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Abstract

While diffusion models excel at capturing complex data distributions, scientific
discovery often requires steering generation toward specific, uncharacterized re-
gions that maximize a target objective. These high-utility modes frequently reside
in low-likelihood tail regions and are only revealed sequentially through inter-
active feedback. Existing diffusion samplers fail in this regime: they inherit the
pre-trained model’s bias toward high-density regions, leaving rare yet promising
phenomena underexplored. Conversely, exploration-heavy samplers ensure broad
coverage but fail to efficiently exploit high-utility modes when constrained by
a strict sampling budget. To resolve this dilemma, we introduce Lévy Adaptive
Tree Search (LATS), a principled sampling framework for online feedback-driven
search. LATS leverages heavy-tailed exploration coupled with tree-based value
backpropagation to progressively uncover preferred modes. By maintaining broad
distributional coverage, LATS successfully discovers low-likelihood, high-utility
regions while preserving sample fidelity and structural diversity. Experiments
across diverse benchmarks, including materials science, demonstrate that LATS
significantly outperforms baselines in target discovery efficiency.

1 Introduction

Diffusion models have emerged as powerful generative engines capable of capturing the immense
complexity of natural data manifolds by reversing a diffusion process. Yet, for scientific applications,
the true goal is to actively discover and generate target samples from low-likelihood, high-utility
regions of the data space—targets that are unknown a priori and revealed only through sequential
feedback. In domains like material discovery, the ultimate objective is to guide generation toward
compounds with a specific chemical property. This can be framed as a reinforcement learning (RL)
problem, where the objective is to fine-tune the diffusion model to maximize a reward that reflects
the desired properties of the targets [[1]]. However, these methods hinge on an online-trained reward
model whose early-phase bias can misdirect the fine-tuning process and degrade sample quality.
Moreover, because the fine-tuning objective effectively minimizes a reverse-KL against a reward-
tilted distribution [2]—an inherently mode-seeking loss—it ignores many high-utility modes and
collapses onto a narrow band of high-reward regions of the underlying distribution.

Recent SMC-based inference-time scaling methods [3} 4} 2] circumvent direct model fine-tuning
by operating on fixed generative priors. However, they exhibit severe weight degeneracy, which
effectively collapses the proposals and suppresses sample diversity [S]]. Moreover, these approaches
rely on reward values or gradients at every resampling step; in practice, these signals are unavailable
and must be approximated, introducing systematic bias into the sampler and degrading sample quality.
To mitigate these issues, tree-based inference-time samplers [6l (7, [8] have been introduced that
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Figure 1: Unlike SMC (which suffers from noisy reward gradient guidance) and DTS (which is constrained
by Gaussian bias), LATS discovers high-utility tail modes (Viz., using MNIST digits 7 and 9 as targets, which
are the two least represented categories during training) while avoiding off-manifold sample generation. LATS
leverages online feedback to enrich intra-target class diversity actively, thereby avoiding mode collapse.

backpropagate only terminal rewards, eliminating the need to evaluate rewards at every intermediate
denoising step. Yet their search remains anchored to high-likelihood regions under the base diffusion
prior, making it difficult to discover diverse target modes—particularly low-likelihood ones. Con-
sequently, they fall short of generating truly diverse, target-aligned samples. We aim to tackle the
limitations of prior approaches and derive a sampling framework with the following objective:

Given a long-tailed dataset and targets with unique, heterogeneous properties—often residing
in the tail and revealed only through limited interactive feedback—design a sampler that
produces diverse target-aligned samples while preserving high fidelity.

Achieving this objective requires efficient exploration. In particular, in high-dimensional spaces
(e.g., images), exploration is not merely about visiting new regions but about navigating the low-
dimensional data manifold while respecting the problem’s structural constraints. Realistic solutions
typically occupy a thin manifold inside a vast design space. An effective exploration scheme must
traverse this manifold strategically—maintaining sample quality and enriching diversity within the
target set—while avoiding off-manifold regions that correspond to invalid, wasteful queries. However,
if the sampler persistently explores without generating samples that meet the diverse target properties,
it may fail to discover enough high-value instances. The model must therefore carefully balance
exploration with exploitation—effectively generating target-aligned samples while minimizing costly
online reward queries.

Lévy process [9]] has been proposed to generalize the DDPM framework by injecting heavy-tailed
a-stable noise, yielding a Lévy diffusion model whose large jumps improve coverage of compactly
supported, class-imbalanced data and help uncover weakly represented modes. This model generates
diverse denoising trajectories that better cover long-tail regions. However, our goal is not merely
coverage: we seek to concentrate probability mass on high-value modes while suppressing others.
To this end, we propose a simple but effective framework for online feedback-driven diverse target
discovery that leverages the complementary strengths of two mechanisms. While the Lévy diffusion
model enables the exploration of diverse modes, the tree-based sampler provides critical exploitation
by pruning branches unlikely to yield target-aligned samples, thereby preventing non-preferred
generations. We refer to the proposed sampling framework as Lévy Adaptive Tree Search (LATS).
Fig.|l|demonstrates the superiority of LATS over baseline methods in discovering targets spanning
across diverse classes, including low-likelihood modes. We summarize the contributions below:

* We introduce LATS, a simple yet effective sampling framework for feedback-efficient diverse target
discovery.

» We validate the effectiveness of each component of LATS through comprehensive quantitative and
qualitative analysis across diverse settings, including material science.

* We show that LATS can generate diverse, target-aligned samples, including those from long-tail
preference modes, without sacrificing sample quality.

2 Related Work

Fine-Tune Diffusion model with RL: Fine-tuning generative models with human feedback, such
as user preferences, has become increasingly prevalent [[10, [11]. Prior work on diffusion models
has largely focused on optimizing reward functions via supervised learning [[12} |13], control-based



methods [14[1516], or policy-gradient techniques [17]. However, these approaches typically assume
a static reward model, treating rewards as fixed ground truth and not accommodating online queries.
In contrast, we study an online, interactive setting in which target properties are initially unknown
and are gradually revealed through sequential feedback, enabling continual target discovery rather
than one-shot alignment to a fixed reward proxy. [[18]] introduces a general online learning framework
for aligning generative models, but it is not tailored to diffusion models. More recently, [1]] proposed
a feedback-efficient online fine-tuning method for diffusion models; however, it learns a separate
online reward model to guide sampling, which amplifies bias in the early stages of fine-tuning, and
due to the KL-regularized fine-tuning objective, it remains vulnerable to mode collapse. Moreover,
these prior approaches are not tailored to sampling from long-tail high-utility classes and are prone to
mode collapse when confronted with real-world long-tailed distributions.

Inference-time Search Approaches: Recently, there has been a growing interest in using inference-
time scaling approaches. Particle-based SMC methods are one of the most widely applicable ap-
proaches among them, where a population of samples is maintained to approximately sample from
the desired distribution. SMC [[19]] uses potential functions, which usually approximate the soft value
function, to assign weights to particles and resample them at every step. Different variations of SMC
have been proposed for diffusion model alignment [20, 2| 21} [22]]. Classical SMC guarantees exact
sampling in the limit of infinite particles and exact value estimation. In practice, however, the repeated
sampling procedure can reduce diversity due to weight variance and inaccurate value estimates. More-
over, these methods also rely on a learned reward model to compute particle weights for resampling.
In an online setting like ours, the reward model is poorly calibrated in the early interaction phases,
and this bias propagates into the resampling step, which in turn misguides the reverse denoising
process and degrades the quality of the generated samples. While recent tree-based inference-time
samplers [7, 23} 8] bypass intermediate reward evaluations by backpropagating only terminal rewards,
they remain severely constrained by a Gaussian bias that impedes sampling from preferred long-
tail modes. Recently, several correction techniques [4} 5] have been proposed to alleviate particle
weight degeneracy and debias particle-based guidance. However, these methods break down in
high-dimensional settings because they require reward gradients at every resampling step—quantities
that are not directly available and must be approximated—thereby introducing systematic bias into
the sampling process. Additionally, these methods are not explicitly designed to sample effectively
from long-tailed distributions—a central challenge in many real-world applications.

3 Problem Formulation

Real-world data are typically long-tailed, with most probability mass concentrated on a few frequent
patterns and a vast number of rare ones. We model this by assuming access to a long-tail dataset
Dy, = {z;}*,, consisting of m i.i.d. samples drawn from an unknown distribution Px over a data
space X . Desired target properties in this setting are inherently heterogeneous and multimodal in
nature: a given downstream objective may favor several distinct modes of Px, including modes
residing in the long-tail region. These high-value target properties are not known a priori and are
revealed only through costly interactive feedback—for example, via wet-lab experiments in material
discovery—so feedback queries must be used sparingly. Our goal is therefore to design a sampler that,
given a fixed feedback budget B, efficiently allocates queries to learn the underlying multi-modal
target structure and generates samples that maximally align with the discovered target properties
under the long-tailed data distribution. We formulate the objective as:

t=B
max, > Eoing,p, (@), 0
t=1 t

{ggfzt

Where, g,o,, represents the underlying generative model (e.g., a diffusion model), parametrized
t

by 9? '*, that is used to sample at the ¢-th interaction step. 9(1)) '* denotes the parameters of the initial
generative model, obtained by training solely on the long-tail dataset D;; and used to generate
samples before any ground-truth feedback is observed. Direct fine-tuning—based methods update
the generative model parameters after every feedback step, whereas our approach keeps the model
fixed throughout the entire interaction; in particular, 90D ' remains unchanged for all ¢ € {1,...,B}.
Here 7(.) denotes the (unknown) probabilistic reward function with values in [0, 1], where r(z;) = 1
indicates the generated sample at step ¢ satisfies the target property from the set of high-value target
properties, and r(x;) = 0 otherwise. By leveraging the generative model trained on D;;, we aim to



efficiently explore the sample space X to uncover diverse high-utility target properties, while also
exploiting the gathered information to generate samples aligning with those discovered properties.

4 Background

a-Stable Distributions and Lévy Process: The a-stable distributions form a rich class of heavy-tailed
probability distributions that generalize the Gaussian distribution. While the Gaussian law governs the
limiting behavior of sums of independent, identically distributed (i.i.d.) random variables with finite
variance (via the Central Limit Theorem), a-stable distributions serve as the limit for sums of i.i.d.
variables with infinite variance (via the Generalized Central Limit Theorem). This property makes
them naturally suited for modeling data with heavy tails, outliers, or impulsive characteristics. The
Characteristic Function of «-stable distribution is defined as follows: A random variable X follows
an a-stable distribution, denoted X ~ S, 5(u1, o), if its characteristic function ¢(u) = E[e?"*] takes
the form:
o(u) = exp (tup — |ou|™ (1 — iBsgn(u)®(u, a)))

where o € (0, 2] is the stability index (or tail index), 8 € [—1, 1] is the skewness, o > 0 is the
scale, and i € R is the location parameter. The term ®(u, «) is given by tan(ra/2) if o # 1 and
—(2/7)log |uo| if @ = 1. The parameter « controls the "heaviness" of the tails. For & = 2, the
distribution reduces to a Gaussian distribution (with variance 20%), which has light exponential tails.
For a < 2, the distribution exhibits heavy tails that decay asymptotically as a power law, |x| —(4a),
leading to infinite variance. This infinite variance prevents the use of standard L?-based analysis tools
common in Gaussian diffusion models.

Isotropic a-stable distribution and relation to Gaussian Noise: The random variable X € R< is
isotropic a-stable if its characteristic function is given by: for all u € R,

E[exp(iuTX)] = exp (WTU —[ull?),

where 1 € R? is the location parameter and oI, plays the role of a covariance matrix. We denote it by
X ~ 8% (u,0ly). Next, we present an important result that establishes the fundamental connection
between heavy-tailed a—stable noise and Gaussian noise with a random scale.

Lemma 1. [Relation Between a-Stable and Gaussian Noise [24)]] Let o < 2, and let X ~
S (p,0ly). Then

X2+ o0AY2G,

where % denotes equality in distribution, A ~ S, /3, 1(0, c4a) is a one-dimensional positive stable
random variable with c 4 = cos® *(ra /4), and G ~ N (0, 1,).

5 Methodology

Online feedback-efficient diverse target discovery fundamentally hinges on a generative model that
can efficiently cover all modes of a long-tail distribution, aiding in discovering and generating samples
with rare, idiosyncratic target properties. Standard diffusion-based generators are fundamentally
misaligned with this regime: their forward and reverse dynamics are both built on Gaussian transition
kernels, imposing a light-tailed geometry that inherently under-represents long-tail regions of the
underlying distribution. As training unfolds under this Gaussian bias, the model is gradually driven
toward dominant target modes, eroding coverage of diverse, low-mass modes. The following result
characterizes this inherent bias in vanilla Gaussian diffusion when trained with long-tail distributions.
Proposition 1. Let the data space X be partitioned into majority classes Cy,q; and tail classes Ciqi
(i.e. C = Cnaj U Crqir ), such that the initial training distribution q(x) satisfies P(Cpnaj) > P(Ciail)
(i.e., representing a class-imbalance long-tail dataset D;;). Also, let w, represent the portion of
training images for class ¢ € C such that ), .. w. = 1. Note that Ececmaj We > Zcecml We.
The original training objective of DDPM [25|] can then be decomposed into a weighted sum of
class-specific KL divergences:

T T
Eq | > Diila(zeilze, zo,c) | pe(ﬂft1|«’rt70)]] => wk, [ZDKL[Q(ﬂftl | 2t, 0, ¢) || po(@i—1 | T4, C)]

t>1 cec t>1
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We provide the proof in the Appendix. According to Eqn.[2] DDPM is evidently biased toward head
classes with large w,, which undermines the efficient exploration key to diverse target discovery.
To overcome this limitation, we employ the Lévy diffusion process [9], which replaces Gaussian
noise with a-stable noise in the forward process. This substitution exploits the heavy-tailed nature
of a-stable distributions to better capture long-tail structures within the denoising probabilistic
framework. Accordingly, the forward noise process can be modeled as a Markov chain Xg ~ Dy,
and fort € {1,...,T},

Xi =7 Xi1+ UtAi/ZGt, 3

where the sequences {G;}]_; and {A;}] ; are independent, with G; ~ N(0,1;), and A; ~
Sey2,1(0,c4), and ca = cos®/®(wa/4). In view of Lemmam conditioned on {A;}7_; and Xy, it
yields a Markov chain { X;}7_, with Gaussian transition densities:

T
7'1(:;)|0,a($1::r|3307 arr) = H/\/d(mthtl‘t—l, oray), 4)
=1

where Ny(z | m,X) denotes the density of the d-dimensional Gaussian distribution with mean m
and covariance matrix Y. Following [9], we define the backward diffusion process as:

T
7-1(:;)‘07(1(‘%1:'1" | Zo, al:T) = p’g"a) (IT) H 7;(—al)|0,t,a (xt—l | Tty T0, al:t)7 (5)
t=2
where 7;811) 0,t,a (xt,l | ¢, 0, a1.+) is now the tractable density of a Gaussian distribution, yielding

a simplified denoising training objective analogous to DDPM. Concretely, the training objective is:
d 1/2
Loim(0) = ZE [E (167 (Xe) — ee(Xe, Xo)||? | Az ] ) (6)
t=1

where the model é? is designed to fit the noise ¢;(X;, Xo) = (X; — 715+ X0)/01_5¢ added at time-
[e% 1/(1

step ¢, and vy _; 1= szl Vi, and o1, := (Z§=1 (%) ) . The detailed derivation of

Eqn. [6]is provided in [9]]. Next, we present a Proposition that justifies the rationale behind using

a-stable distribution to encourage exploration across different modes of the underlying distribution.

Proposition 2. Persistent Gradient Signal in Heavy-Tailed Diffusion. Let X be a data space con-
taining a majority mode at x = 0 and a minority mode at x = p. Let s(x,t) = Vlogpi(z) be the
score function at diffusion time t. Then, (1) Gaussian Collapse (DDPM): For Gaussian noise kernels,
the signal from the minority mode is exponentially suppressed: p& () ~ (’)(e‘”“”z ). Consequently,
the gradient signal vanishes for large 11, leading to mode collapse; (2) Lévy Mitigation (LM): For
a-stable noise kernels (0 < o < 2), the minority mode maintains an algebraic relationship with the
majority mode: pF (1) ~ O(||u]| ~(+2)

Hence, according to Proposition 2] the heavy-tailed kernel ensures that the training objective remains
sensitive to minority modes across long distances, preventing the optimizer from ignoring rare classes
in imbalanced datasets.

So far, we have focused on learning a generative model that can aggressively explore diverse modes,
including the long tail, which is essential for efficiently uncovering diverse properties of the latent
target landscape. However, pure exploration is not sufficient, since our ultimate goal is to produce
as many target-aligned samples as possible under a strict sampling budget. A naive option is to
online fine-tune the Lévy diffusion model trained on Dy, using streaming feedback, but this leads to
inference-time mode collapse. The following theorem formalizes this phenomenon.

Theorem 2. Assuming the weighting function w(z) (derived from the reward r(x)) is positively
correlated with data distribution generated by the trained Lévy Diffusion model ggopl , (), satisfying

the following relation:

P(x € Cyuaj) > P(x € Cra)  where w ~ g'v,, () ™
0



Stage 1: Lévy-Driven Diffusion Stage 2: Lévy Adaptive Tree Construction Stage 3: Feedback-Driven Online Tree Pruning
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Figure 2: Overview of the Lévy Adaptive Tree Search (LATS) Framework. (Stage 1) The generative model
uses heavy-tailed Lévy noise rather than Gaussian noise, extending structural coverage to the data manifold’s
rare long-tail modes. (Stage 2) LATS constructs a dynamic search tree built upon the trained Lévy transition
dynamics to systematically explore the latent space. (Stage 3) Guided by feedback, a soft Bellman value backup
mechanism propagates reward signals upward, allowing the Select’" score to aggressively prune low-value
paths while continuously amplifying the discovery of high-utility targets without fine-tuning the Lévy model.

Then, as the number of online fine-tuning epochs N — oo, the generated distribution g™ o1 (x)

converges to a distribution supported entirely on the majority class Cy,q;, and the probabzllty of
generating samples from the tail class Ciq;; decays to zero exponentially. More concretely:

PN(Coay) e, 92 (@)

Ratio™ = = — 00 8

PN(Ctail) fcta“ gg'Dlt( )dl' ( )
0

To overcome this bottleneck, we pair an online adaptive tree sampler with the trained Lévy model. We
overcome this via an online adaptive tree sampler paired with the trained Lévy model. The resulting
sampler aggressively prunes non-preferred trajectories explored via the trained Lévy model while
boosting high-value modes—all without fine-tuning the trained Lévy diffusion model.

Specifically, following the standard tree sampler [7], we construct a tree, where nodes represent states
x, and edges represent transitions p, o, (z¢—1 | @) following the trained Lévy diffusion model. Note
0

that the Markov property of the reverse Lévy diffusion chain naturally induces a finite horizon tree in
R?, where d is the dimensionality of the space over which we are diffusing. Each node maintains the
current state and timestep (x4, t), the visit count N (), and a Monte Carlo estimate of the soft value
function v(x;) that satisfies the soft Bellman equation, which is defined as:

. 1 .
by(zy) = — log El)evlt(%t—lm) [exp(ADp—1(z¢—1))] - ©)]
0

A

At each online interaction step, we start at the root and repeatedly apply the selection rule

SelectV“T (zy_1) = 0(zy_1) + B % until we reach a terminal node, from which we sam-

ple. Here B governs the exploration—exploitation trade-off. Crucially, because rollouts are driven by
a Lévy diffusion process rather than a purely Gaussian one, its heavy-tailed jumps enable strong
exploration. After sampling, we observe proxy ground-truth feedback from a near-accurate classifier
f¢, parameterized by ¢, which outputs a class-wise probability distribution for the generated sample.
We compute the terminal reward (), which is defined as:

r(zo) = log <max (f%(z0): )) (10)

ZECtar

where f¢(x(); denotes the probability assigned to class i by a pre-trained classifier (%), and Cyq,
denotes the target set. We emphasize that we leverage f? to emulate an expensive real-world online
feedback collection process, without access to the true underlying function values f¢(z) for any input
2 not in the query set. After evaluating the terminal node using the reward function ¢(xg) = (o),
we then apply the soft Bellman backup following the Monte-Carlo estimate of Eqn. [9]to recursively
update each parent’s value from its children for ¢ = 0, ...,7. We also update the visit counts for
all nodes along this path. Such an update after every observation enables the sampler to retain the



Table 1: Quantitative Comparison with 5 = 250. We report FID (lower is better), MMD (lower is better), and
the QADAS diversity metric (higher is better) across two distinct target sets for each dataset. LATS consistently
outperforms baselines in maintaining sample quality while uncovering diverse target modes.

MNIST-LT CIFAR-10-LT ImageNet-LT
FID, MMD] QADASt FID] MMD| QADAS{ FID| MMD/] QADAS

SMC 1.8137 13.748  11.8700 3.7810 3.8231 9.9300 2.1463 2.8476  12.9748
DTS 12532 9.4025 14.8631 0.9021 3.1071  13.0262 0.9444 1.7802  18.8476

Target Method

Setl FKS 1.0699 7.5111  14.0710 0.8150 24711 11.4592 1.4609 2.0285  17.4755
LATS  0.7264 5.5532 18.7452 0.7223 1.7286 14.0967 0.7588 0.7692  20.1346
SMC 4.0168 189856 6.7324  3.7970 6.8242 0.0000  3.4637 6.7032 5.2677
Set 2 DTS 25921 13.8074 8.0134  1.5221 5.8091 5.1896  1.3731 3.2406 9.1326

FKS 2.6417 18.1248 82691  1.1242 2.8291 23727 22120 6.1204 5.0596
LATS 1.1746 6.3109 9.9620 0.8776 1.8279 5.9670 1.0536 1.4400 12.1296

statistics of all past outcomes/observations and drives increasingly informed trajectory exploration
for future queries. We refer to our end-to-end sampling framework as Lévy Adaptive Tree Sampling
(LATS). We provide an illustrative figure (see[2) that highlights the key building blocks of LATS.

6 Experiments and Results

Evaluation Metrics Success rate alone cannot capture our goal of generating samples that reflect
diverse target properties, since collapsing onto a single high-likelihood mode would trivially achieve
100 percent success while ignoring other target classes. To explicitly reward both diversity and quality
of the generated samples across different target classes, we introduce the Quality-Aware Diverse
Alignment Score (QADAS), defined as follows:

N;
QADAS = Z P, log N;; where Pe, = Zpi (1)
N; ~—— °
Ci€{Ctar} ~~ Diversity =t

Avg. Quality

where N; denotes the total number of samples generated for class ¢ determined by a pretrained
accurate classifier (f?), and {C;,} represents the set of all target classes. Higher values of P,
indicate greater confidence in the classifier’s predictions, signaling better quality in the generated
samples. Moreover, the log IV; term imposes diminishing returns on repeatedly generating samples
from the same class, thereby discouraging a lack of diversity. We further benchmark LATS against the
baselines using standard FID and MMD. For both metrics, the reference distribution is constructed
by drawing an equal number of samples from each target class. We benchmark LATS against the
following baselines: SMC [4]]: A state-of-the-art SMC-based inference-time correction approach for
alignment; DTS [7]]: A tree-based diffusion sampler for search; FKS [3]]: An inference-time search
approach based on Feynman-Kac Steering.

Dataset Details and Evaluation Setting We evaluate LATS on four diverse benchmarks: MNIST-
LT, CIFAR-LT, ImageNet-LT, and MICRO2D [26] (a large-scale heterogeneous microstructure
informatics dataset), spanning domains from vision to materials science. We detail the specifics of
each long-tail dataset in the Appendix. We evaluate LATS on each dataset using various diverse target
sets and sampling budgets.

Results with Target Set that only includes Rare classes To study how LATS samples from
long-tail target classes, we construct target sets consisting solely of

tail classes from each dataset. Concretely, we use digits {7, 9} on  Table 2: MICRO2D for Set S2.
MNIST, {horse, ship, truck} on CIFAR10, {shoe, green apple, bear}
on ImageNet, and { VoronoiLarge} on MICRO2D, which are among  Method
the least represented classes during training and thus faithfully char- FID | MMD | QADAS T
acterize the long-tail regime on these datasets. We denote these sets ~ SMC ~ 4.2154 29.8165  0.0000
as S2. We report the performance of LATS against the baselines on FDIIS g-gggg ;;ggé 3-8(1)38
the vision tasks (Table[T)) and the material dataset (Table [2). Across : ‘ '

all settings, LATS consistently surpasses the baselines, preserving ~ LATS 09464 42721 61041
sample quality while revealing a broader range of high-utility target

MICRO2D (B = 250)




modes. Interestingly, we observe (as depicted in Figure[5) that DTS in this setting often produces
low-quality images for long-tail target classes. During tree rollouts, trajectories rarely visit these tail
regions. On the other hand, the search prunes high-likelihood head-class modes as low value and
instead forces the diffusion model to generate samples outside its well-supported modes on the data
manifold, yielding degraded, off-manifold images.

Results with Target Set that is a Mixture of Frequent and Rare classes We benchmark LATS
in a mixed head—tail regime where the target set spans both frequent and rare classes. Concretely,
we take digits {1, 3, 5, 7, 9} on MNIST, {airplane, bird, deer, frog, ship} on CIFAR10, and {dog,
car, shark, frog, green apple} on ImageNet, which together capture some of the most and least
represented training classes on each dataset. We refer to this mixture as set S1 and report results in
Table[T} visualizations are in Fig.[5] In this setting, LATS consistently surpasses all baselines across
evaluation metrics, while the baselines exhibit mode collapse, generating almost exclusively from
the high-utility, high-likelihood head class, in line with Theorem@ Overall, these results show that
LATS preserves sample quality while uncovering diverse target modes, including those in the long
tail. SMC underperforms because they depend on an online-trained reward model whose early-stage
bias degrades both image quality and alignment. In contrast, DTS fails to achieve high QADAS
since its Gaussian-based diffusion guidance constrains the denoising trajectories, preventing effective
exploration of long-tail modes and suppressing diversity.

Effect of Lévy Process on Exploration Comparison with DTS (Tables [I| and Fig.|5) validates
the Lévy process’s critical role in LATS: it unlocks long-tail discovery, reaching high-utility modes
that Gaussian dynamics fail to access. These high-utility tail modes are then amplified by the tree
sampler’s online value backup, leading to substantially more frequent sampling from high-utility
regions in the long-tail.

LATS

FKS DTS
J 7 #2207 74
7741727077 7
$ 7 707 727209 9 %

LATS

(@) {7,9} (b) {VoronoiLarge}
FKS DTS LATS DTS LATS
23303/ 1771
I 374 ¢ 1553
st (335 ) 13

d{1,3,5,7,9} (e) {Plane, Bird, Deer, Frog, Ship}

Figure 3: Qualitative comparison of generation diversity and quality across target sets and datasets.
While DTS and FKS tend to focus on dominant modes, LATS uncovers diverse, high-utility samples
by leveraging Lévy-driven exploration and tree-based online value backup, aiding history-aware
exploitation while maintaining sample quality. long-tail high-utility classes are denoted as blue.

Performance Comparison at different Sampling Budgets Figure []reports LATS and baseline
performance across sampling budgets. Across datasets and metrics, LATS converges fastest in both
quality and target discovery while sustaining markedly higher sample diversity, showcasing its
efficacy in diverse rare-target discovery under a strict sampling budget.

MNIST Perf. S2 (;IFARIO perf. 52 ImageNet Perf. 52 MNIST Perf. S2 CIFAR1O Perf. S2 7 5\r_nageNet Perf. S2 MNIST Perf. S2 CIFAR10 Perf. S. ImageNet Perf. 52
A
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Budget Budget Budget

(a) FID | (b) MMD |, (c) QADAS 7

Figure 4: Quantitative Comparisons across Sampling Budgets. Comparison of LATS against
baselines across MNIST-LT, CIFAR-10-LT, and ImageNet-LT for target Set S2. LATS achieves the
fastest convergence in quality and target discovery while maintaining significantly higher sample
diversity as the sampling budget increases.



Conclusions and Future Work LATS facilitates the feedback-efficient discovery of diverse targets,
specifically capturing those within the long-tail modes. Crucially, our ablation studies establish
that Lévy process-guided trajectory rollouts for efficient exploration, paired with the tree sampler’s
backward online value propagation for exploitation, are indispensable. Together, these components
synergistically uncover high-utility rare modes without compromising sample quality. While the
Lévy diffusion process is integral to exploration in LATS, training it relies on a well-defined long-tail
dataset. Because this data requirement can be prohibitive in resource-constrained domains like drug
discovery, adapting the framework for data-scarce environments—where pre-training a robust Lévy
model is infeasible—represents a critical direction for future work.
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LATS: Lévy Adaptive Tree Sampling for Alignment with Online Feedback
(Supplementary Material)

A PROOF OF PROPOSITION 1

Proof. We denote the number of all training images as N, and the number of training images for
class ¢* € C as N'. Following [25], the training objective of DDPM can be rewritten as:

T
ZDKL (q(:rtq | 2, w0, C) Hpe(xtﬂ | xt,C))‘|

t>1

= S By D g | 20, 70.) [ poleer | 21,0))]

!

1
¥ > Diw(g(@i-1 | 2,20, 0) || po(wi- xt,C))]

L (zo,c)

1 ) )
N Z Z DKL(q(mtq | x4, w0, ") Hpe(ﬂthl | CUmCZ))]

L c¢teC (zo,c?)

L | |
= O N'Ege (Drce (gl | 2,20, ) || polai—s | xha)))]

L cieC

[ Ni _ _
> ~ Eoe (DKL(q(xt_1 | 24,20, ¢") || po(ze—1 Ixncl)))]
LcieC

~
V
=

I
M=

-
\4
=

I
M=

~
\%
=

I
M

t>1
NZ T .
= Z Eg,ci ZDKL (xi—1 | ¢, 0, C ||p0($t71 | xtvcl))]
t>1
T . .
Z Eger | > Dxr(q(@e | 2o, 20, ¢") || po(aei | mt,cZ))]7 (12)
cteC t>1

Leammg Bias

where w; = NW is the ratio of class ¢’ images in the training set.

B PROOF OF THEOREM 2

Proof. Assume that, after the first epoch of training on the long-tail dataset Dy, the pre-trained
generative model induces the data distribution P(z¢). Given the standard DDPM denoising loss

function:
T

,C(H) = EIONP(IO) Z

t=1

1_
o S lleo = ot )12 (1)

Oét(]. — Qy_

Let’s denote it as L(xo)

Here, L(x¢) is a loss function defined for sample xg. Now, if we fine-tune the parameters of the
diffusion model (i.e., 6) with the objective defined in 1, then according to [27]] the induced data
distribution Pinduced (z4) can be defined as:

prrduced(z) o P(xo) exp(—vL(zo)) )
with v+ > 0 being a positive constant. Now, consider a weighted probability distribution

pweighted () = w(wg)P(z0). In that case, we can represent the induced distribution Pi"duced (z)
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in terms of P(zy), as follows:
prrdueed (o) oc w(wo)P(wo) exp(—vL(xo)) )
We derive 3, by observing that
L(0) = EmONPweighted(mo)[L(SUO)]
This, in turn, implies that
pinduced () oc PUeishted (o) exp(—yL (x))

w(wo)P(z0)

We can re-write the weighted induced objective function £i"@uced() as follows:

1*0&

2
a(l—ary) lleo (e, 1) — o)l ©)
—————

= EtNU[071]7$0N7’(10),$t~17t($t\Io) w(gjo) ’

Where
w (o) = (o)
Note that v > 0. Assuming there is at least a single element in S,,,,, implies w(zq) > 0.

1
Einduced(g):/ AW(xo)P($O)A||€0(xt;t)_60)||2Pt($t‘x0)dmtdx0dt 5)
0

Then, we can define the reweighted distribution p™¢¢d () as:

pinduced(xo) _ W, where 7 = /w(xo)'P(.%‘o) dxg 6)

Since w(zo) > 0 and Z < oo, p"¥eed(z) is a valid pdf over X'

Substituting p'"<d(z4) (from 6) into the loss function in 5, we have:
. 1 .
gindueed(g) — 7 / / pseed () / leo(@est) — eo)|2Py(zelwo) day daodt — (7)
o Jx x

We can rewrite the above expression as:

= Z - Etrr[0, 1o~ Pt () e ep (| 20) [1l€0(2:) = €0)|] ®)
Therefore, the gradient of the above expression is:

LN (0) = (Z) Eymtr[0,1] 0~ Prisest (20) e mope (4 20) |V 0ll€0 (T2, ) — €0)|°] ©)

Note that the normalizing factor Z does not depend on the optimization variable 6. Hence, it does not
affect the optimization process. Therefore, minimizing Linduced () is equivalent to minimizing the
expected loss under the distribution Pindueed (z;4).

Following a similar result as in Equation 2, we can express the learned data distribution by optimizing
Equation 9, denoted as Pj (o) as follows:

P01 (xO) x Pinduced (mo) exp(_,yﬁinduced (xo; 9)) (10)
Utilizing the relation from Equation 6, we can write:
P (x0) o w(wo)P(wo) exp(—y L™ (20 0)) (11)

Assuming the £"9u¢4 (1, f) loss converges to 0 after the fine-tuning step, we can write the above
expression as:

P (o) o< w(zo)P(x0) (12)
By normalizing with the normalization constant Z, we can write:
w(zo)P(x
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We can now iteratively repeat these steps, and by induction, express the learned data distribution after
H update steps (i.e., H online interaction steps) as follows:

H
P
7351’(350) — w,wherezH :/ w(xo)HP(mo)dmo (14)
x
Hence, following the notation of Theorem 2, the probability density after NV epochs is gé\g;“ () x
w(z)N ggplt (). We examine the ratio of the total probability mass assigned to the majority class
0

versus the tail class after IV epochs:

N (x)d
RatiON = PN(Cmaj) — fcmaj g@(?lt (m) X
PN (Ctail) fcmil géVDlt («T)dI
0

Substituting the above result from Equation 14 (¢" oc w’¥¢):
N _0
Ragigl _ S V) o ()
To G, 21

Let Wyq; and Wyqy be the representative (or average) weights for the majority and tail classes,
respectively. Based on our assumption that the reward follows the data distribution generated by
ggD“ (z). Let Wynq; = Weqir + € for some € > 0.

0

Wi Po(Crmaj)

Ratio” ~ -
wlN - Po(Crait)

We can rewrite the ratio as:

_ N
RatioN _ (wmaj ) . -P()(Cmaj)
Wiail PO (Ctail)
——

Initial Imbalance

Since Winqj > Weqi, the ratio % > 1.Therefore, as N — 0o:

_ N
Wmaj
e — 00
< Wtail )
The probability mass ratio diverges to infinity. This implies PV (Cyq1) — 0 relative to PV (C,q ;)

Thus, the model exhibits mode collapse towards the highest sample class, exacerbating the initial
long-tail imbalance exponentially with every fine-tuning epoch.

This completes the proof. O

C PROOF OF PROPOSITION 2

C.1 The Non-Local Score Gradient

Proof. The reverse diffusion drift is s;(z) = V log p:(x). In the Gaussian case, V log p;(x) is a local
operator. In the Lévy model, the score is related to the fractional Laplacian:

(-8 Fpfa) = [ HO By (13)

Because the denominator ||z — y||9T® is a polynomial, the gradient signal from mode B reaches
mode A with significant strength. This allows the Langevin-like MCMC sampling in the reverse
process to remain "aware" of disjoint modes, effectively mitigating mode collapse.

To show how the Lévy model mitigates mode collapse compared to DDPM, we must analyze the
"score signal" (the gradient of the log-density) that the model receives during training. Mode collapse
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occurs when the gradient signal from a minority (tail) mode is exponentially suppressed by the
majority mode, causing the neural network to ignore the minority class.

Score Signal Persistence in Heavy-Tailed Diffusion The Setup: Assume an Imbalanced Two-Mode
Distribution. Consider a data distribution pg4:, With a majority mode at 0 and a rare minority mode
at u > 0, separated by a large distance.

Pdata(z) = (1 —m)do(z) + 7, (2)

where 7 € (0,1) is the mixing proportion. In a long-tail scenario, 7 — 0. In diffusion models, we
observe the score of the noised distribution p;(x) = (Pgata * K¢)(z), where K, is the noise kernel at

time t. DDPM (Gaussian): K& (x) = \/2172 exp (—%) DLPM (a-Stable): K (z) ~ ‘Sﬁﬁg (as
7\'0’1 t

|z| = 00). We evaluate the score function V. log ps (z) near the minority mode = ~ ;. For DDPM,
the density is:

pf(x) = (1= )N (2;0,07) + 7N (25 1, 07)
The score function s (x,t) = V, log p{* () is a weighted sum:
(1 = m)VN(2;0,07) + 7VN(z; p, 07)
(1 —m)N(x;0,02) + 7N (a; p, 07)

At the location of the minority mode x = u, the influence of the majority mode relative to the
minority mode is determined by the ratio:

sG(x,t) =

Mass from Majority (1 — 7) exp(—u?/202) 1—7 —2“—22
_ _ o 207

R = =
“ ™ Mass from Minority mexp(0) v

As 1 (distance) increases, Rg — 0 exponentially. This means for any large 1, the density p& (1) is
effectively zero unless o; is very large. Consequently, the gradient signal used to train the model is
zeroed out by the exponential decay of the Gaussian tail. The model "forgets" that the mode exists.
Now consider the Lévy kernel K} (x). For a point z near the minority mode

pi () = (1= m)K{ (2) + mK{ (x — )
Using the polynomial tail property K/ () ~ C|z|~ (1), the ratio of mass at 2 = y is:

R - U= mKEp) (1 —m)Cp~ 0t
Y20 TKL(0)

Unlike the Gaussian case, Ry, decays polynomially (1/4'%%). In the training objective (Equation 6
in the paper), the model minimizes:

= / pu() 3oz, 1) — Vlog py(x)|*dx

In DDPM: The region around £ has a weight p& (1) oc e~#’. Because this weight is exponentially
small, the total loss £ is minimized even if the model sy completely fails to predict the score at the
minority mode.

In Lévy: The weight pF () oc = (1+) remains significant even for large distances. The heavy tails
of the Lévy process ensure that the "influence" of the majority mode reaches the minority mode with
polynomial strength. The optimizer cannot ignore the minority mode because the heavy-tail overlap
contributes a non-negligible amount to the total loss. The proof shows that Lévy mitigates mode
collapse because the a-stable noise kernel maintains an algebraic (polynomial) connection between
distant modes, whereas Gaussian noise creates an exponential disconnection. This ensures that the
gradient signal for rare tail classes remains "visible" to the neural network throughout the training
process. O

D Additional Discussion on o-Stable Distribution and comparison with
Gaussian

We define mode collapse as the inability of a generative model to assign mass to a subset of the target
distribution pg,¢, When that subset is separated by a low-density region.
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Diffusion Transition Kernel Let X, be a stochastic process. The probability of X; moving from
mode A to mode B at distance L is governed by the transition kernel K;(x, y).

1. Gaussian Case (o« = 2) In standard Denoising Diffusion Probabilistic Models (DDPM), the
kernel is:

1 | — yll*
Gauss _ o
Forany z € Aand y € B, if ||z — y|| > L, the probability density satisfies:
log KGUss(L)
ngr;o — 1z = const > 0 (15)

This indicates an exponential suppression of long-range dependencies. If L is large, the reverse
process cannot "jump” between modes, leading to collapse into the nearest local optimum.

2. DLM Case (o < 2) DLM utilizes the a-stable Lévy process. The transition kernel K tL é”y(ac, Y)
for large ||z — y|| follows:

K[ (2,y) ~ t - Cg e — gy~ @) (16)

2°T((d+a)/2)

where Cd,a = TI2M(—a/2)

Comparison of Support Coverage Let P(X; € B|X, € A) be the probability of reaching mode
B.

* Gaussian: P(B|A) ~ [ e " dr ~ erfc(L) ~ %
« DLM: P(B|A) ~ [ r~(dFe)pd=lqp ~ [~
Proposition 3. For any ¢ > 0 and any finite distance L, there exists an o € (0,2) such that
Ppra(B|A) > Pgauss(B|A). Specifically, as L — oo
Ppryv(B|A) ~ L=«
Ppppm(B|A) e ?

— 00 (17)

This relation reveals that DLM achieves a substantially higher probability of reaching the long tail
compared to standard Gaussian DDPM.

E Impact of UCT-based Exploration on Performance

In this section, we investigate how UCT-style exploration drives efficient target discovery by varying
the exploration strength 3 and reporting performance across settings in Table [3] When exploration is
disabled (8 = 0), performance drops significantly across domains and evaluation metrics, underscor-
ing that exploitation alone is insufficient for effective and diverse target discovery. Introducing even
modest exploration (3 = 0.1) yields a clear recovery, while the strongest overall results are achieved
at 8 = 1, highlighting that exploration is crucial for efficient target discovery.

Table 3: Analysis of Different Exploration Factor 5. We evaluate performance under different
Exploration factor 8 with a sampling budget of 250. For this study, the target sets on each dataset
include a mix of frequent and rare classes (i.e., Set S1).

CIFAR-10-LT ImageNet-LT
FID | MMD | QADAS 1 FID | MMD | QADAS 1

LATSw =0 0.8657 22700 12.6108 0.8976 0.8637 18.7534
LATS w 8=0.1 0.8264 2.0361 13.3479 0.7846 0.8211 18.9304

LATSwg=1 0.7223 1.7286 14.0967 0.7588 0.7692 20.1346

Method

15



Impact of Explicit UCT-Style Tree Exploration We probe the role of UCT-style node selection
by ablating the exploration term in the node selection mechanism during sampling and comparing
against full LATS. As shown in Row 1 of Table[d] removing this term yields markedly lower QADAS,
indicating that explicit UCT-style exploration is crucial for efficient mode discovery and higher
sample diversity.

Table 4: Analysis of Different Components of LATS. We evaluate performance under a sampling
budget of 1000. For this study, the target sets on each dataset include a mix of frequent and rare
classes (i.e., Set S1).

CIFAR-10-LT ImageNet-LT
FID| MMD | QADAS{ FID| MMD | QADAS 1

Method

LATS w/o Exploration term in node selection mechanism 0.8657 2.2700  12.6108 0.8976 0.8637  18.7534
LATS w/o Online Value Backup 1.0877 4.0201  6.8011 1.6677 6.1229  8.5721

LATS 0.7223 1.7286  14.0967 0.7588 0.7692  20.1346

Impact of history-aware sampling mechanism of LATS on Diverse Target Discovery We ablate
the online value backup by disabling value propagation after each observation, yielding a variant we
call LATS w/o Online Value Backup. As shown in Table ] (row 2), this variant yields lower QADAS,
demonstrating that online value backup at every feedback step is essential. It folds past feedback into
the tree’s value estimates, enabling feedback-aware global search that systematically steers future
trajectories toward diverse high-value modes while still maintaining quality.

F Dataset and Training Hyperparameter Details

F.1 Datasets

We construct several long-tailed datasets to evaluate our method. For MNIST-LT and CIFAR10-LT,
we follow a fixed exponential long-tail profile using the default class ordering, with class counts
[5000, 2997, 1796, 1077, 645, 387, 232, 139, 83, 50], which preserves all classes while inducing a
strong head-to-tail ratio. For ImageNet, we conduct our experiments on 64 x 64 resolution and build
a 10-class ImageNet-LT subset with class sizes dog (10,000), bird (6,000), car (3,600), cat (2,200),
orange (1,300), shark (900), frog (750), shoe (650), green apple (550), and bear (450). The categories
bird, dog, car, and cat are treated as super-classes formed by aggregating multiple fine-grained
ImageNet categories within similar semantic group, introducing realistic intra-class diversity. For
MICRO2D, we select seven microstructure classes with counts GRF (10,000), AngEllipse (6,000),
RandomEllipse (3,600), VoronoiMediumSpaced (2,000), NBSA (1,000), VoronoiLarge (600), and
VoidSmall (300).

F.2 Model Hyperparameters

The diffusion backbone follows a UNet-style architecture whose channel widths depend on the dataset
scale. For MNIST-LT, we use block widths (32, 64, 64, 64) with 2 residual blocks. For CIFAR-10-LT,
we use block widths (128, 256, 256, 256) with 2 residual blocks. For ImageNet-LT, we increase
capacity to (128, 256, 256, 256, 512) with 2 residual blocks, and for MICRO2D, we use (64, 128,
256, 256, 512) with 2 residual blocks. For MNIST-LT, we use a training batch size of 256, EMA rate
0.99, 1000 training reverse diffusion steps, and 1000 epochs. For CIFAR10-LT and ImageNet-LT,
we use a training batch size of 128, an EMA rate of 0.9999, 4000 training reverse diffusion steps,
and 1000 epochs. For MICRO2D, we use a training batch size of 128, an EMA rate of 0.9999, 4000
training reverse diffusion steps, and 400 epochs. All of the models use the Adam optimizer. During
inference time, all of the models use DDIM sampling with 100 reverse diffusion steps. The reward
models are implemented using lightweight classifiers. For MNIST, we employ a 10-layer CNN, while
CIFAR-10, ImageNet-LT, and Mat-LT use ResNet classifiers with depths 18, 34, and 18, respectively,
trained on datasets with uniform class distributions.

For each dataset, DLM and DDIM use identical UNet architectures and share all training and diffusion
hyperparameters, including the optimizer, the number of optimization steps, EMA rate, and forward
and reverse diffusion schedules. All DLMs use o = 1.7.
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G Derivation of Equation [J)

In this section, we provide the detailed derivation for the soft value function recursion (the soft
Bellman equation) and the optimal target policy for inference-time alignment. The derivations are
provided in [7]]. For completeness, we have included it here.

G.1 Soft Value Function (Equation [9)

. 1
Oe(w) = 1108 Epy (29,01 J2) [exp(A7(20))]

1
= —log /pg(aco, coy e | @) exp(Ar(xg)) dag . . . day—q

>

1
= —log /pg(xo, cos Tpg | @p1)po(xe—1 | x¢) exp(Ar(zo)) dxg . . . dwe—q

>

1
=3 log/pg(mt_l | z¢) (/pg(xo, cosTp—o | mp—1) exp(Ar(zo)) dxg . ..dxt_2> dri_1

=exp(Adi—1(2t—1))

1 A
= Xlog/pe(fﬂtq | 2¢) exp(ADs—1(x4—1)) de—q

1 .
= 108 Eps (2] [exp(Ady—1(z¢-1))] -

(18)

The above relation combined with the terminal condition o (z¢) = 7(z¢) gives Equation[9]

H Additional Qualitative Comparisons across Different Settings

In this section, we present additional qualitative comparisons of generated samples across a range
of target sets and datasets, as shown in Figures[5|and[6] These visualizations reveal that FKS often
degrades sample fidelity due to noisy reward-gradient guidance estimation at intermediate denoising
steps, whereas DTS largely preserves visual quality but fails to reliably generate from high-utility tail
classes in the underlying distribution. In contrast, LATS consistently produces high-quality samples
across all target classes, including rare yet high-utility long-tail categories, demonstrating its ability
to balance precise conditioning with broad, utility-aware coverage of the target space.
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(a) MNIST Target Set {9}

(b) ImageNet with target {"Green Apple"}
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Figure 5: Qualitative comparison of generation diversity and quality across target sets and datasets
(MNIST-LT, ImageNet-LT examples). We compare LATS against the DTS, FKS baseline on MNIST-LT and
ImageNet-LT on representative target sets.
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(d) MNIST Target Set {0, 5, 9}
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(b) ImageNet Target Set {"Car"}

DTS LATS

(c) ImageNet Target Set {"Shark"}

Figure 6: Qualitative comparison of generation diversity and quality across target sets and datasets
(ImageNet-LT examples). We compare LATS against the DTS, FKS baseline on ImageNet-LT on representative
target sets.
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