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Abstract

Diffeomorphic image registration (DIR) seeks topology-
preserving transformations and is fundamental in medical
imaging. Existing DIR methods rely on integration schemes
(e.g., scaling-and-squaring) and multiple regularizers to
enforce invertibility. We introduce SGDIR, a continuous-
time registration framework, parameterized by known time-
embedded backbones, that models diffeomorphisms using
only a single semigroup-based regularization, eliminating
explicit integration and auxiliary constraints. We math-
ematically prove that this formulation directly learns the
flow of an underlying ODE, inherently enforcing inverse
and cycle consistencies. We evaluate on eight 2D and 3D
MR and CT datasets. Under strict semigroup enforcement,
our model achieves near-perfect diffeomorphism and signif-
icantly outperforms existing diffeomorphic methods, while
remaining competitive with leading non-diffeomorphic de-
formable models. When the regularization is relaxed, the
same architecture functions as a deformable method and
substantially surpasses state-of-the-art non-diffeomorphic
approaches in registration accuracy. These results demon-
strate that continuous-time deformation modeling, guided
solely by our semigroup-based regularization, yields a uni-
fied framework capable of both rigorously diffeomorphic
mapping and state-of-the-art deformable registration'.

1. Introduction

Diffeomorphic image registration (DIR) seeks smooth,
invertible transformations between images, preserving
anatomical topology - an essential constraint in medical
imaging where folding or tearing leads to invalid mappings
[24, 46, 51].

DIR methods have evolved across three paradigms: tra-
ditional, instance-optimization, and learning-based. Tra-
ditional approaches such as SyN [3], NiftyReg [33], B-
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Figure 1. A performance summary of SGDIR in diffeomorphic
and non-diffeomorphic settings comparing with best performing
(non)diffeomorphic methods in the experiments. SGDIR shows
on-par performance with top deformable models in diffeomorphic
setting and outperforms them in non-diffeomorphic setting.

Splines [39], and LDDMM [6] optimize variational objec-
tives under explicit smoothness constraints, achieving high
accuracy but at prohibitive computational cost. Instance-
optimization methods replace analytic models with neu-
ral networks [21, 43, 47, 54, 55, 59], improving effi-
ciency while maintaining case-specific optimization. Fully
learning-based models [4, 5, 14, 15, 34, 36, 42, 57] further
amortize registration across datasets, enabling rapid infer-
ence.

Most modern DIR frameworks parameterize veloc-
ity fields and reconstruct deformations via scaling-and-
squaring integration [I, 22], coupled with multiple hand-
crafted regularizers (e.g., Jacobian penalties, smoothness
constraints). Time-embedded architectures [23, 37, 38, 45]
and diffusion-inspired models such as DiffuseMorph and
DiffuseReg [28, 58] introduce continuous-time deforma-
tion, but still rely on auxiliary constraints rather than de-
riving diffeomorphism from first principles. Furthermore,
inverse and cycle consistency - critical for medical registra-
tion - are often enforced explicitly rather than being inher-
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Figure 2. Architectures of SGDIR (left), Training scheme (middle) and

inference scheme (right) of SGDIR. DiT blocks are implemented

according to [37]. More details on the architecture can be found in the supplementary materials (Sec. 9).

ent to the model [12, 13, 16, 27]. Unlike prior ODE-based
registration, we do not assume a velocity ODE, rather we
derive it emergently from semigroup consistency.

We propose SGDIR (Semigroup Diffeomorphic Image
Registration), a continuous-time DIR framework that en-
forces diffeomorphism using only a single semigroup-based
regularization, without any integration scheme or auxiliary
constraints. Rather than imposing the full semigroup across
all time pairs, SGDIR enforces a partial semigroup con-
straint (see Sec. 4), and we prove that this weaker condition
alone is sufficient to guarantee that the model learns the flow
of an ODE. This inductive bias inherently ensures invert-
ibility, cycle consistency, and topology preservation. Un-
like existing methods, SGDIR produces temporally contin-
uous deformations at arbitrary time steps without scaling-
and-squaring or smoothness penalties.

To instantiate SGDIR, we adopt time-embedded neural
architectures commonly used in diffusion models, such as
temporal UNets [23, 45] and Diffusion Transformer back-
bones [37], allowing continuous evaluation of deforma-
tion at arbitrary time points. However, our goal is not to
introduce a new architecture; rather, we show that even
standard backbones become inherently diffeomorphic when
trained under our semigroup constraint. Thus, SGDIR
is architecture-agnostic and decoupled from integration
schemes or handcrafted regularizers.

Our contributions can be summarized as the followings:
e We introduce a continuous-time registration framework

that enforces diffeomorphism using only the semigroup
property, removing scaling-and-squaring and all auxiliary

regularizers.

* We mathematically prove that our partial semigroup reg-
ularization compels the model to learn an ODE flow, in-
herently yielding inverse and cycle consistency and near-
perfect diffeomorphism.

* Through a single framework, strict enforcement yields
remarkable diffeomorphic stability (near-zero folding),
while relaxed enforcement becomes a deformable model
that surpasses state-of-the-art non-diffeomorphic meth-
ods.

» Experiments across eight 2D and 3D MR/CT datasets
demonstrate that SGDIR outperforms existing diffeomor-
phic methods and significantly improves topology preser-
vation over deformable methods, without sacrificing ac-
curacy.

2. Related Works

Traditional deformable registration methods estimate spa-
tial transformations by optimizing energy functionals with
regularity constraints. Classical approaches such as SyN
[3] and NiftyReg [33] optimize similarity metrics including
cross-correlation, Normalized Mutual Information (NMI),
and Sum of Squared Differences (SSD). Optical flow-based
methods like Demons [48, 52, 53] and its variants further
refine displacement fields through iterative updates. Flow-
based formulations, notably LDDMM [6], model regis-
tration as geodesic shooting on diffeomorphism manifold,
ensuring topology preservation under large deformations.
DARTEL [2] similarly employs Lie algebra parameteriza-
tions and scaling-and-squaring for diffeomorphic integra-
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tion. More recently, neural optimization methods using im-
plicit representations, such as IDIR [54], DNVF [21], and
NePhi [50], learn deformation or velocity fields directly
in continuous coordinate spaces with Jacobian and hyper-
elastic regularization. NODEO [55] utilizes neural ODEs,
integrating learned velocity dynamics via continuous-time
solvers.

Learning-based registration shifts from pairwise opti-
mization to data-driven prediction across large datasets,
achieving orders-of-magnitude faster inference. Voxel-
Morph [5] pioneered CNN-based registration using UN-
ets with localized NCC and smoothness losses. SYMNet
[34] introduced symmetric velocity learning with scaling-
and-squaring for diffeomorphic guarantees, while LapIRN,
cLapIRN, and PULPo [35, 44] leveraged multi-resolution
refinement to enhance generalization. Transformer-based
models such as TransMorph, TransMatch, and H-ViT [9,
10, 20] replace convolutional backbones with attention
mechanisms for improved long-range correspondence. Cor-
rMLP [31] cleverly uses MLP decoders along with cor-
relation maps for enhanced and lightweight registration.
Diffusion-inspired frameworks like DiffuseMorph and Dif-
fuseReg [28, 58] adopt denoising diffusion processes to
learn temporally continuous deformation fields, though they
require iterative sampling and fixed time grids, leading to
high computational cost. In contrast, our approach em-
ploys time-embedded architectures (UNets and diffusion-
style transformers) to learn continuous-time deformation
fields that are instantly queryable at arbitrary timesteps,
without iterative sampling.

3. Background

Deformable registration seeks a spatial transformation ¢ :
Q0 — R? that warps a moving image I,, : Q@ — R into
alignment with a fixed image /¢ : 2 — R. In diffeomorphic
image registration (DIR), ¢ must be a smooth, orientation-
preserving bijection, typically enforced via a positive Ja-
cobian determinant |J4| > 0 to avoid folding or tearing.
Modern DIR frequently interprets ¢ as the endpoint of a
continuous-time flow {¢; }+¢[0,1}, With ¢o = Id and ¢, used
for warping I,,, to I.

This flow is commonly modeled as the solution to an
autonomous ordinary differential equation (ODE) [2, 6, 17,
32, 34]:

doy
ar v(ot), (1)
¢0(-77) =7,

where v : R3 — R3 is a stationary velocity field. The
ODE formulation guarantees diffeomorphic maps under
mild smoothness of v. In practice, DIR methods estimate
v and recover ¢; using the classical scaling-and-squaring
scheme. Starting from a small-step approximation
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Figure 3. Visual comparison of SGDIR performance on the OA-
SIS dataset with top diffeomorphic and non-diffeomorphic meth-
ods. The deformation grids are overlaid on the warped images.
SGDIR exhibits the smoothest grids with high Dice accuracy.
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which is embedded into the standard registration loss

L =Ei, 1,)~0 [Lsim L o1[Im]) + Lreg(P)], (D)

where Lgin, is a measure of similarity and £,.; denotes
the regularization terms. Also, ¢[I,,] denotes the warping
of I,,, by ¢. A key observation is that Eq. (1) is equivalent to
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Figure 4. Visual comparison of SGDIR performance on the AbdomenCTCT dataset with top diffeomorphic and non-diffeomorphic meth-
ods. The -diff suffix denotes the SGDIR trained with A = 10°, and unsuffixed SGDIRs are trained with A\ = 10%.

enforcing the semigroup property on the deformation family

{e} [8]:
¢O = Id7 ¢t o (bs = ¢t+sv Vtv S. (5)

Semigroup closure ensures temporal consistency: deform-
ing to time ¢ + s is identical to composing deformations at
times ¢t and s. Moreover, if each ¢, is differentiable, Eq. (5)
implies the existence of inverses via

o7t = b, (6)

which guarantees bijectivity and diffeomorphic structure.
In the next section, we show how enforcing only a par-
tial semigroup constraint allows us to bypass scaling-and-
squaring, eliminate auxiliary regularization, and learn ¢,
directly in continuous time.

4. Proposed Method

Let Iy, I, : £ — R be the fixed and moving images,
respectively, sampled from the image distribution D. The
domain Q C R?isa D x H x W cubical region. We seek
a time-continuous deformation field ¢; : Q — R3, ¢t €
[—1,1], ¢o(x) = « that transports I,,, toward I, and vice
versa. We assume that ¢; is the flow of an autonomous
ODE as in Eq. (1) induced by an unknown stationary ve-
locity field v, and therefore satisfies the semigroup property
of Eq. (5). By continuity of trajectories, warping the mov-
ing image forward to time ¢ and the fixed image backward
to time 1 — ¢ must yield corresponding points. Using the
inverse identity of Eq. (6) yields

O ] = e [If] = de[Im)- ©)

Adopting normalized cross-correlation (NCC) as simi-
larity, Eq. (7) gives the following time-continuous similarity
loss.

Lim = —NCC(¢e—1[I1], ¢ [Im)),

In practice, we parameterize ¢;(z) as

vte[0,1. (8)

O1(x;0) = ¢z, t;0) = x + tF (z, t; I, I,,0), (9)

for all t € [—1,1], where F(.;0) is a time-embedded
neural architecture with parameters 6, conditioned on both
images. In our experiments, F(.;6) is instantiated using
different architectures including time-embedded UNet [23,
45] and Diffusion Transformers [37]. Eq. (9) guarantees
¢o(x) = =z, satisfying the identity initial condition of the
Eq. (1).

To ensure that ¢, forms a valid flow map, it must sat-
isfy the semigroup law of Eq. (5). Enforcing the full law
across arbitrary time pairs (¢, s) is intractable in practice.
We therefore introduce a tractable partial semigroup regu-
larization,

Ll = |p2t—1 — ¢t 0 pr—1ll2 + d2t—1 — de—1 0 ¢¢ll2,
(10)

where the second term enforces symmetry, and compo-
sitions are implemented via bilinear interpolation of defor-
mation grids [21, 34-36]. We mathematically show that
Eq. (10) is sufficient to make ¢; a flow map at all ¢ €
[-1,1].

A minimizer of Eq. (10) satisfies

Gat—1 = P 0 Pr_1, Par—1 = G110 Py. (11)

We propose the following theorem and postpone the
proof to appendix (Sec. 7):
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Atlas-Based

Inter-Subject

Type Method Dicet |7 <0% HD9Y5| SSIM? Dicet || <0%! HD95| SSIM?
CycleMorph 82.07+1.20 0.0084 £0.0123 2.79+£051 87.57+ 149 81.584+2.03 0.0173 £0.0086 2.26+0.79 88.10 =+ 1.38
2 GradICON 8453 +£1.52 0.0022+0.0019 223+£055 8590+ 1.65 83.89+1.82 0.0039+0.0012 2.09+0.36 90.17 % 1.19
£ TransMorph-diff 84.63+£ 1.12 0.0091 +0.0115 225+053 8991+ 1.13 83.514+1.52 0.0066+0.0073 235+0.76 91.25 %+ 2.07
g R2Net 80.78 £ 1.47  0.0036 +0.0028 2.63+£0.74 86.14+ 152 80.1141.53 0.0093 £0.0054 2.15+049 87.44 + 1.15
3 NODEO 81.87£3.87 00016400020 238+£099 87.05+£269 81.97+1.39 0.0024+0.0010 2.18+071 87.68+1.93
A SGDIR DiT (A = 10°)  86.53 & 0.82 0.0 £+ 0.0 1.90 £ 052 9145+ 1.01 8590+ 1.94 0.0003 £0.0005 1.87+0.59 92.52+0.97
SGDIR UNet (\ = 10°)  86.16 & 0.89 0.0 + 0.0 196051 9071 £1.01 8536+ 1.67 0.0001+0.0002 1.93+047 92.12 4 1.47
TransMorph 8526+ 1.05 20155404260 2394049 9179+ 1.90 84114130 1.0665+05631 2.26+0.68 91.14 & 1.49
o TransMatch 8154+ 145 00237 +0.0154 237+£057 8822+ 137 8348+ 1.80 0.1493+£0.0151 223+0.66 90.26 & 2.11
< HViT 8538 £0.93 03566400832 2.13+£054 9202+ 1.07 85074105 04812+£00114 192+046 92.13 4139
£ CorrMLP 83.07£091 0.0125+0.0059 2.13+£055 88.32+ 1.88 84.66+ 1.24 0.4640+0.1776 223 +£0.62 90.29 = 1.84
z SACB-Net 81.60 £ 0.61 0.0020 + 0.0013 2.19 =048 86.82+0094 83.17+1.18 0.0184 = 0.0093 233 +£048 88.66 + 2.13
SGDIR DiT (A = 10%)  88.09 = 0.91 04332+0.1121 173+041 93.80+ 115 87.82+077 03982+0.1213 1.83+£065 9532+ 1.08
SGDIR UNet (A = 10%) 87.97 £0.85 0.5991 +£0.1043 1.96+048 9344 +£0.80 87.74+1.13 05018 +0.0243 1.63+0.33 94.60+1.25

Table 1. Quantitative registration results on the OASIS dataset in atlas-based and inter-subject settings. The best result is shown in bold

and the best competitor is presented in blue.

Theorem 1. The deformation ¢.(x) satisfying the composi-
tion rule of Eq. (11) and ¢o(x) = x is an exponential map,
or equivalently, a one-parameter diffeomorphism solving
the autonomous ODE of Eq. (1); see [7].

Following Eq. (4), the overall training objective is de-
fined as

L =E1; 1,,)~D, t~Uni(0,1) [Loim + /\Eég} (12)

where A controls the strength of diffeomorphic regular-
ization. Larger A enforces stricter flow consistency, whereas
smaller values allow deformable flexibility. During train-
ing, we uniformly sample image pairs and time values to
minimize (12). The trained network can warp either im-
age toward the other at arbitrary time ¢, in contrast to prior
methods that predict deformation only at ¢t = 1.

Finally, note that earlier approaches [12, 13, 27] impose
consistency only at the endpoint by explicitly predicting
both forward and backward fields at ¢; and qbfl. In con-
trast, our semigroup formulation yields bidirectional con-
sistency for all ¢t € [—1, 1] without explicit inverse model-
ing.

5. Experiments

5.1. Datasets and Metrics

We evaluate the proposed SGDIR framework on eight pub-
licly available 2D and 3D medical imaging datasets com-
monly used in registration benchmarks, including OASIS
[30], CANDI [26], LPBA40 [41], Mindboggle101 [29],
IXI %, ACDC [40], and the Learn2Reg LungCT and Ab-
domenCTCT datasets °. These datasets comprise TI-

Zhttps://brain-development.org/ixi-dataset/
3https : / / learn2reg . org /

Datasets/

grand — challenge .

weighted brain MRIs, cardiac MRIs, and thoracic and ab-
dominal CT scans, covering diverse anatomies and modal-
ities. Quantitative evaluation is performed using the Dice
score (for datasets with available segmentation maps), tar-
get registration error (TRE; for datasets with annotated
landmarks), 95th percentile Hausdorff Distance (HD95),
structural similarity index measure (SSIM), average sym-
metric surface distance (ASSD), and the percentage of vox-
els with negative Jacobian determinants. Dataset introduc-
tions and preprocessings are detailed in the supplementary
materials (Sec. 8).

5.2. Experimental Settings

For all datasets, we adopt standard training, validation, and
test splits consistent with prior works. Detailed dataset
splitting, subject counts and pair generation protocols for
all datasets are provided in the supplementary materials
(Sec. 8). To ensure fair and transparent evaluation within
page constraints, we report results for the top five perform-
ing baselines in the main text, while full comparison tables
including all methods are provided in the supplementary
materials (Sec. 10). On brain MRI datasets, we present
the complete set of evaluation metrics for OASIS, and re-
port the main metrics (Dice and |J|<(%) for the remaining
datasets in the main text, with full results available in the
supplementary materials (Sec. 10).

We evaluate four variants of SGDIR: two diffeomorphic
models (A = 10°) using time-embedded UNet and Dif-
fusion Transformer (DiT) backbones, and two deformable
counterparts (A = 10%) with the same architectures (Fig. 2).
We compare SGDIR against a comprehensive set of reg-
istration paradigms, including classical diffeomorphic op-
timization (SyN [3]), learning-based diffeomorphic mod-
els (SYMNet [34], LapIRN [35], NePhi [50], PULPo [44],
Transmorph-diff [9], CycleMorph [27], GradICON [49],
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Type Method IXI Mindboggle101 LPBA40 CANDI
Dicet [J]<0%d Dicet [J|<0%d. Dicet [T <0%d. Dicet |J|<0%d
CycleMorph 74.67 £1.33 0.0224 £ 0.0110 70.64 +1.48 0.1282 +0.0873 71.90 £ 1.41 0.0064 + 0.0032 81.37 =+ 1.25 0.0027 + 0.0013
E GradICON 7643 £1.28 0.0018 £0.0022 70.78 £1.52 0.0117 £0.0043 72.21 +£1.26 0.0011 +0.0006 83.39 + 1.09 0.0015 4+ 0.0008
g NePhi 75.34 £1.78 0.0009 + 0.0016  67.91 +1.91 0.0009 + 0.0005 72.39 + 1.33 0.0 + 0.0 79.15 + 1.46  0.0009 + 0.0005
g TransMorph-diff 7598 £2.01 0.0142 £ 0.0098 69.45 +1.66 0.0364 +0.0157 70.98 +1.52 0.0086 + 0.0044 83.20 + 1.14 0.0026 + 0.0012
st PULPo 7391 £2.11 0.0066 + 0.0043 68.69 £ 1.74 0.0287 +0.0104 74.82 £ 1.11 0.0009 + 0.0005 78.38 = 1.57 0.0136 % 0.0047
A NODEO 75.68 £1.82 0.0011 £0.0015 70.18 £1.58 0.0023 +0.0011 72.73 +£1.25 0.0008 + 0.0004 80.60 + 1.26  0.0012 4+ 0.0007
SGDIR DiT (\ = 10°) 80.18 + 1.09 0.0 £ 0.0 71.58 £ 1.12  0.0004 + 0.0003 77.13 + 1.10 0.0 + 0.0 84.50 + 1.08 0.0003 + 0.0002
SGDIR UNet (A = 10°) 80.04 &= 1.02  0.0002 4+ 0.0001  71.20 + 1.45 0.0005 & 0.0002 76.83 & 1.15 0.0 + 0.0 84.36 £ 1.11  0.0001 £ 0.0001
TransMorph 7772 £1.76 12574 +0.7574 71.46 £1.63 1.4883 +0.5328 74.42 +1.33 0.5275+0.1835 84.48 +1.10 0.1059 + 0.0388
o TransMatch 76.80 £ 1.85 0.0406 +0.0120 71.78 £1.49 0.2483 +0.1020 74.13 £1.31 0.0251 £0.0116 82.60 + 1.18 0.0160 % 0.0061
2 HViT 80.67 + 1.67 0.5933 +£0.1028 71.80 & 1.72 1.4051 £0.6153 76.57 + 1.18 0.4428 £ 0.1655 84.67 £ 1.07 0.1368 + 0.0435
g CorrMLP 77.54 £1.68 0.3675+0.2168 71.92 +1.68 0.1895 +0.0782 75.72 +1.27 0.0145 +0.0068 81.96 + 1.25 0.0098 + 0.0043
b SACB-Net 78.15 £ 1.87  0.0201 +0.0099 72.75 £ 1.57 0.3542 +0.1433 7391 £ 1.35 0.0099 + 0.0041 82.75 + 1.22  0.0047 + 0.0021
A DiffuseReg 7213 £1.88 0.5279 £0.2834 71.88 £ 1.54 1.0823 +0.4882 7298 +£1.46 0.0723 +0.0289 79.31 = 1.38 0.0322 + 0.0125
SGDIR DiT (\ = 10%) 83.88 +1.77 0.6036 +0.0893 73.59 +1.38 0.6512 +0.0813 7893 +1.02 0.1821 +0.0731 85.51 +0.96 0.0473 + 0.0157
SGDIR UNet (A = 10%) 83.73 £ 1.52 0.5803 + 0.0988 73.18 £ 1.63 0.6143 4 0.2441 77.09 + 1.08 0.1730 +0.0691 85.28 £ 0.98 0.0331 + 0.0132

Table 2. Quantitative registration results across MRI brain datasets. For clarity, only Dice and topology violation rates (| J| <0 %) are shown.
Full metrics including HD95, SSIM and ASSD are provided in the supplementary materials (Sec. 10). The best result is shown in bold and

the best competitor is presented in blue.

R2Net [25]), and ODE-based approaches (NODEO [55]).
We further include non-diffeomorphic deformable base-
lines (H-ViT [20], Transmorph [9], CorrMLP [31], Diffuse-
Morph [28], DiffuseReg [58], SACB-Net [11], AdaCS [56],
TransMatch [10], VoxelMorph [5]).

SyN is evaluated via DIPY [19] package. All baselines
are reproduced using official implementations and hyper-
parameters. All experiments are done using an NVIDIA
RTX 3090 with 24GB VRAM. Full implementation details
of SGDIR are deferred to supplementary materials (Sec. 9).

SGDIR-diff

DiffuseMorph DiffuseReg VoxelMorph

Figure 5. Visual comparisons of SGDIR performance on the
ACDC dataset with overlaid segmentation masks.

5.3. Results

Tab. 1, and Tab. 2 report comprehensive quantitative com-
parisons on MRI brain scan datasets with available segmen-
tation labels, and Tab. 3 presents the results on the Ab-
domenCTCT dataset. These tables provide the performance
in terms of Dice, HD95, the percentage of negative Jacobian
determinants (|J<|%), SSIM, and ASSD. As mentioned

before, Tab. 2 reports the main evaluation metrics, while the
full set of metrics are reported in appendix (Sec. 10). Tab. 4
summarizes results on the LungCT dataset for which we re-
port the performance in terms of TRE, |J¢|%, and SSIM.
Finally, Tab. 5 provides results on the 2D ACDC dataset,
where registration is performed between end-diastolic (ED)
and end-systolic (ES) frames. For OASIS, we evaluate both
atlas-based and inter-subject settings; all other datasets are
evaluated in inter-subject mode. Metrics are expressed as
mean + standard deviation across the test set. Fig. 3, 4,
and 5 illustrate examples of the registration results on the
OASIS, AbdomenCTCT, and ACDC datasets, respectively.
A comprehensive set of visual results can be found in the
supplementary materials (Sec. 11).

Type Method Dicef 7] <0%1 HDY5| ASSD|
CycleMorph 4256 £2.65 0.0053+00025 13.04+128 477+ 1.08
2 GradICON 410242381 00009 £0.0004 13214133 4.86% 1.19
£ NePhi 4532£224  0.0008 £0.0003 1248+ 119 3.90 & 0.68
g TransMorph-diff 41414272 00034 £00017 12394125 4714076
2 PULPo 4443 +£2.13 00766 +0.0214 1093+ 1.04 3.51 +0.62
A SGDIR DiT (A = 10°) 5223 +2.04 0.0001 +0.0001 1027 +094 2.89+0.38
SGDIR UNet (A = 10%)  53.64 & 2.01 0.0+ 0.0 10.07 £ 0.85 297 £045
TransMorph 46.66 £248 31310 £08113 1261 +£128 432+ 1.12
© TransMatch 4364 +£235 26378+£0.6922 1250+ 122 3.87 +0.94
g HViT 47.66 £2.41 09601 £04175 1011+ 1.10 3.88 £ 0.83
£ CorrMLP 5028 £2.18 0.1656 £ 0.0643 1147 +1.16 3.00 £ 0.53
2 SACB-Net 53384263 09348 +£0.1135 13.09+ 141 3.67+049
SGDIR DIT(\ = 10%) 5415+ 191 0.6244 £ 02184 10.19 £ 089 245+ 0.27
SGDIR UNet (A = 10')  56.57 = 1.83 02683 = 0.0945 9.19 £ 0.78 245+ 031

Table 3. Quantitative registration results on the AbdomenCTCT
dataset. The best result is shown in bold and the best competing
method is presented in blue.

Across Tab. 1-5, SGDIR under diffeomorphic regular-
ization (A = 10°) consistently surpasses state-of-the-art dif-
feomorphic methods in Dice/TRE while matching the ac-
curacy of competitive non-diffeomorphic approaches, and
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Type Method TRE| [T <0%d SSIMt
) LapIRN 293+0.18 0.0043 £0.0014 54.15 +3.05
2 GradICON 2,64 +0.17  0.0009 £ 0.0004 54.06 + 2.86
£ TransMorph-diff 2.89 +£0.18 0.0042 £0.0015 66.85 +2.95
£ R2Net 2994019 0.0211 +0.0068 68.06 + 2.81
B NODEO 2.87+0.18 0.0038 +0.0013  70.80 + 2.74
A SGDIR DiT(\ = 10%)  2.77 £0.77 0.0 + 0.0 66.06 + 2.46
SGDIR UNet (\ = 10°) 2.37 +£0.15 0.0 £ 0.0 66.55 £ 2.61
TransMorph 285+0.17 04767 +0.1546 68.82 + 2.65
9 TransMatch 3.024£0.19  0.1343 +0.0482  67.47 +2.89
g HViT 3224020 0.1791 +£0.0554 46.72 +3.41
g CorrMLP 248 +0.16 02673 £0.0711 55.57 £3.08
2 SACB-Net 3.01+£0.19 09824 £0.2761  70.06 + 2.77
SGDIR DIiT(\ = 10%)  2.57+£0.65 0.0543 +0.0187 70.02 + 2.66
SGDIR UNet (A = 10%) 223 +£0.14 0.0615 +0.0223  70.48 = 2.44
Table 4.  Quantitative registration results on the LungCT

dataset.The best result is shown in bold and the best competing
result is presented in blue.

Method Dicet | 7|<0%4 HDY5|. SSIMt ASSD|
AdaCS 8546+ 112 0.1493 £0.0185 5.56+0.34 8446+ 147 2,12+ 120
VoxelMorph 8026+ 1.28  0.0256 +£0.0067 7.16 =042 85.12+£135 272+173

DiffuseMorph 81.90 £1.35 0.0383 £0.0091 7.34 £0.47 7981 £1.62 2.81+ 1.48
DiffuseReg 8331 £1.21 0.2345+£0.0228 6.17+0.39 82.13 £ 1.54 2354+ 1.31
TransMorph 84.47 £1.18 0.0418 £0.0087 6.24 £0.36 80.08 £ 1.41 2.54 &+ 1.22

TransMorph-diff 82,13 £1.42 0.0012£0.0005 6.55+043 79.56+1.68 2.67+ 1.36

SGDIR DiT(\ = 10°) 85.79 + 1.23 0.0 £ 0.0 515+ 041 8586 +1.79 1.94+ 1.02
SGDIR UNet (A = 10°) 8549 4 1.03  0.0003 +0.0001 5224031 85364129 2.01+£1.10
SGDIR DiT(\ = 10%) 88.07 £ 1.13  0.1277 £0.0312 4.51 £0.49 87.49+1.32 1.70 £0.82
SGDIR UNet (A = 10%) 87.17 +£0.97 0.1656 +0.0174 4.73+0.28 86.91+ .15 1.77 £+ 1.03

Table 5. Quantitative registration results on the ACDC dataset.
The best result is shown in bold and the best competitor is pre-
sented in blue.

significantly reduces topology violations (|.J<o|%) on both
MRI and CT modalities. When the semigroup constraint is
relaxed (A = 10%), the deformable SGDIR variant achieves
further gains, notably outperforming all baselines across
modalities.

On MRI datasets, diffeomorphic SGDIR yields an aver-
age Dice improvement of +2.5% over leading diffeomor-
phic methods, and +2.5% compared to non-diffeomorphic
deformable SOTA. On AbdomenCTCT, SGDIR achieves
over +5% Dice improvement, and on LungCT it reduces
TRE by approximately 10% relative to the best-performing
models. A summary of performance can be seen in Fig. 1.
In all experiments, the proportion of voxels with negative
Jacobian determinants remains consistently low, indicating
that enforcing semigroup consistency over continuous time
effectively induces smooth and anatomically plausible de-
formations.

5.4. Ablation Study

We evaluate the influence of key design choices in SGDIR,
focusing on: (i) the semigroup regularization weight A, (ii)
topology preservation over the time interval, (iii) the effect
of discrete vs. continuous time sampling, and (iv) compu-
tational analysis of SGDIR. Since qualitative trends were

Difference

Moving Fixed

Figure 6. Visual comparison over LungCT dataset. The best per-
forming SGDIR (left), deformable method (middle), and diffeo-
morphic method (right) are shown with absolute difference after
registration.

OASIS LungCT
A Dice T |J]<o|% 4 TRE| [|J]<o% |
10°  85.90 0.0003 237 0.0
10*  87.82 0.3982 2.23 0.0615
10°  84.66 3.1876 2.66 1.0183

102 81.01 6.7403 3.15 3.1098
10 80.23 7.0794 3.78 5.3951
0 79.80 7.8612 3.99 6.7632

Table 6. Effect of A on the Dice, TRE and |J|<¢% over the OASIS
and LungCT datasets.

consistent across datasets, we report all ablation results on
the OASIS dataset for clarity.

5.4.1. Effect of Regularization Factor

The regularization term in Eq. (12) enforces adherence to
the semigroup property, promoting topology-preserving de-
formations. Tab. 6 reports performance across different val-
ues of X in terms of Dice, TRE and |J|.o%. A large A
enforces strict diffeomorphism, yielding zero folding but
slightly reduced accuracy. Reducing A allows greater flex-
ibility and improves Dice/TRE (deformable SGDIR), but
excessive relaxation degrades accuracy. This demonstrates
that semigroup regularization not only prevents folding but
also constrains the deformation trajectory, stabilizing opti-
mization and guiding the model toward more anatomically
valid solutions.
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Figure 7. The Dice score (top) and topology preservation of for-
ward deformation (bottom) of SGDIR variants throughout time.

5.4.2. Diffeomorphism Through Time

Semigroup regularization enforces diffeomorphic consis-
tency across the continuous time domain ¢ € [0, 1]. Fig. 7
visualizes average |J|<0% (bottom) and Dice scores (top)
across time. The Dice score at time ¢ is computed by
warping both fixed and moving images to the same time
point. The bottom panel shows that SGDIR with diffeomor-
phic setting preserves topology perfectly throughout time,
whereas deformable SGDIR only accumulates the folding
near ¢ = 1. The top panel indicates that SGDIR achieves a
consistently high Dice score across all time steps, demon-
strating smooth and invertible transformations without com-
promising alignment accuracy.

5.4.3. Effect of Discrete Time Sampling

SGDIR is trained using continuous time sampling. Here,
we study the effect of replacing continuous sampling with
a discrete set of equidistant time steps in [0, 1]. For exam-
ple, using two time samples corresponds to training only at
the endpoints ¢ = 0 and ¢ = 1. At evaluation, the model
is queried at ¢ = 1 to warp the moving image toward the
fixed image. As shown in Fig. 8, increasing the number of
discrete time samples consistently improves performance in
both Dice score and |.J| <%, with the best results achieved
under continuous sampling. In this figure, the term cont de-
notes the continuous sampling scheme used in our method.

5.4.4. Computational Analysis

We compare the computational efficiency of SGDIR against
both a top-performing non-diffeomorphic transformer-
based model (HViT) and a diffeomorphic integration-based

Dice Score
ES
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2
/
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~
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0.001%

0.0003%
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4
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0.0001%

Number of Time Samples

Figure 8. The effect of training with discrete vs. continuous (cont)
time sampling on the inference for SGDIR DiT (A = 10°).

model (TransMorph-diff). By eliminating expensing inte-
gration schemes, SGDIR achieves near 2x faster inference
speed and half the inference memory usage compared to
TransMorph and HViT (Tab. 7).

SGDIR UNet SGDIRDIiT HVIiT  Transmorph-diff
# Params 12.8M 68.6M 21.2M 46.8M
Train Max Mem 22.6GB 16.12GB 23.2GB 12.2GB
Train Time/Iter 1.34s 1.16s 1.02s 0.98s
Test Max Mem 2.82GB 5.17GB 5.76GB 4.67GB
Test Time/Iter 0.25s 0.22s 0.51s 0.46s

Table 7. Computational analysis of SGDIR reveals the highest in-
ference speed and lowest memory usage compared to top perform-
ing deformable and integration-based diffeomorphic methods.

6. Conclusion

We introduced SGDIR for diffeomorphic image registra-
tion using time-embedded architectures and partial semi-
group regularization. We provided theoretical guarantees
for the partial semigroup regularization to produce diffeo-
morphisms. SGDIR enables the generation of intermediate
warps without numerical integration, while the semigroup
constraint encourages both smoothness and invertibility of
the resulting transformations. Our analysis revealed that
strict regularization yields a state-of-the-art diffeomorphic
model with minimal topology violations, whereas relaxing
the constraint produces a highly flexible deformable variant
that surpasses leading deformable methods. Unlike conven-
tional approaches that rely on auxiliary smoothness or in-
verse consistency penalties, SGDIR achieves diffeomorphic
behavior intrinsically through temporal consistency. Exten-
sive experiments across eight 2D and 3D medical bench-
marks demonstrated consistent improvements in accuracy,
anatomical plausibility, and robustness. These results high-
light SGDIR as a principled and versatile paradigm for dif-
feomorphic/deformable image registration.
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