1.5.

This decomposition into imputation and sampling is more general than the particular models we use here.
The imputation step can be any procedure that supplies a correspondence between states at different times, and
the sampling step can be any conditional generative model trained on the resulting completed trees. GENOT, for
example, fits into this framework: discrete optimal transport supplies the imputation, and conditional flow match-
ing learns to sample from the resulting coupling. Among the combinations of imputation and sampling methods
we evaluated, jointly optimizing tree-structured transformer models for imputation and sampling performs best
(Supplemental Text S2, Supplemental Figs. S8–S13).

2.2. Evaluating lineage inpainting with synthetic developmental processes

Cells do not always follow minimal displacement paths in gene expression [7], and their trajectories are not always
independent or Markovian with respect to transcriptomic state of a single cell [19, 62]. We test the extent to
which lineage inpainting is able to (1) learn non-least-action dynamics, and (2) learn context-dependent dynamics.
Neither capability can be directly tested on real data, since no state of an internal node is ever measured in real
lineage-traced scRNA-seq data. As such, we turn to synthetic and semi-synthetic datasets.

2.2.1. Lineage inpainting can learn non-least-action dynamics

We first ask whether lineage inpainting can learn developmental dynamics that violate least-action optimal
transport assumptions. Using what we refer to as branch-modified SDEs (Section 4.2.1), we construct two
synthetic developmental processes that have similar marginal distributions, but distinct dynamics: one follows
the least-action principle, while the other has trajectories that cross – violating optimal transport assumptions.
We take snapshots of this process, yielding lineage trees with states at the leaves, at various times, and ask if the
true dynamics can be recovered from these snapshots.

We compare lineage inpainting against three baselines: multimarginal flow matching [48] (a deterministic cell-
state flow baseline that does not use tree structure), GENOT with Sinkhorn couplings [43], which fits couplings
between consecutive time points via entropic optimal transport (also ignoring tree structure), and GENOT with
fused Gromov–Wasserstein (FGW) couplings [42, 43], which incorporates tree structure into the coupling cost.
Full implementations and training details are given in Section 4.2.3.

Across every dimensionality tested, lineage inpainting recovers the true dynamics with high accuracy (Fig. 2a,b,
Supplemental Fig. S1). The GENOT baselines perform well on the first process, where the dynamics are
optimal-transport-like, but degrade on the second, where the crossing structure cannot be recovered by a minimal-
displacement coupling alone. The gap persists even for the FGW-based baseline, which does have access to the
tree: its coupling still includes a state-space displacement cost, which favors the wrong assignment in the crossing
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process (Section 4.2.3). Multimarginal flow matching is far from the truth in both processes at every dimension,
as expected for a deterministic method that cannot represent branching.

To understand if lineage inpainting can perform with more complicated data distributions, we next construct
semi-synthetic datasets where real observed cells are wired together through artificial rules such that the true
dynamics are known. Our approach is to construct large lineage trees out of small cell type motifs. A cell type
motif is simply a repeated pattern of cell types on a lineage tree. For example, a size three motif could be a cell
of type A with daughters of type B and type C [63]. As visually depicted in Fig. 2c, we construct cell type
motifs by picking two real E9.0 cell types as progenitors, and four E9.5 cell types as descendants. Given such a
motif, we can then construct a full lineage tree by repeatedly patterning the same motif, and randomly sampling
different cells of the same type across different instances of the motif.

We test the ability of models to reconstruct the true dynamics from snapshots across 32 random choices of
6-node cell type motifs (Fig. 2c). Since these cell types are randomly chosen, they can be optimal-transport-
like (where child cell types closely resemble their parent cell types) by chance, but they need not be. We
find that GENOT models generally perform well when dynamics are OT-like but fail otherwise, as we might
expect. Lineage inpainting similarly performs well on OT-like motifs, but maintains strong performance across a
broader range of dynamics. We can characterize the dynamics where lineage inpainting succeeds. We call a motif
Felsenstein-like if assigning the two sibling-group means to their imposed progenitors is cheaper than swapping
the groups – this echoes the inductive bias built into our architecture. We find that lineage inpainting recovers
essentially every Felsenstein-like motif and fails only outside that set. In some cases, the randomly chosen cell
type motif is neither OT-like or Felsenstein-like. Such cases can be pathological – such as when two very distinct
cell types switch fates (Fig. 2c). In the sampled motifs, every motif classified as optimal-transport-like is also
Felsenstein-like. Here lineage inpainting captures a broader range of motifs than the OT-based generative models.

2.2.2. Lineage inpainting can learn context-dependent dynamics

We next ask if lineage inpainting models are able to learn context-dependent dynamics. That is, if they are
able to extract information from a cell’s lineage context to improve predictions of its past and future. Again,
we first test this using fully synthetic data generated by branch-modified SDEs. We construct a dataset where
a progenitor commits stochastically to one of two fates at an early time. For several subsequent divisions the
committed fate biases each descendant’s state only weakly, such that it can be obscured by noise (with scale σ).
Several generations later the two fates diverge clearly.

When σ is large, a method that processes cells one at a time has access only to the very noisy information
about early commitment steps. In contrast, a method that aggregates evidence across a clone should be able to
make a more accurate prediction by averaging over it. Because the lineage inpainting model attends over cells in
a subtree simultaneously, it can in principle perform this aggregation. Indeed, we find that lineage inpainting is
able to extract this early fate bias from lineage context (Fig. 2d,e). At low noise (σ = 0.2), where the fate bias
is clear from a single cell, all methods perform well, and increasing the context adds little. However, as noise
increases, lineage inpainting performance improves with context size and further outperforms alternatives.

Having shown that lineage inpainting benefits from lineage context in synthetic datasets, we now move to a
semi-synthetic setting with real cells. We again use the same kind of cell type motif, but with a different motif
structure, which resembles a transcriptional convergence event. We build trees using a mixture of two motifs
that share a child type B (Fig. 2f) – in other words, there are two paths to making the same cell type. In both
motifs, the parent of the shared child type is determined by the type of its cousin. To infer the ancestor of a
type B cell, a model must therefore copy its cousin’s cell type.

Models which operate at the single-cell level cannot perform this context copying operation, since they take
only a single cell as input. Lineage inpainting, however, has access to the cousin cell type at test time. Across
10 random instances of these motifs, lineage inpainting is able to correctly assign the cell type of the ancestral
cells reliably (Fig. 2f).

Together, these benchmarks show that lineage inpainting recovers couplings that minimal displacement can-
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not, and resolves dynamics that no single cell’s state determines, in both simulated and real cell states.

2.3. Modeling mouse embryogenesis using a lineage-traced atlas

Having established the model’s performance on synthetic data, we next apply lineage inpainting to our primary
setting: mouse embryogenesis. We assemble a ∼4-million-cell atlas spanning E7.5 to E10.0, combining 1.4 million
lineage-traced cells from [36] with non-lineage-traced cells from the same dataset and from Qiu et al. [9]. The
cells from these two datasets are integrated in a single scVI model [64]. We fit a single lineage inpainting model
to this combined dataset, operating on the scVI latent space (see Sections 4.3 and 4.1.3).

To visualize the ancestor–descendant coupling learned by the model, we construct a cell-type-level transition
map spanning E7.5 to E10.0 (Fig. 3a). For each observed time point, we take the trees with leaves at that time
point, sample their internal node states near the previous observed time point. We then label these imputed
states by their nearest neighbors and aggregate into a cell type transition map (Section 4.4.1). Despite being
completely blind to labels during training time, lineage inpainting recovers a cell-type transition map which largely
recapitulates known transitions. Compared with the manually curated list of cell state transitions presented in
Qiu et al. [9], 93% of inferred single-cell transitions are consistent, with the remainder detailed in Supplemental
Fig. S4. Notably, this map captures the multiple mesodermal origins of endothelial cells [65–68]. We next ask
if the individual state transitions are faithful at single-cell resolution. We evaluate the model at the single-cell
level using six metrics which evaluate the distribution of states, individual trajectories, and the structure of
the tree as a whole (Section 4.2.2). Two metrics are purely data-driven and do not rely on cell type labels or
biological prior knowledge: clonal distortion, which measures whether pushing a clone back to an ancestral state
and then forward recovers the clone’s original distribution of states, and marginal distortion, which measures the
disagreement between the model’s imputed distributions and the empirical cell-state distribution at each observed
time point. Three metrics assess individual trajectories and draw on cell type annotations: how often inferred
transitions cross germ layers (germ layer crossing rate) or oscillate between cell-type labels (lineage oscillation
rate), and how well ancestor and descendant expression is correlated for Hox genes known to remain stable within
neural ectoderm and neural crest cell types (Hox code distortion) [69]. Finally, linkage distortion compares the
ancestral-linkage matrix [36, 70] – a summary of how recently pairs of cell types shared a common progenitor
– between real and model-imputed trees, quantifying whether the model preserves tree structure rather than
individual trajectories or state distributions alone.

Across all six metrics, lineage inpainting outperforms two optimal transport baselines fit to the same atlas,
GENOT-Sinkhorn and GENOT-cbFGW [43] (Fig. 3b, Supplemental Fig. S3).

We next ask how much lineage inpainting uses lineage context to refine its predictions, separately for ancestor
and descendant prediction (Section 4.4.2). Because neither direction has ground-truth states, we score both
by cycle consistency: whether states pushed to another time and back recover the starting distribution. For
ancestral inference, we fix a target internal node and vary the amount of descendant context provided as input.
For descendant inference, we infer a fixed target leaf set from ancestral snapshots with varying numbers of cousins
and conditioning times.

In both directions, increasing context improves performance (Fig. 3c,e). At the smallest context sizes, lineage
inpainting is comparable to or worse than the GENOT baselines. However, with additional context, it continues
to improve well beyond them. The benefit of added context is not uniform across cell types (Fig. 3d,f). For
ancestral inference, the largest gains appear in epidermal progenitors, while the cervical spinal cord benefits least.
For descendant inference, the endothelial cells gain the most and the cervical spinal cord the least.

Taken together, these results indicate that lineage inpainting learns biologically sensible cell-state transitions
from the mouse embryogenesis atlas. Its performance increases as a result of its ability to make use of lineage
context.
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Figure 2 | Lineage inpainting leverages tree topology and lineage context to reconstruct
synthetic developmental processes. (caption continued on next page)
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(a) (left) Ground truth and reconstructed dynamics for an optimal-transport-like developmental
process. (right) Mean fate accuracy of 7 → 8 predictions of each model, across the 1D dynamics
linearly projected to higher dimensions. (b) Identical to (a), but with crossing trajectories that
violate optimal transport assumptions. (c) (top left) Cartoon illustrating design scheme for synthetic
datasets constructed from random cell type motifs. (top right) Example possible cell type motifs,
classified as optimal-transport-like, Felsenstein-like, or neither. (bottom) Performance across the 32
sampled motifs for each method, measured by child-type accuracy (colorbar clipped below at 0.5).
(d) Ground truth and reconstructed dynamics for a noisy early fate commitment, across different
context sizes. Input cousin context shown in yellow, and lineage inpainting predictions shown in
pink. (e) Lineage inpainting performance as a function of context size, across early fate commitment
dynamics with varying noise levels. Baselines (which cannot scale with context) are shown in dotted
lines. (f) (left) Cartoon illustrating a design scheme for synthetic datasets with context-dependent
dynamics, in which the progenitor identity of type B children is determined by their cousins. (right)
Progenitor type accuracy (whether the imputed ancestor is automatically assigned the correct cell
type) over 10 random draws of motifs. Accuracy shown across all progenitors and split by whether
the transition is within or between types (e.g. A → A or A → B).

2.4. Lineage inpainting resolves transcriptional convergence dynamics

Having fit a lineage inpainting model of mouse development, we ask how its inferred dynamics differ from those
of optimal transport in the gene expression latent space. We compare against GENOT-Sinkhorn [43]. To make
the comparison, we sample a discrete coupling between cells from each model (Section 4.2.3). Across all adjacent
time points, we measured the disagreement between the models as the L2 distance between their two predicted
progenitor states (Fig. 4a).

The disagreement depends on cell type. For some cell types it is small, and OT and lineage inpainting
recovered similar ancestors. For others – endothelial cells and several classes of differentiated neurons – the
difference is large (Fig. 4b). We ask what distinguishes these cell types.

From our synthetic and semi-synthetic experiments, we know that cell-level models struggle to capture con-
vergence events, while lineage inpainting is able to resolve them using lineage context (recall Fig. 2f). To test if
this is the source of the disagreement between the models in the mouse development setting, we need a way to
score convergence. Convergence is a statement about origins rather than present states: if cells that look alike
today descend from a single progenitor population, their inferred ancestors should also look alike, whereas if the
same state was reached independently from diverse origins, those ancestors will be scattered across the expression
space.

We turn this intuition into a per-cell score by taking the 100 nearest neighbors of each cell in the scVI latent
space and measuring the transcriptional variance among their inferred progenitors, relative to the local spacing
of cells (Section 4.4.3). Because the neighbors are by construction similar in their current state, any remaining
variance among their ancestors reflects divergence in origin rather than in present identity. Across cell types, the
convergence score aligned with the OT-vs-lineage inpainting disagreement (Spearman ρ = 0.78), and the same
cell types were high on both (Fig. 4b, Supplemental Fig. S5).

Endothelial cells are the clearest example of transcriptional convergence. Their inferred progenitors fall
largely into five cell types: somatic mesoderm, dermomyotome, splanchnic mesoderm, head paraxial mesoderm
and allantois (Fig. 4c), suggesting that endothelium is generated independently by paraxial, lateral plate and
extraembryonic mesoderm. This model prediction is consistent with prior literature establishing that endothelium
arises from multiple distinct lineage origins [65–68].

The model reaches this conclusion from lineage context rather than expression alone. At E9.5 endothelial cells
sit in clades composed predominantly of leaves of a single other type, with different endothelial cells embedded
among different types (Fig. 4c), and the model assigns ancestors accordingly. Cell-level models such as GENOT
have no access to this clonal information at test time, and consequently struggle to distinguish endothelial cells
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Figure 3 | Summarizing cell state transitions inferred by lineage inpainting. (caption con-
tinued on next page)
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(a) Transition map inferred by lineage inpainting, coarse-grained to the cell type level, ordered by
timepoint and colored by germ layer. Node size scales with cell count. Edge thresholding method
is provided in Section 4.4.1. (b) Quality control metrics across transition maps inferred by lineage
inpainting, GENOT-Sinkhorn and GENOT-cbFGW. Lower is better across all metrics. Metric defi-
nitions are provided in Section 4.2.2. (c) Model performance, measured by cycle consistency (leaves
→ root → leaves), as a function of the temporal extent of revealed context (tleaf − tMRCA, in embryo
days). Dotted lines are GENOT baselines which do not scale with context. (d) Identical to (c),
stratified by cell type, each shown in gray lines. The two fates gaining most and least from context
are highlighted by red and blue curves respectively. Epiderm. prog. = epidermal progenitor and sp.
cord (cerv.) = spinal cord (cervical) (e) Cycle consistency performance as a function of the number
of cousins used in the descendant inference step. (f) Identical to (e), stratified by cell type. Again,
the most and least context benefiting cell types are shown in red and blue respectively. Endoth. cell
= Endothelial cell. Error bars in (d,f) are descriptive standard errors across evaluation rows.

of different origins based on their transcriptomes alone.

2.5. Quantifying transcriptional memory and erasure in convergent differentiation

When distinct lineages converge on a common cell type, what happens to the differences between them? In
1976, Lewis and Wolpert [71] proposed that cells could have the same functional identity while retaining distinct
signatures associated with their spatial location (or positional information), an idea they called non-equivalence.
In transcriptional convergence events where multiple cell types are produced independently in different regions
of the embryo, non-equivalence suggests that convergent cell types may retain signatures of their origin.

Targeted experimental studies have tested non-equivalence in individual cell types. Some cell types appear
molecularly equivalent across lineages: macrophages arising from distinct origins placed in the same niche become
near indistinguishable [72]. In contrast, fibroblasts epigenetically maintain their embryonic Hox code expression
[73]. These individual case studies show that origin-specific differences can persist to varying extents in different
cell types. Here, we use lineage inpainting to quantify origin-specific transcriptional memory across multiple
convergence events in the embryo.

We focus on three cell types with high convergence scores: endothelial cells, spinal cord interneurons and
somatic motor neurons (Fig. 4b). For endothelium, we compare origins in paraxial mesoderm, a tissue along the
sides of the developing spine, and lateral plate mesoderm, which lies further to the sides. For the neurons, we
compare origins along the anterior-posterior axis, which we separate using spinal cord and hindbrain annotations
[74]. We defined transcriptional programs distinguishing these sources, together with cell type identity programs,
by linear discriminant analysis between labeled cells (Section 4.4.3, Fig. 4d).

Binning the inferred trajectories by their E8.5 source and following them along both programs shows that
across all three convergence events, cells first diversify along the source-associated program, then establish cell
type identity with similar dynamics across distinct sources (Fig. 4e). Notably, the dynamics of diversification
are not the same across types: endothelial progenitors are already separated along the paraxial versus lateral
plate program at E7.5, before the endothelial identity program is established, whereas the neuron progenitors
remain similar on the anterior-posterior program until after E7.5. The stability of the positional transcriptional
program is also distinct between ECs and neurons. Endothelial cells begin to lose their spatial distinctness as
the identity program establishes: the separation peaks near E8.5 and then narrows through E9.5. In contrast,
the neurons hold theirs stably after E8.5.

These results suggest that neurons retain more memory of their origin than endothelial cells do. We next
quantify this memory at the level of individual genes. For each convergence event, we measure expression
differences between source populations at E8.5, for instance between paraxial-derived and lateral plate-derived
endothelial progenitors, and compare them with differences between their differentiated descendants at E9.5
(Fig. 4f). We call genes with origin-associated differences at both times memory genes, and those whose
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differences are no longer detected at E9.5 erased genes.

All convergence events have some memory genes and some erased genes, but the proportions vary across cell
types (Fig. 4g). Endothelium retains a number of memory genes but erases a far larger share of its origin-specific
differences than any of the neuronal types, which retain considerably more. This is consistent with the regional
specialization of neurons [75–77]. We find that spatial markers – Hox genes in particular – are retained across
every event we examined, including Hoxa7, Hoxa9 and Hoxb9 in endothelium and spinal cord interneurons and
Hoxc6 and Hoxc9 in somatic motor neurons.

Across these convergence events, cells acquire a shared identity while retaining some transcriptional differences
between their origins, consistent with the idea of non-equivalence. The extent and dynamics of transcriptional
memory retention and erasure vary between cell types.

2.6. Reasoning about developmental effects of genetic perturbations

Lineage inpainting provides a model of developmental dynamics in unperturbed embryos. We next ask if this
purely observational model can be used to reason about the effects of genetic perturbations. Intuitively, a model
of developmental lineage trees is a good source for reasonable hypotheses about genetic perturbation effects. For
any gene, the model shows which progenitor cells express it and what those progenitors give rise to. It also shows
the developmental output of similar progenitors that do not express the gene. Together, these can be used to
hypothesize an effect of genetic knockout.

To test this, we treat our observational model as causal: perturbing a gene alters the states of individual
cells, but leaves the state transition rules unchanged, such that the same forward model can be applied to cells
that a perturbation has displaced in state space. Under this assumption, we simulate a knockout by projecting
perturbed cells to their nearest neighbors that do not express target gene [79], and propagate them forward
through the tree, exactly as we do in the unperturbed case. Cells lacking nearby non-expressing observations are
considered off-manifold and are not propagated further.

We simulate the knockout of each of the 3,956 highly variable genes on which the model is fit and categorize
perturbations based on which coarse cell type they most severely deplete. Within each category, the most specific
depleting perturbations are usually its well-known regulators. In particular, Sox10 is the most specific neural
crest-depleting perturbation [80], Foxc1/2 for the paraxial mesoderm [81], Foxa1/2 for the endoderm [82], and
so on. These textbook regulators were not chosen manually, but rather emerge from an untargeted screen over
all highly variable genes, ordered by cell type depletion specificity.

To more broadly test lineage inpainting predictions for genetic knockout effects, we compare the predicted cell
type abundances to knockout phenotypes annotated in the Mouse Genome Database (MGD) [83]. We filtered to
MGD phenotype annotations indicating abnormal development of a structure for which we have corresponding
cell type annotations. This yields 1,539 gene to cell type pairs, each of which represents a cell type known to be
affected by a defect in the paired gene. We then measure, for each pair, the extent to which genetic knockout is
predicted to perturb the paired cell type (Fig. 5b, Supplemental Fig. S6). We find that annotated pairs have
a larger fraction of perturbed cells (median 82%) compared with a background of randomly paired cell types and
genes (median 40%).

Agreement with the MGD annotations varies by tissue (Fig. 5b). Median perturbed fraction is high for
vascular (91%) and cardiac (85%) cell types but lower for neural cell types (73%). This likely reflects the
developmental window of the model: neuronal differentiation is just beginning around E9.0, and many MGD
neural phenotypes may arise later.

We next ask if these predictions are consistent with human loss-of-function effects, using gnomAD gene
constraint scores [84, 85] as a measure of the consequences of genetic perturbation. If the model captures
developmental effects that generalize across species, genes more strongly constrained in humans should have
more severe predicted effects. We identify the 100 most and least constrained of the 3,591 screened genes
with human orthologs (LOEUF ≤ 0.22 and ≥ 1.75, respectively), and evaluate their predicted perturbation
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Figure 4 | Lineage inpainting captures transcriptional convergence dynamics. (caption
continued on next page)
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(a) UMAPs of the E8.0-E10.0 lineage-traced cells. (left) Hued by coarse cell type, (center) by the
smoothed discrepancy between GENOT-Sinkhorn and lineage inpainting inferred ancestors, (right)
by convergence score (Section 4.4.3). (b) Convergence score and OT discrepancy aggregated at the
cell type level (one point per cell type). Neurons and endothelial cell types are highlighted. (c)
(left) Origin of E9.5 endothelial cell leaves, traced to their inferred E8.5 source ancestor and hued
by source type. (center) Bar chart showing source-type composition. (right) Representative subtrees
showing observed leaves and inferred ancestors of endothelial cells. (d) Origin of E9.5 leaves, hued by
spatial program score: endothelial cells hued by lateral plate vs. paraxial program, and spinal cord
interneurons together with somatic motor neurons, both hued by an anterior vs. posterior program.
(e) Program scores along inferred trajectories. Trajectories are binned into equal sizes by spatial
program score at E8.5. Hue for neurons matches color bar in (d). (f) Quantifying gene expression
memory in convergence events, by comparing source-dependent differential expression at E9.5 and
differential expression between sources at E8.5. Genes distinct between cells of the two origins at
both times are considered memory genes (teal) while those whose E8.5 difference is gone by E9.5 are
considered erased (orange). (g) Proportion of memory and erased genes across six convergent cell
types, with the number of origin-distinct genes behind each bar shown in gray.

severity (measured as the L2 norm of predicted cell type abundance log fold changes from the reference). Highly
constrained genes have a predicted median effect score of 32.6, compared to 7.4 for unconstrained genes.

Mutational constraint indicates how essential a gene is, but not the nature of its effect. The remainder of this
section focuses on the heart, where we can develop a finer-grained understanding of the model predictions and
capabilities. We first consider the model’s predictions for a set of genes implicated in congenital heart disorders
(CHD) [78]. Of the 21 genes shared between our highly variable genes and the database, 19 are predicted to
deplete heart cells by over 10% (Fig. 5d).

Beyond predicting whether a perturbation affects the heart, the model can also predict when a perturbation
effect begins. By comparing the counterfactual trees to the control trees, we can identify when a perturbed lineage
first diverges from its unperturbed counterpart, which we refer to as the shift time. Across the 21 CHD-related
genes, we find that shift time aligns closely with specificity of heart depletion (Fig. 5e). This aligns with the
intuition that a perturbation that removes a broadly required gene diverts cells early, whereas one specific to the
heart cannot act until that population has been defined.

2.7. Lineage inpainting predicts the developmental dynamics of Tbx5-perturbed embryos

We next ask how the predicted effects of Tbx5 knockout unfold across developmental trajectories. We first ask
when the model predicts that trajectories will shift in the Tbx5 knockout, resolved by cell subtype. We find
that heart trajectories are affected quite early, many prior to E8.0, while forelimb field trajectories shift much
later (Fig. 5f). This suggests the cardiac and forelimb effects of Tbx5 arise in separate progenitor populations,
rather than through a shared progenitor [86]. This can be appreciated by looking at inferred Tbx5 expression
along the tree, where the gene turns on only after clades have become biased to only forelimb or only heart
(Fig. 5g). To test this across all trees, we compute for each heart and forelimb trajectory when it becomes
fate-biased (generating only heart or only forelimb descendants) and when it begins to express Tbx5. Tbx5 turns
on after restriction to the heart or forelimb fate, rather than within earlier progenitors that produce both cell
types (Fig. 5h).

Within the heart, the predicted shifts are not uniform. The inflow tract and the atria are strongly shifted,
while the outflow tract is much less so (Fig. 5f), so posterior cell types are more affected than anterior ones,
consistent with prior work [87–89]. We next ask if this pattern persists at a more fine-grained level than cell type
labels. We measure shift magnitude as nearest-neighbor distortion, defined for each reference cell as its distance
to the nearest perturbed cell, normalized by its distance to the nearest reference cell (Section 4.4.4). We find that
the pattern persists at the single-cell level: a higher posterior program score corresponds to a higher predicted
nearest-neighbor distortion (Fig. 5i).
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Figure 5 | Lineage inpainting suggests developmental effects of genetic perturbations.
(caption continued on next page)
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(a) Visualization of 3,939 simulated perturbations by UMAP of mean perturbation effect at E9.0.
Each point corresponds to a simulated knockout embryo, hued by the coarse cell type label it most
depletes. Inset UMAPs show knockout effects at single cell resolution on the E9.0 embryo UMAP (log
nearest-neighbor distortion: distance from reference cell to nearest neighbor in simulated knockout
embryo, normalized to nearest-neighbor distance of a control; Section 4.4.4), for knockouts which
most specifically deplete selected coarse cell types. (b) Fraction of cell type c perturbed by knockout
of gene g, over 1,539 annotated (g, c) pairs, shown against a matched random-pair null and separated
by broad tissue of c. (c) Predicted perturbation effect strength (L2 norm of cell type abundance
log fold changes) for the 100 most and 100 least loss-of-function constrained screen genes, binned by
gnomAD LOEUF. (d) Share of heart trajectories shifted versus total trajectories shifted at E9.0 for
21 overlapping genes from Sierant et al. [78]. (e) Heart specificity (defined as log-ratio of heart shift
to total shift fraction) against the mean time when trajectories are shifted from the reference tree. (f)
Trajectories shifted in the Tbx5 knockout as a function of time, resolved by cell subtype, with the heart
subtypes and the forelimb field highlighted. (g) Inferred Tbx5 expression along an example subtree
pruned to forelimb field and heart, shown with instantaneous expression (left) and accumulated along
each path (right), with the onset of expression marked. (h) Cumulative share of trajectories that
have become biased to a single fate (solid) and that have turned Tbx5 on (dashed), separately for
heart and forelimb across all E9.5 trees. (i) Predicted nearest-neighbor distortion against posterior
second heart field program score, for all heart tube reference cells. The transcription factors marking
each end of the program axis are listed below the panel. (j) Integrated latent space over the E9.5
reference and 88,328 Tbx5 crispant cells, hued by lineage. (k) The E9.5 heart tube, reference and
Tbx5 crispant hued by subtype. (l) Predicted and measured nearest-neighbor distortion over the E9.5
heart tube. (m) Predicted against measured distortion, one point per reference cell, with subtype
means overlaid.

We next test this prediction of distortion stratified along the anterior-posterior axis experimentally. We per-
formed scRNA-seq at E9.5 on eight Tbx5 crispant embryos, recovering roughly 9·104 cells (Fig. 5j, Section 4.3.2).
These include 1,691 heart tube cells (Fig. 5k). For each reference cell in the heart tube, we compute the distor-
tion of its nearest neighbors in the crispant data (Section 4.4.4), and compare this to the distortion predicted by
lineage inpainting (Fig. 5l). The measured and predicted distortions are correlated at the single cell level, with
r = 0.57 (Fig. 5m).

The model predictions do not perfectly match measured perturbation effects. Within the heart tube, the main
disagreement is the atrioventricular canal, which the model predicts to be shifted but which is not. More globally,
crispant embryos show a delay in neuronal development that lineage inpainting does not predict (Supplemental
Fig. S7).

Taken together, these results suggest that a purely observational model of development can recover many
known responses to genetic perturbation, despite resting on rather extreme assumptions. And beyond reca-
pitulating known coarse developmental phenotypes, lineage inpainting provides further fine-grained predictions
about the timing of a perturbation’s effect and the specific transcriptional states it may deplete. In the case of
Tbx5, these predictions separate its cardiac and forelimb requirements, and resolve a graded distortion along the
anterior-posterior axis of the heart that we confirm by direct measurement of crispant embryos.

3. Discussion

Many biological processes unfold over time across communities of cells. However, directly observing changes in
transcriptional state over time is typically not possible, as comprehensive measurements of gene expression are
destructive. Instead we must reconstruct dynamics from snapshots. Yet the past and future state of a cell are
not in general predictable from its current state alone, since cell fate also depends on a cell’s history and the
external signals it encounters. In this work, we have shown that lineage information provides a rich source of
context for the reconstruction of multicellular dynamics.
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We established a framework for modeling cell state dynamics across entire developmental trees using lineage
context, rather than modeling individual cell trajectories independently. We introduced lineage inpainting,
and showed that it can recover non-optimal-transport and context-dependent cell state dynamics. By applying
lineage inpainting to mouse embryogenesis data, we resolved transcriptional convergence dynamics inaccessible to
alternative approaches. Finally, we showed that despite being fit on observational data alone, lineage inpainting
can be used to generate reasonable hypotheses about perturbation effects. In sum, this work takes a step toward
what one might call a virtual embryo – a model which can forecast the fates and origins of cells across the embryo
and simulate counterfactuals.

While we have initially applied lineage inpainting to lineage-traced scRNA-seq, in principle the same modeling
approach can extend naturally to include other types of cellular context. With lineage-traced spatial transcrip-
tomic readouts [33, 90], one can simply add an additional bias term to the tree-structured transformer (Box 1),
using a function of spatial distance rather than lineage distance.

Our work raises several threads for future study, in regard to both computational methodology as well as
biology. While lineage inpainting is generative in the sense that it samples from a distribution over cell states
on a lineage tree, it does not generate the structure of the tree itself and instead takes it as an input. Is it
possible to simultaneously generate the lineage tree structure alongside the transcriptional states? Recent work
on generative modeling for phylogenetic inference provides early evidence that such a model may be feasible
[91, 92].

While lineage inpainting infers cell states on lineage trees, it does not model mechanisms underlying state
transitions directly. It does not have any explicit notion of gene regulatory networks, cell signaling, or cell-cell
interactions. Is it possible to build mechanistic information into the model, as recent work has explored for
cell-level models [93]? This may require extending models to integrate with other measurement modalities, such
as ATAC-seq [94], spatial transcriptomics [95], or readouts of signaling pathway activation [96, 97]. Mechanistic
models may lead to stronger out-of-distribution generalization for testing counterfactuals.

Overall, we believe this work demonstrates the importance of models which move beyond individual cell
trajectories to considering multicellular systems across multiple scales. The ideas developed here are more general
than embryogenesis alone, and may be useful in the study of cancer, inflammation, infection, regeneration and
other multicellular dynamical phenomena.

Code and data availability

The code necessary to reproduce the results of this paper are available at this GitHub repository1. The data
necessary to reproduce the results of this paper, including the Tbx5 mutant scRNA-seq data, are provided on
Zenodo, at 10.5281/zenodo.23750040.
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4. Methods

4.1. Implementing lineage inpainting

In this section, we outline in more detail the precise model fitting, model architecture, and sampling procedures
we implement in lineage inpainting models. We first introduce the general impute-and-sample framework, then
the details of our particular implementations of the imputation and sampling step.

We describe three technical contributions: (1) a tree-aware attention mechanism inspired by phylogenetic
comparative methods [52], (2) a divergence between distributions over complete lineage trees which we use as a
loss function for imputation models [98], and (3) a stochastic interpolant model for sampling from distributions
over lineage trees [49].

4.1.1. The impute-and-sample framework

Our goal is to fit a model which, given a lineage tree with a single snapshot of states observed, can sample from
the distribution of possible complete trees where all states, past and future, are known (recall Fig. 1a). The
data available are incomplete, in the sense that we only ever observe the states at the leaves of lineage trees
(Fig. 1b).

Many approaches to fitting such a model can be broken into two components which we refer to as imputation
and sampling (Fig. 1c). The central idea is that the sampler is a generative model which must be fit using
complete lineage trees where all node states are observed. Because our direct observations have states only at
the leaves, the sampler must instead be fit on trees where the internal node states are somehow imputed by a
separate procedure.

Existing methods can be thought of under the umbrella of this impute-and-sample framework. In GENOT
[43], for example, the imputer is an entropic optimal-transport coupling between marginals at different timepoints,
which defines a distribution over possible ancestor–descendant pairings; the sampler is a cell-level conditional
flow-matching model trained to reproduce the cell–cell relationships encoded by this coupling.

The impute-and-sample framework is useful for laying out the design space of models. One can imagine many
different imputation methods: discrete optimal transport methods, deterministic ancestral reconstructions (such
as Felsenstein’s method [52]) or a learnable approach as we will describe below in Section 4.1.3. Similarly, one
can imagine many different samplers: a large family of generative models for conditional sampling have been
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explored in recent years [15, 47, 49, 99]. One could apply these directly and sample states independently, or one
could try to sample states across an entire tree jointly, as we will describe below in Sec. 4.1.4. In Supp. S2 we
explore many possible pairings of imputers and samplers, and choose our implementation accordingly.

4.1.2. A tree-aware transformer architecture for lineage trees

Both the imputation and sampling models we introduce below are built from a shared architectural backbone
for processing lineage trees simultaneously. It is an extension of the transformer architecture [57, 58], which
maps a set of input tokens to a set of output tokens. Here, each node of a lineage tree corresponds to a token.
Beyond this redefinition of the token, we make two core modifications: (1) a biased attention layer which encodes
the structure of the lineage tree and (2) a tree-dependent additive displacement for each output token, which
provides an inductive bias inspired by classical ideas in phylogenetics about modeling the evolution of states on
a tree [52].

Encoding tree structure in a biased attention mechanism Transformers are built around the attention
mechanism, which, without an added positional embedding, is permutation equivariant. If we were to directly
use a transformer (without a positional embedding) to operate on lineage trees, with each cell corresponding to
a token, the structure of the lineage tree would be ignored. Instead, the cells would be processed as a “bag of
cells” with no internal relational structure.

To encode the structure of the lineage tree in the transformer architecture, we instead use a biased attention
layer (Box 1) where attention weights receive an additive bias corresponding to a scaled version of the patristic
distance.

An additive displacement for output tokens Rather than using the transformer to directly predict raw
output tokens, we instead recursively average child states for ancestral inference, or copy the value of the observed
ancestor for descendant inference. This allows the transformer to predict a residual on top of this displacement
state for each token, encoding an inductive bias into the architecture. Our choice of this displacement draws
inspiration from classical approaches in phylogenetics. Felsenstein’s phylogenetic comparative method [52] as-
sumes that traits evolve along phylogenetic trees following a Brownian motion. That is, across every edge of the
tree, the change in the trait is sampled from a Gaussian distribution with variance proportional to the length of
the edge (the amount of time elapsed).

Given the observed states at the leaves of the tree, the expected state of any unobserved node under the
Brownian model is a weighted average of its observed relatives. Conditioning on its descendant subtree, the
posterior mean of an ancestral node is a variance-weighted mean of its descendant states. This is Felsenstein’s
ancestral reconstruction, computed by a bottom-up recursion from the leaves of the tree [52]. We compute a
simpler, unweighted mean at every node from the anchor states and the topology and take it as a per-node
displacement bv, a first guess at each cell before any learning. The network then predicts only each node’s
deviation from bv, a residual far easier to learn than the state outright, and we add bv back at the output.
Section S4 gives the exact recursion.

One forward pass runs as follows. Each node’s current state is linearly projected to a hidden token, then we
add learned embeddings of the node’s lineage time tv and a marker distinguishing a clamped observed anchor
from a node to be filled in. The tokens pass through a stack of attention layers, where the patristic-distance bias
enters. As in graph transformers that encode pairwise or structural information inside attention [100], we add
the patristic distance to each pair’s attention logit before the softmax following ALiBi [59], scaled by a weight
learned separately for each layer and head (Box 1). In practice, the model develops large negative weights in
early layers that concentrate attention on close relatives, and progressively less negative weights in later layers
with positive weights only in the last layers. A final head maps each node back to state space, where we add bv

back to the output.
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The two models described below share this architectural backbone with one difference: the sampling model
Sϕ takes one extra input, the stochastic interpolant time s ∈ [0, 1] (Section 4.1.4), added to each token through
a learned embedding, whereas the imputation model Iθ takes none, as it is a single step model. Table S2
(Section S4) specifies the architecture used for the mouse-embryo analyses.

4.1.3. Learning an imputation model

The imputation model Iθ uses the tree-aware transformer introduced above. The data consist of several lineage
trees at different developmental times, with a collection of multiple trees observed at each time. For expository
purposes, consider two collections, observed at capture times c, c′ such that c < c′. Let I and I ′ denote the
indices of the trees observed at time c and c′ respectively. For any i ∈ I ∪ I ′, let

Ti = (Vi, Ei, ti)

denote the topology of the ith lineage tree, where ti,v gives the developmental time of node v, and let Ai ⊆ Vi

denote the observed snapshot, with measured cell states xi,Ai
. We use

Xi = (Ti, xi)

to denote a state-decorated tree: the topology Ti along with the states xi,v at each node.

The imputation model takes the topology and the observed snapshot as input, with standard Gaussian noise
on the unobserved nodes, and samples a completed tree

X̂i = (Ti, x̂i) = Iθ(Ti, Ai, xi,Ai
),

where x̂i,v = xi,v for observed nodes and x̂i,v is imputed for each unobserved ancestral node. We first use the
imputation model to complete each tree in the two collections.

The challenge is that we never observe the states of both ancestors and descendants within a single tree. If
we did we could just use that to evaluate the resulting filled in trees. Instead, we observe only the leaves of the
trees at their respective observation times. To address this missing-data problem, we train the imputer indirectly,
by requiring the completed trees to be distributionally consistent with one another. The key question is how to
define and measure distributional consistency across these collections of lineage trees in practice.

The most basic requirement for distributional consistency is matching time-marginals: at the same develop-
mental time t, the distribution of cell states should agree across collections observed at different times [101, 102].
For each collection, we pool the states of all cells alive at time t across its completed trees, forming a single
empirical distribution of cell states. We then compare the two resulting distributions (one for each collection).

We compare empirical distributions using the energy distance [98]. For two sets of vectors Z = (za)m
a=1 and

Z ′ = (z′
b)n

b=1, the empirical energy distance is

D̂E(Z, Z ′) = 2
mn

m∑
a=1

n∑
b=1

∥za − z′
b∥ − 1

m2

m∑
a=1

m∑
a′=1

∥za − za′∥ − 1
n2

n∑
b=1

n∑
b′=1

∥z′
b − z′

b′∥.

For this marginal component, the set of vectors Z is just the set of states at time t pooled across all trees in
I, and Z ′ the corresponding states pooled across all trees in I ′. Intuitively, the energy distance compares the
average distance between states drawn from the two collections with the average distance between states within
each collection. When the two sets of states are the same the distance will be zero, and as the between-collection
differences exceed the within-collection heterogeneity the distance becomes large.

Matching only the temporal marginals (the population of cell states at each time) is not enough to learn
developmental dynamics [18]. The marginal distribution constrains which states are present at each time, but
not how those states are connected on the lineage tree. In fact, under a marginal-only objective, the imputer
could learn an entirely uninformative coupling, and simply randomly sample the internal nodes independently
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from the cell-state distribution at each developmental time. This would perfectly match every time marginal
while learning no meaningful ancestor–descendant coupling.

Lineage tracing provides us with more constraints. We can exploit lineage information by requiring the two
collections to agree not only in their time marginals, but also in the distributions of motifs across their lineage
trees. In practice, we use an imputation loss which aims to match three types of distributions: (1) marginals at
individual developmental times, (2) lineage paths across multiple times, and (3) common-ancestor triples relating
descendants of a shared ancestor.

Our second loss component enforces that the distributions of individual cell trajectories agree across the two
collections. For each completed tree, we sample a lineage path, recording the sequence of cell states encountered
at the shared comparison times. We concatenate these states into a single vector—for example, (xt0 , xt1 , xt2).
Pooling these paths across all trees in each collection generates two empirical distributions of paths, which we
compare using the same energy distance. An imputer that samples ancestors independently of their descendants
can have the correct marginals while failing to preserve dependence along the lineage. With more than two
observation times, the same construction matches the joint distribution of states along the lineage.

Path matching constrains the “depth” relationship between states along a trajectory, but it omits the
“breadth” relationship between descendants. This “breadth” dimension can also carry dependence. For ex-
ample, a cell’s descendants may be conditionally dependent given the ancestral state, so that knowing both
the ancestor and one descendant is informative about other descendants (e.g., due to interaction between sis-
ter cells). A model trained only on the marginal and path components could produce the correct ancestor–
descendant path distribution while ignoring this dependence. Our third component addresses this issue. We
repeatedly sample an ancestral cell at time t0 and two of its descendants at a later time t1, concatenate their
states, (xancestor, xdescendant 1, xdescendant 2), pool these triples across the trees in each collection, and compare the
resulting distributions using the energy distance. Because the two descendants have no canonical ordering, we
choose each of the two possible orderings with probability 1/2.

Our imputation loss is the weighted sum of these three discrepancies: the state marginal, lineage paths, and
common-ancestor triples. We compare each feature only at matching developmental times: separately at each
time for marginals, across the shared sequence of times for paths, and separately for each ancestor–descendant
time pair for common-ancestor triples. Let t0 < · · · < tK ≤ c denote the developmental times at which features
are compared in both collections. The loss is

Limp(θ) = λmarg

K∑
k=0

D̂E

(
Marginal({X̂i}i∈I , tk), Marginal({X̂i}i∈I′ , tk)

)
+ λpathD̂E

(
Path({X̂i}i∈I ; t0, . . . , tK), Path({X̂i}i∈I′ ; t0, . . . , tK)

)
+ λanc

∑
0≤k<ℓ≤K

D̂E

(
CommonAncestor({X̂i}i∈I ; tk, tℓ), CommonAncestor({X̂i}i∈I′ ; tk, tℓ)

)
.

Here the path and common-ancestor operators pool the corresponding features across all completed trees in each
collection. In practice, the lineage trees are too large to process as single training examples, so we estimate this
objective using two collections of subtrees rooted at a shared internal time, sampled from two larger lineage trees.
For the marginal component, we can leverage large scale observational data to compare each collection’s imputed
states with measured cells sampled from the non-lineage-traced developmental atlases as well (Section 4.3.1).
Algorithm 1 summarizes the feature comparisons.

Each of these terms can be viewed as comparing a low-dimensional feature distribution induced by the
empirical distribution of completed trees. In principle, we could instead compare the distributions of whole
state-decorated trees directly. Whole lineage trees, however, are large, high-dimensional, may differ in topology,
and we have a limited number of samples, making such a comparison difficult to estimate. Section S3 formalizes
this connection in an idealized fixed-topology setting: it constructs a distributional distance on whole trees and
characterizes the information and statistical efficiency lost or gained by replacing the whole-tree comparison with
the marginal, path, and common-ancestor feature distributions used here.

33



4.1.4. Learning a generative sampling model

The imputation model produces completed trees by filling in ancestral states in a single forward pass. We want
a generative model that, given a tree observed at a single snapshot, can sample the unobserved states of each
cell’s ancestors and descendants. This requires a second sampling model, Sϕ, which we train by taking the
complete trees produced by the imputation step and randomly choosing a developmental time to condition on,
then masking out all the other nodes and learning to fill in the states conditional on this selected snapshot.
The sampling model uses the same tree-aware transformer architecture but generates the masked states through
a multi-step denoising procedure, conditioning on the retained snapshot throughout. This builds on diffusion,
flow, and stochastic interpolant based generative modeling techniques which have seen great success in computer
vision [47–49, 60, 99, 103].

For a completed tree X̂i = (Ti, x̂i), we choose a random developmental time and treat the cells alive at that
time as the observable snapshot. We hide the states x̂i,Mi of the remaining nodes Mi ⊂ Vi and train the model
to resample them from everything that remains: the topology, the node times, the observable states, and which
nodes were hidden. It is worth noting that, unless we select the leaf snapshot, this conditions on imputed nodes.

We do this with a stochastic interpolant, using a transformer Sϕ that takes as input one token per node (both
masked and unmasked). An observable node’s token carries its state x̂i,v. A hidden node’s token instead carries
an interpolant between noise and its clean state,

xs
i,v = bi,v + αs

(
x̂i,v − bi,v

)
+ σsεi,v, εi,v ∼ N (0, I). (3)

Here x̂i,v is the clean state and bi,v is the additive displacement introduced above, computed from the observable
snapshot and the tree topology. The functions αs and σs control the relative amount of clean signal and Gaussian
noise in xs

i,v. Different choices of these schedules let us train both standard diffusion models and flow matching
models [47–49, 104]. We consider both the linear conditional flow matching (CFM) interpolant and the variance-
preserving SDE (VP-SDE) interpolant:

CFM: αs = s, σs = 1 − s,

VP-SDE: αs = exp
(

−1
2

∫ 1−s

0
β(u) du

)
, σs =

√
1 − α2

s,
(4)

where β(u) = βmin + u(βmax − βmin) is the linear VP-SDE noise-rate schedule. Thus the interpolant is the clean
state at s = 1 and approximately Gaussian noise around the additive displacement at s = 0.

We draw εi,v independently at each hidden node, sample one interpolation time s ∼ U [0, 1] for the whole tree,
and add an embedding of s to every token. Each token also carries an embedding of its developmental node time
ti,v, which is distinct from the interpolation time s.

At each hidden node Sϕ predicts the clean state directly (the clean-state parameterization [105]), with the
additive displacement added back to the network’s predicted residual, and we minimize the squared error

Lsamp = E
i,εi,s

[∑
v∈Mi

∥Sϕ(Ti, Mi, xs
i , s)v − x̂i,v∥2

]
, (5)

where xs
i collects the input states at all nodes: observable nodes retain their states x̂i,v, while hidden nodes

carry the interpolants defined above. The expectation averages over completed trees from our imputed data, the
choice of observable snapshot, the interpolation time s ∼ U [0, 1], and the noise. Since the observable snapshot
is selected at a random developmental time, the same training procedure teaches the model to sample in both
temporal directions. This approach can be thought of as a tree analog of stochastic-interpolant methods for
image inpainting and for imputing missing values in time series [61, 106].

To sample, we set the hidden nodes to Gaussian noise around their additive displacements at s = 0 and
integrate up to s = 1, using the prediction of Sϕ to step the interpolant toward data (Fig. 1d). We use a
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deterministic ODE sampler for CFM and a stochastic reverse-SDE sampler for VP-SDE, keeping the observable
snapshot fixed throughout (Section S4). We can re-sample the distribution of states conditioned on the same
snapshot by re-sampling the noise and re-running the denoising process.

We evaluate samplers using both the VP-SDE and CFM in Section S2, and find that the VP-SDE is more
performant. We use the VP-SDE based sampler in all main text analyses.

4.1.5. Jointly training the imputation and sampling models

The imputation and sampling models are trained simultaneously rather than in separate stages. Each training
step draws two observed trees whose capture times differ by half a day, d, d + 0.5 so that the imputation loss
can compare their completions over the times they share. We take up to 2,048 subtrees from each, rooted at a
common time chosen uniformly from [d−0.5, d]. Subtrees with more than 128 nodes are subsampled by randomly
dropping leaves. At every training step, we impute a batch of observed trees and compute the imputation loss
of Algorithm 1, and the same completed trees are then used to train the sampler. The two losses are added and
a single optimizer step updates both parameters θ and ϕ at once.

Training the sampler on completed trees creates a tension. If we train directly on imputed states, the sampler
may learn to reproduce imperfect samples from the imputation model. But using the imputed completion
directly has an important advantage: the sampling loss can propagate back through the imputer. This gives the
two models an autoencoder-like relationship, encouraging the imputer to produce completions from which the
sampler can reconstruct the measured cells from a single snapshot. In practice, this additional signal makes the
completions sharper and more lineage-coherent than the imputation loss alone (Section S2).

We balance these objectives by alternating between two training steps. On one step, we leave the imputed
completion unchanged, condition the sampler on an internal snapshot, and compute the loss over the resulting
tree. The imputed internal states still enter the sampler as context, so gradients can flow through them into the
imputer, while the sampler loss is only computed on the leaves. On the other step, we select the conditioning
snapshot and leave those states at their imputed values, then replace the other imputed targets with their nearest
measured cells at nearby developmental times. These replacements give the sampler real-cell targets at internal
times. Although the nearest-neighbor targets are detached from the imputer, retaining the imputed conditioning
snapshot preserves a gradient path back into the imputer. Alternating the two steps lets the sampler train on
measured-cell targets throughout development while retaining the gradient flowing from sampler through the
imputer.

The imputation loss weights its marginal, path and common-ancestor components 1, 0.25 and 0.25, and the
marginal component is compared against up to 4,096 measured cells randomly sampled at each comparison time.
We train for 20,000 steps with Adam and keep an exponential moving average.

4.2. Model evaluation

4.2.1. Synthetic benchmarks

Synthetic benchmarks provide a setting where the ground-truth dynamics are known. Every synthetic dataset
described here is a population of trees, with each tree observed at a single time, matching the structure of
the real data. Two of the four benchmark settings are fully synthetic and are built from what we call branch-
modified stochastic differential equations (described below). The other two are semi-synthetic, built by wiring
real mouse-embryo cell states into prescribed lineage motifs [63].

Branch-modified SDEs. We define branch-modified stochastic differential equation as SDEs whose parame-
ters vary across the branches of a lineage tree. In our synthetic datasets, a cell’s latent state is one-dimensional
and follows an Ornstein–Uhlenbeck process dx = θ(µ − x) dt + σ dW , reducing to a Brownian motion at θ = 0.
As in a conventional branching process, cells divide by branching into two daughters, each of which starts from
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its parent’s final state, so state is inherited continuously across divisions. At certain divisions the daughter’s
attractor µ is set to a value determined by its position in the lineage tree – a branch modification of the SDE
parameters. Through the branch modified SDEs, we are able to construct processes where a cell’s future then
depends not only on its current state, but also on its position in the lineage tree.

Trajectories are integrated by Euler-Maruyama: xi+1 = xi + θ(µ − xi) ∆t + σ
√

∆t ξi with ξi ∼ N (0, 1) and
∆t is the integration timestep. The diffusion is additive and state-independent. To vary the ambient dimension
we lift the one-dimensional latent to Rd by y = xw + ε, with w a fixed random unit vector shared across trees
and ε ∼ N

(
0, (0.1/

√
d)2Id

)
.

Synthetic topology benchmark (crossing versus non-crossing). Our first benchmark tests whether a
model uses lineage structure. It involves a pair of processes – referred to as crossing and coherent in Fig. 2 –
with similar marginals but distinct joint distributions. The trees have nine generations. The root starts at zero,
and cells are Brownian (θ = 0, µ = 0) until the split generation 5, where the two daughters of each cell switch
to Ornstein–Uhlenbeck dynamics with θ = 2.0, σ = 0.1, and attractors −1 and +1 respectively. At generation 7
each family splits again. In the non-crossing process, the −1 family is mapped to (−1.5, −0.5) and the +1 family
is mapped to (0.5, 1.5), while the crossing process maps them to (−1.5, 0.5) and (−0.5, 1.5) respectively. Each
branching interval (i.e., time between cell division) is 1.0 with 100 integration steps. The 40 training trees are
binary to depth 9 with 512 leaves each, observed at one of the times 5 to 9. We test various dimensionalities
across d ∈ {1, 4, 16, 64} with a separately trained model at each dimension, and held-out evaluation uses a single
further realization of the process observed at every time.

Synthetic context benchmark. This benchmark tests whether a model can leverage the states of related cells
across a subtree. A progenitor commits stochastically to one of two fates early in the tree. For several generations
afterwards the committed fate biases each descendant’s state only weakly, by an amount that becomes small
relative to the noise as σ grows, so a single cell’s state barely reveals its fate; only later do the two fates separate
sharply. The bias is shared across a clone, so averaging over related cells accumulates it and exposes the latent
fate.

The trees have ten generations. The root starts at zero, and cells are Brownian until the split generation 3,
where each cell draws one of two fates independently, with probability 0.75 for the positive fate, and acquires
the corresponding weak primed attractor µ ∈ {+0.2, −0.2} under Ornstein–Uhlenbeck dynamics with θ = 2.0.
At generation 9, the attractor of each primed family switches to µ ∈ {+1.0, −1.0}. Each branch interval is 1.0
with 200 integration steps, the 200 training trees are binary to depth 10 with 1,024 leaves each, observed at one
of the times 5 to 10. The evaluated noise scales scan across σ ∈ {0.2, 0.4, 0.6, 0.8}.

The context-scaling evaluation predicts the transition from time 9 to time 10 given k ∈ {1, 2, 4, 8} related
cells as input. A clone of size k shares a common ancestor at time 9 − log2 k, so larger k means deeper shared
ancestry. Results are averaged over five held-out process realizations.

Semi-synthetic construction. The two remaining benchmarks move from purely simulated states to real cell
states synthetically organized in a lineage tree. This is done by constructing lineage trees out of small repeated
cell type motifs [63].

Random cell type motif benchmark. Our first semi-synthetic dataset consists of small motifs made up of
random cell types. This can be thought of as taking a cell type level map (similar to that shown in Fig. 3a)
and randomly wiring cell types together, then using this to simulate a developmental process. Not all random
motifs will be reasonable (as shown Fig. 2c) but this experiment reveals what kind of dynamics a model is able
to recover.

We do not consider all cell types in our construction of cell type motifs. Instead, we restrict to ectodermal cell
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types and restrict to abundant cell types: the ten most abundant eligible E9.0 progenitor types and the ten most
abundant eligible E9.5 child types. In this semi-synthetic experiment, motifs consist of two progenitor cell types
and four descendant cell types. This gives a possible landscape

(10
2
)(10

2
)(8

2
)

= 56,700 motif candidates. From this
landscape, we randomly sample 32 to test.

We label candidates as Felsenstein-like or not, and OT-like or not, depending on the nature of the ancestor-
descendant coupling. We measure how OT-like a motif is by comparing its ancestor-descendant pairings with
minimum-displacement alternatives, given the marginals. To do this, we consider all six possible cell type
motifs consistent with the marginals, and compute the displacement between ancestor and descendant cell type
means. The displacement advantage of the true coupling over the other five determines how OT-like it is.
Similarly, we measure how Felsenstein-like a motif is using the means of the pairs of sister cell types (among
descendants). Concretely, we consider the two possible couplings consistent with the tree topology, and compute
the displacement between each ancestor cell type mean and its sister-pair mean. The displacement advantage over
the swapped pairing determines how Felsenstein-like it is. We classify the upper sixth of candidates as OT-like
and the upper half as Felsenstein-like by these respective advantages. In the sampled motifs, every OT-like motif
is also Felsenstein-like, so the two classifications sort the motifs into three categories: OT-like, Felsenstein-like
but not OT-like, and neither.

Cell-type-motif training and evaluation. For each motif we draw 200 trees from the corresponding cell-
type pools. Each seven-node tree contains an E8.5 root, one cell from each of the two E9.0 progenitor types, and
one cell from each of the four E9.5 child types, connected according to the imposed assignment. The root type
is the most abundant eligible E8.5 subtype. States for each cell-type and time slot are sampled independently,
without replacement when the pool contains at least 200 cells and with replacement otherwise. Each tree record
has the E9.5 children as its observed snapshot. Separate singleton records supply 200 E8.5 root observations and
200 E9.0 observations, the latter alternating between the two progenitor types and hence containing 100 cells of
each.

Every method is trained separately for each evaluated motif. The imputer and sampler are trained jointly
on the three-time motif records for 2,000 steps. Each baseline is trained for 3,000 steps on the E9.0-to-E9.5
transition: multimarginal flow matching and GENOT with Sinkhorn use the E9.0 and E9.5 marginals, while
GENOT with fused Gromov–Wasserstein uses the lineage trees. Training and scoring use the same sampled
trees, so this evaluation measures whether a fitted model reproduces the imposed coupling on the empirical
populations used to fit the motif rather than generalization.

The E9.0 nodes are hidden in the training tree records, but at evaluation we clamp every method to their
true states and score only forward E9.0-to-E9.5 sampling. Lineage inpainting generates the two-child subtree
jointly, while the baselines instead receive each progenitor state twice and transport the two copies separately,
with eight draws from each GENOT model’s internal solver and one deterministic prediction from multimarginal
flow matching after 20 integration steps. The score discards sibling pairing and pools predictions across trees by
progenitor type, so it measures recovery of the equally weighted mixture of the two child populations assigned
to each progenitor.

Each progenitor-specific target population contains 400 true child states. We classify each prediction by its
nearest E9.5 child-type centroid and compare its type proportions with those of the assigned two-type mixture
using the accuracy of Section 4.2.2. Fig. 2c shows the 32 accuracies, with one column per motif and the columns
ordered by hierarchical clustering of the four methods’ accuracy profiles; values at or below 0.5 share the lower
display color.

Semi-synthetic context benchmark. The benchmark of Fig. 2f builds trees from real cell states in which
a progenitor’s type is recoverable only from its cousins. It chooses motifs from cell types with at least 50 cells at
each corresponding time. Each sampled motif consists of four distinct types: a root type at E8.5, two progenitor
types A and C present at both E9.0 and E9.5, and a shared child type B at E9.5. A tree is a root with
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two progenitors of the same type, A or C, each carrying two children, and exactly one of the two progenitors
differentiates, so that its children are both of type B while the other’s keep the progenitor’s type. A {B, B} pair
therefore identifies the type of its progenitor only through its cousin pair. The observed snapshots are at E9.5
and E9.0.

For each draw we build 200 trees, half with progenitors of type A and half of type C, alternating which
of the two sister progenitors differentiates, and sample every node’s state from its type’s pool as in the motif
benchmark; 200 singleton records at E8.5 and 200 at E9.0, the latter alternating between the two progenitor
types, supply the marginals.

At test-time the imputer and sampler are given the four children of each tree and impute both hidden
progenitors at once, with eight draws and 20 sampling steps, while a baseline pushes each child back to E9.0 on
its own and is scored against that child’s own progenitor (Section 4.2.2). Predictions are averaged over draws
before scoring. Progenitor-type accuracy is the fraction of imputed ancestors whose nearest progenitor-type
centroid, over the E9.0 pools of the draw, is the correct one, averaged over the two types so that chance is 0.5.
We report it over all progenitors and split by whether a transition is within the same type or between two types,
averaged over the ten draws.

4.2.2. Evaluation metrics

We evaluate models fit to the lineage-traced atlas with six metrics, shown in Fig. 3b. Lower is better throughout.
We will next describe these metrics and their concrete implementation.

Three metrics involve making some assumptions about developmental dynamics. Germ-layer crossing rate
assumes that cell state transitions do not cross germ layers (with the exception of epiblast). Lineage-oscillation
rate assumes that developmental trajectories do not often alternate between lineage-level cell types. Hox-code
distortion assumes that in certain cell types individual Hox expression persists between E9.0 and E9.5. Three
data-based metrics compare the model’s imputed cells to the real data at other times. Marginal distortion asks
how well models recapitulate cell state distribution snapshots. Clonal distortion measures the cycle-consistency
of a model: given a clade, the extent to which it can be recovered by simulating reverse in time and then forward
in time. Linkage distortion measures the extent to which lineage relationships between cell types is consistent in
simulated data and real measurements. We define all six of these metrics in detail below.

On the synthetic topology and random-motif benchmarks, we classify generated states by their nearest latent
attractor or child-type centroid. We compare the predicted and true fate or type proportions, p̂f and pf , and
report 1 − 1

2
∑

f |p̂f − pf |. We average this accuracy over source parents in the topology benchmark and over the
two progenitor groups in the random-motif benchmark. The synthetic context benchmark classifies individual
draws by their nearest fate attractor; the real-cell context benchmark classifies the mean of eight draws by
its nearest progenitor-type centroid. Supplemental Fig. S1d also compares accuracy with energy distance,
Gaussian MMD, and Sinkhorn divergence on the full-dimensional states [107].

The metrics above, and those of the implementation grid (Section S2), are defined in full below. The label-
based metrics use the same inferred ancestor–descendant couplings that underlie the Sankey maps of Section 4.4.1,
without any nearest-neighbor distance cutoff. The continuous distortion metrics compare generated states di-
rectly.

Germ-layer crossing rate. To score germ-layer crossings we take each cell’s germ layer from the annotation
table. Because not every node carries a label, we condense the tree: from each labeled node we descend through
unlabeled intermediates to the nearest labeled descendant, forming one source–descendant edge. The metric is
the fraction of these edges that cross a germ-layer boundary, excluding edges that start from the epiblast, pooled
over eligible edges.
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Table 1 | Cell types with stable Hox gene expression between E9.0 and E9.5

Cell type Hox genes
Hindbrain (r2–r4) Hoxa2, Hoxb2, Hoxb1
Cranial motor neuron Hoxb1
Cranial neural crest Hoxa2
Pharyngeal arch mesenchyme Hoxa2, Hoxb2, Hoxa3, Hoxd3, Hoxd4
Hindbrain (r5–r8) Hoxa3, Hoxd3, Hoxb4, Hoxd4
Spinal cord (cervical) Hoxb4, Hoxd4
Spinal cord interneuron Hoxb4, Hoxd4
Somatic motor neuron Hoxb4, Hoxd4

Lineage-oscillation rate. This metric catches a cell-type label that reappears after having seemingly been
left behind, a biologically implausible flip back to an ancestral identity. Walking each tree from the root, we
track the last two lineage-level cell-type labels along the current path; an internal node takes the label of the
real cell it is matched to, and unlabeled nodes carry none. Each labeled node with two labeled ancestors closes
a triple (grandparent, parent, node), and the triple oscillates when the grandparent and node share a label that
the parent does not, an A → B → A flip along a single path. The oscillation rate is the fraction of eligible
labeled-node triples that oscillate; lower is better.

Hox-code distortion. The Hox-code distortion metric tests persistence of individual Hox expression in cell
types with stable expression patterns during E9.0 to E9.5. We curate twenty such (gene, cell type) pairs, provided
in Tab. 1, based on prior literature [69, 108–111].

For each pair we map the E9.5 leaves of the type to their inferred ancestor nearest to E9.0 (at most 0.4 days
away). We then compute the Pearson correlation ρHox between the gene’s expression in the observed cell assigned
to each ancestor and in its descendant leaf. The Hox distortion averages 1 − ρHox over pairs.

Marginal distortion. For each adjacent pair of observed times we draw 400 cells observed at the later time,
within a quarter day of it, take each one step back to its inferred ancestor, and compute the energy distance
between those ancestors and 400 true cells at the earlier time; the reported value averages over the pairs of times.

Clonal distortion. We draw 400 subtrees, each an observed leaf together with its ancestor one embryo day
earlier, within half a day, and the leaves below that ancestor, keeping subtrees with at least nine leaves. The
model clamps the leaves and infers the ancestor, then clamps that ancestor alone and regenerates the leaves,
with eight sampling steps in each direction; the baselines take each leaf one step back once and push the result
forward five times. The metric is the energy distance between the regenerated and the measured leaves, averaged
over subtrees.

Linkage distortion. Using lineage-level cell-type labels, we compute the fate separation (or ancestral linkage)
matrix [36, 70]. This matrix describes how closely related two cell types are on the lineage tree. We take
observed trees at E9.5 and E9.0, and use the models to infer progenitor states 0.5 days earlier (E9.0 and E8.5
respectively). We compute one ancestral linkage matrix per replicate embryo and compare the inferred matrices
with those of observed trees at the earlier timepoint. The linkage distortion is |1 − ρinferred,real/ρreal,real|, where
the numerator is the mean Pearson correlation between inferred and observed matrices, and the denominator is
the mean correlation between observed matrices from different replicates.
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Cell type label composition total-variation gap. At each scored time we form the label composition
(normalized) of the generated population (the fraction of cells carrying each label), Qℓ, and compare it to the
real composition Pℓ by total-variation distance, 1

2
∑

ℓ|Pℓ −Qℓ| over the union of labels, assigning zero probability
to absent labels. We report this separately for cell-type and for lineage-level cell-type labels, averaged over times.

4.2.3. Baselines

We compare against generative models of developmental dynamics that span how much lineage structure they use.
Our multimarginal flow-matching baseline [48] learns from independent samples of consecutive time marginals and
ignores the tree entirely. Its deterministic flow maps each input state to a single output. GENOT with Sinkhorn
couplings [43] learns the same kind of transition but couples consecutive snapshots by entropic optimal transport
in state space, again without reference to the tree. GENOT with fused Gromov–Wasserstein couplings [42, 43]
fuses the state-space cost with a tree-distance cost, so the coupling it fits does use lineage structure, though
only through this pairwise cost rather than as context the model attends over. To make this the fairest test of
the optimal-transport approach, we scale the fused coupling to the full lineage-traced atlas—which a dense solve
cannot achieve—by solving it clone by clone, in minibatches drawn from one source lineage and one target lineage,
with a constant-time tree-distance oracle (GENOT-cbFGW, detailed below). On the synthetic benchmarks, where
the trees are small, the fused coupling is solved on randomly paired trees (Section 4.2.1). All three are trained
on the same atlas and time grid as the lineage inpainting model, with optimal-transport couplings fit between
adjacent grid times in both directions.

The optimal-transport couplings. Here we describe our implementations of two optimal transport-based
baselines. First is a gene-expression based model which gives a generative model consistent with entropic OT
couplings, (GENOT-Sinkhorn) and a similar method using a fused Gromov–Wasserstein coupling (GENOT-
FGW) [42, 43], which additionally encodes lineage tree structure through the Gromov term. Both choose the
cross-time correspondence by a transport cost instead of learning it. A standard implementation of GENOT-
FGW does not scale to massive datasets, so below, we provide a modified implementation for the lineage-traced
atlas. We refer to this method as being clonally batched (GENOT-cbFGW).

Scaling GENOT to million-cell atlases. GENOT-Sinkhorn uses entropic optimal transport to first couple
cell states in the scVI embedding, then fits a flow-matching model to sample transitions with the coupling [43].
This approach can be minibatched, and easily scales to very large datasets. However, it does not consider the
lineage tree information.

The fused Gromov–Wasserstein coupling instead determines a coupling using two cost terms solved together as
one entropic fused-GW problem: a displacement term (similar to the Sinkhorn described above), and a structure
term that compares two intra-domain matrices of pairwise tree distances, one among the source cells and one
among the target cells. We weight the two terms equally.

Naively running the fused-GW solver on the lineage traced atlas is not feasible. A dense fused-GW solver
forms the full intra-lineage distance matrices, quadratic in the number of cells, which caps it at tens of thousands
of cells. Minibatching is the natural fix, but this is not straightforward. The intra-domain cost compares the tree
distance within a pair of source cells against the tree distance within a pair of target cells, and a tree distance
exists only within one lineage tree, so a minibatch drawn at random across the atlas leaves the cross-clone entries
undefined. We instead minibatch by lineage tree: each iteration pairs one source lineage with one target lineage,
solves the fused-GW problem on cells sampled from each, so that both intra-domain matrices hold within-lineage
distances, and feeds source–target pairs sampled from the coupling to one flow-matching step. The per-iteration
cost is then fixed by the minibatch size rather than by the size of the atlas.

Even with this adjustment, another scalability issue remains: the minibatch still needs the pairwise tree
distances among its sampled cells, and recomputing paths for every minibatch would reintroduce the dependence
on lineage tree size. We instead precompute, once per lineage of N cells, with a constant-time tree-distance oracle
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using an O(N log N) preprocessing by a standard Euler-tour and sparse-table range-minimum construction. Each
minibatch’s distance matrix is then filled by a fixed number of constant-time queries, the number of cells enters
only the one-time oracle building step, and the coupling can run at the scale of the atlas, over a million cells.

GENOT-Sinkhorn. Each training iteration samples a random adjacent transition between consecutive obser-
vation times (i.e., every 0.5 days) in either direction and draws a minibatch of 512 source and 512 target cells,
then solves an entropic optimal transport problem between them in the scVI embedding with a squared-Euclidean
cost and regularization ε = 5 × 10−2. We normalize the coupling to a distribution over pairs and sample 512
source-to-target pairs from it. We then take a single flow-matching step, conditioning the velocity field on the
source state and the two endpoint times. The velocity field model uses a multilayer perceptron with three hidden
layers of width 1024. We train for 5,000 iterations with Adam at learning rate 10−4, and at inference transport
each source cell with 5 noise draws.

GENOT-cbFGW. The fused coupling uses an inner Sinkhorn solver at the same regularization ε = 5 × 10−2,
with the displacement and structure terms weighted equally. Following the lineage-minibatching construction
above, each iteration pairs one source lineage with one target lineage and solves the fused-GW problem on 512
cells sampled from each, with the within-lineage distance matrices filled by the constant-time oracle. The network
and the remaining training hyperparameters match the Sinkhorn variant. On the synthetic benchmarks, where
every tree is small, the fused coupling is solved once on a random pairing of trees instead (Section 4.2.1).

4.3. Data and preprocessing

4.3.1. The lineage-traced atlas

We model a mouse-embryo atlas of roughly four million cells spanning embryonic day E7.5 to E10.0. About 1.4
million of these are lineage-traced cells from Colgan et al. [36]. The remainder are non-lineage-traced cells, both
host cells from chimeric embryos in the same study and cells from a separate scRNA-seq atlas [9].

The trees are reconstructed with branch length (i.e. node time) estimates in [36] and are considered here as
observed: each lineage record is a rooted tree T in which every node already carries a continuous developmental
time, derived from molecular clock-based branch length estimation [36]. Because sequencing is destructive, a tree
is measured at a single capture time, so its observed cells are exactly its leaves, the only nodes with a measured
state xv. The earlier ancestors are the unobserved nodes of the tree the model completes; the cells that would
have followed lie beyond the capture time, and every analysis that samples descendants does so on the topology
of a tree observed at the later time (Section 4.1.4).

We summarize a cell’s state xv ∈ R50 by the 50-dimensional scVI embedding of its transcriptome [64]. We fit
one scVI model to raw counts across the whole atlas with the data source (lineage-tracing study versus reference
atlas) as a categorical covariate, so the embedding is shared and batch-corrected across the two sources; gene
selection is described below and the model configuration is given in Section S4.1.

Cells are annotated hierarchically at four nested levels, from finest to coarsest: cell subtype, cell type, lineage,
and germ layer. Observed leaves keep their atlas annotations; an imputed ancestor carries the annotation of the
observed cell it is coupled to (Section 4.4.1), and cells of the untraced atlas are annotated by nearest-neighbor
transfer from the traced cells (below). This hierarchy supplies the germ-layer and cell-type labels used by the
evaluation metrics (Section 4.2.2).

Gene selection. We start from the genes called highly variable in the lineage-traced data that are present in
both data sources. To remove batch-related features that merely separate the two data sources, we normalize each
cell to 104 counts, take logarithms, and remove the top 250 differentially expressed genes per source (Wilcoxon
test between sources), leaving 3,956 genes.
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Annotation transfer. Cells of the untraced atlas are labeled by an exact L2 nearest-neighbor search in the
50-dimensional embedding against the annotated traced cells, using the k = 15 nearest neighbors. At each of
the four label levels (cell subtype, cell type, lineage, and germ layer), we take a majority vote and call the level
confident when the top label holds at least a 0.7 fraction of the neighbors; the transferred annotation is the finest
confident level, or “ambiguous” when no level is confident. About 1% of untraced-atlas cells (19,632 of 2,054,584)
remain ambiguous.

4.3.2. Tbx5 crispant embryos

Animal strain details CAST/B6 F1 males for ICSI were generated in-house by breeding C57BL/6J strain
male mice with CAST/EiJ strain females. We used 8-week-old male CAST/B6 F1 as sperm donors for ICSI and
6–12-week-old B6D2F1/J (BDF1) female mice to provide oocytes (Janvier). 28–40g female CD-1 mice (Janvier)
were used as pseudopregnant fosters after mating with CD-1 strain vasectomized males (8 weeks -1.5 years old).
All procedures were performed in specialized specific-pathogen-free facilities and followed all relevant animal
welfare guidelines and regulations. Animals were kept on a 12h light-dark cycle and provided a standard diet
ad libitum. Embryos were collected without considering sex. Interventional procedures necessary to conduct this
work were approved by the Yale University Committee on the Use of Animals in Research and Teaching (IACUC,
Protocol #2026 − 20357) or by the LaGeSo Berlin (Protocol #G0098/23).

Generation of Tbx5 Crispant F0 Embryos Tbx5 mutant embryos were generated as previously described
[112, 113]. Briefly, B6D2F1 (BDF1) strain female mice (Janvier) were serially primed over a 46 hr interval
with 5 IU CARD HyperOva FD (Cat. #KYD-015-EX, Cosmos Bio) and 5 IU of human chorionic gonadotropin
(Cat. #HOR-250, Prospect Protein Specialists), followed by isolation of oocytes the following morning. Oocytes
were then fertilized with CAST/B6 F1 hybrid sperm via intracytoplasmic sperm injection (ICSI), followed by
cytoplasmic injection with 200 ng/µL Cas9 mRNA and a 100 ng/µL cocktail of 3x sgRNAs (protospacer 1,
5’-GTGGCTGAAGTTCCACGAAG-3’, exon 3; protospacer 2, 5’-GCTTTCACGATGTGTAATCG-3’, exon 6;
protospacer 3, GACGGTACAGCTGCTATAGGA, exon 9) generated by in vitro transcription using either the
MEGAshortscript T7 Transcription Kit (Cat. #AM1354, Invitrogen) or HiScribe T7 High Yield RNA Synthesis
Kit (Cat. #E2050S, NEB). Embryos were then cultured to E3.0-E3.5 in 25 µL drops of advanced KSOM (Cat.
#MR-101-D, Millipore sigma) under embryo-tested mineral oil. High grade morulae and/or cavitated blastocysts
were transferred into the uterine horns of pseudopregnant CD-1 strain females (Janvier) and collected at E9.5
for profiling. Embryos were removed from decidua and the extraembryonic tissues dissected away. The embryo
clutch was then documented and processed to single cell by incubating in TrypLE (Cat. #12604013, Invitrogen)
at 37◦C with gentle pipetting, followed by centrifugation, filtration and washing in 0.2% BSA/PBS. The final
pool was then counted and volumes adjusted for a target recovery of ∼ 50,000 cells per GEM well run following
computational demultiplexing of CAST SNPs. Cells were then subjected to single-cell RNA sequencing (10x
Genomics, Chromium GEM-X Single Cell 3’ v4). Single cell libraries were prepared following the protocol and
sequenced on the Aviti system (Element Biosciences). Successful editing was validated using the sequencing reads
and the examination of editing sites following demultiplexing.

Data preprocessing Reads were preprocessed using Cell Ranger (v9.0.1) and aligned to the mouse GRCm39
assembly and quantified using GENCODE vM37 gene annotations. Cells with at least 750 counts, 400 detected
genes and at most 10% mitochondrial counts were then integrated with 250,000 E9.5 cells from the lineage-traced
study, thinned to the crispants’ sequencing depth, by an scVI model with the data source as batch covariate, two
hidden layers of width 512 and a 50-dimensional latent space, trained for 2,000 steps in batches of 2,048 cells.
Each crispant cell is annotated with the subtype voted by its 25 nearest reference neighbors.

Demultiplexing Embryos were demultiplexed using genotypic information, similar to [112–114]. Reads over-
lapping known SNPs were assigned to the B6 (reference) or CAST (alternative) allele. Each autosome was divided
into 10 contiguous bins holding equal numbers of SNP-overlapping reads. Allele-specific read counts were summed
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per bin for each cell, giving cell-by-bin B6 and CAST read-count matrices (187 non-empty bins). Using cells
that passed quality control and had at least 100 SNP-informative reads, we fit, by expectation–maximization
a beta-binomial mixture model with one component per embryo and one per pair of embryos to account for
doublets (8 and 28 components respectively), and removed cells whose posterior probability of not being a singlet
exceeded 0.05.

Using these cells as putative doublets identified by genotype, we next identify doublets using a transcriptional
state filter. We identify cells with at least 22 of their 30 nearest neighbors in principal-component space (50
components of log-normalized expression) labeled as genotype doublets, and remove these.

4.4. Computational analysis methods

4.4.1. Sankey transition maps

We summarize the cell-type level transitions learned by a model using a Sankey map. For each time window,
we first fully inpaint the lineage records using the sampler of Section 4.1.4. Each sampled internal state is then
snapped to its nearest observed cell, allowing us to assign a cell type label. This can equivalently be thought of
as a nearest-neighbor annotation of cell types. Cell type assignments whose nearest-neighbor distance exceeds a
cutoff—the 80th percentile of all internal-node nearest-neighbor distances pooled across trees—are filtered out.

We then convert these completed trees into adjacent-time transition pairs. Walking from root to leaf, if a
retained representative p at time t and a retained representative c at time t + ∆t are both available, the path
contributes one pair (p, c, t, t + ∆t). In the mouse transition maps, ∆t = 0.5 embryo days is the natural time
interval since that is how the data are sampled.

The pairs are counted by time-resolved labels (label, t), counted at germ-layer resolution at E7.5, lineage
resolution at E8.0, and cell-type resolution from E8.5 on. An edge is retained if it has at least five supporting
pairs and its shares of the target node’s incoming pairs and of the source node’s outgoing pairs sum to at least
0.2.

Fig. 3a is a rendering of this directed graph. The map spans the six observed times from E7.5 to E10.0 and
keeps the 90 most abundant cell types. Node sizes scale with observed cell counts at each labeled time point,
and ribbon widths are proportional to retained transition counts. The row ordering is chosen from the weighted
type-type graph to reduce long crossings; it affects only the layout, not the inferred transition counts.

4.4.2. Context scaling

The context-scaling evaluations of Fig. 3c–f ask how the accuracy of an inferred ancestor or descendant changes
with the context, or size of the input clade. Both are cycle-consistency tests on subtrees of the atlas whose root
falls between E7.0 and E9.0 and which carry between 3 and 20 leaves (at least 6 for descendant inference), with
at most 100 focal nodes drawn per terminal cell type.

For ancestral inference we fix a focal leaf and reveal successively larger clades around it, moving up its
ancestors as far as one and a half embryonic days above the leaf. At each level the clade’s leaves are clamped and
the model infers the subtree’s root. That root alone is then clamped and every leaf of the subtree is regenerated
below it, conditioned only on the root. The reconstruction quality metric is the energy distance between the
regenerated and the measured leaves of the subtree. We measure context size by the time from the focal leaf
back to the most recent common ancestor of the revealed leaves (grouped into quarter day bins).

For descendant inference the focal node is an internal node with at least three descendant leaves and at least
one cousin. We fill every internal state of the subtree with the sampler from its clamped leaves and take the
distinct sets of cells alive at 60 times swept through the subtree, each holding an ancestor of the focal node,
at most a day above it, with some of its cousins. Clamping the imputed states of such a set and regenerating
the leaves below asks how much the cousin information improves reconstruction of the focal node’s descendants:
the score is the energy distance between the regenerated and the measured descendants of the focal node, and
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context is the number of cousins in the set (up to 8).

The GENOT baselines take no context, and as such are represented with flat lines. For 400 focal cells per
panel, one leaf is taken back to the root’s or the focal node’s time with a single draw and forward again with five
draws, and the regenerated cloud is scored against the same measured leaves.

The per-type panels (Fig. 3d,f) show error by cell type, excluding blood and extraembryonic types, for cell
types with at least 10,000 leaves and at least three evaluations at every context size. The highlighted cell types
are those that gains most from context and the one that gains least, measured by the slope of a linear fit of
energy distance against context.

4.4.3. Convergence analysis

The convergence score measures the extent to which transcriptionally similar cells at a particular time have
distinct inferred histories. Fix a descendant time tb and an ancestor time ta = tb − δ. In the analyses reported
in the Results, δ = 0.5 days and every observed time from E9.0 to E10.0 serves in turn as tb, with the cell-
type comparison pooling over all timepoints. We complete each lineage record back to ta with the sampler and
represent each sampled ancestor by its nearest observed cell (Section 4.4.1).

For an observed leaf i at tb, let a(i) be the nearest-cell representative of the first ancestor on the path from i
whose time is at or before ta. Leaves whose first such ancestor lies more than a quarter day before ta are omitted.
Let Nk(i) be the k nearest other leaves to i at time tb across the atlas, measured in the state embedding; the
reported analyses use k = 100. The ancestor set around i is

Ai = {a(j) : j ∈ {i} ∪ Nk(i)},

and the convergence score is
Si = tr Cov{xa : a ∈ Ai}.

We also record the cell-type composition of Ai, giving a source-type mixture for each descendant cell. Because this
spread, like the OT-versus-tree discrepancy below, grows wherever cells are sparsely sampled in the embedding,
we normalize both by the local spacing of cells. With ri the mean distance from i to its 10 nearest other cells of
the same stage, we normalize the convergence score as Si/r2

i . Fig. 4a shows this score after averaging each cell
with its 50 nearest neighbors and clipping to the 2nd and 98th percentiles.

For the GENOT comparison, the tree ancestor of i is its ancestor node whose time is closest to ta (within
half a day), and the OT-versus-tree discrepancy is the Euclidean distance between the observed cells that lineage
inpainting and GENOT-Sinkhorn assign to that node, divided by ri. GENOT assigns a node by chaining its
backward ancestor map from one randomly chosen descendant leaf. Fig. 4b compares the two as cell-type means
over the types with at least 500 leaves, excluding blood.

The endothelial fan-in of Fig. 4c traces each E9.5 endothelial leaf to its ancestor nearest E8.5, within 0.3
day, and reports the cell-type composition of those ancestors, excluding progenitors that are already endothelial.
The example subtrees have four to ten leaves, a single other lineage holding the majority of them and no lineage
oscillating along any path (Section 4.2.2).

The program axes of Fig. 4d are Fisher discriminant directions in the embedding: for each program a
positional contrast, paraxial against lateral plate mesoderm for endothelium and anterior (hindbrain) against
posterior (spinal cord) types for the neurons, and an identity contrast between the fate and either the non-
endothelial mesoderm or the other neuron types, orthogonalized against the positional direction. The directions
are fit on E9.5 cells of the lineage-traced atlas, at most 3,000 per cell type and embryo, centered within each
embryo so that no contrast is an embryo offset, with a ridge of five percent of the mean variance on the pooled
within-group covariance.

A trajectory is the path of assigned nodes from an E9.5 leaf of the fate up through its inferred ancestors. Its
source is the nearest labeled strict ancestor within 0.3 day of E8.5; trajectories whose source lies outside the fate’s
germ layer, or already carries the fate, are dropped. Endothelial trajectories are grouped by source, paraxial or
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lateral plate; neuronal trajectories are grouped into five equal-count bins of the source’s positional score. Within
each group the two program scores are smoothed against time with a Gaussian kernel of bandwidth 0.10 day on
a grid from E7.5 to E9.2, keeping grid points with an effective sample size of at least 30, and each curve ends at
the mean of the group’s E9.5 leaves (Fig. 4e).

The memory analysis of Fig. 4f,g compares two groups of trajectories at their sources and again at their
leaves. For a fate with a fitted positional axis the groups are the two sides of that axis; for the sweep of
Fig. 4g they are the fate’s two most abundant E8.5 source cell types within its germ layer, each with at least
50 trajectories and neither already carrying the fate. Per gene we average log-normalized expression over up to
1,000 distinct cells per group, keep genes with mean above 0.1 in at least one group, and take the absolute log2
fold change between the groups at E8.5 and between the E9.5 leaves they reach, with a pseudocount of 0.1. A
gene whose E8.5 fold change exceeds 1 is source-specific; it is a memory gene when its E9.5 fold change stays
above 0.5 and an erased gene otherwise.

4.4.4. Perturbation analysis

We simulate a knockout by redistributing cells in the scVI state space, and running forward-in-time inference
using the sampler. The core assumption is that removing a gene displaces individual cells but leaves the transition
rules intact, so the model fit on unperturbed embryos can be applied to displaced cells. Below we describe the
details of how we repurpose our models to simulate genetic perturbations.

To knock out a gene g we replace a cell by the nearest observed cell that does not express g, and then let
the model propagate that cell’s descendants as it would in an unperturbed record. Every number reported is
a difference between two rollouts of the same lineage records under the same model, one with the cell states
redistributed and one without. It describes how the learned dynamics respond to the shifts in cell state, but does
not address scenarios where perturbations shift cells to unnatural states (i.e., those not observed in the reference
embryos).

Each perturbation prediction begins from trees observed at a later timepoint T (e.g. E9.5). We first impute
the internal nodes of the tree using the sampler, giving a reference state at every internal node. Then, starting
from the internal nodes at a simulation start time (e.g., E7.5), we run forward-in-time inference with the model,
restricting the model to parts of the state space where g is not expressed. At the current time of the simulation,
we first identify all cells which express g. We then project these g-on cells to their nearest g-off neighbors in the
scVI state space. Then, with this remodeled snapshot, we run the lineage inpainting model forward.

We then repeat this process at every successive time step of a pre-selected grid. We use timesteps of 0.5 days
across all our simulations. The knockout is enforced at every time the simulation crosses, not only at the start:
a lineage that the model pushes back into expressing g is knocked out again. A node whose representative cell is
moved is marked perturbed, and so is everything below it. Because the topology is held fixed, the analysis can
only rearrange cells among the states and lineages seen in normal development: it says nothing about effects on
proliferation, cell death, or tree topology.

The nearest-neighbor projection step can carry a node far from any cell that resembles it. In these cases, we
take the view that model predictions will be unreliable. We therefore record, at every node that moved, how far
it moved, relative to the local spacing of the observed cells around it. That is, the distance from its assigned
cell to its own nearest neighbor. We consider a node off-manifold when it moved farther than a fixed multiple of
that spacing, and a readout node is off-manifold when any node on its path is. In practice we use an off-manifold
ratio of 1.1. When a node drifts off manifold, we treat the trajectory as “frozen” in its prior location in the state
space.

The genome-wide screen knocks out each gene in turn in the E9.0 records of one replicate embryo, starting
from E7.5, with 16 denoising steps. The heart screen of Fig. 5d,e takes the 21 genes of a curated congenital
heart disease panel [78] that are among the highly variable genes and runs a full knockout on the same records,
with 64 denoising steps. Both are read out at E9.0.
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For the map of Fig. 5a we summarize each knockout by the mean state embedding of its readout leaves
minus the control’s, keeping the genes with at least 200 readout leaves, and embed those differences by UMAP
with 15 neighbors and a minimum distance of 0.1. Each gene is colored by the lineage whose share of the readout
it depletes most. The insets show, for the two transcription factors that most specifically deplete each of six
lineages, the predicted nearest-neighbor distortion (defined below) at the E9.0 reference cells.

Fig. 5b compares the screen with curated mouse phenotypes. We take the Mouse Genome Database (MGD)
annotations [83] of the screened genes and map each phenotype term to the cell type it implicates, giving one
gene and cell type pair per annotation. A pair is scored by the fraction of that cell type’s control leaves that
are perturbed, over cell types with more than 50 control cells. The background draws 10,000 pairs, matched to
the annotated pairs’ cell-type distribution, from 40 random genes carrying no annotation, and coarse anatomical
contexts with more than 100 pairs are shown separately. For Fig. 5c each screened gene with a human ortholog
takes the minimum, over the ortholog’s canonical protein-coding transcripts, of the loss-of-function observed-
over-expected upper bound fraction [84, 85]. Its predicted effect is the L2 norm over cell types of the log2 ratio
of knockout to control readout counts, with a pseudocount of one, and the 100 most and 100 least constrained
genes are compared by a Mann–Whitney test.

The heart panels score each gene by how much of the E9.0 readout its knockout moved. The heart share is
the percentage by which the knockout reduces the on-manifold readout cells of the heart cell types relative to the
control, the total share is the same quantity over all readout cells, and the specificity is the log2 ratio of the two,
each share floored at one percent. Timing uses the shared topology: a readout cell is shifted when the knockout
assigned it a different cell than the control did, or took it off the manifold, and its onset is the time of the most
ancestral node on its path that is still shifted. A gene’s shift time is the mean onset over its shifted readout cells.

Nearest-neighbor distortion The nearest-neighbor distortion of a reference cell is the log ratio of its distance
to the nearest cell of a perturbed embryo to its distance to the nearest cell of another reference embryo. The two
draws have equal size and the ratio is averaged over five draws and centered on the scope’s median. The predicted
distortion draws the perturbed cells from the simulated knockout of a third embryo, neither the reference cell’s
own nor the denominator’s. The measured distortion draws them from a perturbed embryo (Section 4.3.2), and
each perturbed embryo is scored against the same reference denominator.

For Fig. 5a, distances are taken in the scVI state space within the E9.0 reference cells outside the blood and
extraembryonic endoderm, and an off-manifold leaf of the genome-wide screen is dropped. The Tbx5 comparisons
take distances in the integrated latent space of Section 4.3.2, within the cells of the heart tube (first and second
heart field, endocardial cells and epicardium). The Tbx5 analyses use a ratio of 1.1 and hold an off-manifold
trajectory at its last on-manifold state. Fig. 5l visualizes both measured and predicted distortions, and Fig. 5m
reports their Pearson correlation over its reference cells.

4.4.5. Tbx5 trajectory and program analyses

The Tbx5 analyses of Fig. 5f–i use a knockout screen run as in Section 4.4.4 on the E9.5 trees of three replicate
embryos, started with cells alive at E8.0 with 16 denoising steps, the off-manifold ratio 1.1 and off-manifold leaves
frozen in their last on-manifold states. The shift curves of Fig. 5f give, on a grid from E7.0 to E9.5 in steps
of 0.05 day, the share of a subtype’s leaves whose trajectory is shifted by that time, for subtypes with at least
100 readout leaves, naming the seven most shifted. Note that the simulation begins with cells alive at 8.0, which
includes nodes with earlier node times which have child nodes with time > 8.0.

A node expresses Tbx5 when the log-normalized expression of its assigned cell exceeds 0.10. The example
subtree of Fig. 5g is one founder’s subtree of a control record, pruned to the forelimb field and heart leaves and
the internal nodes above them; among the subtrees with at least three leaves of each fate, at most 55 leaves after
pruning and a root below the expression threshold, we draw the one whose two fates are largest and most evenly
balanced. For Fig. 5h we take every founder’s subtree that produces both fates and record, along each leaf’s
path, the split, the time of the last ancestor whose descendants include both fates, and the onset, the first time
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Tbx5 is expressed on the path; the panel shows for each fate the cumulative share of its trajectories past each
event.

The posterior second heart field program of Fig. 5i is a linear discriminant direction, fit with a shrinkage
estimate of the within-class covariance, between the lineage-traced cells carrying the atlas’s anterior and posterior
second heart field labels at the stages that carry both, E8.0 to E9.0, so no cell the panel scores enters the fit.
Its features are the log-normalized expression of the non-mitochondrial genes detected in at least 5% of the fit
cells, standardized on those cells. The E9.5 heart-tube reference cells of the first and second heart fields are
standardized the same way, projected on the direction, and the projection standardized over them. The three
transcription factors with the largest loadings on each side name the axis, and the panel plots the score against
the predicted nearest-neighbor distortion of the knockout screen at each reference cell (Section 4.4.4).
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Algorithm 1 Imputation alignment loss

1: function Marginal({X̂i}i∈I , t)
2: F ← [ ]
3: for i ∈ I do
4: for each cell v in X̂i alive at time t do
5: append x̂i,v to F
6: end for
7: end for
8: return F
9: end function

10: function Path({X̂i}i∈I , (t0, . . . , tK))
11: F ← [ ]
12: for i ∈ I do
13: for each sampled lineage path across (t0, . . . , tK) do
14: let vk be its cell alive at tk

15: append (x̂i,v0 , . . . , x̂i,vK ) to F
16: end for
17: end for
18: return F
19: end function

20: function CommonAncestor({X̂i}i∈I , t0, t1)
21: F ← [ ]
22: for i ∈ I do
23: for each sampled cell u in X̂i alive at t0 do
24: sample two descendants v, w of u alive at t1
25: randomly order (v, w)
26: append (x̂i,u, x̂i,v, x̂i,w) to F
27: end for
28: end for
29: return F
30: end function

Require: Two collections of observed trees indexed by I and I′, and imputer Iθ

31: Complete each tree:
X̂i = Iθ(Ti, Ai, xi,Ai ), i ∈ I ∪ I′.

32: Let t0 < · · · < tK be the developmental times shared by both collections.
33: Lmarg ← 0
34: for k = 0, . . . , K do
35: Lmarg ← Lmarg + D̂E

(
Marginal({X̂i}i∈I , tk), Marginal({X̂j}j∈I′ , tk)

)
36: end for
37: Lpath ← D̂E

(
Path({X̂i}i∈I , (t0, . . . , tK)), Path({X̂j}j∈I′ , (t0, . . . , tK))

)
38: Lanc ← 0
39: for 0 ≤ k < ℓ ≤ K do
40: Lanc ← Lanc + D̂E

(
CommonAncestor({X̂i}i∈I , tk, tℓ), CommonAncestor({X̂j}j∈I′ , tk, tℓ)

)
41: end for
42: return λmargLmarg + λpathLpath + λancLanc
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S1. Supplementary results: supporting analyses

S1.1. Additional results on synthetic and semi-synthetic benchmarks

Decomposing error across transitions. In Fig. 2a,b, we show that lineage inpainting models are able
to leverage tree topology to correctly infer transitions. The metrics we show are only for the transition where
differences between models are very distinct (7 → 8). Here we show the rest of the transitions (Supplemental
Fig. S1a).

Decomposing performance across transitions points toward the source of multimarginal FM’s poor perfor-
mance. Because this multimarginal FM baseline fits a deterministic cell-state ODE (akin to [12, 13]), it is unable
to model bifurcations. So at transitions where the output is unimodal from a certain state (6 → 7, 8 → 9),
multimarginal FM performs well. But in the other transitions where there is a bifurcation (5 → 6, 7 → 8) it
performs poorly.

Additional baselines (including non-generative approaches). Throughout the main text, we benchmark
only against generative baselines: multimarginal FM, GENOT-Sinkhorn and GENOT-FGW. Here, we also com-
pare to two established non-generative baselines. In order to compare these to generative baselines, we use a
nearest neighbor projection. To get the ancestor (or similarly, descendant) of an input cell, we identify the closest
cell in the training dataset, and output its discretely coupled ancestor. In a similar spirit, we also compare to
lineage inpainting implemented with two “non-parametric” imputation models. The first is mean pooling, or in
other words the “vanilla” ancestral reconstruction which is used as the additive baseline in the tree-structured
transformer. The second is what we refer to as NN-snapped imputer, which replaces the mean-pooled ancestral
reconstruction with its nearest observed cell.

Including these baselines in the semi-synthetic experiments, we find that all four baselines perform more
poorly than lineage inpainting with a learnable imputation function across both semi-synthetic benchmarks.
WaddingtonOT [11] and moslin [42] exhibit stronger performance for recovering the correct cell type coupling
over their generative counterparts. This suggests that the poor performance of the GENOT models is not always
attributable to the optimal transport coupling itself.

This has a clear explanation in the context-copying benchmark. GENOT models are fundamentally incapable
of recovering this, as they never receive the cousin context (which determines the ancestral state) as input. Even
provided with the ground truth coupling, a flow matching model fit to generate ancestral states conditional on a
single descendant state will be unable to correctly match the coupling, since the true state depends on the state
of the cell’s cousins.

Consistency across performance metrics. Throughout our synthetic evaluations, we use performance met-
rics which evaluate the extent to which generated states match the discrete clusters of the true states. In the
semi-synthetic experiments, these correspond to cell types, and in the synthetic experiments, these correspond
to the attractors of the Ornstein-Uhlenbeck equations. Here, in Supplemental Fig. S1d, we compare the
fate accuracy to distributional divergences which do not discretize the state space. We find that broadly the
two metrics are in agreement (ρ ≈ −0.63 across multiple divergences). The non-parametric imputation models
(mean pooling and nearest-neighbor snapping) are outliers: they can achieve strong fate accuracy without closely
matching the correct distribution in state space. This is understandable: the hierarchical means can be close to
the correct cell type, but far from any realistic cell.

S1.2. Inspecting the attention heads of a lineage inpainting model

In the architecture introduced in Box 1, there is a parameter γ, which encodes (per head) the locality of
the attention matrix. For negative γ, nodes attend more to their local neighborhood on the tree, while for
positive γ nodes attend more to distant relatives. After fitting a model on real data, we inspected the learned γ
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Figure S1 | Additional results on synthetic and semi-synthetic benchmarks. (a) Fate accu-
racy of reconstructions across coherent and crossing dynamics from Fig. 2, decomposed by transition.
(b) Type accuracy of model predictions from random cell type motif benchmark of Fig. 2, including
additional baseline methods. WaddingtonOT and moslin are non-generative methods, here we evalu-
ate using the discrete coupling. (c) Same as (b), but for the cell-type context motifs. (d) Comparison
of fate accuracy metrics with distributional metrics, on the random cell type motif benchmarks. MMD
refers to maximum mean discrepancy. Colors match panel (c).
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Figure S2 | Inspecting the learned attention heads. (a) Learned patristic distance bias scale
(γ), across each head in the sampler of a lineage inpainting model fit to Colgan et al. [36]. One dot
per each of four heads across four layers. (b) Fraction of attention paid to observed (input condition)
nodes, across interpolant times, across each head. Hue matches layers from panel (a). (c) For an
example input subtree, the normalized attention matrix of attention head 2 from layer 2, at different
interpolant times. Columns represent key nodes, and have ticks hued by observed vs. masked.

values (Supplemental Fig. S2a). We find that there are both negative and positive γ values, but the highest
magnitude γ (by far) is negative. We also find that the largest positive γ values (γ > 1), which may correspond
to heads processing global structure on the tree (long-range dependence), are exclusively present in the later
layers of the transformer (layers 3 and 4).

When visually inspecting the attention matrices, we noticed a pattern that the model attends more to real cells
(the input condition) during the beginning of the flow. This is sensible, as at early timesteps the unmasked nodes
supply the observed states, while the masked nodes receive noise around the displacement state. At later time
steps, attending between generated nodes is sensible to capture dependence between child states. For example in
asymmetric divisions, such a mechanism would be necessary. We quantify this across heads in Supplemental
Fig. S2b.

S1.3. Additional results on model evaluation on the lineage-traced atlas

All metrics in Fig. 3b are computed on the training data — that is, the same trees that the models were fit
using. To test whether these results hold on unseen trees, we evaluated a set of models trained on a dataset
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Figure S3 | Model evaluation on held-out lineage trees. The metrics of Fig. 3b, computed
over the 11 clone trees that were held out. Lower is better for every metric. Filled circles are models
trained on the remaining 45 trees, while open circles are the models from the main text. Points
show the mean, and bars show the 95% interval over subtrees (clonal), stage pairs (marginal), stage
transitions (linkage) or (cell type, Hox gene) pairs (Hox-code).

holding out 11 of the 56 clone-specific trees from training: two clones per stage from E7.5 to E9.5, each pair
taken from different embryos, and one of the six E10.0 clones. Together these make up 23% of all leaves.

We trained lineage inpainting on the remaining 45 trees, with the same settings as the model in the main
text. On the same split we trained GENOT-Sinkhorn with ε ∈ {0.01, 0.05, 0.2} and GENOT-cbFGW with fused
penalty ∈ {0.1, 1, 10}. The main text uses ε = 0.05 and a fused penalty of 1. We then computed the same metrics
of Fig. 3b, only over the 11 held out trees. As a point of comparison, we also scored the models from the main
text, which were trained on all 56 trees, on the same held-out trees.

On held-out trees, lineage inpainting has the lowest clonal distortion, marginal distortion, lineage oscillation,
germ-layer crossing and Hox-code distortion (Supplemental Fig. S3). Compared with the model trained on
all trees, most metrics are similar on the held-out model, except linkage distortion, which rises from 0.13 to 0.28.
This may be due to the higher variance in the metric.

Across all the GENOT parameter choices tested, model metrics remain relatively similar, with the exception
of increasing the fused penalty of GENOT-cbFGW to 10. In this case, models appear to improve substantially
over the main text models, but are still less performant than the lineage inpainting models.

S1.4. Comparing lineage inpainting inferred transitions with prior literature

In Qiu et al. [9], the authors begin from a large set of > 103 possible cell state transitions based on transcriptional
similarity as measured using a ∼ 12 million cell scRNA-seq atlas, and manually curate these based on prior
support in literature, resulting in a proposed cell type transition graph with 452 edges. This graph remarkably
recapitulates the vast majority (though presumably not all) of known developmental state transitions from zygote
to birth. Here, we compare the cell state transitions learned by lineage inpainting – purely from a single lineage-
traced atlas – to those annotated using prior literature in Qiu et al. [9].

We first assess the extent to which the lineage inpainting model is consistent with this literature-informed
map at the cell type level. Beginning from the aggregated cell type transition map in Fig. 3a, we ask if each of
the edges also appears in the map of Qiu et al. [9]. Of the 272 total edges, 22 involve cell types with no clear
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correspondence to the annotations of Qiu et al. [9]. Of the remaining, 195 edges could be directly mapped to
edges in Qiu et al. [9] or were “identity” edges between the same cell type at two timepoints. The remaining 55
edges were inconsistent between the two maps. Of the mismatches, 22 are transitions between similar cell types
(which we denote “boundary”), and could arise from labeling artifacts. For example certain cell types may not
have clear boundaries between them, and rather a continuous gradient in transcriptional states. We identify the
similar cell types as those that either descend from the same parent node or are classified as “spatial continuity”
edges in Qiu et al. [9].

One apparent failure mode of the lineage inpainting models is that they can occasionally assign transitions in
the wrong direction. For example, the model suggests that axial progenitors can arise from presomitic mesoderm,
which is highly unlikely. We identify 13 such cases, where an edge exists in Qiu et al. [9], but is found in the
reverse direction in the lineage inpainting derived map. However, these incorrect “reverse” transitions are not
particularly dramatic in propensity. he most prevalent reversed transition (hindlimb field → somatic mesoderm)
appears only 893 times across ∼ 106 inferred transitions.

Some mismatches fall into none of these categories. All have low propensity, appearing less than 2 × 103

times, and several appear plausible but unannotated in Qiu et al. [9]. Some are due to differences in resolution.
For example, the top mismatch predicted by lineage inpainting is epiblast → paraxial mesoderm. This edge does
not exist in Qiu et al. [9]. Instead, they have the more finely annotated path: epiblast → primitive streak →
nascent mesoderm → paraxial mesoderm.

Others appear to be due to possible errors in the map of Qiu et al. [9]. For example, the second most abundant
mismatch is epiblast → axial progenitor. In the map of Qiu et al. [9], the axial progenitors are labeled as caudal
lateral epiblast and neuromesodermal progenitors (CLE and NMPs), and their origin is given as surface ectoderm
→ CLE and NMPs. This disagrees with prior literature which suggests that axial progenitors arise from the
epiblast [115].

Much of the disagreement between the two cell type level maps is concentrated in low-propensity transitions.
Evaluating agreement between lineage inpainting inferred transitions and the Qiu et al. [9] map at the single-cell
level, we find that 93% of transitions are consistent (Supplemental Fig. S4). Of the remaining transitions, the
majority come from boundary transitions, which are very sensitive to annotation choices.

S1.5. Additional results on transcriptional convergence analysis

Convergence and OT distortion scores across cell types. In Fig. 4b, we quantify the convergence score
and OT discrepancy averaged over cells with a particular cell type label. Here, in Supplemental Fig. S5a, we
tabulate the cell types with the highest and lowest convergence scores. The top ten most convergent cell types
are all either neurons or endothelial cells. The bottom ten cell types do not have as clear a pattern, but several
are broader progenitors which are more prevalent at earlier timepoints, such as forebrain and spinal cord (see
Fig. 3a for abundance over time).

Sensitivity to normalization. When computing the OT discrepancy and convergence score in Fig. 4a,b, we
use normalization for the local spacing between cells. That is, for each cell, we divide its “raw” OT discrepancy
(ancestor L2) or convergence score (covariance matrix trace over ancestors of transcriptional neighbors) by the
cell’s own nearest-neighbor distance. The goal is to ensure that the convergence scores and OT discrepancy
are not simply capturing local transcriptional variation between cell types. Here, we show that the general
conclusions of this figure do not rely on this particular normalization choice. In Supplemental Fig. S5b, we
show that without normalization, the OT discrepancy and convergence score are more tightly correlated, and
endothelium and neurons remain the most convergent cell types.

Core genes of transcriptional programs. Across Fig. 4d,e we illustrate program reuse in convergence
events, relying on transcriptional programs defined for (1) the paraxial to lateral plate axis, (2) the anterior
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Figure S4 | Comparing lineage inpainting models with Qiu et al. [9] manually curated
transitions. (a) Agreement with Qiu et al. [9] transition map, at the aggregate level of edges
between cell types. Match denotes an edge in both graphs, including identity edges between the same
cell type label at different times, reverse denotes an edge in Qiu et al. [9] which lineage inpainting infers
the opposite direction, boundary denotes an edge between cell types which are labeled as spatially
adjacent in Qiu et al. [9], or nodes which share an ancestor in Qiu et al. [9], unmapped edges involve
a cell type with no corresponding annotation in Qiu et al. [9]. (b) Same as (a), but now measured at
the single cell transition level rather than the aggregate cell type level. (c) - (f) List of top 10 most
frequent transitions from each non-match category.
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to posterior axis, (3) the endothelial cell identity axis, (4) the spinal cord interneuron identity axis and (5) the
somatic motor neuron identity axis. We define all of these programs using the same procedure (linear discriminant
analysis over the cell type labels). In Supplemental Fig. S5c we show the expression of the genes with highest
magnitude loadings, across the relevant cell types. Many are classical cell type markers.

Threshold sensitivity for memory analysis. In Fig. 4f,g, we quantify the number of genes which are
“memory” genes which retain a signature of origin cell types compared to genes which are “erased”. To define a
gene as persistently differentially expressed, we have to define cutoffs. Here, we ask if our qualitative observation
– that endothelium retains fewer memory genes than neurons – is sensitive to the choice of cutoff between memory
and erased. In Supplemental Fig. S5d, we find that regardless of choice of cutoffs, the ordering of cell types
by erased fraction remains consistent.

S1.6. Additional results on perturbation effect comparisons with MGD annotations

In Fig. 5c, we show that lineage inpainting predictions of perturbation effects in mice are significantly higher
for genes with high mutational constraint in humans compared to those that are unconstrained. It has been
previously observed by Lek et al. [84] that the bulk gene expression (in humans) is typically higher for mutationally
constrained genes. Here we study the relationship between gene expression within cell types and lineage inpainting
model predictions.

We first take all (gene, cell type) pairs present in the MGD annotations analyzed in Fig. 5b and ask if the
mean expression of a gene within a cell type is related to the lineage inpainting predicted effect of knocking out
a gene on a cell type. We find that the predicted depletion of a cell type by a gene knockout is indeed correlated
with the expression of that gene within that cell type (Supplemental Fig. S6a).

However, there are a number of genes with low or no expression in a cell type whose knockout is predicted to
deplete that cell type. For each (gene g, cell type c) pair, we rank the cell types by mean expression of the gene
g, and compute the rank of c. We repeat the same ranking process based on predicted depletion rather than
expression, and identify the pairs with the highest discrepancy (Supplemental Fig. S6b).

Inspecting these model predictions, we find that the gene – while not expressed in the cell type itself – is
expressed in lineage inpainting’s inferred ancestors of the cell type. We visualize three examples in Supplemental
Fig. S6c, which show a pattern where a transcription factor is transiently expressed in the progenitors of a cell
type.

S1.7. Additional results on Tbx5 crispant profiling

In our experimental measurement of Tbx5 knockout effects, we profiled eight individual embryos. We demul-
tiplexed the cells of the embryos using their SNP profiles as naturally occurring barcodes, similar to previous
work [113, 114]. Many cells have SNP barcodes that fall into a distinct cluster, while others are ambiguous
or resemble doublets (Methods, Supplemental Fig. S7a). After this demultiplexing and SNP-based doublet
removal pipeline, we recovered between 5 · 103 and 2 · 104 cells per embryo (Supplemental Fig. S7b). The
embryos had similar transcript sensitivity, with median unique molecular identifiers (UMIs) of roughly 2500 and
roughly 1500 genes detected per cell across all eight embryos.

Similar to in Supplemental Fig. S6a, we again asked the extent to which perturbation effect (here measured
by log nearest-neighbor distortion) is related to the depletion of a cell state. We compare the expression of Tbx5 in
each reference cell state to its measured log nearest-neighbor distortion. We find that they are loosely correlated
with r = 0.40 (Supplemental Fig. S7c). In aggregate, this is less predictive than the model predictions shown
in Fig. 5m, which has r = 0.57. This trend is consistent across all 8 embryos individually (Supplemental
Fig. S7d).

While we measure clear effects for Tbx5 perturbation in the lateral plate mesoderm as expected, we also
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Figure S5 | Additional results on transcriptional convergence analysis. (a) Table of top 10
and bottom 10 cell types as ranked by convergence score. Convergence and OT discrepancy refer to
normalized scores from Fig. 4b. Leaves refers to number of observed cells of each type from which
scores are computed. (b) Same as Fig. 4b, except where scores have not been normalized by local
nearest-neighbor distances. (c) Mean expression (per cell type) of each of the top four genes per
transcriptional program. LP refers to lateral plate direction, paraxial refers to paraxial mesoderm
direction, post. refers to posterior direction, ant. refers to anterior direction. EC = endothelial
cell, SCI = spinal cord interneuron, SMN = somatic motor neuron. (d) Fraction of divergent genes
considered erased, per cell type, across different divergence (E8.5) and memory (E9.5) cutoffs.
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Figure S6 | Additional results on perturbation effect comparisons with MGD annotations.
(a) Across all MGD annotated (gene, cell type) pairs, the predicted depletion of the cell type under
gene knockout against the mean expression of the gene within the cell type. (b) The top six transcrip-
tion factors with low cell type mean expression, and high predicted depletion. Chosen by difference
between rank across 34 cell types with corresponding MGD annotations. (c) Representative trees
with inferred expression along edges for cell type gene pairs with low expression and high predicted
depletion.
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Figure S7 | Additional results on Tbx5 mutant profiling. (a) UMAP of cells, prior to quality
filtering, based on SNP profile, hued by inferred embryo identity. (b) Number of cells, counts per cell,
and genes per cell, across embryos. UMI = unique molecular identifier. (c) Correlation of measured
nearest-neighbor distortion (per reference E9.5 cell) and Tbx5 expression. (d) Comparison of model
predicted distortion agreement and reference cell Tbx5 expression correlation, across embryos. (e)
Energy distance of Tbx5 crispant cells to E9.0 reference and E9.5 reference cells of corresponding
coarse cell type label. (f) UMAP of neuroectoderm cells from E9.5 reference and Tbx5 crispant.
Neurons hued, all other cells grey. (g) Same as (f), hued by dataset rather than cell type. (h)
Fraction of neuroectoderm labeled as a neuron, across reference and crispant embryos.
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Figure S8 | The higher-order components of the alignment loss tighten the lineage struc-
ture. The alternating VP-SDE model trained with the state marginal alone, with the path added,
with the common-ancestor triple added, and with all three loss components together.

found global effects which were not predicted by the model, nor evident from prior literature. We quantify
these developmental delays per tissue, by measuring distributional distance of cell states to the E9.0 and E9.5
reference populations. While all tissues are more similar to E9.5 than E9.0, some tissues appear close to the
boundary, suggesting a developmental delay (Supplemental Fig. S7e). This delay is particularly clear in the
neuroectoderm. The Tbx5 crispant data contains very few neurons compared to the E9.5 reference, while the
rest of the neuroectoderm is well represented (Supplemental Fig. S7f–h).

S2. Supplementary results: choosing an implementation of lineage inpainting

The figures below compare 28 implementations of lineage inpainting to understand which modeling choices are
most effective in practice. We considered models which vary across the following design choices:

1. The tree features used in the alignment loss.

2. The choice to predict raw states or the Felsenstein additive displacement baseline.

3. Whether we use the imputer or the sampler for ancestral state predictions.

4. The conditional generative model we use for the sampler. We test a one-step model (essentially re-using
the imputer as a sampler), as well as a deterministic flow matching model and a diffusion model (see
Section 4.1.4 for details on these two interpolants).

5. How we allow the gradient to flow through the model, and whether sampler is trained directly on imputer
outputs, or on real observed cells.

Tree features in the alignment loss. We begin by evaluating whether the different components of our
imputer loss lead to measurable improvements in the sampling models we get. We trained the model with an
imputer loss that only tries to match the marginal at each time, then adding the path and common ancestor
components respectively before adding both. We find that incorporating the path and common ancestor features
jointly improves the main coupling metrics at a small cost to the marginal performance, while either feature
alone has metric-specific tradeoffs (Supplemental Fig. S8).

Felsenstein displacement. The next question we address is whether our inductive bias driven by the additive
baseline has any impact on the models we learn. In Supplemental Fig. S9 we demonstrate that every metric
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Figure S9 | The additive baseline improves the coupling metrics. Using the full grid of models
we compare the plain tree transformer and the tree transformer using the additive baseline in Sec.
4.1.2. The additive baseline improves essentially all metrics across all models.

which measures the quality of the coupling between timepoints is improved by incorporating the Felsenstein
inductive bias. For many models the marginals also improve under the baseline. This demonstrates the value of
the additive baseline in learning a reasonable coupling.

Sampler versus imputer. While the sampling model is the only model which can make descendant predic-
tions, in principle we could use either the sampler or the imputer to make ancestral predictions. We next ask,
in practice, whether the imputer or the sampler produce better results across our metrics. In Supplemental
Fig. S10 we use both the imputer and the sampler to compute our primary imputer metrics, and plot each
imputer against its corresponding sampler. Across the lineage oscillation, distortion, and the germ layer crossing
the sampler models are consistently better than the imputers (with the exception of some one-step models). On
the Hox code distortion the results are more mixed, but overall it is clear that the samplers are better models
on our metrics.

Sampler family. We next ask what type of conditional generative model is most effective as a sampler.
We consider three families: a one-step model (mirroring the architecture of the imputer), and two stochastic
interpolant models (CFM and VP-SDE models described in Section 4.1.4). In Supplemental Fig. S11 we show
that the one step model is worse than the stochastic interpolants across most methods. The CFM and VP-SDE
models have very similar performance on the coupling metrics. The VP-SDE models consistently perform better
on the distributional metrics such as the marginal distortion.

Gradient flow and nearest neighbor snapping. Next we can consider how the gradient flow through
training affects the resulting model. In particular we consider three settings: first, we simply use the imputed
states to directly train the sampling model; second, we replace the imputed states with their nearest neighbors
(except the snapshot we condition on, which we leave as generated by the imputer); finally we test an alternating
version, where we switch between the imputer and the imputer-nearest-neighbor. The disadvantage of the
imputer-only model is that the sampling model is trained almost entirely on “synthetic” data; on the other hand,
the nearest neighbor model does not let the gradients flow through the imputer fully. The alternating model
aims for the best of both these worlds. In Supplemental Fig. S12 we compare these three settings, including
stop-gradient variants of the raw and nearest-neighbor settings. We find that the gradient flows help in almost
all cases, and that overall the alternating model maintains the performance of the imputer-only model while
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Figure S10 | Comparing the imputer and sampler models on ancestral inference metrics.
Using the full grid of models we compute all our metrics for both the imputer and the sampler,
plotting them against each other. Points below the diagonal demonstrate better performance as a
sampler than as an imputer. We use markers to indicate the three different sampler models we test:
the one-step model, the CFM, and VP-SDE.

Figure S11 | Iterative samplers sharpen the distributional metrics over the one-step model.
Each row is an imputer and a pairing; open circles show the one-step model, and colored circles show
flow matching (CFM) and variance-preserving diffusion (VP-SDE). Left is better in every panel.
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Figure S12 | Comparing model performance against different training setups and gradient
flows. Using the models from the grid we can compare three methods to leverage the imputer in
the sampling model. We compare training on the raw imputed trees, the nearest neighbors, and
a training procedure that alternates between the imputer and the nearest neighbors. The raw and
nearest-neighbor settings are shown with and without gradients flowing from the sampler to the
imputer; the alternating setting retains this gradient.

enabling training on real data.

Model selection. Reviewing our results across these different axes, we selected the alternating VP-SDE model
with the additive baseline because this seemed to produce the best overall results while enabling training the
sampler model on real data.

Comparing the transition maps learned by different models. Finally we can examine to what degree
these choices affect the cell type transition graph we infer from the model. Using the same procedure as in Fig. 3a,
we infer a cell type level transition map for each model. We then compare transition maps using their cosine
similarity (Supplemental Fig. S13). We find that the CFM and VP-SDE models using the Felsenstein additive
baseline produce qualitatively similar cell-type transitions across our methods. This implies that although there
is real variation in metrics across methods, the larger scale results are stable across these architectural choices.
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Figure S13 | Iterative models with the additive baseline infer similar cell-type transition
graphs. We compute the cell-type transition graph as in the main text figures for each model. We
then convert these graphs into a vector, where each dimension of the vector represents the edge
weight of an edge in the underlying graphs. We compute the cosine similarity between these vectors
to represent how similar the induced cell-type transitions are across models. Missing edges have zero
weight, and vectors use the union of time-resolved edges. The color scale transforms cosine similarity
c as − log10 max(1 − c, 10−6).
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S3. Supplementary results: theoretical analysis of alignment loss

To learn an imputation model, we compare distributions of cell states and lineage features pooled across collections
of completed trees. In particular, we use a distributional divergence to compare the marginal distributions of
states, the distribution of states along ancestral paths, and the distribution of states along ancestor-descendant-
descendant triples. The goal of this section is to illustrate the principles underlying this procedure.

We start by considering how we can compare two state-decorated trees when we do not know the corre-
spondences between nodes, showing that this reduces to a distributional comparison for any pair of trees. We
then show how to lift that construction over pairs of trees to pairs of distributions over trees. This gives us a
principled whole-tree discrepancy and connects the energy distance we focus on with analogous divergences, like
the Wasserstein-1 distance.

The final section here concretely traces the trade-offs between this whole-tree loss and our three component
loss. The central idea is that, because we have few trees and because the whole-tree loss is very high-dimensional,
we can actually do a better job at measuring the discrepancy between two collections of trees by restricting
ourselves to these lower dimensional components. This statistical efficiency comes at a price: two whole-tree
distributions can agree on all the features but disagree on “long-range” dependencies that the features do not
measure. In the binary setting, we make this tradeoff exact by characterizing the set of distributions over trees
left unresolved by the features and comparing the bias and variance of the resulting estimate of the whole-tree
energy. We find regimes in which the projected feature statistic has lower MSE for the whole-tree energy despite
this; as tree depth grows, the computational advantage of the feature representation increases.

S3.1. Comparing unordered trees

Consider two state-decorated trees
X = (Tk,d, x), X ′ = (Tk,d, x′),

with the same k-ary topology Tk,d, with k ≥ 2 and depth d. Here Tk,d specifies the tree topology and x and
x′ give the states attached to its nodes. If the children were ordered, we could flatten the node states in that
order and compare the resulting vectors using Euclidean distance. We assume that this order is not available;
instead we compare trees using only their node states and parent–child relationships, treating any permutation
of siblings as observationally equivalent.

Throughout this section, we therefore work with trees “identified up to child order.” If we knew the ordering
of the children between trees we could compare that ordering directly, and this might well be different from the
permutation-invariant distances we focus on here. But this kind of ordering is not available in our data, so this
is, in some sense, the best we can do.

We will start with an intuitive way to compare our unordered trees, by trying every possible pairing and
picking the one that minimizes the distances. We will show that this is actually a metric on the space of
unordered trees with fixed topology. We will use this as a point of comparison for our actual loss. Let Πk,d

denote the set of orderings we can get by permuting the children of each internal node, and let vecπ(X ) denote
the flattened representation of X under ordering π. A natural distance is

dmin(X , X ′) = min
π,π′∈Πk,d

∥vecπ(X ) − vecπ′(X ′)∥ .

Because only the relative ordering of the two trees matters, we may fix any ordering of the first tree and
equivalently write

dmin(X , X ′) = min
π∈Πk,d

∥vec(X ) − vecπ(X ′)∥ .

Two trees that differ only by child ordering are treated as the same unordered tree. This construction is related
to the hierarchical tree distance underlying Tree Mover’s Distance [116, Definition 4]: with unit depth weights
and squared Euclidean node costs, that recursion gives d2

min for matching complete rooted topologies, and an
outer square root gives dmin.
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Our loss actually comes from a second, slightly less obvious, construction. Rather than choose the single
relative ordering that makes two trees as close as possible, we represent each tree by the whole distribution of all
its possible ordered representations. We take a tree X and sample child orderings uniformly at random, defining
the distribution of the resulting flattened ordered vectors as:

PX ,ord = LawΠ {vecΠ(X )} , Π ∼ Unif(Πk,d).

The minimum-order distance and energy distance both compare the same distributions. The Wasserstein
distance selects an optimal coupling, whereas energy distance uses between- and within-distribution expectations.
We can make this precise:

Proposition S1 (Randomized-order metrics on unordered trees). On state-decorated trees with topology Tk,d,

PX ,ord = PX ′,ord ⇐⇒ X = X ′ up to child order.

Moreover,
dmin(X , X ′) = W1(PX ,ord, PX ′,ord) and

√
DE(PX ,ord, PX ′,ord)

are metrics on unordered trees.

Proof. First suppose that X and X ′ differ only by a fixed child ordering. Uniformly reordering X ′ is equivalent to
applying this ordering to X and then applying another uniform random ordering. Composing a uniform random
ordering with any fixed ordering preserves uniformity, so PX ,ord = PX ′,ord.

Conversely, suppose that PX ,ord = PX ′,ord. Fix any ordered representation of X . Every ordering is sampled
with positive probability so this has positive probability under PX ,ord. Since the laws are equal the same holds
under PX ′,ord. Thus some ordering of X ′ must produce exactly the same flattened representation. Hence the
trees agree up to child order.

For any metric ∆ on probability laws over ordered tree vectors, write d∆(X , X ′) = ∆(PX ,ord, PX ′,ord). This
implies that the map X 7→ PX ,ord is injective on unordered trees, and composing any metric ∆ with this map
preserves nonnegativity, symmetry, and separation. It also preserves the triangle inequality because

d∆(X , X ′′) = ∆(PX ,ord, PX ′′,ord)
≤ ∆(PX ,ord, PX ′,ord) + ∆(PX ′,ord, PX ′′,ord)
= d∆(X , X ′) + d∆(X ′, X ′′).

Thus d∆ is a metric.

All that is left is to check the Wasserstein representation of dmin. The Euclidean distance between ordered
representations of X and ordered representations of X ′ is at least dmin(X , X ′), so every coupling of their ordering
laws has at least this expected cost. For the reverse inequality, let π⋆ attain the minimum in the definition of
dmin. If Π is uniform on Πk,d, then pairing vecΠ(X ) with vecΠ◦π⋆(X ′) defines a coupling of the two uniform
ordering laws. Applying the same ordering to both vectors preserves their Euclidean distance, so this coupling
has constant cost dmin(X , X ′) and attains the lower bound.

Each ordering law has finite support. Wasserstein distance is a metric on Euclidean probability laws with
finite first moments, as is the square root of energy distance [98]. The general claim therefore shows that both
dmin and the square root of energy distance are metrics.

S3.2. Comparing collections of trees

The preceding metrics compare two fixed trees. We now consider the distributional problem, where we need to
compare two collections of trees. Given the sets of trees

X1, . . . , Xn, X ′
1, . . . , X ′

n,

66



each tree has the ordering law PX ,ord introduced in the preceding section, so the two collections induce mixtures
over flattened ordered vectors:

1
n

n∑
i=1

PXi,ord,
1
n

n∑
i=1

PX ′
i
,ord.

We can sample one tree from a collection and then order its children uniformly at random. Repeating this process
we can compare the trees as in the previous section, but we can also “lift” our distributional distances to the
setting where we have collections of trees: here, the Wasserstein distance chooses an optimal coupling between
the two ordered-vector mixtures, whereas energy distance compares them through between- and within-mixture
expectations.

We can write P and Q for two generic laws on state-decorated unordered trees with topology Tk,d and define

Pord = Law{vecΠ(X )} , X ∼ P, Π ∼ Unif(Πk,d),

where X and Π are independent, and define Qord analogously. Variation among trees is part of the distributions
being compared; the variation in child order is a technical device we are using to handle the arbitrariness of child
order. This lets us write a generic result for the distributional comparison of two tree laws which works for either
Wasserstein or energy distance.

Proposition S2 (Randomized-order comparison of tree laws). For laws P and Q on state-decorated unordered
trees with topology Tk,d,

Pord = Qord ⇐⇒ P = Q.

Consequently, on tree laws whose ordered-vector laws have finite Euclidean first moments,

W1(Pord, Qord) and
√

DE(Pord, Qord)

are metrics on tree laws.

Proof. If an ordered vector is drawn from Pord, reconstructing the fixed topology and forgetting child order
returns an unordered tree drawn from P . Hence Pord = Qord implies P = Q, while the converse follows directly
from the definition. The map P 7→ Pord is therefore injective, so the pullback argument from Proposition S1
shows that any metric on ordered-vector laws pulls back to a metric on tree laws.

Finally, Wasserstein distance is a metric on Euclidean probability laws with finite first moments, as is the
square root of energy distance [98]. The general claim therefore applies to both.

The randomized-order representation gives a faithful whole-tree target, which we can treat as the ideal object
that the practical alignment loss is trying to approximate. In our setting, however, we have a limited number of
whole-tree samples, making this high-dimensional law difficult to estimate accurately. As trees grow, the whole-
tree comparison asks each observation to support more joint directions, and the sampling variance can become
huge. The alignment loss instead turns every tree into sets of fixed-size generation, path, and common-ancestor
features. This effectively converts the high-dimensional problem into a collection of lower-dimensional problems,
improving statistical efficiency but making some kinds of “long-range” dependence impossible to measure. The
next subsection studies this tradeoff using binary states on binary trees.

S3.3. From whole-tree laws to low-order features

To make this tradeoff exact, we now restrict our attention to complete binary trees with states encoded as −1
and +1. This is essentially a generalized Ising model on trees, where we allow the interactions to vary over
arbitrarily long ranges on the tree. The binary setting is useful since it allows us to write all of our analysis as
functions of the full probability mass table, which is finite and discrete.
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Our three feature families break up each tree in complementary directions. The generation marginal keeps
the state distribution at each time, the path triple captures a “depth” summary along each ancestral lineage,
and the common-ancestor triple is a “breadth” summary across branches below every shared ancestor. We pool
these feature samples at each time, replacing the whole-tree comparison with repeated comparisons of these
low-dimensional feature distributions.

These features let us break the large tree into smaller pieces, effectively reducing the variance of our divergence.
But the central issue is that the feature laws cannot distinguish all whole-tree laws. The goal of this section is
not to show that these features identify the whole-tree law (they almost certainly do not) but to quantify how
much whole-tree information they resolve relative to their variance gains. We start by working through a simple
example to show how this pooling works. We then explore a seven-node tree in Supplemental Fig. S15, which
lets us carefully analyze our feature laws against the whole-tree loss, weighing the statistical efficiency against
the loss of information from the featurization.

To make the pooling concrete, let V be the node set of for one of our completed trees Tk,d, with |V | = N .
We write DE(P, Q) = DE(Pord, Qord) for whole-tree energy. For a tree law R, let pR(x) be the mass assigned by
Rord to the binary assignment x ∈ {−1, 1}V .

The smallest example is a three-node “fork” with a parent 0 and two children 1 and 2. On this fork we can
consider a two-node path from parent to child; the path has two eligible placements, one for each child, and the
fork has a single time stratum, so pooling reduces to averaging these two placements.

We can think about two concrete laws so we can understand how this feature compares to the whole-tree (whole
fork) distance. We will let P be a law where the parent and both children are independent fair signs. We will
compare this to the Bernstein triple Q, where we sample the parent and one child independently, but the second
child is always the product of the parent and first child. In this construction every pair is independent but the
product of all three signs is always +1. Equivalently, pP (x) = 2−3 and pQ(x) = 2−3(1+x0x1x2); Supplemental
Fig. S14a shows the two laws, and Supplemental Fig. S14b their masses on the eight ordered assignments.

We visualize these distributions via their probability mass tables in Supplemental Fig. S14b. But it is hard
to understand what distributions are or are not distinguishable from a given feature using that representation.
In our binary setting there is a cleaner perspective. Because every state is ±1, the product of the states over a
node set A ⊆ V is also just ±1. We can describe the distribution of this sign by its mean, since the product is 1
with some probability and −1 otherwise. It is useful to define the product moment

mR(A) = ER

(∏
i∈A

Xi

)
=
∑

x

pR(x)
∏
i∈A

xi, X ∼ Rord.

These moments are a standard basis for boolean functions [117]: with the convention mR(∅) = 1, we can convert
back to the probability table using

pR(x) = 2−N
∑

A⊆V

mR(A)
∏
i∈A

xi,

which for a single node is just {1±mR({v})}/2. Each moment measures the parity of a set of nodes, and together
the moments carry every combination of nodes. Supplemental Fig. S14c visualizes this change of coordinates
for the two fork examples: every nonconstant moment of P is zero, while Q has a single nonzero nonconstant
moment, the three-node parity mQ({0, 1, 2}) = 1, which we can invert back to pQ(x) = 2−3(1 + x0x1x2). The
moment coordinates make the Energy distance a bit easier to understand: in Proposition S3 we show that the
whole-tree energy is a positively weighted sum of squared moment differences and each feature distance keeps a
subset of these moments. So which laws the features can distinguish becomes a question of which moments they
retain.

Proposition S3. For every N ≥ 1, there are positive constants γN,r, 1 ≤ r ≤ N , such that

DE(P, Q) =
∑

A⊆V
|A|≥1

γN,|A|{mP (A) − mQ(A)}2. (S1)
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Figure S14 | A path table can leave the whole-tree law partially identified. Panel a contrasts
the independent fork law P with the Bernstein triple Q, and panel b shows their masses on the
eight ordered assignments. Panel c maps those masses to the product moment representation. The
distributions are the same except for the triple-product moment. Panel d normalizes this single
squared difference: the whole-fork comparison is 1, while the parent–child comparison is 0 because
every pair marginal agrees.

For each A, the squared moment difference is the energy distance between the laws of
∏

i∈A Xi under Pord and
Qord, and γN,|A| supplies its positive weight.

The two fork distributions make this concrete. The whole-fork energy comparison reduces to the single
weighted squared moment difference γ3,3(0 − 1)2, which is normalized to one in the figure. Each parent–child
placement already agrees under the two laws, so pooling leaves the path comparison at 0: the path feature cannot
distinguish P and Q so it only partially identifies the whole-tree law. Supplemental Fig. S14d shows the two
comparison values.

The actual feature loss compares the feature tables one stratum at a time, adding an energy-distance term
for each table. Equation (S1) lets us re-write this as a sum of weighted moment terms. Up to the choice of
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weights, this is equivalent to orthogonally projecting the whole-tree weighted moment vectors onto the subspace
of combinations retained by a given set of features. The resulting discrepancy DF is a slightly different objective
from the main feature loss because its weights align with the whole-tree loss’s weights rather than the feature
loss’s weights, but this tweak lets us write the “omitted” energy DE(P, Q)−DF (P, Q) as exactly the nonnegative
part of the whole-tree energy that the selected feature discrepancy misses.

So far we have focused on the “population” version of these discrepancies. To compare the variance from
having finite trees we need the per-tree version of these vectors. For a state-decorated tree X and nonempty
node set A, average the weighted sign product over all child orderings,

ϕA(X ) =
√

γN,|A|

|Πk,d|
∑

π∈Πk,d

∏
v∈A

[vecπ(X )]v,

and let ϕ(X ) collect these entries. Here we are computing the average over orderings exactly, and for X ∼ R this
is unbiased for the weighted moments, ER{ϕA(X )} = √

γN,|A| mR(A). Equation (S1) then gives that DE(P, Q)
is the squared distance between the mean vectors EP {ϕ(X )} and EQ{ϕ(X )} [118], and DF (P, Q) is the same
squared distance after projecting each mean vector onto the retained combinations.

Echoing the two sample V-statistic we use for the Energy distance in practice [119], the squared distance
between empirical mean vectors is built from inner products: average ⟨ϕ(Xi), ϕ(Xj)⟩ over all pairs of trees within
each sample, including equal indices, and subtract twice the average over pairs across the two samples. We will
write this estimator as D̂F for the projected vectors, computed from n independent complete trees under each
law, with fixed topology, and let VF (P, Q; n) be its variance; D̂E and VE(P, Q; n) are the whole-tree versions.

This machinery lets us analyze the tradeoff between sampling variance and partial identification. The differ-
ence between the feature and whole-tree loss is just the sets of combinations that the feature loss cannot measure.
Two laws can differ in the unmeasured combinations while agreeing on all selected feature tables, as the parity
construction above showed. We can actually compute the worst-case discrepancy for any pair of laws. For a law
Q, let

CF (Q) = {R : DF (Q, R) = 0},

the set of laws with the same selected feature tables as Q. Every law in this set differs from Q only in “invisible”
combinations, so the loss cannot distinguish Q from any of these distributions.

The bias–variance decomposition of the feature statistic makes the tradeoff exact. Let ΣR denote the co-
variance of the projected per-tree vector under R, and write bF (P, Q; n) = tr(ΣP + ΣQ)/n for its sampling
bias:

Proposition S4. For n ≥ 1, E(D̂F ) = DF (P, Q) + bF (P, Q; n), and for every pair of laws P and Q,

MSE{D̂F ; DE(P, Q)} ≤ max
R∈CF (Q)

{DE(P, R) − DF (P, R) − bF (P, Q; n)}2 + VF (P, Q; n), (S2)

with equality when CF (Q) = {Q}.

Conceptually the maximum bounds the squared bias over laws the loss cannot distinguish from Q, holding
the sampling bias under P, Q fixed. When Q is point-identified, CF (Q) = {Q} and equation (S2) is the standard
bias–variance decomposition, with squared bias {DE(P, Q)−DF (P, Q)−bF (P, Q; n)}2. When the features are the
whole-tree, DF = DE and D̂F = D̂E , so only the sampling bias remains and the MSE is bE(P, Q; n)2+VE(P, Q; n),
where bE is defined using the unprojected per-tree vectors. When Q matches the tables of P , CF (Q) = CF (P )
and DF (P, ·) vanishes on it, so the maximum is maxR∈CF (P ){DE(P, R)−bF (P, Q; n)}2 while VF (P, Q; n) remains
the variance under the actual pair; this is the case we evaluate below.

To work this tradeoff out with our actual features we need an example a bit larger than the fork, so we focus
on the seven-node example in Supplemental Fig. S15: the complete binary tree of depth two, with root 0,
children 1 and 2, and grandchildren 3, 4, 5, 6. Supplemental Fig. S15a shows one root–child–grandchild path
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table and three common-ancestor tables: root with two children, root with two grandchildren, and child with two
grandchildren. The marginal tables are also included, but their moments are already fixed by these joint tables.
On this tree we can describe the compatible set exactly, numerically search for the worst-case discrepancy, and
then weigh that worst case against the variance reduction of these features through Proposition S4.

Let P0 be seven independent fair signs, with pP0(x) = 2−7. The nice thing about the binary setting is that
we can exactly describe the compatible set. After child-order symmetry, a whole-tree law is a point in a 41-
dimensional simplex. In moment coordinates, the feature tables (marginal, path, and common-ancestor) fix 13
combinations and leave the remaining 28 free. For any law P , the compatible set CF (P ) is the intersection of the
simplex with the 28-dimensional affine space through P spanned by the omitted combinations.

We can make this a bit more interpretable by focusing on just the four grandchildren. The features observe only
one- and two-node marginals on these grandchildren, so they tell us that the four signs are pairwise independent
and fair. Any distribution over the grandchildren is a point in the fifteen-dimensional probability simplex, but
the distributions compatible with the observed trees occupy one slice of the simplex. These features fix the one-
and two-node moments, so only the only freedom is in the two grandchild combinations, the third-order moment
(which, somewhat counterintuitively, is the same for every triple due to child-order symmetry), and the four-
node parity, so the compatible grandchild laws form a two-parameter family in which the mass of an assignment
depends only on its number of positive signs. This gives us a smaller simplex that we can use to visualize the
compatible set.

To get this down to a tractable, visual representation, Supplemental Fig. S15c groups the assignments
into four patterns, all signs equal, exactly one positive, exactly one negative, and two of each sign; the four
pattern totals are nonnegative and sum to one, so they form a three-dimensional simplex, the image of the
fifteen-dimensional one under this grouping. On a compatible law the four totals are

Pr(all equal) = 1
8 {1 + m3456}, Pr(one positive) = 1

4 {1 + 2m345 − m3456},

Pr(2+2) = 3
8 {1 + m3456}, Pr(one negative) = 1

4 {1 − 2m345 − m3456},

so the grouping loses nothing on the compatible family: m3456 is recovered from the all-equal total and m345 from
the difference between the one-positive and one-negative totals. Supplemental Fig. S15d draws this simplex.
Pairwise independence pins the totals to the plane Pr(2+2) = 3 Pr(all equal), which cuts a triangle out of the
simplex. Nonnegativity of the individual sign-configuration probabilities restricts this triangle to the compatible
quadrilateral, with independence P0 in its interior.

Now we can interpret the worst-case grandchild law. The fork law Q is a three-node case of a general
parity distribution called a Bernstein construction [120]. The construction is simple: we sample k − 1 nodes
as independent fair signs and then take the kth node to be their product. This gives a distribution where any
subset of k − 1 nodes is independent but the full set of k nodes is not. This dependence would be invisible to
any feature table involving at most k − 1 nodes. Computing the worst-case grandchild law compatible with our
features (the point in the simplex intersected with the compatible set furthest from the grandchild marginal of
P0), we end up with the Bernstein law B with

pB(x3, x4, x5, x6) = 2−4{1 + x3x4x5x6}.

The full-tree law Q0 below has this grandchild marginal, with additional dependence involving the upper nodes.

To get some sense for the relationship between the process that actually generates the trees and the compatible
set we can consider a concrete family of distributions that index the strength of local dependence. We let Pρ

be the distribution we get by choosing a fair root sign and keeping the parent sign as we go down the tree with
probability (1 + ρ)/2, independently across children:

pPρ(x) = 2−7
∏
a→b

(1 + ρxaxb), 0 ≤ ρ ≤ 1, (S3)

where the product contains the six edges. The endpoint ρ = 0 is the independent law we have been considering,
while ρ = 1 is deterministic conditional on the root, with each child directly inheriting its parent’s sign.

71



Table S1 | Exhaustive ordering enumeration requires exponentially more coordinates than
feature-placement enumeration. For a complete binary tree of depth d with N nodes, the whole-
tree statistic averages over the 22d−1 orderings of each tree, N coordinates each, while the feature
representation lists every ancestor–middle–descendant triple at three distinct generations and every
common-ancestor triple with distinct ordered descendants, three coordinates per placement. Marginal
coordinates are omitted from this representation-size comparison.

depth nodes orderings placements whole-tree coordinates feature coordinates
2 7 8 22 56 66
3 15 128 134 1,920 402
4 31 32,768 646 1.0 × 106 1,938
5 63 2.1 × 109 2,790 1.4 × 1011 8,370
6 127 9.2 × 1018 11,430 1.2 × 1021 34,290

In Supplemental Fig. S15e, for each Pρ we compute and visualize the compatible set in this style. This
shows how the compatible set changes with ρ, and in particular we can see that as ρ increases, the compatible
set eventually contracts to give identification at the deterministic limit. For each compatible set, we also define
the worst compatible law,

Qρ ∈ arg max
R∈CF (Pρ)

DE(Pρ, R),

and approximate this maximization numerically by searching over the polytope. Then DF (Pρ, Qρ) = 0 and
DE(Pρ, Qρ) is the largest population discrepancy found by the search. We evaluate the finite-sample MSE at
this pair; it need not maximize the shifted squared bias in equation (S2).

Supplemental Fig. S15f–h compare the feature and whole-tree statistics at the same n independent trees
per population. For each ρ and n we show the three quantities of Proposition S4 at the pair (Pρ, Qρ): the
squared bias {DE(Pρ, Qρ) − bF (Pρ, Qρ; n)}2, the exact feature sampling variance VF (Pρ, Qρ; n), and their sum,
the feature MSE, each relative to the whole-tree MSE bE(Pρ, Qρ; n)2 + VE(Pρ, Qρ; n).

This tells a very clear story: the omitted population discrepancy vanishes as ρ approaches one, while the
feature sampling variance in Supplemental Fig. S15g stays well below the whole-tree MSE, so the feature
MSE in Supplemental Fig. S15h beats the whole-tree where trees are scarce or when local dependence is
sufficiently strong and loses where trees are plentiful and the compatible set is wide. The black contour marks
the crossover, near 97 trees at ρ = 0.

In practice we have to impose a computational budget since these discrepancies are computed each step of
the loss, and the two statistics do not cost the same per tree. We compare the sizes of exhaustively enumerated
representations, measured in coordinates per tree. The whole-tree statistic averages over every ordering of each
tree, a flattened vector of N coordinates per element of Π2,d, where a complete binary tree of depth d has 22d−1

such orderings; the feature statistic averages over the eligible placements of each table, three coordinates per
placement. Table S1 compares the whole-tree and feature statistics in these units, using every ancestor–middle–
descendant triple at three distinct generations for paths and every distinct ordered descendant pair for common
ancestors. This idealized all-triples family differs from the full-path operator used in training, where in practice
we sample orderings, but its is a fair comparison against the whole tree here. On the seven-node tree the two
representation sizes are comparable. By depth four the exhaustive whole-tree representation lists five hundred
times as many coordinates, and by depth five sixteen million times as many. On trees of the depth we actually
fit, exhaustive ordering enumeration is clearly intractable. This is a “naive” comparison, we are not giving lower
bounds here and cleverer computational schemes could avoid enumerating every ordering. Nonetheless, combined
with the statistical arguments presented above, this strongly supports a feature-based computation.

Together, these calculations make the tradeoff of featurizing the loss explicit. The whole-tree energy provides
a useful target, while the feature loss deliberately gives up sensitivity to some higher-order dependence and can
have lower finite-sample MSE.

72



a

x3;…; x6

b

P0

iid

Q0

iid

x6 = x3x4x5

c

P0

Q0

d
Pr(2+2)= 3Pr(all equal)

£2

£6

£4
£4

e

0 0.25 0.5 0.75 1

½

-1

0

1

m
34
56

m345

+− +− +− +−

+− +− +− +−

0.0 0.5 1.0
23
27
211
215
219
223
227
231

ex
ac

t 
ch

ild
-o

rd
er

 a
ve

ra
ge

n
 t

re
es

 p
er

 p
o
p
u
la

ti
on

0.0 0.5 1.0

edge correlation  ½

0.0 0.5 1.0

equal MSE

∙ 1=8

1/2

1

2

¸ 8

relative to
corresponding

whole-tree MSE
f squared bias g feature sampling variance h feature MSE

compatible laws P½ Q½

Figure S15 | Fixed-size feature tables trade sampling variance for partial identification. (a)
Purple marks show the path table, and teal marks show the three common-ancestor tables; marginal
tables are redundant with these joint tables. (b–d) At ρ = 0, P0 and Q0 agree on the selected tables
although their four-grandchild laws differ; panel d shows the resulting compatible set. (e) Purple
polygons project the compatible sets onto two omitted product-moment combinations, with Pρ in
black and the numerical worst case Qρ in orange. (f–h) For (Pρ, Qρ), the heatmaps show squared
bias for the whole-tree energy, feature sampling variance, and their sum for the V-statistic at a fixed
number n of independent trees per population, averaging child orderings exactly. Colors are relative
to whole-tree MSE, and the black contour marks equal MSE.
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S3.3.1. Proofs

Proof of Proposition S3. For sign-valued random variables U and W , |U − W | = 1 − UW . Expanding the three
expectations in energy distance therefore gives

DE(Law(U), Law(W )) = {E(U) − E(W )}2.

Taking U =
∏

v∈A Xv for X ∼ Pord and W =
∏

v∈A Yv for Y ∼ Qord shows that the energy distance between the
two product laws is {mP (A) − mQ(A)}2. It remains to establish the weighted expansion.

Let ν(x) = pP (x) − pQ(x). Expanding the between- and within-law expectations gives

DE(P, Q) = −
∑
x,y

ν(x)ν(y)∥x − y∥.

Walsh inversion gives
ν(x) = 2−N

∑
A⊆V

{mP (A) − mQ(A)}
∏
v∈A

xv.

Both probability rows sum to one so the constant moment difference is zero. The distance ∥x − y∥ depends on x
and y only through the elementwise product. Orthogonality of the Walsh products removes all cross-terms and
leaves equation (S1), with

γN,r = −2−N
∑

u∈{−1,1}V

∥1 − u∥
∏
v∈A

uv, |A| = r.

By permutation symmetry this coefficient only depends on A through r. The preceding Fourier calculation holds
for arbitrary laws on the binary cube, whether or not they are child-order invariant. For positivity, consider the
ordered-assignment law

pε(x) = 2−N

{
1 + ε

∏
v∈A

xv

}
, 0 < |ε| < 1.

This differs from the uniform law and has only one nonzero nonconstant moment, equal to ε at A. Energy
distance is positive for distinct laws, so γN,rε2 > 0.

Proof of Proposition S4. We prove the unequal-count extension and then set nP = nQ = n for the stated result.
With the ordering-averaged vector ϕ defined above, Proposition S3 gives

DE(P, Q) =
∥∥EP {ϕ(X )} − EQ{ϕ(X )}

∥∥2
.

Let F have orthonormal rows spanning the moment combinations fixed by the selected feature tables. The
projected distance defined above is then

DF (P, Q) =
∥∥EP {F ϕ(X )} − EQ{F ϕ(X )}

∥∥2
.

For X ∼ R, write
µR = ER{F ϕ(X )}, ΣR = CovR{F ϕ(X )}.

For independent trees X1, . . . , XnP
∼ P and X ′

1, . . . , X ′
nQ

∼ Q, the V-statistic is

D̂F = 1
n2

P

∑
i,j

〈
F ϕ(Xi), F ϕ(Xj)

〉
+ 1

n2
Q

∑
i,j

〈
F ϕ(X ′

i ), F ϕ(X ′
j)
〉

− 2
nP nQ

∑
i,j

〈
F ϕ(Xi), F ϕ(X ′

j)
〉

.

(S4)
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To compute its bias and variance, center the projected per-tree vectors as

ξR = F ϕ(X ) − µR, X ∼ R.

For the sampled trees, write ξP,i and ξQ,i for the corresponding centered vectors, and let

ε = 1
nP

∑
i

ξP,i − 1
nQ

∑
i

ξQ,i, Σ = ΣP

nP
+ ΣQ

nQ
.

Equation (S4) gives
D̂F = DF (P, Q) + 2(µP − µQ)⊤ε + ∥ε∥2.

Independence gives Eε = 0 and Cov(ε) = Σ, so

E(D̂F ) = DF (P, Q) + bF (P, Q; nP , nQ), bF (P, Q; nP , nQ) = tr Σ.

Its exact variance is

VF (P, Q; nP , nQ) = 4(µP − µQ)⊤Σ(µP − µQ) + 2∥Σ∥2
F

+ 4(µP − µQ)⊤

(
EP {ξP ∥ξP ∥2}

n2
P

−
EQ{ξQ∥ξQ∥2}

n2
Q

)

+
∑

R=P,Q

1
n3

R

[
ER∥ξR∥4 − (tr ΣR)2 − 2∥ΣR∥2

F
]

.

(S5)

The sum includes one term for each sample. To verify this expression, independence and centering leave only
repeated indices in the third- and fourth-moment sums, giving

E{ε∥ε∥2} = EP {ξP ∥ξP ∥2}
n2

P

−
EQ{ξQ∥ξQ∥2}

n2
Q

and
Var(∥ε∥2) = 2∥Σ∥2

F

+
∑

R=P,Q

1
n3

R

[
ER∥ξR∥4 − (tr ΣR)2 − 2∥ΣR∥2

F
]

.

The linear term contributes the first term of equation (S5), the quadratic term contributes the second and fourth-
moment terms, and twice their covariance contributes the third-moment term. All these moments are finite in
the binary setting.

The estimator’s bias for DE(P, Q) is DF (P, Q) + bF (P, Q; nP , nQ) − DE(P, Q), so its MSE is {DE(P, Q) −
DF (P, Q) − bF (P, Q; nP , nQ)}2 + VF (P, Q; nP , nQ). For R ∈ CF (Q) the retained combinations of R and Q agree,
so DF (P, R) = DF (P, Q), and Q itself lies in CF (Q); holding bF (P, Q; nP , nQ) fixed, the squared bias is therefore
at most the maximum in equation (S2), with equality when CF (Q) = {Q}. Taking F to be the identity gives
D̂E , with sampling bias bE(P, Q; nP , nQ) and MSE bE(P, Q; nP , nQ)2 + VE(P, Q; nP , nQ). Setting nP = nQ = n
proves the result.

S4. Supplementary methods: model implementation

The imputer Iθ and sampler Sϕ use the architecture in Table S2 with separate weights. Imputation takes one
pass; sampling uses eight VP-SDE steps by default (βmin = 0.1, βmax = 20; Section 4.1.4).

75



Table S2 | Architecture of the state embedding and lineage models.

Component Dimensions

State embedding (scVI)
Input genes 3,956
Encoder 2 hidden layers, width 512
Latent width 50
Decoder 2 hidden layers, width 512
Inputs and embeddings
State projection 50 input features, 128 output features
Developmental-time embedding 2 linear layers, width 128
Observed-node marker 2 learned vectors, width 128
Interpolant-time embedding (Sϕ only) 2 linear layers, width 128
Tree-aware transformer
Transformer layers 4 layers, width 128
Attention heads 4 heads per layer, width 32
Feed-forward sublayer 2 linear layers, widths 512 and 128
Residual output
Residual prediction 2 linear layers, widths 512 and 50

S4.1. Transcriptional state embedding

We fit scVI to raw counts with a negative-binomial likelihood [64]. Data source is a categorical decoder covariate,
and gene-specific dispersion is shared across sources. We use the posterior mean of the Gaussian latent state as
xv; training does not use early stopping.

S4.2. Inputs and embeddings

We treat each node as one token in the transformer. Observed nodes retain their measured states, while hidden
nodes receive independent standard Gaussian noise at hidden nodes in Iθ, and the noisy residual xs

v − bv at
hidden nodes in Sϕ. The projected inputs are combined with embeddings of developmental time and a token
representing whether the node is masked or observed; for the sampler Sϕ we add an interpolant-time embedding
as well. Developmental times and patristic distances are in embryo days, without further normalization.

S4.3. Transformer layers

Each layer applies attention and a feed-forward sublayer, with layer normalization before each and a residual
connection around each. Patristic-distance bias has a learned scale for each layer and head, initialized to zero.
Time embeddings, feed-forward sublayers and output layers use GELU (Gaussian error linear unit) between their
linear layers.

S4.4. Residual output

After final layer normalization, the output layers predict a clean-state residual, which we add to bv. At an
observed anchor, bv equals the observed state. Below an anchor, it copies the nearest observed ancestor’s state;
above the anchors, it recursively averages the child displacements with equal weight per child. Observed states
remain fixed throughout.

S4.5. Numerical sampling

We use forward Euler updates for CFM and Euler–Maruyama updates for VP-SDE, keeping the observed states
fixed. For N sampling steps on the uniform grid sj = j/N , the model is evaluated at j = 0, . . . , N − 1, and the
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last clean-state prediction is returned.
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