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Abstract

Cross-modal alignment (CA) and cross-modal prediction (CP) are the dominant paradigms for mul-
timodal representation learning, yet there is no systematic understanding of when each succeeds and
when each fails — a gap that leaves practitioners, especially in scientific domains with heterogeneous
instruments and multiple levels of measurement, unable to diagnose why standard methods underper-
form the best single modality. We study both objectives under a spiked signal-plus-noise model with
structured cross-modal nuisance correlation, the ingredient that breaks the classical recovery guaran-
tees, and derive separation ratios that expose complementary failure modes: alignment whitens each
modality and fails when nuisance is strongly correlated across views; prediction encodes whatever is
cross-predictable through a one-sided whitening, with recovery governed by source-modality quality.
The resulting phase diagram partitions multimodal problems into four regimes — Both, CA only, CP
only, and Neither — refined by a recovery count that separates partial recovery from complete fail-
ure. We present a data-driven procedure to locate real-world datasets in this diagram using a small
labeled subsample, identifying the preferred objective and prediction direction before any cross-modal
training, and identifying when no objective in the CA/CP family can improve on the stronger modal-
ity alone. Experiments on synthetic data, stereo-vision benchmarks, image—caption pairs, and two real
scientific domains — astronomy and single-cell multi-omics — validate the predictions in the nonlin-
ear regime, including both faces of the Neither regime. Code to reproduce the results is available at
https://github.com/IlayMalinyak/mm_align_vs_pred.

1 Introduction

Multimodal representation learning aims to extract a shared latent structure from paired observations across
different modalities, such as images and captions, audio and video, molecular cell profiles and tissue images,
or different telescopes observing the same object. Multimodal learning is crucial when a single modality
alone is insufficient to fully describe a phenomenon of interest or when the information in a single modality
is degenerate or noisy. Moreover, combining multiple modalities of the same object is an important building
block for foundational models. Multimodal learning has achieved many successes across domains and scales
(e.g., |Cui et al.| (2025); Parker et al.| (2025); |Alayrac et al.| (2022); Bodnar et al. (2025)). However, the field
is mostly empirical, and theoretical studies are relatively sparse, though phenomena like the modality gap
in contrastive multimodal models [Liang et al.| (2022) have started attracting principled analysis (e.g.,
land Gilboa) (2024))).

Here, we focus on the interplay between the two leading multimodal learning paradigms - Cross-modal
alignment and Cross-modal prediction. Cross-modal alignment (CA) projects paired samples into a common
embedding space, encouraging matched pairs to be close; CLIP Radford et al. (2021), ImageBind
(2023), and VICReg Bardes et al| (2021) are prominent examples. Cross-modal prediction (CP)
reconstructs one modality from the other through a bottleneck, so that the learned representation retains
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whatever is useful for prediction; masked autoencoders [He et al.| (2021), data2vec |[Baevski et al.| (2022), and
the decoder side of encoder-decoder models follow this approach. Both paradigms are widely used, yet they
are typically studied in isolation and selected by practitioners based on empirical performance or architectural
convenience rather than a principled understanding of their relative strengths and suitability to the problem
at hand. We shed light on fundamental characteristics in multimodal learning, when implemented with CA or
CP, and provide practical guidelines for success and failure modes of the two. We derive exact solutions and
recovery conditions in the linear case, verify the results for the non-linear case using various experiments with
deep neural networks, and provide a data-driven method for the analysis of multimodality problems. To the
best of our knowledge, this is the first work to systematically compare CA and CP under a multimodal spiked
model with structured cross-modal nuisance correlation, and to translate the resulting recovery conditions
into a practical diagnostic procedure that applies to real paired datasets. Our main contributions are:

e Unified linear analysis of CA and CP. Using the known equivalences of CA with Canonical
Correlation Analysis (CCA) and CP with truncated reduced-rank regression (RRR) as a starting
point, we derive closed-form solutions for both objectives and analyze them under a spiked signal-plus-
noise model with cross-modal nuisance correlation. We derive separation ratios Aca and Acp that
determines when each method recovers the shared signal subspace, and exposes complementary failure
modes.

e Phase diagram with four recovery regimes. The separation ratios partition the space of mul-
timodal problems into four regions — CA only, CP only, Both, and Neither — visualized as a phase
diagram in signal-noise space. We identify the Neither regime as the natural habitat of complementary
scientific modalities and an important open problem for multimodal representation learning.

e Data-driven recovery regime estimation. We propose an algorithm that predicts the separation
ratios for any paired dataset, based on a small labeled subsample, and before any cross-modal training.
Beyond this regime prediction, the per-modality noise estimates identify which modality is stronger
and in which direction CP should be applied, a non-trivial question to address in practice.

e Experimental validation across scales. Experiments on synthetic data, controlled stereo-vision
benchmarks, and image—caption pairs confirm that the failure modes identified in the linear theory
persist with deep networks. On real scientific data, spanning astronomy and single-cell multi-omics,
we confirm the predicted regime shift and observe both faces of the Neither regime: complete failure
and partial recovery.

The paper is organized as follows: in Section [3] we present the methods and construct a multimodal
spiked model with both modality-specific and cross-modal correlated noise features for the linear case. We
then derive signal recovery conditions and phase diagrams. In Section[d] we provide experimental results that
support the theory and an algorithm for estimating recovery regimes. Conclusions are provided in Section [f]

2 Related Work

Theory of multimodal learning. A small but growing body of work studies multimodal learning the-
oretically. One study Huang et al. (2021) analyzed when using more modalities reduces population risk,
showing through generalization bounds that the benefit depends on the gap in representation quality be-
tween modality subsets. Their linear analysis assumes orthonormal projections and full-rank covariance.
Another work |Lu| (2023)) proves that multimodal learning can achieve lower sample complexity than uni-
modal learning by decoupling the complexity of the connection function from the predictor. However, their
analysis does not capture the effects of modality-specific noise, nuisance features, or rank deficiency that
arise in practice. Both works establish that multimodality can help under specific assumptions; our work
characterizes when it works and when it can also hurt, and shows that the specific approach (i.e. CA or
CP) used to combine modalities matters. In a complementary direction, |Anonymous| (2026) studies spike
detection in a multimodal spiked covariance model, comparing self-covariance, cross-covariance, and joint-
covariance decompositions under finite-sample (Wishart) noise. They derive Baik—Ben Arous—Péché (BBP)
phase transitions for each matrix and produce phase diagrams showing which method detects the signal



first as a function of signal strength and sampling ratio. Concurrently, [Mergny and Zdeborova| (2025)) es-
tablish BBP-type thresholds for partial least squares (PLS) and CCA under finite-sample Wishart noise,
and [Tabanelli et al.| (2025) extend this line to a multimodal spiked matrix—tensor model, showing that joint
maximum-likelihood optimization is strictly worse than a sequential strategy. Both perform finite-sample
BBP-type analyses of a single signal model. Our contribution is complementary, comparing CA against
CP at the population level under structured cross-modal nuisance covariance 7; in a matrix-matrix setting.
This parameterization is what produces phenomena that prior spiked-model analyses didnot capture, like
source—target asymmetry of CP, and the Neither regime in which both paradigms fail simultaneously, for
example.

Theory of self-supervised and contrastive learning. Our work also connects to a rich literature on the
theory of unimodal self-supervised learning (SSL), where “views” are generated by data augmentation rather
than being structurally distinct modalities. Several works derive closed-form solutions for linear SSL models
and analyze the role of augmentations in shaping learned representations (e.g., |[Cabannes et al. (2023);
Balestriero and LeCunl (2022)). Most closely related is|Assel et al.| (2025), which compares joint-embedding
and reconstruction-based SSL in a unified linear framework, the unimodal counterpart of our analysis. They
show that joint-embedding methods impose a strictly weaker alignment condition on augmentations than
reconstruction methods when irrelevant features have large magnitude, providing provable guidelines for
choosing between the two paradigms. Our work extends this line of inquiry to the genuinely multimodal
setting, where the two “views” are not designed augmentations of the same input but fixed, structurally
distinct modalities with inherent asymmetries in quality and noise. This introduces new phenomena, such
as modality bottlenecks, cross-modal nuisance correlation, and asymmetry of cross-prediction, that do not
arise in the unimodal SSL framework. Other theoretical works on contrastive and non-contrastive learning
(e.g., |Arora et al.| (2019)); HaoChen et al.| (2021); [Tian et al. (2021))) study downstream task performance
as a function of augmentation design, but do not compare between alignment and prediction or address
multimodal noise structure.

Beyond theory, our analysis also speaks to a core architectural choice: whether to add a predictor head on
top of a joint embedding like in JEPA (LeCun| (2022))) architectures (e.g., |Assran et al.| (2023)); Balestriero
and LeCun| (2025))) or align embeddings directly (e.g., SimSiam [Chen and He| (2020), VICReg |Bardes et al.
(2021))). This choice has typically been motivated by collapse prevention or by the presence of conditional
context. Our analysis adds a complementary axis to this design choice in the multimodal case: even without
conditional information or asymmetric features, the right choice between aligning and predicting depends on
the noise structure of the modality pair.

3 Cross-Alignment and Cross Prediction Approaches

We study two objectives for multimodal representation learning. The first is cross-alignment (CA), which
aligns paired samples in a shared latent space. The second is cross-prediction (CP), which predicts one
modality from the other through an encoder—decoder factorization. Both are formalized below and analyzed
throughout the paper. More details and proofs are deferred to Appendix [A]

3.1 Objectives

Let fy : R% — R¥ and fy : R% — R* be encoders producing latent codes 2 = fr(x;) and zz(f) = fy(y:)
in a shared latent space of dimension &, and let ng) = z:(f) — %Z] zgj) and ZZ(,Z) = zl(f) — %ZJ zz(/j) denote
the centered codes. Let fp : R¥ — R% be a decoder. The two objectives are

(CA)  min 35 (1 fxC) = fy(al3 st 3 a0w " = 155205 =1, M)
(CP)  min &5y = folfx(xi))I, 2)
fx,fp

The CA constraint fits the cross-modal similarity matrix to the identity: matched pairs are pulled together
while each view is separately whitened, so that no coordinate collapses and no two coordinates are redundant.



Whitening each view rather than their cross-moment is what makes equation [I] reduce exactly to CCA
(Theorem ; it is also the form implemented softly by the variance and covariance terms of VICReg
(Bardes et al.,[2021)), which we use as the CA objective in all non-linear experiments. Figure|[l]illustrates the
two paradigms. To understand when each objective succeeds or fails, we restrict to the linear case, where

Figure 1: Two multimodal learn-
ing paradigms studied in this work.
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equation [I] and equation [2| admit closed-form solutions and the population geometry is fully tractable. This
linear analysis captures the core mechanism and provides our main analysis tool, and its predictions transfer
to the nonlinear regime in our experiments (Section .

3.2 Linear analysis under a spiked model

With linear encoders fx(x) = Wx, fy(y) = Vy for CA, and linear encoder fx(x) = Ex and decoder
fp(z) = Dz for CP, both objectives admit closed-form solutions expressible through the SVDs of two
modality-coupling matrices:

C:=8.%8,,8,,/%, A:=8,8.}"7 (3)
where S;,, Syy, Say denote the (population) (cross-)covariances. CA projects onto the leading k singular
directions of C (symmetric whitening, equivalent to CCA (Hotelling),[1936; |Andrew et al. 2013))); CP projects
onto the leading & singular directions of A (source-side whitening only, equivalent to truncated reduced-rank
regression (RRR) (Izenman| [1975; [Eckart and Young, [1936])). Although CCA and RRR are classically
connected (e.g., [Donnat and Tuzhilinal (2024)), the two paradigms diverge once structured cross-modal
nuisance is present, which is the regime our analysis characterizes.

Spiked model. To analyze recovery, we posit a signal-plus-noise model in which each modality decomposes
into k shared signal coordinates and d — k modality-specific nuisance coordinates. In suitable orthogonal
bases, the covariances are block diagonal:

Suo = diag(K*+ T, T(M), S, = diagK*>+T{", T("), 8,, = diag(K? Ty,), (4)
where K = diag(ky,..., ) collects the cross-modal signal strengths, I‘(zs),l"és) are the view-specific noise

. . n n . . . . . .
variances on the shared coordinates, 1“; ), 1"?(, ) are the view-specific noise variances on the nuisance coordi-

nates, and I';, = diag(n1,...,n4—r) encodes cross-modal nuisance correlation, with 0 < n; < ﬁ/fﬁ;/ Full
parameterization is given in Section [A]

Under this model, the singular values of C and A decompose cleanly into signal and nuisance contribu-
tions, yielding recovery conditions for each objective.

Proposition 3.1 (CA vs. CP separation). Under the spiked model equation the singular values of C and
A split into signal values {pi, T }iepe) and nuisance values {v;,&;}jefa—k], given by
ki K: ) 0

L. (5)

Pi = 5 i )
VK +7) (52 +77) VL +AF JAEAY




CA (resp. CP) recovers the shared signal subspace whenever its signal singular values exceed its nuisance
singular values. Defining the separation ratios
min; p; min; 7;

Acp = (6)

Aca =

) Y
max; v; max; &

full recovery holds when Aca > 1 (for CA) or Acp > 1 (for CP). In the homogeneous case (k; = kK, v) =Y,

3§ =4Y), the two ratios satisfy
Y
Aca = Acp- g (7)

More generally, Aca/Acp is monotonically non-decreasing in each ’yj—’.

Proposition 3.2 (Partial recovery). Under the spiked model equation the top-k singular vectors of C
(resp. A) contain at least

oA = ’{@ D pi > max; yj} , rop = ‘{Z LT > max; fj}| (8)

shared signal directions.

Full recovery is r = k (Proposition ; r = 0 corresponds to complete failure; and the intermediate
regime 0 < r < k is partial recovery, in which the learned representation is guaranteed to capture at least r
signal directions mixed with nuisance. Partial recovery arises only under heterogeneous signal strengths: in
the homogeneous case k; = Kk, V¥ =%, 7 =Y (Figure all signal singular values coincide, so r € {0, k} and
partial recovery collapses to the binary regime of Proposition [3.1] As r; become increasingly heterogeneous,
the four-region phase diagram of figure [2 smears into a graded continuum (Figure Section .

Failure modes. Equation (5)) exposes a fundamental asymmetry. CA’s nuisance values v; are cross-modal
correlation coefficients in [0,1], independent of nuisance variance: when any v; — 1, no signal direction
can match it under whitening (since p; < 1 whenever any modality-specific noise is present), so Aca < 1

regardless of signal strength. CP’s nuisance values &§; = v;, W;-’ depend on the target nuisance variance:

large ¢ amplifies even moderate nuisance correlation into a recovery-breaking singular value (here and in
Figure |2, we hold v; fixed when varying 'Ny;ﬂ consistent with the (k,v) axes of the phase diagram). CP is
also asymmetric: swapping source and target replaces '7;-’ with 47, so the direction of prediction matters.
A direct corollary, demonstrated in Figure [0} is that CP can achieve lower reconstruction MSE than CA
while recovering the wrong subspace — the MSE objective itself does not distinguish signal from nuisance.
The relation of equation |7| makes the complementarity explicit: Aca and Acp diverge as ’y;’ grows, so a
large target-side nuisance favors CA, while a small target-side nuisance favors CP. In the resulting phase
diagram (Figure [2) the (k,v) plane partitions into four regions — Both, CA only, CP only, Neither — with
boundaries set by Aca =1 and Acgp = 1.

Key takeaway. These failure modes suggest that CA is preferable when nuisance correlation is mod-
erate, modality quality is uncertain, and modality-specific noise is large. CP may be preferable, with
the correct source-target orientation, when the signal is strong and the target noise is weak.

Redundant vs. Complementary Modalities. The failure modes of CA and CP can be understood
through a distinction between two regimes of multimodal data. Redundant modalities, such as image—
caption pairs, where captions are written to describe image content—share dominant structure across views,
corresponding to large x; and small v; in our model, or the lower right corner in Figure @ In this regime,
the redundancy assumption underlying standard multimodal SSL holds. Complementary modalities, by
contrast, arise when each view provides a structurally distinct perspective on the same object, as in multi-
sensor measurements in astrophysics and earth science, or multi-omics or multi-scale profiling in biology.
Here, view-specific structure dominates the variance of each modality while cross-modal nuisance correlation
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Figure 2: Phase diagram for signal recovery in (x, ) space under the homogeneous model (all signal and noise
components are equal). Solid and dashed lines respectively show the Acpy = 1 and Acp = 1 boundaries from
Proposition [3.1] (a) Large target nuisance (¥ > ~¥). (b) Small target noise (3¥ ~~Y). Phase diagrams for
the non-homogeneous case with partial recoveries are shown in Figure E

is non-negligible, pushing toward large v; and small effective k;—precisely the Neither region (upper left
corner) of Figure [2| where both paradigms fail. The intermediate region, which is represented by the center
area in Figure [2]is noise dependent - CA is preferred when target noise is large, and CP is preferred when
target noise is weak.

4 Experiments

To test the validity of our theory in real-world problems, we conducted experiments across varying levels of
complexity and controllability. The first is a linear experiment that directly implements the spiked model,
followed by non-linear experiments with synthetic vision datasets, simulating multi-modality by projecting
the scene onto two virtual cameras. Next, we use MS-COCO, a real image-caption multi-modality dataset.
Finally, we verify our predictions on two real scientific problems: an astrophysics multimodal experiment,
and a single-cell multi-omics pair. In all non-linear experiments, we use the VICReg approach
as the CA objective, and MSE reconstruction as CP. VICReg’s variance and covariance terms
are the soft form of the constraint in equation [T} the variance term keeps each coordinate of a view from
collapsing, and the covariance term decorrelates coordinates within a view, together penalizing departures
from %Zii(i)i(m— = I, while the invariance term is the alignment loss itself. VICReg was shown to
be a formulation of DeepCCA (Andrew et al. 2013), the non-linear version of CCA (see e.g.,
2023)), and we compare the two directly in our two synthetic experiments (see Section [C]). We provide
implementation details of all experiments in Section

4.1 Spiked Synthetic Data

We first verify the theoretical predictions of Section [3] using closed-form solvers on finite-sample, synthetic
data drawn from the spiked covariance model. This confirmed that cross-modal noise correlation breaks
CP well before CA (Figure [3). The empirical subspace distance shows that CP fails to recover the signal
(dist — 1) at v &~ 0.15, while CA maintains near-perfect recovery until v &~ 0.75 (Figure[3] left). Based on the
theoretical separation ratios (Figure right) Acp crosses the recovery threshold A = 1 at a noise correlation
roughly 5x lower than Acys. The wide gap between the two thresholds validates the complementary failure
modes identified in Section [3] We provide additional linear experiments in Section [C]
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4.2 Stereo vision experiments

Stereo-dSprites We next tested whether the complementary failure modes persist in a nonlinear setting
using Stereo-dSprites, a synthetic stereo-vision benchmark, based on the dSprites dataset (Matthey et al.
(2017)), with controlled nuisance alignment that simulates a multimodal visual setting. Two virtual cameras
observe a shared 2D object on a 64 x 64 image. Here, shape is the signal (low pixel variance but perfectly
correlated across views) whereas world position is the nuisance (high pixel variance and highly, but imper-
fectly, correlated, with the correlation controlled by a camera jitter parameter ojitter). We define nuisance
alignment as Vmax = 1 — Tjitter, and evaluate downstream shape classification via linear probe (details in
Section .

Stereo-3DShapes We replicate the Stereo-dSprites protocol on Stereo-3DShapes (based on Burgess and
Kim| (2018)): RGB 64 x 64 stereo pairs of 3D-rendered objects (Cube, Cylinder, Sphere, Capsule) with
controlled position jitter (details in Section .

Both experiments shows the expected trade-off between objectives - CA fails with perfectly correlated
noise and improves as the alignment decreases, while CP shows the opposite behavior (Figure . At
full nuisance alignment (v = 1), the cross-modal mapping is deterministic and CP’s overcapacity bottleneck
encodes both signal and nuisance without compression pressure, circumventing the theory’s failure prediction.
As soon as jitter breaks determinism (v < 1), CP is forced to compress, and the separation ratio governs
recovery. These overall conclusions are also observed when we examine examples of latent features with
different alignment values for CA and CP in the stereo-dSprites experiment with dimensionality reduction
using UMAP (McInnes and Healy}, 2018) ((Figure [5), colors: signal (shape); opacity: nuisance features
(position)). The observed patterns align perfectly with the overall results, such that the opacity structure
(Figure [5)) shows that in CA and CP each succeed where the other fails, and when a method fails, the model
primarily captures the nuisance features (position).

4.3 Image—Caption Experiments

We extended the analysis to a real image—caption dataset: MS-COCO (Lin et al., |2014)), where captions
are written to describe natural image content. As this is a true multimodal dataset, we used the natural
caption-image pairing without artificial nuisance manipulation. We trained encoders from scratch (ResNet-
18 for images, two-layer Transformer for captions) and varied modality-specific noise by applying visual
style transforms of increasing strength to the image modality while keeping captions clean. As expected,
we observed asymmetric performance for CP (Figure @; CP;_,7 strongly dominates at low noise (~10pp
over CA), and degrades monotonically as image noise increases. The asymmetry matches the linear theory:
the target covariance S,, never enters A, so image-side perturbations affect CP;_,p but leave CPr_,; (text
source, unchanged) flat. The slight rise of CPr_; is consistent with noisy reconstruction targets acting as
a regularizer, a finite-capacity effect outside the linear theory. CA is insensitive throughout, consistent with
3,y normalization absorbing modality-specific variance.
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Figure 4: Linear probe accuracy vs. nuisance alignment vmax = 1 — Ojigter. (Left) Stereo-dSprites (3-class,
grayscale, 100k samples). (Right) Stereo-3DShapes (4-class, RGB, 100k samples). In both settings, color
represents weak noise levels. In both panels, the trade-off between the methods is clearly seen. CA (solid,
circles) peaks at moderate-to-low alignment and collapses at full alignment; CP (dashed, squares) shows
the opposite pattern. The crossover at vy« = 0.8 is consistent across datasets. Lower absolute ceilings in
3DShapes reflect the harder discrimination task.

4.4 Predicting Recovery Regimes

We propose a lightweight supervised diagnostic that locates a paired dataset in the phase diagram before
committing to cross-modal training. The diagnostic is supervised by design: a small labeled subsample
classifies singular components of C and A as signal or nuisance, allowing direct estimation of Aca and Acp
without recovering the latent parameters (k,~,%,n). The labeled budget is small relative to the scale of
cross-modal training. the diagnostic is meant to inform, and the labels need not match the downstream
target — in Section [1.5] regime prediction from log g correctly orders methods on binarity and age.

The estimation procedure is well-posed when the representation fed to the estimator approximately
satisfies the linear spiked decomposition of Section signal and nuisance directions must be meaningfully
separable in the joint covariance structure of the paired data. This condition holds most directly in two-stage
multimodal pipelines, where each modality is first encoded independently by a unimodal model, and the cross-
modal objective operates on these frozen representations. The unimodal features are both the actual inputs
to the cross-modal model and a representation in which signal and nuisance can be meaningfully separated;
Two-stage pipelines are the dominant paradigm in scientific multimodal learning and in large foundation-
model stacks where modality-specific encoders are pretrained independently. In single-stage pipelines, the
encoder and cross-modal objective are optimized jointly from raw data, and no unimodal representation
satisfying the spiked decomposition exists prior to training. Applying the estimator to compact proxies of
the raw inputs (e.g., pixel-PCA) is possible, but the resulting regime predictions are less reliable.

4.5 Real Astrophysical Data (LAMOST x Kepler/TESS)

Finally, we validated regime estimation on real astrophysical data, pairing ground-based LAMOST
et al.| (2012)) spectra (2048-dim encoder) with space-based photometry from two instruments: Kepler
(Mathur et al| (2017)) and TESS (Ricker et al. (2014)) (1024-dim encoders), using frozen pretrained fea-
tures Kamai et al. (2025) with lightweight projection/prediction heads (Section [B]). We estimated recovery
regimes from a labeled subsample using surface gravity (logg), following Algorithm |1 Downstream evalua-
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Figure 5: UMAP embeddings of learned representations of the stereo-dSprites experiment (color = shape,
intensity = position). From left to right: CA with aligned noise (ojitter = 0), CA with misaligned noise
(ojitter = 0.5), CP with aligned noise, and CP with misaligned noise. All experiments have the same
modality-specific noise (oypise = 0.5). Each method succeeds exactly where the other fails, and on failures,
the models learn the nuisance.
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tion covered three physically distinct targets: binarity, log g, and age. Binarity and age are encoded through
modality-specific mechanisms (spectroscopic radial-velocity variations vs. photometric eclipses for binarity;
isochrone wvs. gyrochronology for age), so agreement between a log g-based regime prediction and behavior
on binarity and age tests whether the separation ratios capture the geometry of the modality pair rather
than a task-specific artifact. The results show that the regime predictions hold as regime-level statements
across all targets, with a revealing asymmetry in how each regime manifests (Table [1} 5 seeds per cell).

Kepler (Both). On every target, at least one of {CA, CP} matches or exceeds the best unimodal baseline,
but the winner rotates with task. CP stays at the LAMOST ceiling where LAMOST dominates (log g,
binarity); CA captures photometric signal where LAMOST is weak (age: +0.19 R? over LAMOST). The
‘Both’ prediction should be read as some cross-modal objective helps on every task, not as both objectives
helping uniformly, consistent with Aca and Acp being very different.

TESS (Neither). No cross-modal method exceeds LAMOST alone on any target, and the gap is well
beyond seed variance. Moreover, we have #cy = 7cp = 0, the complete-failure form of the Neither regime.
The prediction holds uniformly, with no task-level exceptions. Figure [I2) visualizes the underlying singular-
value decompositions of C and A for both pairs.

CP direction asymmetry. CP’s recovery condition Acp never involves the target covariance S, , which
does not enter A, so swapping source and target produces a structurally different recovery condition: the
preferred direction is the one in which the source modality more directly encodes the task signal. For log g and
binarity, spectra encode the signal more directly than photometry (through absorption-line broadening rather
than granulation/oscillation) so CP forward (spectra — photometry) succeeds while CPye, (photometry —
spectra) fails. For age, photometric rotation periods provide a more direct signal via gyrochronology than
spectroscopic activity indicators, so the preferred direction reverses: CP.., on age (R? = 0.497) outperforms
forward CP.



Table 1: Astrophysical cross-modal results, mean =+ std over 5 seeds. Best per row in bold (ties within seed
std co-bolded). Kepler (Both, Aca=1.13, A&P:2.22)1 at least one cross-modal method matches or beats
the best unimodal baseline on every target; CP preserves LAMOST’s ceiling where LAMOST dominates,
CA captures photometric signal where LAMOST is weak. TESS (Neither, fca = fcp = 0): no cross-modal
method beats LAMOST-only on any target. CP., (photometry — spectra) fails on tasks where spectra
carry the more direct signal (log g, binarity), but outperforms forward CP on age, where photometric rotation
provides a more direct gyrochronological signal — the same source-quality principle in both directions.

Task CA CP CPrev LAMOST Photometry
LAMOST x Kepler — Both regime

Binarity (bal. acc.) 0.802+0.009 0.8144+0.006 0.751+0.004 0.814 0.731
logg (RQ) 0.956+0.003 0.9764+0.001 0.639+0.004 0.977 0.542
Age (RQ) 0.620+0.001 0.4344+0.006  0.497+£0.039 0.431 0.470
LAMOST x TESS — Neither regime

Binarity (bal. acc.) 0.756+0.022  0.763+0.011  0.626+0.010 0.779 0.604
log g (R?) 0.92940.005  0.9394+0.001 —0.312+0.001  0.942 —0.312
Age (R?) 0.4314+0.029  0.3964+0.064 —0.072+0.004 0.503 —0.037

4.6 Single-Cell Multi-Omics (BMMC CITE-seq)

We test whether the diagnostic transfers to a structurally different source of correlated nuisance, and apply an
identical protocol to a single-cell multi-omics pair. BMMC CITE-seq measures RNA expression and surface-
protein abundance in the same 90k bone-marrow mononuclear cells (Luecken et al., [2021)), with 44 annotated
cell types as the downstream target. The correlated nuisance here is donor, site, and batch structure, which
contaminates both assays of a given cell and is therefore shared across the pair. RNA is encoded by scGPT
(Cui et al, |2024)), a pretrained single-cell transformer, held frozen throughout; the protein modality enters
as CLR-normalized counts through a small MLP trained jointly with the cross-modal objective. We keep
the protein side single-stage deliberately: with 134 measured proteins, CLR counts are already a compact
representation. Pretraining the protein encoder leaves the regime, the method ordering, and the downstream
results unchanged (Section . The diagnostic runs on these same representations, reduced to 100 principal
components per modality.

The diagnostic predicts Neither in all five seeds (Aca = 0.5240.13, Agp = 0.33+0.10), but unlike TESS
the recovery counts are non-zero: 0 < 7 < k in both spectra in every seed (fca = 13.0£3.3 of I%CA = 20.4+0.5;
fop = 12.6 £ 3.2 of kep = 22.4 + 1.0). This is partial recovery in the sense of Proposition full recovery
fails, but part of the shared signal still clears the nuisance floor. The downstream results (Table [2]) track
this intermediate reading. The predicted ordering CA > CP > CP,., holds in every seed. Comparing each
method to the RNA-only baseline within seeds, CP sits below it in 4/5 seeds (—0.011 £ 0.011), consistent
with the variance trap, while CA sits above it in 4/5 seeds by a margin comparable to its own seed-to-seed
spread (40.023 +0.026): cross-modal training neither clearly helps nor clearly hurts. The two Neither cases
thus separate the regime’s two manifestations: 7 = 0 is complete failure, where the stronger modality alone
is the best available representation, while 0 < 7 < k leaves a partially recovered subspace whose downstream
value the separation ratios do not by themselves determine.

Key takeaway. Estimating effective recovery regimes is a practical and feasible analysis for real-world
multimodal problems. It can indicate whether cross-modal learning is likely to succeed, identify which
modality is the informative bottleneck, and guide the choice of objective.
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Table 22 BMMC CITE-seq, 44-class cell-type balanced accuracy, mean £ std over 5 seeds; the last column
gives the within-seed difference against the RNA-only baseline, with the number of seeds in which it is
positive. Predicted regime: Neither with partial recovery in 5/5 seeds (ACA = 0.5240.13, Acp = 0.33+0.10;
0 < # < k in both spectra in every seed). The ordering CA > CP > CP,., holds in every seed, and the
paired differences order the same way: CP,e, is below RNA-only in every seed, CP in four of five, while CA
is above it by a margin comparable to its own spread.

Representation Balanced accuracy A vs. RNA-only
RNA only (strong) 0.584 + 0.043 —

ADT only (weak) 0.558 £ 0.040 —

CA 0.606 % 0.030 40.023 +£0.026  (4/5)
CP 0.572 £ 0.034 ~0.011+£0.011  (1/5)
CPrev 0.524 +0.048 —0.060 £ 0.024  (0/5)

5 Conclusion

We studied cross-modal alignment and cross-modal prediction in a unified linear framework, deriving recovery
conditions governed by separation ratios Aca and Acp that partition multimodal problems into four regimes,
refined by the recovery count r. A data-driven estimation of these quantities identifies the preferred objective
and prediction direction from a small labeled subsample, before any cross-modal training, and identifies the
case r = 0 in which no objective in the CA/CP family recovers shared signal above the nuisance floor.
Experiments span synthetic data, stereo-vision benchmarks, and image—caption pairs, with the sharpest
validation on real scientific data: the same spectroscopic encoder paired with two photometric instruments
of differing quality yields two distinct predicted regimes, both confirmed across multiple downstream targets,
and the predicted CP direction asymmetry is confirmed on all tasks. A single-cell multi-omics pair, where
the shared nuisance is donor and batch structure rather than instrument systematics, reproduces the Neither
prediction in a structurally different domain.

The Neither regime is the most important open problem raised by this work, the natural habitat of
complementary scientific modalities, where each view is structurally distinct yet the shared signal does not
clear the nuisance floor. Our two instances show its two faces: complete failure (r = 0), where the stronger
modality alone is the best available representation, and partial recovery (0 < r < k), where some signal is
recovered but full recovery fails and the downstream value of the recovered subspace is not settled by the
separation ratios. Escaping it likely requires objectives that go beyond pairwise cross-covariance — higher-
order structure, auxiliary supervision, or modality-specific priors. We hope the phase diagram introduced
here provides a principled starting point to solve it.
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A Closed-form solutions and spiked model derivations

A.1 Full statement of closed-form solutions

Theorem A.1 (Closed-form solutions for CA). Assume S, and Sy, are positive definite, and let k <
min(d,d,). Let C = P®Q'" be the SVD of C = S;;/QSWS;;/Z with singular values ¢1 > -+ >
Gmin(d,,a,) = 0. The minimizers of equation with linear encoders are

W*=UP/S_}/? V*=UQ;s, /? 9)

where Py, Q. contain the leading k columns and U € R¥*¥ is an arbitrary orthogonal matriz.

Theorem A.2 (Closed-form solutions for CP). Let A = UsXV] be the SVD of A := S,.Su'> with
o1 > -+ >0, >0. The composed map B := DE at a minimizer of equation |9 with linear encoder and

decoder 1is
B* = Uy, 3 V4, S /2 (10)

rT

The factorization B* = D*E* is non-unique: for any invertible M € RF*F (D*M, M~'E*) yields the same
composed map.

A.2 Proof of Theorem

For linear encoders the constraint reads WS, W' = VS, VT =TI, 50 L 3 [Wx[|? = 23 [[Vy;[|> =k
and the objective reduces to

min 2k — 2Tr(WS,, V') st. WS,W'=VS, V' =1, (11)

that is, to maximizing Tr(WS,, V). Let W = WSJ.? and V' = VS}/? and define C := S;,/*S,,S;, />
The constraints become W'W'T = V'V'T = I, so W’ and V'’ have orthonormal rows, and the problem
becomes

max Tr(WCV'T)=(C,WTV') st. WWT=V'V'"T=1,. (12)
N

The matrix N := W'V’ is a product of two partial isometries, hence rank(IN) < k and all singular values
of N are at most 1. By von Neumann’s trace inequality (Mirskyl, [1975)),

(CN) < 3 ¢ioi(N) < ) ¢ (13)

i<k i<k

Equality is attained by W’ = UP, and V' = UQ, with U orthogonal, which satisfy both constraints and
give N = Py, QkT. Transforming back gives

W*=UP;S; /2, v*=uUQ]s;!/?. (14)

vy

A.3 Proof of Theorem

Since E € RF*% and D € R%** the composed map B = DE satisfies rank(B) < k. Conversely, any rank-k
matrix B admits such a factorization, so minimizing over (D, E) is equivalent to minimizing over rank-k
matrices B. Writing the CP objective in terms of B and expanding:

1
=3 llys — Bxill = Ti(Sy,) — 2Tx(S,,BT) + Tr(BS,.B). (15)
1 _1
Substituting B’ := BSZ, and A = S,,S;,? (so that S,,B" = A(B/)" and BS,,B" =B/(B")"):
—TH(S,,) — 2TH(A(B)T) + TH(B/(B))T) (16)

= Tr(Sy,) — Tr(AAT) + |B' — A% . (17)
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1
Since Tr(Sy,) — Tr(AAT) does not depend on B, and since S2, is invertible, minimizing over rank-< k
matrices B is equivalent to minimizing ||B’ — A||% over rank-< k matrices B’. By the Eckart—Young—Mirsky
theorem (Eckart and Young} [1936; [Mirsky, [1960), the best rank-k approximation of A in Frobenius norm is
1

(B')* = UpX, V] . Transforming back via B* = (B’)*S,.? gives the stated solution.
Non-uniqueness of the factorization. The product B* is uniquely determined (assuming distinct singu-
lar values), but the factorization B* = D*E* is not: for any invertible M € R***  the pair (D*M, M~'E*)

yields the same composed map. Hence E* is determined only up to left-multiplication by an invertible
matrix.

A.4 Full parameterization

For simplicity, assume d, = d, = d and that there exist orthogonal matrices Q, Q, such that

Ser = QuA.Q], A, = diag(K? + T, 1), (18)
Syy = QuA,Q, Ay = diag(K? + T, T{V), (19)
Sa:y = Qa:AzzzyQ;v Awy = diag(K27 Fa:y)a (20)

where K = diag(k1,...,kk) with k1 > -+ > K > 0, e = diag(Vf, ..., 7%), I‘Z(f) = diag(7y,...,7%)s
T = diag(3f, ..., 75 ), Ty = diag(3},...,74_,), and Ty = diag(n1, .- ., 7a—r) with 0 < n; < (/727"

A.5 Singular-value decompositions

Lemma A.3 (Singular values of C and A). Under the spiked model, C and A are block diagonal in the
bases defined by Qu, Q. Their singular values are the union of the signal values p;,7; and nuisance values
v;, & gwen in equation [

Proof. In the bases Qz, Qy, both C = S;;/2SzyS;yl/2 and A = SWSL}/2 are block diagonal with signal
and nuisance blocks. Direct computation on each block yields the stated expressions.

Corollary A.4 (Recovery conditions). If min; p; > max; v;, the top-k singular vectors of C align with the
shared signal block, so the CA solution from Theorem recovers the shared signal subspace (up to rotation)
and discards modality-specific noise. The analogous statement holds for A and CP with 7;,&;.

A.6 Proof of Proposition |3.1

The singular-value expressions follow from Lemma[AZ3] For the ratio identity, we consider the homogeneous

case (ki = K, 7F =%, 7 =Y, 77 =75 7] =4, nj =), in which all p; collapse to a single value p, and

likewise 7, = 7, v; = v, & = £. Substituting equation into Aca/Acp = (p/v)/(1/€) yields

Aca [
= . 21
Acp K2 + Y (21)

In the heterogeneous case, the same substitution yields the upper bound

A max; 7Y
O [T (22)
Acp min; (k7 + ;)

since the indices achieving min; p; and min; 7; (and similarly the nuisance maxima) need not coincide.
Monotonicity of Aca/Acp in each 77 follows from Acp being invariant in 47 (since §; = 1;/,/77 does not
depend on target nuisance variance) and Aca being non-increasing in v}, with v; non-increasing in 'Ny;»’.
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A.7 Proof of Proposition |3.2

We prove the CA case; the CP case is identical with p;, v; replaced by 7;,&; and C replaced by A.

By Lemma the singular values of C are the union {p; };cx) U{¥}}je[d—k], With each p; corresponding
to a singular vector in the signal block and each v; to a singular vector in the nuisance block.

Let i be any signal index with p; > max; v;. Then p; exceeds every nuisance singular value, so at most
k — 1 values of C (the other signal values) can exceed p;, placing p; among the top k singular values. Since
this holds for each of the rca signal indices with p; > max; v;, the top-k singular vectors contain at least
rca vectors from the signal block.
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B Implementation Details

Linear experiments. All linear experiments use closed-form solvers on population covariances drawn from
the spiked model of Section We set d = 20, k = 3 shared dimensions with signal strengths x = (3.0, 2.0, 1.5),

and consider a regime with clean signal in the target modality (7@(,8) = 0.05) but large target nuisance variance
(yl(,n) = 50.0), with source-side parameters 7 = 0.5, 7" = 1.0. We sweep the normalized noise correlation

v=n/ ,yén)%sn) € [0,0.95] and report subspace distance (averaged over 20 random rotations) and theoretical

separation ratios. Subspace distances are computed as |P; — Py||r/v2k where P denotes the orthogonal
projector, and averaged over 20 random rotations of the signal/noise bases. No optimization is involved; the
solvers compute exact CA (CCA) and CP (truncated reduced-rank regression) solutions from the covariance
matrices on a single CPU.

Stereo-dSprites. Two virtual cameras observe a shared 2D object (Square, Ellipse, or Heart) on a 64 x 64
grayscale canvas. World position Pyona € [—0.5, 0.5]2 serves as the aligned nuisance; camera jitter ojitter €
{0.0,0.05,0.2,0.5} controls de-alignment via per-view translation and rotation. View X receives Gaussian
pixel noise Ogprong = 0.1; View Y receives oweax € {0.2,0.5,0.9}. Each modality is encoded by a separate
4-layer CNN (1 x 64 x 64 — 128-dim) with ReLU activations. CA uses VICReg (25x invariance +25x
variance +1x covariance) on 32-dimensional projections. CP uses MSE reconstruction via a transposed-
convolutional decoder. All models are trained with Adam (Ir=1072), batch size 64, for up to 100 epochs
with early stopping (patience 5). Downstream evaluation uses a linear probe on frozen encoder features for
3-class shape classification, swept over 9 probe sizes (100 to ~6,000 samples) and averaged over 5 seeds. We
sweep Ngamples € {10k, 50k, 100k} (see Figure [L1] for 10k, 50k results). The entire sweep took approximately
24 hours on one 140S GPU.

Stereo-3DShapes. Built from Google’s 3DShapes dataset (480K RGB images). Canonical images, one
per shape at fixed hue, scale, and orientation, are rendered into stereo pairs via affine warping with the same
jitter and noise protocol as dSprites. The signal is 4-class shape (Cube, Cylinder, Sphere, Capsule); additional
nuisance factors include floor hue (10 values), wall hue (10), object hue (10), scale (8), and orientation (15),
all fixed per canonical image and shared across views. Encoders are 4-layer CNNs (3 x 64 x 64 — 128-dim;
channels 3 — 32 — 32 — 64 — 64, stride 2) with FC layers 1024 — 256 — 128. Training and evaluation
follow the dSprites protocol with ngampies = 100k, 10 probe sizes (100 to 10,000), and 3-4 seeds. The entire
sweep took approximately 24 hours on one L40S GPU.

MS-COCO image-caption. We pair each COCO 2017 image with its associated caption, using the
dominant-object category (largest bounding box, 80 classes) as the downstream label. Images are 3x224x224
RGB, encoded by a ResNet-18 trained from scratch; captions are word-tokenized to length 64 and encoded
by a 2-layer Transformer (4 heads, dembea = 256) followed by mean pooling and a linear projection to 128
dimensions. Neither encoder uses pretrained weights. Nuisance is injected into the image modality: each
image is passed through k& independent distortion groups (color cast, exposure, contrast, texture, saturation,
spatial) drawn uniformly from six groups, with k controlled by a noise level £ € {0.0,0.2,0.5} (expected
k = 6¢ groups active). Within each active group, a random transform is applied at continuous intensity
t ~ Uniform(0.3,1.0), so every sample receives a unique pixel-level distortion. Training uses AdamW (Ir =
1073, weight-decay = 10~%) with 5-epoch linear warmup into cosine annealing, batch size 1024 per GPU
across 4-6 GPUs via DDP, for 50 epochs. CA uses VICReg on projected embeddings from both encoders
(invariance 25x, variance 25x, covariance 1x); CP;_,r is the image encoder feeding a caption decoder under
cross-entropy loss; CPp_, s is the text encoder feeding a pixel decoder under MSE. Evaluation: each method
is evaluated on its source /bottleneck encoder. For CA, the image encoder is probed (a symmetric choice —
both encoders are equally optimized under VICReg). For CP;_ 7, the image encoder (source). For CP7_,,
the text encoder (source). Each frozen representation is fed to a linear probe trained for 30 epochs on the
80-class label; we report top-1 accuracy. The experiment took approximately 24 hours on 4 RTX6000 GPUs.

Astrophysical cross-modal. We pair LAMOST optical spectra (DRS, resolution R ~ 1800, range 3690—
9100 A) with light curves from two photometric surveys — Kepler (DR25, 30-min cadence, ~4 year baseline;
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94,876 cross-matched observations) and TESS (QLP lightcurves; 821,878 cross-matched stars). Each modal-
ity uses its own pretrained unimodal encoder, frozen during cross-modal training. LAMOST spectra are
encoded by a ’1d ViT’ that produces a 2048-dim CLS token; light curves are encoded by a multichannel net-
work with parallel flux and frequency (ACF and FFT/Lomb-Scargle) branches combined through a mixer,
producing a 1024-dim mean-pooled embedding. Both encoders were pretrained independently on their re-
spective modalities before any cross-modal training. On these frozen features we train lightweight heads
for each method: CA uses two projection MLPs (2048 — 512 and 1024 — 512) with a VICReg objective
(invariance 25x, variance 25x, covariance 1x); CP uses a cross-predictor MLP with a 512-dim bottleneck
and MSE loss. Optimization: AdamW (Ir =1073, weight decay =10~%) with cosine annealing, batch size
256, early stopping on validation loss. Evaluation uses a linear probe on the cross-modal representation
(concatenated projections for CA, bottleneck activations for CP) against held-out stellar labels — log g, age
(regression), and binarity (classification). The cross-modal experiment took approximately 4 hours on one
RTX6000 GPU.

BMMC CITE-seq. We pair RNA expression with surface-protein abundance measured in the same cells,
using the BMMC CITE-seq dataset (90,243 bone-marrow mononuclear cells; [Luecken et al.| [2021), with 44
annotated cell types as the downstream label. RNA is encoded by scGPT (Cui et all 2024) in a one-time
pass over the 2,000 highly variable genes, giving cached 512-dim embeddings that are never updated. The
protein modality enters as the 134 CLR-normalized values shipped with the dataset, passed through a small
MLP (134 — 256 — 512 — 512) trained jointly with the cross-modal objective; a separate encoder is trained
per mode, so the ADT-only baseline is mode-specific and we report the CA-mode value. CA uses projection
MLPs onto 256 dimensions per view with a VICReg objective (invariance 25x, variance 25X, covariance 1x);
CP uses a cross-predictor MLP with a 512-dim bottleneck and MSE loss, in both directions. Optimization:
AdamW (Ir = 1073, weight decay = 10~%) with cosine annealing, batch size 512, 200 epochs, early stopping
on validation loss (patience 30). Splits are donor-based (6 train / 1 validation / 2 test donors), averaged over
5 seeds with a different donor assignment per seed. Evaluation uses a linear probe (standardization, class-
balanced logistic regression) on the cross-modal representation, concatenated projections for CA, bottleneck
activations for CP, reported as balanced accuracy. Regime estimation (Algorithm runs on a seeded
subsample of n = 5,000 cells, on the same representations the objective consumes: scGPT embeddings and
raw CLR counts, each centered and reduced to 100 principal components, ¢ = 10~%; PCA is used only for
estimation. Training all three objectives and their probes took approximately 1.5 hours per seed on one
L40S GPU.

As a check on the single-stage protein branch, we repeated the experiment with the ADT encoder ini-
tialized from a unimodal VICReg pretraining stage (same architecture, trained on ADT alone with two aug-
mented views of each CLR vector via Gaussian noise o ~ U(0,0.1) and random feature dropout p ~ 4(0,0.1);
projection heads discarded), and estimated the regime from that encoder’s frozen 512-dim embeddings rather
than raw CLR counts. Both ratios decrease (ACA = 0.34, Acp = 0.11 versus 0.67 and 0.26 at the canoni-
cal seed), as expected from a decorrelating unimodal objective, but the regime (Neither in 5/5 seeds), the
ordering CA > CP > CP,.,, and the downstream accuracies are unchanged.

Algorithm 1 Recovery Regime Prediction

Require: Paired embeddings Z, € R"*% Z,c R™*4y: labels Y € R**F

Ensure: ACA, Acp, predicted regime

{CA: read separation ratio from CCA spectrum}

Compute SVD of C = (2, 4 )~ 1/238,,(2,, + 1)~ 1/2; obtain ¢°CA

Classify CCA components as signal /nuisance by elbow detection on per-component R?
Aca + min(¢®CA [signal]) / max(¢°CA [nuisance])

{CP: read separation ratio from A-SVD spectrum}

Compute SVD of A = 3, (3,, + eI)~'/2; obtain o

Classify A-SVD components as signal /nuisance by elbow detection on per-component R?
Acp min(c*[signal]) / max (o [nuisance])

return (ACA, Acp) and regime per 2 1
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Recovery regime prediction. The pipeline takes paired embeddings Z, € R™*% Z,c R"™*4y and labels
Y € R™*X for a labeled subsample. Under the spiked model, Aca and Acp are singular-value ratios of C
and A respectively: signal and nuisance singular values appear together in each spectrum, distinguished
only by which block of the spiked decomposition they belong to. We estimate each A directly from the
corresponding spectrum, classifying each component as signal or nuisance by its predictive power for the
labels. For each decomposition, 5-fold Ridge regression of the component scores against the labels yields a
per-component R? value (summed across label columns for the classification statistic), and piecewise-linear
elbow detection on the sorted R? curve identifies the breakpoint between the signal block and the nuisance
floor. The labeled subsample need not cover the full training set: in our experiments, n < 1,000 samples
suffice.
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C Additional Figures
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Figure 7: Partial recovery under heterogeneous signal spectra. Empirical recovery count r (number
of signal directions with squared projection > 0.8 onto the top-k recovered subspace) across the (%, v) plane,
for signal spread p € {1.0, 0.8, 0.6, 0.4} (columns, homogeneous — heterogeneous). (Top): CA. (Bottom):
CP. Signal strengths follow a geometric decay k; = &p®~! with k = 5, d = 20; noise parameters v, = 1,
vy = 0.05, 4, = 5. Overlaid curves: Aca =1 (solid) and Acp = 1 (dashed) from the homogeneous theory
of figure 2| At p = 1 the transition is sharp (r € {0,k}) and the A = 1 contours align with the empirical
boundary, reproducing figure 2| As p decreases, intermediate counts r € {1,...,k — 1} fill a widening band
in which stronger signal directions are recovered first; the four-region phase diagram smears into a graded
continuum. Averaged over 10 seeds with n = 5,000.

21



CA vs CP Separation
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Figure 8: Separation ratios Aca and Acp as a function of target nuisance variance 7Y, validating Proposi-
tion Theory curves (dashed) are computed from the closed-form expressions in Theorems and
empirical curves (solid) are estimated from finite-sample covariances averaged over 20 random rotations. As
Y grows, Aca increases unboundedly — CA’s symmetric whitening suppresses high-variance nuisance on
both sides — while Acp remains approximately constant, since &; = 1,/ \/ﬁ? does not depend on target
nuisance variance: source-side whitening operates only on the source modality. Theory and empirical curves

are in close agreement throughout, confirming the accuracy of the closed-form predictions at finite sample
sizes.
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Figure 9: The variance trap: signal recovery vs. reconstruction quality for CA+Probe and direct CP, using
the same parameter regime as Figure [3 (k = (3.0,2.0,1.5), 4¥ = 50.0, #* = 1.0). Green shading marks the
regime where Aca > 1 > Acp. (a) Signal prediction MSE: in the green region, CA+Probe achieves
near-zero signal MSE while CP’s signal error climbs steeply, confirming that CP encodes the wrong subspace.
(b) Total prediction MSE: CP achieves lower total MSE than CA+Probe across the same region, because
it successfully reconstructs the high-variance nuisance components — a task at which CA-+Probe, having
discarded nuisance directions, cannot compete. Together, the two panels illustrate the core danger of using
reconstruction error as a proxy for signal recovery: CP can achieve lower loss than CA while failing to recover
the signal, precisely because the MSE objective does not distinguish signal from nuisance.
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Pretrain Samples: 10k Pretrain Samples: 100k
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Figure 10: Comparison between VICReg and DeepCCA for dSprites and Shape3D experiments
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Figure 11: Stereo-dSprites accuracy vs. nuisance alignment at 10k (Left) and 50k (Right) pretraining samples.
The CA—CP crossover from Figure E| persists across dataset scales.
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Signal vs nuisance spectra underlying the regime predictions
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Figure 12: Signal-nuisance decomposition underlying the regime predictions of Table Each
panel shows the sorted singular values (gray bars, left axis) and per-component R? against log g (teal line,
right axis) used by Algorithm [1] to classify components as signal (green shading) or nuisance (red shading).
Dashed horizontal line: nuisance floor max; 7; (CCA panels) or max; éj (A-SVD panels); A > 1 iff every
classified signal singular value exceeds the nuisance floor. (Top): LAMOST x Kepler — both decompositions
have signal components above the nuisance floor (AE;A = 1.13, Acp = 2.22; Both regime). (Bottom):
LAMOST x TESS — no CCA component predicts log g above noise (R? ~ 0 across all components, zero
signal detected); the A-SVD has one candidate signal component but below the nuisance floor. No signal
direction clears the floor in either spectrum (fca = 7cp = 0), the complete-failure form of the Neither
regime. The contrast between the two rows — same LAMOST encoder, same protocol, different photometric
instrument — shows that instrument quality determines the signal-nuisance separation and hence the regime
placement.
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