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Abstract

The article investigates an evidence-based semantics for epistemic log-
ics in which pieces of evidence are interpreted as equivalence relations
on the epistemic worlds. It is shown that the properties of knowledge ob-
tained from potentially infinitely many pieces of evidence are described by
modal logic S5. At the same time, the properties of knowledge obtained
from only a finite number of pieces of evidence are described by modal
logic S4. The main technical result is a sound and complete bi-modal
logical system that describes properties of these two modalities and their
interplay.

1 Introduction

The question of which modal logic is better at capturing the epistemic properties
has long been a subject for philosophical discussions. While some think that
such properties could be described by modal logic S4 [I} [5], others argued in
support of logic S5 that extends S4 by adding Negative Introspection axiom [3].
There have also been suggestions to consider some of the modal systems in
between S4 and S5 [6],[7, p.82].

In this article we propose a uniform framework in which S4 and S5 modalities
can be interpreted as referring to two different types of knowledge. Our approach
is based on the assumption that an agent’s perception about the current epis-
temic state is formed by a (possibly infinite) number of pieces of evidence also
commonly referred to as facts, tests, observations, or justifications. The main
contribution of this article is the observation that the knowledge formed by a fi-
nite number of pieces of evidence has modal properties described by modal logic
S4, whereas the knowledge formed by a potentially infinite number of pieces of
evidence has modal properties described by modal logic S5.

We refer to the knowledge formed by a finite number of pieces of evidence
as attainable knowledge and to the knowledge that formed by a potentially
infinite number of pieces of evidence simply as knowledge. The main technical
result of this article is a sound and complete logical system with two modalities
that capture individual properties of the two types of knowledge as well as the
properties that connect these two types of knowledge.



1.1 Grand Hotel Example

Consider the famous Hilbert Grand Hotel that has infinitely many rooms. By
a single observation in this setting we mean opening and examining a room in
order to establish whether it is empty. If the hotel has vacancies, then at least
one room is empty. By opening just a single door from that specific room one can
learn that the hotel has vacancies. We write [J(“hotel has vacancies”) to express
this fact. The modality [J denotes attainable knowledge that can be formed from
finitely many observations, in this case just a single observation. On the other
hand, if the hotel has no vacancies, then the knowledge about this can not be
obtained from examining finitely many rooms: — [ (“hotel has no vacancies”).
At the same time, one can learn that hotel is full by examining all rooms in the
hotel. We write this as O(“hotel has no vacancies”), where modality O denotes
the knowledge that can be formed from (potentially infinite) set of all available
pieces of evidence.

Let us first show that attainable knowledge does not satisfy axiom S5, also
known as Negative Introspection axiom:

“He—->0-0e. (1)

Indeed, consider again the epistemic world w in which Hilbert Grant Hotel is
full and let ¢ be statement “the hotel has vacancies”. Thus, w ¥ ¢. Since
by examining hotel rooms one cannot conclude anything false, it follows that
w W He. Hence, w IF = . At the same time, informally, the only reason why
w IF =y is true is that the hotel is full. Since the latter can not be established
through finitely many observations, w I = [ = [ ¢. More formally, to prove
w IF = = [ ¢ we need to show that no matter which finite set of evidence is
examined, there still will be an epistemic world v indistinguishable from w such
that u IF [e. Indeed, suppose that we have chosen to examine rooms ry, ..., 7,.
Let r be any room different from rooms r1,...,7,. Let u be an epistemic world
in which all room except for room r are occupied. Thus, epistemic worlds w
and u are indistinguishable through the chosen finite set of examinations. Yet
u IF By because in epistemic world u, it is enough to examine a single room r
to learn that the hotel has vacancies. This concludes the counterexample for
Negative Introspection principle .
Let us now consider a weaker form of Negative Introspection axiom used in
logic S4.4 [6]:
¢ — (~He—H-Ho). (2)

The above counterexample for formula does not work as a counterexample
for formula because in that setting w W . Nevertheless, principle is
not valid in general. Indeed, let us modify the hotel setting by assuming that
some rooms in the hotel might have bedbugs. The presence of the bedbugs can
be tested when a room is examined. Furthermore, let us assume that once a
single room in the hotel becomes infected with bedbugs all guests immediately
leave the hotel. Thus, the hotel might have either (a) visitors and bedbugs, or
(b) no visitors and no bedbugs, or (c) bedbugs and no visitors. Consider an



epistemic world w in which the hotel has no visitors and no bugs. Let ¢ be the
statement “hotel has no visitors”. Thus, w I ¢. Note that there are two ways
to verify that hotel has no visitors: either by examining all rooms to observe
that they are all vacant or by examining a single room that contains bedbugs.
Since in the epistemic world w the hotel is not infected with bugs, the only way
to verify that the hotel is empty in this world is to examine all rooms. Thus,
w Ik =[dp. To finish the counterexample for formula , it suffices to show that
w W = . In other words, we need to prove that after opening a finite set

of rooms rq,...,r, we will not be able to distinguish epistemic state w from an
epistemic state u such that u I- Hp. Indeed, let r be any room different from
rooms r1,...,7, and let u be the epistemic world in which room r is infected

with bedbugs. Note that w IF [y because in epistemic state u it is enough to
examine the bug-infected room r to conclude that the hotel is empty.

1.2 Formal Semantics of Evidence

To make our Grand Hotel example more formal, we need to introduce the formal
semantics of evidence-based knowledge. Since the purpose of the pieces of evi-
dence is to distinguish epistemic worlds, the pieces of evidence can be viewed as
equivalence relations on the worlds. When an agent takes into account several
pieces of evidence, equivalence relations corresponding to these pieces intersect
to form the equivalence relation of the agent. In the second Grant Hotel ex-
ample above, each room is in one of the three states: occupied, vacant without
bedbugs, and vacant with bedbugs. An epistemic world can be described by
specifying the state of each room. The observation that consists of examining
room r can distinguish two epistemic worlds in which room r is in different
states. It can not distinguish two epistemic worlds in which room r is in the
same state.

In other words, we assemble agent’s knowledge from several pieces of evi-
dence in exactly the same way as how distributed knowledge [3] of a group is
assembled from the individual observations of the members of the group. Thus,
the logical system developed in this article could also be used to describe two
different forms of group knowledge by an infinite group of agents: modality O
represents the standard distributed knowledge by the whole group and modality
[ represents the distributed knowledge by a finite subgroup of the whole group.

The formal evidence semantics described above is similar to the one for the
budget-constrained knowledge proposed by Naumov and Tao [§]. Tt is different
from the neighbourhood semantics of evidence investigated by van Benthem and
Pacuit [I1], and the probabilistic approach of Halpern and Pucella [4].

1.3 Logical System

In this article we propose a sound and complete logical system that describes
universal properties of knowledge modality O and attainable knowledge modal-
ity . The axioms involving only modality O are exactly those forming modal
logic S5:



1. Truth: Op — ¢,

2. Positive Introspection: Oy — OO,

3. Negative Introspection: =O¢ — OO,
4. Distributivity: O(¢ — ¥) — (Qp — OY).

Later we do not list Positive Introspection principle among axioms of our system
because, just like in the case of logic S5, Positive Introspection is derivable from
the other axioms. We prove this in Lemma The axioms involving only
modality [J are exactly those forming modal logic S4:

1. Attainable Truth: By — ¢,
2. Attainable Positive Introspection: Hyp — HH ¢,
3. Attainable Distributivity: H(p — ¢) — (e — ).

Finally, there appears to be two independent principles that capture the inter-
play of the two modalities:

1. Monotonicity: [y — O,
2. Mixed Negative Introspection: = [ — O~ .

The first of these principles states that any knowledge that can be formed from
a finite subset of observations can also be formed on the bases of the whole set
of observations. The second principle is significantly more interesting. We have
seen in our first Grant Hotel example that Negative Introspection is not true
for attainable knowledge. Namely an agent in a fully occupied hotel can not
learn that statement [J(“the hotel has vacancies”) is false by examining only
finitely many rooms. It can learn this, however, by examining all room in the
hotel and this is exactly what Mixed Negative Introspection principle claims.
Surprisingly, Mixed Negative Introspection principle is provable from the other
axioms of our logical system. We show this in Lemma As a result, Mixed
Negative Introspection is not included as an axiom of our system. Additionally,
it is easy to see that Attainable Truth principle follows from Truth axiom and
Monotonicity axiom. For this reason, we do not list Attainable Truth as one of
our axioms either. Finally, although one can state two forms of Necessitation
inference rule: one for O modality and another for [J, the former follows from
the latter and Monotonicity axiom. Thus, our system, in addition to Modus
Ponens, only includes Attainable Necessitation inference rule.

1.4 Outline

This article is organized as following. In Section [2] we define the syntax and the
semantics of our logical system. In Section [3|we list the axioms and the inference
rules of this system. In Section[d]we present two examples of formal proofs in our
system, including a proof of Mixed Negative Introspection principle mentioned



above. In Section [5| we prove the soundness of our logical system with respect
to our evidence-based semantics. In Section [ we establish the completeness of
our system. Section [7] concludes.

2 Syntax and Semantics

In this section we describe the formal syntax and the formal evidence-based
semantics of our logical system. Throughout the rest of the article we assume
a fixed infinite set of propositional variables.

Definition 1 The set ® of all formulae ¢ is defined by the Backus-Naur form
p:=p| 0| ¢e—e| Oe|Op, where p represents propositional variables.

Definition 2 A Kripke model with evidence is (W, E,{~c}ecEr,T), where
1. W is a set of “epistemic worlds”,
2. E is an arbitrary “evidence” set,
8. ~¢ is an “indistinguishability” equivalence relation on W for each e € E,

4. m is a function that maps propositional variables into subsets of W.

For instance, in our first Grand Hotel example, an epistemic world is a function
N — {vacant, occupied} that assigns a state to each room in the hotel. The set
of evidence is N, where evidence with number r» € N corresponds to examining
room with number r in this hotel. Epistemic worlds wy and ws are ~,-equivalent
if room number 7 has the same state in both of the worlds. In other words, wy ~;
wo if wy(r) = wa(r). Finally a function 7 may, for example, map propositional
variable p into the set of all epistemic worlds representing a nonempty hotel:
7(p) = {w € W | Ir € N such that w(r) = occupied}.
In this article, we write wy ~p wo if wy ~, wy for each e € F.

Definition 3 For any formula ¢ € ® and any epistemic world w € W of a
Kripke model (W, E,{~.}, ), let the satisfiability relation w I+ ¢ be defined as
follows,

1. wlkpifwe n(p),
w Ik = if wF o,
wlF =Y ifwhk o orwlky,

e

w I By if there is a finite F C E such that w ~p u implies u |- ¢ for
each u € W,

5. wlFOp if ulk ¢ for each u € W such that w ~g u.



3 Axioms

In addition to propositional tautologies in language ®, our logical system con-
sists of the following axioms:

1. Truth: Op — ¢,

Negative Introspection: ~O¢ — OO,
Distributivity: O(¢ — ¥) — (Qe — OY),
Monotonicity: [y — O,

Attainable Positive Introspection: By — [ ¢,

S ok W

Attainable Distributivity: H(e — 1) — (e — ).

We say that formula ¢ is a theorem in our logical system and write F ¢ if
formula ¢ is derivable from the axioms of our systems using Modus Ponens and
Attainable Necessitation inference rules:

o, gy o
G L
We write X F ¢ if formula ¢ is derivable from the theorems of our logical

systems and an additional set of axioms X using only Modus Ponens inference
rule.

4 Examples

The soundness of our logical system is shown in Section [5} In this section we
give two examples of formal proofs in our system. The first example, which
will be used later in the proof of the completeness, is the standard observation
that Positive Introspection principle is derivable from the axioms of modal logic
S5. Since our system does not contain Necessitation rule for modality 0O, the
proof is using Attainable Necessitation inference rule and Monotonicity axiom
instead.

Lemma 1 +F Op — OOp.

Proof. Note that formula =0y — O-O¢p is an instance of Negative Introspection
axiom. Thus, - -0-0¢ — Og by the law of contrapositive in the propositional
logic. Hence, + H(—~O0-0O¢ — Op) by Attainable Necessitation inference rule.
Thus, F O(-0-0O¢ — Og) by Monotonicity axiom and Modus Ponens inference
rule. Thus, by Distributivity axiom and Modus Ponens inference rule,

FO-0-0p — O0e. (3)

At the same time, O—-0Oy — —Op is an instance of Truth axiom. Thus,
F O¢p — —0O-0O¢p by contraposition. Hence, taking into account the following



instance of Negative Introspection axiom —O-0O¢ — O-O-O¢p, one can con-
clude that F O¢ — O-0O-0O¢. The latter, together with statement , implies
the statement of the lemma by the laws of propositional reasoning. X

Our next and perhaps more interesting example is the proof of Mixed Neg-
ative Introspection principle mentioned in Section of the introduction.

Lemma 2 F-Hp =+ 0-He.

Proof. By Truth axiom, - O ¢ — Hp. Thus, by the law of contrapositive
in the propositional logic, - = [ ¢ — -0 [ . At the same time, by Negative
Introspection axiom, - -0 ¢ — O-0OLg. Hence, by the laws of propositional
reasoning,

F-He—o-0Ue. (4)

Note that F [y — [ ¢ by Attainable Positive Introspection axiom and
FHHe — 0 ¢ by Monotonicity axiom. Thus, by the laws of propositional
reasoning, - [y — O . Hence, by the law of contrapositive in the proposi-
tional logic, F -0 ¢ — = . Then, - O(-O0H ¢ — - [ ¢) by Attainable
Necessitation inference rule. At the same time,

FH-oBRe - -He)—>a-ode —-He)

by Monotonicity axiom. Thus, - O(-0H¢ — —[y) by Modus Ponens inference
rule. Hence, - 0-0 ¢ — O- ¢ by Distributivity axiom and Modus Ponens
inference rule. Therefore, - = [ ¢ — O- [ ¢, by the laws of propositional
reasoning taking statement into account. X

5 Soundness

In this section we prove the soundness of our logical system with respect to the
evidence-based semantics introduced in Section 21

Theorem 1 Ift ¢, then w Ik ¢ for each epistemic world w € W of each Kripke
model (W, E,{~¢}ecr, ).

The soundness of propositional tautologies and Modus Ponens inference rule is
straightforward. Below we prove the soundness of each of the remaining axioms
and Attainable Necessitation inference rule as separate lemmas.

Lemma 3 If w - Ly, then wIF EH .

Proof. By Definition [3] the assumption w IF [lp implies that there is a finite
F C FE such that u I ¢ for each uw € W where w ~p u.

Again by Definition[3] it suffices to show that v IF [y for all v € W such that
w ~p v. To establish this, it is enough to prove that u I+ ¢ for all w € W such
that v ~F u. Note that w ~r v ~p u. Thus, w ~r u because ~ is an equiva-
lence relation for each element f € F'. Therefore, u IF ¢ by the choice of set F'. X



Lemma 4 If wlFB(p — ¢) and w I e, then w I+ L.

Proof. By Definition [3| the assumption w I (¢ — ) implies that there is
a finite F4 C F such that u IF ¢ — ¢ for each v € W such that w ~p wu.
Similarly, the assumption w IF [y implies that there is a finite F5 C E such
that u IF ¢ for each w € W such that w ~p, u.

Let FF = F} U F5. It suffices to show that u IF ¥ for each v € W such that
w ~p u. Indeed, statement w ~r v implies that w ~p, v and w ~p, u. Hence,
ulF ¢ — ¢ and u I ¢ due to the choice of sets F} and F5. Therefore, u I 1 by
Definition Bl X

Lemma 5 If w - Op, then w Ik ¢.

Proof. By Definition [3] assumption w I O¢ implies that u I- ¢ for all u € W
such that w ~g u. Note that w ~, w for all e € E because ~, is an equivalence
relation. Hence, w ~g w. Therefore, w I . X

Lemma 6 If w - -0y, then wIF O-0Op.

Proof. By Definition [3] assumption w IF =0O¢ implies that there is v € W such
that w ~p u and u ¥ ¢.

Consider any v € W such that w ~g v. By Definition [3] to prove w I- O-0O¢,
it suffices to show that v IF =0O¢. Note that w ~g u and w ~g v. Thus, v ~g u
due to ~, being an equivalence relation for each e € E. Recall that u I .
Hence, v ¥ O by Definition [3] Therefore, v IF —=O¢p again by Definition X

Lemma 7 If wl-O(p — %) and w I Op, then w - 0.

Proof. Consider any u € W such that w ~g u. By Definition [3] it suffices to
show that u IF ¢. Indeed, by Definition [3| assumptions w IF O(p — ) and
w IF Op imply that u IF ¢ — ¢ and u |- ¢. Therefore, u I 1, again by Defini-
tion [3] X

Lemma 8 If w -Gy, then w Ik Op.

Proof. Consider any u € W such that w ~g u. By Definition |3} it suffices to
prove that u IF ¢. By the same definition, the assumption w I+ [y implies that
there is finite F' C E such that v I ¢ for each v € W such that w ~p v. Note
that statement w ~g w implies that w ~p u. Therefore, u IF . X

Lemma 9 If w IF ¢ for each epistemic world w € W of each Kripke model
(W,E,{~c}ecr,m), then w IF By for each epistemic world w € W of each
Kripke model (W, E,{~¢}ecr, ).



Proof. Consider any epistemic world w € W of an arbitrary Kripke model
(W,E,{~c}ecr, ™). By Definition [3| it suffices to show that there is FF C E
such that u IF ¢ for each u € W where w ~p u. Indeed, let F = &. Note that
u Ik ¢ for each u € W due to the assumption of the lemma. X
This concludes the proof of the soundness of our logical system.

6 Completeness

In this section we prove the completeness of our logical system. Throughout the
section we use two operations on sequences. If w is a sequence (z1,z9,...,Ty)
and u is a sequence (y1,¥Y2...,Ym), then by concatenation w :: u of these two
sequences we mean sequence (T1,Ta2,...,%Tn,Y1,Y2--.,Ym). By head hd(w) of
a nonempty sequence w = (x1,Z2,...,T,) we mean element z,. For example,

(a,b)::(c) = (a,b,¢) and hd(a,b,c) = c.

Theorem 2 For any formula @y € ®, if w - g for each epistemic world
w € W of each Kripke model (W, E,{~c}ccr, ™), then b ¢q.

The rest of this section is dedicated to the proof of Theorem [2l Suppose that
¥ . We first define a “canonical” Kripke model (Woo, W, {~c}eew.,, ™) and
later show that w ¥ ¢g for some w € W,. Note that the set of epistemic
worlds in the canonical model is identical to the evidence set. One can think
that all pieces of evidence related in some sense to a given epistemic world
are combined together into a single evidence associated with this world. The
evidence associated with world w is simply referred to as evidence w.

We define set W, of epistemic worlds using the “unravelling” technique [10].
Informally, this set consists of sequences of the form (Xo,e1, X1,...,€n, Xn),
where Xy, ..., X,, are maximal consistent sets of formulae and each of ¢1,..., €,
is either a finite subset of W, or symbol *. In what follows, the case when € is
a finite subset of W, will form a [J-accessibility relation and the case € = * will
form both [l-accessibility and O-accessibility relations. Such sequences can be
visualised, see Figure [l] as paths in an infinite collection of infinite trees whose
vertices are maximal consistent sets of formulae and whose edges are labeled
with the €’s described above.

@
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Figure 1: Trees of sequences.



Formally, set W, is specified as the union of a recursively defined infinite
sequence of sets Wy, W1, Ws, . ... These sets represent different stages of build-
ing the infinite set of infinite tree partially depicted in Figure[l] Note, however,
that stages do not correspond to the levels of the trees. Generally speaking,
vertices at the same level are not created at the same stage.

Definition 4 A sequence of sets Wy, W1, ... is defined recursively as follows

1. Wy is the set of all single-element sequences (X), where X is a maximal
consistent subset of P,

2. Wyy1 contains all sequences of the form w::(e,Y) such that

(a) we U<, Wi

(b) € is either symbol * or a finite subset of |J;<,, Wi,
(c) Y is a maximal consistent subset of P,

(d) if e =x, then {¢ | Op € hd(w)} C Y,

(e) if € C U<, Wis then {p | Do € hd(w)} C Y.

Definition 5 W, = {J, W;.
Lemma 10 Set W, is infinite.

Proof. Recall that ¥ ¢ by the choice of statement ¢g. Thus, set {—pg} is
consistent. Since our language contains infinitely many propositional variables,
set {—¢} could be extended to a maximal consistent set in an infinitely many
ways. Hence, set W is infinite by Definition ] Therefore, set W is infinite
by Definition X

Informally, two sequences are ~.-equivalent if they start with the same prefix
and once they deviate all subsequent €’s either are equal to * or contain element
e, see Figure 2] (a). The formal definition is below.

Definition 6 For any epistemic world w = (Xo,€1,X1,..., €0, Xp), any epis-
temic world uw = (X}, €}, X1, ..., €, X)), and any e € Wo, let w ~ u if there

s k such that
1. 0 < k < min{n,m},
2. X; = X! for all i such that 0 <i <k,
3. €¢; =€, for all i such that 0 <i <k,
4. for all i, if k < i < n, then either e € €; or ¢; = *,
5. for all i, if k < i <m, then either e € €, or €; = *.

Definition 7 7(p) = {w € W | p € hd(w)}.

10
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Figure 2: Ilustrations: (a) for Definition [6| where €; and €} either are equal to
* or contain e for each ¢ > k, (b) for Lemma and (c) for Lemma [12] and
Lemma [I3

The canonical Kripke model (Woo, W, {~c}ecw.., ) is now fully defined. Next
we establish several properties of this model that are necessary for our proof of
the completeness.

First we show that if set hd(w) contains a formula [y, then so does set
hd(u) for each descendant u of vertex w.

Lemma 11 For any k > 0, any n > 0, and any
(Xo, €1, X1, s €k Xy €1 Xt 1,5 €htons Xkn) € Weo,
if Doy € X, then Ly € Xgin-

Proof. We prove the lemma by induction on n, see Figure [2| (b). If n = 0, then
assumption [y € Xj implies that e € Xgy,. If n > 0, then My € Xpypn_1
by the induction hypothesis. Hence, Xy 1,1 F [J[J ¢ by Attainable Positive
Introspection axiom.

Case I: €xq, = *. Note that Xpy,—1 F O ¢ implies Xpy,—1 - O ¢ by
Monotonicity axiom. Hence, O ¢ € Xjin—1 due to the maximality of set
Xp+n—1. Then, Ly € X}, by Definition[dand due to the assumption €y, = *.

11



Case II: €gy,, # *. Statement Xjy,—1 F I @ implies that D¢ € Xgyn_1
due to the maximality of set Xy1n—1. Thus, e € Xj 4, by Definition [l X

We next show that if hd(w) contains a formula O¢p, then so does hd(u) for
each descendant u of vertex w reachable through edges all of which are labeled
by symbol x.

Lemma 12 For any k > 0 and n > 0, and any
(X07€17X1; .. .,Gk,Xk,6k+1,Xk+1, .. ~7€k+n7Xk+n) c Woo;
if Op € Xy and €; = x for all i such that k < i < k+mn, then Oy € Xgin-

Proof. We prove the lemma by induction on n, see Figure [2 (c). If n = 0, then
assumption Op € Xj implies that Oy € Xpipn. If n > 0, then Op € Xgypn_1
by the induction hypothesis. Hence, Xyi,—1 = OO¢ by Lemma Thus,
O € Xk4n by Definition E| and due to the assumption €j4, = *. X

The next lemma is a converse of Lemma It shows that if hd(u) contains
a formula Op where u is a descendant of vertex w reachable through edges all
of which are labeled by symbol *, then so does hd(w).

Lemma 13 For any k > 0, any n > 0, and any
(X07 617X17 cvey 6]€7Xk7 6k+17Xk+17 ceey 6k+n7Xk+n) S WOO;
if Op € Xgn and €; = x for all i such that k < i < k+n, then Op € X.

Proof. We prove the statement of the lemma by induction on n, see again
Figure [2[ (¢). If n = 0, then assumption Oy € X}, implies that Op € X;. We
assume now that n > 0.

Case I: Op ¢ Xgin—1. Thus, "O¢ € Xji,—1 due to the maximality of the
set Xg4n—1. Hence, Xy1,—1 F O-0Op by Negative Introspection axiom. Then,
O0-0¢ € Xk1pn—1 due to the maximality of the set Xy, 1. Hence, "0y € Xg1n
by Deﬁnition and because €y, = *. Thus, Op ¢ X, due to the consistency
of the set X, which is a contradiction with the assumption of the lemma.
Case II: Oy € Xk4pn—1. Thus, Op € X} by the induction hypothesis. X

The next two lemmas are relatively standard lemmas for a completeness
proof of a modal logic. Their proofs show how a sequence representing an
epistemic world can be extended to produce different types of child nodes on
the trees in Figure

Lemma 14 For any w € W, any -0 ¢ € hd(w), and any finite F C W,
there is u € Wy such that w ~p u and - € hd(u).

Proof. We first show that the following set is consistent:

Yo = {-¢} U{¢ | Hv € hd(w)}.

12



Assume the opposite. Thus, there must exist [, ..., Y, € hd(w) such
that 1, ...,%, F ¢. Hence, by the deduction theorem for propositional logic,

Fr— (Yo — oo (Yn = 0)..0).

Then, by Attainable Necessitation inference rule,

FO@WL = (Y2 — o (Y = @) .. 0)).

By Attainable Distributivity axiom and Modus Ponens inference rule,

Fy = e — .o (U = ) ..0).

By Modus Ponens inference rule,

Cipy - Dby = ... (Y — ©)...).

By repeating the last two steps n — 1 times,
Ly, ..., By, F B,

Hence, hd(w) F By by the choice of formulae 41, ..., %,. Thus, "¢ ¢ hd(w)
due to the consistency of the set hd(w), which contradicts the assumption of
the lemma. Therefore, set Y} is consistent.

Let Y be any maximal consistent extension of set Yy and let u be the sequence
w: (F,Y). We next show that u € W,. Indeed, since w € W, by Deﬁnition
there must exist n; > 0 such that w € W,,,. At the same time, since set F' is
a finite subset of W, by Definition there must exist ny > 0 such that
F C Uicp, Wi- Let n = max{ni,na}. Thus, w € U;,, Wi and F C J,,, Wi.
Hence, w:: (F,Y) € W41 by Definition [} Therefore, u = w:: (F,Y) € Wy by
Definition [E

Finally, w ~p u by Definition[6} To finish the proof of the lemma, note that
- €Yy CY = hd(u). X

Lemma 15 For any w € W, and any —O¢ € hd(w), there is u € Wy such
that w ~w. u and = € hd(u).
Proof. We first show that the following set is consistent:

Yo ={~¢}U{¢ | O € hd(w)}.

Assume the opposite. Thus, there must exist formulae Oy, ..., 0%, € hd(w)
and 91, . ..,%¥, F . Hence, by the deduction theorem for the propositional logic,

Fr—= (P = (P = )0

Then, by Attainable Necessitation inference rule,

FO@WL = (Y2 — o (Y = ) .. 0)).
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By Monotonicity axiom and Modus Ponens Inference rule,

FOWr = (Y2 = (Y =) ))

By Distributivity axiom and Modus Ponens inference rule,

FoOvr — O@We = ... (Yn = @) ...)).

By Modus Ponens inference rule,

By repeating the last two steps n — 1 times,

vy, ..., 00, F Op.

Hence, hd(w) F O¢ by the choice of formulae 91, ...,1,. Thus, “O¢ ¢ hd(w)
due to the consistency of the set hd(w), which contradicts the assumption of
the lemma. Therefore, set Y} is consistent.

Let Y be any maximal consistent extension of set Yy and let u be sequence
w::(*,Y). We next show that u € W,. Indeed, since w € W, by Deﬁnition
there must exist n > 0 such that w € W,,. Hence, w :: (x,Y) € W, 41 by
Definition [4f Therefore, u = w:: (x,Y’) € W, by Definition

Finally, let us observe that w ~. u for each e € W, by Definition [f] Thus,
W~y . To finish the proof of the lemma, note that -p € Yy CY = hd(u). K

By Definition [4} elements of set W, are sequences of the form

(Xo,el,Xl, .. .,Ek,Xk),

where ¢; is either symbol * or a subset of W,,. One might wonder if elements
of W, are wellfounded. In other words, is it possible for an element w € W,
to be a member of one of its own ¢;7 Lemma [17] shows that such elements do
not exist. This is a very important observation for our proof of completeness.
Lemma [16] is essentially a different form of Lemma [17] which is easier to prove
by induction.

Lemma 16 For any k >0, anyn >0, any t > 0, and any
w = (XOa 613X17 sy EkaX]W Ek-‘rlan-i-ly C) €k+nan+n) S Wta
if €x # *, then €5, C Uf;é W.

Proof. We prove this statement by induction on n. First, assume that n = 0.
Thus, w = (Xo, €1, X1, - - ., €k, Xi). Hence, By Deﬁnition assumptions w € Wy
and €, # * imply that ¢, C Uf;é Wi.

Suppose now that n > 0. By Definition [ the assumption w € W; implies
that

(X07617X17 .. '7€k7Xk7€k+17Xk+17 . '7Ek+n—17Xk+n—1) S Wt—l-

Thus, by the induction hypothesis, €, C U:g W;. Therefore, €, C Uf;é W;. K
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Lemma 17 w ¢ e for each w = (Xo,€1,X1,...,6n, Xn) € Wy and each
k<n.

Proof. By Definition [5, assumption w € W, implies that there is ¢ > 0 such
that w € W;. Let m be the smallest m such that w € W,,,. Thus, w ¢ Uggl W;.

At the same time, €, C U;ZBI W; by Lemma Therefore, w ¢ €. X

The next lemma puts together the pieces of the proof that we have de-
veloped. It connects the satisfiability of a formula in an epistemic world of the
canonical Kripke model with the maximal consistent sets out of which the world
is constructed.

Lemma 18 w - ¢ iff p € hd(w).

Proof. We prove the lemma by induction on the structural complexity of for-
mula ¢. If formula ¢ is an atomic proposition, then the required follows from
Definition [7] and Definition [3] If formula ¢ is a negation or an implication, then
the required follows from Definition |3| and the maximality and the consistency
of the set hd(w) in the standard way.

Suppose now that formula ¢ has the form Clip.
(=) If ¢ ¢ hd(w), then = [ ¢ € hd(w) due to the maximality of the set
hd(w). To prove w W [, by Definition |3, we need to show that for any
finite set F' C W, there is u € W, such that w ~p uw and u ¥ . Indeed,
by Lemma there is u € W, such that w ~p u and - € hd(u). Thus,
¥ ¢ hd(u) due to the consistency of the set hd(w). Therefore, u ¥ ¢ by the
induction hypothesis.
(<) Suppose that [l € hd(w). Thus, hd(w) F ¢ by Attainable Positive
Introspection axiom. Hence, hd(w) F 0O 04 by Monotonicity axiom. Then,

0 € hd(w) (5)

due to the maximality of the set hd(w).

By Definition it suffices to show that u IF % for all u € W, such
that w ~, wu. By Definition [6] assumption w ~,, wu implies that if w =
(Xo,€1,X1,...,6n,Xp) and u = (X[, €}, X1,...,€,,X,,), then there is k such
that,

1. 0 < k < min{n,m},
2. X; = X/ for all i such that 0 <4 <k,
€; = ¢, for all ¢ such that 0 < i <k,

for all ¢, if kK < i < n, then either w € ¢; or €; = %,

oo W

for all 4, if k < ¢ < m, then either w € €] or €, = *.
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Figure 3: Illustrations for the proof of Lemma [I8

By Lemma w ¢ ¢; for each ¢ < mn. Thus, from the condition 4 above, ¢; = x
for each i such k < i < n, see Figure (a). Hence, by Lemma statement
implies that Oy € Xg. Thus, Xi - Ly by Truth axiom. Then, [y € X due
to the maximality of set Xj. Therefore, ¢ € X/ = hd(u) by Lemma [11] and
condition 5 above. Therefore, u IF ¥ by the induction hypothesis.
Finally, let formula ¢ have the form O.

(=) If Oy ¢ hd(w), then -0t € hd(w) due to the maximality of the set hd(w).
To prove w ¥ O, by Definition we need to show that uw W 1 for some
u € Wy such that w ~y__ u. Indeed, by Lemma there is u € W, such that
w ~w.. uwand ) € hd(u). Thus, ¢ ¢ hd(u) due to the consistency of the set
hd(u). Therefore, u ¥ ¢ by the induction hypothesis.

(<) Suppose that 0Ov € hd(w). By Definition [3] it suffices to show that u I 1)
for all u € W such that w ~yw_ . Indeed, let w = (Xo, €1, X1, .., €n, Xp) and
u = (X{},€e;,X],..., e, X/,). By Definition [6] assumption w ~w_ u implies

that for each e € W, there is integer k. such that
1. 0 < ke < min{n,m},
2. X; = X/ for all i such that 0 <4 < k.,

€; = € for all i such that 0 < i < ke,

for all i, if k. < i < n, then either w € ¢; or ¢; = %,

orok W

for all i, if k. < i < m, then either w € € or €, = *.
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By Lemma set W is infinite and, thus, it is nonempty. Hence, set {k. | e €
W} is nonempty. Set {k. | e € Wy} is finite because 0 < k. < min{n, m} for
each e € W4. Let k be the maximal element of the set {k. | e € W, }. Hence,

1. 0 < k < min{n,m},

2. X; = X/ for all i such that 0 < <k,

3. ¢ = ¢, for all ¢ such that 0 < i <k,

4. for all 4, if k < i < n, then either W, C ¢; or ¢; = %,
5. for all 4, if k < ¢ < m, then either Wy, C €} or €, = .

By Lemma set W is infinite yet sets €, and ¢; are finite for each i by
Definition Hence, W ¢ € and Woo € €, for each i. Thus, conditions 4
and 5 above imply that ¢; = * for all ¢ such that £k < i < n and ¢ = % for
all ¢ such that k < ¢ < n, see Figure [3| (b). Thus, by Lemma assumption
0v¢ € hd(w) = X,, implies that Oy € X}, = X,.. Therefore, ¢ € X, = hd(u),
by Lemma [T2] X
We are now ready to finish the proof of Theorem |2} Recall that ¥ ¢y. Consider
any maximal consistent set X, such that ¢o ¢ Xo. Let wg be the single-element
sequence (Xo). Thus, wy ¥ o by Lemma This concludes the proof of the
theorem.

7 Conclusion

In this article we have shown that knowledge obtained from infinitely many
pieces of evidence has properties captured by modal logic S5 and knowledge
obtained from finitely many pieces of evidence has properties described by modal
logic S4. The main technical result is a sound and complete propositional bi-
modal logic that captures properties of both of these types of knowledge and
their interplay.

A natural next step is to consider first-order logic with the same two modali-
ties. Note that the knowledge modality O satisfies Barcan Formula [2] Vo Op —
O Vz ¢ because this formula is derivable from S5 axioms stated in the first-order
modal language [9]. At the same time, attainable knowledge modality [J does
not satisfy Barcan Formula Vz [ ¢ — [Vz . Indeed, if variable z ranges
over an infinite domain and each value of z in this domain has a distinct single
evidence e, that justifies p(z), then Vo [ ¢ is true, but Vz ¢ is not. A com-
plete axiomatization of the interplay of these two modalities in the first-order
language remains an open problem.

References

[1] Sergei N Artemov. Explicit provability and constructive semantics. Bulletin
of Symbolic logic, pages 1-36, 2001.

17



2]

[10]

[11]

Ruth C Barcan. A functional calculus of first order based on strict impli-
cation. The Journal of Symbolic Logic, 11(01):1-16, 1946.

Ronald Fagin, Joseph Y. Halpern, Yoram Moses, and Moshe Y. Vardi.
Reasoning about knowledge. MIT Press, Cambridge, MA, 1995.

Joseph Y. Halpern and Riccardo Pucella. A logic for reasoning about
evidence. J. Artif. Int. Res., 26(1):1-34, May 2006.

Jaakko Hintikka. Knowledge and Belief - An Introduction to the Logic
of the Two Notions. Contemporary philosophy. Cornell University Press,
Ithaca, NY, 1962.

F von Kutschera. Einfiihrung in die intensional semantik, 1976.

Wolfgang Lenzen. Recent work in epistemic logic. Acta Philosophica Fen-
nica, 30(1):1-219, 1978.

Pavel Naumov and Jia Tao. Budget-constrained knowledge in multia-
gent systems. In Proceedings of the 2015 International Conference on Au-
tonomous Agents and Multiagent Systems, pages 219-226. International
Foundation for Autonomous Agents and Multiagent Systems, 2015.

Arthur N Prior. Modality and quantification in S5. The Journal of Symbolic
Logic, 21(01):60-62, 1956.

Henrik Sahlqvist. Completeness and correspondence in the first and second
order semantics for modal logic. Studies in Logic and the Foundations
of Mathematics, 82:110-143, 1975. (Proc. of the 3rd Scandinavial Logic
Symposium, Uppsala, 1973).

Johan van Benthem and Eric Pacuit. Dynamic logics of evidence-based
beliefs. Studia Logica, 99(1-3):61-92, 2011.

18



	1 Introduction
	1.1 Grand Hotel Example
	1.2 Formal Semantics of Evidence
	1.3 Logical System
	1.4 Outline

	2 Syntax and Semantics
	3 Axioms
	4 Examples
	5 Soundness
	6 Completeness
	7 Conclusion

