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Abstract

Constrained machine learning enables fairness-aware training, physics-informed
neural networks, and integration of symbolic domain knowledge into statistical
models. Despite its practical importance, no general method exists for the non-
convex, non-smooth, stochastic setting that arises naturally in deep learning. We
propose the Stochastic Penalty-Barrier Method (SPBM), which extends classical
penalty and barrier methods to this setting via exponential moving average of
dual updates, a stabilized penalty schedule, and the Moreau envelope to handle
non-smoothness. Experiments across multiple settings show that SPBM matches or
outperforms existing constrained optimization baselines while incurring only linear
runtime overhead compared to unconstrained Adam for up to 10,000 constraints.

1 Introduction

There has been much recent interest in constrained machine learning (CML) [1]. CML enables the en-
forcement of fairness constraints [2–4]. It also enables the implementation of domain-decomposition
methods in physics-inspired neural networks [5], or mitigates known failure modes such as ill-
conditioning [6]. Ultimately, CML could enable combining statistical machine learning with con-
straints from human-curated symbolic models [7]. One of the reasons of the success of CML is that it
performs better than standard regularization; see Fig. 1 for a motivating example.

Yet, enforcing fairness constraints [3, 4] requires the constraints to be stochastic and non-convex.
Examples include learning physics-inspired neural networks (PINNs) defined as a constrained
optimization problem [8, 9], or any other user’s specified constraints dependent on the output of the
neural network, such as causality of PINNs [7].

There is a substantial and recent body of work on CML. However, most current works assume
simplified settings: Curtis et al. [10], Fang et al. [11] focus on deterministic constraints; Curtis
et al. [12] consider simplified deterministic linear constraints; Necoara and Nedić [13], Necoara and
Singh [14], Singh et al. [15], Singh and Necoara [16], Boob et al. [17] address stochastic constrained
convex composite problems; finally, Stochastic Switching Subgradient (SSw) Huang and Lin [18]
assumes stochastic non-convex and weakly convex constraints, whereas (SSL-ALM) Huang et al.
[19] tackles stochastic non-convex objective with linear constraints. Although the survey on fairness
[4] empirically shows that both SSw and SSL-ALM (despite not originally designed for) might
also work in the constrained stochastic non-convex setting, it remains unclear how to implement
the training of neural networks subject to general stochastic, non-convex, non-smooth constraints
efficiently.
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Figure 1: Motivation for using SPBM over standard regularization with the penalized objective
Fρ(x) = f(x) + ρ∥E[g(x, ξ)]∥2, with f = ||x||2 and a certain choice of g. For large ρ, SGD applied
to Fρ(x) could be unstable, whereas for too small ρ, the solution produced by SGD applied to Fρ(x)
could be infeasible. In contrast, SPBM is stable and converges to the feasible set; see Appendix A.

In this paper, we study the problem of optimizing a stochastic non-convex non-smooth objective
subject to stochastic non-convex non-smooth constraints:

min
x∈Rn

E[f(x, ξ)] s.t. E[g(x, ξ)] ≤ 0, (1)

where ξ ∼ Ξ is a random variable and f : Rn × Ξ → R and g : Rn × Ξ → Rm are also locally
Lipschitz, which allows for them to be differentiable almost everywhere by Rademacher’s theorem.
Note that the scenario where f is the loss function of a neural network falls into this setup, allowing
to enforce fairness in neural network or solve PINNs as constrained optimization problems.

We approach the problem by introducing a new method called the Stochastic Penalty-Barrier Method
(SPBM), an extension to the stochastic non-smooth non-convex setting of the original Penalty-Barrier
Method (PBM) of Ben-Tal and Zibulevsky [20], which was introduced for convex deterministic
problems. We enable the extension by utilizing the Moreau envelope from proximal methods [21]
proven to be useful for non-smooth settings, together with standard techniques used in ML, such as
exponential averaging for noise reduction and a careful choice of penalty updating function. SPBM
and PBM are primal-dual methods designed around penalty-barrier functions which enable unification
of the constraints. Both SPBM and PBM also utilize penalty parameters that enable a user to specify
the speed of convergence towards the feasible region based on the given problem.

Interestingly, Ben-Tal and Zibulevsky [20] show that for a specific choice of dual update rule and
penalty parameter update rule, PBM is equal to the augmented Lagrangian as defined in [22]. Hence,
in some sense, SPBM is a generalization of SSL-ALM [19].

Our contributions. The contributions of this paper are as follows:

• We propose SPBM, a stochastic extension of the penalty–barrier method of [20].
• We empirically test SPBM on a range of fairness-constrained neural network problems, benchmark-

ing against currently available approaches for solving (1). Our experiments include training robust
classifiers on CIFAR-10 and CIFAR-100 datasets [23], fair classification tasks based on Folktables
[24] and the Dutch census dataset [25], and training of physics-inspired neural networks based on
the Helmholtz and viscous Burgers equations.

• Our open-source code can be used as a drop-in replacement for PyTorch optimizers training uncon-
strained neural networks, requiring only a few additional lines of code to specify the constraints.
This integration allows existing publicly available models to be easily converted into more robust
and safer versions.

Paper structure. The rest of the paper is organized as follows. After reviewing the related literature,
we present preliminaries about the penalty/barrier method in Section 2. We introduce our stochastic
extension of the penalty/barrier method in Section 3. Our experiments are described in Section 4 and
analyzed in Section 5.

Related work. Historically quite recent, but pioneering work of Necoara and Nedić [13], Necoara
and Singh [14], Singh et al. [15], Singh and Necoara [16] and Boob et al. [17] addresses functionally
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constrained convex composite problems. This allows detailed analyses, but does not extend to the
non-convex setting of problem (1).

Subsequently, Berahas et al. [26], Curtis et al. [27] introduced SQP-based methods for stochastic,
non-convex objectives subject to deterministic equality constraints. Related SQP approaches under
the same objective and constraint assumptions were studied in Fang et al. [28] and Na et al. [29].
Stochastic Ghost [30] could be seen as a continuation of this work, computing the update direction by
solving a number of quadratic subproblems in each iteration. A similar approach was proposed in Ma
et al. [31] for weakly-convex objectives and constraints, which solves a sequence of strongly convex
subproblems formed with a quadratic regularization term. Stochastic non-convex optimization under
deterministic non-convex inequality and/or equality constraints was also considered in Curtis et al.
[32], Shi et al. [33], Na et al. [34]. Finally, SQP methods for problems with both stochastic objectives
and stochastic constraints were proposed in Oztoprak et al. [35]. It is important to note these SQP
methods require the computation and storage of a Hessian, which, in our case where f is a neural
network, makes them impractical. Recently, some interior point methods have been proposed to solve
non-convex constrained optimization, such as Curtis et al. [10] or Curtis et al. [12] and an SQP variant
Fang et al. [11]. These methods, however, assume a strictly feasible initial point or deterministic
constraints, making them unsuitable for our nonconvex stochastic constrained setting.

In a different direction, Bollapragada et al. [36] employed an augmented Lagrangian framework for
stochastic objectives with deterministic linear constraints. An elaborate analysis by Huang et al. [19]
considers stochastic non-convex objective and stochastic linear inequality constraints and a smoothed
augmented Lagrangian (SSL-ALM). They establish the stochastic oracle complexity of their method.
Cooper, the PyTorch framework for constrained deep learning [37], implements SSL-ALM without
smoothing, while humancompatible.train [38] implements the smoothed version as well.

Stochastic Switching Subgradient (SSw) [18] is a method which extends the classical method of
Polyak [39]. SSw addresses stochastic optimization problems with stochastic non-convex objective
and stochastic weakly-convex or convex constraints. At each iteration, the method reduces the
constrained problem to a sequence of subgradient updates with respect to the maximum constraint
function g in the problem (1).

The penalty-barrier multiplier method, which serves as the basis for our stochastic extension, was
introduced by Ben-Tal and Zibulevsky [20]. Later, it was generalized to solve deterministic non-
convex non-linear problems in Kočvara and Stingl [40, 41, 42]. Recently, De Marchi and Themelis
[43] defined a deterministic non-convex variant of problem (1) by combining a barrier term with
an L1 penalty into a new objective function. Our method is also closely related to the proximal
augmented Lagrangian method, which has been studied since the 1970s [44–55].

2 Review of Penalty/Barrier Multiplier Method (PBM)

The method [20] was proposed for convex programming problems:

f∗ = inf{f(x) : gi(x) ≤ 0, i = 1, . . . ,m, x ∈ Rn}, (2)

where f, g1, . . . , gm are closed proper convex functions. Ben-Tal and Zibulevsky showed that PBM
is closely related to the proximal point algorithm in the sense of the sequence of generated dual
variables. One of the main ideas behind the method is the transformation of the constraints onto a
uniform space using a strictly increasing twice differentiable strictly convex function φ with some
additional properties; see [20, Section 3] for details. These properties imply that, provided a positive
number p, the function t 7→ φ(t/p) is convex increasing and

pφ(t/p) ≤ 0 if and only if t ≤ 0. (3)

Using (3), the original problem (2) can be rewritten to

f∗ = inf{f(x) : piφ(gi(x)/pi) ≤ 0, i = 1, . . . ,m, x ∈ Rn}, (4)

where pi is referred to as the penalty parameter associated with the i-th constraint, and φ is referred
to as the penalty-barrier function. The function L : Rn × Rm

+ × Rm
++ → R, referred to as the

Lagrangian for problem (4), has the form Lp(x, λ) = f(x) +
∑m

i=1 λipiφ(gi(x)/pi) and it is used
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in the following iterative scheme for solving (4):

xk+1 = argmin
x

Lpk(x, λk)

λk+1 = λk ⊙ φ′ (g(xk+1)⊘ pk
)

(5)

pk+1 = πk(λk+1) (6)

where ⊙ and ⊘ denotes the element-wise product and division, and φ′ and πk are applied coordinate-
wise. The initial λ0 is required to be positive and πk : R++ → R++ is referred to as the penalty
updating function. We recall two glued penalty/barrier functions: the Quadratic-Logarithmic
penalty/barrier function φQL and the Quadratic-Reciprocal penalty/barrier function φQR:

φQL(t) =

{
t+ 1

2 t
2 if t ≥ −1

2 ,

− 1
4 log(−2t)− 3

8 if t < −1
2 ,

φQR(t) =

{
t+ 1

2 t
2 if t ≥ −1

3 ,
32
27 (

1
1−t )−

7
6 if t < −1

3 .

The penalty updating functions in Ben-Tal and Zibulevsky [20] are chosen as

πk(t) = π0(κ)
kt or πk(t) = π0(κ)

k, (7)
where they set κ ∈ (0, 1) and π0 > 0 typically between 10− 1000; see the original paper for details.

3 Stochastic Penalty/Barrier Method (SPBM)

Our method, Stochastic Penalty-Barrier Method (SPBM), extends the penalty and barrier framework
of Ben-Tal and Zibulevsky [20] to the stochastic setting. While the structure follows their iterative
update rules, the extension is non-trivial and requires three key modifications. First, since expectations
are approximated via mini-batching, we apply exponential averaging to the dual updates to reduce
noise. Second, the penalty parameters are updated differently from Ben-Tal and Zibulevsky [20] to
ensure stability. Third, since the resulting objective is non-smooth, we perform an inexact proximal
point update to recover a tractable minimization step. In the following, we present the mini-batching
notation and address the main challenges in detail. The full algorithm is presented in Alg. 1.

Mini-batching. We use mini-batching with batch size B ∈ N to sample both the objective distri-
bution and the constraint distribution. A mini-batch is a set {ξj}Bj=1 of independent and identically

distributed random variables ξ1, . . . , ξB
iid∼ Ξ. Stochastic estimates of the objective and constraint

functions are computed from the mini-batch as follows:

f(x) =
1

B

B∑
j=1

f(x, ξj), g(x) =
1

B

B∑
j=1

g(x, ξj).

Similarly, we derive a stochastic estimate of the the Lagrangian Lp(x, λ) and its gradient:

Lp(x, λ) =
1

B

B∑
j=1

(
f(x, ξj) +

m∑
i=1

λi φ(gi(x, ξj)/pi)

)
,

∇Lp(x, λ) =
1

B

B∑
j=1

(
∇f(x, ξj) +

m∑
i=1

λi φ
′(gi(x, ξj)/pi)∇gi(x, ξj)

)
.

Challenge 1: Non-smoothness. The intuition is to optimize over the approximate solution of the
Moreau envelope of the Lagrangian, with given pk+1, sk and λk+1:

min
x

(
Lpk+1(x, λk+1) +

µ

2
∥x− sk∥2

)
.

In theory, the Moreau envelope of a weakly-convex non-smooth function shares the same minimizers
while yielding a smooth approximation provided that the parameter µ is chosen sufficiently large [56].
In practice, we find an approximate minimizer of the Moreau envelope by performing a single step
of Adam with respect to x (OneStepAdam at line 7). This is the same as performing an inexact
proximal point step on function 1

µ L̄pk+1 (i.e. xk+1 ≈ prox 1
µ L̄

pk+1 (·,λk+1)(s
k)). We then translate the

argument s of the proximal operator through the exponential averaging (line 8, as done in Parikh et al.
[21]). Recently, Zhang and Luo [54] used a similar idea in the proximal version of the augmented
Lagrangian for a deterministic non-convex setting with linear constraints. Its stochastic counterpart
with linear constraints was introduced in [19].
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Algorithm 1 Stochastic Penalty/Barrier Method (SPBM)

1: Input: Initial primal variable x0 ∈ Rn, initial dual variable λ0 ∈ Rm
++, initial penalty parameter

p0 as all-ones vector, learning rate α > 0, exponential decay rates β1 ≈ 0.9, β2 ≈ 0.999,
mini-batch size B ∈ N, γ ∈ [0, 1), µ ≥ 0, δ ∈ [0, 1), s0 = x0, and π̂ ∈ {Id, π̂adaptive}.

2: for k = 1 to K do
3: Sample ξ1, ξ2, . . . , ξB

iid∼ Ξ
4: λk+1 = γλk + (1− γ)λk ⊙ φ′(g(xk)⊘ pk) {▷ Dual variable update}
5: pk+1 = π̂(g(xk), pk) {▷ Penalty parameter update}
6: Generate yk = ∇Lpk+1(xk, λk+1) + µ(xk − sk)

7: xk+1 = OneStepAdam(xk, yk, α, β1, β2) {▷ Primal variable update}
8: sk+1 = δsk + (1− δ)xk+1 {▷ Prox-center update}
9: end for

Challenge 2: Mini-batching and penalty updating functions. Some constraints (e.g., fairness
constraints) are defined over subpopulations of the dataset, such as those induced by sensitive
attributes (e.g., sex) or class labels in image classification. Evaluating such constraints requires at
least one sample from each subpopulation. To ensure this, we construct each mini-batch to include an
equal number of samples from each subpopulation.

Small mini-batch sizes can cause the stochastic estimates of each constraint to be heavily influenced
by outliers. Simultaneously, using the penalty updating functions (7) in the iterative scheme (6) imply
that eventually p → 0. This makes the updating rule (5) unstable. Empirically, setting p to the all-ones
vector worked well in most of our experiments. In more complicated cases, where the convergence
toward the feasible region was too slow, we used the following method π̂ : Rm × Rm → Rm:

π̂adaptive(g(x), p) = Clip[0.1,1]

[(
K +

(1−K)

φ′(g(x)) + ε

)
p

]
, (8)

where all operations (sum, product, division) are performed coordinate-wise, we set K ∈ (0, 1),
ε = 10−8 and Clip[0.1,1] denotes the coordinate-wise clipping on interval [0.1, 1].

The motivation behind the formula (8) is the same as the decrease in p in Eq. (6). The smaller pi,
the bigger is the update of the dual variable λi of the non-satisfied constraints and the smaller is the
update of duals for satisfied constraints; see Eq. (5). For this reason, one might want to decrease the
penalties only for unsatisfied constraints (recall that there is exactly one penalty parameter for each
constraint). The formula (8) decreases or increases pi based on the current satisfaction of the i-th
constraint. Such “adaptive” decrease and increase is controlled by the derivative of the penalty/barrier,
i.e., for g(x) > 0 we get φ′(g(x)) > 1, ultimately decreasing the penalty parameter p (and vice versa
for g(x) < 0).

4 Numerical Experiments

To evaluate SPBM against state-of-the-art methods for CML, we create a benchmark comparing
SPBM to three other optimization methods: Adam [57] (with no constraints), SSw [18], and SSL-
ALM [19].1 Our benchmark contains 6 classification problems based on the ACSIncome dataset, the
Dutch Census dataset, and the CIFAR-10 and CIFAR-100 datasets, and two experiments involving
Physics-Informed Neural Networks (PINNs). We use Adam as a baseline for the classification
problems without constraints. For PINNs, we use Adam to optimize the network as suggested in the
original paper [58] with regularization term of the initial and boundary constraints as a hyperparameter.
We omit SSw in PINNs benchmarks due to its poor performance on previous experiments.

Datasets and problem tasks. Our fairness-based experiments are based on three datasets. For
the ACSIncome dataset [24], we use a subset corresponding to the state of Virginia, which includes
46,144 samples, and consider the binary classification task of predicting whether an individual’s
income exceeds $50,000. For the Dutch Census dataset [25], which represents aggregated groups of

1We choose not to include the Stochastic Ghost [30] based on the benchmarking paper [4], in which SSL-ALM outperforms
it on all tasks.
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people in the Netherlands and includes 60,000 samples, the binary classification task is to predict
whether an individual has a high-level or low-level profession. The CIFAR-10 dataset [23] contains
60,000 32x32 color images in 10 different classes, whereas the CIFAR-100 dataset contains 100
different classes with 600 images per class. For both datasets, the task is to learn an accurate classifier
of all ten classes. PINNs are data efficient, allowing us to sample as many data as needed for the
two PINNs experiments. We sample 2601 training data points, and import from Son et al. [8] 1000
validation samples, 1000 test samples of each solution of the differential equation. The task is to
solve the differential equation in both PINNs experiments.

Fairness as constrained optimization. In classification experiments, we implement three types
of constraints. The first type is deterministic and it consists in enforcing the weights of the neural
network to lie inside a ball:

∥Wi∥F ≤ 2, for each layer i, (9)
where Wi is a weight matrix of the fully connected neural network and || · ||F is the Frobenius norm.
The remaining two types of constraints are stochastic and their goal is to enforce a similar prediction
accuracy across different groups – either demographic groups in datasets based on demographic data
or classes in the CIFAR datasets. The first approach, introduced and implemented as part of the
fairret package [59], aggregates violations of each group from the set of groups R into a single
value using the L1-norm, and thus results in just one constraint (m = 1):∑

Ri∈R

∣∣Eξ∼D[group Ri][f(x, ξ)]− E[f(x, ξ)]
∣∣ ≤ ϵ, (10)

where D[group Ri] is the distribution over the group Ri. The second approach is to consider all
pairwise differences between groups. That is, we enforce for all Ri, Rj ∈ R such that i ̸= j:∣∣Eξ∼D[group Ri][f(x, ξ)]− Eξ∼D[group Rj ][f(x, ξ)]

∣∣ ≤ ϵ, for every i ̸= j, (11)

which results in m = |R| · (|R| − 1) constraints.

Solving PDEs as constrained optimization. PINNs are neural networks trained to satisfy physical
laws governed by nonlinear partial differential equations (PDEs). An example of such a physical law
can be the Helmholtz equation:

∆u+ u = q(z1, z2), for every (z1, z2) ∈ Ω, (12)
u(z1, z2) = 0, for every (z1, z2) ∈ ∂Ω, (13)

where Ω is the square Ω = [−1, 1]2, ∂Ω denotes its boundary and the function q(z1, z2) is fixed (see
Appendix B for details). Since boundary conditions are known to cause instability in PINN training
[60, 8, 61], it is natural to enforce them as constraints, yielding the constrained optimization problem:

min
x

Eξ∼D[Ω]

[
|Nunn(x, ξ)− h1(ξ)|2

]
(14)

s.t. Eξ∼D[∂Ω]

[
|Tunn(x, ξ)− h2(ξ)|2

]
≤ ϵPINN (15)

where ϵPINN = 10−4, N is a differential operator, T is a trace operator, unn is a neural network
representing the solution of the PDE with weights x and collocation points ξ. Functions h1 and h2

are prescribed and Ω ⊆ Rd is a bounded set. Including the time variable t as an extra element of
ξ, we can use (14) and (15) even for time-dependent problems. This allows the constraint (15) to
include initial value conditions. Note that the problem defined by (14) and (15) is an instance of (1)
with f := |Nunn(x, ξ)− h1(ξ)|2 and g := |Tunn(x, ξ)− h2(ξ)|2.

Experiments. We denote our experiments by (E1)–(E8) and summarize them in Table 1. Note that
in (E2) the groups are based on the SEX attribute, in (E3) the six groups are based on the cartesian
product of the attributes of SEX and MARRIAGE STATUS (Divorced, Married, Single), and in (E4)
there are 18 groups based on the cartesian product of the SEX and AGE attributes. The experiments
(E7) and (E8) are related to PINNs; namely, (E7) is based on the Helmholtz equation and (E8) is
based on the viscous Burgers equation; see Appendix B for details on the differential equations.

Experimental setup. Details on hyperparameters, network architectures and data processing are
listed in Appendix C.
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Table 1: Summary of experiments.
Exp. Dataset Experiment type Groups R Constraint type # Constraints (m)

(E1) ACSIncome binary classification – (9) 6
(E2) ACSIncome binary classification 2 (sex) (10) 1
(E3) ACSIncome binary classification 6 (sex × marital) (11) 30
(E4) Dutch Census binary classification 18 (sex × age) (11) 306
(E5) CIFAR-10 multiclass classif. 10 (classes) (11) 90
(E6) CIFAR-100 multiclass classif. 100 (classes) (11) 9900
(E7) Sampled [−1, 1]2 interpolation of (14) with (12) – (15) with (13) 1
(E8) Sampled [0, 1]× [−1, 1] interpolation of (14) with (17) – (15) with (18), (19) 2

5 Analysis of the Experiments

In this section, we analyze the experiments presented in Section 4. All plots show the mean across
seeds (solid curve) and ± one standard deviation (shaded area). We present in the main paper
experiments (E4), (E6), (E7) and (E8) that enable a constructive assessment of the methods.

Fairness analysis. In experiment (E4) shown in Fig. 2, SSL-ALM and SPBM reach the same test
loss with the same convergence rate while both satisfying the test constraints, hence have equally
good performance. On the other hand, SSw is much worse in both criteria.

In experiment (E6) shown in Fig. 3, which has the highest number of constraints in our benchmark.
SPBM reaches a much better test and train loss compared to SSL-ALM while satisfying the train
constraints. Although SSL-ALM satisfies test constraints compared to SPBM, SSL-ALM fails
minimize the loss function. Note that SPBM also achieves the same test loss as Adam while violating
the constraints less. SSw has poor results with regards to the loss minimization.2

Regarding experiments (E1)–(E3) and (E5) shown in Appendix E, both SPBM and SSL-ALM
perform the same with regards to the test loss convergence and test constraint satisfaction, while SSw
performed the worst on all experiments except for (E1).

PINNs analysis (E7)–(E8). It is evident from Fig. 4, Fig. 5 and Table 4 that SPBM outperforms
both SSL-ALM and Adam with regularization in both the constraint satisfaction and in terms of
the quality of the solution found, which is assessed by the test loss. This might be due to a better
satisfaction of the initial conditions and the boundary conditions compared to the SSL-ALM and
Adam counterparts, which can be critical for the solution quality [60, 8, 61].

Figure 2: (E4): Dutch, Demographic Parity,
Pairwise, m = 306: mean loss (top row: train
and test) and mean largest constraint (bottom
row: train and test) values over 3 runs of 30
epochs of each method with random parameter
initialization. The shaded region corresponds
to ±1 standard deviations. The red dotted line
corresponds to the constraint threshold.

Figure 3: (E6): CIFAR-100, Equal Accuracy,
Pairwise, m = 9900: mean loss (top row: train
and test) and mean largest constraint (bottom
row: train and test) values over 3 runs of 30
epochs of each method with random parameter
initialization. The shaded region corresponds
to ±1 standard deviations. The red dotted line
corresponds to the constraint threshold.

Runtimes. We report the average time per epoch for (E5) and (E6) in Table 2. Runtimes for the
other experiments are omitted, as their small scale makes them sensitive to hardware variability.

2SSw distorts the plots slightly, thus we upload two versions: one without SSw and the other with SSw in Appendix E,
see Fig. 10.
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Figure 4: (E7): Helmholtz PDE, PINN, m = 1:
mean PINN loss defined as a sum of loss and
constraints as presented in [58] (top row), mean
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Figure 5: (E8): Viscous Burgers PDE, PINN,
m = 2: mean PINN loss defined as a sum of
loss and constraints as presented in [58] (top
row), mean constraints (2 middle rows), mean
test loss which assesses solution quality (bot-
tom row). Values over 3 runs of 6000 epochs
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ization. The shaded region corresponds to ±1
standard deviations.

Unconstrained Adam is the fastest, followed by SSw, SSL-ALM, and SPBM. It is clear that our
effective implementation makes big-scale training feasible with a linear scaling compared to the
unconstrained minimization (only up to a factor of 3 compared to Adam).

Table 2: Runtimes (s) per epoch per algorithm on the hardware described in Section 4 for (E5) and
(E6). The experiments were repeated 3 times with different seeds.

m ADAM SSW SSL-ALM SPBM (OURS)

(E5) 90 0.86±0.01 1.97±0.01 1.94±0.01 2.77±0.01
(E6) 9900 1.92±0.01 2.4±0.01 4.0±0.01 5.86±0.02

General take-aways. Based on the experiments, we can conclude with the following take-aways;
our main comparison factor is the test loss and test constraints convergence of the methods:

(1) SPBM is competitive with SSL-ALM. SPBM outperforms SSL-ALM in 3/8 experiments and
matches it in the remaining 5/8. This suggests SPBM is a reliable alternative across problem settings.

(2) Dedicated multi-constraint primal-dual methods outperform single-constraint primal-only one.
SSw underperforms both SPBM and SSL-ALM in most experiments. We attribute this primarily to
SSw’s limitation of handling only one constraint at a time, making it ill-suited for the multi-constraint
settings considered here.

(3) Constrained training is computationally feasible. Our implementation achieves only linear
overhead relative to unconstrained optimization, demonstrating that training neural networks subject
to fairness or user-specified constraints need not come at prohibitive computational cost.

6 Conclusion

We have presented SPBM, an extension of the penalty and barrier framework to non-convex, non-
smooth, stochastic optimization, with three key modifications: exponential averaging of dual up-
dates, a stabilized penalty parameter schedule, and the use of the Moreau envelope to address
non-smoothness. Experimental results demonstrate that SPBM is competitive with or outperforms
current state-of-the-art methods, while maintaining linear computational overhead over unconstrained
optimization.
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Table 3: Comparison of Adam, SSL-ALM, SSw and SPBM on experiments (E1)–(E6). We report the
best test loss, together with the corresponding maximum and mean constraint violations (averaged
over runs). For all metrics, smaller is better. Provided that the values differ, the best value is in bold
and the second-best in brown.

Exp. Method Best loss Epoch Mean constraint Max constraint

(E1)

Adam 0.41 ± 0.00 2 2.522 ± 0.062 9.807 ± 0.269
SSL-ALM 0.41 ± 0.01 16 1.754 ± 0.012 2.000 ± 0.002
SPBM 0.41 ± 0.00 4 1.375 ± 0.018 2.018 ± 0.037
SSw 0.50 ± 0.01 2 1.173 ± 0.023 1.923 ± 0.018

(E2)

Adam 0.42 ± 0.00 1 0.225 ± 0.006 0.225 ± 0.006
SSL-ALM 0.42 ± 0.00 3 0.145 ± 0.002 0.145 ± 0.002
SPBM 0.43 ± 0.00 3 0.111 ± 0.013 0.111 ± 0.013
SSw 0.43 ± 0.01 7 0.112 ± 0.010 0.112 ± 0.010

(E3)

Adam 0.42 ± 0.00 30 0.000 ± 0.000 0.369 ± 0.008
SSL-ALM 0.51 ± 0.01 27 0.000 ± 0.000 0.109 ± 0.006
SPBM 0.52 ± 0.01 10 0.000 ± 0.000 0.109 ± 0.019
SSW 0.57 ± 0.00 22 0.000 ± 0.000 0.107 ± 0.004

(E4)

Adam 0.41 ± 0.00 5 0.000 ± 0.000 0.595 ± 0.009
SSL-ALM 0.48 ± 0.00 12 0.000 ± 0.000 0.134 ± 0.007
SPBM 0.47 ± 0.01 24 0.000 ± 0.000 0.183 ± 0.040
SSw 0.63 ± 0.01 9 0.000 ± 0.000 0.070 ± 0.006

(E5)

Adam 1.10 ± 0.04 11 0.000 ± 0.000 1.027 ± 0.180
SSL-ALM 1.13 ± 0.01 12 0.000 ± 0.000 0.634 ± 0.041
SPBM 1.13 ± 0.02 11 0.000 ± 0.000 0.782 ± 0.150
SSw 2.11 ± 0.06 6 0.000 ± 0.000 0.153 ± 0.113

(E6)

Adam 2.90 ± 0.03 5 0.000 ± 0.000 3.127 ± 0.291
SSL-ALM 4.64 ± 0.00 29 0.000 ± 0.000 0.176 ± 0.032
SPBM 3.23 ± 0.01 28 0.000 ± 0.000 1.471 ± 0.275
SSw 4.82 ± 0.06 30 0.000 ± 0.000 0.143 ± 0.008

Table 4: Comparison of Adam, SSL-ALM, and SPBM on experiments (E7) and (E8). We report the
best test loss, together with the corresponding constraint violations (averaged over runs).

Exp. Method Best loss Epoch Constraint 1 Constraint 2

(E7)
Adam 0.25 ± 0.2 5985 0.075 ± 0.086 ∅
SSL-ALM 0.1 ± 0.5 5908 0.013 ± 0.01 ∅
SPBM 0.04 ± 0.1 4668 0.003 ± 0.001 ∅

(E8)
Adam 0.365 ± 0.01 3949 0.012 ± 0.0 0.002 ± 0.0
SSL-ALM 0.389 ± 0.02 5999 0.02 ± 0.003 0.002 ± 0.0
SPBM 0.315 ± 0.004 5306 0.0 ± 0.0 0.0 ± 0.0

Limitations. Our evaluation is limited to the fairness constrained optimization and PINNs. More-
over, convergence guarantees remain an open question in the fully stochastic non-convex non-smooth
setting. The choice of penalty schedule also introduces hyperparameters that may require tuning.

Broader Impact. This work proposes a general constrained optimization method applicable to a
range of settings, including fairness-aware classification. On the positive side, it enables practitioners
to enforce fairness constraints during training, reducing discriminatory outcomes in deployed models.
On the negative side, the flexibility of constraint specification could in principle be misused to encode
constraints that entrench rather than mitigate bias, depending on how constraints are defined by the
practitioner.
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A Motivating example

In this section, we give details on the motivating example (Figure 1). We demonstrate the motivation
for using SPBM over standard regularization through a constrained example with adversarial data.
We consider a discrete random variable ξ such that P (ξ = 0.1) = 0.5 and P (ξ = −0.1) = 0.5 and
we set the functions f : R2 → R and g : R2 × Ξ → R in (1) as

f(x) = x2
1 + x2

2, g(x, ξ) = min{g+(x, ξ), g−(x, ξ)},
where g±(x, ξ) = (x1 ± 2 + ξ)2 + x2

2 − 1. The feasible region of problem (1) with this setting
consists of two circles centered at (−2, 0) and (2, 0), each of radius

√
0.99. A standard solution is to

consider the penalized objective Fρ with a fixed, time-invariant regularization weight ρ:

Fρ(x) = f(x) + ρ∥E[g(x, ξ)]∥2. (16)

For large ρ, the stochastic gradient descent (SGD) applied to (16) could be unstable, whereas for
too small ρ, SGD applied to (16) could be infeasible. In contrast, SPBM is stable and converges to
the feasible set. This can be seen in Figure 1 comparing SGD on (16) with ρ ∈ {0.0, 1.0, 2.5} and
SPBM.

B PDEs used for PINNs Experiments

The Helmholtz equation reads:

∆u+ u = q(z1, z2), for every (z1, z2) ∈ Ω,

u(z1, z2) = 0, for every (z1, z2) ∈ ∂Ω,

where the function q is chosen as

q(z1, z2) = −π2 sin(πz1) sin(4πz2)

− (4π)2 sin(πz1) sin(4πz2) + sin(πz1) sin(4πz2).

The viscous Burgers equation reads:

∂tu+ ∂z(
1
2u

2 − c∂zu) = 0, for (t, z) ∈ [0, 1]× [−1, 1], (17)

u(0, z) = − sin(πz), for z ∈ [−1, 1], (18)
u(t,−1) = u(t, 1) = 0, for t ∈ [0, 1], (19)

for (t, z) ∈ [0, 1]× [−1, 1], and c = 0.01
π . This setting is the same as in [62].

C Experimental Setup

Architectures and epochs. To get a reliable estimate of the methods’ performance, we conduct
three 30-epoch runs with three different seeds per each experiment for (E1)–(E6); for (E7) and (E8),
we conduct three 6000-epoch runs with three different seeds. For experiment (E1), we use an MLP
with two hidden layers of size 64 and 32. For experiments (E2)–(E4), we use an MLP with 2 hidden
layers with sizes 64 and 16 for (E2) and (E3), and with sizes 128 and 64 for (E4). The experiment
(E5) is benchmarked using a convolutional neural network with two convolutional layers of respective
depths 6 and 16 and a window size of 5, each followed by a 2×2 max-pooling layer, and three
fully-connected layers. The experiment (E6) is benchmarked using the ResNet-18 architecture [63].
For experiments (E7)–(E8), we use a deep narrow MLP with 8 hidden units of size 64.
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Data split and processing. In all cases, we split the data into training, validation, and test sets using
a 60/20/20 ratio representing the distributions Dtrain,Dtest and Dval respectively. All data of Experi-
ments (E1)–(E6) were preprocessed to have zero mean and unit variance using the scikit-learn
package. Data of Experiments (E7)–(E8) were not processed in any way.

The mini-batch size varied by problem: for experiments (E1)–(E4) the mini-batch sizes ranged from
30 to 72 samples, whereas for (E5) and (E6) the mini-batch sizes were 120 and 400, respectively. For
experiments (E7)–(E8) the mini-batch sizes were set to 1000 samples.

Numerical setup. We run the experiments with AMD EPYC 9355 3.5GHz, 2TB RAM, Tesla H200
141GB NVLink (reference will be added for a camera-ready version).

Experiments compute resources for each experiment. We ran all of our experiments on HW
specified in the previous paragraph.
The experiments (E1)–(E4): 1 minutes per run, we use 4x CPUs, 2GB of memory, we did not run
these experiments on GPU.
The experiments (E5)–(E6): 2 minutes per run, 1x H200 GPU, 4x CPUs, 60GB of memory.
The experiments (E7)–(E8): 5 minutes per run, 1x H200, 4x CPUs, 1GB of memory.

Implementation Details The implementation of SSw and SSL-ALM are based on the repository
Kliachkin et al. [38]. We base our implementation of the experiments described in “Solving PDEs as
constrained optimization” in Section 4 on the code repository of Son et al. [8].

Choice of hyperparameters. To determine the hyperparameters, we performed a grid search for
each algorithm averaging the results over three runs to account for random initialization. To transform
inequality constraints into equalities, as required by SSL-ALM, we considered both introducing slack
variables and taking max(gi, 0) for each inequality constraint gi; we conducted a separate grid search
for both options and reported the better-performing one in our plots. For experiments (E1)–(E4), we
selected the combination of hyperparameters which yielded the lowest validation loss while keeping
the validation constraints below the threshold plus a 10% tolerance. For experiments (E5)–(E6), we
were unable to find a combination that would satisfy this requirement; instead, we chose those which
minimize validation loss; For (E7)–(E8), we selected hyperparameters with the best validation loss,
which also corresponded to the best constraint satisfaction. All final hyperparameters are listed in
Tables 5 to 10 in Appendix D together with all grid search ranges.

D Hyperparameters

We list the final hyperparameters in Tables 5 to 12.

Table 5: (E1) Weight regularization constraints, final hyperparameters.

α DUAL LR ρ PENALTY TYPE µ PENALTY UPDATE

ADAM 0.001 ∅ ∅ ∅ ∅ ∅
SSW 0.01 0.1 ∅ ∅ ∅ ∅
SSL-ALM 0.001 0.1 1.0 ∅ 2.0 ∅
SPBM 0.001 0.95 (γ) ∅ LOGARITHMIC 2.0 (8) WITH K = 0.1

Table 6: (E2) ACSIncome, Equal Positive Rate, Manhattan norm of violations (L1 norm), final
hyperparameters.

α DUAL LR ρ PENALTY TYPE µ PENALTY UPDATE

ADAM 0.001 ∅ ∅ ∅ ∅ ∅
SSW 0.001 0.005 ∅ ∅ 1.0 ∅
SSL-ALM 0.0001 0.001 1.0 ∅ 1.0 ∅
SPBM 0.001 0.1 (γ) ∅ LOGARITHMIC 2.0 (8) WITH K = 0.999
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Table 7: (E3) ACSIncome, Equal Positive Rate, Pairwise, final hyperparameters.

α DUAL LR ρ PENALTY TYPE µ PENALTY UPDATE

ADAM 0.001 ∅ ∅ ∅ ∅ ∅
SSW 0.001 0.0001 ∅ ∅ 1.0 ∅
SSL-ALM 0.001 0.005 0.0 ∅ 1.0 ∅
SPBM 0.0005 0.9 (γ) ∅ LOGARITHMIC 1.0 (8) WITH K = 0.999

Table 8: (E4) Dutch, Equal Positive Rate, Pairwise, final hyperparameters.

α DUAL LR ρ PENALTY TYPE µ PENALTY UPDATE

ADAM 0.001 ∅ ∅ ∅ ∅ ∅
SSW 0.005 0.005 ∅ ∅ 1.0 ∅
SSL-ALM 0.001 0.005 0.0 ∅ 1.0 ∅
SPBM 0.005 0.5 (γ) ∅ LOGARITHMIC 1.0 (8) WITH K = 0.8

Table 9: (E5) CIFAR-10, Equal Loss, Pairwise, final hyperparameters.

α DUAL LR ρ PENALTY TYPE µ PENALTY UPDATE

ADAM 0.001 ∅ ∅ ∅ ∅ ∅
SSW 0.01 0.001 ∅ ∅ 1.0 ∅
SSL-ALM 0.001 0.001 0.0 ∅ 1.0 ∅
SPBM 0.001 0.9 (γ) ∅ RECIPROCAL 1.0 p = 1

Table 10: (E6) CIFAR-100, Equal Loss, Pairwise, final hyperparameters.

α DUAL LR ρ PENALTY TYPE µ PENALTY UPDATE

ADAM 0.0001 ∅ ∅ ∅ ∅ ∅
SSW 0.01 0.1 ∅ ∅ 1.0 ∅
SSL-ALM 0.001 0.001 0 ∅ 1.0 ∅
SPBM 0.002 0.95 (γ) ∅ RECIPROCAL 0.1 p = 1

Table 11: (E7) Helmholtz PDE, final hyperparameters.

α DUAL LR ρ PENALTY TYPE µ PENALTY UPDATE β

ADAM 0.001 ∅ ∅ ∅ ∅ ∅ 5
SSL-ALM 0.001 0.005 1.0 ∅ 1.0 ∅ ∅
SPBM 0.0005 0.2 (γ) ∅ LOGARITHMIC .0 (8) WITH K = 0.99 ∅

Table 12: (E8) Viscous Burgers PDE, final hyperparameters.

α DUAL LR ρ PENALTY TYPE µ PENALTY UPDATE β

ADAM 0.005 ∅ ∅ ∅ ∅ ∅ 5
SSL-ALM 0.0005 0.01 1.0 ∅ 1.0 ∅ ∅
SPBM 0.001 0.1 (γ) ∅ LOGARITHMIC .0 (8) WITH K = 0.999 ∅
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D.1 Hyperparameter grid search

In all experiments, we use the PyTorch implementation of the Adam optimizer for the minimization
of the objective (Adam, SSw) and Lagrangian (SSL-ALM, SPBM) functions. In all experiments
except (E1), we set weight_decay=0.01 to provide slight L2 weight regularization.

For experiments (E1) through (E4) an identical grid was employed.

• Adam: learning rate in {0.0001, 0.0005, 0.001, 0.005}
• SSw: {0.0001, 0.0005, 0.001, 0.005} for objective and constraint learning rate
• SSL-ALM: {0.0001, 0.0005, 0.001, 0.005} for objective and dual parameter learning rate; penalty

multiplier ρ in {0, 1, 2}. To deal with inequality constraints, two approaches were tried: slack
variables and thresholding the constraint against 0.

• SPBM: {0.0001, 0.0005, 0.001, 0.005} for learning rate; γ in
{0.1, 0.5, 0.9, 0.95, 0.99, 0.999, 0.9999}; K1 in {0.99, 0.999, 0.9999, 1} (for diminishing
penalty update), and K2 in {0.1, 0.8, 0.9, 0.99, 0.999} (for adaptive penalty update). For these
experiments, only the Quadratic-Logarithmic penalty/barrier function was used.

• Moreau envelope multiplier µ in {0.1, 1, 2} for all methods; in case of SSw, applied to the objective.

For experiments (E5), (E6), the same grid as in (E1)-(E4) was used, but with the following changes:

• choice of objective learning rate for all methods changed to {0.0001, 0.001, 0.002, 0.005};
• choice of the penalty multiplier ρ for the SSL-ALM reduced to {0, 1} based on the results of

previous experiments;
• for SPBM, choice between Quadratic-Logarithmic or Quadratic-Reciprocal penalty/barrier func-

tions introduced.

For experiments (E7), (E8), the same grid as in (E1)-(E4) was used, but with the following changes:

• addition of the physics regularization parameter β for Adam in {0.1, 1, 2, 5} for (E7) and
{1, 5, 10, 100} for (E8)

• dual parameter learning rate increased to {0.0005, 0.001, 0.005, 0.01, 0.05} for SSL-ALM.
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Figure 6: (E1): Weight regularization con-
straints, m = 6: mean loss (top row: train and
test) and mean largest constraint (bottom) val-
ues over 3 runs of 30 epochs of each method with
random parameter initialization. The shaded
region corresponds to ±1 standard deviations.
The red dotted line corresponds to the constraint
threshold.

Figure 7: (E2): ACSIncome, Equal Accuracy,
Manhattan norm of violations, m = 1: mean
loss (top row: train and test) and mean con-
straint (bottom row: train and test) values over
3 runs of 30 epochs of each method with ran-
dom parameter initialization. The shaded region
corresponds to ±1 standard deviations. The red
dotted line corresponds to the constraint thresh-
old.

Figure 8: (E3): ACSIncome, Equal Accuracy,
Pairwise, m = 30: mean loss (top row: train
and test) and mean largest constraint (bottom
row: train and test) values over 3 runs of 30
epochs of each method with random parameter
initialization. The shaded region corresponds
to ±1 standard deviations. The red dotted line
corresponds to the constraint threshold.

Figure 9: (E5): CIFAR-10, Equal Accuracy,
Pairwise, m = 90: mean loss (top row: train
and test) and mean largest constraint (bottom
row: train and test) values over 3 runs of 30
epochs of each method with random parameter
initialization. The shaded region corresponds
to ±1 standard deviations. The red dotted line
corresponds to the constraint threshold.
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Figure 10: (E6): CIFAR-100, Equal Accuracy, Pairwise, m = 9900: mean loss (top row: train and
test) and mean largest constraint (bottom row: train and test) values over 3 runs of 30 epochs of
each method with random parameter initialization. The shaded region corresponds to ±1 standard
deviations. The red dotted line corresponds to the constraint threshold. This is the second version of
Fig. 3, where SSw is not included.

19



F List of Notation

20



NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope?
Answer: [Yes]
Justification: We claim that our method matches or outperforms current existing methods for
constrained non-smooth non-convex stochastic optimization. Such claim is reflected and supported
by the experimental section 4 and by Table 4. Linear time overhead compared to unconstrained
Adam is shown in ther Table 2.
Guidelines:
• The answer [N/A] means that the abstract and introduction do not include the claims made in

the paper.
• The abstract and/or introduction should clearly state the claims made, including the contributions

made in the paper and important assumptions and limitations. A [No] or [N/A] answer to this
question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how much the
results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals are not
attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We acknowledge the limitations in the paragraph 6. Specifically, convergence
guarantees in the non-convex stochastic setting remain an open problem in the field and are
beyond the scope of this work. SPBM is evaluated on two problem classes (fairness-constrained
classification and PINNs), and introduces additional hyperparameters compared to unconstrained
baselines and the other two constrained methods.
Guidelines:
• The answer [N/A] means that the paper has no limitation while the answer [No] means that the

paper has limitations, but those are not discussed in the paper.
• The authors are encouraged to create a separate “Limitations” section in their paper.
• The paper should point out any strong assumptions and how robust the results are to violations of

these assumptions (e.g., independence assumptions, noiseless settings, model well-specification,
asymptotic approximations only holding locally). The authors should reflect on how these
assumptions might be violated in practice and what the implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was only tested
on a few datasets or with a few runs. In general, empirical results often depend on implicit
assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach. For
example, a facial recognition algorithm may perform poorly when image resolution is low or
images are taken in low lighting. Or a speech-to-text system might not be used reliably to
provide closed captions for online lectures because it fails to handle technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms and how
they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to address
problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by reviewers
as grounds for rejection, a worse outcome might be that reviewers discover limitations that
aren’t acknowledged in the paper. The authors should use their best judgment and recognize
that individual actions in favor of transparency play an important role in developing norms that
preserve the integrity of the community. Reviewers will be specifically instructed to not penalize
honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and a
complete (and correct) proof?
Answer: [N/A]
Justification: The paper does not include theoretical results.
Guidelines:
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• The answer [N/A] means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if they appear

in the supplemental material, the authors are encouraged to provide a short proof sketch to
provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented by
formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main experi-
mental results of the paper to the extent that it affects the main claims and/or conclusions of the
paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: The algorithm is described in detail in the section 3. Furthermore, in the section 4 and
appendixC, we: (0) describe in detail the experiments we conducted (1) reference all the datasets
needed to replicate our results, (2) describe and reference (if possible) all network architectures
used, (3) describe data preprocessing, (4) describe how we chose the best hyperparamters for each
method using the gridsearch (details D.1), and give tables with the best hyperparameters found
(details D), (5) we specify hardware in paragraph C, (6) we also give our code as a supplementary
material.
Guidelines:
• The answer [N/A] means that the paper does not include experiments.
• If the paper includes experiments, a [No] answer to this question will not be perceived well by

the reviewers: Making the paper reproducible is important, regardless of whether the code and
data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken to make
their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways. For
example, if the contribution is a novel architecture, describing the architecture fully might
suffice, or if the contribution is a specific model and empirical evaluation, it may be necessary
to either make it possible for others to replicate the model with the same dataset, or provide
access to the model. In general. releasing code and data is often one good way to accomplish
this, but reproducibility can also be provided via detailed instructions for how to replicate the
results, access to a hosted model (e.g., in the case of a large language model), releasing of a
model checkpoint, or other means that are appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submissions
to provide some reasonable avenue for reproducibility, which may depend on the nature of the
contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how to

reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe the

architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should either

be a way to access this model for reproducing the results or a way to reproduce the model
(e.g., with an open-source dataset or instructions for how to construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors are
welcome to describe the particular way they provide for reproducibility. In the case of
closed-source models, it may be that access to the model is limited in some way (e.g.,
to registered users), but it should be possible for other researchers to have some path to
reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instructions to
faithfully reproduce the main experimental results, as described in supplemental material?
Answer: [Yes]
Justification: Yes, we provide code of our experiments with the description and README files.
Guidelines:
• The answer [N/A] means that paper does not include experiments requiring code.
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• Please see the NeurIPS code and data submission guidelines (https://neurips.cc/public/
guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be possible,
so [No] is an acceptable answer. Papers cannot be rejected simply for not including code, unless
this is central to the contribution (e.g., for a new open-source benchmark).

• The instructions should contain the exact command and environment needed to run to reproduce
the results. See the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how to access
the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new proposed
method and baselines. If only a subset of experiments are reproducible, they should state which
ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized versions (if
applicable).

• Providing as much information as possible in supplemental material (appended to the paper) is
recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyperparameters,
how they were chosen, type of optimizer) necessary to understand the results?
Answer: [Yes]
Justification: Yes, we specify all the details about data, hyperparameters, and the rest of the
experimental settings in sections 4 and C.
Guidelines:
• The answer [N/A] means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail that is

necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [Yes]
Justification: All results are reported as mean ± standard deviation over 3 independent runs
with different random seeds, capturing variability due to random initialization and stochastic
mini-batching (Figures 2, 3, 4, 5, Tables 2, 4). Mean and standard deviation are computed using
the standard unbiased estimator. The number of seeds is limited by computational budget. We
specify all the details in the Experimental sections 4 and C.
Guidelines:
• The answer [N/A] means that the paper does not include experiments.
• The authors should answer [Yes] if the results are accompanied by error bars, confidence

intervals, or statistical significance tests, at least for the experiments that support the main claims
of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for example,
train/test split, initialization, random drawing of some parameter, or overall run with given
experimental conditions).

• The method for calculating the error bars should be explained (closed form formula, call to a
library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error of the

mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should preferably

report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of Normality of
errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or figures
symmetric error bars that would yield results that are out of range (e.g., negative error rates).

• If error bars are reported in tables or plots, the authors should explain in the text how they were
calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
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Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the experi-
ments?
Answer: [Yes]
Justification: We specify all details about the needed time, compute and memory in the section C.
Guidelines:
• The answer [N/A] means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster, or cloud

provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual experimental

runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute than the

experiments reported in the paper (e.g., preliminary or failed experiments that didn’t make it
into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS
Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: We have reviewed the NeurIPS Code of Ethics and the research abides by it.
Guidelines:
• The answer [N/A] means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer [No], they should explain the special circumstances that require a deviation

from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consideration due

to laws or regulations in their jurisdiction).
10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative societal
impacts of the work performed?
Answer: [Yes]
Justification: This work proposes a general constrained optimization method applicable to a range
of settings, including fairness-aware classification. On the positive side, it enables practitioners to
enforce fairness constraints during training, reducing discriminatory outcomes in deployed models.
On the negative side, the flexibility of constraint specification could in principle be misused to
encode constraints that entrench rather than mitigate bias, depending on how constraints are
defined by the practitioner.
Guidelines:
• The answer [N/A] means that there is no societal impact of the work performed.
• If the authors answer [N/A] or [No], they should explain why their work has no societal impact

or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses (e.g.,

disinformation, generating fake profiles, surveillance), fairness considerations (e.g., deploy-
ment of technologies that could make decisions that unfairly impact specific groups), privacy
considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied to par-
ticular applications, let alone deployments. However, if there is a direct path to any negative
applications, the authors should point it out. For example, it is legitimate to point out that
an improvement in the quality of generative models could be used to generate Deepfakes for
disinformation. On the other hand, it is not needed to point out that a generic algorithm for
optimizing neural networks could enable people to train models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is being used
as intended and functioning correctly, harms that could arise when the technology is being used
as intended but gives incorrect results, and harms following from (intentional or unintentional)
misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation strategies
(e.g., gated release of models, providing defenses in addition to attacks, mechanisms for
monitoring misuse, mechanisms to monitor how a system learns from feedback over time,
improving the efficiency and accessibility of ML).

11. Safeguards
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Question: Does the paper describe safeguards that have been put in place for responsible release
of data or models that have a high risk for misuse (e.g., pre-trained language models, image
generators, or scraped datasets)?
Answer: [N/A]
Justification: [N/A]
Guidelines:
• The answer [N/A] means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with necessary

safeguards to allow for controlled use of the model, for example by requiring that users adhere
to usage guidelines or restrictions to access the model or implementing safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors should
describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do not require
this, but we encourage authors to take this into account and make a best faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in the
paper, properly credited and are the license and terms of use explicitly mentioned and properly
respected?
Answer: [Yes]
Justification: We give credit to baseline implementations in Section C. Models and datasets are
cited in Sections 4 and C. Ding et al. [24] is used under the MIT License. The code of He et al.
[63] and Kliachkin et al. [4] is used under the Apache 2.0 License. The Dutch demographic
dataset [25] is copyright 2001 Centraal Bureau voor de Statistiek (Statistics Netherlands) and the
Minnesota Population Center.
Guidelines:
• The answer [N/A] means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of service of

that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the package should

be provided. For popular datasets, paperswithcode.com/datasets has curated licenses for
some datasets. Their licensing guide can help determine the license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of the derived
asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to the asset’s
creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [Yes]
Justification: We introduce code as a new asset, provided as part of the supplementary material
as an anonymized zip file. The code is released under the Apache 2.0 license and includes a
README with installation instructions and usage examples reproducing the experiments in the
paper. No external datasets or models requiring consent were used.
Guidelines:
• The answer [N/A] means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their sub-

missions via structured templates. This includes details about training, license, limitations,
etc.

• The paper should discuss whether and how consent was obtained from people whose asset is
used.

• At submission time, remember to anonymize your assets (if applicable). You can either create
an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as well as
details about compensation (if any)?
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Answer: [N/A]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
• The answer [N/A] means that the paper does not involve crowdsourcing nor research with

human subjects.
• Including this information in the supplemental material is fine, but if the main contribution of

the paper involves human subjects, then as much detail as possible should be included in the
main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation, or other
labor should be paid at least the minimum wage in the country of the data collector.

15. Institutional review board (IRB) approvals or equivalent for research with human subjects
Question: Does the paper describe potential risks incurred by study participants, whether such
risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals
(or an equivalent approval/review based on the requirements of your country or institution) were
obtained?
Answer: [N/A]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
• The answer [N/A] means that the paper does not involve crowdsourcing nor research with

human subjects.
• Depending on the country in which research is conducted, IRB approval (or equivalent) may be

required for any human subjects research. If you obtained IRB approval, you should clearly
state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions and
locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the guidelines for
their institution.

• For initial submissions, do not include any information that would break anonymity (if applica-
ble), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or non-
standard component of the core methods in this research? Note that if the LLM is used only for
writing, editing, or formatting purposes and does not impact the core methodology, scientific rigor,
or originality of the research, declaration is not required.
Answer: [N/A]
Justification: LLM usage was limited to editing and formatting.
Guidelines:
• The answer [N/A] means that the core method development in this research does not involve

LLMs as any important, original, or non-standard components.
• Please refer to our LLM policy in the NeurIPS handbook for what should or should not be

described.

26


	1 Introduction
	2 Review of Penalty/Barrier Multiplier Method (PBM)
	3 Stochastic Penalty/Barrier Method (SPBM)
	4 Numerical Experiments
	5 Analysis of the Experiments
	6 Conclusion
	A Motivating example
	B PDEs used for PINNs Experiments
	C Experimental Setup
	D Hyperparameters
	D.1 Hyperparameter grid search

	E Remaining Results Figures
	F List of Notation

