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Methods for Gradient-Driven Denoisers
in Compressed Sensing MRI Reconstruction
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Abstract—In compressed sensing (CS) MRI, model-based
methods are pivotal to achieving accurate reconstruction. One
of the main challenges in model-based methods is finding an
effective prior to describe the statistical distribution of the target
image. Plug-and-Play (PnP) and REgularization by Denoising
(RED) are two general frameworks that use denoisers as the
prior. While PnP/RED methods with convolutional neural net-
work (CNN) based denoisers outperform classical hand-crafted
priors in CS MRI, their convergence theory relies on assumptions
that do not hold for practical CNN models. The recently
developed gradient-driven denoisers offer a framework that
bridges the gap between practical performance and theoretical
guarantees. However, the numerical solvers for the associated
minimization problem remain slow for CS MRI reconstruction.
This paper proposes a complex quasi-Newton proximal method
that achieves faster convergence than existing approaches. To
address the complex domain in CS MRI, we propose a modified
Hessian estimation method that guarantees Hermitian positive
definiteness. Furthermore, we provide a rigorous convergence
analysis of the proposed method for nonconvex settings. Numer-
ical experiments on both Cartesian and non-Cartesian sampling
trajectories demonstrate the effectiveness and efficiency of our
approach.

Index Terms—CS MRI, gradient-driven denoiser, second-order,
convergence, complex domain, spiral and radial acquisitions.

I. INTRODUCTION

AGNETIC resonance imaging (MRI) is a non-invasive
imaging technique that generates images of the internal
structures of the body [1]. MRI is widely used in clinical
settings for disease diagnosis, treatment guidance, and func-
tional and advanced imaging, among other applications [2].
In practice, MRI scanners acquire k-space data, which are the
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Fourier components of the desired images. The acquisition
procedure is slow, leading to patient discomfort, increased mo-
tion artifacts, reduced clinical efficiency, and other issues. To
accelerate the acquisition, modern MRI scanners use multiple
coils (parallel imaging) to acquire less Fourier components.
The parallel imaging technique incorporates additional spatial
information that can help significantly reduce MRI acquisition
time [3} 14]. Moreover, by combining with compressed sensing
(CS) [5], one can acquire even fewer Fourier components,
further accelerating the acquisition process. However, the
reconstruction in CS MRI requires iterative solvers for the
following composite minimization problem:

1
x* =arg min F(x) = = [Ax —y|3 +A f(x), (1)
xeCN 2

h(x)

where A € CMEXN denotes the forward model specifying
the mapping from the image x € CV to the k-space data
y € CML and f(x) refers to the regularizer describing the
prior information about x. In practice, we have M < N due
to downsampling. The trade-off parameter A > 0 balances the
data-fidelity term h(x) and the regularizer f(x). Here C' > 1
denotes the number of coils. The system matrix A is a stack
of submatrices A, such that A = [Aj;Ag;---;Ac]. The
submatrices A. are defined as A, € CM*N = PFS, where
P is the downsampling pattern, F defines the (non-uniform)
Fourier transform, and S. denotes the coil sensitivity map for
cth coil, which is patient specific.

The data fidelity term h(x) enhances the data consis-
tency. Since the k-space data is highly downsampled, the
regularizer f(x) is required to stabilize the solution. The
choice of f can significantly affect the reconstruction quality.
Classical hand-crafted regularizers have proven effective for
MRI reconstruction including wavelets [6} [7], total variation
(TV) [8]], a combination of wavelet and TV [3, 9], dictionary
learning [[10} [11], and low-rank methods [12]], to name a few.
See [[13] [14] for a review of various choices for f.

Over the past decade, deep learning (DL) has attracted
significant attention for MRI reconstruction because of its
superior performance [15]. Unlike hand-crafted regularizers,
DL learns complex image priors directly from large amounts
of data. The promising DL-based methods for MRI recon-
struction include end-to-end learning frameworks [16] and
physics-informed deep unrolling methods [17H21]]. More re-
cently, generative models have emerged as powerful tools
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for learning priors in MRI reconstruction, gaining substantial
interest [22, 23]].

An alternative framework to DL 1is Plug-and-Play
(PnP)/REgularization by Denoising (RED) [24, 25]], which
leverages the most effective denoisers, such as BM3D [26]]
or DnCNN [27], achieving outstanding performance in vari-
ous imaging tasks [28433]]. Compared to the end-to-end and
unrolling DL approaches, which are typically designed for a
predefined imaging task and rely on training with massive
amounts of data, PnP/RED can be easily adapted to specific
applications without requiring retraining. This capability is
especially advantageous for addressing CS MRI problems,
where sampling patterns, coil sensitivity maps, and image
resolutions can vary greatly between scans. Detailed discus-
sions about using PnP for MRI reconstruction are found
in [34]]. The following subsections first introduce background
on PnP/RED priors and related theoretical work. We then
discuss the gradient-driven denoisers framework and the as-
sociated minimization problem.

A. Inverse Problems with PnP/RED Priors

Proximal algorithms [35] are a class of iterative methods
for solving (I). At kth iteration, the proximal gradient method
(PGM) is expressed as

Xpy1 = Proxp s (xx — aVh(xy)), (2)

where @ € R, o > 0 is the stepsize, Vh(:) denotes
the gradient of h(-), and proxXY\f(~) denotes the weighted
proximal mapping (WPM) defined as

prox, () £ arg min Slx— 3 +aA(, @)
where W € CN*N W = 0 is a Hermitian positive definite
matrix and ||x||%, = x"Wx. Here, H denotes the Hermitian
transpose operator. Clearly, proxi N f() represents the classical
proximal operator [35]. Since prox?, () can be interpreted
as a denoiser, the PnP-ISTA algorithm simply replaces the
proximal operator with an arbitrary denoisier D(-). In prac-
tice, the sequence {x;} generated by PnP-ISTA generally
converges slowly. To address this issue, Pendu et al. [36]]
introduced a preconditioned PnP-ADMM algorithm that uses
a diagonal matrix as the preconditioner. More recently, Hong
et al. [37] presented a provably convergent preconditioned
PnP framework that supports general preconditioners and
demonstrates fast convergence in CS MRI reconstruction.

An alternative to PnP, RED [25, |38, 39] introduces an
explicit regularization term based on a denoiser, i.e., f(x) =
1xT [x — D(x)]. Here, T denotes the transpose operator. Ro-
mano et al. [25]] demonstrated that if the denoiser satisfies the
local homogeneity property, the gradient of f(x) in RED can
be expressed as x—D(x). Since f(x) in RED is differentiable,
various iterative methods, such as gradient descent, proximal
methods, and quasi-Newton methods, can be applied to solve
RED, provided that h(x) is also differentiable. To accelerate
convergence in RED, several techniques have been adopted,
such as vector extrapolation [38], fast proximal methods [39]],
and weighted proximal methods [40], among others.

While PnP/RED has demonstrated significant empirical
success, theoretical research on its convergence continues to
be an active area of study, see [25 131, |39} 41H50]. These
studies assume either that the denoiser approximates the MAP
or MMSE estimator, that |D(x) — x|| is upper bounded, or
that it is nonexpansive, satisfying

[D(x1) — D(x2)]| < |lx1 — %2 4)

However, it is known that if the Jacobian of such esti-
mators is well-defined, it must be symmetric [39, 51, [52].
However, RED/PnP frequently achieves state-of-the-art perfor-
mance with denoisers that do not satisfy this condition, such
as Convolutional Neural Network (CNN) based denoisers. So
RED/PnP cannot be explained as an optimization-based solver.
Although optimization-free explanations for RED and PnP ex-
ist, understanding their behaviors and characterizing their so-
lutions remains challenging. Moreover, most commonly used
denoisers do not satisfy @). Another approach [43] [53] [54]
is to train a denoiser by incorporating a regularization term
in training to constrain its Lipschitz constant. However, this
approach remains an open challenge, as there is currently no
practical way to strictly guarantee that the trained denoiser is
nonexpansive [53, 56].

B. Inverse Problems with gradient-driven Denoisers

To address the aforementioned challenges and bridge the
gap between theoretical assumptions and practical perfor-
mance in PnP/RED, recent works [57H60] have proposed
constructing gradient-driven denoisers. In this framework, the
denoiser is given by the difference between the noisy image
x and the gradient of a scalar-valued function fg(x), i.e.,

D (x) =x — Vx/fo(x). &)

In practice, fo(x) is constructed with a scalar-output CNN
and trained so that x — V fo(x) serves as a denoiser. Here 0
denotes the trained network parameters. In medical imaging
reconstruction, interpretability, reliability, and provable numer-
ical algorithms are crucial, as the reconstructed images are
commonly used for disease diagnosis. Therefore, it is essential
to understand how the underlying algorithms function. The
use of gradient-driven denoisers for CS MRI reconstruction
enables the integration of deep learning techniques while
maintaining interpretability and reliability. Specifically, we aim
to solve the following optimization problem to recover the
latent image:

|[Ax —y|5 4+ fo(x),  (6)

N =

e in F(x) =
X" = argmin (x)

h(x)

where C is a closed convex set of CV. For notational simplic-
ity, we ignore © in fo(x) and simply write f(x) hereafter.
Similarly, we use V f(x) to denote V f(x). Once the trade-off
parameter A is chosen, we fix it throughout the minimization.
Therefore, we absorb X into f hereafter and write f(x) instead
of Af(x).

Although both f(x) and h(x) are differentiable, f(x) may
be nonconvex. Therefore, the underlying numerical algorithms



for solving (6) should be theoretically sound and applicable to
nonconvex settings. Cohen et al. [S7] employed the projected
gradient method with a line search strategy to solve (6) and
established its convergence under the assumption that the
gradient of f(x) is Lipschitz continuous. Hurault et al. [58]
applied the proximal gradient method, where at the kth itera-
tion, Xy is updated as follows:

I

Xk+1 = prOXak.h—&-Lc (Xk - ()éka(Xk)), (7)
where «y, represents the stepsize and t¢(x) denotes the char-
acteristic function such that

re(x) = {0’ e ®)
+o00, otherwise.
Similar to [57], the convergence is established under the same
assumption and oy, is determined using a line search strategy.
Note that both methods were tested on image deblurring and
super-resolution tasks in the real domain. A direct extension
of these methods to CS MRI reconstruction requires hundreds
of iterations to converge, limiting their practical applicability.
Therefore, improving the convergence speed is essential for
CS MRI reconstruction with gradient-driven denoisers.
Alternatively, Tan et al. [61] adopted the method proposed
in [62] to solve the following problem, instead of (6, by
exploiting second-order information:

min h(x) + A (/(D~(x)) = }ID" 0 = x[3),  ©)
F)

where D(x) = x — Vf(x) denotes the denoiser. Their
algorithmic routine, dubbed PnP-LBFGS, treats D(x) as a
proximal mapping of Af(x). However, PnP-LBFGS requires
the Lipschitz constant of V f to be upper bounded by one,
which is challenging to guarantee in practice. Furthermore, Tan
et al. only considered image deblurring and super-resolution

problems for real-valued images, and it remains unclear how
convex constraints could be incorporated into their framework.

C. Contributions and Roadmap

Motivated by recent work demonstrating the potential ad-
vantages of using second-order information for acceleration
in many applications [9, 40, |63H70], we propose a complex
quasi-Newton proximal method (CQNPM) that incorporates
additional Hessian information at each iteration to accelerate
the convergence of solving (7). In contrast to [9], we estimate
the Hessian matrix of f(x) rather than that of h(x). Although
f(x) is differentiable, it is nonconvex and x is complex,
which introduces new challenges in estimating a Hermitian
positive definite Hessian matrix. To address these challenges,
we develop an approach that enforces the estimated Hessian
matrix to be Hermitian positive definite.

The main contributions of this paper are summarized as
follows:

« We extend the gradient-driven denoisers to complex-
valued CS MRI reconstruction. Moreover, we propose a
complex quasi-Newton proximal approach to efficiently
solve the associated minimization problem.

« We propose a modified Hessian estimation method that
enforces a Hermitian positive definite Hessian matrix.
Moreover, we provide a rigorous convergence analysis
of the proposed approach under the nonconvex settings.

« We extensively validate the performance of our method
using both Cartesian and non-Cartesian sampling trajec-
tories on brain and knee images.

The rest of this paper is organized as follows. Section
introduces our proposed method and explains how to estimate
a Hermitian positive definite Hessian matrix. In addition,
Section [[II] provides a rigorous convergence analysis. Finally,
Section presents numerical experiments that study the
performance of our method and validate the theoretical anal-
ysis. Supplementary material is also provided, including the
validation of Assumption [} a comparison with PnP-LBFGS,
and additional experimental results.

II. PROPOSED METHOD

This section first introduces our approach for addressing (6).
We then describe how to estimate a Hermitian positive definite
Hessian matrix. Finally, we present an efficient strategy for
solving the associated WPM.

Given an estimated Hessian matrix By, at the kth iteration,
we update the next iterate by solving a WPM, i.e.,

Xpt1 = proxg:hﬂc (xk — ay, Hka(xk)), (10)

where H;, = B, '. Unlike the usual PGM in (Z) that uses the
proximal mapping of the regularizer, the WPM in (I0) uses
the proximal mapping of the data term h plus the characteristic
function in (§). Algorithm[I] summarizes the proposed method.

To compute a Hermitian positive definite approximation
to the Hessian matrix, we introduce a modified memory-
efficient self-scaling Hermitian rank-1 method (MMESHR1)
that extends the method proposed in [37, [71H73]. Algorithm 2]
presents the detailed steps of MMESHRI1. The operator %(-)
in Algorithm [2] denotes an operation that extracts the real part.
Without the operator R(-), Algorithm 2]reduces to the Hessian
approximation method proposed in [9]. For the problems
in [9], we estimated the Hessian matrix for h(x) so that
(myg, si) is guaranteed to be real for all iterations. However,
(myg, s,) becomes complex in our problem setting, leading
to a non-Hermitian Hessian approximation. Let B, denote
the approximate Hessian matrix obtained using the approach
proposed in [9]. To obtain a Hermitian positive definite
Hessian approximation, we seek a Bj that is the nearest
Hermitian approximation to By in terms of Frobenius norm
minimization, resulting in By = (Bj, + Blk{) /2. In practice,
this step is equivalent to applying R(-) at steps and [] in
Algorithm 2] Lemma [4] shows that the approximate Hessian
matrices generated by Algorithm |2| are always Hermitian
positive definite, even if f is nonconvex.

Computing the WPM in (I0) is equivalent to solving the
following minimization problem:

. _ 1/, _
argmin G (%) = 5 (% — w5, + /| Ax - ”"5);11)



Algorithm 1 Complex Quasi-Newton Proximal Method
(CQNPM)

Algorithm 3 Accelerated Projection Method with Fixed Mo-
mentum for Computing the WPM

Initialization: x; and stepsize aj > 0
Iteration:
1: for k=1,2,... do
2:  Set Hy and By, using Algorithm
3 Xpyl proxB:hﬂc (xk — Hka(xk))
4: end for

Algorithm 2 Modified Memory Efficient Self-Scaling Hermi-
tian Rank-1 Method
Initialization: x;_1, X, Vf(xx_1), Vf(xx), 6 = 1078,
0, € (0, 1), and 0, € (1,00)
1: Set s « xp —Xp—1 and my, < (Vf(xx) — Vf(xk-1))
2: Compute [ such that

ming{8 € [0,1]|vy = Bsi + (1 — 8)my}

satisfies 6; < §R(<<siks:]§>) and %E?s’lvv",f» < 6 (13)
2
. (Sk,Sk) (Sk,Sk) (Sk,Sk)
3. Compute 7, 7%(:‘:3”) — \/(W(S:::w)) - <3’;i’;>

4 pp + R((Sk, — TkVE, VE))

s: if pp < O|lsp — T ve||||ve]| then
6: up<+0

7: else

8: Up < S — TV

9: end if

10: pkB — T,fpk + Tkuguk

H H
11: Return: H;, « 7,Ix + u;;:’“ and By, + 7, "Iy — %
k

where wp = xx — apHpVf(xk). Since the cost function
in is differentiable and strongly convex, we apply the
accelerated projection method with fixed momentum to solve
it [74}[75]]. To avoid using a line search or computing the exact
Lipschitz constant, which would increase the computational
cost, we instead estimate an upper bound. The Hessian matrix
of the cost function in is B, +arAMA. Clearly, we have
the following relations

fimin(Br + ATA)

. > Mmin(Bk) —+ Mmin(‘AH‘A)7
Mmax(Bk + A A) S

Mmax(Bk:) + ,umax(AHA)a

(12)
where fimin(-) and fimax () denote the smallest and largest
eigenvalues, respectively. Let L o denote the largest eigenvalue
of A" A. In CS MRI, the kspace data is under-sampled so that
the smallest eigenvalue of A™ A is zero. Using the relations in
(@) and By = 7, "Iy — (upull)/(pP) (cf. Algorithm [2), the
largest and smallest eigenvalues of By + arATA are upper
and lower bounded by Lj = Tk_l 4+ arLa and o = 7-16_1 _
uI,;Iuk / pf, respectively, where Lemma {4 shows that o, > 0.
Algorithm [3] describes the accelerated projection method with
fixed momentum for solving (TT).

III. CONVERGENCE ANALYSIS

This section provides the convergence analysis of Algo-
rithm [I] for solving (€). Before presenting the convergence

Initialization: X, = x3, z1 = X, tolerance ¢ = 1079,
. 1 _ Ly .
stepsize - and Kk, = . where L; (respectively, o)

denotes the upper (respectively, lower) bound of the largest
(respectively, smallest) eignenvalue of By, + akAHA
Iteration:
1: fori=1,2,... do

2 Xiy1 < prox; (z; — %kVGk(Zi))

3 if ||}_(7;+1 — }_(,L” < € then

4 break

5 else

6: Zip1 < Xip1 + %(iiﬂ —X;)
7 end if

8: end for

results, we first introduce two assumptions and then provide
four lemmas that simplify presenting the convergence proof.

Assumption 1 (L-Smooth regularizer). We assume the gra-
dient of f(x) is L-Lipschitz continuous, meaning that for all
X1, Xo € CV, there exists a positive constant L such that the
following inequality holds:

[Vf(x1) = Vf(x2)|| < L|x1 — x2f|. (14

Assumption 2 (Constrained proximal Polyak-Lojasiewicz in-
equality [73| [76]). Define

Su(x,x,8, W, a) = R{(g,x - x)} + 5 [Ix — x|y
+h(x) — h(x),
(15)

and

2
DS(X,g,W,O&) £ - ,eigsh(sgxag)an)v (16)

«a
where W € CN*N W = 0 is a Hermitian positive definite
matrix, h was defined in (6) and « is a positive constant.
If there exists a positive constant v such that the following
inequality holds:

DS (x, Vf(x),In,a) > 20(F(x) — F*), ¥x€C, (17)

then we say F(x) satisfies the constrained proximal Polyak-
Lojasiewicz inequality. F* denotes the optimal value of (0).

Assumption [I] is a moderate assumption and is commonly
used in convergence analysis for differentiable functions, see
(57, [58]. We analysed the validity of Assumption [I] for the
used network architecture (see Fig. [3), along with empirical
validation in the supplementary material. Assumption [2] covers
certain nonconvex properties of F'(x) and is commonly used
in nonconvex analysis [76]. Next we introduce Lemmas ] to [
which are useful for the following convergence proofs.

Lemma 1 (Majorizer of f). Let f : CV — (—oc0, ] be an
L-smooth function (L > 0). Then for any x;,x3 € CV, we
have

Flo) < Faa) + RUTTaa), 30 =310} + 5 1 — ol
(18)



Lemma 2. For any fixed W € CN*N W = 0 and o > 0,
we have the following inequality

Dfi(x. VI(x), W, ) > |61 )[Ry, vx €C,

where GU"(x) 2 L(x — xT) with

LW
xt 2 arg meigsh(sc,x, Vi(x), W,a). 19)
Lemma 3. For any fixed W € CN*N W = 0,

a differentiable function f and a convex function h,
DS (x,Vf(x), W,a) satisfies the following inequality for
Yoaqg > ag > 0:

DS (x, Vf(x), W, a) > D¢ (x, VF(x),W,a1).  (20)

Lemma 4 (Bounded Hessian). The approximate Hessian ma-
trices generated by Algorithm[2]satisfy the following inequality

ﬂIjBk jﬁIa
where 0 <n <7 < 0.

The proof of Lemma [I| is similar to the one in the
real-valued case [74]. The only difference is the use of
R{(Vf(x1),x2 — x1)} instead of (Vf(x1),x2 — x1) to
account for the complex domain. Therefore, we omit the
proof here for brevity. Appendices [A] to [C] give the proofs
of Lemmas [2] to 4] With these in place, we are able to derive
our main convergence results in Theorem

Theorem 1 (Convergence results). Applying Algorithm |1| to
solve (6), we can establish the following convergence results:
o Let ap < %, and deﬁne Ak = minkSK ||Xk+1 — Xk'”%-
Under Assumption [I} by running Algorithm [I] K itera-
tions to solve @, we have

2(F(x1) — F7)
AN G e —
K > LK )
where F'* denotes the minimum of (6) and X is the initial
iterate. B
o Let ap < minq 2, %} Under Assumptions |l| and |2} we
have the following convergence rate bound for the cost
value
N
Flon) = F < (1= 550 ) (FGa) = F),
where cupin = ming{ay }.
o Let a, < +. Choose k € {1,...,K — 1} uniformly at
random. Then under Assumptions (I| and |2} we have the

following convergence rate bound in expectation

7 (F(x1) —F*)_

VaminK

Syl S}

E[F(xk) - F} <

Appendix D] presents the proof. The first part of Theorem [I]
shows that Ax — 0 as K — oo. Combining with the
summation in (26) implies convergence to a fixed point.
The second part establishes that the cost function sequence
converges linearly to the minimal cost value. The third part
demonstrates that if one selects a random iterate, then the cost
value converges sublinearly in expectation. In this paper, we

(a) Brain (b) Knee

Fig. 1. Magnitude of the complex-valued ground-truth images.

(c) Cartesian Sampling Mask

(a) Spiral

(b) Radial

Fig. 2. The spiral (a) and radial (b) sampling trajectories and the Cartesian
sampling mask (c) used in the experiments.

simply choose the last iterate as the output. However, Sec-
tion discusses the third term experimentally to validate
our analysis. Note that Assumption [2|is a special case of the
Kurdyka-t.ojasiewicz (KL) inequality with exponent 1/2 [77].
While our analysis establishes convergence rate under the
PL inequality, it could potentially be extended to the more
general KL inequality, see [78]. Moreover, if the Dennis-Moré
condition [79] holds, one can expect a superlinear convergence
rate. However, a full study of this direction is beyond the scope
of the present paper and is left for future work.

IV. NUMERICAL EXPERIMENTS

This section investigates the performance of the proposed
method for CS MRI reconstruction using spiral, radial, and
Cartesian k-space sampling patterns. We first describe the
experimental and algorithmic settings. Then, we present the
reconstruction results and experimentally demonstrate the con-
vergence of the proposed method, validating our theoretical
analysis.

Experimental Settings: We evaluated the performance of the
proposed method using brain and knee MRI datasets. For the
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Fig. 3. The neural network architecture used for the energy function fg(x), based on [57]. The convolutional kernel size is 3 x 3 with stride 1.

brain images, we used the dataset from [17], which consists
of 360 images for training and 164 images for testing. For
knee images, we employed the NYU fastMRI [80] multi-
coil knee dataset. The ESPIRIT algorithm [81] was first
applied to reconstruct complex-valued images from multi-coil
k-space data. All brain and knee images were cropped and
resized to a resolution of 256 x 256 and normalized such that
their maximum magnitude is one. We employed the network
architecture proposed in [57] to construct f(x). Unlike [57],
we included bias terms in the network, as this provided
improved performance in our experiments. For completeness,
Fig. 3| presents the used network architecture. The number of
layers is set to six, which is identical to that in [57]]. Noisy
images were generated by adding independent and identically
distributed (i.i.d.) Gaussian noise with a variance of 1/255.
The network was trained to enforce x—V f(x) to be a denoiser
and V f(x) was computed with PyTorch’s autograd function,
ie., torch.autograd.grad. The training process used
the mean squared error as the loss function, with a batch
size of 64. Optimization was performed using the ADAM
algorithm [82] with a learning rate 10~2 over a total of 18,000
iterations. Additionally, we halved the learning rate at each
4,000 iterations. Although we trained distinct denoisers for
brain and knee images, the same denoiser was employed across
different sampling acquisitions. Note that training denoisers on
larger datasets may lead to improved denoisers and then better
reconstruction. However, the main focus of this paper is to
investigate numerical efficiency of gradient-driven denoisers
based CS MRI reconstruction with convergence guarantees.
Thus, we leave the exploration of this direction to future work.

To evaluate reconstruction performance, we selected 6 brain
and 6 knee images from the test datasets as the ground-truth.
Fig.[I] presents the magnitudes of two of these twelve complex-
valued ground truth images. Due to space limitations, the re-
maining ten brain and knee ground-truth images are presented
in the supplementary material. For the spiral trajectory, we
used 6 interleaves, 1688 readout points, and 32 coils, whereas
the radial trajectory involved 55 spokes with golden-angle
rotation, 1024 readout points, and 32 coils. Fig. @] illustrates
the sampling trajectories and mask used in our experiments. To
generate the k-space data, we first applied the forward model
with the corresponding trajectories and sensitivity maps to the
ground-truth images. We then added complex i.i.d. Gaussian

noise with zero mean and a variance of 10™%, resulting in noisy
measurements with an input SNR of approximately 21dB.
In the reconstruction step, we used coil compression [83|]
to reduce the 32 coils to 12 virtual coils in order to reduce
computational complexity. Sections to specifically
analyze one brain and one knee test image acquired using the
spiral, radial, and Cartesian sampling trajectories. Additional
results on other test images are provided in the supplementary
material. All experiments were implemented using PyTorch
and executed on an NVIDIA A100 GPU.

Algorithmic Settings: We primarily compared our method
with the projected gradient descent method (dubbed GD) [57]]
and the proximal gradient method (dubbed PG) [58], as both
methods also come with convergence guarantees, similar to
ours. In addition, we compared with the accelerated proxi-
mal gradient method (dubbed APG) [84] that also provides
convergence guarantees for solving nonconvex problems such
as (). Since we normalized the maximum magnitude of all
images to one, we set C = {x | ||x||l0c < 1} and all
methods used this constraint. Although such a constraint is
not needed in practical CS MRI reconstruction, we considered
it here primarily to test the applicability of CQNPM to
constrained problems. Following [85]], which was also adopted
in PnP-LBFGS, we attempted to train a network to meet
the requirements of PnP-LBFGS for CS MRI reconstruction.
However, we observed that PnP-LBFGS diverged. Therefore,
we compared our method against PnP-LBFGS on the image
deblurring problem using the same experimental setup in their
open-source code. The results, provided in the supplementary
material, show that our method converged faster than PnP-
LBFGS in terms of PSNR with respect to both iterations and
wall time.

For plots involving F*, we ran APG for 500 iterations
and set F™* F(x500). The stepsize «y in Algorithm
is set to be one which we found it works well for our
experimental settings. Alternatively, one can choose oy, with a
backtracking line search strategy to satisfy (22). Algorithm
used § = 1078,0; = 2 x 1079, 0, = 200. The parameter § is
commonly used in quasi-Newton methods to guard numerical
stability when vy and sj are closely related. Parameters 6,
and 6> control the Hermitian positive definiteness of the
estimated Hessian matrices but still allow greater flexibility
of estimation. In view of the proof in Lemma |4 we have

ﬁIN < Hj < (%f) In. So 61 and 6, should be positive,



102

: | GD
A
w K., PG N
+ e —=i= APG | [W%
* 1 PR
100 iy SN === CQNPM{ X
| Lt P L,
2 o v e
. N, T,
1072 [ e T e T S e -
BT T S e N T e i J Ut U s S
| | | |
0 50 100 150 0 15 30 45
Iteration Wall Time (Seconds)
(a) (b)
4 === Femm= - —— === =
P N -
l/ ",\f" e -
35 | - -+, e
~ 7 - ’ e
g | R ! B
= I K PRI
g Py — m o
%] I P PRTE L B
~ A PE R 1 .
W T e I
|,". (A
0 ¢/
20 B | | — e i i
0 50 100 150 0 15 30 45
Iteration Wall Time (Seconds)
(© (d)

Fig. 4. Comparison of different methods with spiral acquisition on the brain
image for e =4 X 10~3. (a), (b): cost values versus iteration and wall time;
(c), (d): PSNR values versus iteration and wall time.

with 6; chosen small and A5 chosen large. In Algorithm
we always used the previous iterate as the new initial value.
Therefore, we found that setting the maximum number of
iterations to 15 and ¢ = 10~% worked well in practice.

A. Spiral Acquisition Reconstruction

Fig. [] presents the cost and PSNR values of each method
with respect to the number of iterations and wall time for
the reconstruction with spiral acquisition on the brain image.
Fig.s ] (a) and (c) show that our method converges faster than
the others, reaching a lower cost value and higher PSNR at the
same number of iterations. Moreover, we observed that APG
is faster than PG, and PG is faster than GD in terms of the
number of iterations, which aligns with our expectations. From
Fig.s @] (b) and (d), we saw that our method is also the fastest
algorithm in terms of wall time. Moreover, we observed that
GD becomes faster than PG in terms of wall time because PG
needs to solve a proximal mapping requiring to execute Ax
multiple times. However, APG is still faster than GD even it
also requires to solve a proximal mapping.

Fig. [5] shows the reconstructed images at the 50th and
100th iterations. Our method recovered significantly clearer
images than other methods at the same number of iterations.
Moreover, the corresponding error maps clearly show that our
method yielded small reconstruction errors. The supplemen-
tary material presents the reconstruction results of the knee
image using the same spiral acquisition, as well as results
for other additional test images, where similar trends were
observed across all methods.

B. Radial Acquisition Reconstruction

Fig. [6] summarizes the cost and PSNR values of each
approach with respect to the number of iterations and wall

time for the reconstruction with radial acquisition on the knee
image. It is apparent that the performance trends here are
consistent with those observed in the reconstruction with spiral
acquisition on the brain image. Fig. [/| presents the recon-
structed images and error maps of each method at the 50 and
100th iterations. It is evident that our method outperformed
other methods. The supplementary material summarizes the
results of other additional test images, where similar trends
were observed.

C. Cartesian Acquisition Reconstruction

Fig. [§] shows the cost and PSNR values of each method
with respect to the number of iterations and wall time for the
reconstruction with Cartesian acquisition on the brain image.
It is evident that similar trends were identified. Moreover, we
observed that the difference between GD and PG in terms of
wall time was smaller than in the cases of spiral and radial
acquisitions. This is because computing Ax is less expensive
in this case than in the non-Cartesian acquisitions, resulting in
a more efficient evaluation of the proximal mapping. Fig. 0]
shows the reconstructed images and error maps at the 50
and 100th iterations. There is no doubt that our method
yielded a clearer image than the others. The supplementary
material shows additional experimental results of five other
brain images, where similar trends were obtained.

D. Convergence Validation

We studied the convergence properties of our method ex-
perimentally. Let F(xy) = ||xx — Xz41||3. Fig. [10| shows the
cost values and the normalized difference E(xy)/E(x1) of
our method with spiral acquisition on all brain test images.
As expected, the cost values converged to a constant for all
test images, and F(xy)/E(x;) — 0, consistent with our
theoretical analysis. Fig. [IT] presents the expected cost values
versus iteration, estimated using the Monte Carlo method with
1000 samples. We observed that the expected cost values
decreased similarly to Fig.|10|(a), though slightly more slowly,
aligning well with our theoretical results.

E. Comparison with the Preconditioned PnP Approach

We studied the difference between using gradient-driven
denoisers and classical CNN-based denoisers within the PnP
framework. Specifically, we adopted the preconditioned PnP
method (P?nP) [37], as it generally outperforms the classical
PnP-ISTA method. Fig. reports the PSNR values versus
iterations for CQNPM and P?nP under spiral (respectively,
radial) acquisition for the brain (respectively, knee) image. We
observed that CQNPM converged faster than P?nP and consis-
tently achieved higher PSNR values, illustrating that the use
of gradient-driven denoisers does not sacrifice reconstruction
performance.

V. CONCLUSION AND FUTURE WORK

Compared to the PnP/RED framework with convolutional
neural network based denoisers, the gradient-driven denoisers
offer a much stronger theoretical foundation, as its required
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Fig. 5. First row: the reconstructed brain images of each method at 50 and 100th iterations with spiral acquisition. The PSNR values are labeled at the left
bottom corner of each image. Second row: the associated error maps (x5) of the reconstructed images.
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Fig. 6. Comparison of different methods with radial acquisition on the knee
image for € = 8 x 1072. (a), (b): cost values versus iteration and wall time;
(c), (d): PSNR values versus iteration and wall time.

assumption (i.e., Lipschitz continuity of f(x)) is easier to
satisfy in practice——an important advantage for medical imag-
ing applications. We applied the gradient-driven denoisers to
CS MRI reconstruction and thoroughly evaluated its perfor-
mance on spiral, radial, and Cartesian acquisitions. In addi-
tion, we proposed a complex quasi-Newton proximal method
(CQNPM) to efficiently solve the associated minimization
problem with convergence guarantee under nonconvex set-
tings. We extensively compared our method with existing
algorithms, and the experimental results demonstrate both the
efficiency of our approach and the accuracy of the underlying
theoretical analysis. Although we consider h(x) = 3||Ax —
y||3 in this paper, the algorithm presented is applicable to any
h that is convex and smooth (Lipschitz gradient). Furthermore,
our theoretical results require only the convexity of h, so
the approach also generalizes to non-smooth and convex h

by modifying the weighted proximal mapping at step [3] in

Algorithm [I] appropriately. Code to reproduce the results in
the paper is available at https://github.com/hongtao-argmin/
CQNPM-GDD-CS-MRI-Reco.

While the proposed CQNPM accelerates convergence in
gradient-driven denoisers based CS MRI reconstruction, sev-
eral limitations remain. In the following, we outline these
limitations and discuss possible directions for improvement:

o Accurate Hermitian positive definite Hessian Approx-
imation: In this work, we employed Algorithm [2| to
estimate a Hermitian positive definite Hessian matrix,
but we always reinitialized the Hessian at each step. In
the real-valued setting, BFGS updating typically provides
more accurate Hessian approximations compared to the
scheme in Algorithm [2] Therefore, extending BFGS to
our problem—while ensuring that the Hessian matrix
remains Hermitian positive definite when f is noncon-
vex—could potentially yield a faster algorithm.

« Assumptions for convergence: The convergence rate
of our method depends on the proximal PL inequality.
However, verifying this condition for complex, high-
capacity neural network—based denoisers remains chal-
lenging in practice. Extending the analysis to the more
general KL inequality, or alternatively designing convex
networks [86] that still achieve comparable performance,
would be promising directions for future research.

« Extension to 3D and dynamic MRI reconstruction:
This work focuses on 2D multi-coil CS MRI recon-
struction. Extending CQNPM to 3D or dynamic MRI
reconstruction would be an interesting future direction.
However, training effective gradient-driven denoisers for
such high-dimensional problems remains a significant
challenge that must be addressed.

APPENDIX A
PROOF OF LEMMA

Since W > 0 and h(x) is convex, S,(X,x,g, W, «) is
strongly convex. Through the optimality condition of (I9), we
have the following inequality

gﬁe{<g+ éw(iﬁ —X) +Vh()‘<),x—)‘<+>} >0, VxeC.


https://github.com/hongtao-argmin/CQNPM-GDD-CS-MRI-Reco
https://github.com/hongtao-argmin/CQNPM-GDD-CS-MRI-Reco

Fig. 7. First row: the reconstructed knee images of each method at 50 and 100th iterations with radial acquisition. The PSNR values are labeled at the left
bottom corner of each image. Second row: the associated error maps (x5) of the reconstructed images.
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Fig. 8. Comparison of different methods with Cartesian acquisition on the
brain image for € = 9 x 10~%. (a), (b): cost values versus iteration and wall
time; (c), (d): PSNR values versus iteration and wall time.

By using the convexity of h (ie.,

h(x) — h(x)
R{(Vh(x),x — x)}), we reach

R{(gx—x")) > éusﬁ —x|2 + h(xt) — h(x). Q1)

From (T6) and (T9), we have

Dg(xagaw7a) = —%S}L(X+7X,g,w,&)

= 2R{(gx—x")} - lx" — x|

—2(h(x") = h(x))
> 2 ||5( _XHW
= g hw( x)| v

where the first inequality and last equality come from and
the definition of G W( X).

o

APPENDIX B
PROOF OF LEMMA 3]

Let oy > ag > 0 and X9 = %)_(1 + ala;;wx with X1,Xo €

C. Since h(x) is convex, we get

«
h(%z) < —h(%y) + ———
aq aq
and then

a1 (h(Xz) = h(x)) < az(h(x1) = h(x)).

By using a4 (X2 — X) = as(X; — x) and the above inequality,
we have

2 _ 2 _
*7'Sh(xlv X, 8, Wa 041) S *7Sh(x23 X, 8, Wa 042)'
(%1 (€]

Minimizing both sides of the above inequalities and using the
definition of D (x,g, W, ), we get the desired result

Dg(xa g, Wa al) S D}CL (Xa g, Wa a2)~

APPENDIX C
PROOF OF LEMMA [4]

To prove the bound on By, we first establish the bound
on Hj because B, = kal. Define ap = (sg,sk), bx =
R{(sk,Vk)}, ¢k = (Vk,Vg). Then we have

2 2
%Tkzl— 1_b7k§b7k’
Qg Qg Ck Qg Ck

resulting in 7, < ?—k The last inequality follows from the
Cauchy—Schwarz inequality, which leads to b7 < aycy. The

lower bound can be derived through

2 ar
- ag (ak> ak Ci
= — — =
by, by, Ck 2
ar o f(ae)” _ ax
bg b Ck
by
QCk
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Fig. 9. First row: the reconstructed brain images of each method at 50 and 100th iterations with Cartesian acquisition. The PSNR values are labeled at the
left bottom corner of each image. Second row: the associated error maps (x5) of the reconstructed images.
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Fig. 10. Averaged cost values (a) and E(xy)/E(x1) (b) versus iteration for
the proposed method. The shaded region of each curve represents the range of
the cost values and E(xy,) across six brain test images with spiral acquisition.
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In summary, we have ﬁ <7 < z—z Next, we derive an

upper bound for ulluy. Using the definition of u, we have
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Fig. 12. Comparison of the preconditioned PnP ((P2PnP)) method. (a) PSNR
values versus iteration for spiral acquisition with the brain image; (b) PSNR
values versus iteration for radial acquisition with the knee image.

the following inequalities

uI];Iuk — <Sk*7'kvkpy:k*7‘kvk>
< lse—7vile
= Ollvill2
— 1 Jap _ 27uby 2
B} Cr Cr +Tk
< 1 Jax _ 1 [apby ~ ax
- 4 Ck_(s bkckfébk'

The first inequality comes from step [3] in Algorithm [2I The
second inequality derived from the fact that 2% <7 < %
resulting in —2%:”" + 77 < 0. The last inequality is the result
of bi S QarCr.

With these, we have %IN <H,; < (%: + ;T’;)IN‘ From
(13), we know Z—i > 64 and g—: < @4 for all k. Therefore, Hy,
is always bounded by ﬁIN < H; < (%{S)IN. Since H;,
is both lower and upper bounded, we know that there exist
constants 77 > 7 > 0 such that nI X By <7 L



APPENDIX D
PROOF OF THEOREM]]

Using Lemma [T} we have
Fr1) < flxr) + RUVF(xR), Xpr1 — Xk)

L 2
+ §||Xk+1 — xxll2

< f(xk) + h(xk) — h(Xk11)
+ Inehclsh(va Xk vf(xk); Bka ak)
L 1
+ 5l — xkll5 — EHxlﬂ—l —xi|B,

< F(xg) + <m€i£18h(v,xk,Vf(xk),Bk,ozk)>

L n
+ (5 = 7 ) T = el ),

The second inequality comes from the definition of Sj and
the update rule for xjy1. The third inequality is the result of
Lemma (4] Letting oy, < % and moving h(xxy1) to the left
side, we get

F(xpy1) < F(xi) + (rvneigSh(v,Xk,Vf(Xk%Bmak))

L n
+ (5= ) o -l

< F(xy) — %D%(xk,Vf(xk),Bbak). (22)
Rearranging (22)), we have
5 D ek, VI (20), B o) < Floxe) = Flxin). (23)
Invoking Lemmas [2] and ] we get
Df; %k, Vf (1), Bi, age) > o2 L —xill3. @4
Substituting (24) into (23], we have
L lxpys — x4l2 < Flxi) = Flxpen). (25)

QOzk
Summing up the above inequality from k& = 1 to K, we reach
K

n
S o lhcies — xell3 < Floc) -
1 “Ok

F(XK) S F(X]_) — F*.

(26)
Denote by amax = maxp{ai}, omin = ming{os}, and
Ag = ming<k [|[Xg+1 — Xk||3. Since ap < %, we have

Omax = % Invoking the definition of A, the value of a .y,
and using (26), we obtain
2(F(x1) —
LK

Clearly, Ak approaches zero as K — oo.

Now, we show the convergence of cost values with addi-
tional Assumption [2} Invoking Lemmas [3] and ] we have the
following inequalities

Dg(xkv Vf(Xk), Bkv ak)

Ar < F)

Qg

=)

amax )

Dg(xkv vf(xk)a Iv

IV

v
[ ==

Dg(xlﬁ vf(xk?)a 17
(27)

Combining the above inequality with (23]), we obtain

%Dg(xk, V(i) I, O“;‘;‘X) < F(xp) — F(xps1). (28)
By using (T7), we get
SR (P (i) = F*) < P(xi) = F* = (Flxiin) = F).
Rearranging the above inequality, we reach
Flxyn) - F < (1- %) (Fexi) —F*). (29

By letting o, < min { 1 z we have (1— ”O‘"““) > 0. Then
applying (29) recursively, we obtain

Nk
2 ) (F(xy) - ).
n
Now we show another formulation of convergence by uni-
formly sampling the output. Summing up (23) from k£ =1 to
K, we get
Z %

F(xpi1) — F* < (1 -

Df (xk, V f (%), B, k)

A
g
ke

|
=
><
5

S F (Xl — F*
(30)
By uniformly sampling one of the previous iterates at K — 1th
iteration as the output xs, we have

Df (x5, V f (x),1, 2 =)
K

E {Dﬁ(xk/,Vf(Xk/), L= )}

< nD5. mefI({XkLBk Otk)

K
Z
e
Z
- 31)

where the inequality comes from [27). Summing up from
k=1 to K, we obtain

St G Df (xk, VI (), By o) < Flxa) = Flxic1)
< F(xy) - F*.
Together with (3I)), we get
a1 _ 2(F(x) — F°)
E[DC LV f(xp), T, S } <) =0
L R
By invoking (T7), we get the desired result
n(FEx)—F)
E[F 1) — F*} < ——mF—-—.
(Xk ) - l/aminK

Clearly, F(xjs) converges to F'* in expectation as K — oo.
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