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Abstract

Zeroth-order (ZO) optimization is a memory-
efficient alternative to backpropagation for fine-
tuning large language models, but its deploy-
ment is limited by the high variance of gradi-
ent estimation. We propose GRZO, a Group-
Relative Zeroth-Order optimizer that draws
one pseudo-independent perturbation per mini-
batch example and aggregates the per-example
losses through group-relative normalization,
raising the effective gradient-direction count
from one to the batch size at no additional
forward cost while preserving inference-level
memory. We prove that GRZO is directionally
unbiased with variance shrinking proportion-
ally to the batch size, yielding a tighter noncon-
vex convergence bound than MeZO. Across
RoBERTa-large, Llama3-8B, and OPT-13B
over multiple tasks, GRZO improves average
accuracy on Llama3-8B by +3.0 over MeZO
while staying within 0.5% of the forward-only
inference memory floor; as a drop-in replace-
ment for the MeZO core, it lifts sparse, low-
rank, and quantized ZO variants by +4.9 on
average.

1 Introduction

Fine-tuning large language models (LLMs) for
downstream tasks remains essential, yet first-
order fine-tuning is expensive: backpropagation
requires storing activations, gradients, and opti-
mizer states, and these costs grow linearly with
model scale. Memory-efficient methods such as
LoRA (Hu et al., 2022), Adapter (Houlsby et al.,
2019), Prefix-Tuning (Li and Liang, 2021), Prompt-
Tuning (Lester et al., 2021), GaLore (Zhao et al.,
2024), CoLA (Liu et al., 2025b), and LaX (Zhang
et al., 2025a) reduce certain memory footprints but
still rely on backpropagation, inheriting most of
its activation-storage cost. Moreover, many practi-
cal objectives—accuracy, F1, reward signals—are
non-differentiable and lie outside the first-order
pipeline; the same barrier arises beyond language

modeling, for instance in analog/RF circuit de-
sign, where the objective is returned by a simulator
that exposes no usable gradient (Tan et al., 2026).
These considerations motivate zeroth-order (ZO)
fine-tuning as a forward-only alternative.

The canonical ZO method for LLM fine-tuning
is MeZO (Malladi et al., 2023a), a two-point
estimator that approximates the gradient from
the loss difference between two perturbed for-
ward passes. Malladi et al. (2023a) report up
to a 12x memory reduction over SGD (Amari,
1993) and AdamW (Loshchilov and Hutter, 2019)
fine-tuning, keeping training memory near infer-
ence levels while remaining compatible with non-
differentiable objectives. The catch is that MeZO
uses a single random perturbation direction per
step; the variance of this estimator grows with
model dimension, producing slow descent and brit-
tle optimization once the backbone reaches the
multi-billion-parameter range.

A growing literature addresses this variance
by reducing the dimension via low-rank (Chen
et al., 2025) or sparse (Liu et al., 2025a; Zhang
et al., 2025b) perturbations; in LLM fine-tuning,
however, the loss landscape exhibits low effec-
tive rank (Aghajanyan et al., 2021; Malladi et al.,
2023b), so the convergence rate can be indepen-
dent of the parameter count. Another direction
designs lower-variance ZO gradient estimators via
control variates (Gautam et al., 2024), Hessian cur-
vature (Zhao et al., 2025a), or minimum-variance
two-point estimators (Ma and Huang, 2025).

Both families buy variance reduction at a cost—a
narrowed update space, extra forward passes, or ex-
tra persistent memory—eroding the inference-level
efficiency that motivated ZO in the first place. We
identify a third, long-overlooked axis for variance
reduction: the mini-batch itself. Existing ZO meth-
ods reuse a single perturbation direction across all
B examples of a step, even though the loss is evalu-
ated per example. Drawing B pseudo-independent
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Figure 1: GRZO at a glance on RTE (Llama3-8B). Left: highest accuracy (81.6%) at inference-level peak memory
(17.82 GB, 40.5% over the forward-only floor) for a 23% per-step time premium over MeZO. Right: fastest

convergence in both training steps and wall-clock time.

directions instead—one per example—would, by
standard Monte Carlo, reduce the SPSA (simultane-
ous perturbation stochastic approximation) (Spall,
2002) estimator’s variance by a factor of 1/B at no
additional forward cost, no parameter-space restric-
tion, and no extra persistent memory. Realizing
this axis efficiently, while preserving MeZQO’s two-
forward-pass budget and inference-level memory
footprint, is the central design problem of this pa-
per.

We propose GRZO (Group-Relative Zeroth-
Order Optimization), which realizes this axis by
drawing B pseudo-independent perturbations via
Flipout-style sign factorization (Wen et al., 2018)
and aggregating the resulting per-example loss dif-
ferences through GRPO-style group-relative nor-
malization (Shao et al., 2024), all within a single
two-forward-pass step. Figure 1 summarizes the re-
sulting accuracy, memory, and convergence profile
on RTE. Our contributions are:

* Algorithm. A ZO optimizer that turns the mini-
batch into pseudo-independent perturbation di-
rections while preserving MeZO’s two-forward-
pass budget and inference-level memory.

e Theory. We show the directional unbiased-
ness and batch-size-scaled variance reduction of
GRZO, yielding a strictly tighter nonconvex con-
vergence bound than single-direction ZO.

* Experimental results. We show that GRZO out-
performs MeZO across models and tasks, and its
sparse, low-rank, and quantized variants on most
tasks. We further show that GRZO is comple-
mentary to sparse, low-rank, and quantized ZO
variants and that they can be combined to achieve
further performance benefit.

A mechanism-by-mechanism comparison of repre-
sentative ZO methods is in Table 4 (Appendix C);

these approaches are largely orthogonal to GRZO
and compose with it.

2 Background and Related Work

2.1 Zeroth-Order (ZO) Optimization

Zeroth-order (ZO) optimization (Nesterov and
Spokoiny, 2017; Ghadimi and Lan, 2013) adjusts
model parameters @ € R using only forward
queries of the loss £(8), avoiding the memory over-
head caused by activation and gradient buffers in
backpropagation. A ZO optimizer still performs
gradient-descent update 6; + 6;_1 — a g, but it
approximates the gradient g via N forward passes

N

g~ VoL(0) = 3 57 [£(6+ &) ~ LO)]€..
=1

ey

with {&;}¥, drawn i.i.d. from an isotropic distribu-
tion p(&) (e.g., N'(0,I) or Rademacher) and p > 0
a small sampling radius. The estimator %9,6 is
unbiased w.r.t. the gradient of the smoothed sur-
rogate f,(0) = E¢o,[L(0 + p&)], but biased
w.r.t. the true gradient VgL (Berahas et al., 2022),
and its variance carries a dimension-dependent fac-
tor O(D/N) at u = O(1/v/N) (Liu et al., 2020;
Duchi et al., 2015; Gao and Sener, 2022).

MeZO, one of the most popular ZO optimiz-
ers for LLM fine-tuning, is the N=1 two-sided
instantiation of Eq. (1): a seed-regenerated direc-
tion & € RP drives two symmetric forward passes
(* = L£(0 + p&; B), and parameters are updated
in place along —a/(¢* — £7)€&/2u without materi-
alizing the perturbation tensor. Two knobs govern
the estimator’s quality: the parameter dimension
D over which its variance scales, and the SPSA
construction itself. The ZO fine-tuning literature
addresses these knobs separately.
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Figure 2: Side-by-side pipeline comparison of MeZO (left) and GRZO (right). By constructing pseudo-independent
perturbations and group-relative normalization, GRZO achieves B effective perturbation directions and 1/ B gradient
variance under the same forward-pass budget compared to MeZO.

2.2 Reducing the Effective Dimension

One family of approaches shrinks the update
space to mitigate the O(D) variance scaling.
DeepZero (Chen et al.,, 2024) and Sparse-
MeZO (Liu et al., 2025a) restrict updates to a spar-
sity mask, and MaZO (Zhang et al., 2025b) extends
masking to multi-task fine-tuning; Low-rank meth-
ods reparameterize the perturbation through low-
rank matrices (Chen et al., 2025) or tensors (Zhao
et al., 2023; Yang et al., 2024). These methods
exploit the low effective rank of LLM fine-tuning
at the cost of full-parameter expressivity. Along
an orthogonal axis, QuZO (Zhou et al., 2025) and
Poor-Man’s Training (Zhao et al., 2025b) reduce
memory via low-bit forward passes without alter-
ing the SPSA estimator.

2.3 Improving the Estimator Construction

A second family of research keeps the full-
parameter update space and injects additional in-
formation into the estimator. MeZO-SVRG (Gau-
tam et al., 2024) pairs each probe with a periodic
full-batch reference for an SVRG-style control vari-
ate, at the cost of doubled persistent memory; Hi-
Z00 (Zhao et al., 2025a) adds a diagonal-Hessian
preconditioner estimated from one extra forward
pass per step; FZOO (Dang et al., 2026) sam-
ples N parallel directions for 1/N-scale variance
reduction at N+1 forwards per step; subspace-
orthogonalization (Lang et al., 2026) decorrelates
the direction sequence across steps; and Ma and
Huang (2025) revisit minimum-variance two-point
estimator design; SharpZO (Yang et al., 2025)
extends the forward-only paradigm to sharpness-

aware VLM prompt tuning. In every case, the
variance reduction is achieved with extra forwards,
extra persistent memory, or both.

3 Method

Both ZO families reviewed in Section 2 reduce
variance at a cost: shrinking the effective param-
eter dimension sacrifices full-parameter expres-
sivity, while enriching the SPSA estimator adds
forward passes or persistent memory. GRZO in-
stead turns the mini-batch dimension itself into
the variance-reduction lever: a single two-forward-
pass step yields B pseudo-independent gradient
directions, preserving the inference-level memory
and two-forward-pass envelope of MeZO. Sec-
tion 3.1 constructs the per-example perturbation
directions via a sign factorization of a shared base
perturbation; Section 3.2 then converts the result-
ing B per-example loss signals into group-relative
weights inspired by GRPO advantages. Figure 2
contrasts the resulting pipeline with MeZO.

3.1 Per-Example Perturbations via
Structured Injection

GRZO constructs per-example perturbations
through a sign factorization originally proposed
for Bayesian weight sampling (Wen et al., 2018).
For a linear layer with weight W € R%uXdin
we first generate a shared base perturbation ma-
trix U € R%u*din in each step from a symmetric
isotropic distribution (e.g., N'(0, 1) or Rademacher
entries). Then for each data sample in {x;, Yi}zB:p
we modulate U with per-example sign vectors
r; € {£1}%w and s; € {£1}% (independent



Rademacher pairs) to obtain
AW; = UO (r8)), 6)

where © denotes the element-wise (Hadamard)
product. This construction yields B pseudo-
independent per-example perturbations from a sin-
gle shared base U, without materializing B sepa-
rate weight copies; see Figure 2 for the pipeline and
Appendix B for the vectorized form. The overhead
is a small constant per linear layer (one extra matrix
multiplication plus elementwise sign modulations).

Lemma 1 (Isotropy and conditional decorrela-
tion). Let z; := vec(AW;) = vec(U ® (r;s]))
with U and {(v;,s;)}2 | as defined above. Then
Elz;z] | = 14,4, marginally and IE’,[ziz;.r | U] =
0 for i # j. Drawing an independent base UY)
and independent sign pairs per layer, the concate-
nation z; = (zl(.l), . ,ZEL)) € RP over all L
perturbed blocks inherits both properties on RP,
where D is the total number of perturbed parame-
ters (Appendix J.6.1).

out din

3.2 Group-Relative Aggregation for
Zeroth-Order Updates

Given the per-example perturbations AW; in
Eq. (2) and a perturbation scale ¢ > 0, exam-
ple ¢ contributes the two-sided perturbed losses
Eii = L(0 + 0 AW;; x;,y;) and the perturbation-
induced loss difference

6=l — 1. (3)

7

GRZO converts {8;}2, into advantage-like
weights via group-relative normalization. We com-
pute the within-batch standard deviation

1 B -2 - 1 B
5 = EZ(éi —3)” with 6 = Ezéi’ (4)
i=1 i=1
and define the group-relative weights
0;
; = : 5
a; s+ e )

Here € > 0 is a small constant to ensure numerical
stability. These weights are scale-invariant under
rescaling of {J; }, decoupling the update from loss-
magnitude drift; two-sided differences also give
E[6;] = 0 by the z; <> —z; symmetry, so the
numerator needs no explicit mean-centering. The
update direction is

1 B
g = %Bz;ai z;, (6)
1=

where z; is the per-example perturbation direc-
tion from the preceding Section 3.1; full pseu-
docode is in Algorithm 1 (Appendix A). The con-
ditional decorrelation in Lemma 1 eliminates the
cross-example covariance terms in Var(g) given
the shared base U; the residual fluctuation of U
itself is not removed by per-example averaging
and is accounted for separately in Theorem 2 (Ap-
pendix J.6).

4 Theoretical Analysis

The construction in Section 3 promises B pseudo-
independent gradient directions per step at no extra
forward cost. We now make this precise. Let D
denote the total number of perturbed parameters
and let z; € RP be the concatenation of example
1’s per-block Flipout perturbations (Lemma 1). All
statements below are for this joint perturbation: a
single loss difference §; probes every block at once,
so the estimator restricted to one block still carries
the perturbations and gradients of all other blocks
and cannot be analyzed in isolation (Appendix J.8).
We first analyze the canonical estimator

Eean = ﬁ Zf;l 0; Z;, (7

and then quantify the finite- B effect of the group-
relative normalization that turns (7) into the GRZO
estimator (6). Proofs are in Appendix J.

Theorem 1 (Unbiasedness). Under standard
smoothness assumptions, E[gcan | 0] = VF,(0) +
O(0?), where F,(0) = E,[F(0 + 0z)| and the
0(02) term is the standard ZO smoothing bias,
exactly zero for Gaussian base noise.

Theorem 2 (Variance Bound). Let my = E[U?k.].
Under the assumptions of Appendix J.6,

D-1
B

2
+ma =) (IVFIP + 5 ) + 0% D*).

Var(gcan) < (||VF||2 +1/2)

Which term shrinks with B. The first term is
the per-example estimation noise: the B condition-
ally decorrelated directions of Lemma 1 average it
down by 1/B. The second term is the fluctuation
of the shared base U, which every example sees
identically and which per-example averaging there-
fore cannot remove. For Rademacher base noise
my4=1 and this term vanishes identically, leaving
the pure 1/B law; for Gaussian noise m4=3 and it
is a batch-independent floor. Its share of the bound
is O(B/D)—below 1078 for an 8B backbone at



B=16—so it is numerically irrelevant at LLM
scale, but it is a second reason, beyond the memory
argument of Section 5.4, to take Rademacher as the
default.

Proposition 1 (Effect of group-relative normaliza-
tion). Let s = E[6}]/(E[62])?, 52 = E[s%], ¢x =
1/(s« +€), and let deg = |VF||) >, (0xF)* be
the participation ratio of the gradient. Then

std(s) [ks — 1 —1/2

Sx S 4B + O(deﬂ )’

and consequently, with A = O(B™' + de}fl ),
E[(VF,,8crz0)] = cx(1 + A)[|[VF, |2 + O(c?)
and Var(garzo) < c2(1+ A) Var(&ean)-

The scalar 1/(s + €) is random and correlated
with can, so it cannot simply be absorbed into the
learning rate. Proposition 1 states what it does in-
stead: it concentrates around c, at rate O(B~1/2)
and perturbs both the descent direction and the vari-
ance by a relative O(1/B), changing constants but
neither the 1/B scaling of Theorem 2 nor the rate
below. This correction grows as B shrinks, which
is the mechanism behind the small-batch instability
of Appendix G; the constant ¢ > 0 additionally
caps 1/(s + €) < 1/e and rules out tail blow-up.

Assumption 1. F} is L-smooth and lower bounded
by F; per-example gradients satisfy E||V{(6; &) —
VF(9)|? < v% and n < min{5x, o0} with k =
% +my — 1.

Theorem 3 (Nonconvex Convergence). Under As-
sumption 1, GRZO iterations satisfy

8(F¢7(00) - F;)
nT
+4Ln B, ()

where [ = %VQ + 2’%}2)1&5041)2 +
O(p*a*D*). (Proof: Theorem 4, Appendix J.8.)

1 T-1 )
T Zg E||VE, (6] <
t=

Comparison with MeZQ. At the same batch
size, MeZO draws a single direction z and eval-
uates the batch-mean loss, so its estimator is
(g, z)z with g = £ ", g;. giving Var(gyezo) ~
(D+ma—2)(||VF||?+1v?/B). MeZO therefore al-
ready averages the data noise over the mini-batch;
what GRZO additionally averages is the directional
noise. Writing r = /2 /|| VF||?, the ratio of the two
bounds at the Rademacher default (m4=1, where
the shared-base term vanishes) is

B+r
1+r

Var(gmezo)

— ¢B4(l—¢) = B,
Var(Gou) cBt(1=c) =: Be

(&)

where ¢ = 1/(1 + r) is the mean pairwise co-
sine between per-example gradients. This gives the
informal “B effective directions” of Section 3 a
measurable meaning: B.g = B when per-example
gradients are perfectly aligned (c=1) and degrades
to 1 when they are mutually orthogonal (c=0), with
c estimable directly from per-example gradients on
the target model; Appendix H measures both c
and the resulting alignment with the exact back-
propagation gradient. With n oc 1/+/T, (8) then
improves MeZO’s stationarity bound by +/Beg:
GRZO reaches an e-stationary point in Beg x fewer
steps at exactly the same two forward passes per
step, without extra perturbation queries. Proposi-
tion 1 additionally requires B large enough for s
to concentrate, consistent with the B > 16 recom-
mendation of Section 5.4.

S Experiments

We consider two architectural families. Masked
language models such as BERT (Devlin et al.,
2019) and RoBERTa (Liu et al., 2019) learn bidi-
rectional representations under a masked-token ob-
jective; auto-regressive language models such as
Llama (Grattafiori et al., 2024) and OPT (Zhang
et al., 2022) predict the next token. We bench-
mark GRZO under full-parameter fine-tuning
(Section 5.1), report memory and per-step time
on Llama3-8B (Section 5.2), show GRZO com-
poses with parameter-efficient ZO variants such as
Sparse-MeZO, LOZO, and QuZO (Section 5.3),
and ablate the components of GRZO (Section 5.4).
Setup. We compare against first-order baselines
(Adam (Kingma and Ba, 2015), LoRA (Hu et al.,
2022)) and zeroth-order baselines (MeZO (Malladi
et al., 2023a), FZOO (Dang et al., 2026)) on clas-
sification tasks from GLUE (Wang et al., 2018)
(SST-2) and SuperGLUE (Wang et al., 2019) (RTE,
CB, BoolQ, WiC, MultiRC, COPA), and QA tasks
SQuAD (Rajpurkar et al., 2016) and DROP (Dua
et al., 2019). On the autoregressive models all
methods train for 20k steps at batch size 16 in
FP16; ZO methods use perturbation scale c=1073.
For RoBERTa-large we follow the k=512 few-shot
protocol of Malladi et al. (2023a), including its
batch size of 64. Hyperparameter details are in
Appendix D.

5.1 Accuracy and Convergence

Masked Language Models. We evaluate GRZO
on RoBERTa-large (350M) under the k=512 few-



Table 1: Results on RoBERTa-large (350M, k=512). FO
methods are marked with orange bullets. Among ZO
methods, the highest accuracy is highlighted in bold.

Method Sentiment NLI Topic

SST-2 SST-5 SNLI MNLI RTE TREC

Zero-shot 79.0 355 502 488 514 320
*LP(FO) 913 517 809 715 731 894

*FT(FO) 919 475 775 700 664 850

MeZO 928 532 830 783 78.6 943
FZOO 930 542 846 799 781 95.6
GRZO 93.3 548 854 791 79.0 94.7

shot setting. Table 1 shows GRZO outperforms
MeZO on all six tasks and FZOO on four of six,
with the largest gains over FZOO on RTE (+0.9)
and SNLI (+0.8). Averaged across tasks, GRZO
reaches 81.1, vs. 80.9 for FZOO and 80.0 for
MeZO.

Auto-Regressive Language Models. We expand
to Llama3-8B and OPT-13B on the same Super-
GLUE+QA suite. Table 2 shows GRZO is the
best ZO method on 8/9 Llama3-8B tasks (aver-
age 78.6 vs. 76.5 FZOO and 75.6 MeZO, +2.0
under the same two-forward-pass budget) and 6/9
OPT-13B tasks (average 70.5 vs. 70.0 FZOO and
67.9 MeZO). The largest gains over FZOO ap-
pear on tasks requiring deeper understanding: +3.4
CB, +5.0 RTE, +7.6 DROP on Llama3-8B; +4.1
DROP, +1.2 RTE, +1.0 COPA on OPT-13B.

Convergence and Wall-Clock Efficiency. Fig-
ure 3 plots training-loss curves on Llama3-8B
(RTE, MultiRC) and OPT-13B (SQuAD, DROP)
against both training steps and wall-clock seconds.
GRZO descends faster than FZ0O and MeZO
across all four panels and reaches a lower final
loss on Llama-RTE, Llama-MultiRC, and OPT-
SQuAD; on Llama-MultiRC in particular, GRZO
matches the final loss of FZOO in roughly half
the wall-clock time. MeZO fails to descend on
OPT-DROP and makes no measurable progress on
Llama-RTE or Llama-MultiRC.

5.2 Memory and Time Analysis

GRZO holds inference-level memory at a modest
per-step time cost. Figure 5 reports a production
profile on Llama3-8B; Figure 4 extends the mem-
ory picture across model sizes.

Memory. We take the forward-only inference
peak as the reference point, since no forward-only

optimizer can go below it; on Llama3-8B (RTE,
fpl6, B=16) it is 17.74 GB, which already in-
cludes activations and workspace on top of the
16.0 GB of weights. Fig. 5a shows that vanilla
GRZO peaks at 17.82 GB, i.e. +0.08 GB or 0.5%
above this floor, so extracting B per-example di-
rections costs essentially nothing in memory. A
memory-optimal in-place MeZO also sits at the
floor (17.74 GB, 4+0.00 GB): GRZO does not use
less memory than MeZO, it obtains B directions
instead of one at the same footprint. We pro-
file MeZO with a fully in-place perturb-restore—
update implementation so that it attains its true
inference-level optimum. The picture carries over
to the combined variants (Section 5.3): the GRZO
family stays within 0.7% of the floor wherever
the paired variant does, and where a variant adds
its own scratch storage—Sparse and quantized
perturbations—GRZO is the cheaper of the pair
by 0.3 and 1.5 GB, the latter within the fake-
quant regime discussed in Appendix E. Figure 4
shows that GRZO tracks the inference footprint
across OPT 1.3B-30B, staying 6—8x below full
fine-tuning.

Per-Step Time. Figure 5b decomposes the per-
step wall-clock cost. A fully in-place MeZO com-
pletes in 790 ms; GRZO fuses the per-example
perturbation into the forward via per-Linear pre-
hooks, making this fused forward ~27% slower
than MeZQ'’s forward-plus-in-place-perturbation
(712 vs. 561 ms). The update shrinks from 229 to
82 ms via sign-vector products, and GRZO totals
973 ms (+23% over MeZO). The added forward
work is one GEMM per Linear layer of the same
shape as that layer’s own matmul, plus two ele-
mentwise sign products; since both scale with the
layer’s own cost, the relative overhead is largely in-
variant to batch size, hidden dimension, and model
size. This per-step cost is more than offset by the
variance reduction (factor of 1/Beg, Theorem 2),
which translates into proportionally fewer optimiza-
tion steps to a target loss (Figure 3). The same
trade applies to combined variants; full per-method
breakdowns are in Appendix E.

Why B Directions Are Memory-Free. The
question is not why GRZO is cheaper than MeZO—
at their memory optima both sit at the inference
floor—but why moving from one perturbation di-
rection to B does not multiply the footprint. Two
mechanisms are responsible. First, GRZO never
materializes a perturbed weight tensor: each layer’s



Table 2: Results on Llama3-8B across SuperGLUE and QA tasks. FO methods are marked with orange bullets.
Among ZO methods, the highest accuracy is highlighted in bold.

Method SuperGLUE (Classification) QA
SST-2 RTE CB BoolQ WiC MultiRC COPA SQuAD DROP
Llama3-8B
* Adam (FO) 96.0 92.0 92.0 86.6 72.6 84.7 89 90.4 59.4
*LoRA (FO) 95.0 809 73.2 86.4 70.7 82.4 89 89.4 58.2
MeZO 92.2 744 69.6  76.7 57.8 77.6 88.0 86.7 57.1
FZOO 93.0 76.6 68.6 81.2 594 77.6 89.0 86.0 574
GRZO (Ours) 934 81.6 720 814 59.8 78.6 89.0 86.2 65.0
OPT-13B
* Adam (FO) 95.3 809 94.6 83.5 66.3 76.2 88 89.5 31.3
*LoRA (FO) 94.8 783  69.6 80.2 64.3 69.4 89 88.0 30.9
MeZO 914 66.1 66.0 67.6 59.4 57.3 88.0 84.7 30.9
FZOO 93.8 76.8 69.6 722 59.4 57.6 87.0 84.8 28.7
GRZO (Ours) 934 78.0 702 704 58.6 57.8 88.0 85.2 32.8
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Figure 3: Training-loss curves on Llama3-8B (RTE, MultiRC) and OPT-13B (SQuAD, DROP) plotted against

training steps and wall-clock time.
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Figure 4: Peak GPU memory (GB) vs. model size for
OPT (1.3B-30B). GRZO tracks the forward-only infer-
ence footprint across scales, so the B per-example di-
rections are obtained without departing from inference-
level memory.

perturbed weight is built transiently inside a for-
ward pre-hook and freed before the next layer runs,
so at most one layer’s worth of perturbation is live
at any moment, independent of depth. Second, the
sign factorization AW,; = U® (r;s; ) compresses
all per-example variation into 1 sign vectors of
size B(dou+din) per layer, so the B-direction esti-

mator carries the same per-layer state as a single-
direction one. The residual +0.08 GB is exactly
these sign vectors and the transient per-layer buffer.

5.3 Combination with ZO Variants

GRZO as a drop-in base for other ZO variants.
We frame GRZO not only as a stronger ZO esti-
mator than MeZO, but as a base on which existing
MeZO variants—sparse (Sparse-MeZO), low-rank
(LOZO), and quantized (QuZO) perturbations—
can be dropped in for further gains. GRZO in-
tervenes only at the MeZO core, swapping the
single-direction perturbation and scalar update
for multi-directional per-example perturbation and
group-relative normalization; sparsity, low-rank,
and quantization act on orthogonal axes of the per-
turbation and remain complementary to GRZO.
Table 3 shows the composition is Pareto-
favorable along two directions. First, every GRZO-
combined variant outperforms its baseline on every
shared task (the sole exception is LO-GRZO at
—0.6 F1 on SQuAD); the most striking case is Qu-
GRZO on DROP, where 52.3 — 63.9 F1 (+11.6)
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Table 3: GRZO with orthogonal ZO baselines on Llama3-8B. Parentheses: (A vs. paired baseline / A vs. vanilla

GRZO). Best per task in bold. QuZO and Qu-GRZO both use 8-bit quantization for weights and perturbations.

Method SuperGLUE (Classification) QA (F1)

BoolQ RTE COPA SQuAD DROP
Z0 variants baselines
Sparse-MeZO (Liu et al., 2025a) 80.5 734 83.0 87.5 48.4
LOZO (Chen et al., 2025) 79.4 72.1 84.0 89.0 65.4
QuZO (int8) (Zhou et al., 2025) 76.8 75.2 87.0 80.6 52.3
Vanilla GRZO
GRZO 81.4 81.6 89.0 86.2 65.0

GRZO combined with orthogonal ZO variants
Sparse-GRZO
LO-GRZO
Qu-GRZO (int8)

85.1 (+4.6/+3.7) 79.4 (+6.0/-2.2) 88.0 (+5.0/-1.0) 89.0 (+1.5/+2.8) 59.3 (+10.9/-5.7)
84.4 (+5.0/+3.0) 75.1 (+3.0/-6.5) 90.0 (+6.0/+1.0) 88.4 (-0.6/+2.2) 65.5 (+0.1/+0.5)
79.3 (+2.5/-2.1) 80.5 (+5.3/-1.1) 91.0 (+4.0/+2.0) 88.6 (+8.0/+2.4) 63.9 (+11.6/-1.1)
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Figure 6: Training loss curves on Llama3-8B comparing vanilla GRZO with the three GRZO-combined variants.

brings the low-bit baseline within 1.1 F1 of vanilla
GRZO (65.0). The quantized pairing benefits twice:
on top of the 1/B variance reduction, low-bit for-
ward passes inflate the scale of the loss differences,
and a MeZO-style update—being proportional to
d—absorbs that inflation as an uncontrolled in-
crease in effective step size, whereas the group-
relative weights divide by an s inflated by the same
factor and are therefore unaffected (Section 3.2).
The gain thus reflects GRZO’s scale invariance
rather than any special interaction with quantiza-
tion; Appendix I measures both effects. Second, the
combinations also beat vanilla GRZO on 8 of 15
task—variant cells, consistently so on SQuAD and

most reliably for LO-GRZO, showing that these
Z0 variants complement, rather than compete with,
GRZO. Fig. 6 confirms both effects in the training
dynamics; two per-variant comparison examples on
SQuAD and BoolQ are in Figure 8 (Appendix F).
The standard ZO taxonomy—sparsity, low-rank,
quantization, and variance reduction—thus reads as
independent axes that can be stacked, with GRZO
supplying the variance-reduction axis that has no
native solution at MeZQO’s forward budget.

Efficiency Benefit of the GRZO Core. Swap-
ping the MeZO core for GRZO inside any ZO vari-
ant improves not only convergence quality but also
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Figure 7: Left: GRZO components on SST-2. Right:
Perturbation ablation on DROP.

resource efficiency. Across the three fpl6 vari-
ant pairings (vanilla, LOZO, Sparse), GRZO+X is
memory-neutral relative to MeZO+X—+0.08 GB
on vanilla and LOZO, and 0.33 GB lower on
Sparse—so the B per-example directions come at
no memory premium. GRZO+X is 6-23% slower
per step than MeZO+X—each forward fuses the
per-example perturbation—but the variance reduc-
tion greatly reduces the number of optimization
steps to a target loss (Figure 6). We exclude QuZO
and Qu-GRZO from this efficiency claim because
our fp16 implementations measure fake-quant over-
head rather than the low-bit deployment regime tar-
geted by Zhou et al. (2025); per-method numbers
and a full discussion are in Appendix E.

5.4 Ablation Study

Two ablations isolate GRZO’s design: which
component—per-example (PE) perturbation vs.
group-relative normalization (GN)—drives conver-
gence, and whether the choice of perturbation noise
distribution materially affects performance.

Component Ablation. Figure 7 (left) compares
full GRZO, GRZO without GN, and GRZO with-
out both PE and GN (a MeZO-style estimator) on
SST-2. Removing GN alone slows descent on this
task; further removing PE degrades it more, show-
ing the two components are complementary—PE
enables efficient batched estimation, GN stabilizes
the gradient signal. GRZO beats FZOO by 4-0.4 on
SST-2 (42.0 on Llama3-8B average; Section 5.1),
ruling out a normalization-only explanation.

Perturbation Type. Figure 7 (right) compares
Gaussian and Rademacher perturbations on DROP;
the two loss curves are nearly indistinguishable,
confirming robustness to the choice of base distri-
bution. We default to Rademacher for its lower
memory overhead and because it is the choice for
which the shared-base variance term of Theorem 2

vanishes exactly (m4=1).

Batch Size Sensitivity. Figure 9 (Appendix G)
shows B=4 diverges and B=8 is unstable, while
B>16 converges smoothly. This matches Propo-
sition 1: group-relative normalization perturbs the
estimator by a relative O(1/B), which is negligible
at B>16 but no longer so once B falls to 4. We
therefore recommend B > 16.

6 Conclusion

We have presented GRZO, a zeroth-order optimizer
that treats the mini-batch as a source of perturbation
directions rather than only loss-averaging samples.
By combining pseudo-independent per-example
perturbations with group-relative normalization,
GRZO extracts a gradient direction from every
mini-batch example under MeZO’s two-forward-
pass budget, greatly mitigating the variance bot-
tleneck of single-direction ZO methods. We have
provided theoretical guarantees on directional unbi-
asedness, variance reduction, and nonconvex con-
vergence. Extensive experiments on multiple mod-
els have shown that GRZO outperforms state-of-
the-art ZO baselines on the large majority of tasks
at inference-level memory, and serves as a drop-in
replacement for the MeZO core that composes with
sparsity, low-rank, and quantization variants. Ex-
tending GRZO to further MeZO variants and full
pre-training of large-scale models remains open.

Limitations

GRZO’s main per-step cost comes from running
two perturbed forwards (¢ and £7) to form a direc-
tionally unbiased two-sided estimate. A one-sided
variant comparing a single perturbed forward to an
unperturbed forward would be faster than MeZO
but at the cost of a biased gradient estimate and
slower descent; building a low-bias one-sided de-
sign is open future work.

Our empirical study covers four ZO fami-
lies (vanilla, Sparse-MeZO, LOZO, QuZO) up
to 13B parameters. Other MeZO variants—
curvature-preconditioned (HiZOO), control-variate
(MeZO-SVRG), and subspace-orthogonalization—
and 70B+ scaling are the most immediate empiri-
cal extensions: the GRZO core swap is mechani-
cally straightforward in each case, but the variance-
versus-stability trade-off and downstream quality
at those settings remain to be verified.



Ethical Considerations

This work uses publicly available pre-trained mod-
els and benchmarks for research purposes, follows
their respective licenses and terms of use, and does
not involve the collection or release of personally
identifiable information. We do not foresee specific
ethical concerns beyond the general risks associ-
ated with large language models. In particular,
GRZO may inherit biases, hallucinations, or mis-
leading patterns from the underlying models and
data. We therefore do not recommend deploying it
as a standalone decision-making system, especially
in high-stakes settings. Any practical use should
include human oversight and task-specific safety
evaluation.
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A  GRZO Algorithm

Algorithm 1 gives the per-step pseudocode for
GRZO, fusing the per-example sign-factorized per-
turbation construction with group-relative normal-
ization. The same random seeds are used for
the perturbation in the forward pass and the seed-
regenerated weight update, so the per-example per-
turbations PZ@) never have to be materialized be-
tween the two phases.

B Additional Background on MeZO and
Flipout

B.1 MeZO as In-Place Two-Point
Zeroth-Order Optimization

MeZO (Malladi et al., 2023a) adapts the classi-
cal two-point SPSA estimator to LLM fine-tuning
with inference-level memory by perturbing param-
eters in place and regenerating the same noise di-
rection from a random seed. Given parameters
0 € RL, mini-batch B, perturbation scale o, and
seed-generated direction z(s), it evaluates

L(0 + 0z;B) — L(0 — 0z; B) ,

20 ’

(10)

g(0;B) =

or equivalently the projected scalar
ot — 0
Gproj = Ty
¢+ = L(6 + o2(s); B),
0~ = L(60 — oz(s); B),

(1)

followed by the in-place update 8 <+ 6 —
7 gproj z(5). This design avoids storing activations
or full perturbation tensors, but because each step
uses only one direction, reducing estimator vari-
ance by averaging more directions increases for-
ward cost linearly.

B.2 Flipout for Pseudo-Independent
Per-Example Perturbations

Flipout (Wen et al., 2018) addresses the inefficiency
of sharing one weight perturbation across an entire
mini-batch. For a linear layer with weight matrix
W € Ruxdin it samples a shared base perturba-
tion U and constructs an effective perturbation for
example 7 as

AW; = UG (r;s; ), (12)

where r; € {&1}%= and's; € {£1}%" are indepen-
dent sign vectors. Stacking a mini-batch of activa-
tions into X, and the sign vectors into matrices R

and S, yields the vectorized form

Y =¢(XW + (X0 SU)oR), (13)

which avoids materializing B separately perturbed
weight matrices while still producing pseudo-
independent example-level perturbations. GRZO
uses this construction to obtain B perturbation-
induced loss signals within the same two-forward-
pass budget used by MeZO.

C Comparison of ZO Fine-Tuning
Methods

Table 4 compares representative zeroth-order fine-
tuning methods across four dimensions: per-
step forward-pass count, extra memory relative
to MeZO, variance reduction mechanism, and
whether backpropagation is required.

D Detailed Experimental Settings

Hardware. All experiments are conducted on
servers equipped with 8 x NVIDIA A100 (40 GB)
or 8x NVIDIA A6000 (48GB) GPUs. Each
Llama3-8B or OPT-13B fine-tuning run on a single
task takes approximately 4—8 hours of wall-clock
time on one such node, and longer for the quantized
variants.

Aggregation. All accuracy and loss numbers re-
ported in this paper are means across 3 runs (differ-
ent random seeds) per task-method configuration.

Implementation. All experiments use PyTorch
with the Hugging Face transformers library
and standard model checkpoints (roberta-large,
meta-1llama/Llama-3-8B, facebook/opt-13b).
LoRA adapters are implemented via the peft li-
brary; AdamW is from torch.optim. F1 scorers
for SQuAD and DROP follow the official scripts
from the respective dataset releases.

RoBERTa-large. We follow the experimental
protocol of Malladi et al. (2023a) exactly, includ-
ing data sampling, evaluation splits, and prompt
templates. Each task uses k=512 labeled examples
per class.

Llama3-8B and OPT-13B. Each task is trained
on 1,000 examples (200 for CB, 350 for COPA),
with a held-out development set of 500 examples
used for learning rate selection and a test set of
up to 1,000 examples. We train for 20,000 steps
with a linear warmup over 500 steps and a constant
learning rate thereafter. The batch size is 16 and



Algorithm 1 GRZO (Group-Relative Zeroth-Order Optimization)

Require: Parameters 6 = {W(Z)}; scale o; batch size B; steps T'; learning rates {n;}; € > 0
1: fort=1,...,Tdo

Sample B;; draw per-example sign vectors {(rge), SEZ))} and layer seeds {seed")}
> Fused forward: two forward passes, per-example perturbations
Regenerate U from seed®); P§£) — ((X;0 SZ@) U¥) e R@(@

2

3 for each layer £ do

4:

5 X, + CONCAT(¢(X, WO +5P\D) ¢(X, WO —oP")))
6 end for

7. 8«4 —¢; foralli=1,...,B

> Group-relative normalization

8: S <4/ % 22(51—5)2 with 6 = % zz 0i,  a; +— (51/(84—6)

9: for each layer ¢ do

> Seed-regenerated weight update

. N 1 £ (L

10: Regenerate U from seed®; M 52 rg )(sg ))—r

1 WO « wO - Ly o M®

20

12: end for

13: end for
Method Fwd passes/step Extra memory vs. infer- Variance reduction BP-free Update space

ence

MeZO (Malladi 2 none (inference level)* — v Full param
et al., 2023a)
HiZOO (Zhao et al., 3 fp32 diagonal Hessian Curvature precondition- v Full param
2025a) ing
MeZO-SVRG (Gau- 2+ periodic reference copy + full-batch SVRG control variates v Full param
tam et al., 2024)* sweep est.
FZOO (Dang et al., N+1 (one-sided) activations from /V parallel N indep. directions v Full param
2026)8 fwds
Sparse-MeZO (Liu 2 mask + mutation Reduced update dimen- v Sparse subset
et al., 2025a) sion
LOZO (Chen et al., 2 inherits MeZO mutation =~ Low-rank subspace con- v Low-rank
2025) straint
LoRA + Adam (Hu 2 (fwd+bwd) full-net activations + Adam — X Low-rank
etal., 2022) state on adapter adapter
GRZO (ours) 2 none (inference level)** B pseudo-indep. direc- v Full param

tions per step

Table 4: Comparison of representative ZO fine-tuning methods, listing the qualitative source of each method’s extra
memory; quantitative measurements appear in Appendix E. *We profile MeZO with a fully in-place perturb-restore—
update implementation, which reaches the inference floor. THiZOO uses one extra forward per step and stores an
fp32 diagonal Hessian. fMeZO-SVRG additionally performs periodic full-dataset sweeps. $Parallel FZOO runs
N perturbed forwards concurrently; a sequential variant trades activation memory for N x wall-clock. **GRZO
applies perturbations via forward pre-hooks, so at most one layer’s perturbation is live at a time; it reaches the same
inference floor while providing B directions rather than one.

we use FP16 precision. The perturbation scale is
0=10"3. Learning rates for GRZO are selected
from {1e-7, 3e-7, 5e-7} based on development set
accuracy; baseline settings follow their respective
sources (Malladi et al., 2023a; Dang et al., 2026).

Perturbed Parameters. We apply full-parameter
zeroth-order fine-tuning: all learnable parame-
ters are perturbed, including linear projection
weights (sign-factorized), embedding matrices
(sparse row-wise perturbation indexed by ac-

tive tokens), and normalization layer parameters
(LayerNorm/RMSNorm). This matches the full-
parameter MeZO setting.

Prompts and Task Formulation. We adopt
the same prompt templates as Malladi et al.
(2023a). For multiple-choice tasks (CB, COPA,
WiC, BoolQ, MultiRC), inference uses candidate
log-likelihood scoring: each candidate is appended
to the prompt and the candidate with the highest
mean per-token log-likelihood is selected. During



training, we apply teacher forcing on the correct
candidate only, computing the loss solely on candi-
date tokens while excluding prompt tokens.

Hyperparameters. Tables 5 and 6 summarize
the hyperparameter settings for all methods. For all
methods, learning rates are selected by grid search
on the development set; the best value per task
is reported. Adam and LoRA use AdamW with
£1=0.9, 82=0.999.

Adam (FO) and LoRA (FO) hyperparameters
follow Malladi et al. (2023a) and prior work.

E Detailed Time and Memory Breakdown

This appendix tabulates the per-step wall-clock de-
composition and peak GPU memory measurements
that underlie Section 5.2 and Figure 5. All num-
bers are from the same production profile: Llama-
3-8B (fpl6), RTE, batch size B=16, 4xA100-
40GB, mean of 80 samples (20 steps x 4 ranks).
In Table 7, Forward sums the per-step forward
passes (two standard for MeZO-family; two fused-
perturbation for GRZO-family); Perturb/Setup
covers perturbation handling (three in-place oper-
ations for MeZO-family; per-Linear sign-vector
and base-noise setup for GRZO-family); Update is
the weight-update step; Other is the residual (loss
reduce + HF Trainer/DDP overhead).

Observations. Two patterns dominate. First,
MeZO-family in-place perturbation cost scales
steeply with the variant’s per-parameter work—
LOZO (1.32x), Sparse-MeZO (1.64x), QuZO
(3.78 %) over plain MeZO—because each variant
traverses all ~8B parameters during perturb, re-
store, and update. GRZO removes this scaling
by representing each per-example perturbation as
B(dow+din) int-8 sign vectors per layer rather
than a per-parameter modification; consequently
the GRZO-family update step is uniformly 82 ms
across all four pairings, and combined-variant per-
turb/setup cost is < 270 ms. Second, on mem-
ory, what separates the rows of Table 8 is the
variant’s own scratch storage, not the choice of
Z0 core: vanilla and LO-GRZO sit within 0.7%
of the inference floor, whereas Sparse-GRZO and
Qu-GRZO carry the sparse mask and quantization
buffers of their paired variant. Pairwise, GRZO
costs +0.08 GB over MeZO on the vanilla and
LOZO pairings and is 0.33 and 1.52 GB cheaper
on the Sparse and quantized pairings, where avoid-
ing a mutated weight copy alongside the variant’s

own buffers pays off.

What the B Directions Cost. Implemented at
their respective optima, MeZO and GRZO both
reach the inference floor, so the question Table 8
answers is not which core is cheaper but what the
extra B—1 directions cost: +0.08 GB, or 0.5%.
Two mechanisms hold it there. Each layer’s per-
turbed weight is constructed transiently inside a
forward pre-hook and freed before the next layer
runs, so at most one layer’s perturbation is live
at any moment regardless of depth; and the sign
factorization compresses all per-example variation
into B(doyut+din) int-8 sign vectors per layer, so the
per-layer state of the B-direction estimator matches
that of a single-direction one. Neither term scales
with Bx the parameter count, which is what a
naive B-direction estimator would pay. The LOZO
pairing reproduces this exactly: +0.04 GB for
LOZO and +0.12 GB for LO-GRZO over the floor,
again +0.08 GB for the extra directions. Sparse
and quantized pairings are instead dominated by the
variant’s own per-parameter scratch storage, which
is common to both families rather than attributable
to the ZO core.

Caveat: FZ0OO Variant Ambiguity.
FZOO (Dang et al., 2026) admits both se-
quential and batched-parallel perturbation variants
with substantially different wall-clock and memory
profiles (the latter trading O(N) activation mem-
ory for near-MeZO wall-clock). Reporting either
single number would mischaracterize the method,
and the choice is implementation-dependent rather
than algorithmic. We therefore restrict the FZO0O
comparison to accuracy, which is independent of
the parallel/sequential choice.

Caveat: QuZO and Qu-GRZO Profile Numbers.
The peak-memory and per-step wall-clock num-
bers reported by Zhou et al. (2025) for QuZO (their
Tables 4 and 5; Appendix C) come from a Cutlass
INTS kernel that stores weights in packed int4/int8
format and dispatches GEMMs onto integer Ten-
sor Core paths; this kernel is not part of the public
release. The released code (gft mode) simulates
low-bit fine-tuning by fake-quantizing weights in-
side each forward pass while retaining fp16 stor-
age and fp16 compute, and our QuZO and Qu-
GRZO implementations follow the same paradigm.
Profiling either method on A100 in fp16 therefore
captures fake-quant overhead, not the weight foot-
print and INT8-GEMM throughput that drive the



Table 5: Hyperparameter settings for RoOBERTa-large (k=512).

Method Hyperparameter Value

MeZO Batch size 64
Learning rate {le—7, be—7, le—6}
Perturbation o le—3
Weight decay 0

FZO0O Batch size 64
Learning rate {le—5, le—4, 5e—4}
Perturbation o le—3
Weight decay 0

GRZO (Ours) Batch size 64
Learning rate {le—6, le—5, be—5}
Perturbation o le—3
Weight decay 0

Table 6: Hyperparameter settings for Llama3-8B and OPT-13B.

Method Hyperparameter Llama3-8B OPT-13B
MeZO Batch size 16 16
Learning rate {le—7, 1le—6, 1le—5} {le—7, le—6, le—5}
Perturbation o le—3 le—3
Weight decay 0 0
Training steps 20,000 20,000
FZ0OO Batch size 16 16
Learning rate {le—5, be—5, le—4} {le—5, be—5, le—4}
Perturbation o le—3 le—3
Weight decay 0 0
Training steps 20,000 20,000
GRZO (Ours) Batch size 16 16
Learning rate {le—7, 3e—7, 5e—T} {le—7, 3e—7, be—T}
Perturbation o le—3 le—3
Weight decay 0 0
Training steps 20,000 20,000

Table 7: Per-step wall-clock breakdown (ms) across all profiled methods. Totals are production measurements;

column definitions are given in the text above.

Method Forward Perturb/Setup Update Other Total
MeZO family (in-place perturbation, two forward passes)

MeZO 243 318 229 0.1 790
LOZO 243 421 268 0.1 932
Sparse-MeZO 216 520 292 0.1 1028
QuZO 243 1203 538 0.1 1984
GRZO family (fused per-example perturbation, two forward passes)
GRZO 712 50 82 129 973
LO-GRZO 713 61 82 134 990
Sparse-GRZO 702 170 82 235 1189
Qu-GRZO 709 208 82 1567 2566

deployment numbers of Zhou et al. (2025); the
QuZO and Qu-GRZO rows in Tables 7-8 should
be read as fake-quant simulation, not as compara-
ble to QuZO’s Table 5. We therefore omit QuZO

and Qu-GRZO from the cross-variant memory and
time claim in Section 5.3. Their accuracy entries in
Table 3 apply paper Algorithm 1 with identical W8
weight and perturbation quantization to both meth-



Table 8: Peak GPU memory per step (GB), same setup as Table 7. The forward-only inference peak is 17.74 GB;
Over floor = peak — inference floor, in GB and as a percentage. MeZO-family methods are profiled with fully

in-place implementations.

Method Peak (GB) Over floor
GB %
Forward-only inference 17.74 — —
MeZO family
MeZO 17.74  +0.00 0.0
LOZO 17.78  +0.04 0.2
Sparse-MeZO 2464 +6.90 38.9
QuZO 20.66 +2.92 16.5
GRZO family
GRZO 17.82  +0.08 0.5
LO-GRZO 17.86  +0.12 0.7
Sparse-GRZO 2431 +6.57 37.0
Qu-GRZO 19.14 +1.40 7.9
Llama3-8B-SQUAD Llama3-8B-SQUAD Llama3-8B-SQUAD
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Figure 8: Per-variant GRZO+X vs MeZO+X training-loss curves on Llama3-8B. Left: SQuAD. Right: BoolQ.

ods and remain apples-to-apples. Within the fake-
quant regime on A100, Qu-GRZO is still empiri-
cally more memory-efficient than QuZO (though
29% slower per step, the largest per-step premium
of the four pairings); this memory advantage stems
from forward-hook streaming rather than storage
precision, and would persist or amplify on true
low-bit hardware.

F GRZO-combined Variants
Convergence Examples

Figure 8 shows per-task training-dynamics views
of GRZO+X versus its paired MeZO variants and
vanilla GRZO baseline on SQuAD and BoolQ
(Llama3-8B).

G Batch Size Sensitivity

Figure 9 shows training loss curves for GRZO
across batch sizes B € {4, 8,16, 32} on two tasks:
SST-2 (Llama3-8B) and COPA (OPT-13B). The
results corroborate the theoretical prediction in Sec-
tion 5.4: the group-relative normalizer requires a
stable within-batch loss standard deviation s to pro-
duce reliable advantage weights, and this stability
breaks down at very small batch sizes.

H Alignment with the True Gradient

We compare each single ZO gradient estimate
against the exact backpropagation gradient on one
pretrained Llama3-8B decoder block (218M pa-
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Figure 9: Batch size sensitivity of GRZO. Left: Llama3-
8B/SST-2. Right: OPT-13B/COPA. B=4 diverges;
B=8 unstable; B>16 converges stably.

rameters), over 3,000 paired trials per batch size.
Table 9 reports the cosine similarity between the es-
timate and the true gradient. In 218M dimensions
the absolute cosines are small for both methods, but
GRZO’s grows with B while MeZQ’s is flat, which
is the behaviour predicted by (9): MeZO draws one
direction regardless of B, whereas GRZO draws
one per example. On the same block, the mean
pairwise cosine between per-example gradients is
c = 0.83, which by (9) gives B.g ~ 13 at B=16.

Table 9: Cosine similarity to the exact backpropagation
gradient on a Llama3-8B decoder block (218M param-
eters), in units of 10°, mean =+ standard error over
3,000 paired trials per B.

B GRZO MeZO Ratio
1 5.280 £ 0.072 5.420 £0.073 0.97
4 11.87+£0.091 5.330+0.074 2.23
8 17.21 £0.094 5.329 +£0.075 3.23
16 24.51£0.096 5.346£0.075 4.58
32 34.80£0.099 5.339+£0.075 6.52

I Effect of Quantization on the
Loss-Difference Scale

To separate the effect of quantization on the loss
differences from its effect on the update, we run
a controlled MLP probe (B=16, 20k trials) with
and without W4 weight quantization. Quantiza-
tion raises the dispersion of the per-example loss
differences from std(d) = 0.0119 to 0.0493, a
factor of 4.15. Table 10 reports how this propa-
gates to the mean update norm for the MeZO esti-
mator, the unnormalized canonical estimator, and
GRZO0. MeZO and the canonical estimator scale by
4.13x and 4.15x respectively, matching the dis-
persion increase; GRZO changes by 1.00x, since
the group-relative weights a; = 6;/(s + €) divide
by a within-batch standard deviation that is inflated

by the same factor.

Table 10: Mean update norm with and without W4
weight quantization, on a controlled MLP probe (B=16,
20k trials).

Estimator No quant. W4  Change
MeZO 66.6 274.8 4.13%x
Canonical (unnorm.) 75.6 313.9 4.15x
GRZO 13.42 13.44 1.00x




J Unbiasedness and Smoothing Bias of GRZO

J.1 Estimator Definition and Scope

Joint Parameterization. GRZO perturbs all trainable blocks at every step, and each loss difference d;
is produced by perturbing them simultaneously. The analysis is therefore carried out on the concatenated
parameter vector rather than one block at a time; Appendix J.8 explains why a per-block treatment is
unavailable. Let

0 = (Vec(W(l)), . ,vec(W(L))) e RP, (14)

with D = S r—1 Oﬁ)tD(g) the total number of perturbed parameters, and for each example i € {1,..., B}
let
z; = (zgl) . (L)), zl(g) = vec(U(f) ©(r Z(Z)( y)) )), (15)

v ’ z
with an independent base U®) per block and independent Rademacher sign pairs (r (r E ), f )) per block and
example. Writing u € R for the concatenated base entries and v; € {1} for the concatenated sign
pattern, (15) reads compactly as z; = u © v;. Every result below uses only this form, so all statements
hold verbatim for a single layer (L=1, D = DgyDip).

The two-sided losses and their differences are
GF=00+02;8), 0i=6 — 1. (16)

Canonical Two-Sided ZO Estimator. The standard (canonical) two-sided estimator is

gcan = ZUB Z 0; Z;. (17)

This serves as the theoretical baseline from which GRZO departs.

GRZO Estimator (Group-Relative Normalization). GRZO computes the within-batch standard
deviation

_ |1 S 5)2 s_ 1 2
5= B;(@é), 6_B;5i’ (18)
defines group-relative weights a; := d; / (s + €), and forms
| B
garzo(0) = 5 ;ai z;. (19)

The scaling by 1/(s + €) makes the update invariant to the magnitude of {0, }, analogous to advantage
normalization in GRPO (Shao et al., 2024). Because two-sided finite differences satisfy E[d;] = 0 by
symmetry of z; <> —z;, no explicit mean baseline is subtracted from the numerator.

J.2 Marginal Distribution of Flipout Perturbations

We only need the marginal distribution of z; for unbiasedness. Let U have i.i.d. entries U and let
r; € {£1}P,s; € {£1}P be independent Rademacher vectors. Then each coordinate of z; is of the
form

(i) iy = U - (6)5 - (80 (20)
i.e., a sign flip of U .

Gaussian Base Noise (Exact). If Uj;, ~ N(0, 1), then (z;)(; ) ~ N (0, 1) as well, because multiplying
a standard normal by an independent +1 does not change its distribution. Hence z; ~ N(0,1p)
marginally.



Rademacher Base Noise (Isotropic, Symmetric). If Uj. ~ Rad(+£1), then (z;)(; ) ~ Rad(+£1)

marginally. In either case, z; is symmetric (z; 4 —z,;) and isotropic (E|[z;] = 0, E[ziz:] =1Ip).

J.3 Unbiasedness w.r.t. a Smoothed Objective (Gaussian Case: Exact)

In the Gaussian case, define the Gaussian-smoothed population objective

Fy(0) := Eyun(01,) [F(0 + ou)]. (21)
By Stein’s identity, we have
1
VF,(0) = —Ey[F(6 4+ ou)u]. (22)
g

. . d . oy
Using symmetry of the Gaussian, u = —u, we obtain the antithetic form:

1
VE,(0) = 5-E, [(F(G +ou) - F(6 — ou)) u} . 23)
Now consider a single-example objective f;(0) := E¢, [¢(0;&;)]. If z; ~ N(0,Ip) marginally (Ap-
pendix J.2), then applying (23) to f; yields

Ez. |:fz(0 + O'Zi) — f,(@ — O'Zi)
! 20

} V£ (6). 24)

where f; ; is the Gaussian smoothing of f;.
Taking expectation over the mini-batch sampling and averaging over ¢, linearity of expectation gives
the unbiasedness of the canonical estimator:

E[gen(0)] = VF,(0). (25)

GRZO as Self-Normalized Estimator. GRZO applies a positive self-normalization to the canonical
estimator. Since a; = 0;/(s + €), the estimator factors as

B

1 1 1
[ 0) = C— 0;Z; = -2 (0). 26
gGrzo(0) P QUB; %= o 8ean(0) (26)

The scalar 1/(s + €) depends on {z;}2 | through {4;}; it is therefore random and correlated with g,
and cannot be factored out of the expectation or absorbed into the learning rate by taking expectations.
Equivalently, the GRZO update can be written as 6,1 = 0; — 7 8can(6;) with a random effective step
size 7, := 1 /(8¢ + €), paralleling the FZOO (Dang et al., 2026) convergence framing. Rather than assume
that s concentrates, we bound its finite-batch effect directly in Appendix J.6.6: with ¢, = 1/(s4« + €),

52 = E[s?], Lemma 3 and Corollary 1 give

E[gorz0(0)] = cx(1+ O(B '+dy)) VE,(8) + O(o?). 27)

GRZO is thus direction-preserving up to an explicit finite-batch correction that vanishes as B grows, and
the convergence analysis (Appendix J.7) runs on the effective step size 77 = 7 ¢, with this correction
carried through the constants.

J.4 Taylor Expansion View (General Symmetric Isotropic Directions)

This subsection provides an alternative derivation via Taylor expansion, which applies to any symmetric
isotropic direction distribution (including Rademacher).
Assume f(6) is three-times differentiable and its third derivative tensor is bounded:

IV2£(0)]lop < p, V6. (28)



For a fixed direction z, a third-order Taylor expansion gives

2 0.3
f(8+02) = [(8) +0(Vf(0).2) + o2 V2f(0)z+ —V’[(0)z,2,2] + O(c'|zl|'), (29

2 6
2 0.3
[0 —02) = [(8) = o(V[(0),2) + 2 V2 [(0) 2~~~V [(0)[2,2,2] + O(c*[2]").  (30)
Subtracting,
0.3
f(0 +o0z) — f(0 —oz) =20(V f(0),2) + gV?’f(H)[z, z,2) + O(0°|2|). (€3]

Plugging (31) into the two-sided estimator for a single direction,

f(@+o0z)— f(0 —0z)
20

2
2= (Vf(0). 5+ TV fO)e,5 75+ O ). ()
Taking expectation over a symmetric isotropic z with E[zz ] = I yields

E[(V/(6),2)z] = E[zz'|Vf(8) = V[(8). (33)

For the remainder, symmetry implies cancellation of odd moments and (28) implies

o2 3 o? 4 2
&%V @)a.da) | < 5 plal = 0l G4

Therefore,

= V£(0) +O(c?). (35)

. [f(9+0z)2—0

f(0 — o2) }

Averaging over examples yields E[g..,(0)] = VF(0) + O(c?).

J.5 Smoothing Bias: Smoothed vs. Original Gradient

We bound | VF,(6) — VF(0)||. Assume V2F is p-Lipschitz (equivalently, (28) holds for F'). Then for
any u,
VF( + ou) = VF(0) + V?F(0) ou + R(6,u), |R(0,n)| < 02|\u\|2 (36)

Taking expectation over u ~ N (0,Ip) (or any symmetric isotropic distribution), the linear term vanishes
since E[u] = 0, giving

[VE,(8) ~ VE@)| = [E[VF(© +ow)] ~ VEO)| = [ERO.W)]| < 2o’Elul>. (7
For Gaussian u ~ N (0,Ip), E||u? = D, hence
IVE,(8) - VF(9)| < £o’D. (38)

Remark (Weaker Assumption). If we only assume F' is L-smooth (i.e., VF' is L-Lipschitz), then one
can obtain the weaker bound ||V F,(0) — VF(0)| < Lo E|u|| = O(c+/d) for Gaussian u.
J.6 Second Moment and Variance Bound of GRZO

Setup. Let & € RP be the concatenated parameter vector of Appendix J.1. For each flattened example
i € {1,..., B}, define the Flipout perturbation z; = vec(AW;) with AW; = U ® (r;s] ) as in (15).
Consider the two-sided loss difference §; = £(0 + 0z;;&;) — £(0 — 0z;; ;) and the canonical estimator

9(9) = gcan 203 Z 0 Zj. (39)



Assumptions for This Subsection. We assume: (i) ¢(-;&) is three-times differentiable and
[V3(6;€)|lop < p; (ii) the per-example gradients are bounded in second moment: E[|V{(6;¢)||? <
|VE(0)|> + v?; (iii) the base noise has i.i.d. entries with E[U?k] = 1 and fourth moment 1,4 := E[U?k]
(Gaussian: my4 = 3, Rademacher: my4 = 1).

J.6.1 Key Conditional Independence

Let u = vec(U) € R and define the sign vector v; = vec(r;s; ) € {1}9. Then

zi =u®v;. (40)

Since {(r;,s;)} 2, are independent across i, the sign vectors {v;}2 | are independent across i. Therefore:

Lemma 2 (Conditional independence and moments). Conditioned on U (equivalently, on u), the pertur-
bations {z;}2. | are independent. Moreover,

Elzi | U =0, Elmz |U]=diag(u®) = Ay,  Elzz] [ U] =0(i #j).

Unconditionally, E[z;z. | = Ip.

Proof. Given U, each coordinate satisfies (z;), = ug(vi)r with E[(v;);] = 0 and E[(v;)r(vi)x] = 0 for
k # k' (factorized Rademacher signs). Independence across 4 follows from independence of {v;}. O]
J.6.2 Taylor Reduction from Perturbation Products to Quadratic Forms

Fix & and denote g; := Vg/(8;&;). By the third-order Taylor expansion (see Appendix J.4), for each i
there exists a remainder R; such that

5 =20(giz) + R,  |Ri|< §03||z2~||3. (41)
Plugging into d;z; gives the decomposition
62'Zi =20 (<gi;zi>zi) =+ Rizi . (42)
N—— ~~~
=q; =€
Hence
1< 1 &
q0)=—= i — i 43
9(6) B;q+2aB;e 43)

J.6.3 Expanding the Estimator Second Moment: Diagonal and Cross Terms

Conditioning convention. Throughout this subsubsection and the next, we compute second-moment
expressions treating the per-example gradients g; = Vg/(8;&;) as held fixed, i.e. all expectations are
conditioned implicitly on {¢;} ?:1. The outer data expectation [, is applied at the final substitution step
(59) via the standard bounded-variance bound Y, E, ||g:||> < B(||VF(0)]|* + v?) from assumption (ii).
Inner conditional expectations E[- | U] average over the per-example sign vectors {v;} only; the outer
expectations [E[-] average additionally over U.

We first analyze the leading term % Y, q;. Using || >, ;| = 3, llas||* + D it a; aj,

1 B
B;Qi

Diagonal Term. Condition on U and q;. Note that ||z;||> = ||u/|? does not depend on v;. Moreover,
q; = (8, zi)z; implies

2 B
1 1
E =55 2 _Elail® + 55 ) Ela/ aj]- (44)
=1

= i#j

lall® = ((gi, 2:))? ||zl
Using Lemma 2 and E[({g;,z;))? | U] = g/ Aug; = Zszl gfkuz we get

D
Ellaul? = E[l[ul? - g] Aves| = 3 g2 B[ Jul*]. (45)
k=1



For i.i.d. coordinates with E[u7] = 1 and E[u}] = my,

E(|[ul®u;] = E[u] + > E[uf|E[uf] = mg + (D — 1), (46)
o+
Thus
Ellqil|* = (D — 1+ my) |lgll*- 47)

Cross Term (Second Moment). For 7 # j, conditioned on U the vectors z; and z; are independent
(Lemma 2), hence q; and q; are conditionally independent. Therefore

Elq; q; | U] = E[q; | U]"E[q; | UJ. (48)

Moreover, E[q; | U] = E[{g;,zi)z; | U] = E[z;z; | Ulg; = Augi. Thus, per the conditioning
convention above (gradients g; held fixed in expectation),

D
Elq, q;] = E[g/ Ayg] = Zgi,kgj,k Elug] = ma4 (g, 8;)- (49)
k=1
Under i.i.d. data sampling, the subsequent outer data expectation gives E¢[(g;, g;)] = [|[VF(8)|? for

i # j. Centering removes the part of this contribution proportional to ||g||?, but—because the B
perturbations share one base U—not all of it: the residual reappears as the shared-base term (56) of
Subsubsection J.6.4.

Putting Diagonal + Cross Together. Combining (44), (47), and (49), we obtain

—1 —|—m4
Zqz ZII gill? + (g, 8;5)

g

(50)

B
D -1
=Y el +
=1

J.6.4 Variance via the Law of Total Variance

The quantity above is a second moment. We now bound the variance of Q := % >, g around its mean
E[Q] = g, where g := % >, 8. Conditioning on the shared base U and applying the law of total
variance,

Var(Q) = E[Var(Q | U)] + Var(E[Q | U]). (51)

(I) per-example noise (IT) shared-base noise

Both terms must be retained: conditioning on U removes the cross-example covariance, but the fluctuation
of U itself is common to all B examples and is therefore not reduced by per-example averaging.

Term (I): Per-Example Noise. Let q; := q; — E[q; | U]. Conditioned on U, the {q;} are independent
and zero-mean by Lemma 2, so for i # j,

Elq/ q; | U] =0, (52)
and hence
Var(Q | U) = 53 ;E lall* | U] (53)

Taking the outer expectation over U and using (47) together with E||E[q; | U]||?> = E||Avug:|® =
magill?,

Elall* = Ellq|* - E|[E[q; | U]|*
= (D =1+ ma)gl® - mallgil® = (D - D)eil, 54



so that

B

D-1

M= —%—> il (55)
=1

This is the term that Flipout decorrelation reduces by a factor 1/B.

Term (II): Shared-Base Noise. By Lemma 2, E[q; | U] = Ayg;, so E[Q | U] = Ayg with
E[Ay] = Ip. Therefore

D
() = E|Avgl* — llgl* = > _ 7 (Eluy] — 1)
k=1
= (ma—1) |g]*. (56)
Term (II) carries no 1/B factor: it depends on the mini-batch only through the mean gradient g.

Remark (Gaussian vs. Rademacher). For Rademacher base noise m4 = 1, term (II) vanishes identi-
cally and Var(Q) is exactly the 1/B-scaled expression (55). For Gaussian base noise m4 = 3 and term
(I) equals 2||g||?, a floor that persists as B — co. The degenerate case D = 1 separates the two terms
unambiguously: (55) is then identically zero, whereas for Gaussian base noise the estimator reduces to
g u? with variance 232, which is exactly (56). Retaining term (II) is thus necessary rather than merely
conservative.

J.6.5 Remainder Control and Final Bound with Explicit Dimensions

We now incorporate the Taylor remainder e; = R;z; from (42). Using | R;| < §03||z;||?, we have

02
HMVS@ﬂWmW- (57)
Hence
1 = ? 1 B 1 P2
E||—— < Elle: 2 < — . 2 50| 820 2,4 8 53
208 2% < 1p7p 2Bl < gz o Blal® = O Bllf) )
For Rademacher U (hence ||z||?> = |lu||> = D deterministically), E||z||® = D*. For Gaussian U, ||ul|? is

x*(D) and E||z||® = E|[u||® = O(D*). Thus the remainder contributes O (p*c* D*).

Final Variance Bound with Explicit Dimensions. Writing g = % > i+ ﬁ >, €; via (43), Young’s
inequality |la+b[? < (1+7)|lal|?+(1+1/7)||b]|? with any 7 > 0, together with E[| X —EX ||? < E|| X ||?,
controls Var(gean) by (1 + 7) times the leading-term variance (51) plus (1 + 1/7) times the remainder
second moment (58). Choosing any fixed 7 € (0, 1] (e.g. 7 = 1) keeps the leading coefficient at O(1),
and the resulting (1 + 1/7) constant is absorbed into the O(p?c* D*) remainder. Substituting terms (T)
and (II) from (55) and (56) and taking the outer data expectation with E¢ >, ||g;[|* < B(|VF|? + v?)
and E¢||g||> = ||[VF||* + v%/B (assumption (ii) and i.i.d. sampling), we obtain the corrected bound

VM@mw»§D§1MVﬂwW+ﬂ)
1/2
+ i =D (IVFO) + )
+ O(p204D4) . (59)

The mini-batch data-sampling variance 2/ B contributed by Varg(g) is dominated by (D — 1) /B for
D > 2 and is absorbed into the first term. This is Theorem 2 of the main body.



Numerical Verification. Table 11 checks (59) against the empirical variance of the estimator on a
linear objective, for which the Taylor remainder is exactly zero (2 x 10° trials per configuration). The
corrected bound is tight in every configuration. The D=1 row isolates the shared-base term: the previous
expression, which retained only (55), predicts zero variance, whereas the estimator reduces to g u? and
is genuinely random. The Rademacher row shows that for m4=1 the correction is inactive and the two
expressions coincide. The last column confirms the MeZO reference (87): at D=100 its variance is =~ 101
independently of B, while GRZO’s falls as 99/ B + 2.

Table 11: Empirical variance vs. the corrected bound (59) and the uncorrected expression (55), on a linear objective
?=0, |[VF|*=1).

D Base noise B Empirical Corrected Uncorrected MeZO
1 Gaussian any 1.9988 2.0000 0.0000  2.018
100  Gaussian 16 8.197 8.1875 6.1875 100.99
100  Gaussian 64 3.550 3.5469 1.5469 100.99
100 Rademacher 64 1.5469 1.5469 1.5469  99.30

J.6.6 Finite-Batch Effect of Group-Relative Normalization
The bound (59) is for the canonical estimator. The implemented estimator factors as

1 & 1
gerzo(0) = %8 2 P (0). (60)

The prefactor 1/(s + €) is a single global scalar, but it is random and correlated with g,y through the
same {J; }, so it cannot be absorbed into the learning rate by taking expectations. We instead quantify its
finite- B effect.

Lemma 3 (Concentration of the group-relative scale) Assume the per-example loss differences have
finite fourth moment and let ks = E[6}]/(E[62])?, s2 = E[s%], and let degg = ||V F||*/ 1. (0x F)* be the
participation ratio of the gradient. Then

std(s) N 1

—1/2
P B + O(dg'"). (61)

Proof. Conditioned on U, the {4;} are i.i.d. with E[§; | U] = 0 by the z; <+ —z; symmetry, so Bs? =
>, 62 — B&? is a sum of B i.i.d. terms up to an O(1/B) correction, giving Var(s? | U)/(E[s? | U])?
(ks — 1)/ B + O(B~2). The delta method applied to s = V/s? yields std(s)/E[s] = 1 std(s?)/E[s%] +
O(B~1), which is the first term. The second term is the fluctuation of the conditional scale across U:
by (41), E[6? | U] = 40%g Aug; + O(c?), and Vary(g' Aug) = (ma — 1) >, g, so its relative
standard deviation is /my4 — 1 deﬂ} 0

Corollary 1 (Normalization changes constants, not rates). Let c, = 1/(s4 +¢€) and A = O(B™! +d_g).
Then

E[(VF,,garzo)] = (14 A) [[VE, | + O(0?),
Var (gGRZO) (14 A) Var (gcan)

Proof. Write X = (VF,, gcan) and decompose the descent-relevant error as

E| X | - eBLx] = Cov( ! X) + (E|

S+ € sS+e€

— J - c*)E[X]. (62)

Cauchy—Schwarz bounds the first term by std(1/(s + €)) std(X); Lemma 3 gives std(1/(s +¢€))/cx =
O(B~1/? + d_l/ %), and std(X)/E[X] = O(B~1/2) because Jean averages B conditionally independent



terms, so the product is a relative O(B~! + d_; ). A second-order expansion of 1/(s + €) around s,
bounds the second term by Var(s)/(ss« + €)3, of the same relative order. Finally 1/(s + ¢) < 1/e bounds
all moments of the prefactor, so no tail term is lost and the same rate transfers to the second moment. [

Corollary 1 is the formal version of Proposition 1: group-relative normalization perturbs the constants of
(59) by a relative O(1/B) but leaves the 1/B scaling—and hence the convergence rate of Appendix J.7—
unchanged. Because the correction grows as B decreases, it also predicts the loss of stability at small
batch sizes observed in Appendix G.

J.7 Nonconvex Convergence of GRZO

Objective and Update. Let F'(8) = E¢[((6;&)] be the population objective and F, be the smoothed
objective induced by the (Flipout) perturbation distribution, as defined in Appendix J.3 (Gaussian case) or
in the Taylor-based view (Appendix J.4). We analyze the GRZO update with group-relative normalization:

B
~ ~ 1
0,11 =0, —ng;, 8 =575 g 1 Qi Zt i, (63)
1=

where 6,; = 0(0; + 02,5 &:) — (0 — 02¢33&00), O = 5 01is St = \/% > (6: — 64)%, and
am— = 5,571'/(875 + 6).

Assumptions. We assume: (Al) F, is lower bounded by F. (A2) F, is L-smooth: ||VF,(0) —
VE,(0")| < L]|@ — 0'||. (A3) Data noise: E||V{(0;¢) — VF(0)|? < v2. (A4) Direction preservation
with an explicit finite-batch correction (from (27)):

E[g: | 6:] = c: VF,(6;) + O(c?), (64)

where, by Corollary 1, ¢; = ¢,(6;)(1 + O(B~! +d_4)) > 0 with ¢, = 1/(s, + ¢). For the remainder
of this section we absorb ¢; into the effective step size 77 := 1 ¢; and write 7 for it, so that E[g;/c; |
6, = VF,(6;) + O(c?). Unlike a concentration assumption, the relative correction O(B™! + d_) is
bounded in Corollary 1 and affects only the constants below. (AS) Second-moment / variance bound (from
Appendix J.6): there exist explicit constants Ay, (6;) such that

E|[g — VF,(8,)]” < Awur(6)), (65)

with Ay, (0;) depending on (B, Diy, Doy) through D is the total perturbed dimension.

J.7.1 One-Step Descent via Smoothness

By L-smoothness of F};, for any random direction u,
£ 2
Fy5(0111) < Fy(0y) +(VF5(0:),0: 41 — 0y) + §H0t+1 — 6" (66)
Substitute 0t+1 — Gt = —Ugti

Ly
Fy(8141) < Fy(00) —n(VEx(80). 8) + - &> (67)

Take conditional expectation given 6;. After absorbing the positive scalar ¢; into the effective step size as
in (A4), we may write E[g; | 8;] = VF,(0;) + b, with ||b;]| = O(c?) (smoothing bias only).

Ln? - .
E[F,(8141) | 6] < Fy(8)) = nl|VE(8)|” = n(VE,(8).be) + = E[lg:|* | 6].  (©8)
By Cauchy—Schwarz and Young’s inequality, the smoothing-bias cross term satisfies

(VE(80),be)| < FIVF (007 + 31b]* = ZIIVE(80)]* + Ono™),



absorbed into the leading —7||V F,||? term and the O(o?) remainder. Therefore, with effective gradient
coefficient Z:

E[Fy(6i41) | 6:] < Fy(6:) — 2IVE(6:)]* + £2772E[\|§t|!2 | 6] +O(na?). (69)

Next decompose the second moment:
E[l[gl* | 8:] = [VE,(6)]* +E[l[ge — VE(8:)]* | 6] (70)

Plugging (70) and (65) into (69) gives
B[ (0111) | 0] < Fo(6) — 2 (1 — L) [VF (00 + S5 4,u0)). an

Assuming n < 1/(2£), we have 1 — £ > 1 and thus

Ln?
E[Fy(8141) | 6] < Fo(8) = TIVE (6] + 5= Avar(80). (72)

J.7.2 Handling Randomness: Data Noise + ZO Noise

We now instantiate Ay, (6;) using Appendix J.6.
From (59) (Appendix J.6), collecting the per-example and shared-base contributions into
D-1

fo= e a1 (73)

we have
D+ my — 2 2

B
where Czg collects the finite-difference remainder (ZO noise) terms, e.g.,

Avar(0)) < K||VE(8)|?* + + Cz0(D, B,0), (74)

Cz20(D, B,o) = O(p*c*D?). (75)

For Rademacher base noise m4 = 1 and k = (D — 1)/ B exactly; for Gaussian base noise « additionally
carries the batch-independent floor my — 1 = 2.

To express everything in terms of V F,,(0;), we use the smoothing bias bound (Appendix J.5): assuming
IVE,(8) — VF(0)| < cviaso®D for all §, we have

IVF(0:)|” < 2|V F5(8,)[|” + 2chie0" D2 (76)
Plug (76) into (74):
2 2 ap2, D+my—2 2
Avar(0r) < 26, [VE;(00)]° + 2nchps0” D™+ ——5——1"+ Cz0. (77)
= ~
J.7.3 Telescoping and Average Gradient Norm Bound
Take full expectation of (72) and sum from¢ =0to 7" — 1:
T 1 9 T—
E[FO'(OT)] < Fy (90 ZEHVF 0t ||2 Z var Ot (78)
=0 =0

Using the bound (77) and rearranging gives

T-1 2 =1
1Y EIVE(8) < Fr(80) — E[Fy(67)] + =5~ 3 E oIV 01+ 8
t=0
Ln? Ln*T
F,(6) — Ff + =1 QZEHVF 0, + 772 (79)

t=0



Move the gradient-sum term to the left:

n  Ln’a 9 Ln*T
(2- ) Z BV, 0|2 < Fy(00) — £ + 15 0
Choose step size satisfying
1 1 1 1
< n —,— . 1
7 < min { 9L’ ALa } — { 2L’ 8Lk } 1)

Remark 1 (Regime condition). Since x ~ (D — 1)/B whenever D > B—the regime of full-parameter
LLM fine-tuning, where D is of order 10% and B = 16—the second term is the binding constraint, and
the admissible step size grows linearly in B. This is the step-size counterpart of the variance reduction: a
larger batch buys both a smaller variance and a larger stable step. The bound in (82) remains meaningful
provided nT" — oo, i.e. T = w(LK) steps.

With 2Lna < &, we have 1 — 2Lna > 1, hence 7(1 — 2Lna) > ¥, and (80) yields

= F,(6y) — F*
—ZEHVF (6] < il (7;)% “)+4£nﬁ. (82)

Making [ explicit in (B, D, m4). From (77),

5 + 2k e D + O(p*a* DY), (83)

8=

with k as in (73) and D = Zz out (Z). Plugging (83) into (82) gives an explicit bound that cleanly
separates the data noise term v and the ZO noise terms (proportional to o).

GRZO Normalization Effect on Convergence. Direct algebra gives Y, a? = B(1+ (6/5)?)(s/(s +
e))Q, SO % > a? ~ 1 at typical batch sizes provided: (i) E[s] > € (the within-batch SD dominates the
numerical-stability constant, so s/(s-+¢) &~ 1); and (ii) the batch is large enough that E[(6/5)?] = O(1/B)
(for two-sided ZO, E[6] = 0 by symmetry, so this follows from a standard O(1/+/B) CLT-type estimate
on ¢). Under (i)—(ii), the update is invariant to the magnitude of {0;}. Beyond this scale invariance, the
randomness of the normalizer is what has to be controlled, and Corollary 1 does so: it perturbs ¢; and
Ayar by arelative O(B~! + de_ﬁcl), which is absorbed into the constants « and S of (77) and leaves (82)
unchanged in form. The correction is O(1/B), so it degrades gracefully rather than abruptly as the batch
shrinks, matching the progressive loss of stability from B=16 to B=4 in Appendix G.

J.8 Why the Analysis Must Be Joint Across Blocks

Appendices J-J.7 analyze the concatenated perturbation z; € R” directly. This subsection records why
that is necessary: the corresponding per-block statement is false, so the network-level result cannot be
obtained by proving a single-layer bound and summing it over layers.

Block-Wise Parameterization. Let 8 = (81 ... 8()) with 8) = vec(W®)) e R%, d, =

D(()fl)tDl(n)’ and D = ) ,dy. At each step, block ¢ receives an independent base U(z) and indepen-
dent per-example sign pairs (rgi-), SE?), so that z; ; = (zl(tll), .. zg Z)) By Lemma 2 applied block-wise

together with independence across blocks, z; ; is symmetric with E[z; ;] = 0 and E[zmzz ;] =1Ip. Thisis
exactly the hypothesis used in Appendices J and J.6, so Theorems 1 and 2 apply verbatim with D the total
perturbed dimension.



The Estimator Does Not Decompose Across Blocks. The squared norm of a concatenated vector is
the sum of its per-block squared norms, so the centered second moment does split as

E|g: —Elg: | 6| ZEHgt O (84)

What does not follow is that each summand obeys the single-layer bound with d; in place of D. GRZO
produces one scalar d; per example by perturbing all blocks simultaneously: by (41),

L
6i=20 (g™, 2™+ R, (85)

so the block-/ estimator g(*) o (Zm<g§m), zgm)>)z§£) carries the perturbations and gradients of every
other block. Substituting a single-layer bound into (84) discards these cross-block contributions. The
failure is visible already at L=2 with d;=ds=1: a per-block bound would predict (dy — 1) = 0, i.e. zero

variance, whereas g<1> = (g121 + g222)#1 has variance at least g% contributed by the second block alone.

Network-Level Bound. Working jointly instead, (59) yields the network-level bound directly:
~ ,\ 2
Echan,t - IE‘:[gcan,t ’ at] H

<P wren) +2)

+ (ma = D(IVF@)I? + % ) + O(p*" DY). (86)

Relative to the block-wise expression, the joint treatment replaces ) ,(dy — 1) = D — L by D — 1 and
adds the shared-base term of (56). It therefore changes the decomposition and the constants, but preserves
the 1/ B scaling of the leading term—and with it the comparison against MeZO and the convergence rate
below.

Theorem 4 (Network-level nonconvex convergence of GRZO). Let the full parameter vector be 0 =
OW, ... 00 € RP with block dimensions dy = pY D(g) and D = 25:1 dy the total perturbed

out
dimension. Let F'(0) = E¢[((0; )] be the population ob]ectwe and F,; be the smoothed objective induced
by the joint Flipout perturbation distribution.

Consider the GRZO update with group-relative normalization: let oy = %Zl Otir St =
\/% i (6ri — 04)2, ari = 6t/ (st +¢€), and

~ N 1
0i11 =0 —ng;, 8 =155 Z;at’i Zt i,
1=

where B is the batch size and 6y ; = (0 + 024 ;& i) — U(0r — 02t 43 Eri). Assume:

(A1) F, is lower bounded: F,(0) > FJ for all 6.

(A2) F, is L-smooth.

(A3) Data noise: E||V{(0;¢) — VF(0)|?> < v

(A4) Direction preservation: with the step size rescaled by the positive scale ¢, = ¢, (0;)(1 +
O(B*1+de_ffl)) of Corollary 1 (cf. 27)), E[g; | 0;] = VE,(0;) + O(c?).

(AS) Joint Flipout construction across blocks, so that the network-level variance admits the explicit bound
(86):

D+my—2 2
B

with Kk = % +my — 1as in (73) and Cz0 = O(p?c* D*) collecting the finite-difference/Taylor
remainder (with p bounding the third derivative).

E|g — E[ | 0] < #IVF(©)]” + 1 Oy,



Assume additionally the smoothing-bias bound |V Fy(0) — VEF(0)| < cuiaso®D for all 0. Define

D+my—2
Qnet := 2K, Brnet = T4V2 + 2K C%iaSOAD2 + C7z0.

Choose a constant step size

e 1 f1 1
=L i [ M 22 8Lk [

Then for any T > 1,

T-1
1 2 8(F,(60) — F})
TZ;EHVFJ(@H < ; + 4Ln Pret-
Equivalently, if R ~ Unif{0,...,T — 1}, then
8(Ey(80) — Fr
E||VE,(8r)|* < (£ (60) ) + 4L Poet-

nT

GRZO Normalization and Effective Step Size. The group-relative weights a;; = 6;;/(s¢ + €) have ap-
proximate unit empirical variance ( % > azi ~ 1), and by Corollary I the randomness of the normalizer
perturbs both (A4) and (A5) by a relative O(B S de?ﬂ})' The bound therefore holds with the same 1)
after absorbing the positive scale c, into the learning rate, with that correction carried in et and Pnet.

Remark (Scope of Theorem). The theorem covers the GRZO estimator with group-relative normal-
ization g; = ﬁ > i Gti Zeg, i = 04/ (s¢ + €), which is the estimator used throughout the paper. The
variance bound itself (Theorem 2) is stated for the canonical estimator g.,,; Corollary 1 transfers it to
the normalized estimator at the cost of a relative O(B~! + d_) in the constants. The O(c?) smoothing
remainder in (A4) is the only residual bias.

Remark (Comparison with MeZQ). At the same batch size, MeZO draws a single direction z and
evaluates the batch-mean loss, so its estimator is (g, z)z and the derivation of Appendix J.6.4 with B=1
and g; replaced by g gives

~ _ V2
Var(@aiezo) = (D +ma —2) [g* = (D+ma=2) (IVFI? + % ) (87)
after the outer data expectation. MeZO therefore already averages the data noise over the mini-batch, and
it is the directional noise that GRZO additionally averages; comparing against an O(D||V F||? 4+ Dv?)
bound would overstate the gain by attributing to MeZO a batch size of one. With r = 12 /|| VF||?, dividing
(87) by (59) at the Rademacher default (m4=1) gives the ratio

Var(gMezo) N B+r
Var@can) 1+7r

= ¢B+ (1—c¢) =: Beg, (88)

where ¢ = 1/(1 + r) is the mean pairwise cosine between per-example gradients, since E(g;, g;) =
|VF||? and E||g;||? = ||[VF||? + v2 for i # j. The reduction is thus B-fold when per-example gradients
are aligned and degrades smoothly to no reduction when they are mutually orthogonal, which is the
precise content of the Bqg used in Section 4.



K LLM Usage

Large language models were used only as writing
assistants for minor grammar and phrasing polish
on author-drafted text. They played no role in re-
search conception, experimental design, or interpre-
tation of results. All technical content and claims
are the authors’ own and were independently veri-
fied.
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