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Abstract

Contrastive learning (CL) aims to preserve relational structure between samples
by learning representations that reflect a similarity graph. Yet, the geometry of the
resulting embeddings remains poorly understood. Here we show that weighted
InfoNCE objectives can be interpreted as Distance Geometry Problems, where the
weighting scheme specifies the target geometry to be realized by the representation.
This viewpoint yields exact characterizations of the optimal embeddings for several
supervised and weakly supervised objectives. In supervised classification, both
SupCon and Soft SupCon (a dense relaxation of it where pairs from distinct classes
have small non-zero similarity) collapse samples within each class to a single
prototype. However, while balanced SupCon recovers the classical regular simplex
geometry, class imbalance breaks this symmetry: SupCon induces non-uniform
inter-class similarities depending on class sizes, whereas Soft SupCon preserves
a regular simplex geometry regardless of class imbalance. In continuous-label
settings, our framework reveals a different failure mode: y-Aware CL generally
cannot attain its entropic optimum unless the labels lie on a hypersphere, exposing
a mismatch between Euclidean label weights and spherical latent similarity. By
contrast, geometrically consistent choices such as Euclidean—Euclidean weighting
or X-CLR admit unique optimal embeddings. Our results show that the choice of
weighting scheme determines whether contrastive learning is geometrically realiz-
able, degenerate, or inconsistent, providing a principled framework for designing
contrastive objectives.

1 Introduction

Contrastive Learning (CL) plays a pivotal role in current supervised and self-supervised deep repre-
sentation learning models. It was popularized through several successful frameworks: SimCLR [Chen
et al.| [2020] and MoCo for self-supervised learning of visual representations, SupCon |[Khosla et al.
[2020] for supervised classification, and CLIP|Radford et al.|[2021]] for vision-language representation
learning. Later on, it was adapted to perform supervised regression Zha et al.| [2023]], Barbano et al.
[2023]], handling continuous targets and weakly supervised learning Dufumier et al.|[2021]],|Schneider
et al.| [2023]] when auxiliary information (or meta-data) is available during training as a means of
constraining representations. Despite their empirical success, the geometry of the representations
learned by contrastive objectives remains poorly understood. In particular, it is unclear what structure
these objectives are implicitly trying to realize in the embedding space, and whether this structure
can always be achieved.

From a geometric perspective, CL can be viewed as attempting to realize a set of pairwise relationships
between samples in a low-dimensional space. These relationships are specified implicitly by the
weighting scheme used in the loss, which encodes prior knowledge about which samples should be
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Figure 1: The weighting matrix (top) defines pairwise similarities that induce a target geometry
(middle), which the embedding attempts to realize (bottom). Left: dense weights (Soft SupCon)
yield a regular, symmetric geometry. Middle: sparse weights (SupCon) produce degenerate solutions,
where class imbalance distorts prototype geometry. Right: continuous Euclidean label similarities
(y-Aware) induce a geometry that is inconsistent with cosine similarities, leading to distortion.

similar or dissimilar. This raises a fundamental question: does there exist a representation satisfying
these constraints, and if so, is it unique?

In this work, we show that weighted contrastive learning can be interpreted as a Distance Geometry
Problem |Liberti et al.|[2014] (DGP), where the weighting scheme defines a target pairwise geometry.
Under this view, learning representations amounts to finding a geometric realization of this target
structure. This perspective reveals three regimes: some objectives define realizable geometries with
unique solutions, others lead to degenerate solutions, and some are geometrically inconsistent.

In supervised classification, we prove that both SupCon and a soft relaxation of it collapse samples
within each class, but differ under class imbalance: SupCon induces class-size-dependent prototype
configurations, whereas the soft variant preserves a regular simplex geometry independent of imbal-
ance. In continuous-label settings, we show that y-Aware CL Dufumier et al.|[2021]] is generally
inconsistent, while geometrically consistent formulations such as X-CLR |Sobal et al.|[2024] admit
realizable and unique optima.

Beyond theory, this perspective provides practical guidance for designing contrastive objectives by
matching the geometry induced by the weights with that of the embedding space. We also introduce
metrics to evaluate convergence to the predicted optima and validate our results experimentally.

In summary, we make the following contributions:

* We show that weighted InfoNCE defines a target pairwise geometry and that minimizing the
loss amounts to solving a DGP.

* We prove that both SupCon and Soft SupCon (a smooth relaxation in which inter-class pairs
are assigned a small but non-zero similarity) collapse each class to a prototype, but differ
under imbalance: SupCon produces class-size-dependent prototype geometry, whereas Soft
SupCon preserves regular simplex geometry.

* We show that the label-space geometry and latent-space similarity must be matched for the
optimum to be realizable (e.g. as in X-CLR). As a consequence, we prove that y-Aware
CL generally cannot attain its entropic lower bound because it combines Euclidean label
distances with spherical latent similarity.



* We provide a novel lower bound for the value of the loss and provide three new metrics, all
geometric in nature, as a principled means to evaluate the convergence of models and the
optimality of their representations.

2 Related Work

Theoretical aspects of CL have mainly been studied from three perspectives: information theory,
probability and graph theory, and metric learning. Our approach is in essence a geometric one and
mostly aligns with this last view of CL.

Mutual information perspective. Early modern contrastive objectives were motivated by the
fact that they can be understood as tractable proxies for mutual information (MI) maximization.
Contrastive Predictive Coding [van den Oord et al.| [2018]] introduced the InfoNCE loss and showed
how negative sampling yields a scalable lower bound on MI in sequential prediction settings. In
parallel, Deep InfoMax proposed MI maximization between global and local feature statistics for
unsupervised representation learning Hjelm et al.| [2018]], and related multi-view MI objectives
were developed for self-supervised learning |Bachman et al.| [2019]. Subsequent work clarified
the behavior and limitations of variational MI bounds (including InfoNCE) through bias—variance
tradeoffs [Poole et al.|[2019]]. However, MI does not fully explain representation quality or geometry:
empirical evidence [Tschannen et al.| [2020] shows that downstream performance strongly depends on
architectural and estimator-induced inductive biases, rather than on MI estimation alone.

Probabilistic and graph-based view. Another line of research models positives as samples sharing
an unobserved semantic factor (latent class), yielding generalization guaranties for downstream
classification from contrastive pretraining |Arora et al.| [2019]. More recent analyses shift from
strong assumptions on latent-class sampling to augmentation-driven positive pairs by introducing an
augmentation graph whose spectral structure is related to contrastive objectives HaoChen et al.|[2021]],
HaoChen and Ma| [2022]. Stronger results were obtained on downstream performances with this
formulation by assuming semantic clustering of this augmentation graph. Meanwhile, an attempt to
unify contrastive and non-contrastive approaches was proposed Balestriero and LeCun| [2022] based
on a “similarity graph”, a rough approximation of the augmentation graph. A complementary view is
given in (Wang and Isolal [2020]] which interprets contrastive learning as trading off an alignment
term (pulling positives together) and a uniformity term (uniformly spreading representations out on a
hypersphere), while also noting the inherent limitations to learning this trade-off with limited data.

Metric Learning. Before the MI and probabilistic/graph-based perspectives of CL, early works
on dimensionality reduction |Hadsell et al.| [2006] proposed a more geometric formulation of CL
with subsequent pairwise and triplet-based losses, which explicitly enforce geometric structure in
embedding space. Modern self-supervised |Chen et al.| [2020], He et al.| [2020] CL frameworks
can be seen as scalable extensions of this metric learning view that implicitly shape the geometry
of representations on the unit sphere. In the discrete supervised setting, SupCon |[Khosla et al.
[2020] extends self-supervised objectives using class labels to define positive samples. A more
explicit geometric characterization was provided by |Graf et al.| [2021]], which analyzes the loss-
minimizing configurations of SupCon and states that, under idealized conditions, class representations
approach a regular simplex arrangement on the hypersphere. In the regression case, kernel-based
variants Dufumier et al.| [2021]], Barbano et al. [2023|] and rank-based variants |Zha et al.| [2023]] of the
InfoNCE objective have been derived, but as far as we are aware a geometrical characterization of
their optima has not been given until now.

Overall, while contrastive learning has been studied extensively from MI and probabilistic/graph-
based viewpoints, a precise characterization of the geometry of optimal representations (including
existence, uniqueness and the resulting distance structure) remains as of yet unexplored.

3 Analysis of Weighted Contrastive Learning

3.1 Unified formulation of weighted Contrastive Learning losses

Problem setup. The goal of representation learning Bengio et al.| [2013] is to learn a mapping
[+ & — Z from input data X = (2;)ic[1..,) € A™ C R"*P such that its representation Z =

(2i)iep..m) := f(X) € Z™ C R™*4 retains useful information for a variety of downstream tasks.



Definition 3.1 (w-InfoNCE loss). Given a similarity matrix W = (w;;) € R™*™ such that w;; > 0
fori # j, and S = (s;;) where s;; = s(z;,2;) = s(f(z:), f(z;)) for s : R? x R? — R some
measure of similarity in the latent space, the weighted InfoNCE loss is defined as

NCE ZZ Wij log< exp Sij ‘ )

=1 g2 Zk;éz Wik Zk;ﬁi €XP Sik

Remark. Originally, SupCon, y-Aware and X-CLR all define the InfoNCE loss in terms of several
augmentations of every given sample. We argue this case can be recovered from the above formulation
by concatenating several data augmentations in a single matrix X.

Let us we recall the weighting schemes that correspond to several well-known frameworks:

* SupCon Khosla et al|[2020]: w;; = 1 if y; = y; and O otherwise for a labeled dataset
(X,Y) withY € [1..C]" and C' the number of classes.

* y-Aware Dufumier et al.[[2021]]: w;; = exp (—||y; — y;||*) for a weakly-labeled dataset
(X,Y) with Y € R™** the meta-data.
* X-CLR |Sobal et al.{[2024]: w;; = exp(cos(y;,y;)/7’) for an image-caption dataset (X,Y")
with Y the textual descriptions of the images encoded by a pretrained text encoder.
In each of the above cases, similarity in the latent space is measured with cosine similarity: s;; =
cos(z;, zj)/T, with T a temperature hyperparameter.
Assumption 3.2 (Symmetry of S and W). The similarity function s and similarity matrix W are

symmetric, S0 s;; = s;; and w;; = wy; forall 4, j € [1..n].

We divide the analysis into two parts. First, we study the soft weighting regime, where W is strictly
positive (§ [3.2H3.6). We then turn to the hard or sparse regime, where W may contain zeros

(§3.743.8).

3.2 Entropic lower bound

Under a strict-positiveness assumption, we can state the entropic lower bound of the w-InfoNCE loss
(proof in Appendix [A):

Theorem 3.3 (Entropic lower bound of w-InfoNCE). Under Assumption[3.2]and assuming w;; > 0

for i # j, viewing the weighted InfoNCE loss ENCE as a function of S = (s;;) over the space of
symmetric similarity matrices, the global minimum is attained precisely when

si; = log(wij) +c  fori#j

for some constant ¢ € R. Moreover, that minimum equals

in LU0p = —— Dy B 1
min ANcE Z Z# 0g < ) (1)
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This result echoes what has been previously obtained using a probabilistic framework [Poole et al.
[2019], with s being the “critic” discriminating positive pairs against negative ones. In our case,
we obtain a geometric characterization of Z* which is more precise than previous work{] (in part
thanks to Assumption [3.2) and which does not depend on a dichotomy between positive and negative
samples as in the classical view of contrastive learning.

3.3 Connection with the Distance Geometry Problem

We can now express the relationship between the w-InfoNCE loss and the Distance Geometry
Problem (DGP) [Liberti et al.|[2014]] as immediate corollaries of Theorem 3.3}

In|Poole et al.|[2019], the constant ¢ depends on i.



Corollary 3.4. When latent similarity is given by s;; = —||z; — z;||* and w;; = exp(—d;;) for a
symmetric dissimilarity matrix D = (d;;), attaining the entropic lower bound of EKIVCE stated in
Theorem [3.3|amounts to solving the DGP

|27 = 2|1 = dij+ ¢ fori#j, 2)
for any constant ¢ € R.

Corollary 3.5. When s;; = cos(z;, z;)/T and w;; = exp(—d,;) for a symmetric dissimilarity matrix
D = (d,;), attaining the entropic lower bound OfﬁKIVCE amounts to solving the cosine problem

cos(z;, zj) = —7di + ¢ fori#j, 3)

for any constant ¢’ € R.

These corollaries show that minimizing w-InfoNCE amounts to finding a low-dimensional embedding
with prescribed similarity, up to an additive constant ¢ or ¢/. We will go on to show that a mild
condition on n and rank (D) suffice to entail thatc = 0 or ¢/ = 1.

3.4 Existence and uniqueness of the optimal embedding

Having established the link between DGP and weighted InfoNCE, we ask ourselves the question
of existence and uniqueness of solutions to these two families of problems. The answers involve a
classical notion from computational geometry |Alfakih et al.| [2018]].

Definition 3.6. (EDM) An n x n matrix D = (d;;) is called an Euclidean Distance Matrix (EDM)
if there exist points 27, ...,z € R such that

l2f — 2}||* =di;  fori,j € [L.n]. 4)

We call the points 27, ..., 2} a ¢-dimensional realization of D. The embedding dimension is defined
as the smallest dimension r of a Euclidean realization, or equivalently as the dimension of the affine
span of any given Euclidean realization. Distinct Euclidean realizations of an EDM in a given
dimension are congruent, i.e. they differ by a Euclidean isometry. A minimal Euclidean realization
(i.e. in R") is called a set of generating points of D. Finally, we say that D is spherical if those
generating points can be chosen such that ||z1|| = -+ = ||z,|| = p for some radius p > 0. The
smallest such p is called the radius of a spherical EDM.

Theorem 3.7 (Euclidean DGP). Assume that the number of points n is strictly greater than 2q + 3.
Assume that s;; = exp(—||z; — zj||?) and W = (exp(—d,;)) for D = (d;j) an n x n dissimilarity
matrix with rank(D) < q + 2. Then the entropic lower bound of EKVCE is attained iff D is EDM
of embedding dimension v < q, up to diagonal elements. In that case, the minimum Z* satisfies
lzi — 25|l = dij forall i, j € [1..n] and is essentially unique (i.e. up to Euclidean isometry).

Next, we consider the case of Corollary [3.5] where the similarity metric between latent vectors is
given by cosine similarity. This is the most common use-case in CL Khosla et al.| [2020], Dufumier
et al.|[2021]],Sobal et al.| [2024] and it has a rigidity property analogous to Theorem (3.7} which we
prove in Appendix [B.2}

Theorem 3.8 (Spherical DGP). Assume that n > 2q + 4. Assume that s;; = exp(cos(z;, z;)/T) and
w;; = exp(—d;j) for D = (d;j) an n x n dissimilarity matrix with rank(D) < ¢ + 1. Then the
entropic lower bound of EKIVCE is attained by some embedding Z* € R™*4 iff D is a spherical EDM
(up to diagonal elements) with embedding dimension r < q and radius p < 1/ V21 (with equality
when v = q). In that case, cos(z;, z;) = 1 — 7d;j for all i,j € [1..n] and Z* is essentially unique
(i.e. the normalized vectors z; := z} [||2}|| are unique up to linear Euclidean isometry).

3.5 Supervised classification: Soft SupCon

We now show that the Soft SupCon weighting scheme arises as a direct application of Theorem [3.8]
Corollary 3.9 (Soft SupCon). Let y; € [1..C] be one of C discrete classes associated with each
sample and define w;; = 1 ify; = y; and w;; = € € (0,1) otherwise. Assume n > 2q + 4 and
consider s;; = exp(cos(z;,2;)/T). If C < qand 7 < (C —1)/(—C'loge), then the entropic
lower bound of EKIVCE is attained by some Z* € R"™*9, which is unique up to linear Euclidean



isometry of the normalized embeddings. At the optimum, one has cos(z;, z;) = 1 when y; = y;, and
cos(z;, zj) = 1 + 7loge otherwise. In particular, all points from the same class collapse to a single
representation, and the C' classes form a simplex with uniform inter-class similarity 5 = 1 + Tloge.
The simplex is regular when 7 = (C' — 1) /(—C'log ), corresponding to 8* = —1/(C — 1).

3.6 Supervised multivariate regression

Next, we state three results corresponding to various weighting schemes that can be encountered when
using continuously labeled data (see Appendix for the proofs). Let (X,Y") be a labeled dataset
with ¢ continuous labels Y € R™"**. We assume throughout that n > 2¢ + 4 so that Theorem
and [3.8] can be applied. Our first result concerns the case where Euclidean distance is used as a
dissimilarity function in both label space and representation space.

Theorem 3.10 (Euclidean w-InfoNCE). Assume ¢ < q. If w;; = exp(—|ly; — y;||*) and s;j =
—||zi — z||?, the w-InfoNCE loss attains its entropic lower bound in Z* = (y;)"_, where y; =
(yi,0,...,0) € R? fori € [1..n], which is essentially unique.

Our next result is a negative one and concerns the Euclidean—spherical w-InfoNCE loss, i.e. the
y-Aware loss Dufumier et al.|[2021].

Theorem 3.11 (y-Aware). Even if { < q, the y-Aware InfoNCE loss, which is the w-InfoNCE loss
with s;j = cos(z;, zj) /7 and w;; = exp(—||y; — y;||*), does not attain the entropic lower bound
unless the vy; happen to lie on a hypersphere in RY.

On the other hand, the spherical—spherical case, as in the X-CLR loss |Sobal et al.|[2024]], does attain
the entropic lower bound and offers a spherical counterpart to Theorem [3.10]

Theorem 3.12 (X-CLR). If ¢ < q and 7 < 7/, the X-CLR loss |Sobal et al.| [2024], which is the
w-InfoNCE loss with s;; = cos(z;, z;) /T and w;; = exp(cos(y;,y;)/T") attains the entropic lower
bound in the points z¥ = (y;/llyill, /7'/7 — 1,0,...,0) fori € [1..n]. Moreover, that minimum is
essentially unique.

In practice [Sobal et al.|[2024], the dimension of text embeddings in X-CLR is ¢ = 768 for CLIP
and the latent dimension ¢ = 2048 for ResNet50. It was also found that 7" = 7 gives the best
classification accuracy on ImageNet.

Practical implications. Theorem and suggest that the pair of similarity functions used
to define (W, S) should be chosen consistently to allow for a realizable optimum. The spherical—
spherical or Euclidean-Euclidean weighting schemes are therefore preferable over the Euclidean—
spherical scheme (as in y-Aware).

3.7 Sparse weights and limiting properties

The assumption of positive weights, i.e. w;; > 0 in Theorem [3.3] may be relaxed to w;; > 0
assuming that >, w;x > 0 so that LYy, is well defined: we term this the sparse case. Although any
sparse matrix VW can be understood as a limit of a sequence of positive matrices (W,,), the optimum
of EKIVCE need not be the limit of the optimum of [ZKV(TJ”E because in general convergence is not uniform.
Moreover, the configuration of points which attain the minimum may behave qualitatively different

in the limit.

In Appendix [D.T] we prove that in the sparse case, the entropic lower bound continues to hold and that
it is sharp. We give a necessary and sufficient for it to be optimal (i.e. impossible to improve upon).
We go on to show that it is optimal in the case of the so-called Euclidean SupCon (i.e. the w-InfoNCE
loss with a hard SupCon weighting scheme and Euclidean similarities s;; = —||2; — z;{|?) but that
quasi-optima can be produced in any number of qualitatively distinct configurations. This comes in
stark contrast to the soft case where optima are essentially unique (Theorem [3.7).

3.8 SupCon

We now consider the case of SupCon proper (i.e. the w-InfoNCE loss with a hard SupCon weighting
scheme and spherical similarities s;; = cos(z;, z;)/7). Using a compactness argument, we see in



Appendix [D.7]that the entropic lower bound is sub-optimal. We go on to prove the following theorem:

Theorem 3.13. Let C denote the number of discrete classes and £, the size of the cth class. Assume
that C < q.

1. The SupCon loss has a unique global minimum over the matrices of the form G /1, with G
ann X n cosine matrix.

2. That minimum has collapsed representations and can be expressed in terms of class proto-
types pi1, . .., o € S9=1 which are unique up to linear Euclidean isometry.

3. If ¢ # ¢, the value of cos(jic, ier) depends only on (Le, er).

In particular we see that SupCon suffers from representation collapse which generalizes both Nguyen
et al.| [2024] and Behnia and Thrampoulidis|[2024] in that we make no assumptions on 7 > 0 nor do
we require an infinite number of samples.

In the case of balanced classes, we easily recover the result from |Graf et al.| [2021] that SupCon
optima correspond to regular simplices (Appendix [D.2] Theorem [D.6). Moreover, Hard and Soft
SupCon have similar optima: both collapse classes and yield uniform inter-class similarities. For
Hard SupCon, Bharqa = —1/(C — 1) depends on C; for Soft SupCon, SBsofr = 1 + 7log e depends on
(7,¢) but not on C. Choosing 7* = (C' — 1)/(—C'loge) yields a regular simplex.

This equivalence breaks under class imbalance: SupCon produces non-uniform inter-class similarities,
grouping minority classes more closely, whereas Soft SupCon is agnostic to class imbalance.

3.9 Metrics

To empirically evaluate whether the similarity structure of the learned encodings Z = (23;...;2,) €
R™*4 are close to the theoretical optimum Z* = (z;...;z%) € R™*? as predicted by any of our
theoretical results, we introduce three metrics.

Definition 3.14. The w-InfoNCE entropic loss gap is defined as the nonnegative quantity Ay :=
(L¥g/ming L) — 1, where ming £ is the entropic lower bound stated in Theorem

Note that a small value of Ay is a necessary but not sufficient condition for the z; to be close to the
optimum 2. This motivates the introduction of a second metric, related to Kruskal’s stress, which
directly compares the pairwise similarities of the z; versus those of the 2.

Definition 3.15. Let s : R? x R? — R denote a similarity function in latent space, e.g. s(z,y) =
—||z — y||? or s(z, y) = cos(z,y). The coefficient of similarity between Z and Z* is defined as the

72 of s(zi, zj) as a predictor of s(z, 25 ):

g [(s(zi25) = s(2f,25))°]

oyls(zf, 27)]

r2im(Z,2%) =1

s-sim

where [i;; and Efj denote, respectively, sample mean and sample variance over the set of pairs
(i,5) € [1.n)?
, ] .nlc.

Note by standard results that if s is the negative squared Euclidean distance then 72 = 1 iff Z and
7' differ by a Euclidean isometry. The same result holds if s is cosine similarity and Z and Z* are
taken on the unit hypersphere. Note that the computation of 72 is O(n?) in time, and therefore

impractical for large n. This motivates the following definition, which measures similarity at an
intrinsic level in sub-quadratic O(n logn) time.

Definition 3.16. Let (©2,b) minimize Y ;- [[Q2; + b — z7||? over Q € Oy4(R), b € RY. The
Procrustes similarity is defined by

i [[192 + b — 27|)?]

o717;] ’

T%’roc(Zv Z*) =1-

i.e. the coefficient of determination after optimal rigid alignment. Note that r3 (2, Z*) = 1iff Z
and Z* differ by a Euclidean isometry.



4 Experiments

Armed with the metrics defined in § [3.9] we conduct a series of experiments to validate our theoretical
claims and verify whether representations learned with w-InfoNCE loss on practical datasets are in
fact near their geometric optima. Implementation details are provided in Appendix [G]

4.1 Weighted InfoNCE on MNIST: discrete, continuous and mixed regime

We train a ConvNet with the w-InfoNCE loss 1o, Coefficient of similarity vs. latent size Procrustes similarity vs. latent size
on MNIST [LeCun et al.|[1998]] across three 02

regimes: (i) discrete classification, (ii) con-

tinuous regression, and (iii) mixed discrete— .
continuous labels.

Discrete case. We first consider the dis- S A T m B B R e e
crete classification setting, using Soft SupCon
weights (as in § with the value £ = e~ ! be- Figure 2: Euclidean representations of MNIST
tween negative samples. The optimal geometry learned with the discretely weighted InfoNCE loss.
corresponds to a regular 9-simplex, realizable in  Left: coefficient of similarity between Z and reg-
R? for ¢ > 9. As shown in Fig.|2| both r2  ular 9-simplex versus latent dimension ¢. Right:
and 73, increase with ¢ up to a sharp transi- Procrustes similarity versus g.

tion at ¢ = 9, where the learned representation

becomes nearly isometric (13, ~ 0.9).
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(a) 2D Euclidean representations of MNIST learned (b) 2D Euclidean representations of MNIST using
using w-InfoNCE with continuous 2D labels. Top: a mixed discrete—continuous weighted InfoNCE loss.
morphometric weights and distance comparison. Bot- Top row: loss error, coefficient of similarity and Pro-
tom: learned embeddings colored by thickness (left) crustes similarity as a function of ¢ € [7..13]. Bottom
and slant (right). row: embeddings colored by class, thickness and slant.

Figure 3: MNIST representations under different weighting schemes.

Multivariate regression. We then consider a continuous regression task based on two morphological
attributes (thickness and slant). Training with weights derived from Euclidean distances in label
space yields embeddings that closely approximate label geometry (72 = 0.91), with strong Procrustes
alignment (r3,, ~ 0.96; Fig.[34).

Mixed discrete-continuous labels. Finally, we study the mixed discrete—continuous regime by
combining class labels with morphological features. The optimal structure corresponds to the product
of a 9-simplex and a unit square, realizable for ¢ > 11. As shown in Fig.[3b] performance improves
up to ¢ = 11. In low dimension (¢ = 2), the representation is locally isometric within classes

(r2loca! ~ 0.93) but not globally (r2£°"* ~ 0.46).

Proc roc

Additional X-CLR experiments in Appendix [E] using both one-hot and semantic label embeddings,
further illustrate that consistent label-embedding geometries yield realizable optima.



4.2 Class imbalance breaks SupCon’s regularity, but not Soft SupCon’s

To confirm the predictions made in Balanced
§ [3.8] regarding Hard and Soft Sup-
Con, we optimized the w-InfoNCE
loss with a variety of SupCon-like
weighting schemes. We synthesized
SupCon-like weight matrices (see Ap- I
pendix [D) with either hard zeros or : — - Invaclags s
the soft weight e = e~ ! on the 3 =B e

off-diagonal blocks. We considered
C = 10 classes with an assortment of
relative sizes ranging from balanced
classes to the case where all 10 classes
have a different size, in the propor-
tions 1 : 2 : --- : 10. In all cases
we observed class collapse. In the soft
case we chose the optimal temperature
7% = (10—1)/10 which, as predicted
in Corollary [3.9] yields a regular sim-
plex even in the imbalanced case. In
contrast, class imbalance breaks the regularity of the optimal SupCon embeddings. The third part of
Theorem [3.13)is confirmed since for SupCon the inter-class similarity associated with an off-diagonal
block can be seen to depend only on that block’s shape.

Two sizes (1:2) Fize sizes All different Inter-class sim.

xxxxx

SupCon

77777

sssss

Soft SupCon

eeeee

Figure 4: Similarity heatmaps representing cos(z;, z;) for
10-dimensional embeddings learned with SupCon (top) and
Soft SupCon (bottom) for C' = 10 more or less imbalanced
classes (columns). Gray off-diagonal blocks indicate an inter-
class similarity * = —1/(C — 1) & —0.111 equivalent to
a regular simplex.

4.3 Inconsistency of y-Aware and its correction

We ShOWed n Theorem m that the y_Aware True geometry y-Aware Euclidean y-Aware

weighting scheme generally does not reach its .| ==

lower bound unless the labels lie on a hyper- .| : =

sphere. To address this, we proposed a solution | * /

by using Euclidean distance in both the label

and latent spaces. We confirm these predictions

on MNIST with line thickness as a continuous

label (§ @I). As shown in Figure 5} cosine

similarity in Z constrains the embeddings to a Figure 5: Euclidean representations of MNIST in
spherical geometry. Replacing it with negative R? using digit’s thickness as continuous label. Left:
squared Euclidean distance (consistent with the true 1D geometry of the problem. Center: y-Aware
label space) allows the encoder to recover the representation using cos as similarity function in
correct geometry (rl%mc = 0.85). Z. Right: the corrected y-Aware representations
learned using Euclidean distance instead.

5 Discussion and Open Problems

This work advances the understanding of weighted contrastive learning in both weakly supervised
and supervised settings by explicitly characterizing the global optimal representation using a rigorous
geometric framework. We derived conditions on weighting schemes to guarantee the existence of
optimal realizations and introduced three novel metrics for assessing them. We made several rigorous
predictions which we went on to confirm in practical applications.

Limitations. The main limitation of this work is that we assumed an explicit dissimilarity matrix
encoding prior knowledge about the problem through labels or meta-data. In the self-supervised case
(e.g. SImCLR |Chen et al.|[2020]]), D is a rough approximation of an implicit dissimilarity matrix
across samples. Characterizing this matrix is difficult and should use empirical evidence and realistic
assumptions [Saunshi et al.|[2022] as the basis for theoretical results. We leave this as an avenue for
future research.

Overall, we believe that our geometric framework offers a fresh perspective on CL and SSL algorithms
and a complementary approach to the mainstream probabilistic and graph-based views. We hope that
our theoretical analysis of CL will be used by practitioners to better refine their weighting schemes,
as well as by theorists to deepen their understanding of CL and SSL.
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A Entropic lower bound

Theorem 3.3 (Entropic lower bound of w-InfoNCE). Under Assumption|3.2]and assuming w;; > 0

for i # j, viewing the weighted InfoNCE loss £KIVCE as a function of S = (s;;) over the space of
symmetric similarity matrices, the global minimum is attained precisely when

si; = log(wij) + ¢ fori #j

for some constant ¢ € R. Moreover, that minimum equals

in £}, Dy ), 1
msln NCE — Z Zk;,észk Og< ] (H

Zk;ﬁi Wik

Proof. We define two 2D discrete distributions over [1..n)? via the density functions

So it S5t OXD S5
(i) = =2 (i) =
N gsi Wik N gsi €XD Sik

Then it is easy to see that L equals the cross-entropy of pg relative to pyy:

Lor = H(pw,ps) :=— Y _ pw (i, 5)logps (i, j)
0
where we make use of the convention that 0log 0 = 0. By Gibbs’ inequality, H (pw) < H(pw,ps),

where H (py) is the entropy of py, with equality iff pyr = pg. Suppose this is the case, then for

each i # 7,
Wi j - €XP Sij

> itk Wik a D kti €XP Sik

which is equivalent to
€Xp Sij Zk# €XPp Sik )
Wij itk Wik .
Note that the RHS of Equation (5 does not depend on j. But since the LHS is symmetric, the RHS
must not depend on s either. This means that (5) is in fact a constant C'. Since w;; > 0 when ¢ # j,
C > 0. Thus s;; = log(w;;) + ¢ where ¢ = log C, as desired. Conversely, one easily verifies that if

sij = log(w;;) + c then pw = pg, hence L = H(pw, ps) is minimal.
Finally note that the RHS of (1)) is precisely H (py). O

B Characterizations of the DGP

B.1 Euclidean DGP

We state a classical characterization of EDM matrices and their embedding dimensions. The proof
can be found in|Alfakih et al.|[2018]] (Theorems 3.2 and 3.8).

Lemma B.1. A symmetric matrix D € R™*"™ with vanishing diagonal entries is an EDM if and only
if the centered Gram matrix B := (—1/2)JDJ, where J = I,, — (1/n)E,, is the centering matrix,
is positive semi-definite (PSD). If such is the case then the embedding dimension r of D is equal to
r = rank(B), and moreover rank(D) is either r + 1 or r + 2.

Theorem 3.7 (Euclidean DGP). Assume that the number of points n is strictly greater than 2q + 3.
Assume that s;; = exp(—||z; — z;||*) and W = (exp(—d;;)) for D = (di;) an n x n dissimilarity
matrix with rank(D) < g + 2. Then the entropic lower bound of L:KIVCE is attained iff D is EDM
of embedding dimension v < q, up to diagonal elements. In that case, the minimum Z* satisfies
|z — 25|l = dij forall i, j € [1..n] and is essentially unique (i.e. up to Euclidean isometry).

Proof. Recall that E,, denotes the n X n matrix with unit coefficients and I,, the n x n identity
matrix, and J := I, — (1/n)E,, is the so-called centering matrix. Since L, does not depend on
the diagonal of D, we may assume WLOG that the diagonal of D is identically zero.
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(=) Assume there exists Z* € R™*? which attains the entropic lower bound. By Corollary
there is a constant ¢ such that ||z; — z;[|> = d;; + ¢ for all i # j. It follows that D' = (d;; +
cdi+j) = D + ¢(E, — I,,) is an EDM with embedding dimension r < ¢. Assume for the sake
of a contradiction that ¢ # 0. Since D’ is an EDM with embedding dimension r, it follows from
Theorem [B.1that r = rank(JD'J). But J(E,, — I,,)J = —J, hence JD'J = JDJ — cJ. Since
rank(cJ) = rank(J) = n — 1 and rank(JDJ) < rank(D) < g + 2, it follows that
r =rank(JD'J) = rank(JDJ — ¢J) > |rank(JDJ) — rank(cJ)| = (n —1) — (¢ +2) > ¢

which contradicts the fact that r < ¢. This proves that ¢ = 0, hence D = D’ is an EDM with
embedding dimension r < q.

(«=) Conversely, if D is an EDM with embedding dimension r < ¢ then any realization Z* € R"*4
solves Equation (2)) with ¢ = 0.

Finally, note that a solution that any two solutions to Equation (2)) in R? with ¢ = 0 have the same
EDM, hence they differ by a Euclidean isometry. O

B.2 Spherical DGP

We state without proof a useful characterization of spherical EDMs:

Lemma B.2. Ann x n EDM D of embedding dimension r < n — 2 is spherical iff rank(D) = r + 1,
or equivalently if there exists a scalar 3 such that BE, — D is PSD. Moreover, the smallest 3 with
this property is 3 = 2p?, where p is the radius of D.

Proof. See|Alfakih et al.| [2018]], Theorem 4.2 and 4.3. O
Theorem 3.8 (Spherical DGP). Assume that n > 2q + 4. Assume that s;; = exp(cos(z;, z;)/T) and
w;; = exp(—d;;) for D = (d;;) an n x n dissimilarity matrix with rank(D) < g + 1. Then the
entropic lower bound of EKIVCE is attained by some embedding Z* € R"*1 jff D is a spherical EDM

(up to diagonal elements) with embedding dimension r < q and radius p < 1//27 (with equality
when r = q). In that case, cos(z;, z;) =1 — 7d;; forall i,j € [1..n] and Z* is essentially unique
(i.e. the normalized vectors z; := z} [||2}|| are unique up to linear Euclidean isometry).

Proof. Assume WLOG that the diagonal of D is identically zero.

(=) Assume there exists Z* which attains the entropic lower bound, then by Corollary [3.5]there exists
¢’ € R such that cos(z;, z;) = —7d;; + ¢ for each i # j. Denote by z; = z;/||z;|| the normalized
realizations. Then for each i # j,

1% = 217 = |zl + 12517 - 2(2:, )

=1+41—2cos(z;, %)

= 2(7‘d1‘j +1-— C/).
Thus, D' := 27D + 2(1 — ¢/)(E,, — I,,) is an EDM with embedding dimension < ¢. In particular
rank(D’) < r +2 < g+ 2. It follows that ¢’ = 1, else we would have

q+ 2 >rank(D’) > |rank(D) —rank(E,, — I,,)| > (n—1) — (¢+1) > ¢+ 2,

a contradiction. Thus, ¢’ = 1 and D = D’/(27) is an EDM with embedding dimension 7.
Note that 2E,, — D' = 2ZZ7 since for each i,7, (%, Z;) = cos(z;, z;) = 1 — 7d;;. In particular,
2E, — D" is PSD. Since r < ¢ < n — 2 (as n > 2q + 4), this means by Lemma that D is
spherical, and moreover that its radius p’ satisfies p’ < 1. It follows that D = D’/27 is spherical and

its radius p satisfies p = p'/v/27 < 1/v/27. If r = q then the Z; are generating points of D’, hence
p =1land p=1/v27.
(<) Conversely, assume that D a spherical EDM with embedding dimension r < ¢ and radius p.

Assume first that = ¢ and p = 1/+/27. Thus, there exists a spherical realization z1, . . ., z, € RY
such that ||z; — z;||? = d;; and ||z;]| = 1/v/27. It follows that for all i, j,
cos(z;, z5) = 27(2;, 2j)
= 7(llz:l1 + 211> = Nz = 211%)
=1- Tdij,
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so Z is a solution to Equation (3) with ¢/ = 1.

On the other hand, if 7 < g and p < 1/+/27 then there exists a realization py, . ..,p, € R" of D,
with ||p;|| = p and ||p; — ij2 = d;;. Setting

1
Zi = <pi, 27_p2,0,...,0> c R?

which obviously have the same EDM as the p;, and since ||2;]|? = ||p;||> + 1/(27) — p? = 1/(27)
we can conclude as before that Z is a solution to Equation (3).

Note finally that any two solutions to Equation (3) must satisfy ¢’ = 1, hence they have the same
cosine matrix, thus their normalizations differ by a linear Euclidean isometry. O

C Practical cases

C.1 Supervised multivariate regression case

Theorem 3.10 (Euclidean w- InfoNCE) Assume € < gq Ifwy; = exp(—||yl y;|1?) and Sij =

— |z = (Wi)izy, where y; =
(yi,0,.. ) e R for iell n] which is essentially unique.

Proof. Since y; € Rfand ¢ < ¢, D is an EDM with embedding dimension at most ¢, so rank(D) <
q + 2. By Theorem [3.7]there exists an essentially unique embedding Z* which attains the entropic
lower bound. The stated Z* is one such embedding and any other differs from it by a Euclidean
isometry. O

Theorem 3.11 (y-Aware). Even if { < q, the y-Aware InfoNCE loss, which is the w-InfoNCE loss
with s;; = cos(z;, 2;)/T and w;; = exp(—|ly; — y;||), does not attain the entropic lower bound
unless the y; happen to lie on a hypersphere in RY.

Proof. Note that D = (||y; — y;||?) is an EDM with embedding dimension r < ¢ (because y; € R*
and £ < g) so rank(D) < g + 2. If there exists an embedding that attains the entropic lower bound
then according to Lemma[B.2] D is a spherical EDM so the y; lie on a hypersphere. O

Theorem 3.12 (X-CLR). If ¢ < qand 7 < 7', the X-CLR loss |Sobal et al.|[2024)], which is the
w-InfoNCE loss with SL] = cos(z;,zj)/T and w” = exp(cos(yi, y;)/7') attains the entropic lower
bound in the points z} = (yi/||vill, /7'/7 — 1,0,...,0) for i € [1..n]. Moreover, that minimum is
essentially unique.

Proof. Assume WLOG that the y; are normalized. Borrowing the notation from Theorem 3.8] let
D = (d;;) withd,;; = — cos(y;, y;)/7’ fori,j € [1..n] be the dissimilarity matrix associated to W,
with w;; = exp(—d,;). Since the y; are normalized, it holds that

1 (llyi — ll?

Thus, d;; := d;;+1/7" is a spherical EDM with embedding dimension r < / and radius p < 1/ V2T
Since D and D’ differ by an additive constant and owing to Corollary 3.5 replacing D by D’ does
not change the set of points that attain the entropic lower bound of the w-InfoNCE loss. Since
rank(D') = ¢+ 1< ¢+ 1and p < 1/v/27 (as 7 < 7'), it follows from Theorem , that there is
an essentially unique solution that attains the entropic lower bound for the dissimilarity matrix D’
(and hence for D).

It is easy to see that z; = (y;,/7'/7 — 1,0,...,0) is one such solution since it satisfies H with
/ !
d=1-71/7.

O
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D Sparse weights

Previously, we restricted our attention to the case where w;; > 0 for any ¢ # j because it leads to a
simple characterization of the minimum of L{ (Theorem [3.3). However, relaxing that condition
to w;; > 0 is of interest since in practical applications, W is often sparse. Note, however, that W/
must contain sufficiently many nonzero entries so as to avoid divisions by 0 in the expression L.
Specifically, we require that ), i Wik > 0, which is equivalent to saying that each line or column in
W has at least one nonzero off-diagonal entry. Let us call symmetric nonnegatively-valued matrices
with this property well-conditioned.

We now turn our attention to the sparse weight matrices W = (w;;) encountered in practical
applications, namely the SupCon loss [Khosla et al.| [2020], where w;; is defined as 1 if samples 4 and
7 are in the same class, and 0 otherwise. By assuming WLOG that a given class is represented by a
contiguous set of indices, we can represent W in block form as follows:

1, e, 0 0
0 loywe, - 0

W = . . . . e R (6)
0 0 v Lgoxte

where C'is the number of classes, £, the size of the cth class, and 1, ., = Ep,_ the £, x £, matrix of
ones. We will always assume that ¢, > 2, so that W is well-conditioned. We call matrices of this
form SupCon-like.

In what follows, we denote by . some space of n x n dissimilarity matrices where .S is allowed to
vary. We make only one assumption about .#, namely that exp(.¥), i.e. the set of matrices in .
transformed pointwise by the exponential function, is bounded. In practice, .’ will be chosen as one
of the following sets, which correspond, respectively, to the Euclidean and spherical setting:

FEucl, :={—D | D an EDM of embedding dimension < ¢},

1
Fsph. = {TG | G a cosine matrix of rank < q} .

D.1 A condition for the optimality of the entropic lower bound

In the proof of Theorem 3.3] the existence of a minimizer crucially relied on the assumption that w;;
has positive entries in order for log(w;;) to be well-defined. Recall the expression for the minimum

value, namely
1 W;j Wi
H(pw) = —= “— log “ , (7
n ; > ki Wik D ki Wik

where we borrow the notations py, and H (—) used in the proof of that theorem. Remark that the RHS
of (7)) has a well-defined meaning if strict positiveness assumption on W is relaxed and instead we
only require that W be well-conditioned. Indeed, ¢ log(¢) — 0 ast — 0" so H (pw ) can be evaluated
using the convention 0log(0) := 0. Thus, we ask ourselves if the lower bound H (pw) < LI
continues to hold.

The following theorem answers that question in the positive and shows that it is necessarily sharp
when W contains zeros. Moreover, we give a necessary and sufficient condition for optimality of the
entropic bound, which we characterize in terms of cl(exp(.#)), where cl(—) denotes the topological
closure of a set.

Theorem D.1. Let W be a well-conditioned n x n matrix.
1. The bound H (pw) < LLg(S) holds for all S € 7.
2. If W contains at least one off-diagonal zero then that bound is strict.

3. If (SU™),en is a sequence of matrices in . such that exp(S"™)) — W as m — oo, then
LYcp(S™) = H(pw).

4. The bound H (pw) < LY (S) is optimal iff (W € cl(exp()) up to diagonal elements,
for some ¢ > 0.
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Proof. The first statement follows from Gibbs’ inequality, as in the proof of Theorem[3.3] In that
proof we saw that the condition for the lower bound being attained amounts to the equality

Wi j - €XP Sij
- b
Digk Wik Dk OXP Sik

for each ¢ # j. This is plainly impossible if w;; = 0 (since the RHS is nonzero), in which case the
bound is strict.

For the third statement, let (S(™)),,cn be a sequence of matrices in .# such that W(™) .=
exp(S(™) — W as m — co. Then,

| w™
LNc (S = Z fu log < >

z;é] Zk;ﬁ" Wik Zk;ﬁz fm)

Denote by f the function defined for ¢ > 0 by f(¢) = ¢log(t) and continuously extended at ¢ = 0 by
setting f(0) = 0. We want to show that for each i # j,

(m)
Wi ij Wij
log — [l = as m — oo.
2t Wik (Zkyﬁi wi;n)> (Zk‘#i w““)
If w;; = O the statement is trivially true since f(0) = 0 by definition. On the other hand, if w;; > 0
then log is continuous at w;;, SO

(m)
Wi Wi Wi Wij Wij
— log =fl=—].
Dokt wik (Zk# (m)> D ki Wik (Zk;&z Wik 2 ki Wik

It follows that

i
which proves the third statement.
For the “if”” part of the fourth statement, let us assume that cW € cl(exp(.#)) up to diagonal elements,
for some ¢ > 0. Then there is a sequence (S")),,cn such that exp(S(™) — ¢, up to diagonal

elements. Since cW is well-conditioned, it follows that L¥ (S™) — H(pew) = H (pw ). This
proves that the bound is optimal.

Conversely, let us assume that the bound H (pw) < LY (S) is optimal, so there exists a sequence
(S™),,en such that L (ST™) — H(pw ). Let V™ := exp(S(™). Since V(™) € exp(.) itis
bounded, hence by the Bolzano—Weierstrass theorem there is a convergent subsequence V (™) — V.
It follows that

(m)
. v
H(pw) = lim L{p(S™) = lim ——Z Wij log( J m)>

m—oo m—o0 oy Zk#t Wik Zk;ﬁi Uz(k:
. U(mp) 1 Wi Vs
= lim —— Wij log 2 == Y log X
e ; 2kt Wik S Vi " ; 2kt Wik 2k Vik
= H(pWapV)a

where py is the 2D discrete sequence defined on [1..n]? analogously to pyy (see proof of Theorem.
By Gibbs’ inequality this implies that pyy = py, and arguing by symmetry just as we did in
Theorem [3.3] we see that there exists ¢ > 0 such that V' = ¢V up to diagonal elements. Since
V = lim,_, exp(V (™)) € cl(exp(.7#)), this completes the proof. O

We now go on to characterize the so-called Euclidean SupCon, i.e. the case where W is a SupCon-
like weight matrix @, and . = SEucl. is the set of negative squared n x n EDMs of embedding
dimension at most ¢q. If W encodes C' > 2 classes then it contains zeros, thereby guaranteeing
that the lower bound is strict. Moreover, quasi-optima (i.e. configurations of points such that
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LY < H(pw) + € for some small € > 0) can be produced in a wealth of qualitatively distinct
geometries. This comes in stark contrast to when we made previously with Soft SupCon, in which
case we saw that the optima were usually constrained to a unique configuration, up to Euclidean
isometry (Theorem [3.7).

To see where this non-uniqueness comes from in the Euclidean SupCon case, choose pairwise distinct
points p1,. .., e € R? which will serve as class prototypes. Let m > 0 and consider the embedding
which assigns each sample 2:; to my.,, where ¢; € [1..C] is that sample’s class. Denoting by S(™) the
negative squared Euclidean distance matrix associated with that embedding, it follows that exp(.S (m))
can be expressed in block form as
1o, xe, e—milm—p2l® . gmmPllu—pcll?
2 2 2 2
e~ m |2 —pall LR ..oeTm 2 —pcl
exp(S™) = . T . : ®)

2 2 2 2
—-m — —-m —
e lpe—wmll® o lne —pal | P

where the off-diagonal coefficients represent constant-valued blocks of the appropriate shape.

Note in particular that exp(S™) — W as m — oo, s0 LYg(S™) — H(pw) by Theorem
Thus, taking a large enough m yields a near-optimal solution. Yet, the choice of the p1, ..., uc was
entirely unconstrained, so the class prototypes can be chosen in any number of qualitatively dissimilar
configurations. For instance, when C' = 3 the triangle formed by the class prototypes can be chosen
to be equilateral, right-angled or scalene and all the while minimize Ly, to within, say, e = 10710
of the theoretical lower bound.

D.2 Hard SupCon

We now go on to SupCon proper, that is to say the case where W is a SupCon-like binary weight
matrix (@) and . = Zpn. consists of those . x n matrices of the form G /7, where G is a cosine
matrix of rank at most g. Note that .1, is a compact set so owing to Theorem [D.1} the bound
H(pw) < L¥g(S) is sharp, and thus a priori sub-optimal, since a continuous function on a compact
set attains 1ts minimum.

We attack the problem of minimizing £} by exploiting its convexity as well as the great deal of
symmetries of W. In what follows we let .y D .# denote the set of n X n symmetric matrices of
the form G /7 where G is a cosine matrix; in other words it is defined in the same way as .% except
that the rank is condition relaxed. Crucially, .#} is a convex set (which in general . is not).

We denote by &,, the group of permutations of [1..n]. Then &,, acts on the space of n x n matrices
by permutation of lines and columns, i.e. if o € &,, and X € R"*™ then ¢ X is the n X n matrix
defined by (0.X)i; = Xy(i)0(;)- Note that .7 is closed under this group action, i.e. if S € .#} then

cS € . Let &x denote the stabilizer of a given matrix X € R"*", i.e. the subgroup of &,,
consisting of those permutations ¢ such that 0 X = X.
We say that S'is W-symmetric if Gy C Sg, i.e. any symmetry of W is also a symmetry of S.

Lemma D.2. Forany S € .%, there exists S' € ./, which is W -symmetric such that LY (S") <
LXce(S)-

Proof. Note that S — L5 (S) is a convex function on the convex set .%p; indeed this can be seen
by expressing it as a nonnegatively-weighted sum of convex functions:

Lon(8) =D —~=——0

LSEk;ﬁz(szk) Sij) )
7,75] Zk;ﬁl wlk

where LSE denotes the convex log-sum-exp operation, i.e. LSEj(z1) = log(>_, exp(xy)). Now,
we define the symmetrized version of S as



It follows from the convexity of £, that

1
Lce(8) < =2 Z LNce(08). ©)

oceEGw

Note that the RHS is none else than L{ (). Indeed, it is an exercise in sum notation to see that
LV (08) = LIV (S) holds forany o € S,. If 0 € Sy then oL € Sy, ie. o'W = W, s0
LYcp(0S) = LYE(S). Plugging that into (@) yields L (S") < LYp(9).

It remains to show that .S’ is W-symmetric. To this end, note that for any 7 € Sy,

1 1 1
WS’:W > W(US):W > (m)szm Y ds=g

cEGw cESW o'eECw

where we re-indexed the sum in o/ = 7o, using the fact that Sy is a subgroup of &,,. Thus,
m € &g, as required. O

The following lemma elucidates the structure of W -symmetric matrices.

Lemma D.3. A W-symmetric matrix S is constant on the blocks induced by the class partition, up
to diagonal elements. Any two off-diagonal blocks with the same shape are equal. If two diagonal
blocks have the same shape then their off-diagonal values are equal.

Proof. Leti # j and i’ # j' be two pairs of distinct indices in the same block, that is to say such that
the pairs 4,4’ and j, j' are both in the same class. Suppose first that 7 and j belong to the same class
I C [1..n]. Since & acts 2-transitively on I, there exists o € & such that o(i) =i’ and o (j) = j'.
We extend o to &,, such that o acts like the identity on [1..n] \ I. It follows that o € Gy . It follows
that s;; = 5,(3)s(j) = Si7j+ since S is W-symmetric. On the other hand, if ¢ and j belong to distinct
classes I and J, the transpositions (¢ j) and (¢’ j) have disjoint support and composing them yields a
permutation o € Sy, and again we get s;; = S, (4)o(j) = Si7j since S is W-symmetric. This shows
that off-diagonal elements in the same block are equal.

Let (I,J) and (I’,J’) be pairs of classes representing off-diagonal blocks of the same shape, i.e.
|I| = |I'| and |J| = |.J'|. Then there are permutations oy : I — I’ and o2 : J — J'. Let I3, ..., Ic
denote the classes not equal to [ or .J, and let I3, .. ., I/, those not equal to I’ or J'. The latter may
be chosen in such an order that |I;| = |I]| for 3 < i < C' so there exist bijections o; : I; — I/. The
bijections 01,09, 03, .. .,0c, whose domains and codomains are all disjoint, combine into a single
permutationo : IUJUI3U--- Ul =[l.n] - I'UJ UI,U---UI., = [l..n] which permutes
classes, and therefore belongs to Gy . It follows that .S = S, hence S1; = S, (1)o(s) = Sr . This
proves that the value of S at an off-diagonal blocks depends only on its shape, as required.

Finally, if (I,I) and (.J, J) are diagonal blocks such that |I| = |.J|, a bijection o : I — .J can be
extended using the same idea as above to produce o € Sy such that o(I) = J. Hence for i,i’ € I,
if ¢ 7é ' then SI11 = Sii! = So(i)o(i’) = SJJ- [

Lemma D.4. Let a,v € R™. Then the restriction of the log-sum-exp function LSE : R™ — R fo the
line a4+ Rv C R™ is convex, and it is strictly convex iff the coefficients of v are not identical.

We omit the proof which can easily be derived using elementary calculus and the Cauchy—Schwarz
inequality.

We say that a matrix in % is W-collapsed if it is W-symmetric and the diagonal entries agree
with their respective diagonal blocks, which is to say that the values of the diagonal blocks are
identically and maximally equal to 1/7. A TW-collapsed matrix can be expressed in block form as
(Beer - 1£cx€c/)gc’:1 where .. = 1/7 for each ¢ € [1..C]. Lemmatells us that if ¢ # ¢’ then

Bee depends only on the shape of the block, i.e. (., ¢.).

Lemma D.5. The function EKIVCE has a unique global minimum over .. Moreover, that minimum is
W -collapsed.

Proof. Let S € %} be a global minimum, which exists by compactness. By Lemma[D.2] there is
a W-symmetric S” € .%p such that L5 (S") < LYg(S). But since S is a global minimum over
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5”0, so must be S’. Since the minimizers of a convex function over a convex set form a convex set,
L is identically equal to its minimum on the line segment [S, S"] C .%, so for any ¢ € [0, 1] it
holds that L (tS + (1 — 1)) = tLYR(S) + (1 — t) Lk (S). Expressing L{ . in terms of
the LSE as at the start of the proof of Lemma[D.2] this implies that:

Z LSEk#(tSzk"' 1 t zk Z

(t LSEg2i (i) + (1 — t) LSEg2i (%)) -
> ST > S ({LSBsalo) + (1= ) LSBsi(s34)
(10)
For each i € [1..n], the family (s;; — slk) ki must be a constant ¢;, else by Lemma-the strict
convexity of LSE restricted to a line would cause (10) to be a strict inequality. Since S and S’ are
symmetric, ¢; = ¢ does not depend on 3. It follows that S’ S’ + ¢(E,, — I,,) which is W-symmetric
since S’, E,, and I, all are. By Lemma S can be expressed simply in terms of the blocks induced
by the class partition. It remains to be seen that .S is collapsed i.e. the values of the diagonal blocks
are identical and maximally equal to 1/7. Let (a.)$_; denote the values of the diagonal blocks, i.e.
intra-class similarities, and (B.c/)< o the inter-class similarities. Let Z. denote the set of indices

belonging to class ¢, and ¢, = |Z.| its size. Then,

C
ENCE %Z = Z ae —log | (be — 1)e + Z 0 oePee

c=1 1,j€EL. c'#c
1#]

For each c, this is a strictly decreasing function of a.. Indeed,

oL 11 oz Ler€Peet
NCE _ Z Dot <0
o, nil.—1 =y (be = )ee + 37,4 LerePee
i#]

Because of its block structure, replacing the diagonal entries of S with 1/7 yields a valid matrix in
. By minimality of £} (S), it follows that S must have the maximum value of a,. = 1/7 on the
diagonal blocks, which shows that S is W-collapsed.

We have shown that any global minimum is W -collapsed. As to uniqueness, note that if S is another
global minimum then the same reasoning we carried out on S’ shows that S = S + ¢(F,, — I,,) for
some constant ¢, which implies that ¢ = 0 as both S and .S are W -collapsed. O

Theorem 3.13. Let C denote the number of discrete classes and .. the size of the cth class. Assume
that C < q.

1. The SupCon loss has a unique global minimum over the matrices of the form G /1, with G
an n X n cosine matrix.

2. That minimum has collapsed representations and can be expressed in terms of class proto-
types ji1, . .., i € S9=1 which are unique up to linear Euclidean isometry.

3. If ¢ # ¢, the value of cos(pc, pier) depends only on (€., £er).

Proof. By Lemma |D.5} LU has a unique global minimum of S over .%). Moreover, S is -
collapsed, so in particular it is expressible in block form in terms of C' x C' constant blocks with
shapes ¢, x . for ¢,c’ € [1..C]. Because of its constant block structure, rank(S) < C < ¢, so
S € . and it is a fortiori the unique global minimum of L{ over .. The existence of a geometric
realization in terms of C' class prototypes follows from its constant block structure. Their essential
uniqueness follows from the fact that points on a sphere are determined up to linear isometry by their
cosine matrix. Finally, 3. follows from Lemma O

The upshot of Theorem [3.13]is that regularity in class sizes can be exploited to greatly reduce the
number of parameters in the optimization of the SupCon loss. For instance, we easily recover
a following result from |Graf et al.|[2021]] in the case of balanced classes. Recall that a vertices
Wiy . .., e € S971 are said to form a regular simplex if p1; + --- + uc = 0 and the value of
€o8(fie, e ) is the same for all ¢ # ¢'. This is equivalent to the condition cos(jic, per) = 1/(C — 1)
for all ¢ # .
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Theorem D.6 (Graf et al, 2021). If C' > 1 and {1 = --- = {¢ then class prototypes 1, . . ., jic €
S9=1 which minimize the SupCon loss form the vertices of a regular simplex.

Proof. Let pu, ..., uc be the optimal class prototypes. Per Theorem [3.13]and since there is only
one possible class size, cos(gt., per) = B for some constant 3, for every ¢ # ¢’. It remains to show
that 5 = —1/(C — 1). Expressing the minimal value of the loss in terms of /3 at the optimum
S* = (cos(,uc,uc/)/r 1., ch/)ccc, 1> we see that

c
L5t = -1 Z - (1 — log ((e — 1)+ (C - l)Eeﬂ/T>> . an
n c=1 ,jEL. T
i#£j
where ¢ denotes the size of every class and Z. C [1..n] the set of indices belonging to class ¢. In
particular we see that the RHS of is a strictly increasing function of 3 so the value of 5 must be
as small as possible subject to the constraint that S* be PSD. Owing to the block structure of .S*, this
amounts to the condition that Ag := I + B(E¢ — I¢) is PSD. We can express the quadratic form
associated with Ag as follows:

KT Apx— (1 5 Zx +5<ZIC>2.

On the one hand, if 3 = —1/(C — 1) then x " Agx > 0 by the Cauchy—Schwarz inequality, so A is
PSD. On the other hand, if 3 < —1/(C—1)andx = (1,1,...,1) thenx ' Agx = (1-3)C+BC? =
C(1+4(C —1)B) < 0so Aisnot PSD.

Thus, the optimal inter-class similarity is 5 = —1/(C — 1), as desired. O

E X-CLR geometry

Train set

Test set

Simplex

2,test

Target embedding
cLp

04 Target Thice A (%)  Top-1(%) Top-3 (%)
Simplex 0.63 0.083 79.68 89.66

02 CLIP 0.63 0.090 73.38 86.67
MiniLM  0.66 0.038 78.37 89.15

Simplex cLP
Training embedding Training embedding

Simplex cLp

Table 1: Generalization statistics for X-CLR
Figure 6: Alignment between learned  models trained on CIFAR-100. Top-k accu-
and target label geometries. Heatmap of racy is computed on the test set using a cross-
max(0,73,,.(Z,Z')) where columns corre- validated ridge regression fitted on training rep-
spond to the geometry used for training and  resentations.

rows to evaluation geometries. Diagonal entries

indicate successful recovery of the target

geometry, while off-diagonal values highlight

geometric mismatch.

We evaluate the X-CLR contrastive loss [Sobal et al.| [2024]] on CIFAR-100 |Krizhevsky et al.|[2009
using a ResNet50 encoder with a ¢ = 512-dimensional latent space. Labels y € R* are encoded

in three ways: (i) one-hot class vectors (simplex, £ = 100), (ii) CLIP ViT-B/32 text embeddings of
the prompt “a photo of <class>” (¢ = 512), and (iii) MiniLNﬂ embeddings of the same prompt
(0 = 384).

For each model, we compute r2 _(Z, Z*), where Z are the learned embeddings and Z* the target
label embeddings used during training (zero-padded if needed). As a control, we also evaluate
r3...(Z, Z') with alternative label geometries Z'. Results in FigureEI show that the models recover
their target geometry and that the different label geometries are mutually distinct.

Zhttps://huggingface.co/sentence-transformers/all-MinilL.M-L6-v2
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Finally, we tested whether our proposed metrics could explain better the generalization properties of
the pre-trained models. To do so, we computed the Procrustes and loss error for the three previous
models pre-trained on three different labels geometries and we report them in Table [T]along with
their top-1 and top-3 accuracies for predicting the class labels of CIFAR-100 (seen as generalization
error). Strikingly, the X-CLR pre-trained with MiniLM geometry generalizes very well while having
the best Procrustes and loss error. It suggests that strong performance on our metrics translates into
better model generalization on new tasks.

F Connection with Kernel PCA and SNE

F.1 Kernel PCA

We state a special case that gives a precise connection between Kernel PCA and w-InfoNCE:

Theorem F.1 (Kernel w-InfoNCE). Let K = (k;;) be an n X n positive semi-definite kernel matrix
inducing the squared kernel distance d;; := ki + k;; — 2k;;. Assume the rank of the centered
kernel K is at most q. The optimal embedding minimizing w-InfoNCE with w;; = exp(—d;;) and
sij = —||zi — z;||* corresponds to the kernel principal components of K, up to Euclidean isometry.

Proof. Since K is a symmetric positive-definite kernel, D = (d;;) is an EDM with embedding
dimension r = rank(K) < g. It follows that rank(D) < g + 2 and one realization of this EDM is

exactly the principal components of kK, i.e. the eigenvectors of K scaled by the square root of its
eigenvalues as per the to the characterization of EDMs in |Alfakih et al.|[2018]]. We then conclude
with Lemma O

F2 SNE

Stochastic Neighbor Embedding (SNE) |[Hinton and Roweis| [2002] is the predecessor of t-SNE
and was originally proposed for data visualization. It learns an embedding Z of high-dimensional
data X by minimizing a w-InfoNCE objective with weights w;; = exp(—||lz; — z;||*/(207)),
and similarities s;; = —|z; — z;||?. This objective violates Assumption since in general
wi; # wj;. The asymmetry arises from non-uniform local densities in X, which induce point-
dependent variance o;. If instead one assumes a constant variance o; = o, the SNE objective
enforces ||z; — z;|| = |lz; — x| /o, as shown in Corollary 3.4}

In this setting, SNE is equivalent to w-InfoNCE and recovers an approximation of the principal
components of X . This approximation becomes exact when the rank of the covariance matrix of X
is smaller than the number of components (i.e. embedding dimension), as shown in Theorem

Below, we show that in that setting, PCA and SNE/w-InfoNCE representations are indeed quasi-
isometric.

q=48

1.0

Coefficient of similarity

0.8
0.6

0.4

Distance in PCA space

0.2

0.0 ;
o @ e s o 1 8 16 32 a8 64

Distance in latent space Latent Size

Figure 7: PCA against weighted InfoNCE representations of MNIST with g latent dimensions (or
components) using Euclidean input distance as dissimilarity measure.

We train a ConvNet on MNIST with latent dimension g € {8, 16,32,48,64} and 0 = 10%. In Figure
we report the coefficient of similarity 72 ; = between w-InfoNCE representations and PCA of the test
set with the same latent size q. We observe that ¢ = 48 gives an almost perfect score 2 = 0.98,

s-sim
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which is also confirmed visually when plotting the distances in the ConvNet latent space against PCA
space. When g = 48, PCA explains 90% of variance, suggesting that r ~ ¢ in this case, confirming
our theory.

G Implementation details

The experiments in this paper were carried out in Python using the PyTorch package and a single
NVIDIA RTX 4500 Graphics Processing Unit (GPU) with 24 GB of memory.

The code required to reproduce all the experiments in this paper can be found in the anonymized
repository with the following URL:

https://anonymous.4open.science/r/neurips26_geometric_cl-5C16/

Key details and parameter values are summarized in the following table.

§ ‘ Im Iﬂ [B] Appendix[ﬁ]

Dataset MNIST N/A MNIST CIFAR-100
File(s) ﬁi:::rllj i}};zﬁz imbalanced_supcon.py mnist_1d.ipynb experiments/cifar100/
Architecture 3-layer ConvNet N/A 3-layer ConvNet ResNet-50
Loss Eucl. w-InfoNCE Hard/Soft SupCon y-Aware X-CLR
Optimizer Adam Adam Adam Adam
LR le-3 5e-2 le-3 le-4
WD 2e-6 N/A 2e-6 le-6
Epochs 20-50 < 20k 50 150
Batch size 512 full 512 512
Hard: 7=0.1 q=>512,
Key parameters | d = 2ord € [5..12], Soft e=e™ !, 7 =7" d=2,7=0.1 £€ {100,512, 384}
d=C=10 7=0.1

Table 2: Implementation details.
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