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Abstract

When designing a public transport network with the passenger travel time in mind, the passenger
assignment problem (PAP) needs to be addressed explicitly. It is a complex problem on its
own and even the simplest version requires determination of the shortest path for all demand
pairs in the network. It is typically treated as a subproblem of larger problems by public
transport planners, such as the transit network design problem (TNDP). In the TNDP, bi-level
optimization models and/or metaheuristics are used where the PAP is solved when evaluating a
line plan. In doing so, the PAP is often addressed by representing the transit network with a so-
called ‘Change-and-Go’ (CNG) network with dummy transfer nodes in order to model transfer
penalties as part of the passenger travel time. Then, in order to solve the PAP, the all-pairs
shortest path problem needs to be solved for this CNG network representation. In this paper,
we present a much more efficient network representation, ‘Direct Link Network’ (DLN), where
additional edges are added instead of additional nodes. We compare the theoretical complexity
of both representations and the computation time required to solve the PAP by using CNG and
DLN on the most commonly used benchmark networks and also several real-life networks. The
results show that with the DLN representation, the PAP can be solved multiple times faster
than with CNG. Consequently, DLN can significantly speed up all TNDP algorithms that solve
the PAP multiple times when designing a public transport network.

Keywords: Line Planning Problem, Passenger Assignment Problem, Change and Go Network,
Train Service Network

1. Introduction

The transit network design problem (TNDP) or (uncapacitated) line planning problem (LPP)
both refer to one of the first stages of a multi-stage problem: designing a public transport
network (Ceder and Wilson, 1986; Desaulniers and Hickman, 2007; Lusby et al., 2018). After
deciding on the infrastructure network, i.e., stops or stations and the roads or tracks between
these, in the TNDP, the set of lines of a bus, train or tram system is decided. Based on an
expected Origin-Destination (OD) demand matrix, it is decided which lines will serve which
stops and in which order. In the next planning stages, the frequencies of the lines, timetable
and lastly the crew and vehicle scheduling are determined.

Typically, the objective is to minimize the operator costs or to maximize the quality of service or
a combination of both. The operator costs are generally associated with the length of the lines
and/or the maximum number of stops whereas the service quality is measured by the passenger
travel time, the number of transfers, or the number of direct travellers. Since frequencies have
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a direct impact on both the passenger travel time and the operator costs, integrating frequency
setting with the line planning stage, also known as “Transit network design and frequency
setting problem” (TNDFSP), has also gained attention (López-Ramos, 2014). However, due to
the complexity of real-life problems, many simplifying assumptions are required to be made in
order to solve the TNDFSP (Durán-Micco and Vansteenwegen, 2022). Thus, there exists a large
gap between the problems addressed in theory and the problems encountered in practice. As a
result, line planning and frequency setting problems are rather treated as separate and sequential
problems in real-life (Ceder, 2016). It should be noted that the TNDP is also considered to be
an extremely complex problem where even the special cases of the subproblems are proven to
be NP-Hard (Schöbel, 2012).

When passenger travel time is considered in the TNDP, the passenger assignment problem (PAP)
needs to be addressed and explicit passenger routing has to be solved. The PAP aims to model
the expected traveling behaviour of passengers to reach their destinations. The easiest and the
most common approach that is used in the TNDP is the ‘all-or-nothing’ transit assignment
where all passengers are assigned to their shortest paths to minimize their in-vehicle time and
transfer penalties (e.g Fan et al. (2009); Ahmed et al. (2019b); Liu et al. (2020); Vermeir et al.
(2021)). However, calculating the shortest path between each origin and destination pair is still
highly time consuming, especially for real-life instances, and typically hard to integrate in the
optimization (Schmidt et al., 2014). For this reason, several other assumptions are sometimes
made to further simplify the problem such as ignoring the burden of transfers (Pfetsch and
Borndörfer, 2006; Mauttone and Urquhart, 2009; Ranjbari et al., 2020) or assuming that the
operator can assign a route to each passenger (Schöbel and Scholl, 2006; Schmidt et al., 2014).
Yet, most of these simplifications are considered to be unrealistic. Instead, when considering the
‘all-or-nothing’ PAP, the TNDP is solved as a bi-level optimization problem where the aim is
to first come up with a line plan for a given infrastructure network, and then to solve the PAP
for the obtained line plan. Moreover, many (meta-)heuristics addressing the TNDP solve this
PAP in every iteration and it is claimed to be the most time consuming part of most algorithms
(Farahani et al., 2013; Liu et al., 2020; Durán-Micco and Vansteenwegen, 2022).

In order to accommodate transfer penalties in evaluating the ‘all-or-nothing’ PAP for a given line
plan, a typical method used in literature is to add a dummy node for every bus line that passes
through a stop. This extended network is then called “Change-and-Go” (CNG) (Schöbel and
Scholl, 2006) or sometimes “Train Service Network” (Fu et al., 2015) and “Trajectory Graph”
(Cancela et al., 2015). This means that the number of nodes significantly increases, especially
when the line plan includes many lines with many transfer possibilities. Since the complexity
of the shortest path algorithms (e.g., Dijkstra’s algorithm, Floyd-Warshall algorithm) mainly
depends on the number of nodes, this extended network increases the computation time required
for solving the PAP.

In this paper, a much more efficient “Direct Link Network” (DLN) representation for the TNDP
with integrated passenger routing is presented. This representation is based on adding links
instead of nodes and is explained in detail in Section 3. It is shown that DLN is expected to run
much faster than CNG with traditional shortest path algorithms. To compare the performance
of the CNG and DLN representations in more detail, Floyd-Warshall and Dijkstra’s algorithms
are implemented in Matlab to solve the PAP for a given line plan of several benchmark instances.

The main contribution of this paper is that it introduces and explains the DLN network rep-
resentation that allows to solve the ‘all-or-nothing’ PAP much faster than the existing network
representations. Since solving this PAP is crucial in all algorithms that address the TNDP with
passenger travel in mind, this much faster PAP solution results in a significant improvement in
the computation time of all these existing and future algorithms. In addition, DLN could also
be applied to other problems similar to the PAP and that can be defined by an edge-coloured
graph with vertex penalties such as multi-modal shortest path problems (Lewis, 2020). In those
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problems, each mode is represented by a different colour and the transfer penalties at vertices
correspond to moving people or goods from one mode to another. Lewis (2020) also identifies
modelling traffic delays at certain intersections, initial headway requirements at the terminals,
and illegal route and turn constraints as an edge-coloured graph with vertex penalties.

The organization of the paper is as follows. In Section 2, the related literature on the transit-
network design problem is discussed. In Section 3, the existing network representations and
then the new Direct Link Network representation and its theoretical complexity are explained.
In Section 4, the benchmark instances and the computational results are presented. Finally,
conclusions and future work are discussed in Section 5.

2. Literature Review

In this literature review, a review on the TNDP or (uncapacitated) LPP, with a focus on the
studies considering passenger travel time, is presented. The research on the TNDP with only the
operator’s point of view is not discussed since those systems do not consider passenger travel time
explicitly. In addition, the studies that integrate the frequency setting with the line planning
constitutes only a small part of this review since in the presence of frequencies, typically a
frequency-based method is used for the transit assignment rather than the ‘all-or-nothing’ PAP.
Only a small number of studies integrating frequency setting with the TNDP, i.e., TNDFSP,
also consider the ‘all-or-nothing’ PAP with a constant transfer penalty since the frequency-
based transfer times lead to non-linear models (Schöbel and Scholl, 2006; Schmidt et al., 2014;
Goerigk and Schmidt, 2017). For more studies on the TNDP with operator’s point of view and
the TNDFSP, the reader is referred to the earlier surveys: Schöbel (2012); López-Ramos (2014);
Iliopoulou et al. (2019); Durán-Micco and Vansteenwegen (2022).

According to a recent survey on the TNDP and TNDFSP by Durán-Micco and Vansteenwegen
(2022), the majority of the recent studies on TNDP optimize the passenger point of view while
limiting the length of the lines and/or the maximum number of stops on each line to keep the
operator costs under control (Fan and Mumford, 2010; Kechagiopoulos and Beligiannis, 2014;
Nayeem et al., 2014; Iliopoulou and Kepaptsoglou, 2019; Vermeir et al., 2021). Some studies
consider both the passengers’ and the operator’s point of view in a multi-objective manner, by
simultaneously optimizing the passenger travel time and the total length of the lines (Chew
et al., 2013; John et al., 2014; Fan et al., 2009; Mumford, 2013).

Although the passenger point of view is represented by the average or total travel time in most
of the studies, other criteria such as maximizing ridership (Yoon and Chow, 2020) or maximizing
the number of direct travellers (Suman and Bolia, 2019) have also been studied in optimizing line
plans, probably in order to avoid the time consuming evaluation of the PAP during optimization.
In those cases, the PAP is evaluated only at the end, for the resulting solution.

The PAP is often called the transit assignment problem (TAP) where a demand, a set of Origin-
Destination (OD) pairs, is assigned to the transit routes. According to Liu et al. (2010), the
TAP is classified under two major categories: static and dynamic transit assignment. It is a
complex problem and different solution methods with different assumptions have been studied
independently in order to model and optimize the traveling behaviour of passengers. Except for
a few studies where dynamic assignment is used to design a public transport network (Nnene
et al., 2019; Manser et al., 2020), static assignment models are used in most studies that address
the TNDP and TNDFSP (Schöbel, 2012; Durán-Micco and Vansteenwegen, 2022).

The easiest and the most common PAP in the TNDP is a static assignment where passenger
behaviour is independent of the time and other factors. The ‘all-or-nothing’ PAP assigns all
passengers to their shortest paths considering the in-vehicle time and a transfer penalty. Many
studies consider the ‘all-or-nothing’ PAP with a constant transfer penalty (typically 5 minutes)
included in the shortest path calculation (Fan et al., 2009; Mumford, 2013; John et al., 2014;
Ahmed et al., 2019a,b; Chew et al., 2013; Heyken Soares et al., 2019; Iliopoulou and Kepapt-
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soglou, 2019; Fan et al., 2020; Vermeir et al., 2021). This means that the network representation
should be appropriately expanded to model the transfer penalties. Yet, even this simple assign-
ment is claimed to be the most time-consuming part in most TNDP solution approaches (e.g.,
Farahani et al. (2013); Liu et al. (2020)).

Some studies also aim to minimize the passenger travel time, by completely ignoring the bur-
den of transfers and neglecting the transfer time (Pfetsch and Borndörfer, 2006; Mauttone and
Urquhart, 2009; Ranjbari et al., 2020) or by only minimizing the in-vehicle time when deter-
mining the shortest-paths and adding the transfer penalties later, for those routes that require
transfers (Fan and Mumford, 2010; Nikolić and Teodorović, 2013; Kechagiopoulos and Beligian-
nis, 2014; Nayeem et al., 2014; Yao et al., 2014). It should be noted that if the transfer penalties
are not considered when determining the shortest paths, a network representation is not nec-
essary. However, this implies that the routes with a longer in-vehicle time, but less transfers
are ignored when calculating the shortest paths. This issue is illustrated in Figure 1 on a toy
network with 7 stops and 3 bus lines.
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Figure 1: A toy example with 7 stops and 3 bus lines

According to Figure 1, when the passengers are assigned to their shortest paths only based on
their in-vehicle time, the shortest path from stop 4 to stop 3 corresponds to the path ‘4-2-3’ with
the total in-vehicle time of 8. However, if the transfer times were included in the shortest paths,
any transfer penalty greater than 2 would change the shortest path to ‘4-1-2-3’ instead, which
has the total in-vehicle time of 10 without any transfers. Similarly, when traveling from stop 5
to stop 7, the shortest path based on the in-vehicle time corresponds to the path ‘5-2-3-7’ with
the total in-vehicle time of 12, and 2 transfers, whereas the path ‘5-6-3-7’ has a total in-vehicle
time of 13 with only 1 transfer. This means that ignoring the transfer times or adding them at
the end after finding the shortest paths might yield different conclusions for the exact same line
plan simply because they might end up with different passenger assignments. For this reason,
the transfer penalties should be taken into account when determining the shortest paths in order
to properly model the additional cost of transfers in passenger travel times.

Due to the complexity of addressing the PAP within the optimization (Schmidt et al., 2014), only
a few studies use exact optimization techniques when the passenger travel time is integrated in
the line planning stage (Vermeir et al., 2021; Wu et al., 2020; De-Los-Santos et al., 2021). How-
ever, many different (meta-)heuristics that evaluate the PAP only when a line plan is found have
been developed: bee colony optimization (Nikolić and Teodorović, 2013), simulated annealing
(Fan and Mumford, 2010; Feng et al., 2018), multi-objective evolutionary algorithms (Fan et al.,
2009; John et al., 2014), genetic algorithm (Nayeem et al., 2014; Feng et al., 2019), tabu search
(Yao et al., 2014), etc. Iliopoulou et al. (2019) review different applications of metaheuristics to
solve the TNDP as well as a comparison on a commonly used benchmark, Mandl’s Swiss Net-
work (Mandl, 1979). Different from the existing studies, Vermeir et al. (2022) recently develop
a fast and local evaluation technique in order to re-evaluate the PAP locally only considering
the changes to the line plan.

When the ‘all-or-nothing’ PAP is evaluated for a given line plan, all shortest paths between all OD
pairs need to be determined considering the transfer time. Among the research on TNDP, Fan
and Mumford (2010); Islam et al. (2019); Ahmed et al. (2019b) explicitly mention that Dijkstra’s
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algorithm (Dijkstra, 1959) is used whereas Mumford (2013); Kechagiopoulos and Beligiannis
(2014); Liu et al. (2020); Vermeir et al. (2021) use the Floyd-Warshall algorithm (Floyd, 1962)
when calculating all-pairs shortest path. In order to be able to apply these algorithms to solve
the ‘all-or-nothing’ PAP, or in fact any other traditional shortest path algorithm, the network
representation should be appropriately expanded when considering transfers in the passenger
travel time.

In this paper a new and much faster network representation, the Direct Link Network (DLN)
is proposed and tested for addressing the passenger assignment in the TNDP. Its theoretical
complexity and the computation time required to solve the PAP are compared with the most
commonly used network representation in the TNDP. In the next section, the existing network
representations and the proposed Direct Link Network representation are explained in detail.

3. Direct Link Network

A typical and well-known approach used in the public transport literature is the “Change-and-Go
Network” (CNG) by Schöbel and Scholl (2006). Although sometimes different names are used
such as “Train Service Network” (TSN) in Fu et al. (2015); Liu et al. (2020) or “ Trajectory Graph
(TG)” in Cancela et al. (2015), these representations result in the same network representation.
Also in, e.g., Mumford (2013), John et al. (2014), Ahmed et al. (2019b), Fan et al. (2020),
Heyken Soares et al. (2019), the line plans are represented by this so-called CNG network
expansion.

Much earlier, Kirby and Potts (1969) proposed a network expansion for calculating minimum
routes on a graph with turn penalties. According to the “Kirby-Potts Expansion” (KPE), for
each node and for each line, two duplicates are created to represent an entering and exiting node.
However with CNG, a single duplicate is made for each line passing through a node and the
original node is connected to the duplicates to reflect the transfer penalties. Therefore, CNG is
expected to create a much smaller network than KPE, which is sufficient for the uncapacitated
line planning problem. Figure 2 below shows a comparison between KPE and CNG for a toy
network with three lines serving six stops.
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1.1 in 1.1out 2.1 in 2.1out

2.2 in 2.2out

3.1 in 3.1out
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4.2out4.2 in 5.1 in 5.1out 6.1 in 6.1out

(b) KPE

1 2.1
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3.1
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4.2 5 6

(c) CNG

Figure 2: Comparison of KPE and CNG on a toy network

Figure 2a represents a simple transit network with three lines: a blue line (4-1-2-3), a green line
(4-2-5) and an orange line (3-6). In Figure 2b, the KPE representation has an entering and an
exiting node for each line that passes through a stop to incorporate the transfer penalties on
the directed edges between the exiting and entering nodes of different lines (indicated in red).
Overall, the KPE representation uses 18 nodes where the shortest paths should be calculated
from the ‘in’ nodes as origins and to the ‘out’ nodes as destinations. In CNG, since only a single
dummy node is included for each line that passes through a node and the original node is also
kept, a smaller network consisting of 12 nodes is created. The transfer penalties can be included
as the weights of the directed edges between the dummies and the original node (indicated in
red). The gray arcs are assigned a weight of zero to facilitate the entrance to different lines.
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This means that, in the end, one excess transfer penalty should be deducted to only consider
the ‘real’ transfers.

Different than the existing approaches, Lewis (2020) proposes two modified versions of Dijkstra’s
algorithm that are updated to incorporate the transfer penalties when directly applying the
algorithm to the transit network, instead of a network expansion. However, the results of
their study show that the KPE network expansion provides much faster evaluation of all-pairs
shortest path than the modified Dijkstra’s algorithms. Yet, it provides a new line of research
where the additional computational burden of the network expansions such as KPE, CNG, etc.
are questioned and aimed to be avoided.

In the rest of this section, the direct link network representation is explained in detail and
compared with the CNG representation. The DLN was first implemented and briefly introduced
in Vermeir et al. (2021). In that paper, by partly the same authors as this paper, DLN was
implemented to determine, for the first time, the optimal solutions of the TNDP for Mandl’s
Network. Although that illustrated the potential of the DLN, its actual complexity and its
performance on a variety of instances were not investigated. The impact it could have on a
variety of algorithms was also not quantified, the DLN was just implemented for one algorithm
on one network. Now, the DLN will be discussed in detail, its theoretical complexity will be
analyzed and the experimental results will quantify the benefits when addressing the PAP and
related problems.

In DLN, the set of vertices corresponds to the vertices in the original infrastructure network.
Then, a link between a pair of vertices is added if and only if there exists a direct link, i.e., a
single bus line that serves the two stops, without any transfers. Then, the weight of the link
corresponds to the direct travel time between the two stops. In case multiple bus lines serve
the two stops, the edge-weight or travel time corresponds to the minimum of the direct travel
times. With DLN, the number of links required for a passenger to reach his/her destination
according to the shortest path corresponds to the number of bus lines used. Therefore, it is very
easy to keep track of the number of transfers. Thus, when a shortest path algorithm is applied,
the shortest path itself stores the information on the number of transfers, as well. With this in
mind, when a constant transfer penalty is considered, the transfer penalty (tp) can actually be
added directly to each edge-weight of the DLN. Then, this DLN is used to calculate the shortest
paths. This means that, in order to correctly determine the time required for the transfers, one
transfer penalty needs to be subtracted from each shortest path in the end.

Figure 3 presents the transit network for a line plan consisting of 3 lines on a part of Mandl’s
Network (Mandl, 1979), and the corresponding CNG and DLN network representation.
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Figure 3: An example of DLN and CNG on a part of Mandl’s Network

It should be noted that in DLN, when multiple lines serve the same pair of stops, the minimum
direct travel time is included as the edge-weight. For instance, both the blue and the green lines
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serve stops 2 and 6 without any transfers. Therefore, the link between these two nodes has the
weight of 5 as the length of the trip by the blue line is shorter than the length of the trip by
the green line which is 14. Another example are the nodes 2 and 8 where the blue and orange
lines serve the two stops without transfers. In this case, the weight of the edge between the two
nodes correspond to 7 as the blue line is faster than the orange line which takes 28. Finally, the
transfer penalty (tp) is added to the weight of each link on DLN.

To illustrate the use of traditional shortest path algorithms on the CNG and the DLN, consider
the shortest path from node 4 to node 8. For CNG, the total cost of following the path “4-12-8”
corresponds to visiting the nodes “4-4.3-12-8.3-8” which has the total length of 25+tp (0 + 10
+ 15 + tp) while the total cost of following the path “4-6-8” corresponds to visiting the nodes
“4-4.2-6.2-6-6.1-8.1” with the total length of 6+2*tp (0 + 4 + tp + 0 + 2 + tp). The first path
includes no transfers, but one transfer penalty is incurred, while the second path includes one
transfer and two transfer penalties are incurred. Therefore, in the end, from all of the shortest
paths, one excess transfer penalty should be removed. Similarly, for DLN, the total cost of
reaching node 8 from node 4 without any transfers corresponds to the edge-weight between 4
and 8, which is 25 + tp, while the total cost of transferring at node 6 corresponds to 6 + 2*tp (4
+ tp + 2 + tp) even though only one transfer is required. This means that, one excess transfer
penalty should be subtracted from each shortest path in the end. This example also illustrates
that not allowing transfers or only minimizing the use of transfers, resulting in path 4-12-8,
might lead to (much) longer paths than necessary.

It should also be noted that if transfer penalties are not constant but station-dependent, the same
DLN or CNG approach can still be applied. The corresponding transfer penalties incurring due
to transferring in a given station is added to the weight of each outgoing link from the station.
Again, this means that in the end, an excess transfer is considered thus one transfer penalty
corresponding to the departure station should be subtracted from each shortest path.

3.1 Shortest Path Algorithms and Theoretical Complexity

As already mentioned in the literature, the Floyd-Warshall and Dijkstra’s algorithms are typi-
cally used to solve the PAP in TNDP. Dijkstra’s algorithm finds the shortest-path tree from a
source node (Dijkstra, 1959). With the proper representation of priority queues, the theoreti-
cal complexity of finding a shortest-tree from a source node with Dijkstra’s algorithm can be
reduced to O(m.log(n)) instead of O(n2) (Lewis, 2020), where m denotes the number of edges
and n denotes the number of nodes. For the all-pairs shortest path, the algorithm should be run
n times.

The Floyd-Warshall (FW) algorithm directly calculates the all-pairs shortest paths (Floyd, 1962).
The algorithm runs by inserting each node as an intermediate node between a pair of nodes if it
makes it shorter to pass by it. Although the theoretical complexity of the basic Floyd-Warshall
algorithm is O(n3) (Lewis, 2020), it can easily be coded by using vector structures and it is
observed to run faster than the basic algorithm. A Matlab code for the “Vectorized-Floyd
Warshall” algorithm is shared publicly by Giorgos (2018) and that is implemented in this paper,
as well. A comparison with other shortest path algorithms and more details on the theoretical
complexities can be found in Lewis (2020).

The exact number of nodes and edges in the CNG and the DLN representations depends on the
detailed characteristics of the line plan, such as the number of stops per line and the number
of lines on a given node. Still, the following formulas can be derived to show the worst-case
theoretical complexity of the representations.

Let n be the number of nodes and m be the number of edges in the infrastructure network, nk

be the number of stops on line k and kj be the number of different lines passing through the
stop j in the transit network. Suppose l is the total number of lines and nl is the maximum
allowed line length, expressed as a maximum number of stops.
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In the CNG representation, in addition to the original nodes, a single duplicate is created for
each bus line passing through a node to represent the different lines at transfer stations. When
only one line passes through a node, a duplication is in fact not necessary. Therefore, the total
number of nodes in the CNG representation, nCNG can be written in terms of the number of
transfer stations, nT , i.e., the number of stops with at least two lines passing, and the number
of lines passing through each node as follows:

nCNG = nT +
n∑

j=1

kj (1)

Since each node served by each different line becomes a different duplicate in the CNG repre-
sentation, the total number of nodes can also be written based on the line length as follows:

nCNG = nT +
l∑

k=1

nk (2)

In the worst case, nT is equal to n where all stops are transfer stations with at least two lines
serving. Also, for a given number of lines l, if all lines pass through every node, this gives the
theoretical maximum possible number of duplicates or the maximum total line length. However,
typically a maximum line length, nl, is considered, which is much smaller than the number of
nodes, n. Therefore, in the worst case, the most number of duplicates would be observed when
the total line length is the maximum, i.e., when each line serves the maximum number of stops
allowed. Then, the total number of duplicates and the total line length would be l nl. The total
number of nodes in the CNG representation for the worst case can therefore be written in terms
of n, nl, and l as follows:

nCNG = n+ l nl (3)

The directed edges in the CNG representation, mCNG, includes all the original edges in the
transit network, i.e., the edges connecting different nodes by different lines. Note that if the line
k is bi-directional, the number of directed edges line k brings to the CNG representation equals
2(nk − 1). If line k is loop-shaped, then the number of directed edges due to this line equals nk.
In addition to the original edges of the transit network, the original nodes and each duplicate
should be connected by two directed edges in CNG. Then, the total number of directed edges in
the CNG network is calculated as follows:

mCNG =
∑
k∈K2

2 (nk − 1) +
∑
k∈K1

nk +
n∑

j=1

2 kj (4)

where K1 is the set of loop-shaped lines and K2 is the set of bi-directional lines.

The worst case for the number of edges due to the line plan is observed when each line has
the maximum line length, nl. Thus, nk can be replaced by nl in Equation 4. Moreover, when
Equations 1 and 2 are considered together, it is observed that the total of the number of lines
passing through all nodes is equal to the total line length. Therefore, the last part of the
Equation 4 can also be written in terms of the total line length. This results in the following
formula for mCNG:

mCNG =
∑
k∈K2

2 (nl − 1) +
∑
k∈K1

nl +
l∑

k=1

2nl (5)
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Lastly, as long as a line serves at least two stops, there exists more directed edges for a bi-
directional line than a loop-shaped line. Thus, the most number of directed edges in the CNG
representation can be observed if all the lines are bi-directional. Assuming that all lines are
bi-directional, the total number of directed edges in the CNG representation for the worst case
can be written in terms of nl and l as follows:

mCNG = 4 l nl − 2 l (6)

In the DLN representation, the number of nodes, nDLN equals the number of nodes in the transit
network or the infrastructure network, n, assuming that all nodes are somehow served. However,
the representation adds additional links between the nodes if there exists a single line that serves
the two stops.

Unlike the CNG, the number of directed edges in the DLN representation is the same regardless
of the line being bi-directional or loop-shaped. In both cases, there exists a direct link between
all pairs that are served by the line and therefore the number of directed edges originated due
to the line k equals 2

(
nk

2

)
. Then, the total number of directed edges in the DLN representation

is as follows:

mDLN =
l∑

k=1

2

(
nk

2

)
(7)

Similar to the CNG, the most number of edges can be observed when each line has the maximum
line length, nl. Thus, nk can be replaced by nl. Then, the total number of directed edges in the
DLN representation for the worst case can be written in terms of nl and l as follows:

mDLN = l nl (nl − 1) (8)

These (worst case) numbers of nodes and edges for the CNG and DLN representation are inter-
esting from a theoretical perspective, but they do not give much practical insights. Therefore,
the growth of complexity is now illustrated by using fictitious line plan configurations where
the maximum line length, nl, varies between 10 and 25 stops, and the number of lines, l, varies
between 50 and 80. The number of nodes, the number of directed edges and the worst-case the-
oretical complexity for both Floyd-Warshall and Dijkstra’s algorithm are analyzed considering
an infrastructure network of 127 nodes.
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Figure 4: Worst-case Theoretical Complexity: DLN vs. CNG

As can be seen from Figure 4, in the CNG, the number of nodes increases as more lines are
considered in the line plan. As expected, the CNG representation always has a smaller number
of directed edges than the DLN representation for the same line configuration. However, the
number of nodes in the DLN is always smaller than the number of nodes in CNG, in fact nDLN

is always equal to the number of nodes in the infrastructure network. Thus, the theoretical
complexity of solving the traditional shortest path algorithms with DLN is always smaller than
the one of CNG, even when the Dijkstra’s algorithm is used with priority queues where the
theoretical complexity not only depends on the number of nodes but also depends on the number
of edges. These results illustrate the potential of DLN to run much faster than CNG with
both algorithms when solving the PAP. Yet, the line plans considered in this part are fictitious
considering the worst-case scenario and only for a given infrastructure network. Thus, in the
next section, the shortest path algorithms are run on a set of benchmark networks and the real
computation times are compared.

4. Experiments

In this section, first, the benchmark instances used in the experiments are presented. Then, the
all-pairs shortest paths are calculated by using Floyd-Warshall and Dijkstra’s algorithms using
the DLN and CNG network representations on the benchmark instances. The computational
experiments that evaluate the ‘all-or-nothing’ PAP consider a 5 minutes transfer time penalty.

4.1 Benchmark Instances

In order to conduct research on the TNDP, an infrastructure network and a demand matrix is
required. Mandl’s Network (Mandl, 1979) in Figure 5 below, is one of the first publicly available
and still the most commonly used benchmark network in line planning (Iliopoulou et al., 2019).
Even though it is a small network with fifteen nodes and twenty-one bi-directional links (or
forty-two unidirectional edges), much research has been conducted on it to improve the best
solutions found for different instances on this network (e.g., Fan et al. (2009), Fan and Mumford
(2010), Nikolić and Teodorović (2013), John et al. (2014), Kechagiopoulos and Beligiannis (2014),
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Nayeem et al. (2014), Ahmed et al. (2019b), Chew et al. (2013), Fan et al. (2020)) until the
optimal solutions were determined by Vermeir et al. (2021).

Figure 5: Mandl’s Swiss Network (Mandl, 1979): fifteen nodes and twenty-one links with the travel time indicated

Mumford (2013) published larger instances, Mumford 0, 1, 2, 3 in Figure 6 below, based on
Yubei in China, and Brighton and Cardiff in the UK. These have also been used since then by
several researchers (e.g., Mumford (2013), Nikolić and Teodorović (2013), John et al. (2014),
Nayeem et al. (2014), Ahmed et al. (2019b), Iliopoulou and Kepaptsoglou (2019), Fan et al.
(2020)).

Figure 6: Mumford 0, 1, 2, 3 Networks (Mumford, 2013)

Other than these instances, different instances based on real cities have been used by different
studies such as Utrecht (Durán-Micco et al., 2022), Sevilla (De-Los-Santos et al., 2021) and
Nottingham (Ahmed et al., 2019b). Yet, these are not as widely used as the Mandl’s Network
or Mumford Networks and a fair comparison between different studies is not yet possible on
these networks. For this reason, Schiewe et al. (2022) present a database, namely “LinTim”,
to provide benchmark instances and even a tool to solve the different stages to design a public
transport network.

In this paper, in order to evaluate the ‘all-or-nothing’ PAP for a given line plan with the CNG
and DLN representations, the Mandl’s Network with optimal line plans ranging from 3 to 14 lines
determined by Vermeir et al. (2021), Mumford 0, 1, 2, 3 networks with the line plans presented
in Mumford (2013), and also several real-life networks are considered: Athens’ metro system and
Göttingen’s bus system together with the line plans obtained from “LinTim” (Schiewe et al.,
2022), and lastly Utrecht’s bus system with the city’s current line plan used in Durán-Micco
et al. (2022).

These networks and line plans are selected as instances here, because these are widely used
(Mandl and Mumford) or because they correspond to real size networks (Utrecht, Athens,
Göttingen). These instances allow to evaluate the DLN representation on (benchmark) in-
stances with different characteristics and size. Table 1 presents the characteristics related to the
infrastructure network: the number of nodes, the number of directed edges, and the percentage
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of OD pairs for which a directed edge from the origin to the destination exists in the infrastruc-
ture network. The characteristics of the line plans are also indicated: the number of lines, the
percentage of OD pairs where at least one line, i.e., a direct link, serves both the origin and the
destination, the percentage of OD pairs where a direct link exists but the passengers are better
off making a transfer, i.e., the shortest path includes at least one transfer despite the transfer
penalty, and the number of non-served stops and the type of lines used.

Table 1: Instance Characteristics

Infrastructure Network Line Plan

Instance
# of # of % of OD pairs # of % of OD pairs % of OD pairs # of

line type
nodes directed edges with a directed edge lines with a direct link better off with transfer nonserved stops

Mandl3 15 42 20 3 69 5 - bi-directional
Mandl4 15 42 20 4 72 6 - bi-directional
Mandl5 15 42 20 5 80 6 - bi-directional
Mandl6 15 42 20 6 88 4 - bi-directional
Mandl7 15 42 20 7 92 1 - bi-directional
Mandl8 15 42 20 8 95 1 - bi-directional
Mandl9 15 42 20 9 94 2 - bi-directional
Mandl10 15 42 20 10 96 2 - bi-directional
Mandl11 15 42 20 11 96 1 - bi-directional
Mandl12 15 42 20 12 97 0 - bi-directional
Mandl13 15 42 20 13 98 0 - bi-directional
Mandl14 15 42 20 14 98 1 - bi-directional

Mumford0 30 180 21 12 93 30 - bi-directional
Mumford1 70 420 9 14 92 56 - bi-directional
Mumford2 110 770 6 56 73 41 - bi-directional
Mumford3 127 850 5 60 71 44 - bi-directional

Athens 51 104 4 12 22 0 7 bi-directional
Göttingen 257 656 1 63 23 0 - bi-directional
Utrecht 271 940 1 52 19 6 - bi-directional & loop

As can be seen from Table 1, Mandl’s Network corresponds to the smallest network while
Utrecht’s bus system corresponds to the largest based on the number of nodes and edges. Al-
though Athens’ metro falls between Mumford0 and Mumfurd1 based on the number of nodes,
it is considered in the same group as Göttingen and Utrecht’s bus systems since its density is as
small as the two others. When larger and more realistic networks are considered, the percentage
of OD pairs that have a direct link in the infrastructure network without an intermediate stop
decreases. When the different line plans are considered for Mandl’s Network, the percentage
of OD pairs with a direct link increases as the number of lines increases. Similarly, since more
and more direct links are present between different OD pairs, the percentage of OD pairs that
are better off with at least one transfer decreases. According to the line plan obtained from
“LinTim” (Schiewe et al., 2022), Athens’ metro line has seven nonserved stops while the other
instances somehow serve all OD pairs. Moreover, except for the Utrecht’s current bus line plan
where loop-shaped lines are allowed, the lines are always bi-directional in the other instances.

4.2 Computational Results

In this paper, we implemented Dijkstra’s algorithm with priority queues, and Floyd-Warshall
algorithm with vector structures in Matlab on a computer equipped with a processor AMD
Ryzen 7 PRO 2700U w/ Radeon Vega Mobile Gfx 2.20 GHz with 16 GB RAM. The average
computation time over 10 runs required to calculate the ‘all-or-nothing’ PAP on CNG and DLN
representations using the FW and Dijkstra’s algorithm are presented in Table 2 below in seconds.
Obviously, for each OD pair, the shortest paths obtained by the different algorithms have the
same length. Also, the computation time required to generate the CNG and DLN network
representations are reported (column “Initialization time”), together with the number of nodes
and directed edges in both representations.
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Table 2: Comparison of the computation time with CNG and DLN

Change-and-go (CNG) Direct Link Network (DLN)

Instance
# of # of % of OD pairs Initialization FW Dijkstra # of # of % of OD pairs Initialization FW Dijkstra
nodes directed edges with a directed edge time (s) (s) (s) nodes directed edges with a directed edge time (s) (s) (s)

Mandl3 39 66 4.5 <0.0005 <0.0005 0.013 15 144 68.6 <0.0005 <0.0005 0.013
Mandl4 47 88 4.1 <0.0005 0.001 0.014 15 152 72.4 <0.0005 <0.0005 0.009
Mandl5 55 110 3.7 <0.0005 0.001 0.015 15 168 80.0 <0.0005 <0.0005 0.010
Mandl6 63 132 3.4 0.001 0.002 0.017 15 184 87.6 <0.0005 <0.0005 0.011
Mandl7 71 154 3.1 0.001 0.003 0.019 15 194 92.4 <0.0005 <0.0005 0.009
Mandl8 79 176 2.9 0.001 0.004 0.021 15 200 95.2 <0.0005 <0.0005 0.010
Mandl9 85 192 2.7 0.001 0.004 0.024 15 198 94.3 <0.0005 <0.0005 0.011
Mandl10 93 214 2.5 0.001 0.005 0.024 15 202 96.2 <0.0005 <0.0005 0.010
Mandl11 100 233 2.4 0.001 0.007 0.031 15 202 96.2 <0.0005 <0.0005 0.013
Mandl12 108 255 2.2 0.001 0.007 0.036 15 204 97.1 <0.0005 <0.0005 0.014
Mandl13 116 277 2.1 0.001 0.008 0.027 15 206 98.1 <0.0005 <0.0005 0.010
Mandl14 124 299 2.0 0.001 0.009 0.029 15 206 98.1 <0.0005 <0.0005 0.010

Average 82 183 3.0 0.001 0.004 0.022 15 188 89.7 <0.0005 <0.0005 0.011

Mumford0 210 516 1.2 0.001 0.041 0.082 30 812 93.3 <0.0005 <0.0005 0.036
Mumford1 488 1226 0.5 0.004 0.738 0.478 70 4438 91.9 0.001 0.003 0.488
Mumford2 1342 3584 0.2 0.021 17.064 5.925 110 8696 72.5 0.002 0.008 1.562
Mumford3 1627 4380 0.2 0.028 32.467 9.451 127 11330 70.8 0.003 0.012 2.591

Average 917 2427 0.5 0.014 12.578 3.984 84 6319 82.1 0.002 0.006 1.169

Athens 161 306 1.2 0.002 0.016 0.102 51 556 21.8 <0.0005 0.001 0.043
Göttingen 1594 3885 0.2 0.048 30.077 22.604 257 14944 22.7 0.004 0.058 4.849
Utrecht 1127 2425 0.2 0.033 9.897 11.177 271 13632 18.6 0.002 0.062 5.629

Average 961 2205 0.5 0.028 13.330 11.294 193 9711 21.0 0.002 0.041 3.507

Overall 396 975 2.1 0.008 4.755 2.636 58 2944 77.2 0.001 0.008 0.807

As can be seen from Table 2, when the line plans on Mandl’s Network are considered, according to
CNG, the number of nodes and edges increases significantly when the number of lines increases.
For example, Mandl14 with 14 lines has 124 nodes and 299 directed edges in CNG and 15 nodes
and 206 directed edges in DLN while only 15 nodes and 42 directed edges in the infrastructure
network. Although DLN is based on adding additional edges instead of additional nodes, for
the largest five Mandl instances (Mandl14, Mandl13, Mandl12, Mandl11, and Mandl10), more
edges are required for CNG than for DLN. When the resulting network densities are considered,
it is observed that CNG always produces a more sparse network (at most 5% of OD pairs has
a directed edge) whereas the resulting network with DLN is typically more dense (at least 19%
and at most 98% of OD pairs has a directed edge). Another conclusion is that both network
representations require negligible time for the initialization although a slightly longer time is
required to initialize the real networks (Athens, Göttingen, Utrecht) for both CNG and, to a
smaller extent, for DLN.

Overall, when the results with CNG are considered, the computation time required for the ‘all-
or-nothing’ PAP for Mandl’s Network is rather small (less than 0.04 seconds) for all the different
line plans and different algorithms. However, for Mumford 0, 1, 2, 3, and the real networks,
the computation time increases drastically (up to 33 seconds with FW and 10 seconds with
Dijkstra’s algorithm). It is also observed that with larger networks, usually Dijkstra’s algorithm
performs better than FW with CNG.

When the results using DLN are considered, especially with FW, the computation times are
always smaller than a second. With DLN and Dijkstra’s algorithm, the computation time
increases for larger instances however it remains always smaller than 6 seconds.

Lastly, when CNG and DLN representations are compared for each of the chosen shortest path
algorithms, it is observed that the computation time with DLN is always as small as the compu-
tation time when CNG is used. Moreover, each algorithm runs multiple times faster with DLN.
Table 3 summarizes the ratio of the best computation times when CNG and DLN representa-
tions are used. Since the computation times are very small for all Mandl’s instances, resulting
ratios would not be meaningful. Therefore, these results are omitted from Table 3.
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Table 3: Best Algorithm for CNG vs Best Algorithm for DLN

Change-and-go (CNG) Direct Link Network (DLN)

Instance Best Algorithm Computation Time (s) Best Algorithm Computation Time Ratio

Mumford0 FW 0.041 FW 0.000 231.43
Mumford1 Dijkstra 0.478 FW 0.003 153.22
Mumford2 Dijkstra 5.925 FW 0.008 726.64
Mumford3 Dijkstra 9.451 FW 0.012 756.54

Average Dijkstra/FW 3.984 FW 0.006 466.96

Athens FW 0.016 FW 0.001 27.06
Göttingen Dijkstra 22.604 FW 0.058 386.72
Utrecht FW 9.897 FW 0.062 158.41

Average Dijkstra/FW 11.294 FW 0.041 190.73

Overall Dijkstra/FW 2.636 FW 0.008 348.57

Overall, the DLN representation allows to evaluate the ‘all-or-nothing’ PAP about 350 times
faster. This can be explained by looking back at the computational complexity of FW and Dijk-
stra’s algorithm. On the one hand, the FW algorithm has the theoretical worst-case complexity
of O(n3) to solve the all-pairs shortest path problem, which depends only on the number of
nodes. On the other hand, the theoretical complexity of a single run of Dijkstra’s algorithm
that calculates the shortest-tree from a source node can be reduced to O(m.log(n)) with priority
queues. Yet, the Dijkstra’s algorithm needs to be run n times in order to solve all-pairs shortest
path problem, thus it results in an overall computational complexity of O(n.m.log(n)), which
depends on both the number of edges and nodes. Nevertheless, the complexity of these shortest
path algorithms depends on the number of nodes on a higher degree than the number of edges.
This can be seen in Figure 7 below where the computational time required to evaluate the ‘all-
or-nothing’ PAP on the Mumford 0, 1, 2, 3, and Athens, Göttingen, and Utrecht instances are
shown with respect to the number of nodes in their resulting CNG and DLN representations.

Figure 7: Computational Time: CNG vs. DLN

As can be seen from Figure 7, the computational time required by the FW and Dijkstra’s algo-
rithms increases as the number of nodes in the corresponding network representations increase.
Two exceptions occur, Mumford 2 and Mumford 3, when Dijkstra’s Algorithm is considered with
CNG. In this case, the computational time for Mumford 2 and Mumford 3 is smaller when com-
pared to Utrecht and Göttingen. This can be explained by the relatively high number of lines
considered in the Mumford instances and by the fact that when Dijkstra’s Algorithm is used to
find the shortest-tree, the algorithm needs to be run on the CNG representation, considering all
the transfer nodes and additional edges. However, the algorithm does not need to run for each
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node of this expanded network to calculate all-pairs shortest paths. Instead, the algorithm runs
only for the original set of nodes in the infrastructure network. Since the number of nodes in the
infrastructure network of Mumford 2 is smaller than the one of Utrecht and similarly the num-
ber of nodes in the infrastructure network of Mumford 3 is smaller than the one of Göttingen,
smaller computational times are observed even though the total number of nodes in the CNG
network representation are larger. Note that this does not happen with DLN since the number
of nodes in the infrastructure network and in the DLN are always equal. Nonetheless, the main
conclusion from this figure is that the number of nodes, both in the infrastructure network and
the network representation, impacts the required computational time significantly. And this is
exactly why the DLN is always expected to work so much faster than CNG, despite the many
more additional edges.

Another reason why DLN works so much faster compared to the CNG could be that during
the initialization of DLN, the edge-weights are assigned such that it corresponds to the shortest
direct link when multiple bus lines serve the same pair of stops. This implies that a part of
the comparisons needed to calculate the shortest-path is no longer required, by considering
directly the faster line if multiple lines serve the two stops. And it should be noted that still the
initialization time for the DLN is observed to be rather negligible, and more importantly, this
initialization time is less than the initialization time for CNG.

5. Conclusions

In this paper, a much more efficient “Direct Link Network” (DLN) representation is presented
for the Transit Network Design Problem (TNDP) or line planning problem. Typically, the
‘all-or-nothing’ passenger assignment (PAP) is used where all passengers are assigned to their
shortest paths based on the in-vehicle time and a constant penalty for each transfer. Since even
this most basic version of the PAP is not always easy to integrate in the optimization, bi-level
optimization models and meta-heuristics are proposed. Only after finding a line plan, the ‘all-
or-nothing’ PAP is evaluated. Yet, it is still claimed to be the most time consuming part of line
planning algorithms (Farahani et al., 2013; Liu et al., 2020; Durán-Micco and Vansteenwegen,
2022).

Contrary to the commonly used “Change-and-Go” network representation (Schöbel and Scholl,
2006) and its variants: “Train-Service-Network” (Fu et al., 2015), and “Trajectory Graph”
(Cancela et al., 2015), or earlier “Kirby-Potts Expansion” (Kirby and Potts, 1969), the DLN
adds additional edges instead of additional transfer nodes. Therefore, the DLN results in a
network with much less nodes and sometimes even less edges. Since the complexity of traditional
shortest path algorithms depends more on the number of nodes than on the number of edges,
the DLN representation is always much faster than the node-expansion methods. As a direct
result, the traditional shortest path algorithms run on average 350 times faster on the DLN.
Knowing that current metaheuristics easily solve thousands of PAPs when improving a line plan
step by step, the DLN promises a significant improvement in the computational efficiency of all
existing and future transit network design algorithms that evaluate the ‘all-or-nothing’ PAP in
each iteration.

As already mentioned in the paper, the approach is explained and tested only for the commonly
used assumption of a constant transfer penalty. When station-dependent transfer penalties are
considered, the same method can be applied. The only difference is that the excess transfer
penalty that should be eliminated to obtain the shortest path, should correspond to the penalty
of the origin station. As future work, frequency-dependent transfer penalties, which can easily be
considered in CNG with some modifications, could also be considered with DLN. However, this
time, a modification to the shortest path algorithm is required, instead of adding the transfer
penalties to each direct link. Furthermore, we are convinced that using the DLN instead of CNG
in a metaheuristic addressing the TNDP, could have additional benefits. Evaluating the impact
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of a small change to the line plan, might not require a complete evaluation of the PAP since
most direct links will not be affected. This should be implemented and evaluated in detail in
future work.
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